DECAY OF ALMOST PERIODIC SOLUTIONS OF CONSERVATION LAWS

HERMANO FRID

Abstract. We consider the asymptotic behavior of solutions of systems of inviscid or viscous conservation laws in one or several space variables, which are almost periodic in the space variables in a generalized sense introduced by Stepanoff and Wiener, which extends the original one of H. Bohr. We prove that if u(x, t) is such a solution whose inclusion intervals at time t, with respect to ε > 0, satisfy l_ε(t)/t → 0 as t → ∞, and so that the scaling sequence u^T (x, t) = u(T x, T t) is pre-compact as T → ∞ in L^1_{loc}(R^{d+1}_+ ) then u(x, t) decays to its mean value ū, which is independent of t, as t → ∞. The decay considered here is in L^1_{loc} of the variable ξ = x/t, which implies, as we show, that M_x(|u(x, t) − ū|) → 0, as t → ∞, where M_x denotes taking the mean value with respect to x. In many cases we show that the solutions are almost periodic in the generalized sense if the initial data are. We also show, in these cases, how to reduce the condition on the growth of the inclusion intervals l_ε(t) with t, as t → ∞, for fixed ε > 0, to a condition on the growth of l_ε(0) with ε, as ε → 0, which amounts to impose restrictions only on the initial data. We show with a simple example the existence of almost periodic (non-periodic) functions whose inclusion intervals satisfy any prescribed growth condition as ε → 0. The applications given here include inviscid and viscous scalar conservation laws in several space variables, some inviscid systems in chromatography and many viscous 2×2 systems such as those of nonlinear elasticity and Eulerian isentropic gas dynamics, with artificial viscosity, among others. In the case of the inviscid scalar equations and chromatography systems, the class of initial data for which decay results are proved includes, in particular, the L^∞ generalized limit periodic functions. Our procedures can be easily adapted to provide similar results for semilinear and kinetic relaxations of systems of conservation laws.

1. Introduction

The study of the asymptotic behavior of the solutions of nonlinear conservation laws goes back to the pioneering paper of E. Hopf [31] on the Burger’s equation, which started the modern analytical theory of conservation laws and may be seen as its second major landmark after the foundational 1860 paper of Riemann [41]. In the referred paper Hopf introduces the vanishing viscosity method which means to add an artificial viscosity to the original equation, solve the approximating equation, and then send the viscosity coefficient to zero. By means of a tricky tranformation of the dependent variables, the now called Hopf-Cole transfomation, which transforms the viscous Burger’s equation into the heat equation, he was able to obtain an explicit formula for the solutions. This was then used to prove the convergence of the vanishing viscosity solutions and also provided an explicit formula for the solution

1991 Mathematics Subject Classification. Primary:35L65; Secondary:35B35,35B40. Key words and phrases. conservation laws, parabolic equations, almost periodic functions. . 1

of the inviscid equation. The work of Hopf was followed by a series of papers of Oleinik surveyed in [40] establishing existence and uniqueness of solutions of scalar conservation laws in one space variable with strictly convex flux function, which satisfy an admissible (entropy) condition on the points of discontinuity introduced by her. Oleinik’s entropy condition was not only crucial for the uniqueness of the solutions but alone can explain the asymptotic behavior of such solutions in two important representative cases: periodic and compact supported initial data (see [45]). However, the problem of the asymptotic behavior of the entropy solutions of scalar conservation laws with strictly convex flux function was first solved and to a large extent by Lax, in his well known paper [35]. Therein, Lax considered the general class of initial data u_0 ∈ L^∞(R) satisfying the condition that the limit

M(u_0) = lim_{L→∞} 1 L ∫_{a+L} a u_0(x) dx exists uniformly in a ∈ R. This includes the two special cases mentioned above. For this general class of initial data, Lax proves the decay of the solution in the L^∞ norm to M(u_0) as t → ∞. His analysis is heavily based in an explicit formula for the solution found by him, motivated by Hopf’s formula. The decay property for such general class of initial data is still unknown for flux functions which are not strictly convex.

Concerning periodic initial data, an important progress was achieved by Glimm and Lax in their influencial paper [29]. Therein, they prove the global existence of entropy solution of the Cauchy problem for a general class of strictly hyperbolic genuinely nonlinear 2 × 2 systems of conservation laws, for L^∞ initial data of small oscillation. The solutions are constructed through Glimm scheme and the regularization property is also shown to be a consequence of stronger estimates for the interaction of waves holding for 2 × 2 systems, proved by Glimm in his celebrated paper [28]. For periodic initial data, they prove that the solution so obtained decays in the L^∞ norm at a rate O(t^{−1}). More recently, the study of the asymptotic structure of general periodic BV_{loc} entropy solutions of systems in the same class considered by Glimm-Lax, possessing the same decay property, was analized in detail by Dafermos [17], using his method of generalized characteristics. For scalar conservation laws in two space variables with BV_{loc} periodic initial data and a nonlinearity condition on the flux functions, the decay of the periodic entropy solutions in the L^1_{loc} norm was proved by Engquist and E [21].

In [8], Chen and Frid establish a connection between the decay of periodic entropy solutions, u(x, t), in the L^1_{loc}(R^d ) metric as t → ∞ and the pre-compactness in L^1_{loc}(R^{d+1}_+ ) of the associated scaling sequence u^T (x, t) = u(T x, T t), T > 0. Here and in what follows we denote the L^p spaces with no reference to the range R^n . They show that the pre-compactness of u^T in L^1_{loc}(R^{d+1}_+ ) implies the decay in L^1_{loc}(R^d ) of those solutions, as t → ∞. With the help of compactness results, such as those based on the compensated compactness theory (e.g. [19], [20], [6], [37], [38], [32], [7], [13], [26], etc.) and the one based on the kinetic formulation for scalar conservation laws in several space variables in [36], it was possible to obtain the decay in L^1_{loc} as t → ∞ of large L^∞ periodic entropy solutions of many among the most representative systems of the theory, including, in particular, the Euler equations for isentropic gas dynamics, nonlinear elasticity and scalar conservation laws in several space variables with flux functions satisfying a nonlinearity condition. The result was also applied to obtain the decay of periodic solutions of systems of conservation laws with relaxation, in connection with results in [14], [15] also based on the compensated compactness theory. On the other hand, for viscous systems of conservation laws which are endowed with a strictly convex entropy, the decay of periodic solutions is in general easier and may be obtained by usual energy estimates as, for instance, those obtained in [30].

The purpose of this paper is first to establish an extension of the main result in [8] suitable for the study of the decay of generalized almost periodic solutions and then discuss several applications. The theory of almost periodic functions was founded by H. Bohr [4], in the context of continuous functions, and further extended to the context of measurable L^p_{loc} functions by Wiener [51], Stepanoff [46], Weyl [50], Besicovitch [1] and Besicovitch-Bohr [2] (see also [23]). For a complete account of this theory we refer also to the books of Bohr [3], Besicovitch [1] and Favard [22]. Here we will use a generalized concept of almost periodic functions which was introduced independently by Wiener and Stepanoff in the just referred papers. For definitions and properties used in this paper, concerning generalized almost periodic functions, see appendix A. We consider the asymptotic behavior of solutions u(x, t) of systems of inviscid or viscous conservation laws in one or several space variables, which are almost periodic in the space variables x in the generalized sense of Stepanoff-Wiener, locally uniformly in the time variable t ≥ 0. The latter means that if τ is an ε-almost period of u(x, t), then it is also an ε-almost period of u(x, s) for 0 ≤ s ≤ t. We prove that if the inclusion intervals of u(x, t) at time t, with respect to ε > 0, satisfy l_ε(t)/t → 0 as t → ∞, and the scaling sequence u^T (x, t) = u(T x, T t) is pre-compact as T → ∞ in L^1_{loc}(R^{d+1}_+ ) then u(x, t) decays to its mean value

ū = lim_{L→∞} 1 (2L)^d ∫ |x|_∞≤L u(x, t) dx, (1.1)

which is independent of t, as t → ∞. Here we denote |x|_∞ = max{|x_i| : i = 1, . . . , d}. The decay considered here is in L^1_{loc} of the variable ξ = x/t, which implies, as we show, that M_x(|u(x, t) − ū|) → 0, as t → ∞, where by M_x we denote the operation of taking average with respect to x, that is, M_x(ψ(x, t)) = lim_{L→∞} 1 (2L)^d ∫ |x|_∞≤L ψ(x, t) dx, (1.2)

which always exists if ψ(x, t) is (generalized) almost periodic in x. In many cases we show that the solutions are almost periodic in the generalized sense if the initial data are. We also show, in these cases, how to reduce the condition on the growth of the inclusion intervals l_ε(t) with t, as t → ∞, for fixed ε > 0, to a condition on the growth of l_ε(0) with ε, as ε → 0, which amounts to impose restrictions only on the initial data. We show with a simple example the existence of almost periodic (non-periodic) functions whose inclusion intervals satisfy any prescribed growth condition as ε → 0.

The applications given here include inviscid and viscous scalar conservation laws in several space variables, some inviscid systems in chromatography, and many viscous 2 × 2 systems such as those of nonlinear elasticity and Eulerian isentropic gas dynamics, with artificial viscosity, among others. In the case of inviscid scalar equations and chromatography systems, the class of initial data for which decay results are proved includes, in particular, the L^∞ generalized limit periodic functions.

We remark that, although we restrict our discussion to solutions uniformly bounded in L^∞ in order to keep a uniform treatment, most results presented here, in particular Theorem 2.1 and Theorem 5.1, can be suitably modified in order to be extended to the case of uniform bound in L^p, 1 ≤ p < ∞. Specially the case p = 2 is of interest in connection with existence and compactness results obtained in this context (see, e.g., [25]). We also remark that, following a procedure similar to the one in [8], the discusion about existence and decay of almost periodic solutions can be transported to the relaxation approximations. This extension becomes specially easier for the semilinear or kinetic approximations. For these relaxation approximations the proof of the almost periodicity of the solution is completely similar to the one for viscous approximations given in Theorem 5.1 of the present paper, based on Duhamel’s principle. Also in connection with semilinear and kinetic approximations we mention the recent L^∞ uniform boundedness and compactness results of D. Serre [43]. See also Tzavaras [48] for compactness based on L^2 uniform estimates concerning the rate-type relaxation system in viscoelasticity.

The remaining of this paper is organized as follows. In section 2 we prove our general theorem on the decay of almost periodic solutions of inviscid or viscous multidimensional systems of conservation laws. In section 3 we analyze the case of the insvicid or viscous scalar conservation laws in several space variables. In section 4 we then discuss the application to some inviscid systems in chromatography. In section 5 we establish a general result concerning multidimensional viscous systems of conservation laws. In section 6 we comment on several applications of the theorem of section 5, which include well known systems such as those of Euler equations for isentropic gas dynamics and nonlinear elasticity with artificial viscosity. In appendix A we recall the definitions and some basic facts about almost periodic functions and show how to construct almost periodic (non-periodic) functions whose inclusion intervals with respect to ε > 0 satisfy any prescribed growth condition with ε as ε → 0.

2. Decay of almost periodic solutions

We consider a multidimensional viscous or inviscid system of conservation laws ∂_tu + d∑ k=1 ∂_{xk} f^k(u) = ∑ k l ∂^2_{xk xl} a_{k l}(u), x ∈ R^d , t > 0, (2.1)

where u(x, t) ∈ U ⊆ R^n , for some open set U, and f^k, a_{k l} : U → R^n are smooth functions, for which an initial condition has been prescribed

u(x, 0) = u_0(x).

(2.2)

A smooth function η : U → R is an entropy for (2.1) if there are smooth functions q_k, b_{k l} : U → R, k, l ∈ {1, . . . , d}, called the associated entropy-fluxes and entropyviscosities, respectively, such that ∇q_k = ∇η∇f^k, ∇b_{k l}(u) = ∇η∇a_{k l} k, l ∈ {1, . . . , d}. (2.3)

If η is strictly convex, (2.3) implies that the matrices ∇f^k are simultaneously symmetrizable by ∇^2η and, in particular, ξ_1∇f^1 +· · ·+ξ_d∇f^d is diagonalizable, for any (ξ_1, . . . , ξ_d) ∈ R^d . The latter is the condition for the system (2.1) to be hyperbolic in the case where a_{k l}(u) ≡ 0, for all k, l = 1, . . . , d.

In this paper, we will only consider bounded measurable solutions, although the results hold also with slight adaptations in the more general case of L^p_{loc} solutions.

Definition 2.1. We say that u ∈ L^∞(R^{d+1}_+ ) is an entropy solution (or simply a solution) of (2.1)-(2.2) if for any non-negative ϕ ∈ C^1_0 (R^{d+1} ) and for any convex entropy η, with associated entropy-fluxes and entropy-viscosities q^k, b_{k l}, k, l = 1, . . . , d, such that ∑ k l v^⊤_k ∇^2η(u)∇a_{k l}(u)v_l ≥ 0, for all (v_1, . . . , v_d) ∈ (R^n )^d,

(2.4)

one has ∫ ∫ R^{d+1}_+ {η(u)ϕ_t + ∑ q^k(u)ϕ_{xk} + ∑ b_{k l}(u)ϕ_{xk xl} } dxdt + ∫ R^d η(u_0)ϕ(x, 0) dx ≥ 0. (2.5)

As usual, since the coordinate functions and their opposites π_{i±}(u) = ±u_i, i = 1, . . . , n, are obviously convex entropies with associated entropy-fluxes and entropyviscosities ±f^k, ±a_{k l}, respectively, which trivially satisfy (2.4), the inequality (2.5) with η(u) = π_{i±}(u), i = 1, . . . , n, implies that u is a weak solution of (2.1)-(2.2), i.e., the equation ∫ ∫ R^{d+1}_+ {uϕ_t + ∑ f^k(u)ϕ_{xk} + ∑ a_{k l}(u)ϕ_{xk xl} } dxdt + ∫ R^d u_0(x)ϕ(x, 0) dx = 0, (2.6)

holds for any ϕ ∈ C^1_0 (R^{d+1} ). When a_{k l}(u) ≡ 0, k, l = 1, . . . , d, entropy solutions are in general non-smooth, which is a basic fact in the theory of conservation laws (see, e.g., [18], [42], [45]).

We are interested in the asymptotic behavior of solutions u(x, t) of (2.1)-(2.2) which are generalized almost periodic functions, in the sense of Stepanoff-Wiener, which we abridge by saying that u(x, t) is S-a.p., in the x variable, locally uniformly in t ≥ 0. For definitions and basic properties about generalized almost periodic functions see the appendix A. By locally uniformly in t ≥ 0 we mean that if τ is an ε-almost period of u(x, t), then it is also an ε-almost period of u(x, s), for 0 ≤ s ≤ t.

As in [8], we denote by u^T (x, t), T > 0, the scaling sequence associated with u(x, t) defined by u^T (x, t) = u(T x, T t). (2.7) Set ū = lim_{L→∞} 1 (2L)^d ∫ |x|_∞≤L u_0(x) dx. (2.8)

We may now state our general decay result for almost periodic solutions of (2.1)- (2.2).

Theorem 2.1. Let u(x, t) be a solution of (2.1)-(2.2) which is S-a.p. in x, locally uniformly in t ≥ 0. Let l_ε(t) denote an inclusion interval of u(x, t) with respect to ε > 0. Assume the following:

(i) l_ε(t)/t → 0 as t → ∞;

(ii) u^T (x, t) is pre-compact in L^1_{loc}(R^{d+1}_+ ) as T → ∞.

Then u^T → ū as T → ∞ in L^1_{loc}(R^{d+1}_+ ) and one has lim_{T →∞} 1 T ∫_T 0 M_x(|u(x, t) − ū|) dt = 0. (2.9)

Moreover, in the inviscid case where a_{k l}(u) ≡ 0, for all k, l, if (2.1) is endowed with a strictly convex entropy then one has u(ξt, t) → ū in L^1_{loc}(R^d ), as t → ∞. In particular, one has M_x(|u(x, t) − ū|) → 0 as t → ∞. The latter holds also in the viscous case, a_{k l}(u) ≠ 0, for some k, l, provided that (2.1) is endowed with a strictly convex entropy satisfying (2.4) and ∇_xu(x, t) is uniformly bounded in R^d × [t_0, ∞) for some t_0 > 0.

Proof. The method of the proof is similar to the one in [8]. Consider an increasing sequence {T_k} ⊆ (0, ∞), with T_k → ∞, as k → ∞, such that u^{Tk} (x, t) converges in L^1_{loc}(R^{d+1}_+ ) to a certain L^∞ function ū(x, t). We will show that ū(x, t) = ū, a.e. in R^{d+1}_+ , where ū is given by (2.8). We first show that, for almost all t > 0, ū(x, t) is independent of x. For that, given ε > 0 and t_0 > 0, we consider the set Q_{ε,t0} = { τ T_k : τ is an ε-almost period of u(·, T_kt_0)}.

We notice that Q_{ε,t0} is dense in R^d . This is clear from the fact that, since l_ε(T_kt_0)/T_k → 0 as T_k → ∞, given any cube with edge of lenght δ > 0, if l_ε(T_kt_0)/T_k < δ, we can find a vector τ/T_k ∈ Q_{ε,t0} inside this cube. We will show that for any y ∈ R^d we have ū(x + y, t) = ū(x, t), for a.e. (x, t) ∈ R^{d+1}_+ . Now, let ϕ(x, t) be any continuous function with compact support contained in [−L_0, L_0]^d × [0, t_0], and let y ∈ R^d be given. By passing to a subsequence if necessary, we can find y_k ∈ Q_{ε,t0} such that y_k → y,as k → ∞, and y_k is an ε-almost period of u^{Tk} (x, t) for 0 ≤ t ≤ t_0. We then have, ∫ R^{d+1}_+ ū(x + y, t)ϕ(x, t) dxdt = lim_{k→∞} ∫ R^{d+1}_+ u^{Tk} (x + y, t)ϕ(x, t) dxdt = lim_{k→∞} ∫ R^{d+1}_+ u^{Tk} (x, t)ϕ(x − y, t) dxdt = lim_{k→∞} ∫ R^{d+1}_+ u^{Tk} (x, t)ϕ(x − y_k, t) dxdt = lim_{k→∞} ∫ R^{d+1}_+ u^{Tk} (x + y_k, t)ϕ(x, t) dxdt ≤ lim_{k→∞} ∫ R^{d+1}_+ u^{Tk} (x, t)ϕ(x, t) dxdt + C(L_0, t_0)‖ϕ‖_∞ε = ∫ R^{d+1}_+ ū(x, t)ϕ(x, t) dxdt + C(L_0, t_0)‖ϕ‖_∞ε, and similarly we get ∫ R^{d+1}_+ u(x + y, t)ϕ(x, t) dxdt ≥ ∫ R^{d+1}_+ ū(x, t)ϕ(x, t) dxdt − C(L_0, t_0)‖ϕ‖_∞ε, where C(L_0, t_0) is a positive constant depending only on L_0, t_0. Since ε > 0 is arbitrary, we get ∫ R^{d+1}_+ ū(x + y, t)ϕ(x, t) dxdt = ∫ R^{d+1}_+ ū(x, t)ϕ(x, t) dxdt The function ϕ being also arbitrary we finally get ū(x + y, t) = ū(x, t), provided that (x, t) and (x + y, t) are Lebesgue points of ū. In particular, since y ∈ R^d is arbitrary, we get ū(x_1, t) = ū(x_2, t) whenever (x_1, t) and (x_2, t) are Lebesgue points of ū(x, t) and so ū(x, t) = ū(t), for a.e. (x, t) ∈ R^{d+1}_+ , for a certain bounded measurable function ū(t) depending only on t.

Now, since ū is a weak solution of the inviscid correspondent of (2.1)-(2.2) (a_{k l}(u) ≡ 0, k, l = 1, . . . , d) with initial data u_0(x) ≡ ū, x ∈ R^d , we easily see that ū(t) = ū, for a.e. t ≥ 0. Hence, we arrived at u^T → ū in L^1_{loc}(R^{d+1}_+ ), as T → ∞. As usual, the latter implies lim_{T →∞} 1 T ∫_T 0 ∫ |ξ|_∞≤c |u(ξt, t) − ū| dξdt = 0, (2.10)

for any c > 0. So, (2.9) will follow from (2.15) below, letting ε → 0.

Now let us prove the last part of the statement. We take the Dafermos’ quadratic entropy α(u, ū) associated with a strictly convex entropy η(u), given by α(u, ū) = η(u) − η(ū) − ∇η(ū)(u − ū), with associated entropy-fluxes β^k(u, ū) and entropy-viscosities γ_{k l}(u, ū) given by β^k(u, ū) = q^k(u) − q^k(ū) − ∇η(ū)(f^k(u) − f^k(ū)), γ_{k l}(u, ū) = b_{k l}(u) − b_{k l}(ū) − ∇η(ū)(a_{k l}(u) − a_{k l}(ū)). Clearly, we have ∂_tα(u, ū) + ∑ ∂_{xk} β^k(u, ū) ≤ ∑ ∂^2_{xk xl} γ_{k l}(u, ū), (2.11) in the sense of distributions. From (2.11), as in [10] pp.317-319, for the inviscid case, and pp.352-353, for the viscous case (see also [11], pp.38-41), using also the boundedness of ∇_xu, for t ≥ t_0 > 0, in the latter case, it follows that, for any fixed c > 0, the function Y (t) = ∫ |ξ|_∞≤c α(u(ξt, t), ū) dξ, is in BV_{loc}(0, ∞) and satisfies dY dt (t) ≤ C t , in the sense of measures, for some C > 0. The above inequality, together with (2.10), which we may write in the form lim_{T →∞} 1 T ∫_T 0 Y (t) dt = 0, leads, as in the proof of Theorem 2.3 of [10], to the conclusion that

ess lim_{t→∞} ∫ |ξ|_∞≤c |u(ξt, t) − ū| dξ = 0, (2.12)

for any c > 0.

To prove the decay in terms of mean values, let us partition R^d in a net of ddimensional cubes with edges of length 3l_ε(t) parallel to the axes. Denote by S_t the set of such cubes contained in {x ∈ R^d : |x| ≤ ct}, for certain fixed c > 0. Clearly, for each I ∈ S_t there is an ε-almost period τ_I such that I − τ_I ⊃ [0, 2l_ε(t)]^d. Let N(t) be the number of elements of S_t. Since, l_ε(t)/t → 0 as t → ∞, we have N(t) > 0 and (2c)^d/2 ≤ 3^dN(t)l_ε(t)^d/t^d ≤ (2c)^d, for t sufficiently large. Hence, we have ∫ |ξ|≤c |u(ξt, t) − ū| dξ = 1 t^d ∫ |x|≤ct |u(x, t) − ū| dx ≥ 1 t^d ∑ I∈S_t ∫ I |u(x, t) − ū| dx (2.13)

≥ 1 t^d ∑ I∈S_t ∫ I |u(x − τ_I , t) − ū| dx − 1 t^d ∑ I∈S_t ∫ I |u(x, t) − u(x − τ_I , t)| dx

≥ −ε [(3l_ε(t))^d]N(t) t^d + 3^d

(2l_ε(t))^dN(t) t^d 1 (2l_ε(t))^d ∫ [0,2l_ε(t)]^d |u(x, t) − ū| dx ≥ −ε(2c)^d + (4c)^d 2 1 l_ε(t)^d ∫ [0,2l_ε(t)]^d |u(x, t) − ū| dx Now, we partition R^d in a net of cubes with edges of length l_ε(t) parallel to the axes. For each such cube I^′ there exists an ε-almost period τ_I ′ such that I^′ −τ_I ′ ⊆ [0, 2l_ε]^d. Hence, we get M_x(|u(x, t) − ū|) = lim_{s→∞} 1 (2sl_ε(t))^d ∫ [−sl_ε(t),sl_ε(t)]^d |u(x, t) − ū| dx (2.14) ≤ lim_{s→∞} 1 (2sl_ε(t))^d ∑ I^′⊆[−sl_ε(t),sl_ε(t)]^d ∫ I^′ |u(x − τ_I ′ , t) − ū| dx

+ lim_{s→∞} 1 (2sl_ε(t))^d ∑ I^′ ⊆[−sl_ε(t),sl_ε(t)]^d ∫ I^′ |u(x, t) − u(x − τ_I ′ , t)| dx

≤ 1 l_ε(t)^d ∫ [0,2l_ε(t)]^d |u(x, t) − ū| dx + 2^dε So, from (2.13) and (2.14) we obtain ∫ |ξ|≤c |u(ξt, t) − ū| dξ ≥ (4c)^d 2 M_x(|u(x, t) − ū|) − (4c)^dε, (2.15)

which, together with (2.12), gives ess lim sup t→∞ M_x(|u(x, t) − ū|) ≤ 2ε, and, since ε can be taken arbitrarily small, we conclude ess lim_{t→∞} M_x(|u(x, t) − ū|) = 0, as desired.

Remark 2.1. The first part of the statement of Theorem 2.1 holds also for almost periodic solutions (in a suitable sense) of the more general class of viscous systems of the form ∂_tu + ∑ k ∂_{xk} f^k(u) = ∑ k,l ∂_{xk} (B_{k l}(u)∂_{xl} u) , (2.16) as is clear from the proof. The second part also holds provided that we define the notion of a strictly convex entropy η for (2.16) to mean now that η is strictly convex, there exist functions q^k such that ∇q^k (u) = ∇η(u)∇f^k(u), and ∑ k,l ∇^2η(u)(B_{k l}(u)v_k, v_l) ≥ 0, for all (v_1, . . . , v_d) ∈ (R^n )^d.

3. Scalar conservation laws in several space variables

In this section we consider the initial value problem for a scalar conservation law in several space variables ∂_tu + d∑ k=1 ∂_{xk} f^k(u) = 0,

(3.1)

u(x, 0) = u_0(x),

(3.2)

where the f^k(u) are smooth functions and u_0 is a bounded S-a.p. function defined in R^d . We are going to apply Theorem 2.1 to obtain the decay of the entropy solution of (3.1)-(3.2) provided that u_0 satisfies a suitable condition on the growth of its inclusion intervals l_ε(0) as ε → 0. Existence and L^1_{loc} stability of entropy solutions of (3.1)-(3.2), with u_0 ∈ L^∞(R^d ), was proved by Kruzkov [33]. We now establish the following theorem.

Theorem 3.1. Let f(u) = (f^1(u), . . . , f^d(u)) satisfy the nonlinearity condition

meas{u ∈ R : τ + κ · f^′(u) = 0} = 0, ∀(τ, κ) ∈ R^{d+1} , s.t. τ^2 + |κ|^2 = 1.

(3.3)

Assume u_0 ∈ L^∞(R^d ) is S-a.p. and there exists a sequence of S-a.p. functions u_{0,ν} , ν ∈ N, belonging to L^∞(R^d ) such that M_x(|u_0(x)−u_{0,ν} (x)|) → 0, as ν → ∞, and so that, for each ν ∈ N, the inclusion intervals of u_{0,ν} with respect to ε, l^ν_ε (0), satisfy ε^{1/d}l^ν_ε (0) → 0, as ε → 0. Let u(x, t) be the unique entropy solution of (3.1)-(3.2). Then u(ξt, t) → ū as t → ∞ in L^1_{loc}(R^d ), and, in particular, M_x(|u(x, t) − ū|) → 0 as t → ∞. Proof. Let us first consider the case in which the inclusion intervals of u_0 with respect to ε > 0, l_ε(0), themselves satisfy the growth condition ε^{1/d}l_ε(0) → 0, as ε → 0. To apply Theorem 2.1 we need first to show that u(x, t) is S-a.p. in x locally uniformly in t, and l_ε(t)/t → 0 as t → ∞. For x ∈ R^d and K > 0, let us denote by I^K_x the d-dimensional cube [x_1, x_1 + K] × · · · × [x_d, x_d + K], and set I^1_x = I_x. Let

K_0 = sup{|f^′(u)|_∞ : u ∈ [−‖u_0‖_∞, ‖u_0‖_∞]},

and x_0 = (1, . . . , 1) ∈ R^d . Kruzkov’s stability theorem [33] gives, for a.e. t > 0, ∫ I_x |u(y + τ, t) − u(y, t)| dy ≤ ∫ I^{2K0 t} x−tK0 x0 |u_0(y + τ) − u_0(y)| dy (3.4)

≤ (2K_0t + 1)^d sup_{x∈Rd} ∫ I_x |u_0(y + τ) − u_0(y)| dy. So, for any ε > 0, if τ is an almost period of u_0 associated with ε/(2K_0t + 1)^d, then it is an ε-almost period of u(x, t), and we may take l_ε(t) = l_{ε/(2K0t+1)}d (0) as inclusion intervals of u(x, t) with respect to ε. Hence, from the assumption on the growth of l_ε(0), as ε → 0, we conclude that l_ε(t)/t → 0 as t → ∞. Now, the other hypothesis in Theorem 2.1, namely, the compactness of the scaling sequence u^T (x, t) = u(T x, T t) follows from (3.3) by the compactness result of Lions- Perthame-Tadmor in [36]. Hence, we can apply Theorem 2.1 to obtain the desired conclusion.

Now, let us consider the general case in which M_x(|u_0 −u_{0,ν} |) → 0, as ν → ∞, for a sequence u_{0,ν} of S-a.p. functions belonging to L^∞(R^d ), whose inclusion intervals with respect to ε > 0, l^ν_ε (0), satisfy the growth condition ε^{1/d}l^ν_ε (0) → 0, as ε → 0. Let K be any compact in R^{d+1}_+ . Hence, again by Kruzkov’s L^1 stability theorem [33], one obtains positive constants C(K), L(K) depending only on K such that, for each ν ∈ N, ∫ K |u^T (x, t) − ū| dxdt ≤ ∫ K |u^T (x, t) − u^{ν T} (x, t)| dxdt + ∫ K |u^{ν T} (x, t) − u^ν | dxdt + meas(K)|ū − u^ν | ≤ C(K) T^d ∫ |y|≤L(K)T |u_0(y) − u_{0,ν} (y)| dy + ∫ K |u^{ν T} (x, t) − u^ν | dxdt + meas(K)|ū − u^ν |. Now, since Theorem 2.1 applies to each u^ν , as it was shown above, we get

lim sup T →∞ ∫ K |u^T (x, t) − ū| dxdt ≤ C̃(K)M_x(|u_0(x) − u_{0,ν} (x)|) + meas(K)|ū − u^ν |, and so, letting ν → ∞, since by assumption M_x(|u_0(x) − u_{0,ν} (x)|) → 0, as ν → ∞, and, a fortiori, also |ū − u^ν | → 0, as ν → 0, we get lim_{T →∞} ∫ K |u^T (x, t) − ū| dxdt = 0. Since K is arbitrary we have u^T → ū in L^1_{loc}(R^{d+1}_+ ), as T → ∞. The conclusion then follows as in the proof of Theorem 2.1.

Remark 3.1. Clearly, the hypothesis of Theorem 3.1 concerning the initial data u_0(x) is satisfied by any generalized limit periodic function belonging to L^∞(R^d ), that is, any S-a.p. function in L^∞(R^d ) which is limit of L^∞ purely periodic functions in the sense of the norm ‖ψ‖_W = M_x(|ψ|), for ψ ∈ S-a.p. .

4. Applications to some inviscid systems in chromatography

In this section we analyze the application of Theorem 2.1 to some special inviscid systems of conservation laws for which the compactness of the solution operator and the L^1 stability with respect to initial data have been proved in recent works. Namely, we are going to consider the initial value problem

∂_tu + ∂_xf(u) = 0,

(4.1) u(x, 0) = u_0(x),

(4.2)

where (4.1) is the n × n chromatography system. The analysis here is very similar to the case of scalar conservation laws analized in section 3. For this system one has f_i(u) = k_iu_i 1 + u_1 + · · · + u_n , i = 1, . . . , n, (4.3)

where k_i are given numbers with

0 < k_1 < k_2 < · · · < k_n.

These systems belong to the so called Temple class which is characterized by the following two properties: (1) There exists a complete set of Riemann invariants defined everywhere in the domain of f, U ⊆ R^n , that is, a set of functions {ω_1(u), . . . , ω_n(u)} satisfying ∇ω_i(u) = l_i(u), where the l_i(u) are n linearly independent left eigenvectors of ∇f(u), i = 1, . . . , n; (2) the level sets {u ∈ U : ω_i(u) = constant} are hyperplanes (cf. [42]). Recently, Bressan and Goatin [5] constructed a continuous semigroup of solutions on a domain of L^∞ functions, for systems (4.1) in the Temple class, which are strictly hyperbolic and genuinely nonlinear, where the trajectories depend Lipschitz continuously on the initial data in the L^1 metric. In [5], the initial data are supposed to take values in a domain E ⊆ U of the form E = {u ∈ U : ω_i(u) ∈ [a_i, b_i], i = 1, . . . , n}, in which the following strong hyperbolicity condition holds:

(SH) Given any n vectors u^1, . . . , u^n ∈ E, the eigenvalues λ_1(u), . . . , λ_n(u) of ∇f(u) at these points are such that λ_1(u^1) < λ_2(u^2) < · · · < λ_n(u^n). Moreover, the right eigenvectors r_1(u^1), r_2(u^2), . . . , r_n(u^n) are linearly independent.

As remarked in [5] the above assumption is automatically satisfied if the system is strictly hyperbolic and E is contained in a small neighborhood of a given point. As in the case of scalar equations analized in section 3, (3.4) is also valid in the present situation as long as u takes its values in a region E as above satisfying the condition (SH).

Concerning compactness of the solution operator of (4.1),(4.2), (4.3), we recall this has been proved by James, Peng and Perthame [32], where the compactness is achieved through compensated compactness [47, 39, 19] and a kinetic formulation for the chromatography system. So, combining the L^1 stability theorem in [5], the compactness theorem in [32], and our Theorem 2.1 we arrive at the following result.

Theorem 4.1. Consider the problem (4.1), (4.2), (4.3). Assume (4.1), (4.3) is strictly hyperbolic and genuinely nonlinear and that u_0 ∈ L^∞(R^d ) is S-a.p. . Suppose that there exists a sequence of S-a.p. functions u_{0,ν} , ν ∈ N, belonging to L^∞(R^d ) such that M_x(|u_0(x) − u_{0,ν} (x)|) → 0, as ν → ∞, and so that, for each ν ∈ N, the inclusion intervals of u_{0,ν} with respect to ε, l^ν_ε (0), satisfy εl^ν_ε (0) → 0, as ε → 0. Suppose also that u_0 and all u_{0,ν} take their values in a region E where (SH) is satisfied. Let u(x, t) be the unique entropy solution of (3.1)-(3.2). Then u(ξt, t) → ū as t → ∞ in L^1_{loc}(R^d ), and, in particular, M_x(|u(x, t) − ū|) → 0 as t → ∞. 5. Viscous systems of conservation laws in several space variables

In this section we consider viscous systems of conservation laws of the form ∂_tu + d∑ k=1 ∂_{xk} f^k(u) = Δu, t > 0, x = (x_1, . . . , x_d) ∈ R^d , (5.1) where u(x, t) assumes values in a domain U ⊆ R^n , f^k : U → R^n are smooth functions, k = 1, . . . , d and Δ denotes the Laplacian operator in R^d . Let be given initial data

u(x, 0) = u_0(x),

(5.2)

where u_0 ∈ L^∞(R^d ) is S-a.p. , and takes its values in a closed region Ω ⊆ U which is positively invariant under the flow generated by (5.1). Such regions were characterized in [16] and their existence is known for many particular systems (see examples in the next section). In the simplest case of scalar equations (d = 1) invariant compact intervals are obtained from the well known maximum principle.

For flux functions f^k, k = 1, . . . , d, which are smooth and Lipschitz continuous over the positively invariant closed region Ω, the existence and uniqueness of global smooth solutions of (5.1)-(5.2) is well known and can be constructed through the procedures in [30]. Concerning these solutions we have the following result.

Theorem 5.1. Let Ω be a positively invariant closed region for (5.1), f^k, k = 1, . . . , d, be smooth over U ⊃ Ω and Lipschitz continuous over Ω, and u_0 ∈ L^∞(R^d ) be S-a.p. assuming its values in Ω. Let u(x, t) be the classical solution of (5.1)- (5.2) which is defined and smooth in R^d × (0, ∞). Then u(x, t) is S-a.p. in x, locally uniformly in t ∈ [0, ∞), and its inclusion intervals with respect to ε > 0, l_ε(t), satisfy l_ε(t)/t → 0, as t → ∞, provided the inclusion intervals of u_0, l_ε(0), satisfy (log ε)^{−1}l_ε(0) → 0 as ε → 0. Moreover, if Ω is bounded then, for any t_0 > 0, ∇_xu is uniformly bounded for t ≥ t_0.

Proof. Let K(x, t) be the heat kernel, that is, K(x, t) = 1 (4πt)^{n/2} exp(−|x|^2/4t). As is well known one has ‖D^αK(·, t)‖_1 ≤ C(α) t^{|α|/2} , where, as usual, α = (i_1, . . . , i_d), D^α = ∂^{i1}_{x1} . . . ∂^{id}_{xd} and |α| = i_1 +· · ·+i_d, i_1, . . . , i_d ∈ N. Let u(x, t) be the global solution of (5.1)-(5.2) which is smooth in R^d × (0, ∞) and uniformly bounded in R^d × [0, T ], for any T > 0. For any t_0 ≥ 0, by Duhamel’s formula, it satisfies the representation

u(t) = K(t − t_0) ∗ u(t_0) − d∑ k=1 ∫_t t_0 K_{xk} (t − s) ∗ f^k(u(s)) ds. (5.3)

For some τ > 0, consider the operator L : L^∞(R^d ×[t_0, t_0+σ]) → L^∞(R^d ×[t_0, t_0+σ]) given by

L(v)(t) = K(t − t_0) ∗ u(t_0) − d∑ k=1 ∫_t t_0 K_{xk} (t − s) ∗ f^k(v(s)) ds. (5.4)

Let C_0 be a Lipschitz constant for f^k in Ω, k = 1, . . . , d. One easily verifies that if σ is such that dC_0 √ σ < 1, (5.5) then L is a contraction in L^∞(R^d × [t_0, t_0 + σ]). If v(·, t) is uniformly S-a.p. in x for t ∈ [t_0, t_0 + σ] then L(v)(·, t) also is and there is a constant C_1, independent of t_0, such that if

d_S (v_τ (t), v(t)) ≤ C_1d_S (u_τ (t_0), u(t_0)),

(5.6)

then the same inequality holds for L(v), where, for τ ∈ R^d and g, h : R^d → R^n , we denote g_τ (x) = g(x + τ), and d_S (g, h) = sup_{x∈Rd} ∫ I_x |g(y) − h(y)| dy. To prove the second of the latter assertions we use (5.4) and obtain that

d_S (L(v)_τ (t), L(v)(t)) ≤ d_S (u_τ (t_0), u(t_0))(1 + dC_0C_1 √ σ) ≤ C_1d_S (u_τ (t_0), u(t_0)),

if C_1 ≥ 1/(1 − dC_0 √ σ). The first assertion follows similarly. Assuming that σ satisfies (5.5), we see that if τ is an almost period of u(t_0) with respect to ε then τ is an almost period of u(t), for t_0 ≤ t ≤ t_0 + σ, with respect to C_1ε. Indeed, we define the sequence v^ν ∈ L^∞(R^d × [t_0, t_0 + σ]), ν ∈ N, such that v^1(t) ≡ u(t_0) and v^{ν+1} = L(v^ν ). Then, for all ν ∈ N, one has

d_S (v^ν_τ (t), v^ν (t)) ≤ C_1d_S (u_τ (t_0), u(t_0)),

and, since u is the only fixed point of L, v^ν → u in L^∞(R^d × [t_0, t_0 + σ]) and the assertion follows. We then easily obtain by induction that if τ is an almost period of u_0 with respect to ε, then τ is an almost period of u(t) with respect to C^{(t/σ)+1}_1 ε. Hence,

l_ε(t) ≡ l_{ε/C}(t/σ)+1_1 (0)

(5.7)

is an inclusion interval for u(·, t) with respect to ε. Therefore, if (log ε)^{−1}l_ε(0) → 0 as ε → 0, we see from (5.7) that l_ε(t)/t → 0 as t → ∞.

Now, let us prove the uniform boundedness of ∇_xu in R^d × [δ, ∞) for any δ > 0 (cf. proposition 2.1 in [24]). It suffices to take δ = σ, with σ satisfying (5.5). If Ω is bounded, we have ‖u(t)‖_∞ ≤ r, for all t > 0, for some r > 0. Returning to (5.4), we find that there exists a C_2 > 0, depending only on C(α), r, C_0, d, |α| = 1, such that, if v satisfies ‖∂_{xj} v(t)‖_∞ ≤ C_2 √ t − t_0 , then so does L(v). Hence, u(t) also satisfies the above inequality by the same fixed point argument used above, so ‖∂_{xj} u(t)‖_∞ ≤ C_2 √ t − t_0 , t_0 < t ≤ t_0 + σ.

(5.8)

Cover [σ, ∞) with overlapping intervals of the form J_m = [^{mσ}_2 ,^{(m+2)σ}_2 ], m = 0, 1, 2, . . . . In each interval J_m, (5.8) holds with t_0 =^{mσ}_2 and, for any t ≥ σ, there is a m_0 ≥ 1 such that t ∈ J_{m0} ∩ J_{m0 +1}, so that from (5.8) applied in the interval J_{m0} we get ‖∂_{xj} v(t)‖_∞ ≤ √ 2C_2 √ σ , and the assertion follows.

6. Applications

In this section we comment on some of applications of Theorem 5.1 in connection with Theorem 2.1 in order to obtain the decay of almost periodic solutions of viscous systems of conservation laws. Theorem 5.1 is applicable to the viscous pertubation of all hyperbolic systems of conservation laws for which the existence of compact positively invariant regions is known. If in addition the compactness of the scaling sequence u^T is known, an application of Theorem 2.1 immediately gives the decay of the solution of the perturbed viscous system. This includes, in particular, the viscous perturbations of all systems for which the decay of periodic solutions was obtained in [8]. We just mention a few examples below.

6.1. Viscous scalar conservation laws. If in (5.1) n = 1 then as is well known there exists a unique uniformly bounded solution of (5.1)-(5.2), u(x, t), the uniform boundedness being consequence of the usual maximum principle. Hence, if the initial data u_0(x) is S-a.p. one obtains by Theorem 5.1 that u(x, t) is S-a.p. and l_ε(t)/t → 0 as t → ∞, provided (log ε)^{−1}l_ε(0) → 0 as ε → 0. Now, again using a compactness result in [36] we obtain the compactness of the scaling sequence u^T (x, t) and so we can apply Theorem 2.1 to conclude the decay of u(x, t) to ū, as t → ∞, in particular that M_x(|u(x, t) − ū|) → 0 as t → ∞. We observe the curious fact that the restriction over the growth of the inclusion intervals of the initial data as ε → 0 is stronger in this case than in the inviscid case.

6.2. Nonlinear elasticity with artificial viscosity. Consider the 2 × 2 onedimensional system of nonlinear elasticity with artificial viscosity given by { ∂_tu_1 − ∂_xu_2 = ∂^2_xu_1, ∂_tu_2 − ∂_xσ(u_1) = ∂^2_xu_2,

(6.1)

with σ^′(v) > 0 and vσ^{′′}(v) > 0 if v ≠ 0. As is well known (see, e.g., [42]) this system admits a family of bounded positively invariant regions which may include any bounded set in R^2 . Using the principle of invariant regions in [16] one may, in a standard way, extend the unique local solution to a unique globally defined uniformly bounded solution of (6.1)-(5.2). Hence, Theorem 5.1 is applicable and one obtains that the solution is S-a.p. and satisfies l_ε(t)/t → 0 as t → ∞ as long as (log ε)^{−1}l_ε(0) → 0 as ε → 0. Now, DiPerna’s compactness theorem in [19] implies that the scaling sequence u^T is compact in L^1_{loc}(R^2_+ ). Again, we can apply Theorem 2.1 and obtain, in particular, M_x(|u(x, t) − ū|) → 0 as t → ∞. We obtain the same result for a number of other viscous systems which are also endowed with bounded positively invariant regions and for which compensated compactness has beeing successfully applied such as the n × n system of chromatography with Langmuir coordinates [32], the quadractic systems in [13], the conjugate type systems in [26], etc..

6.3. Isentropic gas dynamics with artificial viscosity. Let us consider the 2 × 2 one-dimensional system of isentropic gas dynamics, for ideal polytropic gases, with an artificial viscosity given by { ∂_tρ + ∂_xm = ∂^2_xρ, ∂_tm + ∂_x(^{m2}_ρ + p(ρ)) = ∂^2_xm, p(ρ) = κρ^γ ,

(6.2) with γ > 1. This system is also endowed with a family of positively invariant regions given by −Cρ + ρ ∫_ρ ( √ p^′(ρ)/ρ) dρ ≤ m ≤ Cρ − ρ ∫_ρ ( √ p^′(ρ)/ρ) dρ, with C > 0 (cf. [20]). If the initial data satisfies ρ_0(x) > δ > 0 and m_0(x) ≤ C_0ρ_0(x), for some C_0 > 0, the existence of a unique local solution may be proved in a standard way; this solution then can be extended as long as ρ(x, t) > 0. The proof that the vacuum (ρ = 0) is not assumed in finite time is then a decisive point for the global existence of a solution to (6.2)-(5.2). The proof of this property given in [20], which assumes square integrability of (ρ_0 − ρ̄, m), for a certain ρ̄, is not adequate here since we want to consider almost periodic initial data. Nevertheless, the proof that ρ remains bounded away from vacuum given in [12] does not make use of square integrability of the initial data and can be easily adapted to the case of a Cauchy problem. Indeed, it is based on the fact that v = 1/ρ satisfies ∂_tv − ∂^2_xv ≤ ∂_x(zv) + z^2v 4 , where z = m/ρ, and so the maximum principle implies that v ≤ g, where g satisfies

∂_tg − ∂^2_xg = ∂_x(zg) + z^2g 4 , and g(x, 0) = v(x, 0). Then our problem is reduced to the proof that g is uniformly bounded in (0, T ) by some C(T ) provided that z is uniformly bounded, which is the case if (ρ, m) belongs to one of the positively invariant regions. The latter is achieved using the integral representation of g through Duhamel’s principle, and its contractive property for small time intervals as in the proof of Theorem 5.1. In this way the global existence of a solution to (6.2)-(5.2) follows. Now, since the flux function of (6.2) is Lipschitz continuous over any one of the invariant regions, one can still apply Theorem 5.1, so that the solution will be S-a.p. if so is the initial condition and inclusion intervals will satisfy the growth condition with time as long as the inclusion intervals of the initial data satisfy the corresponding growth condition in the statement of Theorem 5.1. Since the compactness of the scaling sequence can be obtained from the compactness results in [20] (γ = 1 + 2/(2m + 1), m = 2, 3, . . . ), [6] (1 < γ ≤ 5/3), [37] (γ ≥ 3) and [38] (5/3 < γ < 3), we can apply Theorem 2.1 to obtain, in particular, that M_x(|u(x, t) − ū|) → 0, as t → ∞, with u(x, t) = (ρ(x, t), m(x, t)). Appendix A. Almost periodic functions

In this section we recall the definition and some basic properties of the almost periodic functions that are needed in the paper. This class of functions was introduced by H. Bohr [3] in the context of continuous functions defined in the real line. According to the original definition, a function f : R → R (or f : R → C ) is called almost periodic if, given ε > 0, there exists a number l_ε > 0, called inclusion interval with respect to ε, such that for all x_0 ∈ R there exists a number τ, with x_0 ≤ τ ≤ x_0 + l_ε, called an ε-almost period or translation number with respect to ε, such that sup_{x∈R} |f(x + τ) − f(x)| ≤ ε. The fundamental result of the theory developed by H. Bohr asserts that the almost periodic functions can be uniformly approximated by trigonometric polynomials, that is, finite linear combinations of functions of the form sin λx, cos λx, with λ ∈ R. In particular, the limit (mean value of f)

M_x(f) = lim_{L→∞} 1 L ∫_{a+L} a f(x) dx, exists uniformly with respect to a ∈ R.

The definition and all the properties of the almost periodic functions in R can be immediately extended to continuous functions of several variables, f : R^d → R. So, denoting I^K_x = [x_1, x_1 + K] × . . . × [x_d, x_d + K], K > 0, a continuous function f : R^d → R is said to be almost periodic if, given ε > 0, there exists a number l_ε > 0, called inclusion interval, such that for all x_0 ∈ R^n one can find a vector τ ∈ I^{lε}_{x0} , called an ε-almost period, such that sup_{x∈Rd} |f(x + τ) − f(x)| ≤ ε. A particular subclass of the almost periodic functions is that of the limit-periodic functions, that is, those continuous functions which can be uniformly aproximated by continuous periodic functions.

The concept of almost periodic functions was generalized by Stepanoff [46], Wiener [51], Weyl [50] and Besicovitch [1]. According to a definition due to Stepanoff and Wiener, used in this paper, a function f : R^d → R (or f : R → C ) in L^1_{loc}(R^d ) is a generalized almost periodic function, or briefly S-a.p. function, if, given ε > 0, there exists a number l_ε > 0, still called inclusion interval, such that for all x_0 ∈ R^d , there exists a vector τ ∈ I^{lε}_{x0} , called ε-almost period, such that sup_{x∈Rd} ∫ I_x |f(y + τ) − f(y)| dy ≤ ε, where I_x = I^1_x. The fundamental property of the S-a.p. functions is that they can be approximated by trigonometrical polynomials in the metric d_S given by d_S (f, g) = sup_{x∈Rd} ∫ I_x |f(y) − g(y)| dy. In particular, the limit (mean value of f)

M_x(f) = lim_{L→∞} 1 L^d ∫ I^L_a f(x) dx, exists uniformly in a ∈ R^d , and so we may also write

M_x(f) = lim_{L→∞} 1 (2L)^d ∫ |x|_∞≤L f(x) dx, where |x|_∞ = max_{1≤j≤d} |x_j |.

We close this brief recall by showing that given any decreasing sequence ε_k ↓ 0, as k → ∞, with_∞ ∑ j=k+1 ε_j ≤ ε_k, k = 1, 2, . . . , it is possible to construct a classical (non-periodic) almost periodic function (actually, limit-periodic function) whose inclusion intervals satisfy l_{εk} = 2(3^k). This, in particular, shows that there exist (non-periodic) almost periodic functions whose inclusion intervals satisfy whatever growth rate as ε → 0 one may wish to prescribe. The construction is trivial. One starts with an interval, for instance,

(−1, 1), take a function ϕ_0 in C_0(−1, 1), and set f = ϕ_0 in (−1, 1). Then, we take ϕ_{0−} ∈ C_0((−3, −1)) and ϕ_{0+} ∈ C_0((1, 3)), such that ‖ϕ_0(· ± 2) − ϕ_{0±}‖_∞ < ε_1/2, define ϕ_1 = ϕ_{0−} + ϕ_0 + ϕ_{0+} and set f = ϕ_1 in (−3, 3). Similarly, we take ϕ_{1−} ∈ C_0((−9, −3)), ϕ_{1+} ∈ C_0((3, 9)), such that ‖ϕ_1(· ± 6) − ϕ_{1±}‖_∞ < ε_2/2, define ϕ_2 = ϕ_{1−} + ϕ_1 + ϕ_{1+} and set f = ϕ_2 in (−9, 9). In this way we can define inductively f in the whole real line. Specifically, assuming that f = ϕ_k in (−3^k, 3^k) with ϕ_k ∈ C_0((−3^k, 3^k)), we take ϕ_{k−} ∈ C_0((−3^{k+1}, −3^k)) and ϕ_{k+} ∈ C_0((3^k, 3^{k+1})), such that ‖ϕ_k(· ± 2(3^k)) − ϕ_{k±}‖_∞ < ε_{k+1}/2, define ϕ_{k+1} = ϕ_{k−} + ϕ_k + ϕ_{k+} and set f = ϕ_{k+1} in (−3^{k+1}, 3^{k+1}). It is easy to see that the so constructed function is almost periodic (actually, limit periodic) and satisfies l_{εk} = 2(3^k). For instance, if one wants to have (log ε)^{−1}l_ε → 0 as ε → 0, it suffices to choose, say, ε_k = e^{−k(3k )}.

Acknowledgement

This research was partially supported by CNPq proc. 352871/96-1.

References

[1] Besicovitch, A.S., “Almost Periodic Functions”. Cambridge 1932, 180pp. [2] Besicovitch, A.S., Bohr, H., Almost periodicity and general trigonometric series, Acta Math., 57 (1931), 203-292.

[3] Bohr, H., Zur Theorie der fastperiodischen Funktionen I, Acta Math., 45 (1925), 29-127. II, Acta Math., 46 (1925), 101-214. III, Acta Math., 47 (1926), 237-281.

[4] Bohr, H., “Almost Periodic Functions”, Chelsea Publishing Company, 1947, 114pp. [5] Bressan, A., Goatin, P., Stability of L^∞ solutions of Temple class systems, Differential and Integral Equations (2000).

[6] Chen, G.-Q., Convergence of the Lax-Friedrichs scheme for isentropic gas dynamics III. Acta Mathematica Scientia (English Ed.) 6 (1986), no.2, 75-120.

[7] Chen, G.-Q. and Dafermos, C. M., The vanishing viscosity method in one-dimensional thermoelasticity, Trans. Amer. Math. Soc. 347 (1995), 531–541.

[8] Chen, G.-Q., Frid, H., Decay of entropy solutions of nonlinear conservation laws, Arch. Rat.

Mech. Anal. 146 (1999), 95-127.

[9] Chen, G.-Q. and Frid, H., Asymptotic decay of solutions of conservation laws, C. R. Acad.

Sci. Paris, Série I, 323 (1996), 257-262.

[10] Chen, G.-Q., Frid, H., Large-time behavior of entropy solutions of conservation laws, J. Diff.

Eqs. 152 (1999), 308-357.

[11] Chen, G.-Q., Frid, H., Large-time behavior of entropy solutions in L^∞ for multidimensional conservation laws, In: Advances in Nonlinear Partial Differential Equations and Related Areas, pp. 28-44, G.-Q. Chen et al (eds.), World Scientific: Singapore, 1998.

[12] Chen, G.-Q., Frid, H., Vanishing viscosity limit for initial-boundary value problems for conservation laws, Cont. Math. 238 (1999), 35–51.

[13] Chen, G.-Q., Kan, P. T., Hyperbolic conservation laws with umbilic degeneracy I, Arch.

Rational Mech. Anal., 130 (1995), 231–276.

[14] Chen, G.-Q., Liu, T.-P., Zero relaxation and dissipation limits for hyperbolic conservation laws, Comm. Pure Appl. Math., 46 (1993), 755-781.

[15] Chen, G.-Q., Levermore, C. D., Liu, T.-P., Hyperbolic systems of conservation laws with stiff relaxation terms and entropy, Comm. Pure Appl. Math., 47 (1994), 787-830.

[16] Chueh, K.N., Conley, C.C., Smoller, J.A., Positively invariant regions for systems of nonlinear diffusion equations, Indiana U. Math. J., 26, 2 (1977), 373-392.

[17] Dafermos, C. M., Large time behavior of periodic solutions of hyperbolic systems of conservation laws, J. Diff. Eqs., 121 (1995), 183-202.

[18] Dafermos, C.M., “Hyperbolic Conservation Laws in Continuum Physics”, Springer-Verlag, 1999.

[19] DiPerna, R., Convergence of approximate solutions to conservation laws, Arch. Rational Mech. Anal. 82 (1983), 27-70.

[20] DiPerna, R., Convergence of the viscosity method for isentropic gas dynamics, Comm. Math.

Phys. 91 (1983), 1-30.

[21] E, W., Engquist, B., Large time behavior and homogenization of solutions of twodimensional conservation laws, Comm. Pure Appl. Math. 46 (1993), 1-26.

[22] Favard, J., “Leçons sur les Fonctions Presque-Périodiques”, Gauthier-Villars, Éditeur, Paris, 1933.

[23] Franklin, Ph., Aproximation theorems for generalized almost periodic functions, Math.

Zeitschr., 29 (1929), 70-86.

[24] Frid, H., On the asymptotic behavior of solutions of certain multi-D viscous systems of conservation laws, in: Hyperbolic Problems: Theory, Numerics, Applications. International Series of Numerical Mathematics 129 (1999), Birkhäuser, 343-352.

[25] Frid, H., Santos, M. M., The Cauchy problem for the systems ∂_tz − ∂_x(z̄^γ ) = 0, J. Diff. Eqs.

111 (1994), 340–359.

[26] Frid, H., Santos, M. M., Nonstrictly hyperbolic systems of conservation laws of the conjugate type, Comm. Partial Diff. Eqs., 19 (1994), 27-59.

[27] Friedman, A., Partial Differential Equations of Parabolic Type, Prentice-Hall, 1964. [28] Glimm, J., Solutions in the large for nonlinear hyperbolic systems of equations, Comm. Pure Appl. Math. 18 (1965), 95-105.

[29] Glimm, J. and Lax, P. D., Decay of solutions of nonlinear hyperbolic conservation laws, Memoirs Amer. Math. Soc. 101 (1970).

[30] Hoff, D., Smoller, J., Global existence for systems of parabolic conservation laws in several space variables, J. Diff. Eqs. 68 (1987), 210-220.

[31] Hopf, E., The partial differential equation u_t + uu_x = μu_{xx}, Comm. Pure Appl. Math., 3 (1950), 201-230.

[32] James, F., Peng, Y.-J., and Perthame, B., Kinetic formulation for chromatography and some other hyperbolic systems, J. Math. Pures, Appl. 74 (1995), 367-385.

[33] Kruzkov, S. N., First-order quasilinear equations in several independent variables, Math.

USSR Sb. 10 (1970), 217–243.

[34] Ladyzenskaja, O. A., Solonnikov, V. A., and Ural’tzeva, N. N., Linear and Quasilinear Equations of Parabolic Type, Transl. Math. Mono. 23, AMS, Providence, RI, 1968.

[35] Lax, P.D., Hyperbolic systems of conservation laws II, Comm. Pure. Appl. Math., 10 (1957), 537-566.

[36] Lions, P. L., Perthame, B., Tadmor, E., A kinetic formulation of multidimensional scalar conservation laws and related equations, J. Amer. Math. Soc. 7 (1994), 169–192.

[37] Lions, P. L., Perthame, B., and Tadmor, E., Kinetic formulation of the isentropic gas dynamics and p-system, Comm. Math. Phys. 163 (1994), 415–431.

[38] Lions, P. L., Perthame, B., Souganidis, P. E., Existence of entropy solutions for the hyperbolic systems of isentropic gas dynamics in Eulerian and Lagrangian coordinates Comm. Pure Appl. Math. 49 (1996), 599-634.

[39] Murat, F., L’injection du cône positif de H^{−1} dans W^{−1,q} est compact pour tout q < 2, J.

Math. Pures Appl. 60 (1981) 309-322.

[40] Oleinik, O.A., Discontinuous solutions of nonlinear differential equations, Usp. Mat. Nauk.

(N.S.), 12 (1957), 3-73; English transl. in Amer. Math. Soc. Transl. Ser. 2, 26 (1957), 95-172. [41] Riemann, B., Uber die Fortpflanzung ebener Luftwellen von endlicher Schwingungsweite, Gött. Abh. Math. Cl. 8 (1860), 43-65.

[42] Serre, D., “Systèmes de Lois de Conservation I, II”, Diderot Editeur Arts et Sciences, Paris, 1996.

[43] Serre, D., Relaxations semi-linéaire et cinétique des systèmes de lois de conservation, Ann.

Inst. Henri Poincaré, Analyse non linéaire 17, 2 (2000), 169–192.

[44] Serre, D., Xiao, L., Asymptotic behavior of large weak entropy solutions of the damped p-system, J. Partial Diff. Eqs. 10 (1997), 355–368.

[45] Smoller, J., Shock Waves and Reaction-Diffusion Equations, Springer-Verlag, New York, 1983.

[46] Stepanoff, W., Über einigen Verallgemeinerungen der fastperiodischen Funktionen, Math.

Ann., 95 (1926), 473-498.

[47] Tartar, L., Compensated compactness and applications to partial differential equations, In:

Research Notes in Mathematics, Nonlinear Analysis and Mechanics ed. R. J. Knops, 4(1979), Pitman Press, New York, 136–211.

[48] Tzavaras, A., Materials with internal variables and relaxation to conservation laws, Arch.

Rat. Mech. Anal. 46 (1999).

[49] Volpert, A. I., The space BV and quasilinear equations, Mat. Sb. (N.S.) 73 (1967), 255–302, Math. USSR Sbornik 2 (1967), 225–267 (in English).

[50] Weyl, H., Integralgleichungen und fastperiodiche Funktionen, Math. Ann., 97 (1926-7), 338-356.

[51] Wiener, N., On the representation of functions by trigonometrical integrals, Math. Zeitschr., 24 (1925), 576-616.

(H. Frid) Instituto de Matemática Pura e Aplicada - IMPA, Estrada Dona Castorina, 110, 22460-320 Rio de Janeiro RJ, Brasil E-mail address: hermano@impa.br