Some results about a bidimensional version of the generalized BO

Aniura Milanés^∗ Instituto de Matemática Pura e Aplicada.

Estrada Dona Castorina, 110. Jardim Botânico. CEP 22460-320. Rio de Janeiro, RJ. Brazil.

Abstract For the bidimensional version of the generalized Benjamin-Ono equation:

u_t − H^{(x)}u_{xy} + u^pu_y = 0, t ∈ R, (x, y) ∈ R^2 ,

we use the method of parabolic regularization to prove local wellposedness in the spaces H^s(R^2 ), s > 2 and in the weighted spaces F^s_r = H^s(R^2 ) ∩ L^2 ( (1 + x^2 + y^2)^rdxdy ) , s > 2, r ∈ [0, 1] and F^k_{1,k} = H^k(R^2 ) ∩ L^2 ( (1 + x^2 + y^{2k})dxdy ) , k ∈ N, k ≥ 3. As in the case of BO there is lack of persistence for both the linear and nonlinear equations (for p odd) in F^s_2 . That leads to unique continuation principles in a natural way. By standard methods based on L^p − L^q estimates of the associated group we obtain global well-posedness for small initial data ∗The author was supported by CNPq and FAPERJ, Brazil. AMS Subject Classifications: 35Q35, 35Q53.

and nonlinear scattering for p ≥ 3, s > 3. Nonexistence of square integrable solitary waves of the form u(x, y, t) = v(x, y − ct), c > 0, p ∈ {1, 2} is obtained using the results about existence of solitary waves of the BO and variational methods.

1 Introduction

The Korteweg-de Vries (KdV) and Benjamin-Ono (BO) equations:

u_t + u_{xxx} + uu_x = 0, (KdV)

u_t − Hu_{xx} + uu_x = 0, (BO)^1 are classical models in water waves propagation theory. KdV governs the surface wave propagation in a shallow channel of water (c.f.[23]) while BO arises in the study of long internal waves in deep stratified fluids (see [7], [28]).

Notice that they describe unidirectional motion. When transversal effects are also present, the resulting equations are bidimensional. The most accepted generalizations of KdV to two dimensions are the equation of Kadomtsev and Petviashvili and the equation of Zakharov and Kuznetsov (see [21], [40]). Various 2D versions analogous to KP and ZK, have also been derived for the BO case (c.f.[5], [30], [38]).

In [3] and [4] the authors present the following 2D version of the BO: ( u_t − H^{(x)}u_{xx} + uu_x ) x = ( −H^{(x)}u_{xx} + uu_x ) y , (1)

1Here H denotes the Hilbert transform, see Sect.2.

where we have written H^{(x)} for the Hilbert transform with respect to the variable x. This equation is obtained after a suitable limiting process^2 from a compatibility condition of a 2D-version of the ILW’s Lax pair. The asymmetries in both the linear and the nonlinear parts and the presence of a nonlocal operator, make its analysis interesting from the mathematical point of view. However, as far as we know it does not have physical interest.

Assuming enough regularity and decay at infinity, from Eqn.(1) we obtain:

u_t − H^{(x)}u_{xx} + uu_x = −H^{(x)}u_{xy} + uu_y. (2) The structure of this equation suggests the use of the change of variables (x, y) → (x + y, −y). In the new variables it takes the form:

u_t − H^{(x)}u_{xy} + uu_y = 0. (3)

We can consider higher order nonlinearities as:

u_t − H^{(x)}u_{xy} + u^pu_y = 0, p ∈ N. (4)

In the sense just explained, the above equation can be understood as a 2D version of the generalized BO (gBO) (see [15], [26], [16]): u_t − Hu_{xx} + u^pu_x = 0, p ∈ N. (5) Observe that Eqns.(4) and (5) share the same (formal) Hamiltonian: H(u) = 1 2 ∫ uH^{(x)}u_x − 1 (p + 1)(p + 2) ∫ u^{p+2}. (6)

A natural first question is about well-posedness. Well-posedness in Sobolev spaces H^s(R^n ), s >^n_2 + 1 for the initial value problem (IVP)

2Based on the relation between BO and the intermediate long wave equation (ILW).

associated to nonlinear dispersive equations is now well understood. Kato’s theory for quasilinear equations (see [22]) and the method of parabolic regularization (see [17], [31]) are the techniques most widely used. However, these methods do not exploit the dispersive structure of the equations. This has been done by various authors, (see [10], [25], [27]), who showed that larger spaces can be dealt with. On the other side, the results obtained are not so general in the sense that they depend strongly on the properties of the symbol of the linear part of the equation at hand. We will restrict ourselves to the second method mentioned and consider well-posedness in the spaces H^s = H^s(R^2 ), s > 2.

The consideration of weighted spaces is natural when one wants to study the decay in space of the solutions. One may study polynomial decay by considering spaces of the type F^s_r (R^n ) = H^s(R^n ) ∩ L^2((1 + |x|^2)^rdx). Iorio ([17], [18]) proved the local well-posedness for BO in the spaces F^s_r (R), s > 3/2, r ∈ {0, 1} and global well-posedness in F^2_r (R), r ∈ [0, 2]. For s ≥ 3 and r = 3 it was shown that persistence requires further restrictions on the initial data and for s = r = 4 there is no persistence at all. These features imply unique continuation principles (see [11], [20], [39]). We will prove here local well-posedness for Eqn.(4) in F^s_r (R^2 ), s > 2, r ∈ [0, 1] and that for r = 2, persistence fails to occur for odd values of p. As a consequence we also obtain unique continuation principles.

Abdelouhab [1] proved a result on local well-posedness for a wide class of equations in the weighted Sobolev spaces H^{s′} (R^n ) ∩ H^s_r (R^n ), s^′ >^n_2 + 1, where H^s_r (R^n ) = [w^{r/2}(1 − Δ)^{s/2}]^{−1}L^2(R^n ), r ≥ 0 and s satisfies further restrictions. The local results obtained here for Eqn.(4) in F^s_r (R^2 ), s >

2, r ∈ {0, 1} follow from his conclusions. We will also consider a wider class of weights that includes nonisotropic ones (see Sect.4). We think this type of analysis illustrates better the relation between the smoothness of the symbol of the dispersive operator and the decay rate of the solutions. Results in this direction has been obtained for other equations by several authors (see, for example, [14], [22] and [36].)

For several nonlinear equations it has been proved that for higher order nonlinearities and small initial data, the solutions behave as the solutions of the associated linear equation (see [24] and [34], for example). We obtain here an explicit expression for the kernel of e^{tH∂2xy} (see Lemma 5.1) that permits us to obtain L^p − L^q estimates analogous to those of the Schrödinger group e^{itΔ} in dimension two. By standard methods (see [24]), these estimates allow us to obtain global existence in H^s, s > 3 for initial data with small L^1 ∩ H^s norm and nonlinear scattering for such solutions of Eqn.(4).

The solitary waves, or waves of permanent form, are known to arise in several nonlinear models as a consequence of the combined effects of the linear and the nonlinear parts. The existence and uniqueness of solitary waves for the BO is proved in [6] (see also [37], where the gBO is considered). We use this result to prove nonexistence of square integrable solitary waves for Eqn.(4), p = 1. A similar conclusion follows for p = 2 by variational arguments.

The plan of this paper is the following. In Section 2 we present the basic notations and results that we will need. In Sections 3 and 4 we study the local well-posedness in Sobolev and weighted Sobolev spaces, respectively for Eqn.(4). In Section 5 we prove the global well-posedness of small initial data and nonlinear scattering for p ≥ 3. Finally, Section 6 is devoted to the proof of nonexistence of square integrable solitary waves of the form u(x, y, t) = v(x, y − ct). 2 Notation and preliminaries

Let Δ_n = ∑_n j=1 ∂^2 ∂x^2_j denote the n-dimensional Laplacian and S

′(R^n ) the space of tempered distributions in R^n , dual to the Schwartz space S(R^n ). Define the (real) Lebesgue spaces by: L^p_s(R^n , R) = J^{−s}L^p = {f ∈ S^′(R^n ) : Imf = 0, J^sf ∈ L^p}, where s ∈ R, 1 ≤ p ≤ +∞ and J^s = (1 − Δ_n)^{s/2} is the Bessel potential of order −s. The norm of these spaces will be denoted by ‖f‖_Lp_s = |f|_{s,p}. For p = 2 we will write L^2_s = H^s (the usual L^2-type Sobolev spaces) and ‖f‖_Hs = ‖f‖_s. In the case s = 0 the corresponding norm will be denoted as ‖·‖. Observe that the equality L^p_0 = L^p is trivial. The notation ‖f‖_Lp = |f|_p will also be used. We will need the following results:

Lemma 2.1 Let f ∈ S(R^n ), p_0, p_1 ∈ (1, +∞) and s_0, s_1 ∈ R. Then: |J^sf|_p ≤ c|J^{s0} f|^θ_{p0} |J^{s1} f|^{1−θ}_{p1} (7) where s = θs_0 + (1 − θ)s_1 and 1 p = θ p_0 + 1 − θ p_1 .

Proof: See ([8], Chapter 6).□

The next two lemmas have been proved in [24].

Lemma 2.2 If s > 0 and 1 < p < +∞, then |[J^s, M_f ]g|_p ≤ c(|∇f|_∞|J^{s−1}g|_p + |J^sf|_p|g|_∞) (8) where M_f denotes the operator of multiplication by f, and f, g ∈ S(R^n ).

Lemma 2.3 With the assumptions of Lemma 2.2, L^p_s ∩ L^∞ is an algebra. Moreover, |fg|_{s,p} ≤ c(|f|_∞|g|_{s,p} + |f|_{s,p}|g|_∞) (9) The following Sobolev type inequality will be useful. It is proved in ([31], Lemma 6):

Lemma 2.4 For any f ∈ H^{n/2+ϵ}, ϵ ∈ (0, 1/2] we have: |f|_∞ ≤ c(n)ϵ^{−1/2}‖f‖_{n/2+ϵ}. (10) Recall that the Hilbert Transform, defined by Hf(x) = p.v. 1 π ∫ f(y) x − y dy = (−isgn(.)f̂ (·))ˇ(x), is a unitary operator on L^2(R), such that H^2 = −I and that H∂_x = ∂_xH is a positive operator on L^2(R) with domain H^1(R). Here the symbols ^,ˇ denote the Fourier transform and its inverse, respectively. For the sake of clarity, when we deal with two spatial variables, we will denote H^{(x)} the Hilbert transform with respect to the variable x.

Theorem 2.1 (Calderón’s Commutator Theorem) Let A : R → R be a Lipschitz function. Then for any f ∈ S(R) we have: ‖[H, A]f^′‖ ≤ C|A^′|_∞‖f‖. (11) Proof: See [12] or [13].□

Following Triebel [35] we introduce:

Definition 2.1 A positive function ρ ∈ C^∞(R^2 ; R) will be called an admissible weight if all the following conditions hold: a) ρ(x, y) ≥ 1 , ∀(x, y) ∈ R^2 ; b) |ρ(x, y)| → ∞, as |(x, y)| → +∞; c)|∇ρ(x, y)| ≤ cρ^2(x, y), ∀(x, y) ∈ R^2 . It is easy to see that the functions ρ defined by ρ(x, y) = (1 + x^2 + y^2)^{r/ν} and ρ(x, y) = (1 + x^{2r1} + y^{2r2} )^{1/ν} , with ν > 0, r > 0, r_j > 0, j = 1, 2, are admissible weights.

In what follows ρ will always denote an admissible weight. Consider:

H^s(ρ^ν ) = H^s ∩ L^2(ρ^ν ), s ≥ 0, ν > 0 where L^2(ρ^ν ) denotes the space of all real valued measurable functions such that:

‖f‖_L2_{(ρ}ν_) = (∫ f^2(x, y)ρ^ν dxdy )_{1/2} < ∞. They are Hilbert spaces when provided with the inner product:

(f, g)_Hs_{(ρ}ν_) = (f, g)_s + (f, g)_L2_{(ρ}ν_)

and they possess the following interpolation property:

Theorem 2.2 Let s ≥ 0, ν ≥ 2s, 0 ≤ j ≤ s, j ∈ Z and χ_j = ν(1 −^j_s ). Then there exists a positive number c such that for all f ∈ H^s(ρ^ν ) ∑ |α|=j ∫ ρ^{χj} |D^αf(x, y)|^2dxdy ≤ c‖f‖^2_Hs_{(ρ}ν_).

Proof: See [35], Chapter 3.□

For the particular weight ρ^ν (x, y) = (1 + x^2 + y^2)^r, we will denote H^s(ρ^ν ) = F^s_r , ‖·‖_Hs_{(ρ}ν_) = ‖·‖_{s,r}. Analogously for ρ^ν (x, y) = (1+x^{2r1} +y^{2r2} ) we set H^s(ρ^ν ) = F^s_{r1,r2} . The following propositions are easy consequences of the preceding theorem.

Proposition 2.1 Let x = (x, y), α, β ∈ (Z^+)^2, |α| + |β| ≤ k, k ∈ N and f ∈ F^k_k . Then ‖x^βD^αf‖ ≤ c(|α|)‖f‖_{k,k}. Proposition 2.2 Let α ∈ (Z^+)^2, β ∈ Z^+, |α|+β ≤ k, k ∈ N and f ∈ F^k_{1,k}. Then ‖y^βD^αf‖ ≤ c(|α|)‖f‖_F k_{1,k} . For these spaces we also have:

Proposition 2.3 Let r_j > 0, j = 1, 2, s > 1, then F^s_{r1,r2} is a Banach algebra.

Proof: Observe that by the Sobolev’s Embedding Theorem: ‖fg‖_F s_{r1 ,r2} ≤ c_s‖f‖_s‖g‖_F s_{r1 ,r2} . for all f, g ∈ F^s_{r1,r2} . Then the result follows since ‖f‖_s ≤ ‖f‖_F s_{r1,r2} obviously holds.□

For X, Y Banach spaces, we will denote B(X, Y ) the space of bounded linear operators from X to Y . When X = Y we will simply write B(X). In what follows different constants may be denoted by the same letter when its precise value is of no relevance. When necessary, dependence on other quantities will be indicated.

3 Local theory in Sobolev spaces

We adopt the notion of well-posedness of a Cauchy problem as in [22], that is: existence, uniqueness, persistence in the sense that the solution describes a curve in the space which contains the initial data and continuous dependence on the initial data.

In order to investigate the local well-posedness in H^s of the IVP associated to Eqn.(4), we will use the method of parabolic regularization as in [17] and [19]. For any μ ≥ 0, p ∈ N we consider the equation:

u_t − Hu_{xy} + u^pu_y = μΔu. (12) Using the properties of the solutions to these equations with μ > 0 we will be able to obtain the solution for μ = 0.

The linear problem associated to Eqn.(12) is:

u_t − Hu_{xy} = μΔu (13) u(0) = ϕ (14)

where ϕ ∈ H^s, s ∈ R. Its (unique) solution u^μ(t) = E_μ(t)ϕ, is given by: E_μ(t)ϕ = (e^{t(i|ξ|η−μ(ξ2 +η2))}ϕ̂)ˇ= e^{t(H∂2xy +μΔ)}ϕ. (15)

It is convenient to define: G_μ(t, ξ, η) = e^{t(i|ξ|η−μ(ξ2 +η2 ))}, (16) then (E_μ(t)ϕ)^= G_μ(t, ξ, η)ϕ̂.

The following lemma provides us a very useful inequality. Its proof is straightforward.

Lemma 3.1 For any a > 0, b > 0 and r ≥ 0, we have:

h (r) = r^a exp ( −br^2 ) ≤ (√ 2 2 √ a b )_a exp ( − a 2 ) (17)

Some interesting properties of E_μ can now be derived. Lemma 3.2 Let s ∈ R, μ ≥ 0. Then:

(a) E_μ defines a contraction semigroup in H^s that can be extended, when μ = 0 to a strongly continuous unitary group. (b) Let λ ≥ 0, μ > 0, then for all t > 0:

E_μ(t) ∈ B(H^s, H^{s+λ}) (18)

and satisfies the estimate:

‖E_μ(t)f‖_{s+λ} ≤ K_λ(1 + (2μt)^{−λ})^{1/2}‖f‖_s, (19)

for any f ∈ H^s.

Proof: The result is completely analogous to Theorem 2.1 of [17]. It follows from Lemma 3.1 with the aid of the Fourier transform. □

Note that (b) expresses a regularizing property of the semigroup E_μ(t), μ > 0. Now we state our result on local well-posedness in H^s.

Theorem 3.1 Given an initial condition ϕ ∈ H^s, s > 2, there exists T̃^μ = T̃ (μ, ‖ϕ‖_s) such that the IVP for Eqn.(12) with μ ≥ 0 has a unique solution u^μ in the class: C ( [0, T̃^μ]; H^s ) ∩ C^1 ( [0, T̃^μ]; H^{s−2} )

that satisfies ‖u^μ(t)‖_s ≤ ‖ϕ‖_s exp{c ∫_t 0 |u^μ(τ)|^{p−1}_∞ |∇u^μ(τ)|_∞dτ}, ∀t ∈ [0, T̃^μ]. (20) Moreover, the map ϕ → u^μ is continuous from H^s to C ( [0, T̃^μ]; H^s ) and if ϕ ∈ H^{s′} , s^′ > s > 2 then the above results hold with s^′ in place of s.

Proof: Suppose first that μ > 0. Using the Lemma 3.2, one can find a T̃ μ > 0 such that F f(t) = E_μ(t)ϕ − ∫_t 0 E_μ(t − τ)f^pf_y(τ)dτ (21) is a contraction in the complete metric space

X_s(T̃^μ) = {f ∈ C([0, T̃^μ]; H^s) : sup t∈[0,T̃^μ] ‖f(t) − E_μ(t)ϕ‖_s ≤ ‖ϕ‖_s}. (22) By Banach’s Fixed Point Theorem there exists a unique solution in X_s(T̃^μ). The uniqueness in C([0, T̃^μ]; H^s) can be derived estimating the H^s-norm of the difference of two solutions as in [19]. The restriction on the order of the spaces is involved in the procedure described above, since for the calculations we use that H^{s−1} is a Banach algebra (or that the elements of H^s are differentiable functions).

It is easy to see that the integral equation: u^μ(t) = E_μ(t)ϕ − ∫_t 0 E_μ(t − τ)(u^μ)^pu^μ_y (τ)dτ (23) is equivalent to the initial value problem associated to Eqn.(12), with u^μ(0) = ϕ. Then (18) and a bootstrapping argument allow to show that if u^μ ∈ C([0, T̃^μ]; H^s) is a solution of Eqn.(12) with initial value ϕ, then u^μ ∈ C((0, T̃^μ]; H^∞) (see [17], [18] for details).

Fix now t ∈ (0, T̃^μ]. We have that^d_{dt} u^μ(t), u^μ(t) and J^s belong to H^∞, for any s ∈ R. Then using Eqn.(12) we obtain: 1 2 d dt ‖J^su^μ‖^2+(J^sHu^μ_{xy}, J^su^μ)+(J^s(u^μ)^pu^μ_y , J^su^μ) = μ(J^sΔu^μ, J^su^μ), (24)

where the functions are evaluated at t. Then integration by parts, estimates (8)-(9) and the skew symmetry of J^sH∂^2_{xy} lead to:

d dt ‖u^μ(t)‖^2_s ≤ c|u^μ(t)|^{p−1}_∞ |∇u^μ(t)|_∞‖u^μ(t)‖^2_s, t ∈ (0, T̃^μ]. (25) Gronwall’s inequality yields (20).

Suppose now that ϕ ∈ H^{s′} , s^′ > s > 2. Then (25) and the Sobolev’s Embedding Theorem imply that d dt ‖u^μ(t)‖^2_s′ ≤ c_s‖u^μ(t)‖^p_s‖u^μ(t)‖^2_s′ , t ∈ (0, T ], (26) where T ∈ (0, T̃^μ] is any time of existence of u^μ in H^{s′} . Then Gronwall’s inequality and an extension argument imply the result.

To treat the case μ = 0, one may use the strategy followed in [17] and [19](Chapter 6). That is, first one proves that the solutions u^μ, μ > 0 can be extended to an interval of the form [0, T_s), where T_s = c‖ϕ‖^{−p}_s , for some c = c(s, p). Then for any T̃^0 ∈ (0, T_s) and any μ > 0, it holds that u^μ ∈ C([0, T̃^0]; H^s). The solution for μ = 0 is then obtained as the limit of this net in L^2 uniformly in time. This limit turns out to hold also weakly in H^s, uniformly in time. Then (20) and the last assertion in the theorem follow by the weak lower semicontinuity of the H^s-norm.

To prove the continuous dependence on the initial data, one must use the Bona-Smith approximations taking as auxiliary initial data, for example ϕ^τ = (exp(−τ(1 + | · |^2)^{s/2})ϕ̂(·))ˇ. For the details we refer [19]. □ Remark 3.1 When μ = 0 we can solve the equation for negative times. It follows that the interval of existence can be taken symmetric with respect to the origin. To see this observe that the solutions of Eqn.(12) are invariant under the transformation (t, x, y) → (−t, x, −y).

Remark 3.2 Regarding global well-posedness, observe that since for any μ ≥ 0, T̃^μ can be chosen commonly for all ϕ in a bounded set, then Theorem 3.1 holds in any interval [0, T ], T ∈ (0, T^μ_s ), where [0, T^μ_s ) is the maximal interval of existence of u^μ in H^s and T^μ_s = +∞ or ‖u^μ(t)‖_s → ∞ as t ↗ T^μ_s . Theorem 3.1 says that T^μ_s = T^μ_{s′} if ϕ ∈ H^{s′} , s^′ > s > 2. Moreover, we can prove the following extension principle (see [2], [31]):

Proposition 3.1 Under the assumptions of Theorem 3.1, if μ > 0 then either T^μ_s = +∞ or ‖u^μ(t)‖_2 → +∞ as t ↗ T^μ_s .

Proof: Fix μ > 0, and suppose that M_1 = sup_{t∈(0,T} μ_{s )} ‖u^μ(t)‖_2 < ∞ with T^μ_s < ∞. Combining (7) and (25) with Lemma 2.4 one obtains that for any ϵ ∈ (0, 1/2] such that 2 + ϵ < s and t ∈ (0, T^μ_s ) we have, d dt ‖u^μ(t)‖^2_s ≤ c ϵ^{1/2} ‖u^μ‖^{p−1}_2 ‖u^μ‖_{2+ϵ}‖u^μ‖^2_s ≤ c ϵ^{1/2} ‖u^μ‖^{p−θ}_2 ‖u^μ‖^{2+θ}_s ≤ c(1 + M^p_1 ) ϵ^{1/2} ‖u^μ‖^{2+θ}_s where θ =^ϵ_{s−2} . Then ‖u^μ(t)‖_s ≤ ρ^{1/2}(t), ∀t ∈ [0, min{T_ϵ, T^μ_s }) where ρ solves: d dt ρ(t) = c(1 + M^p_1 ) ϵ^{1/2} ρ^{1+θ/2} ρ(0) = ‖ϕ‖^2_s

and [0, T_ϵ) is the maximal interval of existence of ρ. It is easy to see that

T_ϵ =

2(s − 2) c(1 + M^p_1 )‖ϕ‖^θ_sϵ^{1/2} . Then one can clearly choose ϵ small enough such that T_ϵ > T^μ_s and an extension argument yields a contradiction to the fact that ‖u_μ(t)‖_s → ∞ as t ↗ T^μ_s . □ 4 Decay properties

In this section we study now the asymptotic behavior of the solutions of Eqn.(12), μ ≥ 0 as |(x, y)| → ∞. The procedure that we employ follows the ideas used in [17], [18] and [19] for studying these properties in the case of the BO equation.

4.1 Isotropic weights We begin by studying the solutions of Eqn.(13) in the spaces F^s_r , s ≥ 0, r > 0, defined in Section 2. Recall that in (16) we set , G_μ(t, ξ, η) = e^{t(i|ξ|η−μ(ξ2 +η2))}. We will need:

Lemma 4.1 For the function G_μ we have: ∂_ξG_μ = t(isgn(ξ)η − 2μξ)G_μ (27)

∂^2_ξ G_μ = [t^2(−η^2 + 4μ^2ξ^2 − 4μi|ξ|η) − 2μt]G_μ (28) +2itηδ(ξ)e^{−tμη2} ∂^{(2k)}_ξ G_μ = G_μ k∑ j=0 t^{2k−j}g_{2k,2(k−j)}(μ, ξ, ηsgn(ξ)) (29)

+e^{−tμη2} k−1∑ j=0 f_{2k,j}(t, μ, η)δ^{(2j)}(ξ)

∂^{(2k−1)} ξ G_μ = G_μ k−1∑ j=0 t^{2k−1−j}g_{2k−1,2(k−j)−1}(μ, ξ, ηsgn(ξ)) (30)

+e^{−tμη2} k−1∑ j=1 f_{2k−1,j}(t, μ, η)δ^{(2j−1)}(ξ) ∂_ηG_μ = −t(i|ξ| + 2μη)G_μ (31) ∂^2_η G_μ = [t^2(−ξ^2 + 4iμ|ξ|η + 4μ^2η^2) − 2μt]G_μ (32) ∂^k_η G_μ = G_μ [k/2]∑

j=0 t^{k−j}h_{k,k−2j}(μ, |ξ|, η) (33)

where k ∈ N, h_{j,m} and g_{j,m} are homogeneous polynomials of degree m in the last two variables for any j ∈ N and f_{j,m}(t, μ, η) is a polynomial of degree m in t for μ and η fixed and also a polynomial of the same degree in η for μ and t fixed.

Proof: Using the Leibniz rule it is easy to show by an induction argument that:

f^{(2k)}_ξ = (itη)^{2k} f + 2i k−1∑ j=0 (−1)^j (tη)^{2k−2j−1}δ^{(2j)}

f^{(2k+1)} ξ = (itη sgn(ξ))^{2k+1}f + 2i k∑ j=1 (−1)^{j−1}(tη)^{2k−2j+1}δ^{(2j−1)} for any k ∈ Z^+, where f(t, ξ, η) = e^{−μt(ξ2+η2 )}. Set g_μ(t, ξ, η) = e^{it|ξ|η}. Then ∂^{(k)} ∂ξ^k gμ(t, ξ, η) = pk(t, ξ, η)gμ(t, ξ, η), where pk is a polynomial of degree k in

each of the variables t and ξ with its higher order term of the form (−2μtξ)^4. G_μ(t, ξ, η) = g_μ(t, ξ, η)f(t, ξ, η) and then a further application of the Leibniz rule (with the derivatives of g_μ taken in a generalized sense) leads to the result. The calculations for the variable η can be handled similarly. □ In order to prove the global well-posedness of (13)-(14) in F^s_r , it suffices to prove the persistence and boundedness of E_μ(t) in these spaces.

Theorem 4.1 (a) Let ϕ ∈ F^s_1 , s ≥ 1, t ≥ 0 and μ ≥ 0, then E_μ(t) ∈ B(F^s_1 ) and it holds: ‖E_μ(t)ϕ‖_{s,1} ≤ p_1(μ, t)‖ϕ‖_{s,1}, (34) where p_1 is a polynomial of first degree in t with positive coefficients depending on μ. Moreover, E_μ(·)ϕ ∈ C([0, +∞); F^s_1 ).

(b) Let ϕ ∈ F^s_k , s ≥ k ≥ 2, k ∈ N, t ≥ 0, μ ≥ 0 then E_μ(t) ∈ B(F^s_k ) if and only if ∫ x^{l−1}ϕ(x, y)dx = 0, ∀y ∈ R, l = 1, .., k − 1. (35) This is a necessary and sufficient condition for the existence of solution to (13)-(14) in F^s_k . If that condition is satisfied, then E_μ(·)ϕ ∈ C([0, +∞); F^s_k ) and an estimate similar to that in (34) holds.

Proof: For simplicity’s sake, we write u(t) = u^μ(t) = E_μ(t)ϕ. (a)Using (27) we have that:

û_ξ = (−t(isgn(ξ)η + 2μξ)ϕ̂ + ϕ̂_ξ)G_μ (36) û_η = (−t(i|ξ| + 2μη)ϕ̂ + ϕ̂_η)G_μ. (37)

Then (34) follows using Plancherel and the Leibniz rule.

(b) To fix ideas take k = 2, ϕ ∈ F^s_2 , s ≥ 2. Now compute one more derivative:

û_{ξξ} = [ϕ̂(t^2(−η^2 + 4μ^2ξ^2 + 4iμ|ξ|η) − 2tμ) − (38) -2ϕ̂_ξt(isgn(ξ)η − 2μξ) + ϕ̂_{ξξ}]G_μ − 2itδ(ξ)ηϕ̂(0, η)e^{−tμη2} û_{ηη} = [ϕ̂(t^2(4μ^2η^2 − ξ^2) − 2tμ) − 2ϕ̂_ηt(2μη + i|ξ|) + ϕ̂_{ηη}]G_μ. (39)

Then by Plancherel’s theorem and Proposition 2.1 one gets that x^2u ∈ L^2 if and only if ϕ̂(0, η) = 0, ∀η ∈ R. In such a case elementary calculations lead to the boundedness of E_μ(t) in F^s_2 . It is easy to see that ϕ̂(0, η) = 0, ∀η ∈ R if and only if ∫ ϕ(x, y)dx = 0 , ∀y ∈ R. For k > 2, one computes ∂^k_ξ û and ∂^k_η û with the help of Lemma 4.1.

(35) is equivalent to the vanishing of the coefficients multiplying the delta function and its derivatives in the expression for these quantities. □ The preceding theorem allows us to obtain a unique continuation principle.

Corollary 4.1 Let ϕ ∈ S(R^2 ) and ϕ(., y) ∈ C^∞_0 (R) for any y ∈ R. Take μ ≥ 0 and suppose that there exist positive numbers R and t such that supp u(t, ., y) = supp (E_μ(t)ϕ)(., y) ⊂ (−R, R), ∀y ∈ R. Then ϕ must vanish.

Proof: If the hypotheses hold, then x^ku(t) ∈ L^2, ∀k ∈ Z^+, thus ∂^k_ξ û(t) ∈ L^2 and then for the singular part in the expression of ∂^k_ξ û(t) to vanish, condition (35) must be satisfied for any k ∈ Z^+. But then denoting F^{(x)} the Fourier transform in the variable x, we conclude that^{dk}_{dξk} F^{(x)}ϕ(., y)(0) = 0, ∀k ∈ Z^+ and the result follows because the support of ϕ(., y) is compact so that F^{(x)}ϕ(., y) is analytic for any y ∈ R. □

The following result deals with the persistence and gain of regularity of the solutions of (13)-(14) in some weighted spaces.

Proposition 4.1 Let s ≥ 1, λ ≥ 0, γ ∈ [0, 1] and μ > 0. Then for any ϕ ∈ F^s_γ , E_μ(t) ∈ B(F^s_γ , F^{s+λ}_γ ) for all t > 0, and satisfies the estimate: ‖E_μ(t)ϕ‖_{s+λ,γ} ≤ K_γ (t; μ, λ)‖ϕ‖_{s,γ} , with K_γ continuous. Moreover E_μ(.)ϕ ∈ C((0, +∞), F^{s+λ}_γ ). Proof: By Lemma 3.2 it suffices to prove: ‖E_μ(t)ϕ‖_{0,γ} ≤ Q_γ (t; μ, λ)‖ϕ‖_{0,γ} , (40) for any ϕ ∈ F^s_γ , Q_γ continuous. This inequality holds for γ = 0, again by Lemma 3.2.

Combining the Fourier transform and the relations (36)-(37) and (17) one gets (40) for γ = 1.

Thus, since S ⊂ F^s_1 and S is dense in L^2_1, E_μ(t) can be extended to a bounded operator in L^2_1 and the result follows for γ ∈ (0, 1) by Stein and Weiss’s interpolation theorem on L^p spaces with varying measures (see [8]).□

Regarding the nonlinear problem we have the following result: Theorem 4.2 Let ϕ ∈ H^s(w^2), s > 2 and w be a weight with all its first and second derivatives bounded and such that |w(x, y)| ≤ c_λe^{λ(x2 +y2)}, ∀(x, y) ∈ R^2 , ∀λ ∈ (0, λ^∗), (41) for some λ^∗ > 0, c_λ > 0. Then the solution u^μ, μ ≥ 0 of Eqn.(12) with initial condition ϕ belongs to C([0, T^μ_s ); H^s(w^2)).

For the proof we will need the following lemma:

Lemma 4.2 For w as in Theorem 4.2 set w_λ(x, y) = w(x, y)e^{−λ(x2 +y2)}. Then there exist constants c_j , j = 1, ..., 4 independent of λ such that

|∇w_λ|_∞ ≤ c_1|∇w|_∞ + c_2 (42) |D^αw_λ|_∞ ≤ c_3|∇w|_∞ + |D^αw|_∞ + c_4 (43)

for any multindex α = (α_1, α_2) such that |α| = 2.

Proof: It is easy to see that: w_{λ,x}(x, y) = e^{−λ(x2 +y2)}(w_x(x, y) − 2λxw(x, y)). Then straightforward calculations using Lemma 3.1 and |w(x, y) − w(0, 0)| ≤ |∇w|_∞ √ x^2 + y^2, ∀(x, y) ∈ R^2

lead to estimate (43). To prove (43) one may follow an analogous procedure using the expressions of the second derivatives of w_λ. □

Proof of Theorem 4.2.

In view of Theorem 3.1 it suffices to prove that ‖wu(t)‖ remains bounded as long as t ∈ [0, T ] for any T ∈ (0, T^μ_s ).

Define w_λ(x, y) = w(x, y)e^{−λ(x2 +y2)} and denote u^μ by u. Take a T ∈ (0, T^μ_s ). By the hypotheses, ‖w_λu(t)‖ < ∞ and ‖w_λu_t(t)‖ < ∞, ∀t ∈ (0, T ] so we can multiply Eqn.(12) by w_λ and take the inner product in L^2 with w_λu to obtain: d dt ‖w_λu‖^2 = 2(w_λu, w_λHu_{xy} − w_λu^pu_y + μw_λΔu) (44) Notice that we have: (w_λu, w_λHu_{xy}) = (w_λu, [w_λ, H]∂^2_{xy}u) + (w_λu, H[w_λ, ∂^2_{xy}]u) (w_λu, w_λΔu) = (w_λu, [w_λ, Δ]u) − ‖∇w_λu‖^2 ‖w_λu^pu_y‖ ≤ |u^{p−1}u_y|_∞‖w_λu‖ ≤ c_sM^p_s ‖w_λu‖ where M_s = M_s(T ) = max_{t∈[0,T ]} ‖u(t)‖_s. Then by Lemma 4.2 and (11) one obtains: d dt ‖w_λu‖^2 ≤ (C_1M_s)^2 + (1 + c_sM^p_s )‖w_λu‖^2 (45) and Gronwall’s inequality implies ‖w_λu‖^2 ≤ e^{(1+csM ps )T} (‖w_λϕ‖^2 + T (C_1M_s)^2).

The Monotone Convergence Theorem yields: ‖wu‖^2 ≤ e^{(1+csM ps )T} (‖wϕ‖^2 + T (C_1M_s)^2). (46) Thus, we have proved that u(t) ∈ H^s(w^2), ∀t ∈ (0, T^μ_s ). The continuity can be derived from analogous estimates.□

From the local existence result one may derive the continuous dependence in weighted Sobolev spaces.

Corollary 4.2 Under the assumptions in the preceding theorem the continuous dependence of solutions of Eqn.(12) also holds in the spaces H^s(w^2).

Proof: For μ ≥ 0, denote u, v two solutions of Eqn.(12) with (possibly different) initial values ϕ, ψ in H^s(w^2), s > 2 and set z = v − u. By the previous theorem, they remain in H^s(w^2) as long as they do in H^s. Let T > 0 be such that both solutions exist for t ∈ [0, T ]. Then z satisfies:

z_t − Hz_{xy} + v^pz_y + (v^p − u^p)u_y = μΔz (47)

Proceeding as in the previous proof: d dt ‖wz‖^2 = 2(wz, wHz_{xy} − wv^pz_y − w(v^p − u^p)u_y + μwΔz) (48) ≤ c‖z‖^2_s + c(‖v‖^p_s + q(‖u‖_s, ‖v‖_s)‖u‖_s)‖wz‖^2, (49) where q(m, n) = m^{p−1} + m^{p−2}q + · · · + n^{p−1}, n, m > 0. Suppose now that there exists a sequence {ϕ_n} ∈ H^s(w^2) such that ϕ_n → ϕ in H^s(w^2). Then by the continuous dependence in H^s, for any T ∈ (0, T^μ_s ), we can find N such that the solutions u_n associated to ϕ_n are defined in [0, T ] for n ≥ N and sup_{t∈[0,T ]} ‖u_n(t) − u(t)‖_s → 0 as n → +∞. Let K > 0 be such that sup_{t∈[0,T ]} ‖u(t)‖_s ≤ K and sup_{t∈[0,T ]} ‖u_n(t)‖_s ≤ K, ∀n ≥ N. Then for any ϵ > 0, (49) implies d dt ‖w(u_n − u)‖^2 ≤ ϵ + 2cK^p‖w(u_n − u)‖^2. (50)

For n large enough. By Gronwall’s inequality we have: ‖w(u_n − u)‖^2 ≤ e^{2cKpT} ‖w(ϕ_n − ϕ)‖^2 + ϵT e^{2cKpT} (51) so the result follows. □

Observe that the weights w_γ (x, y) = (1 + x^2 + y^2)^{γ/2}, γ ∈ [0, 1] satisfy the hypotheses of the preceding two theorems. Then we have local wellposedness for Eqn.(12) in the spaces F^s_γ for γ ∈ [0, 1], s > 2. This result is analogous to that obtained in [18] for BO. Nevertheless, ∇w_γ ∈ L^∞ if and only if γ ≤ 1, so that the theorems just mentioned do not allow application to stronger weights. More than that, there is no persistence if γ ≥ 2 and p is odd.

Theorem 4.3 Let s > 2 and p odd. Then if u ∈ C([0, T ]; F^s_{2,0}) is the solution of Eqn.(12), with μ ≥ 0, corresponding to an initial condition ϕ ∈ F^s_{2,0}, u must vanish identically.

Proof: Suppose that u satisfies the hypothesis of the theorem. It is easy to see that its Fourier transform û must be continuous in the variable ξ.

After multiplying by x^2 in Eqn.(12) we obtain

∂_t(x^2u) = x^2μΔu − x^2Hu_{xy} − x^2u^pu_y (52)

and since ‖x^2u^pu_y‖ ≤ |u^{p−1}u_y|_∞‖x^2u‖ ≤ c‖u‖^p_s ‖x^2u‖, then x^2u^pu_y ∈ L^2.

Analogously it can be proved that this term belongs to C([0, T ]; L^2). Taking the Fourier transform in Eqn.(52) and integrating with respect to t we conclude that for any t ∈ (0, T ], the function (ξ, η) → δ(ξ)η ∫_t 0 û(τ, ξ, η)dτ is measurable. Then we must have: ∫_t 0 û(τ, 0, ·)dτ = 0, ∀t ∈ [0, T ], and this in turn implies û(t, 0, .) = 0, ∀t ∈ [0, T ]. By the boundedness of the Fourier transform one gets, for t ∈ [0, T ], ξ ∈ R and a.e. η ∈ R: û(t, ξ, η) = û(0, ξ, η) + ∫_t 0 [Hu_{xy} − u^pu_y + μΔu]^(τ, ξ, η)dτ

= û(0, ξ, η) + ∫_t 0 [i|ξ|ηû − i η p + 1 ^ u^{p+1} − μ(ξ^2 + η^2)û](τ, ξ, η)dτ. Evaluating at ξ = 0, we obtain ∫_t 0 ^ u^{p+1}(τ, 0, η)dτ = 0, ∀t ∈ [0, T ], η − a.e. Then it is easy to see that ∫ u^{p+1}(t, x, y)dx = 0, ∀y ∈ R, ∀t ∈ [0, T ] and the result follows at once. □

Remark 4.1 For the values 1 < γ < 2 we do not know how to prove whether persistence holds in the spaces F^s_γ , s > 2.

As for the linear equation we have a unique continuation’s result.

Corollary 4.3 Let u ∈ C([0, T ]; H^s), s > 2, be a solution of Eqn.(12), with μ ≥ 0 and p odd. If there exists R > 0 such that supp u(t, ., y) ⊂ (−R, R), ∀y ∈ R and for each t ∈ [t_1, t_2], t_1 < t_2, t_1, t_2 ∈ [0, T ], then u must vanish identically in the interval [t_1, t_2].

Proof: For the proof it suffices to observe that if u satisfies the hypotheses of the corollary, then u(t) must belong to the space F^s_{2,0}, s > 2 for t ∈ [t_1, t_2]. Then apply Theorem 4.3 using u(t_1) as initial data. □

4.2 Anisotropic weights The difficulties with the persistence in F^s_2 are closely connected with the appearence of the delta function δ(ξ). One could then use nonisotropic weights to analyse the behavior of the solutions considering higher decay rates only in the variable y. Thus, we will investigate in this section the IVP’s associated to Eqn.(12) and Eqn.(13) in the spaces F^s_{1,k}, k ∈ N, s ≥ 0.

For the linear problem we obtain:

Theorem 4.4 Let k ∈ N, s ≥ k, t ≥ 0, μ ≥ 0, and take ϕ ∈ F^s_{1,k}. Then E_μ(t) ∈ B(F^s_{1,k}) and satisfies the estimate: ‖E_μ(t)ϕ‖_F s_{1,k} ≤ p_k(t; μ)‖ϕ‖_F s_{1,k} , (53) where p_k(t; μ) is a polynomial of k-th degree in t with positive coefficients depending only on μ. Moreover, E_μ(.)ϕ ∈ C([0, +∞); F^s_{1,k}) .

Proof: By virtue of Proposition 2.2, Lemma 4.1 and the Leibniz rule one gets:

‖y^kE_μ(t)ϕ‖ ≤ k∑ l=0 |c_l|‖ [l/2]∑

j=0 t^{l−j} h_{l,l−2j}(μ, |ξ|, η)∂^{(k−l)}_η ϕ̂‖

≤ k∑ l=0 c_{l,μ} [l/2]∑

j=0 t^{l−j}‖(ξ^{l−2j} + η^{l−2j} )∂^{(k−l)}_η ϕ̂‖

≤ ( k∑ l=0 d_{l,μ}(1 + t^l))‖ϕ‖_F k_{1,k} . (53) follows from the above expression. The continuity of E_μ(·)ϕ can be proved making similar calculations. □

The following lemma will be very useful:

Lemma 4.3 Let k ∈ N, μ > 0, t > 0 and α multindex, then: ‖D^αE_μ(t)ϕ‖_F 0_{0,k} ≤ c(μ, |α|)(t^{−|α|/2} + t^{k−|α|/2})‖ϕ‖_F 0_{0,k} , ∀ϕ ∈ F^0_{0,k}. (54)

Proof: Using Leibniz’s rule we obtain: ‖y^kD^αE_μ(t)ϕ‖ ≤ min {k,α_2} ∑ j=0 c_{α2,j}‖(ξ^2 + η^2)^{(|α|−j)/2}∂^{(k−j)}_η (G_μ(t, ξ, η)ϕ̂)‖, (55)

where α = (α_1, α_2). Set Z = ‖(ξ^2 + η^2)^{(|α|−j)/2}∂^{(k−j)}_η (G_μ(t, ξ, η)ϕ̂)‖. Then by Lemmas 3.1 and 4.1 we get: Z ≤ ‖(ξ^2 + η^2)^{(|α|−j)/2} k−j∑ m=0

[m/2]∑

l=0 c_{m,l,μ}t^{m−l}(ξ^2 + η^2)^{m−2l2} |G_μ(t, ξ, η)∂^{(k−j−m)}_η ϕ̂|‖

≤ k−j∑ m=0 c_{m,μ} [m/2]∑

l=0 t^{m−l} sup (ξ,η)∈R^2 {(ξ^2 + η^2)^{|α|−j+m−2l2} e^{−μt(ξ2 +η2)}}‖∂^{(k−j−m)}_η ϕ̂‖

≤ k−j∑ m=0 c(m, μ, |α|) [m/2]∑

l=0 t^{m+j−|α|2} ‖∂^{(k−j−m)} η ϕ̂‖ ≤ c(μ, |α|)(t^{−|α|/2} + t^{k−|α|/2})‖(1 + y^{2k})^{1/2}ϕ‖. Taking this expression into (55), the result follows.□ Theorem 4.5 Let k ∈ N, s ≥ 0, λ ≥ 0, μ > 0 and t > 0. Then for any ϕ ∈ F^s_{1,k}: a)E_μ(t) ∈ B(F^s_{1,k}, F^{s+λ}_{1,k} ) and satisfies the estimate: ‖E_μ(t)ϕ‖_F s+λ_{1,k} ≤ K(t; μ, λ)‖ϕ‖_F s_{1,k} (56) where K is a continuous function such that K ∼ O(t^{−λ/2}) as t → 0^+. Moreover, E_μ(·)ϕ ∈ C((0, +∞); F^{s+λ}_{1,k} ).

b)For any multindex α, D^αE_μ(t) ∈ B(F^s_{1,k}) and the following inequality holds: ‖D^αE_μ(t)ϕ‖_F s_{1,k} ≤ Q(t; μ, |α|)‖ϕ‖_F s_{1,k} , (57) where Q is continuous, Q ∼ O(t^{−|α|/2}) as t → 0^+. It is also true that D^αE_μ(·)ϕ ∈ C((0, +∞); F^s_{1,k}).

Proof: The results are direct consequences of Lemmas 3.2 and 4.3 and Theorem 4.1.□

The next theorem shows the persistence of the solutions of Eqn.(12) in the spaces F^k_{1,k}.

Theorem 4.6 Let u^μ ∈ C([0, T^μ_k ); H^k), k ∈ N, k ≥ 3 be the maximal solution of Eqn.(12), μ ≥ 0 with initial data ϕ ∈ F^k_{1,k}. Then u^μ ∈ C([0, T^μ_k ); F^k_{1,k}).

Proof: Take μ > 0 and write u^μ = u for simplicity. Similarly as in the proof of the Theorem 3.1, using Proposition 2.3 and Theorem 4.5 one obtains a local solution to Eqn.(12) in the complete metric space H_k(T^∗) = {f ∈ C([0, T^∗]; F^k_{1,k}) : sup_{t∈[0,T ∗]} ‖f(t) − E_μ(t)ϕ‖_F k_{1,k} ≤ ‖ϕ‖_F k_{1,k} },

(analogous to X_k(T̃^μ)), for some T^∗ > 0. By the uniqueness in H^k, this solution must be u and by Theorem 4.2 it only remains to prove that it belongs to F^0_{0,k} for t ∈ [0, T^μ_k ). It suffices to estimate ‖y^ku(t)‖, ∀t ∈ [0, T^∗].

Note that y^ku^pu_y ∈ L^2 since ‖y^ku^pu_y‖ ≤ c(k)‖u‖^p_k ‖y^ku‖ ≤ c(k)M^p_k ‖y^ku‖, where M_k = sup_{t∈[0,T} ∗_] ‖u(t)‖_k.

Using the integral equation (23) and Lemma 4.3 one can show that for |α| = 2, y^kD^αu(t) ∈ L^2 , ∀t ∈ (0, T^∗]. Thus we have that y^ku_t(t) ∈ L^2 , ∀t ∈ (0, T^∗].

Using Proposition 2.2 and integration by parts, one obtains:

∂_t‖y^ku‖^2 ≤ d_1(μ, k)‖u‖^2_k + d_2(k)‖y^ku‖^2 (58) where d_1 is monotone increasing in μ. By Gronwall’s inequality:

‖y^ku(t)‖^2 ≤ e^{d2(k)T ∗} (‖y^kϕ‖^2 + T^∗d_1(μ, k)M^2_k ). (59)

That allows us to extend the solution u to its interval of existence in H^k.

For the case μ = 0, observe that by (59) and Theorem 3.1, there exists T > 0 such that ‖y^ku^μ(t)‖^2 ≤ K(T, k, μ^∗, ‖ϕ‖_F k_{1,k} ), (60) for any μ ∈ (0, μ^∗), μ^∗ > 0 arbitrary and for any t ∈ [0, T ]. Then for any t ∈ [0, T ], there exists a sequence μ_n such that u^{μn} converges weakly in L^2(w^2), with w(x, y) = y^k. But we know that u^μ → u^0 in L^2 uniformly in [0, T ], and then (59) follows also for μ = 0 by the weak lower semicontinuity of the norm of L^2(w^2) and an extension argument yields the result. □

5 Long time behavior of small solutions and nonlinear data scattering

We will now investigate for which values of p Eqn.(12) is globally well-posed for small initial data.

For convenience denote E_0(t) by E(t). For any f ∈ S(R^2 ): E(t)f(x, y) = 1 2π ∫ e^{i(|ξ|ηt+xξ+yη)}f̂(ξ, η)dξdη = 1 2π I(t) ∗ f(x, y) (61) where I(t) = (e^{i|ξ|ηt})ˇ. We can compute the kernel I(t) explicitly: Lemma 5.1 For any real numbers x, y, t, we have:

I(t)(x, y) = 2 t cos(^{xy}_t )χ_{{yt≤0}} if t ≠ 0 2πδ(x, y) if t = 0.

Proof: Set f(ξ, η) = e^{iξη}χ_{{ξ≥0}} and note that e^{i|ξ|η} = f(ξ, η) + f(−ξ, η). Straightforward computations show that f satisfies:

f_ξ = iηf + δ_ξ ⊗ 1_η (62) f_η = iξf (63)

in S^′. Using the properties of the Fourier Transform, one sees that if g = f̌ then:

g_y = −ixg − 1_x ⊗ δ_y (64) g_x = −iyg. (65) By linearity, it is easy to see that the solutions have the form g = g_0 +ce^{−ixy}, for c ∈ R, g_0 being any particular solution. Since g_0(x, y) = e^{−ixy}χ_{{y≤0}} satisfies (64)-(65) then f̌(x, y) = e^{−ixy}χ_{{y≤0}} + ce^{−ixy} for some c ∈ R and I(t)(x, y) = 2 t cos (xy t ) ( χ_{{yt≤0}} + c ) , for t ≠ 0.

The constant c is determined by the fact that I(t) → 2πδ in S^′ as t → 0. Indeed, some calculations using the Fourier Transform in one variable show that: lim_{t→0} < I(t), ϕ >= 2πϕ(0, 0) + 4πcϕ(0, 0). Then c = 0 and the result is proved. □

The expression just derived allows us to obtain the following L^p − L^q estimate for the semigroup E(t):

Proposition 5.1 For any f ∈ L^1 ∩ L^2 we have |E(t)f| 2_{1−θ} ≤ c|t|^{−θ}|f| 2_{1+θ} (66) where θ ∈ [0, 1].

Proof: The result follows from Young’s inequality for the convolution (see [8]), Lemma 5.1 and interpolation. □

Using the Sobolev’s Embbeding Theorem one gets: Proposition 5.2 For s > 1 and f ∈ L^1 ∩ H^s we have: |E(t)f|_∞ ≤ c(1 + |t|)^{−1}(|f|_1 + ‖f‖_s) (67) Now we present the main result of the section.

Theorem 5.1 For p ≥ 3 and s > 3 there exist δ > 0 and R = R(δ) > 0 such that if ϕ ∈ L^1 ∩ H^s with |ϕ|_{1,1} + ‖ϕ‖_s < δ, then Eqn.(4) has a unique global solution u in the class C_b(R, H^s ) with sup_{t∈R} (1 + |t|)|u(t)|_{1,∞} ≤ R. (68) For the proof we will need the following lemma:

Lemma 5.2 For t ≥ 0 let J(t) = (1 + t) ∫_t 0 1 (1 + t − τ)(1 + τ)^{p−1} dτ. Then we have:

i)J(t) = O(1) as t ∼ +∞ for p ≥ 3; ii)J(t) → +∞ as t → +∞ for p = 1, 2.

Proof: One can compute the integral explicitly obtaining: J(t) 1 + t

= 2(2 + t)^{1−p} ln(1 + t) + p−1∑ j=2 1 1 − j (2 + t)^{j−p} ( 1 (1 + t)^{j−1} − 1 ) . From this expression the result follows easily.□

Proof of Theorem 5.1.

Observe that by virtue of (20) it suffices to show that (68) holds. Indeed, in such a case and using the hypotheses we have: ∫_t 0 |u_y|_∞|u|^{p−1}_∞ dτ ≤ ∫_t 0 |u|^p_{1,∞}dτ ≤ R^p ∫_t 0 (1 + |t|)^{−p}dτ ≤ const. (69) To prove (68) take T ∈ (0, T_s). Let us denote K(T ) = sup_{t∈[0,T ]}(1 + |t|)|u(t)|_{1,∞}. The hypotheses of the theorem allow us to use Proposition 5.2, Lemma 5.2 and (20) in the integral equation (23), obtaining: (1 + t)|u(t)|_{1,∞} ≤ cδ + c(1 + t) ∫_t 0 (1 + t − τ)^{−1}|u(τ)|^{p−1}_∞ ‖u(τ)‖^2_s dτ ≤ cδ + cδ^2K(T )^{p−1}e^{cK(t)p} , where t ∈ [0, T ].

One can choose δ > 0 small enough such that the function x → cδ+ cδ^2x^{p−1}e^{cxp} − x has a positive zero. Let R = R(δ) be the first positive zero of this function. Then the estimates just obtained imply that K(T ) ≤ R. Using again that the set of solutions is invariant under the transformation (t, x, y) → (−t, x, −y) and an extension argument the theorem follows. □ It turns out that the global solutions just found are also scattering states.

Theorem 5.2 Under the assumptions of the preceding theorem there exist ϕ_± ∈ H^s such that ‖u(t) − E(t)ϕ_±‖_r → 0 when t → ±∞, for r ∈ [s − 1, s).

Proof: The proof uses standard arguments (see [29], [33], ([34], Chapter 6)). □ 6 Solitary waves

If we look for travelling wave-type solutions of Eqn.(4) in the form: u(x, y, t) = v(x − bt, y − ct), b ≥ 0, c ≥ 0, b^2 + c^2 > 0, then the function v must obey

−bv_x − cv_y − Hv_{xy} + v^pv_y = 0. (70) Using the Fourier trasform it is easy to see that it can not have nonvanishing integrable solutions.

Put b = 0. The equation to analyse in this case is the following: −cv_y − Hv_{xy} + v^pv_y = 0. (71) Assuming that v and Hv_x vanish at infinity, we get: −cv − Hv_x + 1 p + 1 v^{p+1} = 0. (72) For any ϕ ∈ H^{1/2} consider the functional: L(ϕ) = c ∫ ϕ^2dxdy + ∫ ϕHϕ_xdxdy − 2 (p + 1)(p + 2) ∫ ϕ^{p+2}dxdy. (73) By the Sobolev’s Embedding Theorem (see [8]): H^{1/2}(R^n ) ⊂ L^{p+2}(R^n ), ∀p ∈ [0, 2/(n − 1)], n > 1, one can only guarantee that L is well defined and continuous for p ∈ {1, 2} (we are considering p ∈ N). Notice that the solutions of Eqn.(72) are the critical points of this functional. We have:

Theorem 6.1 For any p ∈ {1, 2}, Eqn.(72) has no nonvanishing solutions in H^{1/2}.

Proof: Consider first p = 1. In [6] it was proved that any nonvanishing solution for:

−f(x) − Hf_x(x) + f^2(x) = 0, which satisfies the boundary condition f(x) → 0 as |x| → 0, must be of the form:

f_a(x) = 2 1 + (x − a)^2 , a ∈ R. Using this result one gets, after a simple change of variables, that the desired solution of Eqn.(72) with p = 1 must have the form: v (x, y) = 4c 1 + c^2 (x + g (y))^2

(74) for some function g. Since for any c > 0 the function defined by (74) is not square integrable, then the result follows for the case p = 1.

To study the case p = 2, we shall use a technique presented in [32] for obtaining Pohozaev identities.

Suppose that v ∈ H^{1/2} is a solution for Eqn.(72). For any λ > 0 set v_λ(x, y) = λ^{1/2}v(λx, λy). It defines a curve in H^{1/2} and we have L(v_λ) = λ^{−1}c ∫ v^2dxdy + ∫ vHv_xdxdy − 1 3 ∫ v^4dxdy. (75) Since v is a critical point for L and v_1 = v, we must have that d dλ | | λ=1 L(v_λ) = ⟨ L^′(v), d dλ | | λ=1 v_λ ⟩ = 0.

On the other hand, from (73) we obtain, d dλ | | λ=1 L(v_λ) = −c ∫ v^2dxdy. Thus, the solution must vanish. □

Remark 6.1 Observe that the result for p = 1 does not contradict the existence result in [37], since the operator H∂_x is degenerate in R^2 , that is, there is no positive constant c such that |(H∂_xf)^(ξ, η)| ≥ c √ ξ^2 + η^2|f̂(ξ, η)|.

7 Acknowledgements

The author would like to thank professors R. Iorio, F. Linares and Gustavo Ponce, who contributed with valuable comments and suggestions to this work.

References

[1] L. Abdelouhab, Nonlocal dispersive equations in weighted Sobolev spaces, Differential Integral Equations 5 (1992), no. 2, 307-338.

[2] L. Abdelouhab, J. L. Bona, M. Felland, and J.-C. Saut, Nonlocal models for nonlinear, dispersive waves, Physica D, 40, (1989), 360-392.

[3] M.J. Ablowitz and P.A. Clarkson, Nonlinear Evolution Equations and Inverse Scattering, London Mathematical Society Lecture Note Series, 149, Cambridge University Press, 1991.

[4] M.J. Ablowitz, A.S. Fokas, and M.D. Kruskal, Note on the solution to a class of nonlinear singular integro-differential equations, Physics Letters A (1987), 215-218.

[5] M.J. Ablowitz and H. Segur, Long internal waves in fluids of great depth, Stud. Appl. Math. 62 (1980), 249-262.

[6] C. J. Amick and J. F. Toland, Uniqueness of the Benjamin’s Solitary- Wave Solutions of the Benjamin-Ono equation, IMA Journal of Appl. Math., 46 (1991), 21-28.

[7] T. B. Benjamin, Internal waves of permanent form in fluids of great depth, Jr. Fluid Mech. 26 (1989), 559-592.

[8] J. Bergh and J. Löfström, Interpolation spaces. An introduction.

Grundlehren der Mathematischen Wissenschaften, No. 223. Springer- Verlag, Berlin-New York, 1976.

[9] J. L. Bona and R. Smith, The initial-value problem for the Korteweg-de Vries equation, Philos. Trans. Roy. Soc. London Ser. A 278 (1975), no. 1287, 555-601.

[10] J. Bourgain, Fourier transform restriction phenomena for certain lattice subsets and applications to nonlinear evolution equations, Geom. Funct. Anal. 3 (1993), no. 2, 107-156, 209-262.

[11] J. Bourgain, On the compactness of the support of solutions of dispersive equations, Internat. Math. Res. Notices 1997, no. 9, 437-447.

[12] A. P. Calderón, Commutators of Singular Integral Operators, Proc. Nat.

Acad. Sc., USA 53 (1965), 1092-1099.

[13] R. R. Coifman, A. M. McIntosh and Y. Meyer, L’intégrale de Cauchy sur les curves lipschitziannes, Ann. of Math. (2) 116 (1982), no. 2, 361-387.

[14] J. Ginibre and Y. Tsutsumi, Uniqueness of solutions for the generalized Korteweg-de Vries equation, SIAM J. Math. Anal. 20 (1989), no. 6, 1388-1425.

[15] J. Ginibre and G. Velo, Smoothing properties and existence of solutions for the generalized Benjamin-Ono equation, J. Differential Equations 93 (1991), no. 1, 150-212.

[16] N. Hayashi; P. I. Naumkin, Large time asymptotics of solutions to the generalized Benjamin-Ono equation, Trans. Amer. Math. Soc. 351 (1999), no. 1, 109-130.

[17] R. J. Iorio, Jr., On the Cauchy problem for the BO equation, Comm.

Part. Diff. Eqn. 11 (1986), no. 10, 1031-1081.

[18] R. J. Iorio, Jr., The Benjamin-Ono Equation in Weighted Sobolev Spaces, J. Math. Anal. Appl. 157 (1991), no. 2, 577–590.

[19] R. J. Iorio, Jr. and and V. M. Iorio, Fourier Analysis and Partial Differential Equations, Cambridge University Press, 2001.

[20] R. J. Iorio, Jr., Unique Continuation Principles for the Benjamin-Ono Equation, Preprint IMPA (2001).

[21] B. B. Kadomtsev and V. I. Petviashvili, On the stability of solitary waves in weakly dispersive media, Sov. Phys. Dokl. 15 (1970), 539-549.

[22] T. Kato, On the Cauchy problem for the (Generalized) KortewegdeVries Equation, Studies in applied mathematics, 93-128, Adv. Math. Suppl. Stud., 8, Academic Press, New York, 1983.

[23] D. J. Korteweg and G. de Vries, On the change of long waves advancing in a rectangular canal, and on a new type of long stationary waves, Philos. Mag. 39 (1895), no. 5, 422-443.

[24] T. Kato and G. Ponce, Commutator estimates and the Euler and Navier Stokes equations, Comm. Pure Appl. Math. 41 (1988), 93-128.

[25] C. E. Kenig, G. Ponce, and L. Vega Well-posedness and scattering results for the generalized Korteweg-de Vries equation via the contraction principle, Comm. Pure Appl. Math. 46 (1993), no. 4, 527-620.

[26] C. E. Kenig, G. Ponce, and L. Vega, On the generalized Benjamin-Ono equation, Trans. Amer. Math. Soc. 342 (1994), no. 1, 155-172.

[27] C. E. Kenig, G. Ponce, and L. Vega A bilinear estimate with applications to the KdV equation, J. Amer. Math. Soc. 9 (1996), no. 2, 573-603.

[28] H. Ono, Algebraic solitary waves in stratified fluids, Jr. Phys. Soc. Japan 39 (1975), 1082-1091.

[29] G. Ponce and L. Vega, Nonlinear small data scattering for the generalized Korteweg-de Vries equation, J. Funct. Anal. 90 (1990), no. 2, 445-457.

[30] V. I. Shrira, On the subsurface waves in the oceanic upper mixed layer, Dokl. Akad. Nauk SSSR 308 (1989), no. 3, 732-736.

[31] J.-C. Saut, Sur quelques généralisations de l’équation de Korteweg-de Vries, (French) J. Math. Pures Appl. (9) 58 (1979), no. 1, 21-61.

[32] W. A. Strauss, Existence of solitary waves in higher dimensions, Comm.

Math. Phys. 55 (1977), no. 2, 149-162.

[33] W. A. Strauss, Nonlinear scattering theory at low energy, J. Funct.

Anal. 41 (1981), no. 1, 110-133.

[34] W. A. Strauss, Nonlinear wave equations. CBMS Regional Conference Series in Mathematics, 73. Published for the Conference Board of the Mathematical Sciences, Washington, DC; by the American Mathematical Society, Providence, RI, 1989.

[35] H. Triebel, Interpolation theory, function spaces, differential operators, North-Holland Mathematical Library, 18. North-Holland Publishing Co., Amsterdam-New York, 1978.

[36] M. Tsutsumi, Weighted Sobolev spaces and rapidly decreasing solutions of some nonlinear dispersive wave equations, J. Differential Equations 42 (1981), no. 2, 260-281.

[37] M. I. Weinstein, Existence and dynamic stability of solitary wave solutions of equations arising in long wave propagation, Comm. Partial Differential Equations 12 (1987), no. 10, 1133-1173.

[38] Z. Yong, Strongly oblique interactions between internal solitary waves with the same mode, Appl. Math and Mech.(English ed.) 18, (1997) no. 10, 957-962.

[39] B. Y. Zhang, Unique continuation for the Korteweg-de Vries equation, SIAM J. Math. Anal. 23 (1992), no. 1, 55-71.

[40] V. E. Zakharov, and E. A. Kuznetsov, Three dimensional solitons, Sov.

Phys. JETP. 39 (1974), no. 2, 285-286.