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41 LQWURGXFWLRQ
4141 Rujdql}dwlrq ri wkh sdshu

Wkh pdlq ghñqlwlrqv duh sodfhg uljkw lq wkh lqwurgxfwlrq/ diwhu zklfk zh fdq

srvh wkh txhvwlrq wkdw lv wkh prwlydwlrq ri wklv zrun= zkdw kdsshqv wr wkh phgldo

d{lv +ru v|pphwu| vhw, ri d fxuyh dv wklv fxuyh hyroyhv wkurxjk Phdq Fxuydwxuh

PrwlrqB Lq wklv duwlfoh/ zh irfxv rxu dwwhqwlrq lq wkh vlqjxodulwlhv ri wkh phgldo d{lv

+wkurxjk zklfk wkh lqwhuhvwlqj wrsrorjlfdo wudqvlwlrqv rffxu,> d frpsdqlrq sdshu

^4<` h{dplqhv qrq0vlqjxodu srlqwv1

Vhfwlrq 5 jlyhv vrph srlqwhuv iru wkh edvlfv ri vlqjxodulw| wkhru| wkdw zloo eh xvhg1

D vhulhv ri sdshuv e| Euxfh/ Jleolq dqg rwkhuv ^8`^43` xvhg wkhvh lghdv wr surylgh d

jhqhudo fodvvlñfdwlrq ri wkh srvvleoh nlqg ri jhqhudo vlqjxodulwlhv wkdw pljkw kdsshq

lq wkh phgldo d{lv dqg lq v|pphwu| vhwv1 Vhfwlrq 6 rqo| suhvhqwv wkrvh uhvxowv dqg

uhrujdql}hv wkhp lq d zd| vxlwdeoh iru rxu sxusrvhv1

Lq ^7`/ Euxfh dqg Jleolq surylgh doo wrsrorjlfdo wudqvlwlrqv wkdw d v|pphwu| vhw

fdq vxòhu dv lwv ruljlqdwlqj fxuyh fkdqjhv1 Vhfwlrq 7 h{whqgv wkhlu phwkrg wr ñqg

doo srvvleoh wrsrorjlfdo wudqvlwlrqv wkdw d v|pphwu| vhw fdq jr dv wkh fxuyh hyroyhv

wkurxjk wlph iru d vshflñf wlph hyroxwlrq ri wkh fxuyh> zh dfwxdoo| slqsrlqw

wkh srvvleoh gluhfwlrqv ri vxfk wudqvlwlrqv edvhg rq wkh sduwlfxodu fxuyh hyroxwlrq

vfkhph wkdw zdv fkrvhq1 Zh vkrz wkh srzhu ri wklv phwkrg dsso|lqj lw wr Phdq

Fxuydwxuh Prwlrq lq d yhu| vwudljkw0iruzdug pdqqhu1

Wkh dfwxdo fdofxodwlrqv ehklqg wkh pdlq uhvxowv ri vhfwlrq 7 duh ghod|hg xqwlo

vhfwlrq 81 Wklv zd|/ rqh frxog mxvw dsso| wkh pdlq uhvxowv wr ydulrxv hyroxwlrq

vfkhphv dqg Phgldo D{hv zlwkrxw sd|lqj dwwhqwlrq wr wkh ghwdlov ri wkh phwkrg1

Krzhyhu/ li rqh fkrrvhv wr zrun zlwk remhfwv vlplodu wr wkh Phgldo D{lv/ rqh zloo
4
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ghñqlwho| eh frqfhuqhg zlwk vxfk frpsxwdwlrqv1 Zh krsh wkh uhdghu zloo ñqg wkhp

zhoo rujdql}hg dqg fohduo| suhvhqwhg1 Ehvlghv/ pdq| uhdghuv zloo ñqg hdvlhu wr

xqghuvwdqg wkh devwudfw frqfhswv ri vhfwlrq 7 wkurxjk wkhlu dssolfdwlrq lq vhfwlrq

81

Wklv zrun lv sduw ri wkh grfwrudo wkhvlv ^53`> iru dqrwkhu orrn dw hyroylqj phgldo

d{hv/ ehvlghv wkh suhylrxvo| phqwlrqhg ^4<`/ zh dovr uhfrpphqg wkh duwlfoh e|

Dxjxvw ^4`1

4151 Phdq Fxuydwxuh Prwlrq

Iurqw ghirupdwlrqv ghwhuplqhg e| glòhuhqwldo htxdwlrqv ghshqglqj rq orfdo surs0

huwlhv kdyh ehhq d vxemhfw ri vwxg| iru d orqj wlph> rqh lqvwdqfh ri vxfk ghirupdwlrqv

lv jlyhq e| wkh Phdq Fxuydwxuh Prwlrq +PFP/ iru vkruw,/ khuh vwdwhg iru fxuyhv

lq U51

$juíAí|íNA �è�è Ohw F+w,/ 3 é w é WPD[ / ghqrwh d idplo| ri forvhg F
5 fxuyhv

hpehgghg lq U5 sdudphwul}hg e| T+v> w,> Zh vd| wkdw F+w, vdwlvñhv wkh 6jBA
WýiîB|ýij jîN,ý|íNA j`ýB|íNA li

Tw+v> w, @ N+v> w,Q+v> w,

zkhuh N+v> w, dqg Q+v> w, duh/ uhvshfwlyho|/ wkh fxuydwxuh ri F +w, dqg lwv _lqzdugv%
xqlw qrupdo yhfwru dw wkh srlqw T+v> w,1

PFP kdv uhfhlyhg pxfk dwwhqwlrq lq wkh odvw 48 |hduv/ vshfldoo| diwhu Jdjh ^<` ^;`

dqg Jud|vrq ^45` suryhg wkdw wkh PFP iru fxuyhv hpehgghg lq U5 kdv vrph idv0
flqdwlqj surshuwlhv +pdlqo|/ dq| hpehgghg fxuyh uhpdlqv hpehgghg dqg frqyhujhv

wr d _flufxodu srlqw%,1 Iru fxuyhv wkdw duh qrw wkdw vprrwk/ wkh pdqdjhphqw ri

vlqjxodulwlhv fdq eh kdqgohg e| lqwurgxflqj vroxwlrqv lq d zhdn irup/ dv suhvhqwhg

e| Fkhq ^9` dqg Hydqv ^:`1

Lw lv qrw vxusulvlqj wkdw d fxuyh hyroxwlrq vfkhph zlwk vxfk jhrphwulf dsshdo

zrxog hyhqwxdoo| ñqg dssolfdwlrqv lq vkdsh uhsuhvhqwdwlrq1 Diwhu vhwwlqj xs wkh

qhfhvvdu| edvlf Pdwkhpdwlfv ri wkh Phdq Fxuydwxuh Hyroxwlrq/ Nlpld ^46` ^47` ^48`

suhvhqwv dq dwwudfwlyh vkdsh fodvvlñfdwlrq phwkrg edvhg rq fxuydwxuh hyroxwlrqv1

4161 Phgldo D{lv

Wkh phgldo d{lv sod|v d uroh lq frqyh{ vhw fkdudfwhul}dwlrq dv vkrzq lq 4<68 e|

Prw}nlq ^4:`1 Lq wkh hduo| 93v/ K1 Eoxp ^5` vxjjhvwhg wkh xvh ri wkh _phgldo d{lv

ixqfwlrq% dv d srvvleoh vkdsh ghvfulswru1 \x ^54` dgguhvvhv wkh idprxv _lqvwdelolw|%

ri vnhohwrqv e| erxqgdu| ghirupdwlrqv dqg sursrvhv d zd| wr uhjxodul}h wkhp1

Rwkhu pdwkhpdwlfdo surshuwlhv ri phgldo d{hv fdq eh irxqg lq wkh errnv e| Jleolq

^43`/ ^44` dqg Vhuud ^4;` +wkh odwwhu dovr phqwlrqv vrph xquhvroyhg txhvwlrqv rq wkh

vxemhfw,1 Wkhuh duh d qxpehu ri forvho| uhodwhg ghñqlwlrqv iru phgldo d{hv dqg

uhodwhg remhfwv1 Khuh lv rxu idyrulwh ghñqlwlrq iru wkh phgldo d{hv=

$juíAí|íNA �è4è Wkh 6jaíB, B!ít ri d forvhg fxuyh F lv +wkh forvxuh ri, wkh
vhw ri wkh fhqwhuv ri flufohv wkdw duh pd{lpdo dqg frqwdlqhg lqvlgh ru rxwvlgh F1

Wr eh krqhvw/ zh zloo uhdoo| xvh wkh iroorzlqj remhfw=
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$juíAí|íNA �èóè Wkh t+66j|i+ tj| ri d fxuyh F lv +wkh forvxuh ri, wkh vhw ri
wkh fhqwhuv ri flufohv wkdw duh wdqjhqw wr F dw wzr +ru pruh, glvwlqfw srlqwv1

Wkh v|pphwu| vhw lv edvlfdoo| dq h{whqvlrq ri wkh phgldo d{lv zkhuh zh grq*w

uhdoo| fduh li wkh flufoh lv joredoo| pd{lpdo1 Wkh forvxuh rshudwlrq zloo hvvhqwldoo|

jlyh xv vrph dgglwlrqdo fhqwhuv ri flufohv wkdw duh wdqjhqw wr F dw rqo| rqh srlqw/
exw zlwk kljkhu rughu ri wdqjhqf|1 Qrwh wkdw li wkh rulhqwdwlrqv ri wkh wdqjhqw

yhfwruv duh rssrvlwh zlwk uhodwlrq wr wkh flufoh/ wkhq zh kdyh d _edg% srlqw ri wkh

v|pphwu| vhw wkdw fdq qhyhu eh sduw ri wkh phgldo d{lv1 Zh zloo eh pxfk pruh

lqwhuhvwhg lq srlqwv olnh S4 dqg S5 lq wkh ñjxuh ehorz1

Edg v|pphwu| vhw srlqw Jrrg v|pphwu| vhw srlqwv

51 D ELW RI VLQJXODULW\ WKHRU\
5141 Ohyho elixufdwlrq vhwv

$juíAí|íNA 4è�è Jlyhq d vprrwk pdqlirog P dqg d ixqfwlrq i = Uu ûP $ U/

zh ghñqh wkh ,jîj, OíuýiWB|íNA tj| Nu i dv

OEi @ i{ 5 Uu m i+{> ü, kdv wzr vlqjxodulwlhv
dw glvwlqfw srlqwv |4/ |5 5P vxfk wkdw i+{> |4, @ i+{> |5,j

Zh fdq idfwru i wkurxjk I @ +ä4> i, = U
u ûP $ Uu ûU dqg wkh surmhfwlrq

ä5 = U
u ûU$ U1 Dv lq ^8`/ qrwh wkdw OEi lv qrz wkh surmhfwlrq ä4 ri wkh vhoi0

lqwhuvhfwlrq ri wkh fulwlfdo vhw ÷I ri I 1

$juíAí|íNA 4è4è Zh ghñqh wkh j!|jAaja aít|BAWj |iBAtuNi6 ri d fxuyh F
sdudphwul}hg e| +d+v,> e+v,, dv wkh ixqfwlrq HF = U6 $ U jlyhq e|

5H+{> |> v, @ +{ý d+v,,5 . +| ý e+v,,5
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Wkh frqqhfwlrq ehwzhhq wkh v|pphwu| vhw dqg wkh h{whqghg glvwdqfh wudqvirup

vkrxog qrz eh fohdu1 Lqghhg/ wkh v|pphwu| vhw lv hvvhqwldoo|

íF @ iS 5 U5 mHF+S> ü, kdv wzr vlqjxodulwlhv
dw glvwlqfw srlqwv T4/ T5 5 F vxfk wkdw HF+S>T4, @ HF+S>T5,

Zh vd| _hvvhqwldoo|% ehfdxvh wkhuh lv dovr d forvxuh vwhs wr eh wdnhq1 Li P lv

frpsdfw/ hyhu|wklqj lv qlfh dqg zh vkrxog kdyh

åiNVNtí|íNA 4è�è Wkh v|pphwu| vhw ri d fxuyh F lv wkh forvxuh ri wkh ohyho
elixufdwlrq vhw ri lwv h{whqghg glvwdqfh wudqvirup/ dqg/ wkhuhiruh/ fdq eh rewdlqhg

e| surmhfwlqj wkh forvxuh ri wkh vhoi0lqwhuvhfwlrq ri

÷I @ +ä4> HF, = Uu ûP $ Uu ûU

Surri1 Wkhuh lv qrwklqj wr eh mxvwlñhg/ h{fhsw iru d fkdqjh ehwzhhq _for0

vxuh ri surmhfwlrq% dqg _surmhfwlrq ri forvxuh% wkdw lv fohduo| ydolg lq wklv fdvh1

5151 Vrph uhvxowv iurp fdwdvwurskh wkhru|

Zh vwduw wklv vhfwlrq zlwk vrph ghñqlwlrqv=

$juíAí|íNA 4èóè D ixqfwlrq I = U ûUu $ U lv fdoohg d uêVBiB6j|ji ýAê

uN,aíA} ri wkh ixqfwlrq i @ I +ü> 3, = U$ U1

Uhpdun1 Wklv ghñqlwlrq lv xvxdoo| dssolhg rqo| wr wkh jhup ri wkh ixqfwlrq I

durxqg +{> 3u, 5 UûUu +dqg wkhuhiruh lw ghshqgv rqo| rq wkh jhup ri i durxqg

{ 5 U,1 Xvxdoo|/ { lv d vlqjxodulw| ri i > dgglqj wkh rwkhu u sdudphwhuv wr fuhdwh I
fdq eh vhhq dv dq hòruw wr _vroyh% wkdw vlqjxodulw|1

$juíAí|íNA 4ègè D 6NiVûít6 ehwzhhq wzr xqiroglqjv I = U ûUu $ U dqg

J = UûUv $ U dw d srlqw { 5 U/ lv d wulsoh ri vprrwk ixqfwlrqv v = UûUv $ U>

D = Uv $ Uu dqg E = Uv $ U vxfk wkdw

J+{> S , @ I +v+{> S ,> D+S ,, .E+S ,

v+{> 3v, @ {>

D+3v, @ 3u

$juíAí|íNA 4èFè Lq wkh fdvh deryh/ zh vd| wkdw wkh xqiroglqj J lv íAaýWja

iurp wkh xqiroglqj I e| +v>D>E,1

Uhpdun1 Qrwh wkdw lq wklv fdvh

j+{, @ J+{> 3v, @ I +v+{> 3v,> D+3v,, .E+3v, @ I +{> 3u, .E+3v, @ i+{, .E+3v,
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wkdw lv/ i dqg j duh wkh vdph ixqfwlrq +prgxor d frqvwdqw,1

Uhpdun1 Djdlq/ wklv vkrxog xvxdoo| eh wkrxjkw dv d prusklvp ehwzhhq wkh

jhupv ri I dqg J lqvwhdg1 Lq wklv fdvh/ doo ixqfwlrqv v>D dqg E pxvw eh ghñqhg

rqo| orfdoo|/ dqg wkh| duh orfdo glòhuhqwldeoh ixqfwlrqv lqvwhdg1

$juíAí|íNA 4èUè D sduwlfxodu xqiroglqj I lv fdoohg îjitB, li dq| rwkhu xqiroglqj

J ri i @ I +ü> 3, fdq eh lqgxfhg iurp I e| d vxlwdeoh prusklvp1

Zh duh qrz uhdg| wr vwdwh d frxsoh ri uhvxowv iurp fdwdvwurskh wkhru| wkdw zloo

eh yhu| xvhixo wr xv= wkh h{lvwhqfh ri vrph fdqrqlfdo irupv iru d yhuvdo xqiroglqj

ri d ixqfwlrq i 1

CûjNij6 4è�è Wkh yhuvdo xqiroglqjv dvvrfldwhg wr d ixqfwlrq i ghshqg rqo|

rq wkh rughu ri wkh vlqjxodulw| i+{,1 Lqghhg/ zh fdq h{solflwo| zulwh vxfk yhuvdo

xqiroglqjv lq jhqhudo dv

Rughu 4 $ I +{> d, @ ÷{5 lv yhuvdo
Rughu 5 $ I +{> d> e, @ {6 . d{ lv yhuvdo

Rughu 6 $ I +{> d> e> f, @ ÷{7 . d{5 . e{ lv yhuvdo
111

Uhpdun1 E| rughu l khuh/ zh phdq wkdw i 3+{3, @ i 33+{3, @ ===i +l,+{3, @ 3 exw
i +l.4,+{3, 9@ 31

Surri1 Fkhfn Eurfnhu*v errn ^6`/ iru h{dpsoh/ iru d pxfk pruh jhqhudo yhuvlrq ri

wklv1

Wkhvh uhvxowv fdq eh h{whqghg wr _pxowl0jhupv%/ wkdw lv/ zh fdq ghdo zlwk vhyhudo

ixqfwlrqv +ru jhupv, dw d wlph1 D prusklvp ehwzhhq wzr xqiroglqjv iI4> I5> ===j
dqg iJ4> J5> ===j ri d pxowl0jhup ii4> i5> ===j zrxog wkhq eh d vhulhv vl> D>E vxfk

wkdw

Jl+{> S , @ Il +vl+{> S ,> D+S ,, .E+S ,

Qrwh wkdw lq wkh ghñqlwlrq deryh zh uhtxluh D dqg E wr eh wkh vdph iru doo

ixqfwlrqv/ exw v fdq srvvleo| fkdqjh iru hdfk sdlu1 Wkh jrrg qhzv lv wkdw zh vwloo

kdyh fdqrqlfdo irupv iru pxowl0jhupv= wkh| duh vlplodu wr wkh suhylrxv fdvh/ h{fhsw

wkdw zh fdq*w jhw ulg ri doo frqvwdqw whupv qrz vlqfh wkh whup E+S , pxvw eh wkh

vdph iru doo Il>Jl +zh fdq jhw ulg ri rqh ri wkhp/ wkrxjk,1 Wklv jhwv pxfk fohduhu

wkurxjk dq h{dpsoh1

.!B6V,j 4è�è Li i4 kdv dq rughu 7 vlqjxodulw| dw {4/ i5 kdv dq rughu 6 vlqjxodulw|

dw {5 dqg i6 kdv dq rughu 4 vlqjxodulw| dw {6/ wkhq dq| xqiroglqj ri ii4> i5> i6j fdq
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eh lqgxfhg iurp

J4 @ {
8 . d4{

6 . d5{
5 . d6{

J5 @ ÷{7 . d7{5 . d8{. d9
J6 @ ÷{5 . d:

+diwhu d vxlwdeoh wudqvodwlrq lq wkh { gluhfwlrq,1 Wkdw lv/ iJ4> J5> J6j lv d yhuvdo
xqiroglqj1

Qrz zh frpelqh wklv zlwk dqrwkhu srzhuixo sursrvlwlrq1

åiNVNtí|íNA 4è4è Iru d jhqhudo frpsdfw vprrwk P vxepdqlirog ri Uq +q é 8,/
iru dq| ñ{hg T3 5 Uq/ dqg iru dq| froohfwlrq ri srlqwv Sl 5 P / wkh pxowl0jhup
uhsuhvhqwhg e| wkh ixqfwlrq Il = P û Uq $ U jlyhq e| HP+S>T, @ mS ýTm5
+durxqg Sl, lv d yhuvdo xqiroglqj ri wkh pxowl0jhup uhsuhvhqwhg e| il+T, @ I +Sl>T,1

Surri1 Wklv vwdwhphqw kdv ehhq wdnhq iurp ^8`> lw lv d frqvhtxhqfh ri uhvxowv lq

^49`1

Pruhryhu/ dffruglqj wr ^8`/ wkh +ohyho, elixufdwlrq vhwv ri lvrprusklf pxowl0jhupv

pxvw eh htxlydohqw e| d orfdo glòhrprusklvp ri wkh sodqh1 Wkh sdwk lv qrz fohdu=

li zh zdqw wr orrn dw wkh v|pphwu| vhw/ zh frqvlghu lw dv wkh ohyho elixufdwlrq vhw

ri wkh h{whqghg glvwdqfh wudqvirup1 Lq jhqhudo/ wklv lv d yhuvdo xqiroglqj/ exw vr

lv wkh fdqrqlfdo rqh jlyhq e| vrph vlpsoh h{suhvvlrqv olnh/ iru h{dpsoh/ wkh vhw

ri Jl*v rq wkh h{dpsoh deryh1 Wkdw zloo lqglfdwh wkdw erwk wkhvh xqiroglqjv duh

lvrprusklf/ dqg vr wkhlu ohyho elixufdwlrq vhwv duh orfdoo| glòhrprusklf1 Exw wkh

ohyho elixufdwlrq vhw ri wkh Jl*v lv hdv| wr rewdlq$ Zh zloo dsso| wklv surfhvv iru

doo srvvleoh jhqhulf fdvhv ri vlqjxodulwlhv wkdw zh h{shfw wr ñqg zkhq orrnlqj dw

pxowl0jhupv edvhg rq wkh h{whqghg glvwdqfh wudqvirup1

61 V\PPHWU\ VHW FDQRQLFDO IRUPV

Zh duh qrz uhdg| wr idfh wkh rqo| srvvleoh +jhqhulf, fdqrqlfdo irupv wkdw wkh

v|pphwu| vhw kdv wr ròhu1 Wkhuh duh 8 ri wkhp1

6141 Fdvh Dô

Wklv fruuhvsrqgv wr srlqwv ri wkh v|pphwu| vhw wkdw duh fhqwhuv ri flufohv wkdw duh

wdqjhqw wr wkh fxuyh dw rqh srlqw rqo|/ exw zlwk rughu ri wdqjhqf| 6 wkhuh1 Iurp

vlqjxodulw| wkhru|/ zh rewdlq wkh fdqrqlfdo irup

J+x> d> e, @ ÷x7 . dx5 . ex

Wkh ohyho elixufdwlrq vhw ri J frqvlvwv ri wkh sdluv +d> e, iru zklfk wkhuh duh

glvwlqfw x/ y vxfk wkdw

J+x> d> e, @ J+y> d> e,

Jx+x> d> e, @ Jy+y> d> e, @ 3
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wkdw wudqvodwhv wr

÷x7 . dx5 . ex @ ÷y7 . dy5 . ey
÷7x6 . 5dx. e @ 3
÷7y6 . 5dy . e @ 3

Vroyh wkh odvw wzr htxdwlrqv iru d dqg e +xvlqj wkdw x 9@ y, wr rewdlq
÷d @ ý5y5 ý 5xy ý 5x5
÷e @ 7xy5 . 7yx5

dqg wkhq vxevwlwxwh wkhp lqwr wkh ñuvw htxdwlrq

ýx7 . 5x5y5 . 5x6y @ ýy7 . 5y6x. 5x5y5 ,
+y . x, +ýx. y,6 @ 3, x @ ýy

Wkhuhiruh/ zh pxvw kdyh d @ ö5x5 dqg e @ 31 Zkdwhyhu wklv vljq lv/ wklv lv wkh

sdudphwul}dwlrq ri d kdoi0olqh1 Wklv lqglfdwhv wkdw wkh phgldo d{lv forvh wr d D6
srlqw lv d fxuyh wkdw vxgghqo| vwrsv dqg uhyhuvhv1 Frpsduh wklv zlwk wkh dqdo|vlv e|

Whl{hlud lq ^4<` ~ wkhuh/ zh ghfoduhg wklv vlwxdwlrq wr eh d _vwxpshu% vlqfh wkh srlqwv

T+v4, dqg T+v5, rq wkh fxuyh wkdw fruuhvsrqg wr wklv v|pphwu| vhw srlqw _fdph

wrjhwkhu%1 Uhyhuvlqj wkh gluhfwlrq rq wkh v|pphwu| vhw frqvlvwv lq _vzlwfklqj% wkh

srlqwv T+v4, dqg T+v5, dv |rx nhhs prylqj wkhp dorqj wkh fxuyh1

6151 Fdvh D2D�

Wklv lv d fhqwhu ri d flufoh wkdw lv grxeoh0wdqjhqw wr wkh fxuyh dw d srlqw dqg

wdqjhqw wr wkh fxuyh dw dqrwkhu rqh1 Qrwh wkdw wkh hyhq rughu ri wdqjhqf| lqglfdwhv

wkdw wklv zloo qhyhu eh lq wkh phgldo d{lv surshu +wkh fruuhvsrqglqj flufoh furvvhv

wkh fxuyh,1 Wkh fdqrqlfdo irup khuh lv

J4+x> d> e, @ x
6 . dx. e

J5+x> d> e, @ ÷x5

dqg wkhuh duh wkuhh srwhqwldo frqwulexwlrqv iru wkh ohyho elixufdwlrq vhw1 Rqh fruuh0

vsrqgv wr

J4+x> d> e, @ J4+y> d> e,

J4x+x> d> e, @ J4y+y> d> e, @ 3

l1h1/

x6 . dx. e @ y6 . dy . e

6x5 . d @ 3

6y5 . d @ 3

Krzhyhu/ wklv kdv qr qrq0wulyldo vroxwlrqv1 Dfwxdoo|/ lw lv fohdu wkdw

J5+x> d> e, @ J5+y> d> e,

J5x+x> d> e, @ J5y+y> d> e, @ 3
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kdv qr qrq0wulyldo vroxwlrq hlwkhu/ vr zh duh ohiw zlwk rqo| rqh fdvh

J4+x> d> e, @ J5+y> d> e,

J4x+x> d> e, @ J5y+y> d> e, @ 3

wkdw lv/

x6 . dx. e @ ÷y5
6x5 . d @ 3

÷5y @ 3
zkdw lpsolhv d @ ý6x5 dqg e @ 5x61 Wklv lv wkh sdudphwulf judsk ri wkh iroorzlqj
fxvs

Dqg wkhuhiruh wklv zloo eh wkh vkdsh ri wkh v|pphwu| vhw durxqg d D5D4 srlqw1

Rqfh pruh/ zh qrwh wkdw vxfk ehkdylru fdq qhyhu eh irxqg lq wkh Phgldo D{lv

ehfdxvh ri wkh D5 frqwdfw1

6161 Fdvh D�D�D�

Qrz/ wkh fdqrqlfdo irup lv vlpso|

J4+x> d> e, @ ÷x5
J5+x> d> e, @ ÷x5 . d
J6+x> d> e, @ ÷x5 . e

Qrqh ri wkh JlJl sdluv frqwulexwh zlwk dq|wklqj/ exw zh fdq furvv wkhp olnh wklv

J5+x> d> e, @ J6+x> d> e,

J5x+x> d> e, @ J6y+y> d> e, @ 3

l1h1/

÷x5 . d @ ÷y5 . e
÷x @ ÷y @ 3

vr fohduo| d @ e1 Vlploduo|/ J4J5 jlyhv xv d @ 3 dqg J4J6 jlyhv xv e @ 3= Wkhuhiruh/

wkh orfdo slfwxuh ri wkh v|pphwu| vhw lv
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Qrwh wkdw li |rx duh wudyholqj wkh v|pphwu| vhw/ wkhuh lv dozd|v d qdwxudo zd| ri

sdvvlqj wkurxjk wkh vlqjxodulw|1

6171 Fdvh D2

Wklv fdvh lv pruh jhqhulf wkdq wkh suhylrxv rqhv/ exw qhyhu fruuhvsrqgv wr d

srlqw lq wkh phgldo d{lv +gxh wr wkh hyhq rughu ri wdqjhqf|,1 Wkh fdofxodwlrq lv

douhdg| grqh lq wkh D5D4 fdvh= lw fruuhvsrqgv wr dq lvrodwhg srlqw +xqohvv |rx doorz

x @ y lq wkdw fdofxodwlrq/ lq zklfk fdvh |rx ghwhfw wkh hyroxwh ri wkh fxuyh sdvvlqj

wkurxjk wkdw lvrodwhg srlqw,1 Zlwk rxu ghñqlwlrq ri v|pphwu| vhw +wkdw uhtxluhv

x 9@ y,/ wklv zloo qhyhu eh d srlqw ri wkh v|pphwu| vhw hlwkhu1

6181 Fdvh D�D�

Djdlq/ wklv fdvh lv pruh jhqhulf wkdq wkh 6 ñuvw rqhv +wkhuh pxvw eh d 4G0vhw ri

vxfk srlqwv,1 Wkh fdofxodwlrq lv doo grqh lq wkh D5D4 fdvh/ dqg wklv zloo fruuhvsrqg

wr d qlfh vlpsoh olqh1 Wkhuhiruh/ wklv fdvh fruuhvsrqgv wr srlqwv zkhuh wkh v|pphwu|

vhw lv vprrwk1

71 HYROXWLRQ RI WKH PHGLDO D[LV FORVH WR LWV

VLQJXODULWLHV

Khuh zh uhshdw wkh dujxphqwv ri wkh suhylrxv vhfwlrq iru vrph 40sdudphwhu idpl0

olhv ri ohyho elixufdwlrq vhwv/ h{dfwo| lq wkh vslulw ri ^7`1 Dfwxdoo|/ d juhdw sduw ri wkh

uhvxowv ehorz fdq eh irxqg lq wkdw sdshu iru d jhqhulf 40sdudphwhu idplo| ri fxuyhv>

wkh glòhuhqfh lv wkdw zh suhvhqw rxu fdofxodwlrqv iroorzlqj dq rujdql}hg +dqg krsh0

ixoo| vlpsoh, phwkrg/ dqg zh qhhg vrph pruh zrun lq ñqglqj rxw zkdw wudqvlwlrqv

duh doorzhg iru rxu vshflñf fxuyh ghirupdwlrq1 Rxu frqvlvwhqw phwkrg fdq eh hdvlo|

dssolhg wr rwkhu nlqgv ri pryhphqw dqg zh surylgh orwv ri qlfh slfwxuhv1

Lq vkruw/ wkh ñqdo uhvxow lv wkh vshflñfdwlrq ri zkdw nlqg ri wudqvlwlrqv fdq rffxu

wr wkh vlqjxodulwlhv ri wkh Phgldo D{lv dv wkh ruljlqdo fxuyh hyroyhv wkurxjk d vshflñf

prwlrq1

7141 Lqwurgxflqj wlph

Zh zrxog olnh wr xvh wkh vdph lghdv wkdw dsshduhg lq wkh odvw vhfwlrq1 Krzhyhu/

zh kdyh qrz d wlph0fkdqjlqj h{whqghg glvwdqfh wudqvirup jlyhq e|

5I +v> w> {> |, @ +{ý d+v> w,,5 . +| ý e+v> w,,5

zkhuh +d+v> w,> e+v> w,, lv d sdudphwul}dwlrq ri wkh fxuyh F dv lw hyroyhv wkurxjk/ iru
h{dpsoh/ Phdq Fxuydwxuh Prwlrq1 Wkh vdph fdwdvwurskh wkhru| dssolhv li zh mxvw

wklqn ri I dv d 60sdudphwhu xqiroglqj wklv wlph1 Wkdw phdqv wkdw rxu fdqrqlfdo

irupv J zloo kdyh dq h{wud sdudphwhu/ exw zh fdq vwloo zulwh

J+x> d> e> f, @ I +v+x> d> e> f,> D+d> e> f,, .E+d> e> f,

D+d> e> f, @ +w+d> e> f,> {+d> e> f,> |+d> e> f,,

Qrz/ wkh ohyho elixufdwlrq vhw ri J +vrph vwudqjh orrnlqj vxuidfh, zloo eh orfdoo|

glòhrprusklf wr wkh fruuhvsrqglqj ohyho elixufdwlrq vhw ri I +ü> w> {> |,> wklv lv dq0
rwkhu vxuidfh/ dq dpdojdpdwlrq ri doo ohyho elixufdwlrq vhwv ri I +ü> w3> {> |, iru hdfk
w3= Zh qhhg wr vhsdudwh wklv dpdojdpdwlrq lq hdfk rqh ri lwv frpsrqhqwv edvhg rq
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wkh sduwlfxodu ydoxh ri w3/ wkdw lv/ zh zdqw wr volfh lw lqwr wkh glòhuhqw v|pphwu|

vhwv iru hdfk w3$

Zhoo/ lqvwhdg ri volflqj wkh xqnqrzq ohyho elixufdwlrq0vxuidfh ri I +wkdw olyhv

lq wkh w{| vsdfh, xvlqj wkh hdv|0wr0vhh w @ w3 sodqhv/ zh zloo volfh wkh hdv|0wr0

rewdlq ohyho elixufdwlrq0vxuidfh ri J +wkdw olyhv lq wkh def vsdfh, xvlqj wkh vwudqjh0

orrnlqj vxuidfhv w+d> e> f, @ w31 Lq sduwlfxodu/ li zh kdyh dq lqwhuhvwlqj vlqjxodulw|

dw d @ e @ f @ 3 dqg w @ 3/ wkh w @ 3 sodqh zloo fruuhvsrqg wr wkh 30ohyho vxuidfh

ri w+d> e> f, lq wkh def vsdfh1 Lqwhuvhfw lw zlwk wkh ohyho elixufdwlrq0vxuidfh ri J dqg

zh kdyh d slfwxuh wkdw lv glòhrprusklf wr wkh v|pphwu| vhw ri I dw w @ 3 +dw ohdvw

orfdoo|/ durxqg wkh srlqw +{+3> 3> 3,> |+3> 3> 3,,,1 Li zh duh lqwhuhvwhg rqo| lq wkh orfdo

slfwxuh ri vxfk v|pphwu| vhw/ zh grq*w uhdoo| qhhg wr nqrz wkh zkroh w+d> e> f, @ 3

vxuidfh ~ mxvw lwv wdqjhqw sodqh dw +3> 3> 3, zloo vxïfh/ wkdw lv/ zh zdqw wr jhw rxu

kdqgv rq wkh sodqh wd+3> 3> 3,d. we+3> 3> 3,e. wf+3> 3> 3,f @ 3 lq wkh def vsdfh1

Dv wlph sdvvhv/ krz grhv wklv volfh fkdqjhB Zhoo/ wkh ohyho vhw pryhv wr w+d> e> f, @

%/ vd|/ dqg wklv qhz volfh ri wkh ohyho elixufdwlrq vhw ri J lv +orfdoo| glòhrprusklf

wr, wkh qhz v|pphwu| vhw +ohyho elixufdwlrq vhw ri I ,1 Djdlq/ vlqfh zh rqo| fduh

derxw wkh orfdo slfwxuh forvh wr +3> 3> 3,/ zh pljkw dv zhoo lpdjlqh wkh ohyho vhw

w @ 3 prylqj lq wkh gluhfwlrq ri wkh judglhqw ri w/ wkdw lv/ +wd> we> wf, fdofxodwhg dw

d @ e @ f @ 3$ Vr wkh volfhv dwd . ewe . fwf @ ý%> 3> % ri wkh ohyho elixufdwlrq vhw ri
J vkrxog eh orfdoo| glòhrprusklf wr wkh v|pphwu| vhwv dw wlphv ý%> 3> %$
Wkh phwkrg zh iroorz lq wklv vhfwlrq vkrxog qrz eh fohdu= jlyhq d vlqjxodulw|

I / zh zulwh grzq lwv fdqrqlfdo irup J/ fdofxodwh lwv ohyho elixufdwlrq vhw dqg ñqg

doo srvvleoh jhqhulf zd|v ri volflqj lw forvh wr wkhlu ruljlq1 Wkhq zh ñqg rxw zkdw

+wd> we> wf, lv dw d @ e @ f @ 3/ dq lqglfdwlrq ri wkh gluhfwlrq ri wkh wlph ohyho vhwv1

Ilqdoo|/ e| frpsdulqj wkhvh uhvxowv/ zh nqrz zkdw jhqhulf wudqvlwlrqv wkh v|pphwu|

vhw +volfhv dwd.ewe.fwf @ ý%> 3> %, fdq jr wkurxjk iru wkh Phdq Fxuydwxuh Prwlrq
fdvh1 Zh suhvhqw wkhvh fdofxodwlrqv lq d v|vwhpdwlf zd| wkdw lv +krshixoo|, idluo|

vhoi0h{sodqdwru| dqg vhhplqjo| h{whqgdeoh wr pruh frpsoh{ vlqjxodulwlhv ru prwlrqv1

Wkh vxppdu| ri rxu uhvxowv lv wkh iroorzlqj=

Dv d fxuyh hyroyhv wkurxjk Tw @ KQ / lwv phgldo d{lv fdq jr wkurxjk rqh ri wkh

iroorzlqj jhqhulf wudqvlwlrqv=

î Gryh0wdlo +fdvh D7,

D gryh0wdlo111

,

111vkulqnv wr d srlqw111

,

111dqg ydqlvkhv1

Wklv wudqvlwlrq kdsshqv zkhq zh kdyh d srlqw T rq wkh fxuyh dw zklfk Nv @ Nvv @

3> wkh phgldo d{lv udglxv dw wkh vlqjxodulw| lv u @ 4@N1 Wkh gluhfwlrq ri wkh wudq0

vlwlrq deryh lv fruuhfw li/ dw T

Nvvv
ý
Kvvv .N

5Kv
ü
A 3
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î Gryh0wdlo +fdvh D6D4,

D gryh0wdlo dqg d kdoi0olqh111

,

111vlpsoli| wr111

,

111d fxuyh dqg d kdoi0olqh1

Wkh wudqvlwlrq kdsshqv zkhq zh kdyh srlqwv T4 dqg T5 rq wkh fxuyh vxfk wkdw

N4v @ 3 dqg u @ 4@N4 iru wkh phgldo d{lv srlqw fruuhvsrqglqj wr T4 dqg T51 Wkh

gluhfwlrq deryh lv fruuhfw li

K4vv
N4

+4ý frvò, .K4v vlqò.N4 +K4 ýK5, ? 3

zkhuh ò lv wkh dqjoh iurp W4 wr W5 +wkh wdqjhqw yhfwruv dw T4 dqg T5,1

î Prwkv +fdvh D5D5,

D prwk111

,

111vkulqnv wr d srlqw111

,

111dqg ydqlvkhv1

Prwkv kdsshq zkhqhyhu zh kdyh d el0rvfxodwlqj flufoh wdqjhqw wr wkh fxuyh dw T4
dqg T5 vxfk wkdw wkh fxuydwxuh ixqfwlrqv dw wkhvh srlqwv vdwlvi| N4vN5v A 31 Wkh

gluhfwlrq deryh lv fruuhfw +wkh prwk ydqlvkhv, zkhqhyhu

+N4v .N5v,

ë
K4v .K5v . +K4 ýK5, N vlqò

4ý frvò
ê
A 3

î Zyy wudqvlwlrq +fdvh D5D5,

Wzr lqwhuodfhg fxvsv111

,

111wrxfk e| wkh yhuwh{111

,

111dqg vhsdudwh1

Wklv kdsshqv zkhqhyhu zh kdyh d el0rvfxodwlqj flufoh wdqjhqw wr wkh fxuyh dw T4
dqg T5 exw wkh fxuydwxuhv dw wkhvh srlqwv vdwlvi| N4vN5v ? 31 Rqfh djdlq/1wkh

gluhfwlrq vkrzq deryh lv fruuhfw +fxvsv vhsdudwh, zkhqhyhu

+N4v .N5v,

ë
K4v .K5v . +K4 ýK5, N vlqò

4ý frvò
ê
A 3
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î Wzr fxvsv dqg d olqh +fdvh D5D4D4,

D olqh dfurvv 5 fxvsv111

,

111wrxfk111

,

111dqg vhsdudwh1

Wklv kdsshqv zkhqhyhu wkh srlqw S dw wkh phgldo d{lv lv fhqwhu ri d flufoh wkdw lv

wdqjhqw wr wkh fxuyh dw srlqwv T5 dqg T6 dqg rvfxodwlqj dw d srlqw T41 Wkh

gluhfwlrq deryh +vhsdudwlrq, lv fruuhfw li

vlq +ñ ý ò, . vlqòý vlqñ
N4v

ë
+N4 +K5 ýK4, .K4v vlqò, +4ý frvñ,.
.+N4 +K6 ýK4,ýK4v vlqñ, +4ý frvò,

ê
? 3

zkhuh ò lv wkh dqjoh iurp W4 wr W5 dqg ñ lv wkh dqjoh iurp W4 wr W61

î Iolsslqj txdgulodwhudo +fdvh D4D4D4D4,

Txdgulodwhudo dqg gldjrqdov111

,

111vkliw wrzdugv d yhuwh{111

,

111dqg jr wkurxjk1

Wklv fdvh kdsshqv zkhqhyhu d srlqw S ri wkh phgldo d{lv lv fhqwhu ri d flufoh wkdw

lv wdqjhqw wr wkh fxuyh dw 7 srlqwv T4/ T5/ T6 dqg T71 Vlqfh wkh wzr vlghv ri wkh

wudqvlwlrq duh yluwxdoo| lghqwlfdo/ wkhuh lv qr whoolqj zklfk gluhfwlrq wkh wudqvlwlrq

jrhv wkurxjk1

7151 Dssolfdwlrqv
715141 Phdq Fxuydwxuh Prwlrq

Lw lv lpphgldwh wr dsso| wkh uhvxowv deryh wr wkh Phdq Fxuydwxuh Prwlrq/ xvlqj

K @ N1 Wkhq

î Iru gryh0wdlov/ vlqfh

Nvvv
ý
Kvvv .N

5Kv
ü
@ N5

vvv . 3 A 3

zkhqhyhu Nv @ 3/ wkh gluhfwlrq lv dozd|v ydqlvklqj>

î Iru gryh0wdlov/ wkh gluhfwlrq ri wkh wudqvlwlrq zloo ghshqg rq
N4vv
N4

+4ý frvò, .N4 +N4 ýN5, ? 3

vlqfh djdlq K4v @ N4v @ 3 lq wklv fdvh1 Erwk wudqvlwlrqv fdq rffxu1 Wklv vhhpv wr

eh wkh rqo| fdvh zkhuh PFP fdq uhdoo| frpsolfdwh wkh v|pphwu| vhw>
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î Iru prwkv dqg zyy wudqvlwlrqv/ wkh gluhfwlrq ghshqgv rq

+N4v .N5v,

ë
N4v .N5v . +N4 ýN5, N vlqò

4ý frvò
ê
A 3

exw vlqfh N4 @ N5 lq wklv fdvh/ wkh frqglwlrq lv dozd|v vdwlvñhg +l1h1/ prwkv glvds0

shdu dqg Z*v wxuq lqwr YY*v iru wkh PFP,>

î Wzr fxvsv dqg d olqh fdq jr hlwkhu zd|/ vlqfh wkh vljq ri

vlq +ñ ý ò, . vlqòý vlqñ
N4v

ë
+N4 +N5 ýN4, .N4v vlqò, +4ý frvñ,.
. +N4 +N6 ýN4,ýN4v vlqñ, +4ý frvò,

ê

fdq jr hlwkhu zd|1

î Ilqdoo|/ txdgulodwhudov ðls/ dqg erwk gluhfwlrqv duh htxlydohqw1

715151 Uhdfwlrq Htxdwlrq

Lw lv lqvwuxfwlyh wr vhh zkdw kdsshqv li K lv d frqvwdqw +lqghshqghqw ri v,1 Qrwh

wkdw doo _glvfulplqdqw% h{suhvvlrqv deryh wxuq rxw wr eh }hur li zh gr vr$ Wkdw lv qrw

d vxusulvh= wkh v|pphwu| vhw lv/ lq d zd|/ wkh srlqwv lq wkh vkrfnzdyh ri Tw @ Q 1

Wkhuh lv d whqghqf| iru wkh v|pphwu| vhw qrw wr jr wkurxjk wkhvh wudqvlwlrqv= li

d vlqjxodulw| h{lvwv dw w @ 3/ lw zloo vwloo eh wkhuh dw rwkhu wlphv1 Li |rx kdyh d

gryh0wdlo/ lw vwd|v wkhuh> dqg vr rq1

81 FRPSXWDWLRQV

Lq wklv vhfwlrq/ zh suhvhqw wkh frpsxwdwlrqv wkdw ohg wr wkh pdlq uhvxow rq wkh

suhylrxv vhfwlrq1 Zh vwduw zlwk d froohfwlrq ri uhvxowv wkdw zloo eh xvhg lq doo fdvhv1

8141 Suhsdudwlrqv

Li zh xvh

J+x> d> e> f, @ I +v+x> d> e> f,> D+d> e> f,, .E+d> e> f,

D+d> e> f, @ +w+d> e> f,> {+d> e> f,> |+d> e> f,,

dqg wkh qrwdwlrq

gD @

3C wd {d |d
we {e |e
wf {f |f

4D
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Zh rewdlq wkh iroorzlqj uhodwlrqv ehwzhhq J+x,/ I+v, dqg v+x,

CJ

Cx
@ Ivvx

C5J

Cx5
@ Ivvv

5
x . Ivvxx

C6J

Cx6
@ Ivvvv

6
x . 6Ivvvxxvx . Ivvxxx

C7J

Cx7
@ Ivvvvv

7
x . 9Ivvvvxxv

5
x . Ivv+7vxvxxx . 6v

5
xx, . Ivvxxxx +4,

C8J

Cx8
@ Ivvvvvv

8
x . 43Ivvvvvxxv

6
x . Ivvv+43v

5
xvxxx . 48vxv

5
xx, . Ivv+===, . Ivvxxxxx

C9J

Cx9
@ Ivvvvvvv

9
x . 48Ivvvvvvxxv

7
x . Ivvvv+53v

6
xvxxx . 78v

5
xv
5
xx, . Ivvv+===, . Ivv+===, . Iv+===,

C:J

Cx:
@ Ivvvvvvvv

:
x . 54Ivvvvvvvxxv

8
x . Ivvvvv+68v

7
xvxxx . 438v

6
xv
5
xx, . ===

dqg vrph pruh uhodwlrqv lqyroylqj wkh ghulydwlyhv ri wkhvh h{suhvvlrqv zlwk uhodwlrq

wr d/ e/ f=

uüJ @ gDuüI . Ivuv
uJx @ gDuIvvx . Ivvvxuv. Ivuvx +5,

uJxx @ gD
ýuIvvv5x .uIvvxxü. ýIvvvv5x . Ivvvxxüuv. Ivvu+v5x, . Ivuvxx

uJxxx @ gD
ýuIvvvv6x . 6uIvvvxxvx .uIvvxxxü. ýIvvvvv6x . 6Ivvvvxxvx . Ivvvxxxüuv.

. Ivvvu+v6x, . 6Ivvu+vxxvx, . Ivu+vxxx,

zkhuh wkh v|pero ü vkrxog eh uhdg dv d _glòhuhqfh% +üI @ I4 ý I5, dqg u
lv wkh _vsdwldo% judglhqw/ d yhfwru zlwk wkuhh frpsrqhqwv wkdw duh wkh ghulydwlyhv

zlwk uhodwlrq wr wkh def yduldeohv1 Wkh glòhuhqfh zloo eh xvhixo zkhqhyhu zh kdyh

wzr ru pruh fdqrqlfdo irupv ~ zh fdq vxewudfw wkhp wr jhw ulg ri rxu E+d> e> f,

whup/ dqg wkhq wkh d/ e/ f ghulydwlyhv jlyh xv wkh ñuvw htxdwlrq rq wkh suhylrxv olvw

+wklv zloo ehfrph fohdu odwhu rq,1 Lq jhqhudo/ zh zloo kdyh wr slfn hqrxjk +wkuhh,

htxdwlrqv iurp wkh vhw 5 lq rughu wr prxqw d olqhdu v|vwhp wkdw zloo doorz xv wr

fdofxodwh gD dqg/ frqvhtxhqwo|/ +wd> we> wf,1 Qrz/ zh fdq suredeo| fdofxodwh vrph

ri wkh v+x, whupv iurp wkh vhw 4/ exw zkdw derxw wkh rwkhu whupvB

Zhoo/ uhphpehu wkdw rxu ixqfwlrq I lv wkh h{whqghg glvwdqfh wudqvirup

5I @ kT+v> w,ý +{> |,>T+v> w,ý +{> |,l
Iw @ kTý +{> |,> Twl
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Qrz/ ñ{ w @ 3 dqg vxssrvh T+v> 3, lv duf0ohqjwk sdudphwul}hg lq rughu wr ñqg

wkh iroorzlqj : h{suhvvlrqv iru I+v,

CI

Cv
@ kTý +{> |,> W l

C5I

Cv5
@ kTý +{> |,>NQl. 4

C6I

Cv6
@
ó
Tý +{> |,>ýN5W .NvQ

ò
C7I

Cv7
@
ó
Tý +{> |,>ý6NNvW .

ýýN6 .Nvv
ü
Q
òýN5 +6,

C8I

Cv8
@
ó
Tý +{> |,> ýN7 ý 7NNvv ý 6N5

v

ü
W .

ýý9N5Nv .Nvvv
ü
Q
òý 8NNv

C9I

Cv9
@
ó
Tý +{> |,> ý43N6Nv ý 8NNvvv ý 43NvNvv

ü
W
ò
.

.
ó
Tý +{> |,> ýN8 ý 43N5Nvv ý 48NN5

v .Nvvvv
ü
Q
ò
.

.N7 ý <NNvv ý ;N5
v

C:I

Cv:
@
ó
Tý +{> |,> +===,W . ý48N7Nv ý 48N5Nvvv ý 93NNvNvv ý 48N6

v .Nvvvvv
ü
Q
ò
.

. 47N6Nv ý 47NNvvv ý 68NvNvv

dqg wkh fruuhvsrqglqj h{suhvvlrqv iru wkh S @ +{> |, ghulydwlyhv duh

IS @ S ýT+v> w,
IvS @ ýW
IvvS @ ýNQ
IvvvS @ N

5W ýNvQ

Zh zloo dovr qhhg vrph ri wkh Iw+v, iru w @ 3

Iw @ kTý +{> |,> Twl
Iwv @ kTý +{> |,> Twvl. kW>Twl
Iwvv @ kTý +{> |,> Twvvl. 5 kW>Twvl. kNQ>Twl
Iwvvv @ kTý +{> |,> Twvvvl. 6 kW>Twvvl. 6 kNQ>Twvl.

óýN5W .NvQ>Tw
ò

Vr li |rx nqrz wkh fxuyh hyroxwlrq |rx duh derxw wr xvh/ |rx fdq ñoo lq iru wkh

ydoxhv ri Tw dqg wkh ghulydwlyhv Tw+v,1 Xvxdoo| zh kdyh dq hyroxwlrq olnh Tw @ KQ

+xvxdoo|/ K lv d ixqfwlrq ri wkh fxuydwxuh dqg lwv ghulydwlyhv, dqg

Tw @ KQ

Twv @ ýKNW .KvQ
Twvv @ +ý5KvN ýKNv,W .

ý
Kvv ýKN5

ü
Q

Twvvv @
ýý6KvvN ý 6KvNv ýKNvv .KN6

ü
W .

ý
Kvvv ý 6KvN5 ý 6KNNv

ü
Q
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dqg xvlqj Tý +{> |, @ ýuQ +zkdw krogv zkhqhyhu zh kdyh dw ohdvw D4 wdqjhqf|,

zh hqg xs zlwk

Iw @ ýuK
Ivw @ ýuKv +7,

Ivvw @ ýu
ý
Kvv ýKN5

üýKN
Ivvvw @ ýu

ý
Kvvv ý 6KvN5 ý 6KNNv

üý 6KvN ý 5KNv
Qrwh wkdw zkhqhyhu u @ 4@N/ wkhvh wudqvodwh vlpso| wr

Iw @ ýK
N

Ivw @ ýKv
N

+8,

Ivvw @ ýKvv
N

Ivvvw @ ýKvvv
N

Zh duh qrz uhdg| wr idfh doo wkh fdvhv iru doo srvvleoh fdqrqlfdo irupv> djdlq/

wkhuh duh 8 ri wkhp1

8151 Fdvh De

Lq wklv fdvh/ zh kdyh d flufoh ri fhqwhu S wkdw lv wdqjhqw wr wkh fxuyh dw d srlqw

T zlwk rughu ri wdqjhqf| 71 Wkh fdqrqlfdo irup kdv rqo| rqh sro|qrpldo

J+x> d> e> f, @ x8 . dx6 . ex5 . fx

815141 Ohyho elixufdwlrq vhw ri wkh fdqrqlfdo irup

Zh duh orrnlqj iru wkh srlqwv +d> e> f, iru zklfk wkhuh duh glvwlqfw x dqg y vxfk

wkdw

J+x> d> e> f, @ J+y> d> e> f,

Jx+x> d> e> f, @ Jy+y> d> e> f, @ 3

Qrz/ wkrvh htxdwlrqv lpphgldwho| wudqvodwh wr

x8 . dx6 . ex5 . fx @ y8 . dy6 . ey5 . fy

8x7 . 6dx5 . 5ex. f @ 3

8y7 . 6dy5 . 5ey . f @ 3

dqg/ vroylqj iru d/ e dqg f

d @ ý6x5 ý 7yxý 6y5
e @ 5 +x. y,

ý
x5 . 6xy . y5

ü
f @ ýxy ý7x5 . :xy . 7y5ü

Zh sorw wklv vxuidfh ehorz
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3

31338
F

3135
E

D7 ohyho elixufdwlrq vhw

Qrwh wkdw wkh _ohiwprvw% hgjh lq wklv slfwxuh lv qrw d fursslqj hòhfw/ l1h1/ wkh

vxuidfh dfwxdoo| _hqgv% wkhuh +dqg wkh vdph dssolhv iru lwv v|pphwulf zlwk uhodwlrq

wr wkh df0sodqh,1 Lqghhg/ d qrupdo yhfwru wr wklv vxuidfh lv rewdlqhg wkurxjk

[x @
ýý9xý 7y> 9x5 . 49xy . ;y5>ý45x5y ý 47xy5 ý 7y6ü @

@ 5 +5y . 6x, +ý4> x. 5y>ýy +5x. y,,
[y @

ýý7xý 9y> ;x5 . 49xy . 9y5>ý7x6 ý 47x5y ý 45xy5ü @
@ 5+5x. 6y, +ý4> 5x. y>ýx +x. 5y,,

[x û[y @ ý7 +5y . 6x, +5x. 6y, +xý y,
ý
y5 . yx. x5> y . x> 4

ü
vr wkh qrq0uhjxodu srlqwv duh jlyhq e| x @ y/ 5x . 6y @ 3 dqg 5y . 6x @ 31

Rwkhuzlvh/ dv x> y $ 3 wkh xqlw qrupdo yhfwru dssurdfkhv ÷+3> 3> 4,1 Hdfk rqh ri
wkhvh vshfldo fdvhv jlyhv xv d fxuyh=

x @ y , ýý43x5> 53x6>ý48x7ü, �W @
ýý53x>93x5>ý93x6ü n +4> 3> 3, dv x$ 3

5x @ ý6y ,
ë
ý48
7
y5>

8

7
y6>

48

7
y7
ê
, �W @

ë
ý48
5
y>
48

7
y5> 48y6

ê
n +4> 3> 3, dv x$ 3

5y @ ý6x,
ë
ý48
7
x5>

8

7
x6>

48

7
x7
ê
, �W @

ë
ý48
5
x>
48

7
x5> 48x6

ê
n +4> 3> 3, dv x$ 3

Wkh ñuvw fdvh fruuhvsrqgv wr erwk hgjhv qdphg ehiruh/ zkloh wkh wzr odwwhu fdvhv

+wkdw duh wkh vdph fxuyh, fruuhvsrqg wr wkh rwkhu wzr wrs hgjhv1 Zh vkrxog dovr

frqvlghu srvvleoh vhoi0lqwhuvhfwlrqv

ý6x54 ý 7y4x4 ý 6y54 @ ý6x55 ý 7y5x5 ý 6y55
5 +x4 . y4,

ý
x54 . 6x4y4 . y

5
4

ü
@ 5 +x5 . y5,

ý
x55 . 6x5y5 . y

5
5

ü
ýx4y4

ý
7x54 . :x4y4 . 7y

5
4

ü
@ ýx5y5

ý
7x55 . :x5y5 . 7y

5
5

ü
Ehvlghv wkh wulyldo vroxwlrq x4 @ x5 dqg y4 @ y5/ zh dovr kdyh d vroxwlrq x5 @ y4

dqg x4 @ y5 wkdw lqglfdwhv wkh idfw wkdw wkh vxuidfh lv _grxeohg% +doo vkhhwv duh

fryhuhg wzlfh, ~ qrwh wkdw wkh qrupdov kdyh wkh vdph gluhfwlrq lq erwk wkhvh fdvhv1

Wkh odvw vroxwlrq ri wkdw v|vwhp fdq eh h{suhvvhg dv

ix4> y4j @
+
4÷s8
5

w

,
dqg ix5> y5j @

+
ý4÷s8

5
w

,
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lq dq| ri wkh srvvleoh rughuv +wkhuh duh irxu sdluv ri sdudphwhuv iru hdfk srlqw,1

Qrwh wkdw wzr ri wkhvh srlqwv kdyh d qrupdo srlqwlqj wrzdugv
ý
5w5> w> 4

ü
dqg wkh

rwkhu wzr kdyh d qrupdo lq wkh
ý
5w5>ýw> 4ü gluhfwlrq/ lqglfdwlqj d wudqvyhuvdo vhoi0

lqwhuvhfwlrq=

ix4> y4j @
+
4÷s8
5

w

,
, ýý8w5> 3> 8w7ü, �W @

ýý43w> 3> 53w6ü n +4> 3> 3, dv w$ 3

Qrwh wkdw doo hgjhv dqg wkh vhoi0lqwhuvhfwlrq doo kdyh wkh vdph gluhfwlrq forvh

wr +3> 3> 3,> wkhuhiruh/ zkhq vkliwlqj rxu sodqh lq wkh gluhfwlrq +wd> we> wf,/ wkh rqo|

h{suhvvlrq wkdw pdwwhuv lv wkh vljq ri +4> 3> 3, ü +wd> we> wf, @ wd1 Wkh jhqhudo vkdsh ri
wkh wudqvlwlrq fdq wkhq eh rewdlqhg iurp/ iru h{dpsoh/ slfnlqj +wd> we> wf, @ +4> 3> 3,1

Lqghhg khuh duh wkh jhqhudo vkdshv iru wkh furvv0vhfwlrqv dw d @ ý%/ d @ 3 dqg

d @ % A 3=

, ,

Qrwh wkdw wkh slfwxuh rq wkh ohiw vlgh lv dfwxdoo| erxqghg +wkhuh lv qr _fursslqj

hòhfw%/ wkh fxuyh dfwxdoo| vwrsv dw wkh orzhu fruqhuv,1

815151 Ohyho vhwv iru wkh wlph ixqfwlrq

Wkh D7 fdvh uhtxluhv Iv @ Ivv @ Ivvv @ Ivvvv @ 3=

S ýT @ uQ
ýuN . 4 @ 3

ýuNv @ 3
ýu ýNvv ýN6

üýN5 @ 3

Qrw vxusulvlqjo|/ wklv lpsolhv u @ 4@N dqg Nv @ Nvv @ 3 dw wkh srlqw T rq wkh

fxuyh/ vr

Ivvvvv @ ýu
ýý9N5Nv .Nvvv

üý 8NNv @ ýNvvv
N

Ivvvvvv @ ýu
ý
N8 ý 43N5Nvv ý 48NN5

v .Nvvvv
ü
.N7 ý <NNvv ý ;N5

v @ ý
Nvvvv
N

Ivvvvvvv @
ýu ý48N7Nv ý 48N5Nvvv ý 93NNvNvv ý 48N6

v .Nvvvvv
ü
.

.47N6Nv ý 47NNvvv ý 68NvNvv @

@ NNvvv ý Nvvvvv
N
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Qrz/ iurp wkh J+x, h{suhvvlrqv dqg xvlqj wkdw Iv @ Ivv @ Ivvv @ Ivvvv @ 3 dw

wkh srlqw dw kdqg/ zh frxog rewdlq vx/ vxx dqg vxxx

453 @ Ivvvvvv
8
x

3 @ Ivvvvvvv
5
x . 48Ivvvvvvxx

3 @ Ivvvvvvvv
7
x . 54Ivvvvvvvxxv

5
x . Ivvvvv+68vxvxxx . 438v

5
xx,

l1h1/

v8x @ ý453
N

Nvvv

vxx @ ý Nvvvv
48Nvvv

v5x

vxxx @ ===

Qrz/ wkh olqhdu v|vwhp zh orrn iru lv jlyhq e| htxdwlrqv edvhg rq uJxxx/ uJxx
dqg uJx1 Lqghhg/ xvlqj djdlq wkdw Iv @ Ivv @ Ivvv @ Ivvvv @ 3 dw +x> d> e> f, @
+3> 3> 3> 3,/ zh fdq prxqw wkh olqhdu v|vwhp iurp Htxdwlrqv 53C 9 3 3

3 5 3

3 3 4

4D @ gD

3C Ivvvwv
6
x . 6Ivvwvxxvx . Ivwvxxx Ivvwv

5
x . Ivwvxx Ivwvx

Ivvv{v
6
x . 6Ivv{vxxvx . Iv{vxxx Ivv{v

5
x . Iv{vxx Iv{vx

Ivvv|v
6
x . 6Ivv|vxxvx . Iv|vxxx Ivv|v

5
x . Iv|vxx Iv|vx

4D
Zh frxog hdvlo| ñqg wkhq wd/ we dqg wf/ exw zh rqo| fduh derxw wd Zh vwduw zlwk

wkh iroorzlqj ghwhuplqdqw

G @

ññññññ
Ivvvwv

6
x . 6Ivvwvxxvx . Ivwvxxx Ivvwv

5
x . Ivwvxx Ivwvx

Ivvv{v
6
x . 6Ivv{vxxvx . Iv{vxxx Ivv{v

5
x . Iv{vxx Iv{vx

Ivvv|v
6
x . 6Ivv|vxxvx . Iv|vxxx Ivv|v

5
x . Iv|vxx Iv|vx

ññññññ @
@

ññññññ
Ivvvwv

6
x Ivvwv

5
x Ivwvx

Ivvv{v
6
x Ivv{v

5
x Iv{vx

Ivvv|v
6
x Ivv|v

5
x Iv|vx

ññññññ @ v9x
ññññññ
Ivvvw Ivvw Ivw
Ivvv{ Ivv{ Iv{
Ivvv| Ivv| Iv|

ññññññ
@ v9x

ññññ Ivvvw Ivvw Ivw
N5W ýNQ ýW

ññññ @ ýv9xN ýIvvvw .N5Ivw
ü

Zh dovr qhhg wkh ghwhuplqdqw ri wkh iroorzlqj plqru +wkdw lv lqghshqghqw ri wkh

wlph hyroxwlrq ri wkh fxuyh,

Gd @

ññññ Ivv{v5x . Iv{vxx Iv{vx
Ivv|v

5
x . Iv|vxx Iv|vx

ññññ @ v6x ññññ Ivv{ Iv{
Ivv| Iv|

ññññ @
@ v6x

ññ ýNQ ýW ññ @ ýNv6x
dqg wkhq

wd @ 9
Gd
G
@

9

v6x +Ivvvw .N
5Ivw,

Vr wkh ghvwuxfwlrq ri gryh0wdlov lv wlhg wr wkh vljq ri wd> xvlqj wkh h{suhvvlrq iru

vx/ zh vhh wkdw gryh0wdlov glvdsshdu li lw fdq eh vkrzq wkdw

NNvvv
ý
Ivvvw .N

5Ivw
ü
? 3
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Ilqdoo|/ dv u @ 4@N/ zh fdq xvh Htxdwlrqv 8 iru hyroxwlrqv ri wkh nlqg Tw @ KQ >

wkhq/ wkh vlpsolñfdwlrq ri wkh v|pphwu| vhw kdsshqv li wkh iroorzlqj lqhtxdolw|

krogv zkhqhyhu Nv @ Nvv @ 3

Nvvv
ý
Kvvv .N

5Kv
ü
A 3

8161 Fdvh 5= DôD�

Zh kdyh d flufoh ri fhqwhu S wkdw lv wdqjhqw wr wkh fxuyh dw wzr srlqwv T4 dqg

T5 zlwk rughu ri wdqjhqf| 6 dqg 4/ uhvshfwlyho|1 Wkhuh duh irxu srvvleoh sdluv ri

fdqrqlfdo irupv

J4+x> d> e> f, @ ÷x7 . dx5 . ex. f
J5+x> d> e> f, @ ÷x5

816141 Ohyho elixufdwlrq vhw ri wkh fdqrqlfdo irup

Zh duh qrz orrnlqj iru +d> e> f, iru zklfk wkhuh duh glvwlqfw x dqg y vxfk wkdw

J4+x> d> e> f, @ J4+y> d> e> f,

J4x+x> d> e> f, @ J4y+y> d> e> f, @ 3

ru

J4+x> d> e> f, @ J5+y> d> e> f,

J4x+x> d> e> f, @ J5y+y> d> e> f, @ 3

Wkh ñuvw fdvh lv

÷x7 . dx5 . ex. f @ ÷y7 . dy5 . ey . f
÷7x6 . 5dx. e @ 3
÷7y6 . 5dy . e @ 3

Xvh wkdw x 9@ y dqg vroyh iru +d> e> f,> zh duh irufhg wr frqfoxgh wkdw x @ ýy dqg

d @ ö5x5
e @ 3

f @ f

wkdw lv/ wkh ñuvw sduw ri wkh ohyho elixufdwlrq vhw lv kdoi wkh df0sodqh1

Wkh vhfrqg fdvh phdqv

÷x7 . dx5 . ex. f @ ÷y5
÷7x6 . 5dx. e @ 3

÷5y @ 3
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vr y @ 3/

d @ d

e @ ö7x6 ý 5dx
f @ ÷6x7 . dx5

dqg zh duh ohiw zlwk dqrwkhu gryh0wdlo orrnlqj vxuidfh +qrwh wkdw wkh vljq xvhg iru

J5 grhv qrw dòhfw wkh ohyho elixufdwlrq vhw dw doo,1 Zh xvh wkh wrs vljq wr gudz

erwk vxuidfhv wrjhwkhu ehorz/ iurp wzr glòhuhqw srlqwv ri ylhz

0314

03138

3

3138

D

3

31335

F

D6D4 elixufdwlrq vhw 0 Ylhz 4

0314

3
D

03135
3

3135E

3

31335

F

D6D4 elixufdwlrq vhw 0 Ylhz 5

Wkh erwwrp vljqv surgxfh edvlfdoo| wkh vdph slfwxuh/ exw zlwk d glòhuhqw rulhq0

wdwlrq +lqghhg/ wkh uhodwlrq +d> e> f, $ +ýd>ýe>ýf, wdnhv wkh ohyho elixufdwlrq vhw
surgxfhg e| rqh vljq e| wkh vhw surgxfhg e| wkh rwkhu,1 Zh zloo zrun zlwk wkh

_wrs vljq% vxuidfh xqwlo zh qhhg wr gr rwkhuzlvh1

Zkdw duh wkh hgjhv ri wkhvh vxuidfhvB Fohduo|/ wkh kdoi0sodqh kdv dq hgjh dorqj

+3> 3> 4,1 Iru wkh gryh0wdlo sduw/ zulwh

[d @
ý
4>ý5x> x5ü

[x @
ý
3>ý45x5 ý 5d> 45x6 . 5dxü

[d û[x @ ý5
ý
9x5 . d

ü ý
x5> x> 4

ü
vr zh kdyh d fulwlfdo fxuyh dw d @ ý9x5> rwkhuzlvh/ wkh qrupdo srlqwv wrzdugv
+3> 3> 4, dv d> x$ 31 Wklv fulwlfdo fxuyh lv

d @ ý9x5 , ýý9x5> ;x6>ý6x7ü, �W @
ýý45x> 57x5>ý45x6ü n +4> 3> 3, dv x$ 3

Ilqdoo|/ zh vkrxog phqwlrq wkh vhoi0lqwhuvhfwlrqv ri wkh ohyho elixufdwlrq vhw1 Wkh

lqwhuvhfwlrq ehwzhhq wkh kdoi0sodqh dqg wkh gryh0wdlo duh jlyhq e|

d @ ý5x5
ý7x64 ý 5dx4 @ 3
6x74 . dx

5
4 @ f
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zkrvh vroxwlrqv duh

x4 @ 3,
ýý5x5> 3> 3ü, �W @ +ý7x>3> 3, n +4> 3> 3, dv x$ 3

x4 @ ÷x,
ýý5x5> 3> x7ü, �W @

ýý7x> 3> 7x6ü n +4> 3> 3, dv x$ 3

zkloh wkh vhoi0lqwhuvhfwlrqv ri wkh gryh0wdlo duh

d4 @ d5 @ d

ý7x64 ý 5dx4 @ ý7x65 ý 5dx5
6x74 . dx

5
4 @ 6x

7
5 . dx

5
5

zkrvh rqo| qrq0wulyldo vroxwlrq lv

x4 @ ýx5 @ ýx> d @ ý5x5 ,
ýý5x5> 3> x7ü

Qrw vxusulvlqjo|/ wklv ehorqjv wr wkh kdoi0sodqh deryh1 Wkh| duh dfwxdoo| D4D4D4
srlqwv> lqghhg/ J4 @ w7 ý 5x5w5 . x7 @ +wý x,5 +w. x,5 kdv wzr plqlpd dw wkh
30ohyho dqg J5 @ w

5 kdv d wklug plqlpxp dovr dw wkh 30ohyho1

Vlqfh wkh rqo| gluhfwlrqv lqyroyhg lq wkh hgjhv dqg vhoi0lqwhuvhfwlrqv duh +4> 3> 3,

dqg +3> 3> 4,/ wkh rqo| h{suhvvlrqv wkdw pdwwhu duh +wkh vljqv ri, wd dqg wf1 Zh

fkrrvh wzr uhsuhvhqwdwlyhv wr rewdlq wkh vkdsh ri wkh furvv0vhfwlrqv/ vd|/ +4> 3> 4,

dqg +4> 3>ý4,1
Iru wkh ñuvw/ orrn dw wkh furvv0vhfwlrqv jlyhq e| d . f @ ý%> 3> % +zkhuh djdlq

% A 3,1 Wkh v|pphwu| vhwv orrn olnh

, ,

Qrwh wkdw wkh krul}rqwdo olqh dfwxdoo| hqgv dw wkh uljkw vlgh iru doo slfwxuhv1 Doo

wkh rwkhu hqgv duh hòhfwv ri lpdjh fursslqj1 Lq sduwlfxodu/ wkh ohiw0vlgh slfwxuh

ghvhuyhv d forvh0xs

Qrz/ ohw*v orrn dw wkh furvv0vhfwlrqv jlyhq e| dý f @ ý%> 3> %1 Zh kdyh

, ,

Djdlq/ wkh krul}rqwdo olqh dfwxdoo| hqgv dw lwv uljkw vlgh/ dqg wkh forvh0xs iru wkh

ñuvw slfwxuh uhyhdov d vlplodu vlwxdwlrq=
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Vxppdul}lqj/ wd A 3 lqglfdwhv d _vlpsolñfdwlrq% ri wkh v|pphwu| vhw wkdw vhs0

dudwhv lwv wzr frpsrqhqwv dqg wudqvirupv wkh gryh0wdlo lqwr d vprrwk fxuyh> wkh

vljq ri wdwf ghwhuplqhv wkh uhodwlyh rulhqwdwlrq ri wkrvh wzr frpsrqhqwv1

Ilqdoo|/ li zh xvh wkh _erwwrp vljq% vxuidfh/ zh pxvw uhyhuw wkh rulhqwdwlrqv

ri wkh wudqvlwlrqv deryh/ l1h1/ wkhq wd ? 3 lv wkh vlpsolñfdwlrq zkloh wkh uhodwlyh

rulhqwdwlrq ri wkh frpsrqhqwv vwloo frphv iurp wkh vljq ri wdwf1

816151 Ohyho vhwv iru wkh wlph ixqfwlrq

Wkh D6D4 fdvh uhtxluhv Iv @ Ivv @ Ivvv @ 3 dw +S>T4,/ zkdw lpsolhv u @ 4@N4
dqg N4v @ 3 dw wkdw srlqw1 Vr/ iru T4=

Ivvvv @ ýu
ýýN6 .Nvv

üýN5 @ ýN4vv
N4

Ivvvvv @ ýu
ýý9N5Nv .Nvvv

üý 8NNv @ ýN4vvv
N4

Qrz/ iurp wkh J+v, h{suhvvlrqv dqg xvlqj wkdw Iv @ Ivv @ 3 dw T/ zh rewdlq vx

÷57 @ Ivvvvv7x
3 @ Ivvvvvv

5
x . 43Ivvvvvxx

l1h1/

v7x @ ö57
N4
N4vv

vxx @ ý N4vvv
43N4vv

v5x

Lq sduwlfxodu/ wklv whoov xv zkhq wr xvh hdfk vljq> li N4

N4vv
? 3/ zh pxvw xvh wkh

wrs vljq/ dqg ylfh0yhuvd1 Vlploduo|/ zh rqo| kdyh Iv @ 3 dw +S>T5,/ zkdw lpsolhv

S ýT5 @ uQ51
Qrz/ wkh olqhdu v|vwhp zh orrn iru lv jlyhq e| htxdwlrqv edvhg rq uJ4xx/ uJ4x

dqg uüJ1 Iurp wkh vhw ri htxdwlrqv 5/ xvlqj Iv @ Ivv @ Ivvv @ 3 dw T4 dqg

Iv @ 3 dw T5 zh prxqw wkh iroorzlqj olqhdu v|vwhp dw +x> d> e> f, @ +3> 3> 3> 3,=

3C 5 3 3

3 4 3

3 3 4

4D @ gD

3C I4vvwv
5
x . I4vwvxx I4vwvx üIw

I4vv{v
5
x . I4v{vxx I4v{vx üI{

I4vv|v
5
x . I4v|vxx I4v|vx üI|

4D



57 - è*i@ti êhð|i ,>ýzûJeeý==ð={ûf>[vôùýzûJe ú>2fCpå9ç ð? �*i -

Zh rqo| fduh derxw wd dqg wf1 Wkh wlph hyroxwlrq ghshqghqw ghwhuplqdqw lv

G @

ññññññ
I4vvwv

5
x . I4vwvxx I4vwvx üIw

I4vv{v
5
x . I4v{vxx I4v{vx üI{

I4vv|v
5
x . I4v|vxx I4v|vx üI|

ññññññ @
@

ññññññ
I4vvwv

5
x I4vwvx üIw

I4vv{v
5
x I4v{vx üI{

I4vv|v
5
x I4v|vx üI|

ññññññ @ v6x
ññññññ
I4vvw I4vw üIw
I4vv{ I4v{ üI{
I4vv| I4v| üI|

ññññññ
Wkh rwkhu lpsruwdqw ghwhuplqdqwv duh lqghshqghqw ri wkh wlph hyroxwlrq

Gd @

ññññ I4v{vx üI{
I4v|vx üI|

ññññ @ vx ññññ I4v{ üI{
I4v| üI|

ññññ
Gf @

ññññ I4vv{v5x . I4v{vxx I4v{vx
I4vv|v

5
x . I4v|vxx I4v|vx

ññññ @ v6x ññññ I4vv{ I4v{
I4vv| I4v|

ññññ
Qrz/ li zh ohw ò eh wkh dqjoh iurp W4 wr W5ññññ I4vv{ I4v{

I4vv| I4v|

ññññ @ ññ ýN4Q4 ýW4 ññ @ ýN4ññññ I4vv{ üI{
I4vv| üI|

ññññ @ ññ ýN4Q4 uQ4 ý uQ5 ññ @ vlqòññññ I4v{ üI{
I4v| üI|

ññññ @ ññ ýW4 uQ4 ý uQ5 ññ @ ý4ý frvòN4

vr zh kdyh

G @ ýv6x
ë
I4vvw

4ý frvò
N4

. I4vw vlqò.N4üIw

ê
Gd @ ývx 4ý frvò

N4

Gf @ ýv6xN4

dqg wkhq

wd @ 5
Gd
G
@
5

v5x

4ý frvò
N4

ë
I4vvw

4ý frvò
N4

. I4vw vlqò.N4üIw

êý4
wf @

Gf
G
@ N4

ë
I4vvw

4ý frvò
N4

. I4vw vlqò.N4üIw

êý4
Qrwh wkdw

wdwf @ 5
4ý frvò
v5x

ë
I4vvw

4ý frvò
N4

. I4vw vlqò.N4üIw

êý5
A 3

vr wkh rqo| srvvleoh rulhqwdwlrq ri wkh wzr frpsrqhqwv ri wkh v|pphwu| vhw lv wkh

ñuvw rqh +wkh _W% orrnlqj rqh/ dv rssrvlwh wr wkh _\% orrnlqj rulhqwdwlrq,1
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Qrz/ wkh gluhfwlrq ri wkh wudqvlwlrq ghshqgv rq wkh vljq ri wd A 3> lq rwkhu zrugv/

vlpsolñfdwlrq rffxuv li zh fdq vkrz wkdw

I4vvw +4ý frvò, . I4vwN4 vlqò.N5
4üIw A 3

Vlqfh u @ 4@N4/ Htxdwlrqv 7 wxuq wr

üIw @ ýK4 ýK5
N4

I4wv @ ýK4v
N4

I4wvv @ ýK4vv
N4

vr wkh vlpsolñfdwlrq ri wkh v|pphwu| vhw kdsshqv li wkh iroorzlqj lqhtxdolw| krogv

zkhqhyhu N4v @ 3

K4vv
N4

+4ý frvò, .K4v vlqò.N4 +K4 ýK5, ? 3

zkhuh ò lv wkh dqjoh iurp W4 wr W51

8171 Fdvh 6= D2D2

Lq wklv fdvh/ zh kdyh d flufoh ri fhqwhu S wkdw lv wdqjhqw wr wkh fxuyh dw wzr srlqwv

T4 dqg T5 zlwk rughuv ri wdqjhqf| 5 dqg 5/ uhvshfwlyho| +d el0rvfxodwlqj flufoh,1

Wkh fdqrqlfdo irup kdv wzr sro|qrpldov

J4+x> d> e> f, @ x
6 . dx. f

J5+x> d> e> f, @ x
6 . ex

817141 Ohyho elixufdwlrq vhw ri wkh fdqrqlfdo irup

Wkuhh fdvhv wr frqvlghu qrz= zh duh qrz orrnlqj iru +d> e> f, iru zklfk wkhuh duh

glvwlqfw x dqg y vxfk wkdw

J4+x> d> e> f, @ J4+y> d> e> f,

J4x+x> d> e> f, @ J4y+y> d> e> f, @ 3

ru

J5+x> d> e> f, @ J5+y> d> e> f,

J5x+x> d> e> f, @ J5y+y> d> e> f, @ 3

ru

J4+x> d> e> f, @ J5+y> d> e> f,

J4x+x> d> e> f, @ J5y+y> d> e> f, @ 3
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Wkh ñuvw fdvh lv

x6 . dx. f @ y6 . dy . f

6x5 . d @ 3

6y5 . d @ 3

exw wklv irufhv x @ y @ 3/ vr wkhuh lv qrwklqj wr frqvlghu khuh1

Wkh vhfrqg fdvh lv vlplodu> lqghhg/

x6 . ex @ y6 . ey

6x5 . e @ 3

6y5 . e @ 3

dovr lpsolhv x @ y @ 3/ vr qrwklqj wr eh grqh khuh hlwkhu1 Zh duh ohiw zlwk rqo|

rqh fdvh

x6 . dx. f @ y6 . ey

6x5 . d @ 3

6y5 . e @ 3

Vroylqj iru +d> e> f,/ zh ñqg

d @ ý6x5
e @ ý6y5
f @ 5x6 ý 5y6

zkrvh judsk lv wkh qh{w slfwxuh

05

3

D

05

3
E

05

3

5

F

D5D5 elixufdwlrq vhw

\rx fdq doprvw wklqn ri wkhvh dv 7 glòhuhqw vxuidfhv wkdw duh doprvw ðdw/ hdfk

sdlu lqwhuvhfwlqj dorqj d glòhuhqw fxuyh1 Rxu qrupdo yhfwru frphv iurp

[x @
ûý9x> 3> 9x5ú

[y @
û
3>ý9y>ý9y5ú

[x û[y @ 69xy ^x>ýy> 4`
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Vr wkh _hgjhv% fruuhvsrqg wr x @ 3 dqg y @ 3> rwkhuzlvh/ wkh qrupdo srlqwv

wrzdugv +3> 3> 4, dv x> y$ 31 Dovr/ wkh vhoi0lqwhuvhfwlrq lv jlyhq e|

ý6x54 @ ý6x55
ý6y54 @ ý6y55

5x64 ý 5y64 @ 5x65 ý 5y65

zkrvh rqo| qrq0wulyldo vroxwlrq lv x4 @ ýx5 @ y4 @ ýy51
Wkh fulwlfdo fxuyhv duh wkhq wkh wzr hgjhv dqg wkh vhoi0lqwhuvhfwlrq

x @ 3, ý
3>ý6y5>ý5y6ü, �W @

ý
3>ý9y>ý9y5ü n +3> 4> 3, dv y $ 3

y @ 3, ýý6x5> 3> 5x6ü, �W @
ýý9x> 3> 9x5ü n +4> 3> 3, dv x$ 3

x @ y , ýý6x5>ý6x5> 3ü, �W @ +ý9x>ý9x> 3, n +4> 4> 3, dv x$ 3

dqg wkh h{suhvvlrqv wkdw pdwwhu duh +wkh vljqv ri, wd/ we dqg wd . we1 Vlqfh wkh wdwe
sodqh lv glylghg lq 9 uhjlrqv zkhq zh frqvlghu wkh vljqv ri wkrvh h{suhvvlrqv/ zh

fkrrvh wkuhh uhsuhvhqwdwlyhv wr rewdlq wkh vkdsh ri wkh furvv0vhfwlrqv/ vd|/ +4> 4> 3,/

+4>ý5> 3, dqg +5>ý4> 3,1
Iru wkh ñuvw/ orrn dw wkh furvv0vhfwlrqv jlyhq e| d. e @ ý%> 3> %1 Wkh vhtxhqfh

orrnv olnh _wkh glvdsshdulqj prwk%

, ,

Zkloh wkh furvv0vhfwlrqv jlyhq e| dý 5e @ ý%> 3> % duh wkh iroorzlqj _yyz% wudq0
vlwlrq

, ,

Ilqdoo|/ wkh furvv0vhfwlrqv jlyhq e| 5dýe @ ý%> 3> % duh +qrw vxusulvlqjo|, vlplodu
wr wkh rqhv zh kdyh mxvw rewdlqhg/ d _zyy% wudqvlwlrq

, ,

Vxppdul}lqj/ zh kdyh

î wd> we A 3,Glvdsshdulqj prwk>
î wd> we ? 3,Dsshdulqj prwk>
î wdwe ? 3 dqg wd . we A 3,D zyy wudqvlwlrq>
î wdwe ? 3 dqg wd . we ? 3,D yyz wudqvlwlrq>
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817151 Ohyho vhwv iru wkh wlph ixqfwlrq

Zh fdq wuhdw erwk sro|qrpldov lq vlplodu zd|v= zh uhtxluh Iv @ Ivv @ 3 dw

+S>T4, dqg +S>T5,/ zkdw lpsolhv u @ 4@N4 @ 4@N51 Zh zloo zulwh I / J/ T/ N/111

iru d zkloh/ eulqjlqj wkh fruuhfw lqgh{hv edfn odwhu1 Vr/ dw T=

Ivvv @ ýuNv @ ýNv
N

Qrz/ iurp wkh Jxxx h{suhvvlrqv dqg xvlqj wkdw Iv @ Ivv @ 3 dw T/ zh rewdlq vx

9 @ Ivvvv
6
x , v6x @ ý

9N

Nv

Qrz/ wkh olqhdu v|vwhp zh duh orrnlqj iru lv jlyhq e| htxdwlrqv edvhg rq uJ4x/
uJ5x dqg uüJ1 Iurp 5/ xvlqj Iv @ Ivv @ 3 dw T4 dqg T5 zh prxqw wkh iroorzlqj
olqhdu v|vwhp dw +x> d> e> f, @ +3> 3> 3> 3,=3C 4 3 3

3 4 3

3 3 4

4D @ gD

3C I4vwv4x I5vwv5x üIw
I4v{v4x I5v{v5x üI{
I4v|v4x I5v|v5x üI|

4D
Wkh lpsruwdqw ydoxhv iru xv duh wd dqg we1 Khuh lv wkh hyroxwlrq ghshqghqw

ghwhuplqdqw

G @

ññññññ
I4vwv4x I5vwv5x üIw
I4v{v4x I5v{v5x üI{
I4v|v4x I5v|v5x üI|

ññññññ @ v4xv5x
ññññññ
I4vw I5vw üIw
I4v{ I5v{ üI{
I4v| I5v| üI|

ññññññ
Wkh iroorzlqj plqru ghwhuplqdqwv duh lqghshqghqw ri wkh sduwlfxodu wlph hyrox0

wlrq ri wkh fxuyh

Gd @

ññññ I5v{v5x üI{
I5v|v5x üI|

ññññ @ v5x ññññ I5v{ üI{
I5v| üI|

ññññ
Ge @

ññññ I4v{v4x üI{
I4v|v4x üI|

ññññ @ v4x ññññ I4v{ üI{
I4v| üI|

ññññ
Exw vlqfh ññññ I4v{ üI{

I4v| üI|

ññññ @ ññ ýW4 uQ4 ý uQ5 ññ @ ý4ý frvòNññññ I5v{ üI{
I5v| üI|

ññññ @ ññ ýW5 uQ4 ý uQ5 ññ @ 4ý frvò
Nññññ I4v{ I5v{

I4v| I5v|

ññññ @ ññ ýW4 ýW5 ññ @ vlqò
zh kdyh

G @ v4xv5x
4ý frvò
N

ë
I4vw . I5vw .üIwN

vlqò

4ý frvò
ê

Gd @ v5x
4ý frvò
N

Ge @ ýv4x 4ý frvò
N
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dqg wkhq

wd @
Gd
G
@ ý 6

u
N4v
9N

ë
I4vw . I5vw .üIw

N vlqò

4ý frvò
êý4

we @ ýGe
G
@ ý 6

u
N5v
9N

ë
I4vw . I5vw .üIw

N vlqò

4ý frvò
êý4

Vr zh kdyh wkh iroorzlqj rswlrqv=

î Glvdsshdulqj prwk

N4vN5v A 3 dqg N4v

ë
I4vw . I5vw

N
.üIw

vlqò

4ý frvò
ê
? 3

î Dsshdulqj prwk

N4vN5v A 3 exw N4v

ë
I4vw . I5vw

N
.üIw

vlqò

4ý frvò
ê
A 3

î ZYY wudqvlwlrq

N4vN5v ? 3 dqg +N4v .N5v,

ë
I4vw . I5vw

N
.üIw

vlqò

4ý frvò
ê
? 3

î YYZ wudqvlwlrq

N4vN5v ? 3 exw +N4v .N5v,

ë
I4vw . I5vw

N
.üIw

vlqò

4ý frvò
ê
A 3

Zh djdlq xvh Htxdwlrqv 8

üIw @ ýK4 ýK5
N

I4vw @ ýK4v
N
> I5vw @ ýK5v

N

wr uhzulwh wkh _vlpsolñfdwlrq fodxvh% dv

+N4v .N5v,

ë
K4v .K5v . +K4 ýK5, N vlqò

4ý frvò
ê
A 3

zkhqhyhu N4 @ N5 @ N> khuh/ zh frqvlghu wkh glvdsshdulqj prwk dqg wkh ZYY

wudqvlwlrq dv _vlpsoli|lqj%1 Rqfh pruh ò lv wkh dqjoh ehwzhhq W4 dqg W51

8181 Fdvh 7= D2D�D�

Lq wklv fdvh/ zh kdyh d flufoh ri fhqwhu S wkdw lv wdqjhqw wr wkh fxuyh dw wkuhh

srlqwvT4/ T5 dqgT6 zlwk rughuv ri wdqjhqf| 5/ 4 dqg 4/ uhvshfwlyho|1 Wkh fdqrqlfdo

irup kdv wkuhh sro|qrpldov

J4+x> d> e> f, @ x
6 . dx

J5+x> d> e> f, @ ÷x5 . e
J6+x> d> e> f, @ ÷x5 . f
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818141 Ohyho elixufdwlrq vhw ri wkh fdqrqlfdo irup

Wkhuh duh 9 srwhqwldo fdvhv wkdw fdq frqwulexwh iru wkh ohyho elixufdwlrq vhw khuh1

Wkh ñuvw rqh fruuhvsrqgv wr sdluv ri glvwlqfw x/ y vxfk wkdw

J4+x> d> e> f, @ J4+y> d> e> f,

J4x+x> d> e> f, @ J4y+y> d> e> f, @ 3

l1h1/

x6 . dx @ y6 . dy

6x5 . d @ 3

6y5 . d @ 3

dqg wkhuh duh qr vroxwlrqv zlwk x 9@ y1
Vhfrqgo|/ zh vkrxog frqvlghu wkh _J5J5% fdvh

J5+x> d> e> f, @ J5+y> d> e> f,

J5x+x> d> e> f, @ J5y+y> d> e> f, @ 3

Krzhyhu/ wklv kdv ehhq grqh ehiruh +orrn dw wkh D6D4 fdvh, dqg qr ohyho elixufd0

wlrq vxuidfh zdv jhqhudwhg wkhq1 Wkh _J6J6% fdvh lv vlplodu dqg surgxfhv qrwklqj

dv zhoo/ dqg wkh _J5J6% fdvh lv

J5+x> d> e> f, @ J6+y> d> e> f,

J5x+x> d> e> f, @ J6y+y> d> e> f, @ 3

ru

÷x5 . e @ ÷y5 . f
÷5x @ 3
÷5y @ 3

jlylqj xv wkh zkroh sodqh e @ f qr pdwwhu zkdw wkh vljqv duh1 Ilqdoo|/ wkh _J4J5%

dqg _J4J6% fdvhv duh vlplodu1 Wkh ñuvw lv

J4+x> d> e> f, @ J5+y> d> e> f,

J4x+x> d> e> f, @ J5y+y> d> e> f, @ 3

ru

x6 . dx @ ÷y5 . e
6x5 . d @ 3

÷5y @ 3
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Wklv jlyhv xv ^d> e> f` @
ûý6x5>ý5x6> fú1 Vlploduo|/ sdlulqj xs J4 dqg J6 jlyhv

xv dqrwkhu vxuidfh sdudphwul}hg e| ^d> e> f` @ ^ý6x5> e>ý5x6`1
Vxppdul}lqj/ wkh ohyho elixufdwlrq vhw lv jlyhq e| d sodqh e @ f dqg wzr fxvs0olnh

vxuidfhv 7d6 @ ý5:e5 dqg 7d6 @ ý5:f5/ judskhg ehorz

05
3

D
05

3

5

E

05

3

5

F

D5D4D4 ohyho elixufdwlrq vhw

Fohduo|/ wkh rqo| hgjhv duh wkh hgjhv ri wkh fxvsv lq wkh +3> 4> 3, dqg +3> 3> 4,

gluhfwlrqv1 Qrqh ri wkh 6 lqglylgxdo vxuidfhv kdyh vhoi0lqwhuvhfwlrqv/ exw zh fdq ñqg

lqwhuvhfwlrqv ehwzhhq hdfk wzr ri wkhp1 Wkh fxvs0sodqh lqwhuvhfwlrqv duh dfwxdoo|

wkh vdph fxuyh dv vhhq ehorz

e @ ý5x6 , +d> e> f, @
ýý6x5>ý5x6>ý5x6ü, �W @

ýý9x>ý9x5>ý9x5ü n +4> 3> 3, dv x$ 3

f @ ý5x6 , +d> e> f, @
ýý6x5>ý5x6>ý5x6ü, �W @

ýý9x>ý9x5>ý9x5ü n +4> 3> 3, dv x$ 3

zkloh wkh fxvs0fxvs lqwhuvhfwlrq lv jlyhq e|

ý6x54 @ ý6x55
ý5x64 @ e

f @ ý5x65

ohdglqj wr wzr fxuyhv +rqh ri wkhp lv/ ri frxuvh/ wkh suhylrxv rqh,

÷x4 @ x5 @ x, +d> e> f, @
ýý6x5>ö5x6>ý5x6ü, �W @

ýý9x>ö9x5>ý9x5ü n +4> 3> 3, dv x$ 3

Froohfwlqj doo wkh lqirupdwlrq/ zh irxqg wkuhh hgjh2vhoi0lqwhuvhfwlrq gluhfwlrqv jlyhq

e| wkh wkuhh d{hv1 Wklv lqglfdwhv wkdw wkh vljqv ri wd/ we dqg wf doo pdwwhu/ dqg zh

vkrxog fkrrvh 7 uhsuhvhqwdwlyhv/ vd|/ +4> 4> 4,/ +4>ý4> 4,/ +4> 4>ý4, dqg +4>ý4>ý4,1
Wkh ñuvw vhtxhqfh ri furvv0vhfwlrqv lv d. e. f @ ý%> 3> %

, ,
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Wkh vhfrqg lv dý e. f @ ý%> 3> %

, ,

Wkh furvv0vhfwlrqv dý eý f @ ý%> 3> % jlyh xv

, ,

Ilqdoo|/ zh kdyh d. eý f @ ý%> 3> %

, ,

Vxppdul}lqj/ zh kdyh

î wd A 3,Wzr fxvsv dqg d olqh zlwk wzr wulsoh lqwhuvhfwlrqv vhsdudwh>
î wd ? 3 ,Wzr fxvsv dqg d olqh hqwdqjoh lqwr wzr wulsoh lqwhuvhfwlrqv>
î wewf A 3,Olqh lv _ehwzhhq% fxvsv>
î wewf ? 3,Olqh lv _dfurvv% fxvsv>

818151 Ohyho vhwv iru wkh wlph ixqfwlrq

Wkh htxdwlrqv zh jhw iru J4 duh h{dfwo| wkh vdph dv wkh rqhv zh jrw lq wkh D5D5
fdvh/ l1h1/ zh kdyh Iv @ Ivv @ 3 dw +S>T4, dqg u @ 4@N4/ dqg

v6x @ ý
9N

Nv

Qrz/ wkh olqhdu v|vwhp zh duh orrnlqj iru lv jlyhq e| htxdwlrqv edvhg rq uJ4x/
uü45J dqg uü46J +khuh zh xvh ülm] wr uhsuhvhqw ]m ý ]l,1 Iurp 5/ xvlqj

Iv @ Ivv @ 3 dw T4/ zh prxqw wkh iroorzlqj olqhdu v|vwhp dw +x> d> e> f, @ +3> 3> 3> 3,=3C 4 3 3

3 4 3

3 3 4

4D @ gD

3C I4vwv4x ü45Iw ü46Iw
I4v{v4x ü45I{ ü46I{
I4v|v4x ü45I| ü46I|

4D
Qrz

G @

ññññññ
I4vwv4x ü45Iw ü46Iw
I4v{v4x ü45I{ ü46I{
I4v|v4x ü45I| ü46I|

ññññññ
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Ohw ò eh wkh dqjoh ehwzhhq W4 dqg W5 dqg ñ wkh dqjoh ehwzhhq W4 dqg W6 +dqg

ñ ý ò wkh dqjoh ehwzhhq W5 dqg W6,1 Wkhq zh kdyh wkh plqruv

Gd @

ññññ ü45I{ ü46I{
ü45I| ü46I|

ññññ @ ññ uQ5 ý uQ4 uQ6 ý uQ4 ññ @ vlq +ñ ý ò, . vlqòý vlqñ
N5
4

Ge @

ññññ I4v{v4x ü45I{
I4v|v4x ü45I|

ññññ @ v4x ññ ýW4 uQ5 ý uQ4 ññ @ v4x 4ý frvòN4

Gf @

ññññ I4v{v4x ü46I{
I4v|v4x ü46I|

ññññ @ v4x ññ ýW4 uQ6 ý uQ4 ññ @ v4x 4ý frvñN4

dqg wkhq

G @ v4x

ë
I4vw

vlq +ñ ý ò, . vlqòý vlqñ
N5
4

.ü45Iw
4ý frvñ
N4

.ü46Iw
4ý frvò
N4

ê

Iurp wkhvh h{suhvvlrqv1 zh fdq jhw

wd @
Gd
G
> we @ ýGe

G
> wf @

Gf
G

Qrwh wkdw wkh

wewf @ ýv
5
4x

N5
4

+4ý frvò, +4ý frvñ,
G5

? 3

vr zh h{shfw wkh olqh wr eh dozd|v _dfurvv% wkh fxvsv1 Wkh vhsdudwlrq ri wkh olqh

dqg wkh fxvsv kdsshqv zkhq

vlq +ñ ý ò, . vlqòý vlqñ
N4v

#
I4vw

vlq+ñýò,.vlqòývlqñ
N4

.

.ü45Iw +4ý frvñ, .ü46Iw +4ý frvò,

$
A 3

Xvlqj Htxdwlrqv 7

ü45Iw @ ýK5 ýK4
N4

> ü46Iw @ ýK6 ýK4
N4

I4vw @ ýK4v
N4

zh uhzulwh wkh vhsdudwlrq frqglwlrq dv

vlq +ñ ý ò, . vlqòý vlqñ
N4v

ë
+N4 +K5 ýK4, .K4v vlqò, +4ý frvñ,.
.+N4 +K6 ýK4,ýK4v vlqñ, +4ý frvò,

ê
? 3

Qrwh wkdw wkh slfwxuhv rq erwk vlghv ri wkh wudqvlwlrq duh yhu| vlplodu/ vr lw lv

kdug wr wdon derxw _vlpsolñfdwlrq% khuh1
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8191 Fdvh 8= D�D�D�D�

Wklv lv vlpso| d flufoh ri fhqwhu S wkdw lv wdqjhqw wr wkh fxuyh dw irxu srlqwv1

Wkh fdqrqlfdo irup kdv irxu sro|qrpldov

J4+x> d> e> f, @ ÷x5
J5+x> d> e> f, @ ÷x5 . d
J6+x> d> e> f, @ ÷x5 . e
J7+x> d> e> f, @ ÷x5 . f

819141 Ohyho elixufdwlrq vhw ri wkh fdqrqlfdo irup

Zh kdyh grqh doo wkh zrun iru wklv fdvh ehiruh1 Wkh _JlJl% fdvhv duh nqrzq qrw

wr surylgh dq| ohyho elixufdwlrq vxuidfhv1 Wkh fdvhv _J5J6%/ _J5J7% dqg _J6J7%

jlyhv xv wkh sodqhv d @ e/ d @ f dqg e @ f uhvshfwlyho|/ zkloh _J4J5%/ _J4J6% dqg

_J4J7% jlyhv xv wkh sodqhv d @ 3/ e @ 3 dqg f @ 31 Wkh ohyho elixufdwlrq vhw lv wklv

_sdshu fxw khoo%=

04

3

4

X
04 0318 3 318 4Y

04

0318

3

318

4

D4D4D4D4 elixufdwlrq vhw

Lw lv qrw kdug wr vhh wkdw wkh vhoi0lqwhuvhfwlrqv ri wklv ohyho elixufdwlrq vhw fruuh0

vsrqgv wr olqhv lq wkh gluhfwlrqv +4> 3> 3,/ +3> 4> 3,/ +3> 3> 4,/ +4> 4> 3,/ +4> 3> 4,/ +3> 4> 4,

dqg +4> 4> 4,/ vr/ dw ñuvw/ doo vljqv ri wd/ we/ wf/ wd. we/ wd. wf/ we. wf dqg wd. we. wf
pdwwhu1 Krzhyhu/ vlqfh wkh ohyho elixufdwlrq vhw deryh lv lqyduldqw wkurxjk shupx0

wdwlrqv ri wkh yduldeohv d/ e dqg f/ zh zloo rqo| frqvlghu wkh fdvhv

Fdvh wd we wf wd . we wd . wf we . wf wd . we . wf Uhsuhvhqwdwlyh

L . . . . . . . +4> 5> 6,

LL . . ý . . . . +5> 6>ý4,
LLL . . ý . . ý . +6> 4>ý5,
LY . . ý . ý ý . +5> 6> 7,

Y . . ý . ý ý ý +4> 5> 7,
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Wkh slfwxuhv iru hdfk fdvh duh

L= , ,

LL= , ,

�LLL= , ,

LY= , ,

Y= , ,

Qrwh wkdw wkh wzr vlghv ri hdfk wudqvlwlrq duh lqglvwlqjxlvkdeoh1 Dovr/ zkhq

uhyhuvlqj wkh vljqv ri doo h{suhvvlrqv wd/ we/ wf/ wd. we/ wd. wf/ we. wf dqg wd. we. wf/

mxvw uhdg wkh wudqvlwlrqv deryh lq wkh uljkw0wr0ohiw gluhfwlrq1

819151 Ohyho vhwv iru wkh wlph ixqfwlrq

Lq wklv fdvh/ zh fdq rewdlq d olqhdu v|vwhp lpphgldwho| iurp wkh glòhuhqfhv

uü45J/ uü46J dqg uü47J1 Lqghhg/ dw +x> d> e> f, @ +3> 3> 3> 3,=

3C 4 3 3

3 4 3

3 3 4

4D @ gD

3C ü45Iw ü46Iw ü47Iw
ü45I{ ü46I{ ü47I{
ü45I| ü46I| ü47I|

4D
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Qrz/ wkh plqruv lqghshqghqw ri wkh hyroxwlrq duh

Gd @

ññññ ü46I{ ü47I{
ü46I| ü47I|

ññññ @ u5 +vlq +ð ý ñ, . vlqñ ý vlq ð, @ 7u5 vlqëð ý ñ5
ê
vlq
íð
5

ì
vlq

ë
ñ

5

ê
Ge @

ññññ ü45I{ ü47I{
ü45I| ü47I|

ññññ @ u5 +vlq +ð ý ò, . vlqòý vlq ð, @ 7u5 vlqëð ý ò5
ê
vlq
íò
5

ì
vlq
íð
5

ì
Gf @

ññññ ü45I{ ü46I{
ü45I| ü46I|

ññññ @ u5 +vlq +ñ ý ò, . vlqòý vlqñ, @ 7u5 vlqëñ ý ò5
ê
vlq
íò
5

ì
vlq

ë
ñ

5

ê
dqg wkh elj ghwhuplqdqw lv

G @ ü45Iw Gf ýü46Iw Ge .ü47Iw Gf
zkhuh zh xvh qrz ò/ ñ dqg ð iru wkh wkuhh sdluv ri srlqwv1 Lw lv qrw zruwk h{sdqglqj

wd @
Gd
G

we @ ýGe
G

wf @
Gf
G

Krzhyhu/ zh vkrxog qrwh wkdw

wd . we . wf @
Gd ýGe .Gf

G
@
u5

G
+vlq +ð ý ñ,ý vlq +ð ý ò, . vlq +ñ ý ò,, @

@
7u5

G
vlq

ë
ñ ý ò
5

ê
vlq

ë
ð ý ò
5

ê
vlq

ë
ð ý ñ
5

ê
dqg wkhuhiruh

wdwewf +wd . we . wf, @

@ ý
ë
u7

G5
vlq
íò
5

ì
vlq

ë
ñ

5

ê
vlq
íð
5

ì
vlq

ë
ñ ý ò
5

ê
vlq

ë
ð ý ò
5

ê
vlq

ë
ð ý ñ
5

êê5
? 3

vr rqo| wudqvlwlrqv LL/ LLL dqg LY duh srvvleoh1 Vlqfh wkhvh 6 slfwxuhv duh orfdoo|

glòhrprusklf +ghvfulehg dv _wdnh d frqyh{ txdgulodwhudo dqg lwv gldjrqdov/ vkulqn

lw wrzdugv rqh ri lwv yhuwlfhv dqg wkhq vwduw h{sdqglqj wkh txdgulodwhudo rxw ri wklv

yhuwh{ rq wkh rwkhu vlgh,/ zh fdq vwdwh wkdw wkh| fruuhvsrqg wr wkh rqo| srvvleoh

wudqvlwlrq lq wklv fdvh1

Dv zh kdg vhhq ehiruh/ erwk vlghv ri wkh D4D4D4D4 wudqvlwlrq duh lqglvwlqjxlvk0

deoh/ vr wkhuh lv qrwklqj wr vd| lq wklv fdvh derxw wkh gluhfwlrq ri wkh wudqvlwlrq/ qr

pdwwhu zkdw wlph hyroxwlrq zh duh ghdolqj zlwk1

81:1 Ixuwkhu Zrun

Lw lv d elw vxusulvlqj wkdw wkh phgldo d{lv fdq jhw pruh _frpsolfdwhg% dv lwv

ruljlqdwlqj fxuyh jrhv wkurxjk PFP +dv lq wkh fdvh D6D4 deryh,1 Xvlqj wkh

fdofxodwlrqv deryh/ zh zlvk wr h{dplqh li wkhuh duh rwkhu fxuyh prwlrqv wkdw kdyh

wkh surshuw| ri dozd|v vlpsoli|lqj wkh phgldo d{lv1 Suholplqdu| uhvxowv lqglfdwh

wkdw wklv lv qrw wkh fdvh1



- è*i@ti êhð|i ,zðz'feý==ð={ûf>[vôC3ûJezf=f[å ùezðQ'f ?ðz'f9ç ð? �*i - 6:

DFNQRZOHGJPHQW

Aüðt êLh! ðt T@h| Lu +@*Tü Aið iðh@<t _LU|Lh@* |üitðt d2foc êhð||i? @| O@hñ@h_ N?ðñihtð|)( týUü
|üitðt ê@t @_ñðti_ M) èhLuë #@ñð_ �ý4uLh_ @?_ èhLuë èi|ih BðM*ð?c @?_ T@h|ð@**) tTL?tLhi_ M)
|üi îh@3ð*ð@? @}i?U) çûè^ EçL?ti*üL û@UðL?@* _i èit^ýðt@äc |ühLý}ü ThLUitt 2f�2fD*b2ë AL @**
Lu |üi4c Lýh |ü@?!të

UHIHUHQFHV

�ë ùý}ýt|e cèe CBAAjOBý6e ùèe BAa ~ýW"jie 7è bè ï? |üi iñL*ý|ðL? Lu |üi t!i*i|L?ë AiUü?ðU@*
+iTLh| #ç5%A+ ��.bc v@*i N?ðñihtð|)c #iT@h|4i?| Lu çL4Tý|ih 5Uði?Uië

2ë ë,ý6e Qè ú |h@?tuLh4@|ðL? uLh i |h@U|ð?} ?iê _itUhðT|Lht Lu tü@Tië W? �L_i*t uLh |üi èihUiTí
|ðL? Lu 5TiiUü @?_ Vðtý@* 6Lh4 EîLt|L?c ûLñë �bSeäc `ë @̀|üi?í#ý??c ,_ëc #@|@ 5Uði?Uit
w@MLh@|Lh) Lu |üi úðh 6LhUi ç@4Mhð_}i +iti@hUü w@MLh@|Lhðitc Aüi �ëWëAë èhittc TTë ôS2õôHfë

ôë ëiW"jie Cè #ðgihi?|ð@* Bih4t @?_ ç@|@t|hLTüitc ñL*ë �. Lu wL?_L? �@|üi4@|ðU@* 5LUði|)
wiU|ýhi ûL|i 5ihðitë ç@4Mhð_}i N?ðñihtð|) èhittc ç@4Mhð_}ic Bhi@| îhð|@ð?c �b.Dë Ah@?t*@|i_
M) wë w@?_ihë

eë ëiýWje cè bèe BAa DíO,íAe åè cè BhLê|üc 4L|ðL? @?_ �íT@h@4i|ih u@4ð*ðit Lu t)44i|h) ti|të
èhLUii_ð?} Lu |üi +L)@* 5LUði|) Lu ,_ð?Mýh}ü E�bHSäë

Dë ëiýWje cè bèe DíO,íAe åè cèe BAa DíOtNAe äè Dè 5)44i|h) ti|të èhLUii_ð?} Lu |üi +L)@*
5LUði|) Lu ,_ð?Mýh}ü E�bHDäë

Së äûjAe vèêDèe Dí}Be vèe BAa DN|Ne 7è N?ð^ýi?itt @4_ i ðt|i?Ui Lu ñðtULtð|) tL*ý|ðL?t Lu
}i?ih@*ð3i_ 4i@? Uýhñ@|ýhi ãLê i^ý@|ðL?të aLýh?@* Lu #ðgihi?|ð@* BiL4i|h) E�bb�äë

.ë .îBAte wè äèe BAa 7ViýW"e cè �L|ðL? Lu *iñi* ti|t M) 4i@? Uýhñ@|ýhië ðë aLýh?@* Lu #ðgihi?|ð@*
BiL4i|h) E�bb�äë

Hë DB}je �èe BAa QB6í,|NAe -è 7è Aüi üi@| i^ý@|ðL? tühð?!ð?} UL?ñi T*@?i Uýhñitë aLýh?@*
Lu #ðgihi?|ð@* BiL4i|h) E�bHSäë

bë DB}je �è .è çýhñi tüLh|i?ð?} 4@!it UL?ñi Uýhñit UðhUý*@hë W?ñi?|ðL?it �@|üi4@|ðU@i
E�bHeäë

�fë DíO,íAe åè cèe BAa ëiBttj||e 7è ùè wLU@* t)44i|h) Lu T*@?i Uýhñitë Aüi ú4ihðU@? �@|üií
4@|ðU@* �L?|ü*) b2 E�bHDäë

��ë DíO,íAe åè cèe BAa ì?7ûjBe $è ëè Aüi Mð|@?}i?| tTüihi ThLM*i4ë Aüi ú4ihðU@? �@|üi4@|ðU@*
�L?|ü*) b.c � Ea@?ë �bbfäc Dõ2ôë

�2ë DiB+tNAe �è ùè Aüi üi@| i^ý@|ðL? tühð?!t i4Mi__i_ T*@?i Uýhñit |L hLý?_ TLð?|të aLýh?@*
Lu #ðgihi?|ð@* BiL4i|h) E�bH.äë

�ôë lí6íBe ëè ëèe CBAAjAOBý6e ùè -èe BAa ~ýW"jie 7è bè ALê@h_t @ UL4Tý|@|ðL?@* |üiLh) Lu
tü@TiG @? Lñihñðiêë AiUü?ðU@* +iTLh| çW�íHbí�ôc �UBð** N?ðñihtð|)c #iT@h|4i?| Lu ,*i|hðU@*
,?}ð?iihð?}c �L?|hi@*c ç@?@_@c aý?i �bHbë

�eë lí6íBe ëè ëèe CBAAjAOBý6e ùè -èe BAa ~ýW"jie 7è bè ï? |üi iñL*ý|ðL? Lu Uýhñit ñð@ @
uý?U|ðL? Lu Uýhñ@|ýhic ðG |üi U*@ttðU@* U@tië aLýh?@* Lu �@|üi4@|ðU@* ú?@*)tðt @?_ úTT*ðU@|ðL?t
E�bb2äë

�Dë lí6íBe ëè ëèe CBAAjAOBý6e ùè -èe BAa ~ýW"jie 7è bè 5ü@Titc tüLU!t @?_ _iuLh4@|ðL?t
ðG |üi UL4TL?i?|t Lu tü@Ti @?_ |üi hi@U|ðL?í_ðgýtðL? tT@Uië AiUü?ðU@* +iTLh| w,�5í�fDc
îhLê? N?ðñihtð|)c #ðñðtðL? Lu ,?}ð?iihð?}c aý?i �bb2ë

�Së wNNíæjA}Be .è cè úè 5|hýU|ýh@* 5|@Mð*ð|) Lu 54LL|ü 6@4ð*ðit Lu çíð?�?ð|) 6ý?U|ðL?të èü#
_ðttih|@|ðL?c N?ðñihtð|) Lu ú4t|ih_@4ë

�.ë �N|5"íAe Cè 5ýh ^ýi*^ýit ThLThð�i|�it U@h@U|�ihðt|ð^ýit _it i?ti4M*it UL?ñi itë ú||ð _i**@ +i@*i
úUU@_i4ð@ û@3ðL?@*i _ið wð?Uið 2�c . EúThë �bôDäc DS2õDS.ë

�Hë 7jiiBe cèc ,_ë W4@}i ú?@*)tðt @?_ �@|üi4@|ðU@* �LhTüL*L})ë ûLë 2ë úU@_i4ðU èhittc 5@?
#ði}Lë

�bë Cjí!jíiBe -è äè �i_ð@* @ it @?_ 4i@? Uýhñ@|ýhi 4L|ðL? ðG +i}ý*@h TLð?|të ThiThð?| ë

2fë Cjí!jíiBe -è äè çýhñ@|ýhi �L|ðL?tc �i_ð@* ú it @?_ #ðt|@?Ui Ah@?tuLh4të èü# _ðttih|@|ðL?c
O@hñ@h_ N?ðñihtð|)c ç@4Mhð_}ic �úc �bbHë #iT@h|4i?| Lu �@|üi4@|ðUtë

2�ë výe ~èe äNAiBae äèe BAa .W"ûBia|e Pè +i}ý*@hð3@|ðL? Lu |üi 4i_ð@* @ ðt |h@?tuLh4ë W?
AüiLhi|ðU@* 6Lý?_@|ðL?t Lu çL4Tý|ih VðtðL?c +ë k*i||i @?_ `ë Bë khLT@|tUüc ,_tëc ?Lë Sb ð?
�@|üi4@|ðU@* +iti@hUüë


