THE GENERIC RANK OF THE BAUM-BOTT MAP FOR
FOLIATIONS OF THE PROJECTIVE PLANE
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ABSTRACT. Our main result says that the generic rank of the Baum-Bott Map
for foliations of degreee d, d > 2, of the projective plane is d? + d. This answers
a question of Gomez-Mont and Luengo and shows that are no other universal
relation between the Baum-Bott indexes of a foliation of P? besides the Baum-
Bott formula. We also define the Camacho-Sad Field for foliations on surfaces
and prove its invariance under meromorphic maps. In an appendix we show that
the monodromy of the singular set of the universal foliation with very ample
cotangent bundle is the full symmetric group

1. INTRODUCTION AND STATEMENT OF RESULTS

1.1. The Baum-Bott Map. One of the most basic invariant for singularities of
holomorphic foliations of surfaces is the Baum-Bott index: if F is a germ of
holomorphic foliation of (C?,0) induced by a holomorphic 1-form w = A(x,y)dy —
B(z,y)dx with an isolated singularity at 0 then the Baum-Bott index of F at 0 is
defined as
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where 7 is any (1,0)-form (C* on a punctured neighborhood of 0 € C?) satisfying
dw = nAw and T is the boundary of a small ball around 0 (see for instance [3]).
When the dual vector field X = A(z,y)0; + B(x,y)0d, has invertible linear part, i.e.,
det(DX(0)) # 0, a simple computation shows that

 a2(DX(0))
BB(F.0) = DX 0))"

Singularities with invertible linear part are usually called simple singularities.
Let S be a compact complex surface S. A singular foliation by curves F on S can
be defined by a global holomorphic section of T'S ® L, for a suitable line bundle L.
This line bundle £ is the cotangent bundle of F and is usually denoted by T%. We
will denote by Fol(L) the space of foliations on S with cotangent bundle L, i.e.,

Fol(£) = PH(S,TS ® L).

For any F € Fol(L) with isolated singularities sing(F), the singular set of F,
contains N (L) = co(T'S ® L) singularities counted with multiplicities.

When there exists a foliation Fy € Fol(£) with only simple singularities then
the set U C Fol(L), of foliations with only simple singularities is an open Zariski
set. In this case any foliation F € Fol(£) has exactly N(£) = N singularities. If
sing(Fo) = {p1,...,pn}, then there exist a neighborhood V' C U and holomorphic
maps vi,...,ynv: V — S such that v;(Fy) = p; and, for any F € V, we have
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sing(F) = {m(F),...,yn(F)}. In this case, we can define a holomorphic map
BB:V — CN by

BB(F) = (BB(F,7(F)), ..., BB(F,(F))).

We will call the map BB, the local Baum-Bott map. We observe that it is
possible to extend the domain of BB to U, if we symetrize the coordinates in CV.
More precisely, if we denote by CV /Sy the quotient of CV by the equivalence relation
which identifies two points (z1,...,2n5) and (25(1), .-, 2-(n)), Where o € Sy/(the
symmetric group in N elements), then we define BB: U — C /Sy by

BB(F) = [BB(fvpl)avBB(f’pN)]a

where sing(F) = {p1,...,pn} and [A1,..., An] denotes the class of (A1,...,An) in
C¥ /Sx. Of course, this map can be extended to a rational map

BB: Fol(£) --» (PN /Sy = PV

which we will call the global Baum-Bott map.

The well-known Baum-Bott Index Theorem [2] (first proved by Chern [5] in the
case of foliations with only simple singularities) says that for a foliation F with
isolated singularities of compact surface S,

Nr - Ng = Z BB(F,p),
pesing(F)
where Nz is the normal bundle of F, ie., Nr = T7 ® KS* with KS being the
canonical bundle of S. In particular the maximal rank of BB on Fol(£) is always less
than N (L) and the Baum-Bott map is never dominant: the closure of its image has
codimension at least one.

In this paper we are interested on the generic rank of the Baum-Bott map just
defined for foliations of the projective plane. Of course the generic rank of the local
and global Baum-Bott maps coincide. Recall that the degree of a foliation F of P2,
denoted by deg(F), is defined as the number d of tangencies of a generic line with F
and that F has N(d) := N(Ts) = d*+d+ 1 singularities counted with multiplicities.

For foliations of degree 0 of P? we have just one singularity and its index is de-
termined by Baum-Bott’s Theorem. For foliations of degree 1 we have three sin-
gularities(counted with multiplicities) and every foliation admits an invariant line.
Camacho-Sad index Theorem imposes an extra condition on the Baum-Bott indexes
and thus the rank of the Baum-Bott map is one, see [6]. A natural problem, proposed
by Gomez-Mont and Luengo in loc. cit., is the following:

Question 1. When d > 2, are there other hidden relations between the Baum-Bott
indexes of a degree d foliation of the projective plane? In other terms, what is the
generic rank of the Baum-Bott map for foliations of projective plane?

Our first result says that the only universal relation among the Baum-Bott indexes
is Baum-Bott’s formula.

Theorem 1. If d > 2 then the mazimal rank of the Baum-Bott map for degree d
foliations of P? is N(d) — 1 = d? + d.

An immediate consequence of Theorem 1 is the following:

Corollary 1. If d > 2 then the dimension of the generic fiber of the map
BB: Fol(d) --» PV is 3d + 2.
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In fact one has just to remark that dimFol(d) = (d + 1)(d + 3) — 1. We do not
know if the generic fiber of the Baum-Bott map is irreducible or not.

1.2. The rank at Jouanolou’s Foliations. In general it does not seems to be an
easy problem to compute the rank of the Baum-Bott map at an specific foliation.
For Jg4, the degree d Jouanolou foliation(cf. §3 for the definition), we are able to
determine the rank: this is the content of our next result.

Theorem 2. For any d > 2, the rank of the local Baum-Bott map at Jy is
d>+7d—6
—s

In particular, if d = 2,3 then tk(BB, Jy4) = d?> +d and if d > 4 then tk(BB, J;) <
d* +d.

Note that at these points the rank of the global Baum-Bott map is strictly less
then the rank of the local Baum-Bott map: since all the singularities of J; have
the same Baum-Bott indexes then BB(J;) € (PH)N(@ is on the critical set of the
symmetrization

(]P;I)N(d) N IPN(d)

1.3. The Camacho-Sad Field. Another local index often considered in the theory
of holomorphic foliations is the so called Camacho-Sad indez of a foliation F with
respect to a separatrix C through a singular point p. Suppose that the germ of F
at p € C is represented by a germ of holomorphic 1-form w and that (f = 0) is a
reduced equation of the germ of C' at p. Then there exist germs g,h € O, and a
germ of holomorphic 1-form 7 at p such that gw = h-df + f - n and g, h|c Z 0 (cf.
[4], [10] and [3]). The Camacho-Sad index of F at p with respect to C, is defined as

n 1 U
CS(F,C.p) = Res, () :—/—7,
(7o Cp)=Resy (73) = 5 |7
where v is a union of small circles positively oriented around p, one for each local
irreducible branch of the germ of C at p.
If p is a reduced and simple singularity of F, i.e., we have two distinct non-zero
eigenvalues at p, say A\; and Ay # 0, such that A;/A2 ¢ Q4, then it is known that

F has exactly two local separatrices, say X;,j = 1,2, tangent to the eigenspace
associated to A;. In this case, we have

CS(]:7 217]9) = )‘2/)‘1;
(]‘) Cs(f’EQap) = A1/)\25

BB(.F,p) = CS(f,El’p)+CS(f,EQ,p)+2

If p is reduced and non-simple singularity, i.e., p is a saddle-node singularity
then, in general, one has just one analytic local separatrix, which is tangent to the
eigenspace of the non-zero eigenvalue. The Camacho-Sad index with respect to this
separatrix is zero(cf. [3] or [4]). In the direction of the zero eigenvalue there is always
an unique formal separatrix(which sometimes is convergent). This follows from the
formal normal form of the saddle-node (cf. [11]): the foliation is formally equivalent
to the one induced by

w=a"dy —y(1+ X 2")dz,
where £ € N and A € C. When there exists an analytic separatrix tangent to the
eigendirection of the eigenvalue zero, then its Camacho-Sad index is A. Even if
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this separatrix is formal, it can be proved that the number A is invariant by formal
diffeomorphisms (cf. [11]). Therefore, we can define its Camacho-Sad index as .

On the other hand, Seidenberg’s resolution theorem asserts that for any foliation
F on a surface S there exists finite composition of pontual blow-ups, say 7: M — S,
such that the foliation F := IT*(F) (the strict transform) on M, has only reduced
singularities. The foliation F is usually called a resolution of F.

Definition 1. Let F be a foliation on a compact surface S. We define its Camacho-
Sad field, denoted by K(F), as follows:

e Reduced case. All singularities of F are either reduced or saddle-nodes.
Let sing(F) = {p1,...,pr} and let Z;-, i =1,2, be the two separatrices of F
through p; (formal or not), j =1,...,k. Then we define

K(f) = Q(CS(?, Z%7p1)7 CS(:Fa 2%7]91)7 ceey CS(./'T, Ei#%))
e General case. We take any resolution F of F and define K(F) = K(F).

We invite the reader to verify that the definition above does not depend on the
choosen resolution using the following facts:

(1) There exists a minimal resolution, that is a resolution with the minimal
number of blowing-ups.

(2) When we blow-up in a reduced and simple singularity with Camacho-Sad
indexes with respect to the separatrixes A and A~! then two new simple
and reduced singularities appears and theirs Camacho-Sad indexes are A — 1,
I/A=1), A\t =1 and \/(1 - \).

(3) When we blow-up at a saddle node with Camacho-Sad indexes 0 and A then
two new singularities appears, one saddle-node with Camacho-Sad indexes 0
and A — 1, and a simple singularity with both Camacho-Sad indexes equal to
—1.

The next corollary is in fact a reformulation of Theorem 1 in terms of the concept
just defined.

Corollary 2. If d > 2 then there exists a dense subset G(d) C Fol(d) such that for
any F € G(d) the transcendence degree of K(F) over Q is d* + d.

Our main result concerning the Camacho-Sad field is the following

Theorem 3. Let M and S be two complex compact and connected surfaces, F be a
foliation on S and ¢ : M --+ S be a meromorphic map. Suppose that ¢ has generic
rank two. Then K(¢*(F)) = K(F).

One of our motivations to introduce the Camacho-Sad Field was to prove the

Corollary 3. The generic foliation of degree d > 2 is not the pull-back of a foliation
of smaller degree.

1.4. Monodromy. In an appendix we prove that the monodromy of the singular
set of a generic family of holomorphic foliations is the full symmetric group. An
immediate corollary is that the functions vi,...,vx : V C Fol(d) — P? used to
parametrize the singularities in the proof of Theorem 1 although algebraic is not
solvable by radicals when d > 2, i.e., it cannot be expressed in terms of combinations
of radicals of rational functions in the Fol(d).
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2. THE GENERIC RANK OF BAUM-BOTT’S MAP

2.1. Some words about the notation. Let Fol(d) be the space of foliations of
degree d on P2, d > 0. A foliation of degree d on P?, can be expressed in an affine
coordinate system (z,y) € C?> C P2, by a polynomial vector field on C? of the form
X = P(z,y)0, + Q(x,y)0,, where

@) {P(wvy) =p(z,y) +a - g(z,y)
Qz,y) = q(z,y) +y - 9(z,y)
with max(deg(p),deg(q)) < d and g is a homogeneous polynomial of degree d.
We will denote by R(d) C Fol(d) the Zariski dense subset of foliations F of degree
d with all singularities simple. If F € Fol(d) then NF = O(d + 2). Thus the
Baum-Bott Theorem mentioned on the introduction says that

> BB(F,p)=(d+2)°
peEsingF

for every F € Fol(d) with isolated singularities. We recall that R(d) is open and dense
in Fol(d), cf. for instance [10]. Recall that for any Fo € R(d), #(sing(Fp)) = d*+d-+1.

2.2. The Key Lemma. The proof of Theorem 1 will be by induction on d > 2.
The result for d = 2 is due to A. Guillot (cf. [7]). Note that Theorem 2 contains, in
particular, a new proof of Guillot’s result. The induction step will be reduced to the
following lemma;:

Lemma 2.1. Let F = (G, H) : D* x D*~! x D* — C* x C* be a holomorphic map.
Denote the variables in D x D=1 x D by (5, Z,T) = (8,21,...,2k_1,t1,-..,t0).
Suppose that:
(a). H extends to a holomorphic function on D x D~ x DY and
OH
—(0,2,T)=0,¥j=1,...,k— 1.
8zj( ) j

(b). G is of the form:
Gls, 2,T) = %[A(Z, T)+s- R(s, X,T)),

where A = (Ay,...,Ax): DF71 x DY — C*F and R: D* x D* — C* are holo-
morphic.
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(c). There exists Zg € D*~1 satisfying: det(M(Zy,0)) # 0, where M(Z,T) is the
k x k matriz

0A .
(2T | | Sz Y2zT) 1 G(ZT)
6A ° . .
Ozp—1 (Z’ T) OA, (Z T) OAs (Z T) . 0Ay (Z T)
| Ozk—1 \ 7 Ozp_1 \ 77 0z N T

(d). For Zy € D=1 we have that tk(Hz,,0) = ¢, where Hz,(T) = H(0, Zo,T).

Then there exists r > 0 such that tk(F, (so, Zoy,0)) = k + £ for every sy with 0 <
|so] < 7.

Proof. Let A(s, X, T) be given by

- oG OH
s bn
821 821
A(s, X,T) =det | 555 525
oG 9H
ot ot
oG om
L Oty oty J
Using (b), we get the following relations:
oG 1
%(S,Z,T) = *gA(Z,T)#‘C(S,Z,T),
oG 10A
—(s,2,T) = —-——(2Z,T)+D;(s,X,T
8ZJ (S) ) ) sazj( ) )+ J(S7 ) )
oG 10A
XT) = ——(Z,T)+ Ei(s,2,T),
S XT) = LSNZT) 4 Eis 21)

where C' = 0R/0s and Dj = OR/0z;.
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These relations imply that

[ _%A(ZvT)—’_C(& Z7T) 887}3 ]
1007 Ty Di(s,2,T)  2H(s,Z,T)
s 0z1 ) 1\o, &, 921 9 &y

A(s, Z,T) =det |1322-(Z,T)+ Dp_1(s,X,T) 72(5,2,T)| =

Toh Ot =
;TI(Z7T) +E1(Sa Z7T) Ttl(S,Z,T)
1842 T)+ Buls,2.T)  5E(s,2.7) |

[ —LA(Z,T)+5-C(5,2,T) T

%(Z,T)st.Dl(s, Z,T) gZ(S’Z’T)

1 . .
= det F24—(Z,T)+ s - Dp1(s, X, T) 325-(s,2,T)| =

%(Z7T)+SE1(S7Z7T) %(S,Z,T)
| SZTD) +s Es.2T) 5, Z.T)
[ —A(Z,T) +s*-C(s, Z,T) TN
§H(Z,T) +5-Di(s,2,T) (s, 2,T)
1 0A : SH :
- Sk+1 det 62k5,14(Z7 T) + S Dk_l(s’ X? T) agkl_fl (37 Z7 T)
%(ZvT)+S'E1(S,Z,T) a—tl(s,Z’T)
| 9AMZT)+ s Eu(s,2,T) o (5, 7,T) |
Hence, using (a), we deduce that lim, . s*+! - A(s, Z,T) is equal to
[ _A(Z7 T) 0 T
24(z,71) 0
| ' OH,
det | 522 (Z,T) 0 = —det(M(Z,T)) - det ( o0 (0, Z, T)).
dA o .
$a(z,1)  §E(0,2,7) j
A OH [
| 5, (2,T)  55(0,2,1)]

In other words, if we set ¢(s, Z, T) = —s**1.A(s, Z, T') then ¢ extends continuously
tos=0as

#(0,Z,T) = det(M(Z,T)) - det (‘ZI (0,2, T))

It follows from (c) and (d) that ¢(0, Zy,0) # 0. Thus there exists r > 0 such that,
if 0 < |s| < r then A(s, Zy,0) # 0. O

1<i,j<¢

Now we will work to construct a family of foliations with Baum-Bott map fitting
in the above setup.
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2.3. Construction of the family. Let us consider the following situation; let Fy €
R(d — 1) be a foliation of degree d — 1 > 2, L be a line on P? and E = (C2, (z,y)) be
an affine coordinate system in P2, such that:
(@). 1k(BB, Fp) =(d— 1)’ +d—1=d*> —d := /.
(IT). sing(Fo) N L = 0 and sing(Fo) = {q), ..., ¢}, } € C* C P2
(III). Fp is defined on E by the polynomial vector field

XO = PO(xvy)ax + QO(xa y)aya

where Py(z,y) = P°(z,y) + z - g(z,y), Qo(z,y) = Q%,y) +y - g(z,y),
deg(P®) = deg(Q°) = d — 1 and g(x,y) is a homogeneous polynomial of
degree d — 1. We will assume that g(z,0) # 0, i.e., the line at infinite of this
affine coordinate system is not invariant for F.

(IV). L = (y = 0). In particular the polynomials P(z) := Py(z,0) and Q(z) :=
Qo(x,0) are relatively primes, that is ged(P(x), Q(z)) = 1.

(V). deg(P(z)) = d and deg(Q(z)) = d — 1. This condition is generic and it
implies that all tangencies of Fy with the line L are contained in C2 N L,
because these tangencies are given by (y = P(x) = 0).

Let V' be a neighborhood of Fy in R(d — 1) such that there exist holomorphic
maps qf,...,q9,,: V. — C* with ¢}(Fo) = ¢, j = 1,...,£ 4+ 1, and sing(F) =
{(F),....q) 1 (F)}. We can take V sufficiently small in order to assure that that
q?(]—“)ﬁ(yzO):@forallj:1,...,€+1and all FeV.

Since, by hypothesis, tk(BB,F) = d? — d = ¢, there exist polynomials vector
fields of the form (2), Xi,..., X, X; = P,0; + Qi0,, with the following additional
properties:

(VI). For any T = (t1,...,t;) € D’ then X7 := Xy + Zle ti- X;€eV.
In this situation, we can define H;: D¢ — C*, by
H\(T) = (BB(Xr,4{(X1)), ..., BB(Xr, 40 (X1))).

It follows from (I) that we can assume:
(VII). tk(Hy,0) =d? —d ={.

Next, we will see how to obtain foliations F € R(d) such that tk(BB, F) = d? +d.
We will consider the vector field y - Xy as a foliation, say Fy, of degree d, with a line
of singularities.

Let p(z), ¢(z) € Clz] be polynomials with the following properties:

(VIII). p(z) in monic of degree d 4+ 1 and ¢(z) has degre < d.

We will set Z(z,y) = p()0; + (¢(z) +y - x?)d,. Note that this vector field defines
an element in Fol(d). Moreover, the space of such vector fields has dimension 2d.
Consider the family of foliations (F (s, Z,T))s, z 1 of degree d on P?, which are defined
on E by the polynomial vector field

4
X(s,2,T)=y- <X0+Zti-Xi> +s-Z
i=1

Note that the components of X (s, Z,T) are

{W1 = Yy (Po(x,y) + 32, ti - Pi(x,y)) + s - pla)
W =y (Qo(z,y) + X ti - Qi(w,y) + 5 (q(x) +y- 7).
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For s # 0 and Z, T fixed, the singularities of F(s, Z,T) are contained in the affine
curve {F(z1)(z,y) = 0} C C?, where F(z r)(x,y) is equal to

p(z) - Qo(x,yHZtrQi(x,y)] —(g(z) +y-27)- Po(x,y)+zti~Pi(x,y)

Since P and @ are relatively prime we have the

Lemma 2.2. Given a polynomial f(x) € Clz] of degree 2d there exist unique poly-
nomials p(z), q(x) € Clx] such that

deg(p) = d +1,deg(q) < d — 2andf(z) = p(x)Q(z) — q(x) P(x).
Proof. In fact, since ged(P(z), Q(x)) = 1, there exist a(x),b(z) € Clz] such that
a(@) - Q(x) —b(x) - P(x) =1 = (f-a)(z)-Qx) — (f-b)(z) - P(x) = f().
Dividing f - b(z) by Q(z) we get f-b=g-Q + ¢, where deg(q) < d — 2. Thus
f=(a-g - P)Q—qP=pQ—qP = p-Q=f+q P
Since deg(q - P) = deg(q) + deg(P) < 2d — 1, we have deg(f + g - P) = 2d. This
implies that 2d = deg(p - Q) = deg(p) + d — 1, and so deg(p) = d + 1. If we have
another solution py - Q — ¢1 - P = f, with deg(p1) =d + 1 and deg(q1) < d — 2, then
(p—p1)Q@=(¢—q)P = Qlg— qand deg(Q) > deg(q — q1),
which implies that ¢ = giandp = py. O

Similar arguments also prove the:

Lemma 2.3. Let P, = {g € C[z]|deg(g) < k} and consider the linear map ®: Pyyq X
P9 — Pay given by ®(p,q) =p-Q — q- P. Then ® is an isomorphism.
After setting f(z r)(x) = F(zr)(x,0) we can take Zj in such a way that
(IX). The polynomial f(z, )(x) has simple roots and has degree 2d.

Let (p(z),q(z)) € Piy1 x Py—o be such that p(z) is monic and Z = p(x)d, +
(q(z) +y - 2%)0,. Then, we can write, p(x) = 29! + E;l:o zj+1 - @’ and g(x) =
Zj;g Zat2+j - 27. Consider the space of vector fields Z as above, parametrized by

(21,...,224) € C*. In what follows, we will use this parametrization and the notation
Z = (Zl, e ,ng).

2.4. Applying the Key Lemma I: First Properties. Next we will describe how
to apply lemma 2.1 to the family (s, Z,T) — X (s, Z,T). The first step is the

Lemma 2.4. Let Zy = po(z)0s + (qo(z) + y - 24)0, be such that (IX) is satisfied
and let {a9,...,29,} be the roots of f(zo,0)(x) = 0. Then there exist neighborhoods
D = D(0,r) of 0 € C, U of Zy, D* of 0 € C* and holomorphic functions
¢ : DxUxD'—C? i=1,...,d>-d+1=(+1
pj : DxUxD'—C? j=1,...,2d,
with the following properties:
(a). For any (Z,T) € U x D* the equation f(zr)(z) = 0 has 2d simple roots,

say 21(Z,T),...,x24(Z,T), such that x;: U x D* — C is holomorphic and
2i(Z,0) =20 for alli=1,...,2d.
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(b). p;(0,2,T) = (2;(Z,T),0) for every j = 1,...,2d and for every (Z,T) €
U x D*.

(c). ¢i(0,0,T) = ¢)(T) for all T € D* and all i = 1,...,0 + 1. In particular,
¢i(0,0,0) = ¢ for alli=1,...,+1 and

Sing(XT) = {ql (07 07 T)a ce 7q€+1(0a 07 T)}v
forallT €U.
(d). For (s,Z,T) € D x U x D*, s # 0, we have that sing(F(s, Z,T)) is equal to
{pl(sa Z7 T)) e ap2d(8a Z7 T)7 ql(sa Z7 T)) sy C]Z+1(57 Z7 T)}
(e). If Hi(s,Z,T) denotes the Baum-Bott index of F(s,Z,T) at the point
qi(s,2,T),i=1,...,0+1, then
OH;

0z,

(f). For every (s,T) € D x D, with s # 0, then p;(s,Z,T) is a non-degenerate
singularity of F(s,Z,T). Furthermore, if G;(s, Z,T) denotes the Baum-Bott
index of F(s,Z,T) at the singularity p;(s, Zo,T) then

: Q% (x;(2,T),0)
(3) lims-G,(s,Z,T) = ——————L:=A;(Z,T).
’ f(/ZVT)(xj(Zv T)) !
Proof. The Lemma is a consequence of the implicit function theorem (IFT) applied
in several cases. In part (a) we apply the IFT to the function

(I, Z, T) e C x Pyi1 X Py_g X (Cd — f(Z,T)(I) eC
at the points (z;0, Zo,0), ¢ = 1,...,2d, where z;9, i = 1,...,2d, are the roots of
f(zo,0)(x) = 0. We leave the details for the reader.

For the existence of the functions ¢i,...,qe11, defined in a neighborhood of
(0, Zo,0) in C x Pyyq X Py_g x C**1) we apply the IFT at the points (z?,4?,0, Zy, 0)
where ¢) := (22,4?) € C%, 1 <i < £+ 1, are the singularities of o, to the function
W(z,y,s,Z,T) = (Wi(z,y,s,Z,T), Wa(z,y,s, Z,T)) defined as

(0,2, T)=0,V1 <i</{+landl <r <2d.

(y(Po(x, y) + ZtiPi(% y)) + sp(x), y(Qo(z,y) + Z tiQi(z,y) + s(q(z) + ywd)) :

In order to prove that det(OW/dz, W /dy)(z¥,v?,0, Z,0) # 0 just observe that
W(z,9,0,20,0) = (y - Po(z,y),y - Qo(z,v)), ¢° is a non-degenerate singularity of
Fo and that y? # 0 (see (II)). We leave the details for the reader. Note that we
can choose the neighborhood V := D x U x D of (0,Zy,0) in such a way that
qi(s,2,T) ¢ (y=0) for all (5,2, T) V.

Let us prove (e). Since Wi (z,y,s, Z,T) and Wa(x,y, s, Z,T) are the components
of X(s,Z,T), we have to compute H;(0,Z,T) = BB(X(0,7,T),4;(0,Z,T)). Note
that Wi(x,y,0,Z,T) = y- Pr(x,y) and Wa(z,y,0,Z,T) =y - Qr(x,y). This implies
that ¢;(0,Z,T) = ¢;(0,0,T) and , since ¢;(0,Z,T) ¢ (y = 0) then

This proves (e).

Let us prove the existence of the functions p1, ..., paq. As we have observed before,
if s # 0 then sing(F(s,Z,T)) N C? C (F(z 1) =0). Let W = (W1, W) be as above.
If we set Pr=PFPy+ ) ,t;- Py and Qr = Qo+ >, t; - Q;, then we can write

W= (Wi, Wa) = (y- Pr+s-pla),y Qr+s-(q(z) +y-z%).
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As the reader can check
W=0)=Wi=Fgzr=0)=Wa=Fyzr =0).

Therefore, we have to apply the IFT at the points (z;0,0,0, Zp,0) to one of the
functions

(%ZJ:S,Z’ T) — (Wj($7ya3aZ7 T)aF(Z,T)(xvy)) = (I)j(x?nga Z7 T))j = 1OI'j =2
Note that

<I>1($, Y, 07 Za T) = (y ! PT(xv y)a F(Z,T) (SC, y))
Therefore det(0®1/dz, 0®1/9y)(x,0,0, Zy,0) is equal to

0 PO (xa 0)) /
det =—P(x) - .
© (f(/Z0,0) (z) * (@) f(z0.0)()
Similarly,
det(9®2/0x, 092 /0y)(x,0,0, Zo,0) = —=Q(z) - f{z, 0)(2)-
It follows from (IV) that, either P(z?) # 0, or Q(z9) # 0. Since f(z, o) has simple
roots, we can apply the IFT to obtain the function p;.
Set p1(87 Za T) = (xi(s7 Za T)7 y1(87 Za T))
Assertion 2.1. For everyi € {1,...,2d} we have y;(s,Z,T) = s-u;(s, Z,T), where
u; is holomorphic and Fz r(x:(0,2,T),0) = f(zr)(x:(0,Z,T)) = 0. In particular,
2i(8, Z,T) = 2;(Z,T) (in the notation of (a)). Moreover, if Po(x9,0) = P(z{) # 0
and we take the neighborhood V' small then
p(zi(Z,T))
PT('Z"L(Z’T)70)
Similarly, if Qo(x0,0) # 0 and we take V' small then
Qr(zi(2,T),0)

(4) u;(0,2,T) = —

(5) ui(O,Z, T) = -

In any case, we have that

forall (0,2, T) € V.

Proof of the assertion. Let us suppose that P(z9) # 0. If we take V small then
Pr(zi(s, Z,T),yi(s,Z,T)) # 0 for all (s, Z,T) € V. It follows that

Yi - PT(xi,yi) + s p(%) =0 = (0,7, T) =0

and

yi

0, 2.7) - Pr(@(2,T),0) + pl(x:(2.T)) = 0.
Since u;(0,Z,T) = %y; (0,Z,T), this implies (4). The proofs of (5) and (6) are left
for the reader. O

Let’s continue the proof of Lemma 2.4 by proving (f). We will prove first that
the singularities p;(s, Z,T) are non-degenerate for s # 0. Denote by J the Jacobian

matrix
8W1 8W1
_ 2]
J=\% ot |-

ox oy
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First we prove, for all ¢ = 1,...,2d, that det(J(pi(s,Z,T),s,Z,T)) # 0 whenever
s # 0 and (s,Z — Zy,T) have a small norm. Since W; = y- Pr +s-p and Wy =
y-Qr+s-(g+y-z?), by a direct computation, we get that det(.J(p;, s, Z, T) is equal
to

Wiz - Way — Wiy - Wayp =

(yPre + 5p")(Qr + yQra + 52%) — (Pr +y - Pry)(yQrae + sd’ + dsyz? ™) (pi(s, 2,T))

= s (wiPre + P)(Qr + suiQry + s2%) — (Pr + sui Pry) (uiQry + ' + dsuiz®™ 1) (27, ;).

Therefore if we define A(Z,T) := lim % det(J(pi(s, Z,T),s,Z,T), then
A(Z,T) = [(u; - Pry +9') - Qr — Pr - (wi - Qra + ¢))(:(0, Z,T)).
On the other hand, (6) implies that A(Z,T) is equal to
[(¢p - Qr —wi - Pr-Qrs) — (Pr-q' —ui - Pry - Qr))(pi(0, Z,T))
= [0 -Qr+p-Qrs) = (Pr-d + Pry-q)l(pi(0, Z,T))

_ %[p-QT —q- Pr](pi(0,2,T))

= f(/Z,T)(xi(Zv 1)).

If we take the neighborhood V' of (0, Zy, 0) small then the polynomial fz 1y has
simple roots, for every (0, Z,T) € V. Since z;(0, Z,T) = z;(Z,T) is a root of f(z 1),
we get that A(Z,T) = f(, ) (2i(Z,T)) # 0. Hence, det(J(pi(s,2,T),s,Z,T) # 0
for small |s| > 0. It remains to prove (3) in (f). Since

tr2(J(ps(s, Z,T),s,Z, T
Go ) - W05 2.T).5.2.T))
det(J(pi(s, Z,T),s,Z,T))

and
tr(J(pi(s, Z,T),8,2Z,T)) = [s-wi- Pro +5-0' +Qr +5-u; - Qry + s - 2% (pi(s, Z,T))
we get
lim tr?(J (pi(s, Z,T),s, Z,T)) = Q%(x:(Z,T))
e 2(J(pi(s.2.7). 5, 2.7))
.1 . tre(J(pi(s, 2, T),s, 2, T
lim -=Gy(s,Z,T) =1 =
oy (s ) = lim s-det(J(pi(s, Z,T),s,2,T))
— Q’%(ml(za T),O)
f(/z_’T) (xi(Za T))
This finishes the proof of the lemma. U

To apply Lemma 2.1 we set BB(s, Z,T) equal to (G(s, Z,T),H(s, Z,T)), i.e.,
BB(s,Z,T) = (G1(s,Z,T),...,Ga4(s,Z,T),H (5, Z,T),...,Hp2_q(s,Z,T)).

We are going to prove that we can choose Zj in such a way that, for |s| > 0 small,
tk(BB, (s, Zy,0)) = d* + d.

It follows from (VII) and from (e) of Lemma 2.4 that H satisfies the hypothesis
(a) and (d) of Lemma 2.1. We have seen also that

Gls, Z,T) = % [A(Z,T)+s-R(s, 2,T)],

where R is holomorphic,
A(Z,T)=lims-G(s,Z,T) = (A1(Z,T),...,A24(Z,T))
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and
Q% (x4(Z,T),0)
f(ZT (x7(Z T))

In order to finish the proof, it is sufficient to prove that there exists Zy and j €
{1,...,2d} such that det(M;(Zy)) # 0, where

A(Z,T) =

0AT 0AT oAT 0AT

Mj(Z): AT(Z,O),W(Z,O),..., (Z,O) (Zvo)a76

(Z,0)| .

)
82’]‘_1 8Zj+1

In the above expression, for C € C??, we are denoting by C”T the transpose of C,
that is, we are considering the transpose of the matrix given in (c) of Lemma 2.1.

2.5. Applying the Key Lemma II: Fine Tuning. According to Lemma 2.3, the
map ®: Pyiq X Py_o — Psy defined by ®(Z) = ®(p,q) =p-Q —q-P := f is an
isomorphism. On the other hand, observe that

Q2x;(2).0) _ Qx,(2))
420 =50 @)~ a2)

where 71(Z) := 21(Z,0),...,224(Z) := x24(Z,0) are the roots of fz := f(z0).

The idea is to use Lemma 2.3 to parametrize the space Py by the roots of fz
instead of the coefficients (z1,...,224) of Z = (p,q). We have seen before that
deg(p-Q —q-P) = deg(p- Q) = 2d. Since we are free to choose one of the coefficients
of @, we will suppose that it is monic of degree d—1. This implies that f; = p-Q—q-P
is monic (see (VIII)). Therefore, we can write

f2(z) = (x = 21(Z2)) - - (& = 22a(2))

and the map p(Z) = (21(Z),...,224(Z)) is a biholomorphism in a neighbor-
hood of Zy. Let ¢ be the local inverse of p, defined in a neighborhood W of
(1(Z0), - -, 7224(Zp)). Set C = Ao (: W — C2L If X = (x1,...,72q) then

fexy(@) = fx(z) = (. —21) -+ (T — T24).
Therefore, C'(X) = (C1(X), ..., C2q(X)), where

Q*(x
C5(X) = A(((X)) = 212)
X(xj)
Let N(X) be the 2d x 2d matrix defined by
oCT oCcT
(AT
N(X) - [C (X)a 81'2 (X)v'-~7ax2d X

We assert that it is enough to prove that det(N(X)) # 0. In fact, since C(X) =
Ao (X) we get

8A 3@ 0A I¢;
Z (%Z Z 0z; Oz’
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where in the third expression we have omitted the composition with . This implies
that

2d 2d
0A 9¢; 0A 9I¢;
det(N) = det|A z . 24| =
¢ ( ) ¢ ’ Zl 8zi2 61'2 ’ ’ 'Zl azm 8x2d
2= d=
¢ 0Cisy 0A 0A
— —22 .. 2224 det | A e —
i 2:2 p 31'2 8x2d ¢ ’ 821-2’ ’ Bzm
2d
Sy de(0 0 0)
j=1
where,
<I>j:j:det<ag> :
Oxy, 1<i<2d,i#§,2<k<2d

In particular, if det(NN (X)) # 0 then det(M;(Z)) # 0, for some j € {1,...,2d}.

To conclude the proof of the Theorem it remains to show that det(N(X)) #
0. Recall that Q(z) is a monic polynomial of degree d — 1 and C(X) =
(C1(X),...,C(X)), where
_ Q% xy) Q%))

Fi(ag) - Migj(a; — i)
because fx(z) = 124, (x — x;). Fix 29 € C which is not a root of Q(z) = 0 and a
neighborhood D := D(zg,r) such that Q(x) # 0 for all z € D. We will work in the
open set U C C?? defined by

U = {(3?1, R ,.’Ezd)‘xi 75 xjifi 7é j}
If X € U then C;(X) # 0 and
det(N(X)) = C1(X) -+ - Coq(X) - det( K (X)),

where K is the matrix

(7) Cj(X):Cj(Il,...,IQd)

1 - 1
K — %/Cl 6(90352;d/02d
FoL/Cy L G2 /Oy
It follows from (7) that
9% L ifi # j
ox; Ti—T; ’ :
i Q) i#f w0 T
2Q"(z;)

In particular, if we denote ¢; = oOw,) j=2,...,2d, then, for any X € U we have
the following expression for K (X)

2 1 1 1 1 3
1 < 1 . .
= P2 + —1 —1
@y -1 R —— Ty —wyq Ty —Tgq
. )
1 1 1
T2d—1—%1 Tog—1—72 e $2a-1t 2 — = Tog_1—%aq
i#2d—1 Ti 2d—1
1
1 1 1
+
Tya—o1 Tyq—w2 Tad—T2d_1 $2a

i#2d Ti — T2d
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Now, define
Ay (21, .. Tog—1) = wiligzl(xl — Zgq) - det(K (X))
and inductively
Aj(z1,. .., T2q—j) = lim (21 — 22q—j41) - Ajri(z1, ..., Tag—jq1)-

T2d—j4+1—T1

We will prove that Agg_1(z1) = (2d)! # 0 and this fact will imply that
det(N (X)) # 0. As the reader can check, Aj(zy,...,224—1) is equal to

1 1 1 1
1 Pod—1_ 1 2 1 1
zg—x] P2+ iz wi—wz T wiowz T2 —Taq 1 EPRE
o ,
1 1 2d—2 1 2 1
Taq_1-®1 Taq_1- 2 e P2t ot gy T aegg T iom
—1 0 1
where | - | denotes the determinant. If we sum the first column with the last in the
above determinant, we get
2 1 1
2 P2d71 1 2 1
+ - —r
To—x1 ¢2 i=3 x;—x2 xT1—T2 e To—Tog_1
2 1 ¢ + P2d72 1 + 2
Tod—1—T1 Tod—1—T2 2d—1 =2 xij—®o4_1 T1—Tod—1
By a similar argument, we have that Ag(zq,...,294—2) is equal to
2 1 1 1
P
2 2d—2 1 3 1 1
T —T] P2+ i=s Ti— T3 T Y T2—Toq_2 T —T]
. ,
2 1 2d—3 1 3 1
Tod—2— 1 Tod—2 %2 e P22t Gop Tj—Tod—2 + T1—T24-—2 Tod—2— %1
—2 0 0 2
or, more succinctly,
3 1 1
3 P2d72 1 3 1
bo+ + —1
2. To—xT1 =3 x;—T2 ] —xo LTo—Tog_o
3 1 ¢ 4 P2d—3 1 3
Td—2—1 Tod—2—T2 2d—2 =2 x;—Taq_2 T1—Tod—2
Similarlly, As(z1,...,Z24—3) is equal to
4 1 1
4 P2d73 1 4 1
¢o+ 10 A+ —
6- To—x1 =3 x;—T2 1 —xo Lo —Tog_3
4 1 ¢ + PQd—4 1 + 4
Tod—3—T1 Tod—3—T2 2d—3 =2 x;—Taq-3 T1—T24-3
Proceeding in this way we see that Aj(z1,...,22q—;) is given by
j+1 P 1 1
j+1 2d—j _ 1 j+1 1
j' X To—xT ¢2 + 1=3 wx;—x9 + xr1—x2 tte T2 —L2d—j
j+1 1 boaj + Poaj 1 j+1
Tog—j—T1 Toq—j—T2 2d=j i=2 Ti—Tad—j | T1—T2d—j
In particular,
2d — 1 1

Agg_o(x1,22) = (2d — 2)! - | 291 By 4 241

T2 —T1 T1—T2
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Hence,

Agdfl(.’lﬁl) = lim (331 — .1‘2) . A2d72($1,l‘2) = (2d - 2)'

r2—T1

’2d—1 1

= |
1—2d 24— 1’ (2d)t

This finishes the proof of Theorem 1.

3. THE RANK AT JOUANOLOU’S FOLIATIONS

Jouanolou’s foliations are the first examples of foliations of P? without invariant
algebraic curves, (cf. [9]). They can be defined as follows: for every integer d, d > 2,
the degree d Jouanolou foliation, Jy, is induced in affine coordinates (z,y) € C? C P?)
by the vector field

Xa(z,y) = (1 — 2y, + (2 — y**H0, = 0, +2"9, —y* - R,

where R = 29, + y9, is the radial vector field on C2.

Most of arguments proving that [J; has no invariant algebraic curves take advan-
tage of the highly symmetrical character of J;: Aut(Jy), the automorphism group
of Jg4, is a semi-direct product of a cyclic group of order 3 and a cyclic group of order
d?> +d+ 1. If 3 is a primitive (d? + d + 1)*" root of the unity then generators of
Aut(Jy), in the affine coordinates (z,y) € C? C P?, are

Ai(zy) = (67", By),
B:(z,y) — (yLay).
The singular set of J; is equal to
sing(Ja) = {p; | pj = A1 (1,1),1 <j < +d+1},

i.e., it is the orbit of the point p; = (1,1) under the action on P? of the subgroup
of Aut(Jy) generated by A. It follows that all the singularities of [J; are isomorphic
simple singularities with Baum-Bott index

(d+2)?
d?+d+1
We will also take advantage of Aut(Jy) to determine the rank of the Baum-Bott
map at Jy. Instead of considering the Baum-Bott map as defined from Fol(d) to
P4 +d+1 we will consider it defined from V; = H®(P2, TP2(d — 1)) to the same target.

Our problem translates to compute the rank at Xj.
It will be convenient to consider Vy as the C-vector space generated by the set

Pa={z" 410, 2% - 4*0,, 2™ -y - R|0<i+j,k+¢<dand m+n=d}.

Note that all the elements in P, are eigenvectors of A* : V; — Vy, where A*(X) =
DA™'. X o A. Explicitly, we have

A* (2 -1 0,) = pi—di=1) gt i,
A*(xk . yéay) — ﬂiflfdk 'l‘k _yiay

The invariance of J; under A is expressed in the formula

A*(Xy) = p4- Xy
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Since (3 is a primitive (d? 4+ d+ 1)*" root of unity, A* has at most d? +d + 1 maximal
eigenspaces. If we denote by £, 1 < j < d?+d+1, the maximal eigenspace associated
to the eigenvalue 3/ then

d?*+d+1

Va= &P E;.
j=1

Now, let U be a neighborhood of X4 in Vg and v;: U — P2j =1...d> +d + 1,
be holomorphic maps such that v,;(Xy) = p; and
Slng(]:(X)) = {’71 (X)7 v 7’7d2+d+1(X)}7
for every X € U. Compute the rank of the Baum-Bott map is equivalent to compute
the rank of B = (B, ..., Bgiqy1) : U — CEF4H given by
tr2
B,(X) = BB(X,%(X) = % (DX(3,(X))).

3.1. The rank of B at X;. By definition the rank of B at X, is the rank of the
liner map T := DB(Xy) : Vg — (Cd2+d+1, the derivative of B at X4. If we denote
by T; := DB;(Xq), 1 < j < d? + d + 1, then the next lemma describes some useful
relations between A* and Tj.

Lemma 3.1. For any Y €V,
(8) Tj(AX(Y)) = B Ty (Y),
where 1 < j <d*+d+1, and Tyey g1 = Tp. In particular,

(a). A*(ker(T)) = ker(T).
(b). If we set Kj := E;Nker(T), j=1,...,d* +d+ 1, then

d?+d+1

ker(T) = P K;.
j=1

(c). E;nker(Ty) = Kj, forallj=1,...,d* +d+1.
(d). Let k= #{j|Ti|g, #0}. Then rk(T) =rk(BB,J4) = k.

Proof. Observe first that for any Y € V, we have that the foliations induced by
A*(Xg+Y) and X4+ 374 A*Y are equal, i.e.,

FA (Xg+Y))=F(Xa+ B " A (Y)).
Moreover, since A*(X) = DA™1- X o A,
p € sing(F(A"(X4+Y))) < A(p) €sing(Xq+7Y).
If we set P;(Y) = A7 (7;(Xa +Y)) then P;(0) = A~ (p;) = pj—1 and P;(V) =
Yj—1(Xq+ 7% A*(Y)). Thus
% (Xa+Y) = Ay (Xa+ 87 AX(Y))),

for all Y € V; sufficiently small where, by convention, we set v = Y424 411. Now we
can easily verify that

Bj(Xd+Y) = BB(Xd+K’Yj(Xd+Y))
= BB(Xq+p8 " A*(Y),v-1(Xa+ 574 A*(Y))
= Bja(Xa+ 0 AY(Y)),
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Hence,
Tj(Y) = DB;(Xa) Y = DB;j_1(Xa) - (77 A*(Y)) = 70 - Tj_1 (A*(Y).
This proves (8). Observe that (8) implies (a) and (b).
Relation (8) also implies that T3 ((A*)*(Y)) = 8% Ty 14 (Y). Thus Y € E;nker(T})
if, and only if,
A*(Y)=p-Y and 0 =T1 (8" - V) = Ty ((A")*(Y)) = B - Ty (Y),
or, equivalently, T,,(Y) =0 for all n € {1,...,d* +d+1} and A*(Y) = 37 - Y. Thus
we can conclude that
Ej N ker(Tl) = Ej n K,
proving in this way (c).

Let us prove (d). Note that tk(B(Xg4)) = dim(Im(T)). Let k = #{j|T1|g, # 0}
and {j|T1|g;, # 0} = {j1,...,Jr}, where j1 <... < ji. Choose Y1,...,Y} € Vg such
that ¥; € E;, and T1(Y;) #0 for all s = 1,..., k. It follows from (8) that

T(Yi) = 5~ Ty (A" (V7)) = B/ Ty (V3)
and by induction, that
T;(Y;) = BUDG-D T (V) = T(Y;) = Tu(Y;) - (1, 89D gWN-DGi=d))

We want to prove that the vectors T(Y1), ..., T(Y;) € CV are linearly independent.
Since T1(Y;) # 0 for all ¢ = 1,...,k, this is equivalent to prove that the vectors
(1,80i=4) g2Ui=d) pN=1)(7i=d)) ¢ CN are linearly independent. Observe that

1 gui—d  pg2a-d - gk-1)(i—d)
(j2—d)  32(j2—d) (k=1)(j2—d) , .
e S R A )
1 pUk=d)  g20x=d) = gk-1)(r—d)
because 37¢~% #£ 3ir=4 for r < s. This finishes the proof of the lemma. O

3.2. Maximal Eigenspaces of A*. Recall that Py is a basis for V;. We will denote
by P4(Y) the subset of Py of the form

Pa(Y) ={a" -y’ - Y|’ -y - Y € V4,0 <i+j<d}.

In these notations we have that Py is the disjoint union of Pg(0;), Pa(9y) and

Lemma 3.2. Let i,j > 0 be such that 0 <i+j <d and A*(z*-y7) = 2* - y/. Then
i = j = 0. In particular, given' Y € Vy then the eigenvalues of Y1,Ys € Py(Y) are
distinct for Y1 # Ys.

Proof. Note that A*(x? - y7) = 3744 . 2% . yJ. In particular A*(x? - y7) = 2 -y if,
and only if,
j—i-d=0 mod N < (d+1)-j4+i=0 mod N < i=j=0.

In the first equivalence we have used that —d(d + 1) =1 mod N and in the second
that

0<(d+1)-j+i=d-j+i+j<d(l+1)<d(d+1)=N-1<N.
We leave the proof of the second part for the reader. O

In the next result we describe the dimensions of the maximal eigenspaces of A*.
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Lemma 3.3. Forany j=1,...,d>+d+ 1 we have
0 < dim(E;) < 3.
Moreover,
(a). dim(Eq) =3 and E4 C ker(T).
(b). dim(E;) =3 if, and only if, j = d.
2

(c)- #{j|E; # {0}} = ==
Proof. Note that Py(0;)UPq(0y) UP4(R), (R = 20, +y0y), is a basis of V; formed by
eigenvectors of A*. From Lemma 3.2, it follows that the vectors in Py4(0,) have dis-
tinct eigenvalues. Analogously, the vectors in Pq(0y) (resp. in Pq(R)) have different
eingenvalues. This implies that 0 < dim(E;) < 3.

If dim(E;) = 3, then E; must contain one vector in each part of the basis; Py(0;),
Pa(0y) and Pd( )

Note that E; =< 0,,2¢ - d,,y? - R >. Let us prove that E; C ker(T). Let
Cispy(x,y) = (s-x,t - y) and consider the family X (r,s,t) € Vy given by

X(r,s,t) =1 Cf 1y (Xa) =7 s dr-stt7 a9, 40t y? R
Of course, for r, s,t # 0 we have
B(X(r s t)) = B(Xy).

This implies that the vectors Tw xd (’Ty and y¢ - R belong to ker(T). This proves
(a).

Let us prove (b). Suppose that dim( ,») 3 for some r € {1,...,d> +d + 1}.
Then, we must have E, =< z'-37-0,, 2% -y* Oy, ™y R >, where 0 <i+j,k+l<d
and m + n = d. This implies that
9) —d(i—-1)+j=—-d-k+{—1=—-d-m+n=r modN.

Since —d(d+1) =1 mod N, this implies that

i—1+d+Dj=m+d+1ln=d-n+m+n=dn+1) mod N =

= d-j+i+j—1=d(n+1) mod N.

Let us suppose by contradiction that r # d. In the case ¢ = j = 0 we have r = d,
and so we must have 1 <14 j < d. This implies that

0<d-j+i+j—1<d-j+d—-1=d(j+1)—1<d(d+1)—-1<N =

d-j+i+j—1=d(n+1),
because 0 < d(n + 1) < d(d + 1) < N. Therefore, d divides i + j — 1. Since
0<i+j—-1<d—-1,wegeti+j=1land j=n+1>0. Hence,2=0,j=n+1
andr=n—d-m=n+1+d mod N. It follows that d(im+ 1) +1 =0 mod N,
which implies that ¢ =0, j =1, m=d,n=0and r =d + 1.
On the other hand this, together with (9), implies that

r=d+1=-d-k+£—1 mod N = d(k+1)+2=¢ mod N.
We assert that this is impossible, if 0 < k+ ¢ < d. In fact, if 0 < k < d — 1 then we
would get

0<dk+1)+2<d>+2<N = (=dk+1)+2 = (>d,

which is impossible. If k = d, then ¢ = 0 and we would get d(d+1)+2 =0 mod N,
which is a contradiction. Therefore, r = d, which proves (b).
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It remains to prove (c). Set M = #{j|E; # {0}}. It is clear that M is the
number of different eigenvalues of A*. Lemma 3.2 implies that all vectors in P(J,)
have different eigenvalues. Since #(P(0;)) = (d + 1)(d + 2)/2, we get this number
of eigenvalues, such that the correspondent eigenvectors are in P(9,). Consider the
function ¢: Py(x - 05) — Paly - 0y) defined by

(' -y - 0) =2ty T 9,
A straightforward computation shows that, if Y € P(z-0,) is such that A*(Y) =AY
then A*(¢(Y)) = A - ¢(Y). This proves that the eingenvectors of A* in Py(d,)
which correspond to new eigenvalues (not found in the previous set) must be in
Pa(d,) \ Paly - 9,). Therefore, they are of the form z* - 9,, where 0 < k < d. We
assert that there are d — 1 new eigenvalues in this set.

In fact, if *-37 -0, and z* -0y have the same eigenvalue then —d(i—1)+j = —k-d—1
mod N. Thus

i—1+(d+1)j=k—(d+1) modN,
which implies that
k=d(+1)+i+7 modN.
Of course, we have the known solution, k = d, ¢ = j = 0, which corresponds to

vectors in Ey. Another solution is k = d — 1, ¢ = 0 and j = d, as the reader can
check. On the other hand, if 0 < j < d —1 then

0<dj+1)+i+j<d®4+d<N = d(j+1)+i+j=k,

implying that

i=j=0and k=d.
Therefore, there are only two repeated eigenvalues and d — 1 new in this set. The
repeated eigenvalues correspond to Ey and Foq.

It remains to find how many new eigenvalues we can find in the set P;(R). Suppose
first that we have a vector ™ - y™ - R in Pg(R) with the same eigenvalue of a vector
2t -yl - 0, € Py(d,). This case, was already considered in the proof of (b). We have
found two possibilities: (i,7) = (0,0), (m,n) = (0,d) (which corresponds to vectors
in Eq) and (4,7) = (0,1), (m,n) = (d,0) (which corresponds to E411). Suppose now
that we have a vector ™ - y™ - R in P4(R) and a vector z* - §, in Py(9,) with the
same eigenvalue. Then

—k-d—1=—-d-m+n mod N = k—(d+1)=m+n(d+1)=d(n+1) mod N

which implies that

k=d-n+2d+1 mod N.
We have the following two solutions of the above relation: k& = d, (m,n) = (0,d)
(which corresponds to E4) and k = 0, (m,n) = (1,d — 1). On the other hand, if
0<n<d-—2 then

2d4+1<d-n+2d+1<d*4+1<N = k=d-n+2d+1>d,

which contradicts 0 < k < d. Therefore, there are two repeated solutions, which
correspond to E4 and Eg2,4. This implies that there is a total of 3 eigenvalues in
P4(R) which were already found in the previous sets. Since #(P4(R)) = d + 1, we
find d — 2 new eigenvalues corresponding to eigenvectors in the set Py(R). Hence,
the total number of eigenvalues of A* is

(d+1)(d +2) d*>+7d — 4

+d—1+d—2=

M = L
2 2



BAUM-BOTT 21

which proves the lemma. O

In order to finish the proof of theorem 2, it is sufficient to verify the following fact:
For any j € {0,..., N — 1} such that j # d and E; # {0} then T} |g, # 0. To do this
will need first to carry on a study of the local variation of the Baum-Bott index.

3.3. Local Variation of the Baum-Bott Index. We will consider the following
situation: let X be a polynomial vector field in Vy and py € C? be a non-degenerate
singularity of X. Denote by X; the 1-jet of X at po, thatis X1 = DX (pg). Let U C V,
be a neighborhood of X such that there exists a holomorphic map p: U — C? with
p(X) = po and for any Y € U then p(Y) is a non-degenerate singularity of Y. Let
B: U — C be defined by B(Y) = BB(Y,p(Y)). We will prove the following result:

Lemma 3.4. Suppose that the eigenvalues of X1 are in the Poincaré domain and
have no ressonances. Let Z € VaNker(DB(X)), that is dB(X) - Z = 0. Then there
exists A € C and a germ of holomorphic vector field Y at pg, such that

Zpy = A+ Xpy + [XP07Y]7

where in the above relation, X,, and Z,, denote the germs of the respective vector
fields at po. In particular, if Z(po) = 0 then Y (po) = 0 and

Zy =X X1+ [Xy, 1],
where Zy = DZ(pg) and Y1 = DY (po).

Proof. Let B: U — C be as before. Set B(X) = by and let S := B~1(by). We
will prove first that DB(X) £ 0. This will imply that we can suppose (by taking a
smaller U) that S is a smooth codimension one sub-variety of U.

To simplify the notations, we will suppose that py = 0 € C2. In this case, we have
X = X1 + h.o.t., where in a suitable affine coordinate system,

X1 =M 20z + A2 - yOy, A1, A2 € R_andAa /A1, A1/A2 ¢ N(Poincaré condictions).
Consider the curve X(¢) in V; defined by
X(t)=X+t-20,.
Then X (0) = X, X(¢)(0) =0 € C? and X(¢); = X1 +t - #0,, which implies that
A1+ A2 +1)?

PO = (A1 +1)A2
and, consequently,
_ 2
DBX) - (0) = S BXW)emo = G2 20,

because A\y/A; # £1. Therefore, we will suppose that S is smooth of codimension
one.

Now, let Z € ker(DB(X)). Since S is smooth, there exists a real analytic curve
Y(t) C S, t € (—¢,¢€), such that Y(0) = X and 4Y(t)[;—o = Z. Therefore, we can
write

Y(t)=X+t-Z+ Y t"- Y, Y, €VaVn>2.
n=2
Set p(t) := p(Y(t)), so that p(0) = po and p(t) is a non-degenerate singularity of
Y (t). Let A1 (¢) and Ao(t) be eigenvalues of DY (t)(p(t)), where we can suppose that
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t — A;(t) is real analytic and \;(0) = A; for j = 1,2. Since B(Y (t)) = b, for all
t € (—e,€), we get
(AL(t) + X2 (8)2 (AL + Xo)?
bo = = = Ma(t)/M(t) = Aa/A1,VE € (—€,6),
A1(t) - Aa(t) AL Ao 2(t) /M (1) 2/A1 (—¢€,€)
as the reader can check, by using the condition )\j(O) = ), j = 1,2. This implies
that,

A2(t) /A2 = Ai(t)/ A1 = 9(t),
where ¢ is real analytic and ¢(0) = 1. Now, we use the Poincaré conditions. It follows
from Poincaré’s linearization theorem that, there exist 0 < § < €, a neighborhood V'
of 0 € C? and a real analytic map ¥: (—6,8) x V — C2, with the following properties:
(i). U(t,0) = p(t) for all t € (—6,0).
(ii). For all ¢ € (—0,0), Uy(x,y) := V(¢ z,y) is a biholomorphism from V to
V(t) :== ¥¢(V) and ¥y = idy (the identity map).
(iii). For all t € (—6,0) we have Uy (Y (¢)) = ¢(t) - Y(0) = ¢(¢) - X.
Writing explicitly the last relation, we have
(10) DU Y () oW, =(t)- X = Y(t)o U, =¢(t)- DY, - X.

Let U, (z,y) = (¥} (z,y), V?(x,y)) and consider the vector field W = Pla% + P2a%’
where '
ow’ )
Pj(x,y) = W(Oﬂf,y),j =1,2.

Note that the components of W and %\I’h:o coincide. Taking the partial derivative
of both members of (10) with respect to t at t = 0, we get
Z+DX-W = Z+DY(0) W=
ov,

= Y'(0) o ¥o + DY (0) 0 g - ﬁh:o =

= ¢/(0)- DUy X +¢(0)- D (gtq/t_0> X =

— ¢'(0)-X +DW-X.
If we set A = ¢’(0) then we get
Z=X-X+DW-X DX -W=XxX+[W,X]

This proves the first part of the lemma. We leave the proof of the second part for
the reader. O

3.4. Conclusion of the proof of Theorem 2. Back to our original problem it
remains to show that: For any j € {0,..., N —1} such that j # d and E; # {0} then
T1|g; # 0. This will be achivied in the next result.

Lemma 3.5. Let W € Py be such that W € ker(T1). Then W € Ey.

Proof. Let W be in Pg Nker(T1). We have three possible cases.
1%t case: W = 2 - 490, where 0 < i+ j < d. Recall that 0, € ker(7}). We assert
that, if 1 <i+j < d then W ¢ ker(T1).

In fact, set Z =W — 9, = (2° - y? — 1)d,. Since T1(9,) = 0, we have

TV(W)=0 < T1(Z) =0.
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Recall that Ty = DB1(X4), B1(X) = BB(F(X),v1(X)) and 71(X4) = (1,1) = py.

Since Z(1,1) = 0, it follows from lemma 3.4 that it is enough to verify if Z; =

DZ(1,1) belongs or not to the image of the linear map ¥: C x Ly — Ly defined by
U(\Y1) =2 X1+ [X1, Y],

where L is the set of 1-jets of germs of holomorphic vector fields Y at (1,1) such
that Y(1,1) = 0. Note that Ly is isomorphic to the set My, of 2 x 2 matrices, via
the linear map ®: L1 — M, defined by

or op
Y = P9, +Q0, > DY (1,1) = {% (1.1 1)}

Q1) %)
The map ® is an isomorphism of Lie algebras. We will call ®(Y7) the matrix form of

Y7 and, to simplify, we will keep the notation Y7 instead of ®(Y7). Note that,

X = [dl —(c;j— 1)] andz, = {8 f)] :

Let Y] = h g] Then, (A, Yy) = A+ X1 + [X1,Y;] and

=YX - X = 0D e v,

as the reader can check. In particular, we get tr([X1,Y7]) = 0 and the following
relation between the entries of [X7, Y]

(11) rT=2z—y.
Let us suppose that Z; = W(A,Y7). Since tr([X;,Y1]) = 0, we get

1
d+2

This implies that the matrix Z; + d%_QXl must satisfy (11). On the other hand, we
have,

i:tr(Zl):/\-tr(Xl)=—)\~(d+2) = A=-

i l(dﬂ)i (d+2)j—d-i
1+ —X; = dj_rz? ((15121)'
d+2 d+2 T Td+2 :

Hence, Z € ker(Ty) if, and only if|
(d+1)i d-i (d+2)j—d-i
d+2  d+2 d+2

if, and only if,
(d—=1)i=(d+2)j.

The last relation implies that d + 2|, which implies that ¢ = 0 and j = 0, which
contradicts the assumption ¢ + j > 1.
2nd cagse: W = zF - yéﬁy, where 0 < k + /¢ < d. Recall that xday € ker(Ty). We
assert that, if 0 <k <d—1and 0 < k+ ¢ <d then W ¢ ker(T}).

The idea is the same as in the 1% case. Let Z = W — 299, = (2% - y* — 29)0,,.
Since 299, € ker(Ty), then W € ker(Ty) <= Z € ker(T1). In this case, we have
Z(1,1) =0 and

0 0 : ~am e
Zy = [ ] — A= = Z1 = AX1 = | s (62 a42) o
k—d ¢ d+2 & @3
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Hence, Z € ker(T7) if, and only if|
L d-l+(k—d)(d+2) d-¢

d+2 d+2 Tat2
As the reader can check, if 0 < k + ¢ < d then the last relation is possible only for
k = d and ¢ = 0, which proves the assertion.
371 case: W = 2™y" R, where m +n = d. Recall that y?- R € ker(T}). We assert
that, if 0 <n < d —1 then W ¢ ker(T1).

In this case, if Z=W —y?- R= (2™ - y" — y?) - R then Z(1,1) = 0 and

= (d—k)(d+2) = (2d + 1)L.

—d
Zy = [z Z—d] = tr(Z;)=0and A\=0 = m=m—(n—d) =

= n=dand m=0.
This finishes the proof of the lemma and of Theorem 2. O

4. THE CAMACHO-SAD FIELD

4.1. Preliminaries. Let M and S be two complex compact surfaces, ¢: M --+ S be
a meromorphic map and F be a foliation on S. We want to prove that K(¢*(F)) =
K(F). We will use the notation G := ¢*(F). As it was sketched in the introduction,
the theorem is true when ¢ consists of a sequence of blowing-ups. This fact allow us
to reduce the problem to the case where F and G are reduced and ¢ is holomorphic.
Thus, from now on, we will suppose that the foliations F and G = ¢*(F) are reduced
and that ¢: M — S is holomorphic. Before going on, let us fix some notations.

Let H be a reduced foliation on a compact surface V. Given p € V' we will associate

a field, K(H,p), as follows: let X be a holomorphic vector field which represents H
in a neighborhood of p. When p € sing(H), we will denote by A1, A2 the eigenvalues
of DX (p). We have three possibilities:

(X). p € sing(F), Ai,A2 # 0 and A2/A1 ¢ Q4. In this case, H has two local
separatrixes 31 and Yo through p and CS(H, X1,p) = A2/, CS(H,X3,p) =
A1/A2. In this case, we set: K(H,p) = Q(A2/ 1) = Q(A1/A2).

(IT). Ay = 0 and Ay # 0. We will suppose Ay = 1. In this case, H has one
local analytic separatrix ¥y through p, tangent to the eigenspace of Ay = 1
and CS(H,X2,p) = 0. The separatrix Xq, tangent to the eigenspace of
A1 = 0 is formal, in general, but X is formally equivalent to the vector field
Y = 219, + y(1 4+ Az*)d,. We have CS(H, X1,p) = A (by definition) and
we set K(H,p) = Q(A).

(III). p ¢ sing(F). In this case, we set K(F,p) = Q.
In general, if § # A C V, and A Nsing(H) = {p1,--.,pr}, we set

K(H,A) = Q(K(H,p1), ..., K(H,pk))-

When A Nsing(H) = 0 we set K(H, A) = Q.
With the above notation, we have
(IV). K(H) =K(H,V).
(V). If A,B CV then K(H, AU B) = Q(K(H, A),K(H, B)).
The next result implies Theorem 3.

Lemma 4.1. For any p € S we have
K(¢*(F), ¢~ (p)) = K(F,p).
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We first note that ¢—!(p) # (), because the generic rank of ¢ is two, which implies
that ¢ is surjective. Moreover, ¢~!(p) is an analytic subset whose connected com-
ponents have dimension zero (points) or one (curves). In fact, we will prove that for
any connected component C' of ¢$~!(p) we have

K(¢™(F), C) = K(F, p)-

Clearly this fact implies the lemma. Before going on, we will state some remarks and
preliminary results.

Remark 4.1. Let Z be vector field representing F in a sufficiently small neighbor-
hood U of a point p € S. Locally, and up to an analytic change of coordinates, we
have three possibilities:

1%¢. p is not a singularity of F. In this case, K(F,p) = Q. We can suppose that
Z = 0y. In particular, F has a local holomorphic first integral (y) and has just one
local separatrix through p: the curve y = 0.

2", pis a reduced and simple singularity of F and the eigenvalues of DZ(p) are
A1, A2 # 0. In this case, A2/A1 ¢ Q4 and K(F,p) = Q(A2/A1). The foliation F has
two local separatrices through p, which are smooth and transversal at p. We can
suppose that they are (x = 0) and (y = 0) and that

(12) Z =X 20z + X2 -y(1 + R(x,y))0, .

where R(0,0) = 0.

371, p is a saddle-node of F and we can suppose that the eigenvalues of DZ(p)
are 0 and 1. In this case, Z is formally equivalent at p to the vector field Z =
2FH10, +9(1+ X 2%)9y, where k > 1, and K(F,p) = Q(A). Here, we will use Dulac’s
normal form (cf. [11]). For every m > k + 1 there exists a holomorphic coordinate
system (U, (x,y)) such that z(p) = y(p) = 0 and F is defined by

(13) Z =210, + [y(1+ X-2¥) + R(x,9)]0, .
where the m jet of R is zero at 0 € C2. When F has two local analytic separatrices
through p, we can suppose that y divides R. When it has just one analytic separatrix,

then it has also a formal one, given by § = 0, where g is a divergent series of the
form (cf. [11]):

(14) J=y— Z ajxj.

We will break down the proof of Lemma 4.1 in three cases.

Proof of Lemma 4.1, 1t Case: p is not a singularity of F. Here F admits a holo-
morphic first integral in a neighborhood of p. If g € O, is such holomorphic first
integral then ¢*¢g is an holomorphic first integral for G = ¢*F in a neighborhood of

¢~ (p). Thus K(G, ¢! (p)) = Q. 0

(From now on, we will suppose that p € sing(F). In the next results, we will
consider the following situation: let ¢ € ¢~1(p) Nsing(G). Suppose that G has a local
analytic separatrix 3 through ¢ such that ¢(X) # {p}. In this case, ¢(X) := ¥ is a
local analytic separatrix of F through p.

Lemma 4.2. In the above situation, we have
(a). CS(G,%,q) € Q(CS(F, 2, p)). )
(b). If K(F,p) = Q(CS(F, %,p)) then K(F,p) = Q(CS(G, %, q)).
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Proof. Let (f =0) be a reduced equation ¥ and write
(15) g-w=h-df + f-p,

where g, h|s; # 0. From the definition, we have

CS(F,%,p) = L/

b
211 ~

_K
h

where v is a small circle in ¥ around p, positively oriented. Note that ¢*(w) = l~c~9q,
where k£ € O, and 0, represents the germ of G at gq. Let f = 0 be a reduced equation
of 3. Since ¢(X) =3 = (f =0), we get

" (f)=fod=q-f"
where m > 1 and gl # 0. It follows from (15) that
¢*(9) -k -0y = (h)-d(G- ")+ G- f" ¢ (n) =
o9) -k, _df

o = LGk
— m¢*(h)gfm a f+m[§+¢(h)]:>
~ 1 1 [dg
vy

where 7 is a small circle in > around ¢. Note that #(¥) =~", where n > 1. Observe
also that 5 49 — ¢ ¢ 7. Hence,

g
~ y4 1 1
CS(Q,Z,q) = _E + E%

/ E =t OS(F,5,p) € QCS(F, 2. ))

Since n # 0, we get also that
Q(CS(G. £,9)) = Q(CS(F, Z,p)),
which implies (b). O

Remark 4.2. The above result is true in the general case, that is, even if the map
¢ is meromorphic and the separatrices ¥ and ¥ are singular.

Remark 4.3. If the connected component C of $~1(p) is a curve, then all irreducible
components of C' are invariant for the foliation G. Moreover, all the singular points
of C' are nodes.

Proof of Lemma 4.1, 2** Case: p is a singularity with two analytic separatrices.
We will prove that every connected component C' of ¢~!(p) is such that

K(g,C) = K(F,p).
First of all, observe for one of the two separatrices, say X, we have
K(F,p) = Q(CS(F,%,p)).

Let W be a neighborhood of C. Note that ¢=1(X) N W is a germ of analytic set
around ¢~ !(p), different from ¢! (p). Each component of ¢~1(X)\ ¢~ 1(p) is a curve
biholomorphic to D*, whose closure contains an unique point in ¢~!(p). Let Y be a
closure of some of these components and set ¥ N ¢~ 1(p) = {q}. It follows from (b)
of lemma 4.2 that

K(G,q) = K(F,p)-
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This implies that
K(G,C) C K(G,q) = K(F,p).
It remains to prove that, for any ¢ € sing(G) N C, then K(G, q) C K(F,p). If C has
dimension zero, that is C' = ¢, the above argument shows that K(G, C) = K(F, p).
JFrom now on, we will suppose that C' is a curve. The next result implies the

second case of lemma 4.1.
O

Lemma 4.3. Let g € C Nsing(G) and >y be a separatriz of G through q. Then ¥
is analytic and

Proof. Suppose first that ¢ is a smooth point of C' and that bR ¢ C. If ¥, is a formal
separatrix of G which is non convergent then F would have a formal non-convergent
separatrix at p contrary to our assumptions. This ¥ is analytic. Thus lemma 4.2
implies that
CS(G,%1,q) = CS(G,9(X1),p) € K(F,p)

and we are done in this case.

Let us suppose now that ¥; € C. In this case, 3 is analytic and smooth, but
#(X1) = {p} and we cannot use directly lemma 4.2. The result will follow from the
lemma below. O

Lemma 4.4. In the above situation, there is a bimeromorphism : S-S (a se-
quence of blowing-ups) such that, if we set d=vlogp: M--» 5, F= »*(F) and
D =¢~Y(p) then:
(a). There exists p € D Nsing(F) and a separatriz Xy C D of F through p such
that $(51) = 1.
(b) CS(gvilaq) € K(]}vﬁ) - K(f7p)

Proof. Let X5 be the other separatrix of G through ¢ and (V, (u,v)) be a local coor-
dinate system around ¢ such that u(g) = v(q) = 0, sing(G) NV = {¢}, X1 = (u = 0),
Yo = (v =0), V= {(u,v)||u],|v] < € and ¢(V) C U. As before, we have
Xo(u,v) = u™ - f(u,v) and Yy(u,v) = u” - g(u,v), where myn > 1, f,g € O,
and f(0,v),g(0,v) Z 0. For |c| < ¢, let 7. be the germ at p of the curve u — ¢(u, c).
Note that, maybe 7o is a point (if ¢(X2) = {p}), however if we take a smaller € > 0,
then we can suppose that . is a curve, for all 0 < |¢| < e. Moreover, there is a
sequence of blowing-ups : S — S such that, if D = 1»~1(p) and € is small enough
then:
(i). ¢¥: S\ D — S\ {p} is a bimeromorphism.
(ii). There is a divisor D; C D such that, for all 0 < |¢| < €, the strict transform
e of 7. meets D7 in a unique point, say p(c).
(iii). If ¢; # c2 and 0 # c¢1,¢o then p(c;) # p(cz). In particular, the map ¢ €
{2]0 < |2| < €} ~ D*  p(c) € D; is a holomorphic embedding.
The sequence of blowing-ups 1, is a simultaneous resolution of the germs -,
0 < |¢| < e. We leave the details for the reader. In this case, it follows from Picard’s
theorem that there exist lim, .o p(c) = p € D;. Moreover, if F = ¢*(F) then the
germ ¥ of Dy at p, is a separatrix of F through p and ¢! o #(X1) = ¥;. This
proves (a).
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Let us prove (b). Note first that
Cs(ﬁazlaﬁ) GK(va) - Q(Cs(ﬁ7217ﬁ)) CK(fap)v

because 1 is a sequence of blowing-ups (see the introduction). On the other hand,
lemma 4.2 implies that

CS(G. £1,q) € Q(CS(F, %1, 1)).
This finishes the proof. O
To finish the prove of Lemma 4.1 it remains to treat just one case:

Proof of Lemma 4.1, ¢ Case: p is singular with just one analytic separatriz. In
this case, F has a normal form like in (13) of remark 4.1: for every r > k + 1 there
exists a local coordinate system (U, (x,y)) where F is represented by

(16) w= "y — [y(1+ X -2*) + R(z,y)ldz,
where k > 1 and j§(R) = 0. Let C be a connected component of ¢~*(p) and consider
a sufficiently small neighborhood W of C'. We will denote by 3; the non-convergent

separatrix and by X, the convergent one. In the coordinate system (U, (x,y)) we
have Y9 = (x = 0) and X, is given by the divergent series

y= Z a;xd.
j=r+1

As before, the proof consists in proving that

(I): For any ¢ € C' Nsing(G) we have K(G, ¢) C K(F,p), and;

(II): There exists ¢o € C' Nsing(G) such that K(G, ¢o) = K(F,p).

Proof of (I). Let us consider first the case where the two separatrices through
q are analytic. Let ¥ be one of these separatrices. It is sufficient to prove that
CS(G,%,q) € K(F,p). ) )

In fact, if p(2) # {p} then ¢(X) is a curve and ¢(3) C q. Since CS(F, X2, p) =0,
we get from lemma 4.2 that CS(ng,q) € Q, as asserted. On the other hand, if
#(X) = {p} then the assertion follows from (b) of lemma 4.4.

Let us suppose now that there is a non-convergent separatrix, say %1, and a con-
vergent one, say Yo, through g. We assert that there is a coordinate system (V, (u, v))
around ¢ such that u(q) = v(q) = 0, ¢(V) C W and ¢|v (u,v) = (X(u,v),Y (u,v)),
where

(). X(u,v) =u™, m > 1.

(ii). Y(u,v) =u™-v, where n =0if C = {¢q} and n > 1 if C is a curve.

In fact, we can write ¢|w = (X,Y), where X, Y: W — C and X(¢) =Y (¢) =0
(¢(W) C U as in 4.3). Let X, and Y, be the germs of X and Y at ¢. Since
Y9 = (X = 0) is invariant for F, the irreducible components of (X, = 0) are local
analytic separatrices of G through ¢. This implies that (X, = 0) = 3. Choose a local
coordinate system (u,v) such that ¥y = (u = 0). In this case, we get X, = u” - g,
where m > 1 and g € Oy. If we consider the local change of variables u; = u - gt/m,
then X, = u7", and so we can suppose X; = «™. In this coordinate system we must
have Y, = u" - Yy, where Y7 € O,. If C is a curve then i)g C C (by remark 4.3)
and n > 1. If C = {q} then n = 0 and Y (0,v) # 0. We assert that ¥,(0,0) # 0.
Note that this implies that, after a holomorphic change of variables, we can suppose
Yi(u,v) =v.
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In fact, to say that the formal separatrix § : =y — >_ j ajacj is invariant for F is
equivalent to

(17) djAw = f-§-dz Ady,

where f € (’jp and @p denotes the ring of formal power series at p. Consider the
formal power series

(18) u' Yy = Y(u,v) =¢"(9) =u" | Yi(u,v) — Z ajumj_” 7

where Y; € @q if we take r big enough. Let Y; = g1t -+, g be the decomposition
of Y7 into irreducible factors of O,. Write ¢*(w) = h - 8,, where 6, represents the
germ of G at ¢. It follows from (17) that

J

= A-fod-u-g1-gsduNdv,

where A = X, - Y, — X, - Y, = u™™ 71 . ¥},,. We assert that h divides A in the O,.
In fact, as the reader can check, we have ¢*(w) = u™ ™ 1(Adv — Bdu), where

A = ukm"‘l . Yl'u
B mY1(1+ ()\f % 'Ukm) +ukm+1 ‘T(U,'U)

and T € O,. This implies that h = u™*"~1 . hy, where any factor of h; is also a
factor Yi,, because u does not divides B. Therefore, h divides A.
It follows that

n.gl...gsdu+u angl...gj_l.gj+1...gsdgj /\oq:f.u.gl...gsdu/\dv’
J

where f € @q. Hence, all factors g1, ...,gs and (u = 0) are invariant for G. Since G
has only two separatrices through ¢, we get that s = 1 and g; is the formal separatrix
of G through ¢. Since G is reduced, we get g1,(0) # 0 and Y, = g°, where g = g7 and
s =ny. It follows from (18) that

Y, = Ylv = Sgs_lgv

Therefore, Y1,(0) = 0 if, and only if, s > 1. Suppose by contradiction that s > 1.
Since g,,(0) # 0, by the formal Weierstrass’ theorem we can write g = f - (v — h(u)),
where f € (’jq, f(0) # 0 and h(u) is a power series. Therefore, if we set k = s-f571.g,,
then we have k € O,, k(0) # 0 and Y1, = k-(v—h(u))*"'. This implies that the germ
of analytic set (Y1, = 0) (which is not empty), is also given by (v—h(u) = 0), and so,
h(u) is convergent. But this is a contradiction, because ¢(v — h(u) = 0) = (y = 0),
which is divergent. Hence s = 1 and ¥7,(0) # 0.

Let us finish the proof of (I). Since X (u,v) = u™ and Y (u,v) = u™ - v, we get
from (16) that ¢*(w) = u™T"~1 . 6,, where, given £ > mk + 1 then

0, = uF" o —mv(1+ (X — ﬁ) -ukm) 4 R(u,v))du
m
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and R(u,v) = u~" - R(u™,u"™ - v) € u’ - O, if r is big enough. This implies that the
formal normal form of G at ¢ is given by

= [0(1+ (A= ) ut") | du = K(G,q) = QmA—n) = Q) = K(F.p).

Proof of (II). We will suppose that C' is a curve. The case where C' is a point will
be left for the reader. It follows from the proof of (I) that it is sufficient to find a
point ¢ € C'Nsing(G) with a non-convergent separatrix. Let W be a sufficiently small
neighborhood of C. Consider the curve C; := ¢~1(y = 0) N W. Since ¢(C}) = (y =
0) # {p}, it follows that C; \ C # 0. Moreover, if ¢ is a component of Cy \ C then §
is biholomorphic to D* and § N C is a point, say g. We will denote by J, the germ of
0 at gq. We assert that G has a non-convergent separatrix through gq.

We will see at the end that ¢ is smooth point of C. Let us suppose this fact for
a moment. Since ¢(C) = {p}, there exists a coordinate system (V, (u,v)) such that
VcW,ulg) =v(g) =0and CNV = (u=0). In this case, the germ of ¢ at ¢ can
be written as

¢q (u7 v) = (Xq(u’ 1}), Yq(u’ 1})) = (ule (’LL, 'U)’ u"Yq (u7 v))’

where X1,Y; € O, and X;(0,v),Y1(0,v) # 0. Note that ¥1(0,0) = 0 and §, C
(Y1 = 0). On the other hand, since (z = 0) is an analytic separatrix of F through p,
X1(0,0) # 0, because otherwise ¢ would be a node of C. This implies that, after a
holomorphic change of variables, we can suppose that X (u,v) = u™. It follows that
the formal series

5 1 , .
Vi=— Y- o a X | =y =) e
j>r+1 J

defines a formal separatrix of G through ¢ (see the proof of (I)).

It remains to prove that ¢ is a smooth point of C. Suppose by contradiction that ¢
is a node of C. The idea is to prove that in this case G has more than two separatrixes
through ¢, which is not possible for a reduced foliation. Let (V, (u, v)) be a coordinate
system such that C NV = (u-v = 0). In this case, we can write X,(u,v) = u™ - v*-
X1 (u,v) and Yy (u, v) = u™-v*-Y1(u, v), where X1 (0, v), Y1(0,v), X1 (u,0),Y1(w,0) £ 0
and m,n,f,s € N. As before, we must have X;(0,0) # 0, because (x = 0) is an
analytic separatrix through p. Hence, after a holomorphic change of variables, we

can suppose that X (u,v) = u™ - v*. If 7 > 1, then we get the formal power series

1

Yi:
um™ - v’

Y — E ajul™ vt | =Yy — E a;u™ IS € O
j>r+1 j>r+1

Note that Y; (0,0) = 0. This implies that all irreducible components of Y7 in the ring
O, are invariant for G (see the proof of (I)). Since w and v do not divide Y7 in O,
G has more than two separatrices through ¢: (u = 0), (v = 0) and the irreducible

components of Yy. This finishes the proof of the thrid case of Lemma 4.1 and of
Theorem 3. (]

4.2. Proof of Corolary 2. If BB : Fol(d) --» P +9+1 ig the global Baumm-Bott
then by Theorem 1 it follows that the closure of its image is an hypersurface H.
Clearly this hypersurface is defined over Q. This is sufficient to assure that there
exists a dense set U C H, such that the field generated by the quotients of the
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coordinates of p = [pg : ... : pgz4aio) has transcendence degree d*> + d = dim H for
every p € U.

Since the Camacho-Sad index and the Baum-Bott index of a simple singularity are
algebraically dependent, if we take G(d) = BB~ (U)NR(d) then, for every F € G(d),
the transcendence degree of K(F) = d? + d. Moreover since U is dense in the image
of BB we have that G(d) is also dense. O

4.3. A Basic property of the CS-Field and the Proof of Corolary 3. We will
derive corollary 3 from corollary 2 and the basic property of the Camacho-Sad Field
is describe in the next proposition. Here we will use the terminology and notation of
[3, Chapter 1].

Proposition 4.1. Let F be foliation of compact surface S with isolated singularities
and cotangent bundle isomorphic to L. The transcendence degree of K(F) over Q is
at most co(TS ® L) — 1.

Proof. If all the singularities are simple, i.e., they all have Milnor number one, then
the result is and immediate consequence of Baum-Bott’s Formula.

Suppose now that there is a singularity p of F with Milnor number p(p) > 2. We
have three possibilities:

(1). pis a saddle-node;

(2). p is a singularity without linear part;

(3). pis a nilpotent singularity.

In case (1) we have already seen that the transcendence degree of K(F,p) is at
most 1.

In case (2) we can apply Van den Essen formula(cf. [3, page 13]) to see that after
blowing up the sum of the Milnor numbers over the singularities on the exceptional
divisor is strictly less then u(p).

In case (3) the argument is more involved. After blowing-up a nilpotent singularity
only one singularity q appears at the exceptional divisor. We have two possibilities

(3.1). ¢ is a singularity without linear part: after blowing up ¢ it appears 2 or 3
singularities at the exceptional divisor. The important fact is that the sum
of its Milnor numbers is equal to u(p). Thus here without further ado we
have that the transcendence degree of K(F,p) is at most u(p);

(3.2). ¢ is (again) a nilpotent singularity: blowing up ¢ we obtain a singularity
without linear part and after blowin-up again we obtain 3 singularities with
non-nilpotent linear part. It follows from Camacho-Sad index Theorem that
in this case K(F,p) = Q.

An induction argument shows that the transcendence degree of K(F) is at most
the sum of Milnor numbers of singularities of F which is equal to c3(T'S ® L).

To conclude we will analyse two cases independently. In the first one saddle-nodes
do not appear in F the resolution of F. So at the end all the singularities of F
are simple and from (1) and Baum-Bott’s formula we have that the transcendence
degree of K(F) is at most co(T'S® L) —1. In the second case at least one saddle-node
appears at the resolution. Since they have Milnor number at least 2 and contributes
to the transcendence degree with at most 1 the result also follows in this case.  [J

Proof of Corollary 3. Corollary 3 follows immediately combining Theorem 3 and
Corollary 2 with the proposition above. O
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5. AN EXAMPLE

As already noted in the introduction the dimension of the generic fiber is given
by dimFol(d) — (d? + d) = 3d + 2. It would be interesting to classify the exceptional
fibers of the Baum-Bott map, i.e., fibers with dimension at least 3d + 3.

Example 5.1. Let F; be a foliation on P? with a meromorphic first integral of the
type F/Lt!, where F and L are homogeneous, F of degree d + 1 and L of degree
one. In an affine coordinate system C2? where L is the line at infinity, the foliation
is defined by dF = 0 and so, it is of degree d. If F is generic then Fy has d? simple
singularities on C2, all of them with Baum-Bott index zero, and d + 1 singularities
at the line L, all of them with Baum-Bott index (d + 2)?/(d + 1). In fact, we will
see in the next result that the fiber of BB containing Fy has dimension greater than
3d + 2.

Proposition 5.1. Let F be a degree d foliation of P? with at least d* simple singu-
larities with Baum-Bott index zero. Then F is a pencil generated by C' and (d+ 1)L,
where C' has degree d + 1 and L is a line. In particular the fiber of the Baum-Bott
map containing F has dimension
d+3
2.
(%)

Proof. We will start by proving that F has an invariant line. Consider an affine
coordinate system (z,y) € C2 C P2, such that all singularities of F are contained in
C2. In particular, the line at infinity is not invariant for 7. Recall that F is induced
by a vector field X of the form,

X = (a+29)0; + (b+yg)0y,

where a,b are polynomials with deg(a),deg(b) < d and g is a non-identically zero
degree d homogeneous polynomial.

Let I be the ideal generated by a + zg and div(X), where

div(X) = %(cH—xg) + a%(bjtyg) = % + g—z +(d+2)g

Note that, for any singularity p of F with Baum-Bott index zero, we have div(X)(p) =
0. By Bezout’s Theorem we have that V(I) = {p € P?|f(p) = OVf € I} has degree
deg(div(X)) deg(a + zg) = d(d + 1), i.e., V(I) has d? + d points(counted with mul-
tiplicity): d of these points are at infinity they correspond to the intersection of the
curve {g = 0}(which is a union of lines) with the line at infinity; the other d? cor-
respond to the singularities of X in C? with vanishing trace, i.e., with Baum-Bott
index zero. In particular, the closure of the curves a + z.g = 0 and div(X) = 0
intersect transversely in P2.

Since b+ y - g vanishes on all points of V(I) it must belong to I. Keeping in mind
that deg(b+y-g) = deg(a+x-g) = deg(div(X)) + 1 we can apply Noether’s Lemma
to see that there exists ¢1, 2 € C[z,y] such that deg(¢1) = deg(¢2) =1 and

Note that the left-hand side of the equation above vanishes at all singularities of X.
This implies that all the singularities of F with Baum-Bott index distinct from zero
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have to be in ¢5. Comparing the homogeneous terms of degree d + 1 of the equation

one obtains that
o0l 01 _ 0lsy 0ls
g (axf” * ayy) = (d+2)g (aﬂ * aﬂ) :

Thus ¢; — (d 4 2)¢; € C, and consequently
X () = dLH  div(X) - £,

proving that /5 is invariant.

Let us choose an affine coordinate system where the line at infinity is invariant
and

X = ady + b0y,

with deg(a) = deg(b) = d. We claim that div(X) = 0. Let I be the ideal generated
by div(X) and a. If div(X) # 0, then div(X) has degree < d — 1 and V(I) in this
case has degree < d(d —1). Since V(I) has to vanish at d? points we get div(X) = 0.

The condition div(X) = 0 is equivalent to the closedness of the polynomial 1-form
w = bdzr — ady. So w = dF for some polynomial F' of degree d+ 1, i.e., F is a pencil
generated by F' and L', where F has degree d + 1 and L is the line at infinity.

We conclude that the fiber of the Baum-Bott map that contains F can be para-
metrized as

(F7L) € Pd+1 X Pl = ]:(F/LdJrl)v

where P; denotes the set of homogeneous polynomials on C? of degree j and F(G)
the foliation with first integral G. Note that F(F/L%!) is defined in homogeneous
coordinates by the 1-form

w(F,L)=L-dF — (d+1)-F -dL.
On the other hand, the reader can check that w(F,L) = w(Fy, L) if, and only if,

(F1,L1) = A-(F, L), where A € C*. This implies that the dimension of the fiber of the
Baum-Bott map that contains F has dimension dim(P(Pgy1 X P1)) = (dgg) +2. 0

6. SOME REMARKS AND PROBLEMS

6.1. The image of the Baum-Bott Map. If ' and L are generic, then the singu-
larities of F(F/L*!) are all simple. Moreover, there are two kinds of singularities:
the d? singularities with Baum-Bott index zero and the d + 1 in the line L, all of
them with Baum-Bott index (d + 2)2/(d + 1). In particular, we see that BB(R(d))
is not the whole hyperplane given by the Baum-Bott theorem. In fact, any point of
the form (0,...,0,A1,..., Aat1), where 37, \; = (d + 2)2 and Ay # (d+2)?/(d +1)
is not in BB(R(d)).

It would be interesting to describe BB(R(d)), or more specifically, give a criterion
to decide if a point [by,...,byx] belongs or not to BB(R(d)).

6.2. Affine versions of Theorem 1. Let L C P? be a line and Fol(d) be the
space of foliations of degree d which leave L invariant. If F € Fol(d) has only
simple singularities, it is known (cf. [3]) that L contains (d+ 1) singularities and that
> CS(FLp=C-C=L
pesing(F)NL
This implies in particular, that the maximal rank of BB|go1, (¢) is less than d? + d.
When d > 2, is the maximal rank of BB|g.1, (4) equal to d?>+d—1? If C is an smooth
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curve, what can be said about the generic rank of BB|go1,(q) for d > 0?7 We believe
that our strategy of proof should work on these situations.

6.3. The Fibers of the Baum-Bott Map. Recall that the dimension of the generic
fiber of the global Baum-Bott for degree d foliations of P? is 3d + 2. How many
irreducible components it has and which is its degree as an algebraic subset of Fol(d)?

6.4. Other Surfaces. For an arbitrary compact complex surface S and an arbi-
trary non-negative integer k we have that the number of singularities(counted with
multiplicities) of a foliation in Fol(S, £) with isolated singularities is given by

(TS @ L) = k2 -1 (L) + k-c1(L) - e1(S) + ca(S) .

On the other hand if £ is an ample line-bundle and k£ > 0 then, combining
Hirzebruch-Riemann-Roch Theorem with Serre’s Vanishing Theorem(see [1]), we
have that dimFol(S, L&) = h%(T'S ® LZ*) — 1 is equal to

1 1
5 (F(TS ® LE*) —2¢o(T'S & LZF)) + Fa(Tse LEFY 1 (S) 4+ 2x(S) — 1.

Straight-forward manipulations shows that the dimension Fol(S, L*)
E2ci(£)? + 2kei (L) - ¢1(S) 4 ¢2(S) — c2(S) + 2x(S) — ca(S) — 1.
Thus we have that dim Fol(S, L&*) — co(T'S ® L®*) is equal to
ker(L) - e1(S) 4 (c2(S) — ca(S) + 2x(S) — 1).
If ¢1(L) - ¢1(S) < O(this happens,for example, when S is of general type) then
dimFol(S, LE*) — o (TS @ LZF) < 0,

for £ > 0, i.e., we have more singularities then foliations. In particular we have other
relations between the Baum-Bott indexes besides the Baum-Bott’s formula. It would
be really interesting to understand the nature of these relations. For instance one
could ask how they change when S and £ are deformed. Another natural problem is
to know if the Baum-Bott map in this situation is generically finite or not.

6.5. Endomorphisms and Foliations on P”. In [8] Baum-Bott-like formulas are
worked out for endomorphisms of projective spaces. There, by a dimension counting,
it is shown the existence of extra unknown relations among such multipliers. An
analogous phenomena happens also with one-dimensional foliations of P", n > 3.
Can these extra relations be produced by some index formula? We refer to [8] for a
more complete discussion.
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Appendix: On the monodromy of the singular set

Let M be a projective manifold of dimension m, ©,; be the tangent sheaf of M and
L be a line-bundle over M. The space of foliations by curves on M with cotangent
bundle isomorphic to £, denoted by Fol(M, £) = Fol(L), can be identified with the
projectivization of the global sections of the bundle ©); ® L, i.e.,

Fol(£) = PHY(M, 0y ® L).

Over the product of Fol(£) with M we consider the natural foliation F(L£) char-
acterized by the property that the restriction of F(L£) to the fiber over F under the
natural projection 7 : Fol(£) x M — Fol(L) coincides with F, i.e.,

f(ﬁ)lﬂ—l(]:) =F.

We will denote by S(L) the singular set of F(L).

Suppose that all the irreducible components of S(L) are of the same dimension
and that m = m5() : S(£) — Fol(L£) is generically finite. If we denote by A(L) the
discriminant of the 7 then for every foliation F € F(L) \ A(L) we can lift closed
paths contained in F(£) \ A(L) to S(£) inducing a representation

O(F) : m (F(L)\ A(L), F) — Perm(sing(F)) .

Of course if we choose another foliation 7' € F(L£) \ A(L) as a base point for the
lifting of paths we obtain ®(F’) which is conjugated to ®(F). Therefore we will say
the the monodromy of the singular set of F(L) is a subgroup of the symmetric group
on k elements, where k is the cardinality of sing(F), given by the image of ®(F) up
to conjugacy.

The aim of the appendix is to prove the

Theorem 4. Let L be an ample line-bundle over a projective manifold M of di-
mension m. For k > 0 the monodromy of the singular set of Fol(L®*) is the full
symmetric group in ¢, (Op ® L) elements.

We remark that the strategy of the proof is very similar to the ones presented in
[1] and [2]. The carefull reader will note that over P™ the result is valid for foliations
of degree at least 2.

Proof of Theorem 4. Let S C M x Fol(L®) be the singular set, i.e.,
S ={(p, F)lp € sing(F)}-

The set S can also be described as the projectivization of the kernel of the map
of vector bundles

M x HO (M, 0y ® LZ%) — TM® L%
(p, X) — X(p).

Since k > 0 and £ is ample it follows from Serre’s vanishing theorem that © ; @ £L&F
is generated by global sections. In particular the above map has constant rank and
its kernel is a sub-bundle of M x H°(M, ©,; ® LZ*) of codimension equal to dim M.
It follows that S C M x Fol(£L®*) is a smooth irreducible subvariety and that the
projection 7 : S — Fol(L®*) is surjective and generically finite. The irreducibility of
S implies that the monodromy of 7 is 1-transitive.



BAUM-BOTT 37

First Step: The monodromy group is 2-transitive. Let p be an arbitrary point
in M and let Fol(£L®*), C Fol(£®*) be the set of foliations having p as a singularity.
If

Sp={(¢,F) € M\ {p} x Fol(L®¥), | q € sing(F)}.

then as before S), is the projectivization of the kernel of @,

d:UxV — TU®LEF
(,X) — X(2)

where U = M\ {p}, V = H(M,Oy, ® LZ*) and Oy, is the subsheaf of Oy,
generated by vector fields vanishing at p. Clearly Oy, is a coherent sheaf and hence
we can apply again Serre’s vanishing theorem to assure that .S, is a smooth irreducible
subvariety of M \ {p} x Fol(£®*), and that 7, : S, — Fol(£L®¥), is surjective and
generically finite. As before the monodromy of m, is thus transitive.

Let G be the monodromy group of 7 and (p1,41) and (pe, g2) be two pairs of the
points in M x M. Then, from the 1-transivity of G, there exists a € G such that
a(p1) = pa. From the discussion above on the monodromy of 7, it follows that there
exists § € G such that 8(p2) = p2 and S(q1) = ¢a.

We have just proved that G, the monodromy group of =, is 2-transitive.

Sencond Step: The monodromy group contains a transposition. First con-
sider the local situation. Let X and Y be germs of holomorphic vector fields on a
neighborhood of 0 € C2. Suppose that 0 is a singularity of multiplicity 2 of X and
that Y (0) # 0. Consider the equation

(X +tY)(s(t) =0

with boundary value s(0) = 0 where s € C[[t]] is a formal power series. Deriving
with respect to ¢ we obtain that

DX (s(0)) - 8'(0) + Y'(0) = 0.

When Y (0) is not contained in the image of DX (0) then the above equation has no
solutions and in particular the local monodromy is generated by the transposition.
As an example of this situation one can take X = x% + yQO% +...and Y = 8%,
where ‘

sing(X +tY) = (0, £v/—1).

Back to the global situation suppose first that there exists F € Fol(L®*) with
one singularity with the 2-jet equal to the 2-jet of X and all other singularities
with multiplicity one. Since ©; ® L®* is generated by global sections there exists
Y € H°(M,0, ® L) such that Y(p) is not in the image of DX (p). The local
discussion above shows that GG, the monodromy group of 7, contains a transposition.

Let p be a point of M and m, its ideal sheaf. If we consider the inclusion of
O ® mf, into ©,; then we will define Jg@ M as the cokernel of this inclusion. More
succinctly the sequence

OH@M@)m?}H@N{HJg@MHO

is exact. It is clear from the definition that Jg O} is supported on p and its sections
are 2-jets of vector fields at p. Again from Serre’s vanishing Theorem H*(M, 0y ®
mz ® L®%) = 0 and consequently the map

HO(M, 0y @ LE*) — HO(M, J20 )
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is surjective. Thus there are foliations in Fol(£L®*) with arbitrary 2-jet. One can
use the arguments applied in §6.5 to assure that there exists F € Fol(£®*) with
one singularity with the 2-jet equal to the 2-jet of X and all other singularities with
multiplicity one.

Conclusion. To conclude the argument is well-known. Let (p1,q1) and (ps, g2) be
pairs of singularities in sing(F). Suppose that G contains the transposition 7 =
(p1 q1). Since G is 2-transitive there exists a € G such that a(p;) = p2 and a(q1) =
¢2. Since ara™! = (py q2) we conclude that G' contains all the transpositions in the
full symmetric group. This is sufficient to prove Theorem 4. U
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