FETI-DP METHOD FOR DG DISCRETIZATION OF ELLIPTIC
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Abstract. In this paper a discontinuous Galerkin (DG) discretization of an elliptic two-
dimensional problem with discontinuous coefficients is considered. The problem is posed on a polyg-
onal region §2 which is a union of disjoint polygonals ; of diameter O(H;) and forms a geometrically
conforming partition of 2. The discontinuities of the coefficients are assumed to occur only across
09;. Inside of each substructure §2;, a conforming finite element space on a quasiuniform triangula-
tion with triangular elements and mesh size O(h;) is introduced. To handle the nonmatching meshes
across 0€2;, a discontinuous Galerkin discretization is considered. For solving the resulting discrete
problem, a FETI-DP method is designed and analyzed. It is established that the condition number
of the method is estimated by C(1 + max; log H;/h;)? with a constant C independent of h;, H; and
the jumps of the coefficients. The method is well suited for parallel computations and it can be
straightforwardly extended to three-dimensional problems.
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1. Introduction. In this paper a discontinuous Galerkin (DG) approximation
of an elliptic problem with discontinuous coefficients is considered. The problem is
posed on a polygonal region 2 which is a union of disjoint polygonal subregions 2; of
diameter O(H,) and forms a geometrically partition of €2, i.e., for ¢ # j, 9Q; N0, is
empty or is a common corner or edge of 9¢2; and 0();, where an edge means a curve
of continuous intervals. The discontinuities of the coefficients are assumed to occur
only across 0€2;. The problem is approximated by a conforming finite element method
(FEM) on a matching triangulation inside each €;, with h; as mesh parameter, and
nonmatching meshes are allowed to occur across 0€2;. This kind of composite dis-
cretization is motivated by the local regularity of the solution of the problem being
discussed. A discrete problem is formulated using symmetric DG methods with a
interior penalty term on 9€);, see [4, 8, 26]. The main goal of this paper is to design
and analyze a FETI-DP method for the resulting discrete problem. To the best of our
knowledge, the FETI-DP method has never been considered before in the literature
for DG discretizations.

The first FETI-DP method for standard continuous Galerkin discretization was
introduced in [11] and is a nonoverlapping domain decomposition method that enforces
continuity of the solution at subdomain interfaces by Lagrange multipliers except at
subdomain corners where the continuity is enforced directly by assigning a unique
value for the functions at each corner. The first mathematical analysis of the method
was provided in [25]. The method was further improved by enforcing the continuity
directly on averages across the edges or faces on subdomain interfaces [12, 19], see also
[28], resulting in better parallel scalability for three-dimensional problems. FETI-DP
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methods, and also similar methods such as FETI, BDDC and BDD, have been tested
very successfully and analyzed theoretically for a variety of problems and their dis-
cretizations, see [28] and references therein.

The main goal of this paper is to develop a FETI-DP methodology for DG meth-
ods and apply it to a nontrivial problem. More specifically, we consider a scalar second
order elliptic problem with discontinuous coefficients with nonmatching meshes across
the subdomains. The discontinuities of the coefficients do not necessarily satisfy the
quasi-monotonicity condition on the jumps of the coeflicients, see [10]. We expect
that the methodology developed here can be extended to a large class of problems
and DG discretizations, see [4, 16, 26].

In this paper, the DG discrete problem is reduced to the Schur complement prob-
lem with respect to unknowns on the closure of 9Q;\0€, for ¢ = 1,---, N. For that,
discrete harmonic functions defined in a special way, i.e., in the DG sense, are used.
The FETI-DP method for DG discretization is designed and analyzed using the ap-
proach from [28, 25], which is used there for standard conforming discretizations. Let
T'®) be the union of all edges F;; and F}; which are common to Q; and Q;, where Fj;
and Fji refer to the €2; and Q; sides, respectively, and let I" := UililI‘(i). The method
consists of decomposing I' into overlapping interfaces ' i = 1,--., N. We note that
each I'” has unknowns (degrees of freedom) corresponding to nodal points on the clo-
sure 9€,;\09 and on the F i C 0€);. Next we impose continuity of the unknowns which
correspond to corners of ©; and common endpoints of F ji- These unknowns are called
primal. The remaining unknowns on I'® and T'¥) are called dual and have jumps,
hence, Lagrange multipliers are introduced to eliminate these jumps. For the dual
system with Lagrange multipliers, a special block diagonal preconditioner is designed.
It leads to independent local problems on I'¥ for ¢ = 1,---, N. It is proved that the
proposed method is almost optimal with a condition number estimate bounded by
Cmax;(1 + log H;/h;)?, where C does not depend on h;, h;, h;/h;, the number of
subdomains {2; and the jumps in the coefficients. The method can be straightfor-
wardly extended to DG discretizations of three-dimensional problems. The FETI-DP
method developed here complements the BDDC methodology for DG discretizations
developed recently in [9]. We note that the discretization used there (based on the
harmonic average of the coefficients) is not the same as the one we consider here,
additionally, the constraints used there are based on edges while here are based on
corners. We point out that the introduction of corner constraints eliminates the inter-
face condition assumption required in [9]. We note that other types of preconditioners
have been considered for solving DG discretizations. In connection with block diago-
nal or overlapping Schwarz methods see for example [13, 14, 22, 6, 1, 2, 7, 24] while
for multilevel preconditioners [15, 17, 23, 21, 20, 5]. We note that these precondi-
tioners do not use discrete harmonic extensions and do not belong to the family of
iterative substructuring type of methods such as FETI, FETI-DP, BDD, BDDC and
Neumann-Neumann.

The paper is organized as follows. In Section 2 the differential problem and a
DG discretization are formulated. In Section 3, the Schur complement problem is
derived using discrete harmonic functions defined in a special way (in the DG sense).
In Section 4, the so-called FETI-DP method is introduced, i.e., the Schur complement
problem is reformulated by imposing continuity for the primal variables and by using
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Lagrange multipliers at the dual variables. Finally, a special block diagonal precon-
ditioner is defined. The main results of the paper are Theorem 4.2 and Lemma 4.4.
Section 6 is devoted to the implementation of the FETI-DP method.

2. Differential and discrete problems. In this section we discuss the contin-
uous and discrete problems we take into consideration for preconditioning.

2.1. Differential problem. Consider the following problem: Find u}, € H}(Q)
such that

(2.1) a(ul,,v) = f(v) Vv e Hg(Q)

where
N
a(u,v) = Zl/m pi(x)Vu-Vudr and f(v):= /va dx.

(2

We assume that Q = UN | Q; and the substructures (2; are disjoint shaped regular
polygonal subregions of diameter O(H;). We assume the partition {Q;} ; is geomet-
rically conforming, i.e., Vi # j the intersection d€); N 0€); is empty or is a common
corner or edge of €; and ;, where here and below an edge means a curve of con-
tinuous intervals while its endpoints are called corners and the the collection of these
corners on 9%); are refered to corners of ;. We assume f € L?(2), and for simplicity

of presentation let p;(x) be a positive constant p;.

2.2. Discrete problem. Let us introduce a shape regular and quasiuniform
triangulation in each 2; with triangular elements and h; as mesh parameter. The
resulting triangulation on € is in general nonmatching across 9€);. Let X;(€;) be the
regular finite element (FE) space of piecewise linear and continuous functions in ;.
Note that we do not assume that functions in X;(2;) vanish on 9Q; N 9. Define

X(Q) = Xl(Ql) X XQ(QQ) e X XN(QN)

Let us denote by £ the collection of all edges of ©; which are shared by other
subdomains, and denote by £7 the collection of edges of ©; which belong to Q. The
set of all edges of €; is denoted by &;. Note that & = & for all Q; which do not
intersect 92 by an edge. A discrete problem obtained by DG method, see [26, 4, 8],
is of the form: Find u* = {u}}}., € X(Q) such that

(2.2) an(u*,v) = f(v) Yo ={v;}}L, € X(Q)

where
N N

(2.3) ap(u,v) = Za(z)(u,v) and f(v):= Z/ fu; dz,
i=1 i=1 /%%

(2.4) a® (u,v) := a;(u, v) + s;(u,v) + pi(u,v),

and

(2.5) a;(u,v) := / piVu; - Vu; dx,
Q.

i
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1 8u2 avi

Fy;C&; K

(2.7) pi(u,v) = Z /F é&(u] —u;)(vj; —v;)ds

Fijc&m i Li hij

where we set [;; = 2 when Fj; := 9Q; N 98, is a common edge of Q; and €, and let
hij = 2h;h;/(h; + hj), i.e., the harmonic average of h; and h;. The notation F;; C &;

includes also boundary edges on 9€2; N OS2 where we set [;9 = 1, and let ug = 0,v9 =0

and h;s := h;. The partial derivative % denotes the outward normal derivative on

0%); and ¢ is the penalty positive parameter.

We introduce the bilinear forms

(2.8) di(u,v) := a;(u,v) + p;(u,v)
and

N
(2.9) dp(u,v) == Z di(u,v),

and note that the norm defined by dj(-,-) is a broken norm in X () with weights

given by p; and > £-. For u = {u;}}¥; € X(Q) this discrete norm is defined by
i3 Nij

N
|l wl7=dn(u,w) =>4 pi |l Vi 17200, +
F;

i=1

o pi
2P (u; — uy;)?ds

It is known that there exists a do = O(1) > 0 and a positive constant ¢ < 1 such
that for every 6 > dy, we obtain |s;(u,u)| < cd;(u,u) and Y, |si(u,u)| < cdp(u, ),
and therefore, the following lemma is valid:

LEMMA 2.1. There exists 6o > 0 such that for § > do and for all u € X (2) we
have

(210) 70dl(u7u) < a(z)(uau) < ’YIdi(Uﬁ U), i = 17"'7N
and
(2.11) Yodp (u,u) < ap(u,u) < yidp(u,w).

Here, vy and 1 are positive constants independent of the p;, h;, H; and u. For the
proof we refer to [8].

Lemma 2.1 implies that the discrete problem (2.2) is elliptic and continuous,
therefore, the solution exists and it is unique and stable. An optimal a priori error
estimate of this method was established in [3, 4] for the continuous coefficient case.
When the coefficients are discontinuous across substructures and/or when h; and h;
are not necessary of the same order, the following result is established in [8].
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LEMMA 2.2. Letu}, andu* be the solution of (2.1) and (2.2). Iful,|a, € HI(),
i=1,---N, and 3/2 < q < 2, then

% 2 1 2 1
|l —u ||h<02p7 v 3 Jh“* [
Fi;C&? hi

where C' is independent of h;, H;, p; and u’,

3. Schur complements systems and discrete harmonic extensions. The
first step of many iterative substructuring solvers, such as the FETI-DP method that
we consider in this paper, requires the elimination of the unknowns associated with
the interior of the subdomains. In this section, we describe this step for DG dis-
cretizations.

We introduce some notation and then formulate (2.2) as a variational problem
with constraints. Let us introduce

O =0 U {Up,ceoFji}
i.e., the union of Q; and the Fj; C 8Q; for Fj; = F; with F;; C 0Q,;\0, and let
T® = Up, c eo(Fy U ).

Note that F;; and F}; are treated separately in spite of geometrically they are the
same. Sometimes we use the notation Fj;, and Fj;; to refer the sets of nodal points
of the triangulation on Fj; and Fj; with parameters h; and h;, respectively, and F‘ijh
and F’jih when the endpoints are included.

Let W;(2) be the FE space of functions defined by nodal values of Q) i.e., an
element u() € W;(Q®) is defined by u(i) the values at nodal points of Q;, and by
; 9 the values at nodal points of Fj;p, for Fy; = F;; C &Y. Here and below we use the
same notation to denote both FE functlons and their vectors representations. Note
that a(¥ (-, ), see (2.4), is defined on W;(Q®) x W;(Q®) with corresponding stiffness
matrix A® given by

(3.1) o@D (u® @) = (ADD @y 4O @) € ()

where (u(, ") denotes the f5 inner product associated to nodes of Q). Let us
represent u(? as u() = (u(Ii), ug)) where ufj) represents values of u(*) at nodal points
of T and u(Ii) represents the interior nodal values on I; := Q(i)\F(i), hence, let us
represent W;(Q®) = W;(I;) ® Wi(I'V). Using the representation u® = (ul! ),ué))7

the matrix A®) can be represented as

(32) A© = ( A A )
AF[ AFF’

where the first block of rows and columns corresponds to the nodal points of I; while
the second block of rows and columns corresponds to the nodal points of I'(*)



6 M. DRYJA AND M. SARKIS

is of the form:

The Schur complement of A® with respect to u%f )

(3.3) 5O = Sih = Afy — AL (A7) AR
and let us denote

(3.4) S = diag{S™M, 5@ ... sy,
Note that S satisfies

(3.5) (S(i)ul(j), ul(f)> = min a®(w®,w®)

subject to w® = (wy),wg)) € W;(QW) with wl(j) = u{f) on T, The bilinear form
a(z)(~7~) is symmetric and nonnegative, see Lemma 2.1. The minimizing function

satisfying (3.5) is called discrete harmonic in the sense of a((-,-) or in the sense of

)

H@. An equivalent definition of the minimizing function H(i)ul(f is given by the

solution of

(3.6) a(i)(H(i)ug),v(i)) =0, v e V?/i(Q(i))
(3.7) H(i)ug) = ug) on I'”

where V?/i(Q(i)) is the subspace of W;(Q(®) of functions which vanish on T}, We note
that for substructures €; which intersect 9Q by edges, the nodal values on 9Q;\I'¥)
are treated as unknowns.

Let Hiug) € Wi(Q9) be the standard discrete harmonic function of ul@ €
W;(T@) in the sense of a;(-, -), see (2.5). We note that the extensions H; and H® dif-

fer from each other since Hiug ) depends only on the nodal values of u(rz ) on o0, NT®

while H(i)u(Fi ) depends on the nodal values on all T'®. The following lemma shows
the equivalence (in the energy form defined by d;(-,-)) between discrete harmonic
functions in the sense of H; and in the sense of H); for the proof see Lemma 4.1 of
[9]. This equivalence allows us to take advantages of all the discrete Sobolev results
known for H,; discrete harmonic extensions.
LEMMA 3.1. For u® € W;(T®), it holds that
(3.8) di(Hut?  Hiu) < di(HOu®  HOuD) < Ody(Hiul, Hyul?)
where C' is a positive constant independent of hi, H;, p; and u(.
The next corollary follows directly from Lemma 3.1 and Lemma 2.1.
COROLLARY 3.2. For u®¥ € W;(I'V), it holds that
(3.9)  Codi(Hiul, Haul) < a®(HOu, HDuD) < Crds(Hiul, Hiul?)

where Cy and C are positive constants independent of hi, H;, pi and u(®.
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Let us introduce the product space
(3.10) w(Q) = [[wi®),

i.e., u € W(Q) implies that v = {u®}N | with «( € W;(Q®).

We now consider the subspace W (Q) C W () as the space of functions which are
continuous on

(3.11) = UYL, (Up,ceoFy) = UL, T,

DEFINITION 3.3. (Space W(Q), continuity on T'). We say that u = {u®M}N | e
W () is continuous on r@ 4f uéz) = uy) on Fjih and ugj) = uz(-z) on F‘ijh for all
F;; C E). We say that u is continuous on I if it is continuous on all ri=1,---,N.

The space of continuous functions on I' is denoted by W(Q)

Note that there is a one-to-one correspondence between vectors in the spaces
X(Q) and W(). We introduce the restriction matrices Rou : X () — W;(Q®)
which assign the vector values of u = {u;}Y; € X(Q) into the vector values of u(")
at the nodes of () only. Note that v = {u®}YN | € W(£). Hence, we can represent
uniquely u € X(Q) as u = {u®}N | € W(Q). Note that the discrete problem (2.2)
can be written as a system of algebraic equations

(3.12) Au* = f

with u* € X(Q) and f = {fi}¥, € X(Q), where f; is the load vector associated with
individual subdomains €2;. The stiffness matrix A can be obtained by restricting the
block diagonal matrix, see (3.2)

from W (Q) to W (), that is,

N
A=Y"RE,AD Ry

i=1

Note that A is no longer block diagonal since there are couplings between substruc-
tures due to the continuity on I'.

Note also that X (£2) can be componentwise represented by X (£2) = X (I) ® X (I")
where I = U;/; and I' defined in (3.11), and also W (2) can be represented by W (£2) =
W(I)® W(T') where

N N
W(I) = [[Wi(l) and W(T) = ][ Wi(@®).

i=1 =1

We introduce the restriction matrices Ry, : X(I) — W;(I;) and Rpw : X(T) —
Wi(l"(i)) by assigning values of u; to ugl) at nodes of I;, and values of ur to upu) on



8 M. DRYJA AND M. SARKIS

nodes of T, respectively. By eliminating the variable u} from (3.12), see (3.2) and
(3.3), it is easy to see that

(3.14) Sub = gr

where

(315)  §=) RLySYRpw and gr= fr— ZR?U)A{“Z}(A(IZI))_lfi'
i=1 i=1

It is also easy to see from (3.6) and (3.7) that

RSO ING) TOMO o
v A A HWuy i

(3.16) < {i) > ( A{’I) A(%“ ) ( (i)r ) - <S(>u§”,v§”>~
Yr rr 4o Ur

Note that VAV(Ij) is the natural space for defining (S -,-) due to (3.15), (3.16) and
the continuity of W(I') on I.

4. FETI-DP with corner constraints. We now design a FETI-DP method
for solving (3.14). We follow the abstract approach described in pages 160-167 in [28].

We introduce the nodal points associated to the corners unknowns by

(4.1) Vi=Uul, v where Vi = {Up,,c e00F;;}.

Let W (I") be the subspace of W (T') of functions which are continuous on V in the
sense that the finite element functions u = {u®}N | € W(T) satisfy

(4.2) ugi) (x) = ugj)(a:) for all x € OF;; for all Fy; C &
and
(4.3) u§j)(x) = ugi) (z) forall x € OFy; for all Fj; = F;; C &),

Here and below Fj; = Fj; C &Y means that F}; is such that Fj; = Fj; with Fy; C 9.
Note that
(4.4) W(r) c W(I) ¢ W(I).

Note that a function u € W(I') does not imply that ul(.i) = uy) at points of OF;; =
5‘sz

Let A be the stiffness matrix which is obtained by restricting the matrix A defined
in (3.13) from W(Q) to W(). Note that A is no longer block diagonal since there
are couplings between variables at points of V. We represent u € W(Q) as u =
(ur, urr, ua) where the subscript I refers to the interior degrees of freedom at nodal
points of all Q; UE?, the II to the corners of all V;, and the A to the remaining nodal
points, i.e. of the T™\V. The vector u = (us, um, us) € W(Q) is obtained from the
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vector u = (uz,ur) € W(§2) using the equations (4.2), (4.3), i.e., the continuity of u
on V. Using the decomposition u = (us, um,uas) € W(£2) we can partition A as

R Arr Am Ala
(4.5) A=\ Anr Amn  Ana
Anr Aan Aan

We note that the only couplings across subdomains are through the variables II where
the matrix A is subassembled.

A Schur complement of A with respect to the A-unknowns (eliminating the I-
and the IT-unknowns) is of the form

- A Am ) [ A
06 St s (4 4m )G )

A vector u € W(T') can uniquely be represented by u = (ur,un), therefore,
we can represent W(I') = Wii(T') & Wa ('), where Wiy(T') refers to the II-degrees of
freedom of W(T') while WA (T') to the A-degrees of freedom of W(T)). The vector
space W (') can be decomposed as

N
(4.7) Wa(l) = H Wia(T®)

=1

where the local space W; a(I'V) refers to the degrees of freedom associated to the
nodes of I'W\V. Hence, a vector u € W(I') can be represented as u = (ur, ua) with

urp € Wi(T) and up = {UZ)HL € Wa(T) where u(Ai) € Win(P®). Note that S, see
(4.6), is defined on the space Wa (T'), and the following lemma follows (cf. Lemma
6.22 in [28] and Lemma 4.2 in [25]):

LEMMA 4.1. Let un € Wa(L) and let S and A, defined in (4.6) and (4.5),
respectively. Then,

(4.8) (Sup,up) = min(Aw,w)
where the minimum is taken over w = (wy, wr,ua) € W ().
Let us take u € W(I) as u = (ur, ua) with ug € Wi (D) and ua € Wa(L). We

have up = {u(Ai) N | with u(Ai) € Wia(T®). The vector u(Ai) € Wi a(T™) can be
partitioned as

uld = ()i { @), b oo}
where
N (i)y . _
(qu )1 - qulaQi\E? and (UAZ )J N UA‘F |

Jji
In order to define the jumping matrices Ba, consider ua € Wa (T") such that

(4.9) “(Ai)\p. —uX?F” =0, ie., (u(g))i — (ug))i =0 on Fy, for F;; C £,
ij ij
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quF — u(AZ)‘F =0, ie., (ug))j - (u(i))j =0 on Fjy, for Fj; = F;; C &,

and we denote these constraints, taking them for all i =1,---, N, by
(4.10) Baua =0, BA:(BS)7B(AQ)’...7BZN)).

The rectangular matrix BX) consists of columns of Ba attributed to the (i)-th com-
ponent of the product space W (T'). The entries of the rectangular matrix consist of
values of {0,1,—1}, and Bauna, for ua € Wa(T'), measures the jump of ua across

the A-nodes. It is easy to see that B is full rank.

We can reformulate the problem (3.14) as the variational problem with constraints
in Wa(T') space: Find uy € Wa(I') such that

(4.11) J(uwx) = min J(va)
subject to va € Wa (T") with constraints Bava = 0, where
(4.12) J(p) :==1/2(Svp,va) — (Ga,va)

where S is defined in (4.6) and

-1
(4.13) ga = fa —(Aar Aan) ( jrf, ﬁ;; ) < 1{111 )

Here we note that f = {fi}/{; € X(Q) can be represented f = (f1, fu1, fa), where
fa = {fia}Y, and f; o are the load vectors associated with the individual subdo-
mains €, i.e., the entries f; o are defined as fQ fvidz when v’ are the canonical
basis functions of VNVl A(T@). Note that S is symmetric and positive definite since A
has these properties; see also Lemma 4.1. Introducing Lagrange multipliers A € V,
where V' := range(Ba), the problem (4.11) reduces to the saddle point problem of
the form: Find u € Wa(T) and \* € V such that

(4.14) { BSLLAA + BN - §0§
Hence, (4.14) reduces to

(4.15) FX =g

where

(4.16) F:=BAS™'BY,  g:=BAS'ga.

When \* is computed, v’ can be found by solving the problem

(4.17) Su =g — BEX*.
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4. 1 Dirichlet Preconditioner. We now define the FETI-DP preconditioner.
Let SA be the Schur complement of S, see (3.3), restricted to W;A(T®) C
W;(T@), i.e., taken S on functions of W;(T) which vanish on VNT®. Let

(4.18) Sp = diag{SVIN |

In other words, SX) is obtained from S by deleting rows and columns corresponding
to nodal values at nodal points of YV N T,

Let us introduce diagonal scaling matrices DX) fori=1,---,N. The DX) maps
Wi, A(I'®) into itself and the diagonal entries are defined by

~
i Pj .
(4.19) D(A) = p7 —ipv on Fijh UFjih, for all Fij C 5? with Fji = Fij - 520
g J

for v € [1/2,0), see [27], and define

(4.20) Bp.a = (BYDY, - BR D).
Let
(4.21) Pp := Bh ABa

which maps Wa (T') into itself. It is easy to check that for wa = {wA)}N L € Wa(D)
with w) € Wi A(T@) and w € W, A (T@) it holds:

2

(12)  (Pawa@)” = SR E) - @ @), 2 € P
429 (Paws@)) = Ll @) - @@L e Fa
Note that

a2 (Paws@)) = Al @); - @D @)l o€
@25)  (Pawa@)? = L 0@ - W@, 2 e P

It is easy to see that Pa preserves jumps in the sense that
(4.26) BAPA = Ba.

From this follows that Pa is a projection (P = Pa).

In the FETI-DP method the preconditioner is of the form

N
(4.27) M~ = BpaSaBh o =Y BYDY sV DR (BY)T.

i=1
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Note that M ! is a block-diagonal matrix and each block is invertible since SX) and

DX) are invertible and BX) is a full rank matrix. The following theorem holds:

THEOREM 4.2. For any A € V it holds that
H
(4.28) (MM X)) < (FAN) < C(1+log H)Q<M)\, A)

where C' is a positive constant independent of h;, H;, A and the jumps of p;. Here and
below, log(Z) := max[¥ | log(4+).

Proof. By the general abstract theory for FETIT-DP developed by [25], see also
Theorem 6.35 of [28], the proof of the theorem follows by checking Lemma 4.3 and
Lemma 4.4 below. The proofs of these lemmas are presented separately below. O

LEMMA 4.3. For up € Wa(T) it follows that

(4.29) <SUA,UA> < (SAuA,uA>.

Proof. The proof follows from Lemma 4.1 and from

(4.30) (Sup,up) = min(Aw,w) < min(Av,v) = (Saua,un)

where the minima are taken over w = (wr,wi,ua) € W(Q) and v = (vr,0,un) €
W(Q). D

LEMMA 4.4. For any ua € Wa(T), it holds that
2 H.o 2
(4.31) I Prua s, < € +log )" | ua IIg

where C' is a positive constant independent of h;, H;, un and the jumps of p;.
Proof. We first consider the case when the the edges is a single interval only. Let
un € Wa(I') and let w = (um, ua) € W(I') be the solution of

(4.32) (Sup,up) = min(Sw,w) =: (Su,u),

where the minimum is taken over w = (wrr, up) € W(I') with wy € Wi (L) and S is
defined in (3.4).

Let us represent the u as {u}Y, € W(I') where u) € W;(T™). Let Ir, ,u®
be the linear function on Fijh and Fjih defined by values of u® at 0F;; and OFy;,
respectively. Let @ = {aM}N, where 4() € W;(T®) be defined as

’ELEz) :IF U(l) on F'L’jh for all Fij C (C/‘ZO

iy
and

0\ = Ip i’ on Fyy forall Fy = Fyy C £

3i g

Note that 4 € W(F) Therefore, representing @& = (U, %) we have Batia = 0.
Using this we have, see (4.21),

PAUA = BE’ABAuA = BE’ABA(UA — ﬁA) = PA(UA - fLA).



FETI-DP for DG Discretizations 13

Define v € W(I') to be equal to Pa (ua —ua) at the A-nodes and ua —a, which
is equal to zero, at the IT-nodes. Let us represent v = {v(M}N | with v € W;(T'®),
We have

N
(4.33) I Paua 3=l v 5= 110 (50
i=1

in view of the definition of SX) and S, see (4.18) and (3.4), hence, to prove the lemma
it remains to show that

N
(4.34) D v e < O+ log H/h)?||ul§

i=1

since by (4.32) we obtain (4.31). By Corollary 3.2 we need to show

N N
(4.35) Z ‘ )< C(1+1log H/h) Z di(u®,u®
-1 i=1

where, see (2.8),
di (v, 0®) := di(Hio™, H®)

and so

s pi0 i i
(4.36)  di(w® v) = pi | Vo [Fagay + D 7o o = o) ).
Fyce T

where v = H;v® and u = H;u') inside the subdomains ;.
We first estimate the first term of (4.36). We have

(4.37) 196 20 < € D0 ol e

(Fij)
Fi;cé&p

by the well-known estimate, see [28], and the fact that UZ@ = 0 at corners of 02;. Note
that for subdomains €2; which intersect 02 by edges we use the obvious inequality

I Vol 220 <l V3 (1220,
~(4) .

; is the stardard discrete harmonic extension on €; with 61@ = vii) on &
and vl( Y =0 on E2. For the case F;; C £, we use (4.22) to get

where 0,

piny’ NO) NORP
pi | o |12 HY2(Fy) m | (w—a);" — (u—da); ||H1/2(Fij)§
(4.38) <3 {pi |l Cw= ) ey 05 | = @) 32+
pip;!

N C) R N C NP
G+ | (0 B = B ey b
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where we have used that W < min{p;, p;} if v € [1/2,00), see [27].

For estimating the first term of the right-hand side of (4.38), it is well-known
that, see [28],

NG H;
(439)  pill (=) e, ) < CO+1og 3000 Vui? [iaa,) <

H;
C(l—Hogh—) d;(u®, u™)
since ﬁgi) = Ip, ul@ is the linear interpolant of uE Y on F;; with values u on 0F;;.
The estimate for the second term of the right-hand side of (4.38) is smnlar

It remains to estimate the third term of the right-hand side of (4.38). We have
(440) || (w=a) — (=) e, =
N ~1()y2
e @) ()2 ((u—1);" = (u—1a);")
= |(U u)i (U 'U:)J |H1/2(Fij) + /F d’LSt(&aF”) ds.

3

The first term of (4.40) is estimated as follows. Let Q; be the Ly projection on
Xi(Fi;), the restriction of X;(0€);) to F;; with h; -triangulation on Fj;. Using the
inverse inequality, the H'/2 and L, stabilities of the Ly projection we have

(441) -2 — (u—2a)¥ |H1/2<F < C Qi —uP)asam,) +

Qi = @)y + 1= ) Brao gy + 10 = 0 2o, )}

1 .
< Ol w? = IRagm,) Ha” = a7 (g + 1= DF sz, <

Lo Gy D |2 @) _ ()32 Hj\o @)
SC{E | wi 22 +IggX( 7 —ui?)? + (14 log -2 ;s 2 Vg 720, )
since u( 7 and u () are linear on Fj; and Fj; and Fj; = Fj;. The second term of RHS

of last inequality of (4.41) is estimated as follows. Let u(] ) be the average of u(J ) on

Fj;. We obtain

max(u(j) (J)) <3 { max(Qi(qu) . u;j)))2 +

8F” aFi]‘
(4.42) +max(Qi(u — )’ + max(uf) —a)?} <
iJ 1]

1 ) 4 . (4
< C{fT I ul(J) (J) ”LZ(F”) +maX(Ql( (@ _ ugj)))Z + H}&X(uy) . u(.J))2 1.

Hence, using a discrete Sobolev inequality, see [28], and the H 1/2 stability of the L?
projection we obtain

_(j H; H;
max(Qu(uy?) — 7)) < C(1 +log L)y iy o, < C1+log 34 | Vu? e,
and so

@) _ ()2 Loy @, 0) 2
(4.43) %lzf%f(u’ Uy )7 < C{E | — Uy HL?(Fij) +

H .
+ (Ltlog ) || Vi [F20,)}-
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Substituting this into (4.41), we get

(4.44) (u — a)@ — (u— ) | gap,) <
(j)

1
< CO(1+1log — ) {Il Vel 320,y +7

o el = g,

We now estimate the second term of (4.40) as follows. In order to simplify notation
we take F;; as the interval [0, H]. Note that

(4.45)

ds <

/ ((ufu)(]) (u— A)§j))2
dist(s,0F;;)

2 —A»A)—u—a(‘j)Q w— 9 (= )92
B e U P U i L P
S H/2 — S

Let us estimate the first term of RHS of (4.45). Let h; < h; (the proof for h; > h; is
similar).

ds +
s

/H/2 (=) — (=7 / ((w— ) — (u—))?
0 0

H/2 (4 — ) — (u—);")? ()
+/h = '

S

7

H( 4 Tog T max((u — ) — (u— @)} <

H .
<C(1 —&-loghf)max((u—u)m (u—a))? <

7 Fij

H . .
< C(1+log — , ){max( @) _ ;J)) + max(al?) — §j))2} <
J ij
H .
< C(1+log— N “) max(u; @ _ y))2 <
% ij
H 1 ) ) .
< (1 +log 3 5w = ey + 1 Vo llieca, b

We have used (4.42) and (4.43) to obtain the last inequality. Using this estimate in
(4.45) we get

(=) = (u—a))?

i
O +1og 7P| w“) 220, +h | = o, )
Substituting (4.44) and (4.46) for ¢ and j into (4.40) we get
_ @ 2 <
(447) || (u u)z (’LL ) || 1/2(F”)

H . .
€1 +10g T VU [aqr,y +4 |0 = e, )
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Substituting this and (4.39) into (4.38) we get

(448)  pi | o )2 < C(1+1log — ){d( u®) + d; (w9, u@)y

1/2
Hob® (Fij) =

It remains to estimate the second term of the right-hand side of (4.36). The case
Fj; € &2 is trivial. For the case F;; C & we have, see (4.22) - (4.23),
pillvi? = o liaqry= oyl >

(449) x| [(w=a)" — (u— )P+ [(w— @)Y — (=) 32, <

<2p; || “z@ Z) [ (i) T205 | “(J) ('J) H2L2(Fu')

since ﬁgi) = ﬁz('j) and ﬁg 7 = 11(-) on Fj; and F}j;, respectively. Hence
pid i i
> o = e,
FijCS? W
@50) <0 ol =l ey o 0 =) e, )
F;;C&?
<C Z {d; (w0 4+ d;j (P u))}.
Fi;C&?

Substituting (4.48) and (4.50) into (4.36) we get

(4.51)  d; (0™, )<C(1+log—) {d;(u Z d, (D, w9},

Summing the inequalities (4.51) for ¢ from 1 to N and noting that the number of
edges of each subdomain can be bounded independently of N, we obtain (4.35) and
(4.34).

The proof also works with minor modifications for the case when Fj; is a contin-
uous curve of intervals. For that, we should consider discrete Sobolev tools for non
straight edges, see for instance [18], and interpret I, uw® and T Fjiu(j ) as the linear
function with respect to parametrized path on the edge defined by the nodal value of
u(l) or u(]) at 8FU and asz O

5. Implementation. The problem (4.15) can be solved efficiently by the pre-
conditioned conjugate gradient method with the preconditioner M defined in (4.27).
To simplify the presentation we only discuss the Richardson’s method. For the system
of algebraic equations, see (4.15),

(5.1) FX =g
the Richardson iterative method is of the form: with given )y and for £ =0,1,---

(5.2) Met1 = Mg — Topt M HF A, — g)
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where Tope = 2/(C(1 + log H/h)? + 1)), see (4.28). We need to compute first

(5.3) iri=F\y — g = BaST (BAM: — §a) = BAS gy,

and then, see (4.27),

N
(5.4) = M7 =Y BUDLSW DY (BT 7,

i=1

where 7, = {F1V | € Wa(T) with 7 € W, o (TO)).
To compute 7;, we need to solve a system

(5.5) Sy, = G-

Note that S is a global matrix but with very weak couplings only through the cor-
ners of substructures €2; for s = 1,---, N. Hence, the system with S is solved by a
special algorithm based on the Cholesky factorization. For the conforming case this
algorithm is described in the book [28], see pp. 166-167. We modify this algorithm
to solve (5.5). The main modification corresponds to the fact that in our case in a
common corner of substructures €2; we have multiple unknowns while in the conform-
ing case we have only one value. A computation of BXv, see (4.9) and (4.10), for a

given v = {0}V, reduces to multiply the rectangular matrices (BX))T with entries
{0,1, =1} by the subvector of v(* belonging to ng (T@).

To compute M 17, see (5.4), we need to compute for i = 1,---, N
9 0D (B, = S

A computation of v,(:) = DZ)(BX))TFk reduces to a multiplication of 7 by (BX))T
and then by the diagonal scaling matrix DZ), see (4.19). In turn, a computation of
SX)@,(C” is reduced to solving a local problem defined on I'¥), see (4.18), with zero val-

ues of 9(9) at the corners V in Q9. These problems involve the solution the problem
S on each Q) with Dirichlet data on I'®. We point out that the local problems
are independent so they can be solved in parallel.

Finally compute

Akl = Ak — ToptTk

with the computed above ry.
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