HOMOGENIZATION OF DEGENERATE POROUS MEDIUM TYPE EQUATIONS
IN ERGODIC ALGEBRAS

HERMANO FRID AND JEAN SILVA

ABSTRACT. We consider the homogenization problem for general porous medium type equations of the form
z

ut = Af(xz, —,u), where f(z,vy,-) is increasing but may degenerate in the sense that fu(z,y, ) may vanish
€

on a set with empty interior. We address both, the Cauchy problem and the initial-boundary value problem,
with null boundary condition. The homogenization is carried out in the general context of ergodic algebras.

1. INTRODUCTION
In this paper we consider the homogenization of a porous medium type equation of the general form
T
Uy = Af(il?, 77u)7
€

where f(x,y,-) is increasing and locally Lipschitz, uniformly in (z,y), and may degenerate, in the sense that
fu(z,y,-) may vanish in a set with empty interior. We consider both, the Cauchy problem and the initial-
boundary value problem with null boundary condition. In the case of the Cauchy problem, the discussion
here largely extends the corresponding one in [3] concerning the homogenization of the particular type of
such equations where f(z,y,u) = f(u) 4V (y), in the nondegenerate case. As in [3], we assume that for each
(z,u), f(z,-,u) belongs to a given general ergodic algebra, but we restrict the initial data to “well-prepared”
ones, that is, functions of the form g(z, £, ¢o(x)), where, for each (z,y), g(x,y,) is the inverse of f(z,y,"),
and ¢o € L>®(R™). Actually, in this case, as in [3], we just consider f = f(y,u), since the general case
f = f(z,y,u) follows easily from this simpler case where the notation is less cumbersome. In the case of
the initial-boundary value problem, the discussion in this paper largely extends the corresponding one in
[15], where we consider the special case f(z,y,u) = f(u) + V(x,y) with f nondegenerate. As in [15], the
method applied in this case allow initial data which do not need to be “well-prepared”. However, again as
in [15], we have to restrict the homogenization analysis to regular algebras with mean value. The latter is
a concept introduced here which includes the Fourier-Stieltjes algebras introduced in [15]. We prove that
such an algebra with mean value (algebra w.m.v., in short) is ergodic. We recall that the theory of algebras
w.m.v. and ergodic algebras was first developed by Zhikov and Krivenko in [28] (see also [17]).

As in [2, 3, 15], one of the main tools used here in the study of the homogenization problem is the
parametrized family of two-scale of Young measures. We recall that two-scale Young measures were first
introduced by W. E in [12] as a nonlinear extension of the concept of two-scale convergence introduced by
Nguetseng in [23] and further developed by Allaire in [1].

This paper is organized as follows. In Section 2 we recall the concepts of algebra w.m.v., generalized
Besicovitch space and ergodic algebra. We also recall a general result established in [3] which relates such
algebras and the translation operators acting on them with the continuous functions defined on certain
compact spaces and certain groups of homeomorphisms of these compact spaces. In Section 3, we introduce
the concept of regular algebra w.m.v., prove that these are ergodic algebras, and that this concept includes
the Fourier-Stieltjes spaces FS(R™). In Section 4, we briefly recall the general result of [3] on the existence
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of two-scale Young measures associated with a given algebra w.m.v. In Section 5, we provided a self-
contained discussion about the well-posedness of the Cauchy problem and the initial-boundary value problem
with null boundary condition for degenerate porous medium type equations. In Section 6, we consider the
homogenization problem for porous medium type equations defined in all R™ and we analize the case of the
Cauchy problem. Finally, in Section 7, we consider the homogenization problem for porous medium type
equations defined in a bounded domain and we analize the case of the initial-boundary value problem with
null boundary condition.

2. ERGODIC ALGEBRAS

In this section we recall some basic facts about algebras with mean values and ergodic algebras that will
be needed for the purposes of this paper. To begin with, we recall the notion of mean value for functions
defined in R™.

Definition 2.1. Let g € L (R™). A number M (g) is called the mean value of g if

loc

(2.1) lim [ g(e 'z)dx = |A|M(g)

e—=0 f4
for any Lebesgue measurable bounded set A C R™, where |A| stands for the Lebesgue measure of A. This is
the same as saying that g(¢~!z) converges, in the duality with L> and compactly supported functions, to
the constant M(g). Also, if A; ;== {z € R® : t~lx € A} for t > 0 and |A| # 0, (2.1) may be written as

(2.2) g(z)dx = M(g).

lim ——
=0 17 A] /4,
We will also use the notation f, g dx for M(g).

As usual, we denote by BUC(R"™) the space of the bounded uniformly continuous real-valued functions in
R™.
We recall now the definition of algebra with mean value introduced in [28].

Definition 2.2. Let A be a linear subspace of BUC(R™). We say that A is an algebra with mean value (or
algebra w.m.v., in short), if the following conditions are satisfied:

(A) If f and g belong to A, then the product fg belongs to A.

(B) A is invariant under the translations 7, : R” — R”,  — x +y, y € R”, that is, if f € A, then
Tyf € A, for all y € R"™, where 7 f := foT, f €A

(C) Any f € A possesses a mean value.

(D) A is closed in BUC(R™) and contains the unity, i.e., the function e(x) := 1 for x € R™.

Remark 2.1. Condition (D) was not originally in [28] but its inclusion does not change matters since any
algebra satisfying (A), (B) and (C) can be extended to an algebra satisfying (A)—(D) in an unique way
modulo isomorphisms.

For the development of the homogenization theory in algebras with mean value, as it is done in [28, 17]
(see also [7, 3]), in similarity with the case of almost periodic functions, one introduces, for 1 < p < oo, the
space BP as the abstract completion of the algebra A with respect to the Besicovitch seminorm

1/p
o= (f, 117as)

Both the action of translations and the mean value extend by continuity to BP, and we will keep using the
notation 7, f and M(f) even when f € BP. Furthermore, for p > 1 the product in the algebra extends to a
bilinear operator from BP x B? into B, with ¢ equal to the dual exponent of p, satisfying

‘fg|1 < |f|p|9‘q‘
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In particular, the operator M (fg) provides a nonnegative definite bilinear form on B2.
Since there is an obvious inclusion between elements of this family of spaces, we may define the space B>
as follows:
B*={fe (] B": sup |f],<oc},
1<p<oo 1<p<oo
We endow B> with the (semi)norm
|f|oo ‘= Sup |f‘p

1<p<oo
Obviously the corresponding quotient spaces for all these spaces (with respect to the null space of the

i3
seminorms) are Banach spaces, and in the case p = 2 we obtain a Hilbert space. We denote by B:, the
equivalence relation given by the equality in the sense of the BP semi-norm. We will keep the notation B?
also for the corresponding quotient spaces.

Remark 2.2. A classical argument going back to Besicovitch [4] (see also [17], p.239) shows that the elements
of B? can be represented by functions in L} (R"), 1 < p < oo.

We next recall a result established in [3] which provides a connection between algebras with mean value
and the algebra C'(K) of continuous functions on a certain compact (Hausdorff) topological space. We state
here only the parts of the corresponding result in [3] that will be used in this paper.

Theorem 2.1 (cf. [3]). For an algebra A, we have:

(i) There exist a compact space K and an isometric isomorphism i identifying A with the algebra C(K)
of continuous functions on K.

(ii) The translations 7, : R* — R", myo = x + vy, induce a family of homeomorphisms T(y) : K — K,
y € R™, satisfying the group properties T(0) = I, T(x +y) = T(x) o T'(y), such that the mapping
T:R"x K=K, T(y,z):=T(y)z, is continuous.

(iii) The mean value on A extends to a Radon probability measure m on K defined by

/i(f)dm:: fdz, feA,
K

Rn

which is invariant by the group of homeomorphisms T(y) : K — K, y € R™, that is, m(T'(y)E) =
m(E) for all Borel sets E C K.

(iv) For 1 <p < oo, the Besicovitch space BP s isometrically isomorphic to LP(KC,m).
2
A function f € B? is said to be invariant if 7, f z f, for all y € R™. More clearly, f € B2 is invariant if
(2.3) M(|m, f = fI?) =0, for all y € R™.
The concept of ergodic algebra is then introduced as follows.

Definition 2.3. An algebra w.m.v. A is called an ergodic algebra if any invariant function f belonging to
the corresponding space B? is equivalent (in B?) to a constant.

A very useful alternative definition of ergodic algebra is also given in [17], p. 247, and shown therein to
be equivalent to Definition 2.3. We state that as the following lemma.

Lemma 2.1 (cf. [17]). Let A C BUC(R"™) be an algebra w.m.v.. Then A is ergodic if and only if

. 1 2
(2.4) tlggoMy (}Wo’t)l o f(x+y)dx—M(f)| ) =0 Vf e A
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3. REGULAR ALGEBRAS W.M.V. AND THE FOURIER-STIELTJES SPACE FS(R").

In this section we introduce the concept of regular algebra w.m.v. and recall the definition and some
basic properties of the Fourier-Stieltjes space introduced by the authors in [15], which is, to the best of our
knowledge, the largest known example of a regular algebra w.m.v..

For any f € L*°(R"), let us denote by f the Fourier transform of f defined as the following distribution

(F.6):= [ F@d)ds,  forall 6 € CX®),
where ¢ denotes the usual inverse Fourier transform of ¢, i.e.,
. 1 )
_ Y-z
6a) = G [ S da.
Given an algebra w.m.v. A, let us denote by V(.A) the subspace formed by the elements f € A such that
M(f) = 0, namely,

V(A) :={feA: M(f)=0}.

Also, let us denote by Z(A) the subset of those f € A such that the distribution f has compact support not
containing the origin 0, that is,

Z(A):={f € A : supp(f) is compact and 0 ¢ supp(f)}.

We collect in the following lemma some useful properties of the functions in Z(.A), whose proof is found
in [17], p. 246.

Lemma 3.1 (cf. [17]). Let A be an algebra w.m.v. in R™ and f € Z(A). Then:

(i) There exists u € C*(R™) N Z(A) such that Au = f, where A is the usual Laplace operator in R™;
u = [ ( for certain smooth function (, fast decaying together with all its derivatives, satisfying
{ € C(R™) and 0 ¢ supp(().

(ii) For any Borelian Q C R™, with |Q| > 0, we have

(3.1) fle+y)dx =0, uniformly in y € R™.

M wal Lo,
The fundamental result about ergodic algebras, proved by Zhikov and Krivenko [28], is the following.

Theorem 3.1 (cf. [28]). If A is an ergodic algebra, then Z(A) is dense in V(A) in the topology of the
corresponding space B2.

The following immediate corollary of Theorem 3.1, established in [3], will be used in Section 6 concerning
the homogenization of a porous medium type equation.

Lemma 3.2 (cf. [3]). Let A be an ergodic algebra in BUC(R™) and h € B? such that M(hAf) = 0 for all
f € A such that Af € A. Then h is B?-equivalent to a constant.

Theorem 3.1 also motivates the following definition.

Definition 3.1. An algebra w.m.v. A is said to be regular if Z(.A) is dense in V(A) in the topology of the
sup-norm.

We have the following important fact about regular algebras w.m.v..

Proposition 3.1. If A is a regular algebra w.m.v., then A is ergodic.
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Proof. We are going to use the characterization of ergodic algebras provided by Lemma 2.1. Let f € A.
Clearly, to prove (2.4), we may assume M(f) = 0. Now, since A is regular, given ¢ > 0, we may find
g € Z(A) such that ||f — g|lcc < &. Hence,

1 2 1 2
lim sup M, 7/ flx+y)de]” | <2 lim My | |+~ g(x +y)do|” | + 2% = 262,
tsoo  © <| |B(0; )] J o) } t=oo Y } |B(0; )] J (o) ‘
where we used Lemma 3.1(ii) for the last equality. This implies (2.4). O

We next state a property of regular algebras w.m.v. which will be used in our application to homogenization
of porous medium type equations on bounded domains in the final part of this paper.

Lemma 3.3. Let A be a regular algebra w.m.v. If f € V(A), then for any ¢ > 0 there exists a function
ue € Z(A) satisfying the inequalities

(3.2) f—e<Au.< f+e.

Proof. This follows immediately from Lemma 3.1(i) and Definition 3.1. O

The space FS(R™) introduced in [15] provides a very encompassing example of a regular algebra w.m.v..

Definition 3.2. The Fourier-Stieltjes space, denoted by FS(IR™), is the completion relatively to the sup-norm
of the space of functions FS,(R™) defined by

(3.3) FS,.(R") := {f ‘R" R : f(z) = / eV dy(y) for some v € M*(R")} ,

where by M..(R™) we denote the space of complex-valued measures p with finite total variation, i.e., |u|(R™) <
00.

Recall that a subalgebra B C A is called an ideal of A if for any f € A and g € B we have fg € B. Let
Co(R™) denote the closure of C°(R™) with respect to the sup norm. The following result was established
in [15].

Proposition 3.2 (cf. [15]). FS(R") C BUC(R") and it is an algebra w.m.v. containing Co(R™) as an
ideal. Moreover, FS(R™) is a regular algebra w.m.v. and the space PAP(R™) of the perturbed almost periodic
functions, defined as

PAPR") :={f € BUC(R") : f=g+1, g € AP(R"), ¢ € Co(R™)},
is a closed strict subalgebra of FS(R™).

4. TwWO-SCALE YOUNG MEASURES

In this section we recall the theorem giving the existence of two-scale Young measures established in [3].
We begin by recalling the concept of vector-valued algebra with mean value.
Given a Banach space E and an algebra w.m.v. A, we denote by A(R™; E) the space of functions f €
BUC(R™; F) satisfying the following:
(1) Ly := (L, f) belongs to A for all L € E*;
(ii) The family {Ly : L € E*, |L|| < 1} is relatively compact in A.

Theorem 4.1 (cf. [3]). Let E be a Banach space, A an algebra w.m.v. and KC be the compact associated with

A. There is an isometric isomorphism between A(R™; E) and C(K;E). Denoting by g — g the canonical

map from A to C(K), the isomorphism associates to f € A(R™; E) the map f € C(K;E) satisfying
(4.1) (L, f)=(L,fy e C(K) VLe E*

In particular, for each f € AR™ E), || fllg € A.
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For 1 < p < oo, we define the space LP(K; E) as the completion of C'(K; E) with respect to the norm

| - Iy, defined as usual,
1/p
151 = [ 151 am)
K

As a standard procedure, we identify functions in LP that coincide m-a.e. in K.
Similarly, we define the space BP(R"; E) as the completion of A(R"™; F) with respect to the seminorm

1/p
o= (f I1pas)

identifying functions in the same equivalence class determined by the seminorm | - |,. Clearly, the isometric
isomorphism given by Theorem 4.1 extends to an isometric isomorphism between BP(R™; FE) and LP(K; E).
The next theorem gives the existence of two-scale Young measures associated with an algebra A. For the
proof, we again refer to [3].
Let @ C R™ be a bounded open set and {u.(x)}.~¢ be a family of functions in L>®(; K), for some
compact metric space K.

Theorem 4.2. Given any infinitesimal sequence {¢;}ien there exist a subnet {uc,, }aep, indezed by a
certain directed set D, and a family of probability measures on K, {v, »}.ex zcq, weakly measurable with
respect to the pmduct of the Borel o-algebras in KC and R™, such that

(4.2) hm/ L s Uey g (7)) dv = / / Vew, (2, 2,)) dm(z) dx Vo € A(R™;Co(Q2 x K)).
i(d)

Here & € C(K;Co(2 x K)) denotes the unique extension of ®. Moreover, equality (4.2) still holds for
functions ® in the following function spaces:

(1) B (R™ Co(2 x K);

(2) BP(R™;C(Q x K)) with p > 1;

(3) LY AR™; C(K))).

As in the classical theory of Young measures we have the following consequence of Theorem 4.2.

Theorem 4.3. Let Q C R"™ be a bounded open set, let {ue} C L°(;R™) be uniformly bounded and let v,
be a two-scale Young measure generated by a subnet {u.(q) taep, according to Theorem 4.2. Assume that U
belongs either to L*(Q; A(R™;R™))) or to BP(R™; C(Q;R™)) for some p > 1. Then

(4.3) Vex = Ou(zzy if and only if li[r)n |ty (x) — U(%,x)\\y(g) =0.

5. SOME RESULTS ABOUT A POROUS MEDIUM TYPE EQUATION

In this section, we review some results about the Cauchy problem and an initial-boundary value problem
for a porous medium type equation which will be used later. More specifically, we consider the Cauchy
problem

(5.1) 0w — Af(z,u) =0, (z,t) € R := R™ x (0, +00),

(5.2) u(z,0) = up(x), z € R,

and, for 2 C R™ open bounded with smooth boundary, we consider the initial-boundary value problem
(5.3) ou — Af(z,u) =0, (z,t) € Q :=Q x (0,+00),

(5.4) u(z,0) = up(z), z € Q, u(z,t) =0, (x,t) € 0N x (0,00).

For the purposes of this paper, we assume that f(z,u) satisfies the following hypotheses, where I is an
arbitrary compact interval of R:
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(fl) f :R*" xR = R (f : @ xR — R, resp.) is continuous and, for each x € R" (x € Q, resp.),
f(z,-) : R — R is increasing and locally Lipschitz continuous uniformly in z.

(f2) D2 f(x,u) and D¢ fy(x,u), |a| < 2, are uniformly bounded for (x,u) € R™ x I (resp.,  x I).

(f3) There exists a constant 6y > 0 such that

(55) _fu(x’u) + 00 Z |fu,z1 (ZL',U)‘ < 07

i=1
for all (z,u) € R™ x I (resp., (z,u) € Q x I).

Observe that assumption (f3) is trivially satisfied by functions of the form f(z,u) = a(x)u|u["® + b(z),
with 7, a, b smooth, v(z) > v > 0 and a(z) > ap > 0, x € R™ (z € Q).
Specifically for the problem (5.3),(5.4) we also assume:

(f4) f(z,0) =0 for x € ON.

Concerning the initial data, we assume
ug € L=(R"™) (up € L™(£2), resp.).

Because of our assumptions on f(z,u), namely the fact that f(z,-) is increasing, for each x, equation (5.1)
is only mildly degenerate, in other words, it still belongs to the “non-degenerate” class, in the classification of
[5]. Nevertheless, it is degenerate in the sense that f,(z,-) can vanish on a set ' C R, provided A/ does not
contain a non-empty open interval. The simplest and prototypical example is the classical porous medium
equation, for which f(z,u) = u|u|”, v > 1. We remark that for the latter, due to a comparison principle,
we can always guarantee that u(z,t) > 0 if ug(x) > 0, which is physically desirable. For this reason, we can
view f(u) = vt u > 0, as defined in R, trivially extended as u|u|”. This motivates our choice of taking
f(z,-) as defined in the whole R, which is a matter of convenience.

The study of the well-posedness of the Cauchy problem for general quasilinear degenerate parabolic
equations starts with Volpert and Hudjaev [26], for initial data in BV, where the L!-stability was achieved
completely only in the isotropic case, that is, for a diagonal viscosity matrix. The results in [26] were
extended to the initial boundary value problem in [27]. Well-posedness in the isotropic case with initial data
in L* was established by Carrillo [5] in the homogeneous case where the coefficients do not explicitly depend
on (z,t). A purely L' well-posedness theory for the homogeneous anisotropic case was established by Chen
and Perthame in [9]. The latter was extended to the non-homogeneous anisotropic case in [8]. We refer to
the bibliography in the cited papers for a more complete list of references on the subject.

Equation (5.1) is a particular case of a degenerate non-homegeneous isotropic equation and, as we said
above, its degeneration is of a mild type which makes its study a bit simpler than that of the general
degenerate equation. Here we will briefly sketch its analysis in order to introduce some notations and some
particular results that will be needed in our study of the homogenization of porous medium type equations
in Section 6. For the stability results, we follow closely the analysis in [5] and show which adaptations of
the results in [5] need to be made in order to handle the explicit dependence on x of f. For the existence
of solutions, which follows from the compactness of the sequence of solutions of regularized (nondegenerate)
problems, we use a method motivated by Kruzkhov [19]. We remark that recently Panov [24] has obtained a
very general compactness result that, in particular, would imply the one proved here. However the techniques
used in [24] are out of the scope of the present paper and we think it is appropriate here to provide a simple
and direct proof of this compactness result.

Definition 5.1. A function u € L®(R") is said to be a weak solution of the problem (5.1),(5.2) if the
following hold:
(1) f@,u(z,t)) € LE,((0, 00); Hyo(R™));

loc
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(2) For any ¢ € C2°(R™*!), we have
5.6 ups — Vf(x,u) - Vodzdt + upp(z,0)dr = 0.
Ri+l R™

Similarly, a function u € L*°(Q) is said to be a weak solution of the problem (5.3),(5.4) if the following hold:

(3) f(w,u(x,t)) € Li,.((0,+00); Hg ().
(4) Given ¢ € C(Q x R), we have

(5.7) / udp — Vf(x,u) Vodzdt + / uo(z)p(x,0)dx = 0.
Q Q

Let u be a weak solution of either (5.1),(5.2) or (5.3),(5.4). Denoting by (-,-) the usual pairing between

H=Y(U) and H}(U) when U C R"™ is open, we can conclude from (5.6) (resp., from (5.7)) that
Oru € LIQOC(RJF; H_I(Rn))7 (resp., Oru € LIQOC(R+; H_l(Q)))

loc loc

so that the equality (5.6) is equivalent to

(5.8) / (Oru, o) dt+/ . Vf(amu)ngodxdt—/ uop(x,0)dx =0,
0 R

n

for all ¢ € C°(R™*1), while (5.7) is equivalent to

(5.9) / (Oru, ) dt + / Vi(z,u) Vededt — / uop(x,0)dx = 0.
0 Q Q
Let Hs : R — R be the approximation of the function sgn given by

for s > 6,

L,
H;(s) = § for [s| <6 .
-1, fors<—0

Given a nondecreasing Lipschitz continuous function ¥ : R — R and k& € R, we define

A
BN = [ o)

Concerning the function Bf;, we will make use of the following lemma which is a version of a lemma in [5],
whose proof remains essentially the same and for which, therefore, we refer to [5].

Lemma 5.1. Let u € L®(R™") be a weak solution of (5.1),(5.2). Then, for a.e. t € (0,+00), we have
t
| [ Biwwedsde+ [ Biwuoetwo) s~ [ By u0)ele.n ds
0 n R'Vl n

t
= —/ (Osu, ¥(f (x,u))p) ds
0
Vk € R and for all 0 < p € C°(R™H).
Similarly, let uw € L*(Q) be a weak solution of (5.3),(5.4). Then, for a.e. t € (0,400), we have

/ Bl (z,u)p,dsdx + | Bh(z,u(x,0))p(z,0)dr — / B (z,u(t))p(z, t) da
0o Ja

Q Q

t
_ / (Ot 9(f (. 0))p) ds,
0
Vk €R and V0 < ¢ € CX(Q x R).
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Let us denote

Is(Ny) = Hs(A— f(y,k)) and By, (z,\;y) := By, (2, ).
Next we state and prove a lemma which is also an adaptation of a similar result in [5].
Lemma 5.2 (Entropy production term). Let u be a weak solution of the Cauchy problem (5.1),(5.2), with
ug € L>*(R™). Then

(5.10) B, (w, usy)pe — Hs(f(x,u) — f(y, k) Vf(z,u) - Vi da dt

n+1
R+

= /Rm IV f (@, w) PH5(f (z,u) — f(y, k) da dt,

+

for allk € R and all 0 < ¢ € O (R,
Similarly, let u € L*(Q) be a weak solution of (5.3),(5.4). Then,

(5.11) /Q BE (e wsy)pr — H(f () — Fy, k)Y f () - Vip dr

- /Q IV f ) PH(f (2 0) — f(y, b)) o dar dit

for allk € R and all 0 < p € C(Q).

Proof. By the Lemma 5.1, we have

“+oo
- / v, Hy(f(zu) — fu R))g)dt = | BY,(x,uiy)pr dodt.

n+1
R+

Since u is a weak solution and Hs(f(z,u) — f(y,k))p is a test function for each fixed y and k, we get

+oo
- / (Oruu, Hs(f (. 0) — £y, k))o) d — / (Y (@ w) - V(H(f (2, 0) — (g }))g)} de dt = 0.

n+1
+

This equality with the previous one gives
/R"H{Bg& (z,u;9)or — Vf(x,u) - V(Hs(f(z,u) — f(y, k))p)}dedt =0,
i

and this equality yields (5.10).
The proof of (5.11) follows similarly with obvious adaptations.
O

The following theorem, which follows from (5.10) (resp., (5.11)), by using doubling of variables, and the
trick of completing the square in [5], theorem 13, p. 339, will be used in our analysis of the homogenization
problem in Section 6. We give its proof here for the reader’s convenience.

Theorem 5.1. Let uy,us be weak solutions of the Cauchy problem (5.1),(5.2) with initial data w1, ug2 €
L>*(R"™). Then we have the following:

(i) For all 0 < ¢ € O (RM), we have

(5.12) /Rn+1 lug (z,t) —ua(x,t)|or — V|f(z,u1(z,t)) — f(z,uz(z,t))| - Vo dzdt > 0.
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(ii) If ug is a stationary solution, then

(5.13) BSE(I) (z,u1(x,t))p da dt

n+1
R+

- Hs(f(z,ua(2,1)) = [z, u9(2))) VI (2, u1(2,1)) = [z, u2(2))] - Vo dur di

R
= [ VI (o) = fo @) o) = o)) dadr
for all0 < p € CE(RYT).

Similarly, if uy,us are weak solutions of the initial-boundary value problem (5.3),(5.4), with initial data
uo1, g2 € L>(Q), then we have the following:

(iii) For all 0 < ¢ € C=(Q), we have
(5.14) /Q a2, 8) — uz (s Ol — VI (@ an (@, 1)) — (s usa, 1)) - Vodadt > 0.
(iv) Ifus is a stationary solution, then
(5.15) _ /Q B2 (2, uy (2, 1))y i di
+/QH5(f($»U1($,t)) = f(z,uz(2))V[f(z,ui(z,1)) — f(z,u2(2))] - Vo da dt
= —/Q IVIf(z,ui(z,1) = [z, ua (@) Hy(f (2, ur (2, 1)) = (2, ua(x)))p da dt,

for all 0 < p € C°(Q).

Proof. We begin by proving the assertions concerning the Cauchy problem (5.1),(5.2). Let u; = u(z,t) and
us = us(y, s). By (5.10) applied to u;, we have

/R”Jrl{Bg(s(xvul;y)qﬁt - Hﬁ(f(xaul) - f(yak))vwf<x7u1> . Vm¢} dx dt
= [ IVaFe ) PHy(F ) = f )6 do e,

+

for all k € R and for all 0 < ¢ € C°((RT1)?). Setting k = us and integrating in y, s, we obtain

/( : {By: (z,u1;9)¢e — Hs(f(z,u1) = [y, u2))Va f(z,u1) - Voo da dt dy ds
Ri—%—l 2

(5.16) :/ o Vo f (z,u) PH(f (2, u1) — f(y,u2))¢ dx dt dy ds.
R+
Now, applying (5.10) to usg, taking k = u; and integrating in x, ¢, we obtain

/() {B:;; (1025 2)s + Ho((,0) = [ (9,102)) V. f (9, 1)- qus} de dt dy ds

(.17) = [, T G PH ) = £ ) iy s
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Now, note that

0= Vyf(y,u2) - Vo[ Hs (f (2, ur) — f(y, u2)) @) du dt

Ry
= [ AT 0a) T ) H ) = £ 000+ Hlf ) = F0002))V(30) - ¥ d
and so we have
/(Rn+1)2 Hs(f (x,u1) = f(y,u2)) Vo f (y, u2) - Voo da dt dy ds
(5.18) = /( : Vo f(y,u2) - Vo f(z,u)Hs(f(z,u1) — f(y,u2))¢drdt dy ds
RYT)2

Analogously,

/( : Hs(f(z,u1) — f(y,u2))Vaf(z,u1) - Vypdedtdyds
R7H!)2

(5.19) = / Vo f(y,u2) Vo f(z,u)Hs(f(z,u1) — f(y,u2))pdx dt dy ds
R+
Adding (5.16) and (5.19) yields

[ Bt mi + Hh 0, 0) = 0 02) 90 0) - (49,00 oty

(5.20) = /( o {sz(x,u1)|2 + Vo f(z,ug) - Vyf(y,uQ)}H(’;(f(m,ul) — f(y,u2))pdx dtdy ds
Ry
Further, multiplying (5.17) by —1 and adding to (5.18) gives

/@wl)z {BZ;; (y,u2; 2)ds + Hs(f (2, u1) — f(y,u2))Vy f(y,u) - (Vi + vm} dx dt dy ds

21 B /(R1+1)2 {IVyf(y,u2)|2 = Vaf(z,ur)- Vyf(yauz)}Hé(f(x,Ul) — f(y,us))¢ dz dt dy ds.
Now, adding (5.20) and (5.21) we obtain
/(Riﬂ)z {BEE (z,u1; )1 + By (y, ua; )b
— Hy(f(z,u1) — f(y,u2))(Va + V) (f(z,u1) — f(y,u2)) - (Vo + Vy)qb} da dt dy ds

(G22) =+ /() (Vi + Vo) (1) = ) PH3 (@ 0) = F (g 2)) v e dy ds.

We then use test functions as ¢(z,t,y,s) = @(ZHL, 2)p, (£52)6,(152), where 0 < ¢ € CP(R}), and
Pk, 0; are classical approximations of the identity in R™ and R, respectively, as in the doubling of variables
method. Hence, letting k — oo first, later 6 — 0 and then letting I — oo, we obtain (5.12).

To obtain (5.13), we observe that if us is stationary solution then Byl (y,us;x) and Bg?(z,u1;y) are
independent of s and so, we can write the trivial equality where both members are null

/ By (y, ug; x)bs dx dt dy ds = / By (w,u1;y)ds dz dt dy ds
(RiJrl)z

(R1+1)2
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Combining the previous equality in (5.22), we have

/ {B;?(x,ul;y)(@ + ¢5)

(R1+1)2

— Hs(f(z,u1) — f(y,u2))(Va + Vy)(f(maul) = fy,u2)) - (Vo + vy)¢} dz dy dt ds
B /<> (Vo V) (1) = (g, u2))PH;(f (2, 01) = f(9,2))6 da i dy ds.

Now, using test functions as above and letting k,1 — oo, we get (5.13).
The relations (5.14) and (5.15) concerning problem (5.3),(5.4) are proved in an entirely similar way.
([l

Remark 5.1. As usual, we denote (s)1 := {£s,0}. The same arguments in the above proof lead to an
inequality similar to (5.12) (resp., (5.14)) with |u; —usl, | f(x, u1)— f(z, uz)| replaced by (u1—u2)+, (f(z,u1)—
f(x,uz))+, respectively, just by using Bﬁ?s)y (Hs)<, instead of Bfj_, Hs, respectively. We thus obtain

(5.23) /Rnﬂ(ul(a:,t) —ug(x,t))+or — V(f(z,ur(x,t)) — f(z,us (2, 1))+ - Vodrdt > 0.
in the case of problem (5.1),(5.2), and
(5.24) /Q(ul(m,t) —ug(x,t)) o — V(f(x,ur(z,t)) — f(x,uz(x,t)))x - Vodadt > 0,

in the case of problem (5.3),(5.4), where we mean one inequality holding with (-); and another holding for
(-)—. Moreover, in the latter case, to obtain (5.14) and (5.24) we only need that u; € L>°(Q) satisfies (5.7)
and f(z,u;(z,t)) € L _((0,00); H'(2)) instead of f(z,u;(z,t)) € LE ((0,00); H}(Q)), i = 1,2, as can be
easily checked.

Concerning the Cauchy problem (5.1),(5.2), we now consider the following weight function A : R” — R
defined by

(5.25) A(z) := e VITl2P,
The relevance of the weight function A for our purposes is that
(5.26) |DiA(z)| < A(z), fori=1,...,n, and |AA(z)| < (n+1)A(z), forzeR"

Concerning the initial-boundary value problem (5.3),(5.4), we let £ € HZ () be the eigenfunction of —A
associated with the eigenvalue A; > 0 such that £ > 0 in Q (see, e.g., [14]).

Theorem 5.2 (Uniqueness). Let uy,us be weak solutions of the Cauchy problem (5.1),(5.2) with initial data
uo1, g2 € L (R™). Then, there exists C > 0 such that for a.e. t > 0, we have

(5.27) /n lui (t) — ua(t)|A(z) de < eCt/ |uor (z) — w2 (x)|A(z) d.

n

Similarly, let uy,us be weak solutions of the initial-boundary value problem (5.3),(5.4) with initial data
uo1, g2 € L>®(Q). Then, there exists C > 0 such that for a.e. t > 0, we have

(5.28) /Q |ui(t) — uz(t)|é(z) dx < eCt/Q luo1 () — up2(z)|€(x) da.
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Proof. Taking ¢(x,t) = 0, (t)A(z), with 0 < §;, € C°((0,+00)) in (i) of Theorem (5.1), we obtain
/R”“ { — |ug — ua|d, (O)A(x) — | f(2,ur) — f(z, u2)|5h(t>AA} dx dt <O0.
it
Observe that

—/ lur — uz|d, (£)A(x) de dt < /
Ry

n+1
RY

{|f($7ul) - f(x,u2)|6h(t)|AA|} dx dt

<C |ur — usaldp (t)Ax) dx dt,

n+1
R+

where we use that |[AA| < (n+ 1)A and the Lipschitz condition on f(x,u). We define

B(s) := /n |ui(x, 8) — ua(x, s)|Ax) dz.

Then, using a suitable sequence of functions d;, and letting A — 0, we arrive at

B(t) < /Rn luor () — w2 (x)|A(z) dx + C/O B(s) ds.

Hence, we may apply Gronwall’s lemma to conclude the proof of (5.27).
The proof of (5.28) is entirely similar starting now by taking ¢ (z,t) = 65 (¢)&(x) in (iii) of Theorem 5.1. O

Remark 5.2. Noting that (f(z,u1) — f(z,u2))+ < C(u; — ug)4, respectively, and using Remark 5.1 we see
that the same arguments show that

(5.29) /n(ul(t) —ug(t))xA(z) dx < eCt/ (uo1(x) — uo2(z))+Adx

n

and

(5.30) / (ur(t) — ua(t)) £6() dit < e / (01 (%) — o () +£() da

Q
for a.e. t > 0 for weak solutions of problems (5.1),(5.2) and (5.3),(5.4), respectively. Moreover, as a conse-
quence of Remark 5.1, for the problem (5.3),(5.4), to obtain (5.30) we only need that u; € L*(Q) satisfies
(5.7) and f(z,u;(z,t)) € L2 ((0,00); H'(S2)) instead of f(z,u;(z,t)) € LE ((0,00); H}()), i = 1,2, pro-
vided

(f(z,ui(z,t)) — f(z,uz(x,t)))+|002 = 0, a.e. t € (0,00), respectively,

the latter meaning the trace for functions in H'(Q).
The above remark immediately implies the following result.

Corollary 5.1 (Monotonicity). Let uy,us to be as in the Theorem 5.2. Suppose that ug; < ugz a.e. in R™
(resp., in Q). Then,
up < Uo, a.e. in R" (resp., a.e. in Q).

Remark 5.3. We remark that so far we have only used that f(x,u) satisfies (f1). In particular, for the
stability and monotonicity results it sufficies (f1). The assumptions (£2), (f3) and (f4) will be only needed
for the subsequent discussion on the existence of solutions.

Our next goal is to prove the existence of a weak solution for (5.1),(5.2) and for (5.3),(5.4).
Before we begin properly the discussion about the existence question, we state a well known result on the
compactness in the space L', which will be needed. The proof, which we ommit here, follows in a standard
way by mollification and application of Arzela-Ascoli theorem.
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Lemma 5.3. Let U C R"™ be an open set and F C L}, (U) be a family uniformly bounded in L'(B), for any
closed ball B C U. Suppose that for any € > 0 there exists § > 0 such that for |y| < § we have

/ lu(x +y) —u(x)|de <e, VYuel.
B

Then, F is relatively compact in L} (U).

loc

We consider the following regularized version of (5.1),(5.2),

(5.31) Ou — Afe(x,u) =0, (z,t) € RTH,
(5.32) u(z,0) = up(x), x € R,
where f¢(x,A) := f(z,\) + e\ and, for the moment, we assume
(5.33) ug € W2 (R™).
Similarly, we also consider the regularized version of (5.3),(5.4),
(5.34) Ou — Afe(x,u) =0, (z,t) € Q,
(5.35) u(z,0) = up(z), x €, 1|9 x (0,00) = 0,
where f€ is as above and, again, for the moment, we assume
(5.36) uy € Wy™(Q).

The existence and uniqueness of a classical solution of (5.31),(5.32) (resp., (5.34),(5.35)) for € > 0 having
bounded derivatives is proved, for example, in [21].
Motivated by [19] we now establish the following result.

Theorem 5.3. Let u. be the solution of the regularized problem (5.31),(5.32). Then, for |y| < § <1 and
t €10,T], we have
(5.37) / |ue(z +y,t) — ue(z, )| A(x) de < ¢y,

where the constant ¢y is independent of €. Moreover, for some constant M > 0 independent of €, we have

. 1 2 s—=0
. — < — + = .
(5.38) / |ue(z,t 4+ 8) — ue(z,t)|A(x) dx_ogl(slgl{(200+||VA||1)5+5M(62 + 3 —|—1>||A|1} —=0

Similarly, if uc is the solution of (5.34),(5.35), then for any 0 < p € C°(2) and |y| < &, with § sufficiently
small,

(5.39) /Q (2 + 1, 1) — ez, ) |o(2) dz < 1,

where the constant c¢q is independent of €. Moreover, for some constant M > 0 independent of €, we have

. 1 2 50
. +s)— 0 < m T VA +sM( = +=+1)]l¢l: + =20.
(5.40) /Q |ue(z, t + ) — ue(x, t)|o(z) de < 0<61£11 {(201 IVA|1)d + s <(52 3 1> I ||1} 0

Proof. 1. To deduce (5.37), for each k = 1,--- ,n define v* := Oz, ue and observe that

(5.41) 0e0® — A(fi (@, u)o®) = V- (5 (2, 0) V) = (V7 ) (@u) - Vu = —(Af7) (2, u),

where, for simplicity of notation, we denote u. by u, (f;lxku(x,u), e ,f;n:cw(:z:,u)) by (Vf;ku)(x,u) and
S f2 e () by (A7) ().

We fix a number 7' > 0 and let g* € C°°([0, T] x R™) be such that g*(t) € C°(R") for all t € [0,7]. Now,
taking 0 < ¢ty < T, multiplying the equation (5.41) by ¢*, integrating by parts and summing over k from 1
to n, we get
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n

to
/ / Z{atg + fe(z,u)Ag” 72 ca(mu)gh, — fo o u(zu)g )}v dzx dt

i=1
(5.42) /"Zv (t0)g" (to) d:z:—/n . {vk ()—(Af)(x,u)gk(to)}dx.

Fork=1,---,nand g = (¢*,--- ,g"), we define

n

=1

Let @E, k=1,---,n be the solution of the Cauchy problem

{Lk(Qph) = 07 (I,t) € R" x (OatO)a

5.44
(549 ©F (to) = sgn(vF(to)) * ppe1*, 2 e R",

where pp, = h™"p(h~'z), and 0 < p € C.(R") is a standard symmetric mollifier satisfying suppp C {z :
lz] <1} and [, pdx = 1.
Now, observe that

0 =2Lk(on)eh = 0e(5)* + falz, u)A(f)* — 2f5 (2, u) Vi |?

n n
i=1

=1

Summing over k, using the Cauchy inequality with §, the fact that f;ju(x, u) = fo;u(z,u) and (5.5), we have

(5.45) 0 < ilonl® + f5(x, u)Aln]? + 2( — fulw,u) +60 Y |fziu($,U)l) D IVek]? + c(bo)lonl?
i=1 k=1
< Ohlenl? + f1(x, u)Alen|? + clon]?.
2. In this step, we prove that
||

|g0h|2 < 6(907 T) e M,
for all (x,t) € R™ x [0, to].

We begin by defining £(v) := 0yv+ £ (2, u)Av, w := e|pp|?, and observing that (5.45) implies £(w) > 0.
From the latter, it follows by the maximum principle that |op(x,t)] < 1 for all (z,t) € R™ x [0,%0]. In
particular, given gy > ne?*?’| we obtain that |w| < go for all (z,t) € R™ x [0, o).

Now, set

a(a,1) = go e (10=t71#1),

with M > supgn g fu(®,w), I D [—||te]loos ||te]|oo] for 0 < & < 1, and note that

£(q) :—q{j\l/[(l— f’i(]\a;“)) + fi(]\a;u) n|;1} <0,

which yields £(w — ¢) > 0. It is easily seen that

w = Q|{0§t§to; le|l=to—t} =W — go < 0, w(x,to) - Q(fvto) <0.

Then, the claim follows by the maximum principle (cf., e.g., [25]).
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3. Let 0 < p € C°(R) with supp p C [—1,1] and [, pdx = 1. Set

A
mn ) =1 [ pls—m)ds,

for m € N, and take
9" (@, 1) := oh (@, t) i (|2])

as a test function in (5.42). Hence

Y v (to) sgn(v* (to)) * pn e, (|2]) dz = - [ 215 (z,u)VF - Vi (|z))
/n,; 0)58 0 Ph K Z/ /n{ Yh n

§ P An(a) - 3 o) mmmuxwh}dx it
=1

n

(5.46) + /R Z

" k=1

{#06k(.0) + ~(AN (e Wk t0) bl d
Thus, letting m — oo first and then letting h — 0, we obtain an estimate of the form
/ Z [0F (to)| el da < (T, 0, || Vol so, || VI 0e) < 00,

for all tg € [0,T], where, in particular, the right-hand side does not depend on €. Consequently

/ e (& + 9, 1) — ez, )| Az) dee < coly],

for some ¢y independent of €, which gives (5.37).

4. To deduce (5.38), we first note that from the maximum principle and the hypotheses on f, we know
that there exists M > 0 such that |f(z, u.(z,t))| < M for all (z,t) € R"" and for all € > 0. Now, fix ¢, s,¢
and set w(z) 1= us(x,t + 5) — us(x,t). Given ¢ € W2>(R"), we obtain

/n w(z)p(r)A(z) de = /n /H_S Opue(z, T)pAdr dx = /n /tH_S Afe(x, ue)pAdr dx

:/ / fe(x,u)A(pA) dr dx
:/ / { T, ue ) ApA + 2% (x,u )V - VA + f4(z, ug)gpAA} dr dx,

and this implies

(5.47)

/n w(z)p(z)A(z) dx

< M{Asonoo 2|Vl + Iwoo}lAllls-

c

Taking ¢ = (sgn w) * ps and observing that [Vl < §,[|A¢|lee < 55 and [[¢]|ee < 1, where ¢ only
depends on the dimension, we get
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[ w@ia@ e = ([ i) satuie) Ae)as ) [y

- / wz — by) sgn(w(z — 5y)) Al — 8y)ply) da dy
R™ xXR™

and
[ w@rw e = [ wne( [ st - dy) ds
— [ wn@( [ st - st dy) as
— [l Mw) sn(ule = 6) o) da
Hence,
@A) dr - [ w(@)e)Aw) dr
/ /.

R”

-/ {w(maw sen(w(z — 54)) Az — by) — w(z) Alz) sgn(w(xay»}p(y)dxdy

-/ {[w@cay)w(z)] sgn(w(e — 0y)A@) + [A(z — y) — A(@)] sgn(w(xéy))w(x6y>}p<y>dazdy.
R™ X R™
Therefore,

[ w@ir@) e - [ w@e@r@) ds

Thus, we conclude from (5.48) and from (5.47) that

2
/ |w(x)|A(z) dz < (2¢o + |[VA]1)d + SM{62 + < ; + 1}||A||1,

for all 0 < § < 1, which completes the proof of the assertions concerning the Cauchy problem (5.31),(5.32).

5. As to the proof of the assertions concerning the initial-boundary value problem (5.34),(5.35) we have
the following. The proof of (5.39) is achieved following the same lines as the proof of (5.37) with the following
small adaptations. We first get the analogue of equation (5.42),

/ / Z{@tg + fe(x,u)Ag® — Zn: wuxugxk—fji$ku(x u)g )}v dz dt
i=1

(5.49) /nZv t0)g" (to da:—/Q { (0) — (Af)(z,u)g (to)}dax.

Now we define gph, k=1,---,n, as the solution of the initial-boundary value problem
Lk(goh) =0, (x,t) cQx (O,to),
(5.50) o (to) = (sen(v*(to))xq,, ) * Pn, = €Q,
oF(z,t) =0, (z,t) € 99 x (0,19),
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where x, denotes, as usual, the indicator function of the set A, and Qop := {z € Q : dist(z,09Q) > 2h }.
Again we have inequality (5.45) from which we deduce by the maximum principle that |¢p| < 1. Since now
we are in a bounded domain €, the latter inequality for || is enough and we may skip step 2.

In (5.49), we now take g*(z,t) = ns(x)¢} (z,t) where n; € C2°(Q2), |[15]lco < 1 and 15 — X,, pointwise as
d — 0. We obtain the analogue of equation (5.46)

/Q *(to) (sgn(v (to))xQ ) * pans(x d:p—Z/tD/ {2f (z,u)Ver - Vns()

T webAns(@) = 3 fou(e, u)axmx)soﬁ} drdt

i=1

(5.51) h> { o (2,0) - <Af><a:,um’i(x,to)}nmuxndx
k=1

k=1

We use integration by parts to move the derivatives from 7s to the product of remaining functions in the
integrals of the first three terms inside the integral sign on the right-hand member of (5.51). We then make
d — 0, use Gauss-Green (divergence) theorem and the fact that g (z,t) and f°(x, u.(x,t)) vanish for x € 9Q
to conclude that those three integrals converge to 0 as § — 0. We then make h — 0, and the remaining of
the proof of (5.39) is entirely similar to the corresponding part of the proof of (5.37).
The proof of (5.40) is totally similar to the one of (5.38) given above.
|

Theorem 5.4 (Existence). Let u. be the unique solution of (5.31),(5.32). There exists u € L= (R} such
that, passing to a suitable subsequence if necessary, ue — u a.e. in R"™' as e — 0. Moreover, u is the
unique weak solution of (5.1),(5.2). Finally, we may relaz (5.33), take ug € L (R™), and still obtain a weak
solution for (5.1),(5.2), which is unique.

Similarly, if u. be the unique solution of (5.34),(5.35), there exists u € L>®(Q) such that, passing to
a suitable subsequence if necessary, u. — u a.e. in Q@ as € — 0. Moreover, u is the unique weak solution
of (5.3),(5.4). Finally, we may relax (5.36), take ug € L (), and still obtain a weak solution for (5.3),(5.4),
which is unique.

Proof. We only prove the part concerning the Cauchy problem (5.1),(5.2). The assertions concerning the
problem (5.3),(5.4) are proved in an entirely similar (even easier) way.

1. Let us first prove the case where (5.33) holds. By Theorem 5.3, {u.}_., satisfies the hypotheses of
Lemma 5.3. Therefore, there exists u € L™ (R’ffl) such that, passing to a subsequence if necessary, u. — u
in L}, (RT).

loc

2. Multiplying (5.31) by f¢(z,u-)A and integrating by parts, we get

/OT/w {atusfa(x,ug)/\ F V(2 ue) - V(fa(x,uE)A)} dedi—0.

This yields the equality

T Ue T
/ / A@t[/ fe(x,s)ds} dxdt—i—/ / |Vf€(x,ue)2A+Vf5(x,u5)~VAfE(9c,u5)}dxdt =0,
0 Jrn 0 0o Jre

which gives

/OT/n IV f5 (2, ue)|*Ade dt = _/()T/n Ve (z,ue)- VAfE(:c,ug)dtdx+/n A(z) /UUE(T) fe(x,s)dsdx

0
ue (T)
/ f2(x,5) ds

0

< n/OT /Rn |Vf’5(m,u€)||f8(ac,ug)|Adxdt—|—/ Ax) dz,

n
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where we have used that |[VA| < nA. The Cauchy inequality with ¢ gives

T
/ / IV f€ (2, u)| A da dt
0 n

T ue (T)
< / / {2n5|Vf€(ac,u5)|2A—|— Zs(fs)2(x,ug)A} dxdt+/ A(x) / fe(x,s)ds| dx.
o Jan e
. 1. Lo . .
taking § = y in the previous inequality, we obtain
1 /T T ue (T)
5/ / IV f€(2,u)|*Ada dt < n2/ / (fE)Q(x,us)AdxdtJr/ A(z) / fe(x, s)ds| du.
o Jrn o Jrn n uo ()

Therefore,

T
/ / |Vf5(x,u€)|2Ad:Edt < c(HuOHOO,T)/ A(z) dx,
0 Rn R™

for all 0 < e < 1. Given R > 0, it follows that

A(R)/OT/BR|Vf€(x,u6)|2dxdt§/OT/BR|Vf5(x,u5)ZA(x)dxdtgc/nA(:c)dz

and so

/OT/BR V£ (2, ue) [ do dt < ﬁ/nA(m)dx,

forany 0 <e < 1.
Thus,

Hfg(xv UE)HLz(O,T;Hl(BR)) S C(R7 T7 HUOHOO)v
uniformly in €. Hence, there exists v € L (R ; HL _(R™)) such that f(x,u.) — v weakly. Since f¢(z,u.) —

f(z,u) a.e., then v = f(z,u) and for this reason we conclude that f(z,u) € L2 (Ry; H (R™)).

loc
3. Finally, when uy € L>(R"), we may approximate ug in L (R™) by a sequence ug, € W2 (R")
obtaining a sequence uy of weak solutions of (5.1),(5.2), with initial data uy = wog, and then use the
stability Theorem 5.2 to deduce that uy is a Cauchy sequence in L}OC(R:‘_H). We then easily conclude that

the limit w € L>(R’}™") of the sequence wuy is a weak solution of (5.1),(5.2).
(|

6. HOMOGENIZATION OF POROUS MEDIUM TYPE EQUATIONS: THE CAUCHY PROBLEM

In this section, we consider the following homogenization problem
(6.1) deu = Af(%,u), (z,t) € R,

| u(@,0) = up(£,2), xR,
where f : R” xR — R satisfies (f1), (£2), (£3) of Section 5, and is such that for each u € R, f(-,u) : R* - R
belongs to a given ergodic algebra A(R™). Further, there exists a continuous function g : R” x R — R
such that, for each z € R™, g(z, f(z,u)) = u and f(z,g(z,v)) = v, for all u,v € R, and, for each v € R,
g(-,v) € AR™).

In (6.1) we assume that ug satisfies

(6.2) uo € L (R™; A(R™)).
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Let f:R — R be given by

(6.3) p= ][ oz, F(p)) dz.
Also, let

(6.4) to(x) = ][uo(a:, z)dz,

and let I be the compact space given by Theorem 2.1 such that A(R™) ~ C(K), and m be the associated
invariant probability measure on K. For each a € R, define

11[}04() = g(" OL),
and notice that v, is a steady solution of (6.1).

Theorem 6.1. Let u.(x,t) be the weak solution of (6.1). Suppose that
(6.5) uo(, 2) = g(2, ¢o(x))

for some @o € L®(R™). Then u. weak star converge in L™ (R'}™) to u(z,t), where the latter is the weak
solution to the Cauchy problem

©6) {atu = Af(a), (z,t) e RTH

a(z,0) = ao(z), =eR™
Moreover, we have

loc

(6.7) ue(z, t) — g(g, Fla(z,£)) =0,  ase—0in Ll (R

Proof. 1. First, we observe that the weak solutions uc, € > 0, of (6.1) are bounded uniformly with respect
to € in LOO(]RTA). For this, we note that if a;, g are such that ay < ¢g(z) < ag for x € R, we have

g(g,al) < U()(%JC) < g(gag) for all z € R™.

By the monotonicity of the solution operator of (6.1) (see Corollary 5.1), we get
g(g,al) < wue(z,t) < g(g,ag) for all (z,t) € R}
€ €
Thus, in the sequel, we denote by K a compact interval containing the image of all the functions u., € > 0.
Let v, 5 € M(K), with (z,z,t) € K x R’_ﬁ“, be the two-scale space time Young measures associated
with a subnet of {u.} ., with test functions oscillating only on the space variable. Following [13], [2] and
[3], the theorem will be proved by adapting DiPerna’s method in [11], that is, by showing that v, ,, is a
Dirac measure for almost all (z,z,t) € K x Rﬁ“. Since we are going to show that v, ; ; does not depend on
the chosen subnet (so that, a posteriori, a full limit as € — 0 occurs), in order to simplify our notation we
will use the notation lim._,q, with no reference to the subnet.
Observe that, for every a € R, the weak solutions u. and 1,(%) satisfy (see Theorem 5.1)
(6.8)
x x x x x x
ue (2,8) = Ya(2)¢e + [f (= ue (2, 1) = (=, ¥a(2))|Addu dt + / luo(=, ) = Ya(=)[0(2,0) dx >0,
R+ € € € € RN € €
for all 0 < ¢ € C°(R™1). In (6.8), we take ¢(z,t) = (L)Y (x,t) with 0 < ¢ € C(RYT), ¢, Ap €
A(R™) and ¢ > 0. Observe that

A = Ap(S)b(a,t) +2:Vp(2) - Vib(a, 1) +%0(2) Adh(a, ).
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Letting ¢ — 0 and using Theorem 4.2, we get

/ " @@ n 1) = Fe b (DA din(z) dad > 0.
Now apply the inequality above to ||¢]|s £ ¢ to obtain
(69) / " [ @@ 1(220) = ol) Aple) i) s dt = 0

for all ¢ such that ¢, Ap € A(R™) and all 0 < ¢ € C° (R?fl).
2. As in [13], we define a new family of parametrized measures i, ., supported on a compact set
K' >{f(z,A) : (\,2) € K xR"} by

(6.10) (Hzwt:0) = V220, 0(f(2,0),  0€CR).

In this way, the equation (6.9) can also be rewritten as

(6.11) /R"“ Aw(xvt)<ﬂz,m}t79>%(z) dm(z) dz dt =0,

where §(\) = |A — .

On the other hand, inserting in the integral equation defining weak solution of (6.1) with a test function
as above, we easily get, letting ¢ — 0, that (6.11) holds when 6 is any affine function. Therefore, we deduce
that (6.11) holds for finite linear combinations of affine functions and functions of the form |- —af, o € R.
Since these combinations generate the piecewise affine functions, we finally conclude that (6.11) holds for all
6 € C(R).

Set F(z) := fRTl (2, )z 0,t,0) dx dt and observe that [, F(2)Ap(z)dm(z) = 0, for all ¢ such that
v, Ap € A(R™). Then, we can apply Lemma 3.2 to obtain that F' is equivalent to a constant for all § € C(R).
Using this fact and defining

M.t = / Hz,x,t dm(z) € M(Kl)7
K

we have, in particular,

w(x’t)<ﬂz,m,t»0> drdt = /IC ot w(xvt)</~’“27r,t70> dz dt dm(z) = 1/)($at)<ﬂz,t79> dzx dt,

n+1 n+1
R R

for a.e. z € K, for all 8 € C(R).
Hence,

n+1
RY

012 [ G [ W dm@) st dede =Y m(6) [ (s b)vlat) do i
=Y m(k /R ol 00 t) dodt = 3 /’C /R o s 00 2D ) iz

_ / | / (st W (2, )00, £) dm(2) da dt
Ry JK

for any function W (A, z) = >°, 6;(N)xk, (2), where §; € C(K'), K; is any Borelian subset of K, and xx, is
the characteristic function of K;. By approximation (6.12) holds for any W € C(K x K').
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3. From (6.8), taking the limit as € — 0, passing to a subnet if necessary, we get

(6.13) / J s =@+ (v £ = S D)) () i)

4 [ [ tuateo) = @t 0) ) o > 0

for all @ € R and for all 0 < ¢ € C°(R™T1).
We define I(p, @) and G(p, @) by

(6.14) 1p.0) = [ lg(z.p) = gz 0) dm),
K

(6.15) G(p,a) = |p — al.

Now, setting 6(p) = |g(z, p) — g(z, )|, we have

/Rn+1/ (Vaats |- wa(zmwtdm(z)dl’dt:/Rn+1/’C<Vz,m,t,9(f(2,')))%dm(z)dxdt

— [ [l ~ gz @) dm(z) do .
R+ K

Using (6.12), we obtain

(6.16) /RW /K<z/z,m,t, |- —va(2)]) e dm(z) da dt

- / o [ late) = gl )l din(z) ot
:/ ,u“,/ lg(z, (z,a)| dm(z )><ptdxdt
Ry

= / </”'w,t7l('aa)><pt dx dt.
Ry
Analogously,
(6.17) / / (Vawits | f (2, f(z,0a(2)))Ap(z, t) dn(z) da dt = / (o, G, )Y Ap(x, t) de dt.
R"+1 Ri+1
Using (6.16) and (6.17) in (6.13), we have

(6.18) / . (pa,ts I(5 @))pr + (pat, G-, ) Ap da dt
Ry

+ /Rn /}C luo(z, ) — Vo (2)]o(z,0) dm(z) dr > 0,

for all 0 < ¢ € C°(R™*!) and all « € R.
Now, choosing ¢ (z,t) = §(t)d(z), with 0 < ¢ € C°(R™) and dp(t) = max {h_TM,O} for h > 0 in (6.18),
we obtain

(6.19) m}h/ / fots I ¢dxdt</Rn/ (2, ) — o (2)| 6 dm(2) dz

Using the flexibility provided by ¢ in (6.19), we deduce that the same inequality holds if « € L>°(R™) and
¢ = XBrs R > 0.
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We have that ¢o(z) = f(z, uo(z x)) is independent of z. Taking a(z) = @o(x) and recalling that ug(z, z) =
g(z,a(x)), we have a(x) = f(a( ). Using this and ¢4 (2) = g(z, «) in (6.19), we obtain that
(6.20) lim — / / {ttat, I(, f(1(2,0)))) dx dt = 0, VR > 0.
h—0 h Br

4. By using the Theorem 5.1 with u; = u. and uz(z) = Yo (2), for all 0 < ¢ € C2(RT) we get

(6.21) / By (Z u (1)1 d dt
R1+1 &

= [ G ) = (2 (DD VI (S e (1) = F(Z, el D)) - Ve da dr

Ry
_ /R VI e, 0) = £ bl e, ) = 15 val( D)o du
Now, we let a = £(y, s) := f(u(y. 5)), take 0 < ¢ € C*((R}™")?), integrate in y, s, and send § — 0, to get

L ) =tV = Tl e a8) = FC i () -V iy

6—0

= 0 [ ATt = S

< Y ) = £ (20 b dodedy s,

Then we use Theorem 4.2 on multiscale Young measures to obtain, as € — 0,

620 [ e LG8 D) e GE ) At dadedy ds

e—=06— 0

=ty [ AR = v P
<Y ) = £ (E)0 b dedy s,
5. Observe that V, [f(Z,vV¢(y.5)(%))] = V4&(y, s). Hence

- / Yl e (O] - ValHs(F(E e, 1)) = F(E ey (2)9] dadt,

which implies that
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Integrating in y, s and letting § — 0, we have

S W) = £t (DD o ey

i [ AT ) = o N Tl ) = 1 bt (D)

5—0 (Ri+1)2
< HH () = £ (£ o dedyds.

By Theorem 4.2, as ¢ — 0, we get

(6.23) /(Rn+1)2 (tat, G(+,€(y, s)))div , Vo da dt dy ds
=l s {vymj,us) — FC e N Valf(Zoue) = £, e(D)

< HH () = S v (D)o dedry ds
Similarly, we have also that f(Z,uc(z,t)) — f(Z,%e(y,)(2)) = f(£,uc(z,t)) — &(y, s) and thus
Vol e (@,0) = F( e (D)) = Val (3 uela, 1),

is independent of y. Hence, by integrating first in (y,s) and then (x,t), proceeding as above in obtain-
ing (6.23), yields the equality

(6.24) /(Rn+1)2 (tat, G(+,€(y, s)))div Vo da dt dy ds
=i [ {vatr o = 1 e I E ) = (D)

where u. and & are functions of x,t and vy, s, respectively.
6. Let @ be the weak solution of (6.6). From (5.10) in Lemma 5.2, we have

(6.25) [ 1= 08016 + 507 0) = Faly. )V 7 (@) Ty dy s
= lim IV f@)PH5(f(1) = f(a(y, s)))¢dyds, ~ foralll € R.
— RiJrl

Now, let k := f(I) and notice that I = [ g(z, f(I)) dm(z) and that u(y, s) = [ g(2,&(y, s)) dm(z). Thus,

/ [l —a(y,s |¢ded8:/
Ry

/nwl (/ l5(: k) = 91 £l ))|dm(z)>¢s dydsz/wﬂ 1(k,€(y, 5)), dy ds.

+

/K (902, ) — g2, €y, 5)) dm(2) |6, dy ds
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Also,

== [ VO~ ) Vypdyds = [ k=l 9)B,0dyds
R1+1 R1+1
= G(k,&(y,s))Ayodyds.
R+
Besides, since V,£(y,5) = Vy[f( £, Ve(y,5)(Z))], we have
[ VT @PH0 - St oduds = [ 196 PHi— el 9)o dds
— [ T et (NP H = €00 5))6 dy ds.
R1+1 g e
Using the two previous equalities in (6.25) we obtain

/ I(k,&(y,5))0s + G(k,&(y,5)) Ay dy ds = ;ing)/ |Vyf(fy¢£(y,s)(£))|2H:5(k —&(y, ) dyds.
R1+1 —> R1+1 19 g

for all k € R and all 0 < ¢ € C°((RT)?).
We take k = f(Z,u.(z,t)) in the above equality and integrate in x,t to get

(6.26) o T (o), €005 + GO (e 0). 600 5) 6 e dy s
(Ri+1)2 g 3
- ;% (Ri+1)2 {Ivy[f(Z7us(x,t)) B f(g’ w&(y,e)(g))]F

HY () = £ et ()0 | do ey s,

Applying Theorem 4.2, letting & — 0, we obtain

lim I(F(Z, ue(,1)). €(y, ) dar dt dy ds
e—0 (Ri+1)2 g

- / / et I(f (22 ), E (4, 5))) e dim(z) i dit dy ds
®1+1)2 Jk

— / / iows (- €(y, 8)))bs dim(z) da dt dy ds = / (ot T E(y, 9))) bs de dt dy dis
®R7)2 S

(R1+1)2
Similarly
. x
lim G(f(=,uec(z,t)),&(y, ) Aypda dt dy ds = / (Ua,t, G(+,€(y, 5))) Ay da dt dy ds.
e—0 (Ri+1)2 £ (R1+1)2
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Using the last two equalities in (6.26), we get

(6.27) /(Rn+1)2 (Bt T(5 (Y5 8))) s A (st G (-, 6(y, 8))) Ay p da dt dy ds
- ;l—% %li% (RH2 {'vy[f(:’us(x’t)) B f(g’wf(y’s)(g))”z

x Hy(f(Z e, 1) = f(jway,s)(j)w} du dt dy ds.

7. We now prove that
(6.28) [ e 6 00+ G G €l D)) A e > 0,
+

for all 0 < p € C(R}).
By adding (6.22) and (6.23), we deduce that

(6.29) /( o s T O+ s G ) (e i F20) e dy s
=gty [ AT s o e

V(G ue) = I el

X
9

DRACCRREYERNC
X H(F(Zue) = £, 0e(5)éda dt dy ds,

where u. = uc(z,t), £ =£(y, s).
The sum of (6.27) and (6.24)) gives

(6.30) o 0 T 001+ G G ) (04 v, 9,0) e dys
T x x T\\19
=l [ S0 Al

V() = F(C (2] Vel (
X H(F(Zue) = f(Z e(2)

]
3

o8

)= 1w}

¢odrdtdyds.

~—

Finally, taking the sum between (6.29) and (6.30) we obtain

(6.31) /(R”+1)2 (Hats 1, 6)) (Pt + @) + (ot G(+ ) (Ax +div,V, +div,V, + Ay)QSdZ' dtdyds
=ty [ I s D)

VI (Coue) = T e O H(F () - f(ng@)w} da dt dy ds < 0.

Now, we take @(z,t,y,s) = @(ZEL, H2)p (Z54)0,;(552), where 0 < ¢ € CX(R}™), and p;, 0; are

classical approximations of the identity in R™ and R, respectively, as in the doubling of variables method,




HOMOGENIZATION OF DEGENERATE POROUS MEDIUM TYPE EQUATIONS 27

and observe that

t— t
(Ap +divyV, +div,V, + Ay)¢ = p;( s Tty t+s

rT—Y
T)%(T)Azw( 9 9 )-

Substituting such test function in the inequality in (6.31) and letting j — oo, we obtain (6.28), proving the
assertion.

8. To conclude the proof, we set p(z,t) = op(¢t)A(z) in (6.28), with 0 < &, € C°(R4) and A given by
(5.25). Hence,

030 = [ | e ICE@ONGOMN) it < [ G )5 (M) da d

Ry
<0+ ) [ e Gl € )0 (OA ) dods

<C 1(/1“,I(',f(x,t)»éh(t)A(x) dz dt,

nt
RY

where we use that G(-,-) < CI(-,-). Defining

10 1= [ G I € ) A ) do

and using (6.32), we get

(o) oo
- [ awseas<c |
0 0
Let t > 0 to be a Lebesgue point of the function v and taking
s—h s—t—nh
on(s) = 7 X[h,2h) (s) = — X(t,t+1)(8) + X(2n,0(5),

we note that

, 1 1
op = EX[h,2h] - EX(t,Hh]-
Hence,
1 t+h 1 2h ()
(6.33) E/ ~v(s)ds — E/ v(s)ds < C/ v(8)n(s) ds.
¢ h 0

Furthermore, due to the monotonicity of g(z,-) for all z, we have

36 = [ G I € A )
= [ { e T80 + T 60,9) = T, 0)) A 0)
< [ {6000 + fate5) — a(e.0) )

Letting h — 0, taking into account (6.20) and that @ is a weak solution, we see that

;lfi%h/

Thus, making A — 0 in (6.33), we arrive at

t
~(t) < C/ ~v(s)ds for a.e. t > 0.
0
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Hence, Gronwall’s lemma implies v(t) = 0 for a.e. ¢ > 0 which, by the definition of ~, means that
(B, I(-,&(,1))) = 0 for ae. (z,t) € R, and so (pz 4, G(-, &(x,1))) = 0 for ae. (z,t) € R, Therefore,
gt 1s the Dirac mass concentrated at {(x,t) for a.e. (z,t) € RT‘l. Recalling the definition of yu, , we have
also that . is the Dirac mass concentrated at £(z,t) for a.e. (z,x,t), and thus, v, ;, is the Dirac mass
concentrated at g(z, f(u(x,t))) for a.e. (z,z,t). Hence, we can apply Theorem 4.2 to conclude (6.7).
Finally, the fact that the whole sequence u. converges in the weak star topology of L™ (erfl) to @ follows

from (6.7) observing that, for any ¢ € C.(R’/™"), we have

lim g(

T
e—0 n+1 £
]R+

Fla(e, £))) g, t)ddt = /R » /’C oz, Fa(a, £))p(w, t)dm(z) d dt

_ /R N ( /;< 9(z, f(ﬂ(x,t)))dm(z))gp(x,t)dxdt
_ /R ety t) dedr,

by the definition of f.

7. HOMOGENIZATION OF POROUS MEDIUM TYPE EQUATIONS ON BOUNDED DOMAINS

In this section we consider a homogenization problem for a porous medium type equation, similar to the
one analyzed in the previous section, but now in a bounded domain. Because of boundary constraints, we

x
consider a flux function of the form f(x, =, u), depending also on the “slow variable” z, instead of simply
€

X
f(=,u). Here, we will use a completely different approach to address the homogenization problem, which

will allow us to consider more general initial data, namely, initial data that are not necessarily of the form
(6.5). On the other hand, our approach here will require that we restrict ourselves to the case where A(R") is
a regular algebra w.m.v. instead of a general ergodic algebra. As it was shown in Section 3, FS(R™) provides
a very encompassing example of regular algebra w.m.v., and it is not even known so far whether there are
ergodic algebras that are not regular algebras w.m.v., neither whether there are regular algebras w.m.v. that
are not subalgebras of FS(R™). Also, here, for our result on the existence of oscillatory profiles correcting
the weak convergence into a strong convergence, we need to ask the flux function to be convex, which was
not necessary for the corresponding result in Theorem 6.1. The discussion in this section largely extends
the corresponding one in [15] concerning the homogenization of a particular type of the general equation
considered here, in the nondegenerate case.

So, let 2 be a bounded open subset of R” with smooth boundary. We consider the initial-boundary value
problem

3tU=Af(337§au): (l‘,t) €Q,
(71> U(Z‘7O) = u0(§7x)7 LS Qv
u(z,t) =0, (z,t) € 09 x [0, 00),

where f(z,z,u) is such that, if we set f.(z,u) := f(z, —,u), for each fixed € > 0, then f.(x,u) satisfies (f1),
(£2), (3) of Section 5. Also, f(x,z,0) =0 for all (x,z) € Q2 x R™ (cf. (f4) in Section 5). Further, for each
(x,u) € Q xR, f(z,-,u) € AR"), where now A(R") is a given regular algebra w.m.v., and there exists a

continuous function g : @ x R™ x R — R such that g(z, z, f(z, z,u)) = u, f(z,z,g(z,z,v)) = v, and, for each
(z,u) € A xR, g(z,-,u) € AR").

X
9
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Define f: Q x R — R by
p= { ooz ) de

It is easy to see that f satisfies (f1) and (f4). Nevertheless, in general, it may not satisfy (£3), and it is not
clear whether it inherits from f the verification of all the conditions in (f2). Therefore, we cannot use the
Theorem 5.4 to assert the existence of a weak solution for the initial-boundary value problem

atu:AfT(:L',u), (ZL’,t) €Q,
(7.2) u(z,0) = fuo(z,2)dz, x€Q,
u(z,t) =0, (x,t) € 09 x [0, 00).

That is the reason why, in the next theorem, we characterize the homogenized limit @ in a different way.
However, since the existence of a weak solution to (7.2) follows from the general compactness result in [24]
and (f4), and for uniqueness we only need (f1) and (f4), we actually could characterize @ as the unique
weak solution of (7.2).

We next state and prove the main result of this section. We will use the concept and some basic facts
about viscosity solutions of fully nonlinear parabolic equations. We refer to [10] for a general exposition of
the theory of viscosity solutions of fully-nonlinear elliptic and parabolic equations.

Before stating the theorem, let us introduce the following notation. Given a function h € L*°(Q), we
denote by A~'h the solution of the boundary value problem

Av(z) = h(z), x€Q,
(7.3) {v(z) =0, x € oS

Theorem 7.1. Let uc(x,t) be the weak solution of (7.1). Then, as ¢ — 0, u. weak star converges in
L>(Q x [0,00)) to u(x,t), which is uniquely defined as follows. Let U be the viscosity solution of

U = f(z, AU) (z,1) € Q,
(7.4) U(z,0) = Up(z “Hfuo(z,2)}, ze€q,
Uz, t) =0, (z,t) € 9Q x [0, 00).

Then U € L*((0,00); W2P(Q)), for any 1 < p < oo, and
u(z,t) := AU, a.e. (z,t) € Q x (0,00).
Moreover, assuming the existence of a weak solution to (7.2), @ is the weak solution of (7.2), and if
fx, z,-) is strictly convex, for all (x,z) € Q x R™, then
(7.5) ue(z,t) — g(w, f, F,a(z,1)) =0 ase— 0 in Ll (2 x [0,00)).

Proof. 1. The fact that the solutions of (7.1) form a uniformly bounded sequence in L*°(Q) follows from the
last part of Remark 5.2. To see this, take ay < 0 < g such that ¥, (2, 2) < uo(z, L) < Yo, (w, T). Hence,
using (5.30), once for (ue — ¥q, )+ and again for (us — Pq,)—, we obtain

o (2. 7) S (a,1) < Wy (2, ),

which proves the uniform boundedness of the family {u.}.

2. Now, let us make a general observation concerning problem (5.3)—(5.4), under assumptions (f1)—(f4)
on f. So, let u be the weak solution of (5.3)—(5.4) and, for each t € [0,00), let U(-,t) := A7 u(-,t). We
claim that U is the viscosity solution of

oU — f(xa AU) =0, (xat) €Q,
(7.6) U(z,0) = Uy(z), x € Q,
U(z,t) =0, (z,t) € 9Q x (0, 00),
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where Uy = A~ ug. Indeed, let u, be the smooth solution of the corresponding regularized problem (5.34)—
(5.35), where we replace ¢ by o since here we use ¢ as the homogenization parameter. For each ¢ € [0, 00),
let U, (+,t) := A7 u, (-, t). Since u, and U, are smooth, it is clear that the latter is the (viscosity) solution
of

atUa_fg(z7AUa) :Ov (,I,t) € Q;
(7.7) Uy(x,0) = Up(z), x €Q,

Uy(z,t) =0, (z,t) € 092 x (0, 0).
Since {uy (2, t) }o<o<1 is uniformly bounded in L™ (Q2x [0, 00)), we easily see that the U, (, t) form a uniformly
bounded sequence in L ([0, 00); W2P(£2)) for all p € (1,00). On the other hand, from (7.7) we easily deduce
that |Us(x,t) — Us(z,s)| < Clt — s| for all z € Q for some constant C' > 0, independent of . Hence, we
see that U, is uniformly bounded in Wi (Q). In particular, there is a subsequence U,, of U, converging
locally uniformly in @ to a function U € W1°°(Q) which satisfies U = A~ u.

It follows in a standard way that U is the viscosity solution of (7.6). Indeed, given any (xq,t0) € Q, we
consider ¢ € C_'Q(Q) such that U — ¢ has a strict local maximum at (zg,t9). Since U, — ¢ converges locally
uniformly in @ to the function U — ¢, we may obtain a sequence (z;,t;) € @ such that (z;,t;) is a point of
local maximum of U, — ¢ and (x;,t;) — (zo,%0) as ¢ — co. Thus, we have

atSO(wh tl) - fE'i (:Eiu A‘P(l’ia tz)) < 07
from which follows, as i — oo,
(7.8) Ap(zo,to) — f(xo, Ap(zo,10)) < 0.
To relax the assumption of a strict local maximum to just a local maximum we proceed as usual replacing
¢ by, say, ¢(z,t) == p(x,t) + §(|z — x0|* + (t — to)?) obtaining (7.8) with ¢ instead of ¢ and that we obtain
again (7.8) for ¢ passing to the limit when 6 — 0. In an entirely similar way we prove the reverse inequality
when U — ¢ has a local minimum at (xg, to), so proving that U is a viscosity solution of (7.6).

3. Next we shall study the homogenization of (7.9) using a method motivated by [16]. We define U, (x,t)
in Q x [0,00) by U. := A~ u, where u. is the weak solution of (7.1). By step 2, we have that U, is the
viscosity solution of

0:U. 7f(ma%7AU€) =0, ((t,t) €Q,
(7.9) Ues(z,0) = Upe(x), x €,
U(z,t) =0, (z,t) € 99 x (0, 00).
where Up . = A7 ug o, with ug(x) = Uo(g x). The same argument used in previous step shows that

U. € L>((0,00); W>P(€)) () Lip((0, 00); L>(9)),
and so there is a subsequence U, of U. converging locally uniformly in @ to a function
U € L=((0,00); W>P(Q)) (| Lip((0, 00); L= (1)),
in particular, U € Wi‘x’(Q)
4. We claim that U(x,t) is the viscosity solution of the initial-boundary value problem
U — f(z,AU) =0, (z,t)€Q,
(7.10) U(z,0) = Uy(x), x €,
U(z,t) =0, (z,t) € 002 x (0, 00).
where
Up:=A"1 ][uo(z,x) dz.
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5. Indeed, let (,7) € Q and let ¢ € C?(Q) be such U — ¢ has a local maximum at (#,%). Also, let
vs € A(R™) be a smooth function satisfying

(711) g (i'vsz_(‘%vp)) —P— d < Az'UJ < g (i‘,Z,f_(i',p)) —p+ 5;

with p = Ap(#, 1), whose existence is asserted by Lemma 3.3. In particular, given any ¢’ > 0 we can find
0 > 0 sufficiently small such that

Fl@, Ap(@,1)) = 6" < (&, 2, Ap(&, 1) + Avs(2)) < (&, Ap(,1)) + 5.
Take p > 0 and let z; € 2 be a point of maximum of
. € R
Us(e,) = ol 8) = 2us(5) = pla = 2 +p,
J

where we denote U; = U,,, such that x; — Z as j — oo. Such sequence (x;) exists since U; converges locally
uniformly to U and vs is bounded. We have

~ €T
o) = 1 (23,2 Mgty ) + Bus(2) + ) <0
J

€j
and

(2 80t + a0s(H)) < @, i) + 6.

j
which, after addition, gives

pu(w5, 1) — F(@, Ap(a, B)) < Ol — &) + O(p) + .
Hence, letting j — oo first, and then letting p,d’ — 0, we obtain
oi(2,8) — f(2, Ap(2,1)) <0

The reverse inequality, when U — ¢ has a local minimum at (, f) follows in an entirely similar way, which
concludes the proof of the claim.

6. By the uniqueness of the viscosity solution of (7.10)(see for instance [10], Theorem 8.2), we conclude
that the whole sequence U.(x,t) converges uniformly to U(z,t). Let 4 := AU. Given any ¢ € C°(Q), we
have

/ug(x,t)go(m,t)dxdt:/ AUgwdmdt:/ UA<pdgcth%—>0
Q Q

/UAgodxdt:/ﬂ(pdxdt.
Q Q

Consequently, u.(z,t) converges in the weak-* topology of L>=(Q) to 4 = AU (x,t), which concludes the
proof of the first part of the theorem.

7. Now, let us assume the existence of a weak solution @ of (7.2), which actually follows from the
compactness result in [24]. Let U := A~'4. As it was done above, we easily prove that U is the viscosity
solution of (7.10). Therefore, U = U, and so i = .

8. We are going to prove (7.5) under the additional assumption that f(x,z,-) is strictly convex for all
(z,z) € Q x R™. We first observe that the identity

atUs - f(mv §7AU€) =

holds in the sense of distributions in Q. Indeed, for any ¢ € C§°((0, 00); H(£2)), we have

(7.12) / Ue Py —Vf(x,g,us) -Vepdzdt =0.
Q
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Given ¢ € C5°(Q), we take o = A™1¢ in (7.12), use u. = AU, and integration by parts, to obtain that
(7.13) /Q Ucthi + f(x, g,Aandx dt = 0,

holds for any ¢ € C§°(Q). Similarly, since @ is the weak solution of (7.2), we have

(7.14) /Q Upy + f(z, AU)¢pdx dt =0,

for any ¢ € C§°(Q).
Using ¢(x,t)p(2) with ¢ € C5°(Q) and ¢ € A(R"), as the test function ¢ in (7.13), which is clearly
possible, and taking the limit along a suitable subnet e(d), d € D, we obtain by Theorem 4.2

L[ s 1602000 = Fla Aot 0p(2) () e = 0,
0 QJK

where K is the compactification of R™ associated with A(R™), and we have used (7.14). Since ¢ and ¢ are
arbitrary, we have

(Va0 f(T,2,0)) = f(z, AU) = f(a:,z,g(:c,z,f(x,AU))), for a.e. (z,t,2) € @ x K.
Since f(z, z,-) is strictly convex for all (z,z) € Q x R™, we conclude that
Vat,z = Og(z.2 f(a,al)), 0T ae. (2,t,2) € Q x K.
and this implies through Theorem 4.3 that (7.5) holds. O
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