ISOLATED SINGULARITIES OF SOLUTIONS TO THE
YAMABE EQUATION
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ABSTRACT. In this paper we study the asymptotic behavior of
local solutions to the Yamabe equation near an isolated singularity,
when the metric is not necessarily conformally flat. We are able
to prove, when the dimension is less than or equal to 5, that any
solution is asymptotic to a rotationally symmetric Fowler solution.
We also prove refined asymptotics if deformed Fowler solutions are
allowed in the expansion.

1. INTRODUCTION

Let g be a smooth Riemannian metric on the unit ball B} (0) C R,
where n > 3. In this paper we will consider positive solutions to the
Yamabe equation

n—2 n(n—?)u%gzo
4(n—1) 4

in the punctured ball Q@ = B}'(0) \ {0}. Here A, denotes the Laplace-
Beltrami operator of the metric g, and R, denotes its scalar curvature.
Our primary interest will be to describe the asymptotic behavior of
such a solution near the isolated singularity.

The geometric motivation comes from the fact that a solution w
to the equation (1.1) gives rise to the metric § = w2 g of constant
scalar curvature R; = n(n — 1). Therefore the asymptotics of these
local solutions is related to the global problem known as the Singular
Yamabe Problem. Given a compact Riemannian manifold (M™, g), with
R, > 0, and a finite set I' C M, it consists in studying the conformal
deformations of g which are complete in M \ I'; and have constant
positive scalar curvature. The existence of these conformal metrics
was proved by R. Schoen when the manifold M is the standard sphere
S™ and the set I' has at least two points (see [14]). In [12], Mazzeo
and Pacard developed a different construction for this problem. Other
related works are [11], [13], [15].

The issue of deriving asymptotics for local solutions to equation (1.1)

was considered, in the case of a flat background metric, by L. Caffarelli,
1
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B. Gidas and J. Spruck in [2](see also [3]). In this case, they prove that
the local models, when 0 is a nonremovable singularity, are given by
the radial solutions of

—9) nt2
(1.2) Aug + %u{;” =0 in R"\ {0}
which blow-up at 0, referred to as the Fowler solutions (or Delaunay-
type solutions). Here A denotes the Euclidean Laplacian. More pre-
cisely, their result states that, given any solution u > 0 to
n(n —2) n+

7w =0 in BY(0)\ {0},

either u can be smoothly extended to the origin or there is a Fowler
solution ug such that

(1.3) Au +

u(z) = (14 o(1))up(x) as z — 0.

Their proof relies on a complicated version of the Alexandrov reflection
method, and it was later simplified by N. Korevaar, R. Mazzeo, F. Pac-
ard and R. Schoen in [7], where they also improve the o(1) remainder
term to a O(|z|¥), for some o > 0. See also [1] for a related result on
the subcritical equation.

Another interesting problem consists in studying local singular solu-
tions to the prescribed scalar curvature equation

(1.4) Au+ K(z)uns =0,

where K is a positive C! function defined on a neighborhood around 0.
The equation (1.4) can be seen as a perturbation of the equation (1.3),
and so one can ask under what conditions on K the Fowler solutions
still serve as asymptotic models. This question has been studied by C.
C. Chen and C. S. Lin (see [4], [5], [6], [9]), whose work has inspired
some of the techniques employed in our paper.

The main motivation of the present work was to determine whether
these asymptotic results could be extended to a more general setting,
namely, for an arbitrary background metric. The following theorem
gives an affirmative answer in low dimensions.

Theorem 1.1. Assume 3 < n <5 and let u > 0 be a solution to the
equation (1.1) in BY(0) \ {0}. If u has a nonremovable singularity at
0, then there exists a Fowler solution ug such that

u(@) = (L+ O(|z|%))uo(x)

as x — 0, for some a > 0.
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There is a certain analogy between equations (1.1) and (1.4), in the
sense that the first one can also be considered as a perturbation of the
Euclidean equation (1.3). In this spirit, Theorem 1.1 is saying that, at
least in low dimensions, the asymptotic behavior of local solutions to
equation (1.1) is still described by the standard radial solutions of equa-
tion (1.2). It remains an interesting and open question to determine
whether this result is true in higher dimensions.

Once we have established the convergence to a radial Fowler solution,
we can use the arguments of Section 5 of [7] to improve the decay of the
remainder term by allowing deformed Fowler solutions. This family of
solutions is parametrized by a vector a € R™:

_1>

2—n
Uo <|l’|

Theorem 1.2. Suppose u > 0 is a solution to the equation (2.1) in
By (0)\{0}. If 3 <n <5, then there exists a deformed Fowler solution
Uo,q such that

x
— —alz]

|

The precise statement is:

x
— —alz]

||

Up () =

u(z) = (1+O(|z["))ug,a(x)
as x — 0, for some v > 1.

Let us now briefly describe the strategy used in the paper. First we
need to establish the fundamental upper bound
(1.5) u(z) < cdy(z, 0)25".
In order to prove that, we will apply the Moving Planes Method. The
difficulty relies on the fact that our equation (1.1) has no symmetries.
It turns out that, when 3 < n < 5, we can overcome that by construct-
ing appropriate auxiliary functions (see [8] for a similar technique in
dimensions 3 and 4). An important consequence of the bound (1.5) is
that solutions have to satisfy a uniform spherical Harnack inequality
around the singularity (see Corollary 4 in Section 2 below).

Then we study the Pohozaev integrals

n—2 ou 1 ou
P — e 2 72

(n—2)*
8

and use a Pohozaev-type identity to show the invariant

P(u) = liII(l) P(r,u)

2n
run-2)do,,

is well-defined. The fundamental result here is the following removable
singularity theorem:



4 FERNANDO CODA MARQUES

Theorem 1.3. Assume 3 < n <5 and let u > 0 be a solution to the
equation (1.1) in B}(0) \ {0}. Then P(u) < 0. Moreover, P(u) =0 if
and only if 0 is a removable singularity.

As a consequence of Theorem 1.3, we can apply elliptic theory to

establish the lower bound
2—n

(1.6) u(z) > crdy(x,0) 2,

where ¢; > 0. Using the bounds (1.5), (1.6), we can use a scaling
argument to prove that solutions are asymptotically symmetric. The
precise statement of the Theorem 1.1 will follow from somewhat del-
icate arguments, originally due to Leon Simon in a different context,
relying on the growth properties of Jacobi fields.

This paper is organized as follows. In Section 2 we apply the Moving
Planes Method to prove the upper bound (1.5). In Section 3 we define
the Pohozaev invariant of a solution, proving Theorem 1.3 and the
lower bound (1.6). In Section 4 we prove Theorem 1.1. In Section 5
we describe how to achieve the refined asymptotics of Theorem 1.2.

Acknowledgements. The author would like to thank the support
provided by FAPERJ, CNPg-Brazil and Stanford University during
the last stages of the present work. He is specially grateful to Richard
Schoen for his encouragement and support.

2. UPPER BOUND NEAR A SINGULARITY

Let g be a smooth Riemannian metric in geodesic normal coordinates
on the unit ball B}'(0) C R™, n > 3. We are interested in studying
positive solutions to the Yamabe equation

n—2 n(n —2) w2
T g B TE
4(n—1) Ut

in the punctured ball Q@ = B}(0) \ {0}. Here A, denotes the Laplace-

Beltrami operator of the metric g and R, denotes its scalar curvature.
The linear operator L, = A, — 4(’;—121)1%5, is called the conformal Lapla-

cian of the metric g. The equation (2.1) has geometrical meaning,
4

(2.1) Agu —

namely, the metric § = u»—2¢g has constant scalar curvature equal to
n(n — 1). This is due to the formula R; = —%u_ = Lgu.

Since a punctured ball is conformally diffeomorphic to a half cylinder,
sometimes it will be convenient to use the cylindrical background. In

other words, consider the conformal diffemorphism
®: (R xS dt* +db?) — (R™\ {0},9)
defined by ®(t,0) = e'0. Then ®*§ = e 2!(dt* + d6?).
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Define § = e2®*g and v(t,0) = ¢ = tu(e™'0) = |z|"2 u(z), where

t = —log|z| and 0 = Tl Since the scalar curvature of the metric
DG = (e2"tu o @)ﬁg is constant equal to n(n — 1), we obtain the
equation

(2.2) Lo+ 22—

for t > 0. Observe that if u is defined for every |z| < 7o, then v is
defined for every t > — logry.
n— 4
It will be useful to compute R;. Using that g = (eTQt)mq)*g, we
get

4in—1), o= n -
Ry = A=y, ()
4(n — 1) n42 n—2 n—2 n—2
— n 2 (6 2 t)(Aq)*g(e t) 4(n — 1) R@*ge t)
4(n — 1) n+2 2-n n 2 n—2
= o @) 0 B - s R,

SO

(23) Ry=Mm—-2)(n—1)+2(n— 1)e—ta’%§) o®+e R 0.

The main result of this section is the following theorem, which es-
tablishes an upper bound near the isolated singularity.

Theorem 2.1. Assume that u is a positive smooth solution of (2.1) in
Q=B (0)\{0}. If 3 <n <5, then there exists a constant ¢ > 0 such
that

(2.4) u(x) < edy(x,0)
for 0 < dy(z,0) <

2—n
2

1
5

Proof. Given zy € Q, |zo| < 5 and 0 < s < 1 so that By(zo) C €,
define
f(@) = (s = dy(,20)) "% u(w)

for © € Bg(xg). Here By(zg) denotes the metric ball with respect to
the backgrond metric ¢g. It suffices to show that there exists a positive
constant C' such that any such f satisfies f(x) < C in Bs(zg). This is
because f (o) = "2 u(zo) and we can choose s = 2o,

The proof will be by contradiction so assume there is no such con-
stant C'. Then we can find a sequence of points z(; and positive num-
bers s; so that, if z;; denotes the maximum point of the corresponding
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fi, we have
fi(xl,i) — OQ.

Since 2" 2f;(z) < wu(z) we conclude that u(x;;) — oo as well. In
particular we also get that z;,;, — 0 as i — oo.

Set g, = u(xl,i)_% and define

Ui(y) = €;* ulexp,, ,(ey)),

so that ’[LI(O) =1 1If dg(fl,’,ZL’l’i) S r;, = %(Sl - dg(xl,iax(),i)) then it
follows from f;(z) < fi(z1;) = (2rie; )" that u(z) < QHT%u(xlyi).
Therefore we get that @;(y) < 2" on the ball |y| < rie;t — oo.
It is not difficult to check that
— n+2
L;.ii; + Muﬁ =0,
4
for every |y| < rie; !, where (§:)u(y) = gm(ciy). Here g denote the
components of the metric ¢ when written in normal coordiantes around
x1,;. Standard elliptic theory then implies that, after passing to a
subsequence, the ; converge in the C? norm on compact subsets of R”
to a positive solution gy to

n(n —2) _nt2

Aty + 1 T

ug " =0,

which satisfies @p(0) = 1 and dg(y) < 2" for every y € R". Here
A denotes the Euclidean Laplacian. By a well-known theorem due to
Caffarelli, Gidas and Spruck [2] we can conclude that there exists n > 0
and yy € R™ such that

n—2

) = (T —wr)
U, = .
o 1+ 72y — yo|?

Because of the conditions on 7y we also get that % <p<Tland |yl <1.

Since o has a nondegenerate maximum point at y, there will be a
sequence ; — Yo such that y; is a nondegenerate maximum point of
@;. We can assume |y;| < 2 and therefore there will be a corresponding
local maximum point x9; of w satistying d,(re,, x1,) < 2. If we
redefine the functions 4, replacing x;; by z2; we get as before that a
subsequence @; converges in the C? norm on compact subsets of R" to

n—2
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Note that, by construction, we have that |z ;| < % so we can consider
@; as defined for |y| < %5; ! with a possible singularity at some point
on the sphere of radius |z, ;]e; ' — 0o, where now &; = U(I'Q’i)_%.

Now it is convenient to shift to the cylindrical background. Let us

introduce
n—2

vi(t,0) = ly[ = ai(y),
where t = —log|y| and 6 = ;7.
This function is defined for ¢ > — log(

1

16€0 ), with a singularity at

some point (¢, 6}), t, = —log(|zaile;!). We can also define vy(t) =
ly|"= u(y), and it is not difficult to check that
t 1 —t 2—n
vo(t) = (e +Z€ )T

Since @; — 4 in the C2. topology, we know that given any R > 0
the inequalities

lv;(t,0) —vo(t)] < R'ez,
0,0:(t,0) —vi(t)] < R'e’z™,
07v,(t,0) — v (1) < R7'e’=,

|0p,vi(t,0)] < R7'e 3!
|8§kelvz(t,9)| < Rle 2t

are satisfied for ¢ > —log R and sufficiently large .
In particular d;v;(—log3,60) > 0 for all § € S"~1.
Let 6 > 0 be a small number, independent of i, to be chosen later.
We will apply the Alexandrov technique to v; on the region

; = [—log(de; "), 00) x S",

reflecting across the spheres {\} x S"71.
It is not difficult to check, from the definition, that

vi(—log(de; 1), 0) > c(8) >0

for every 6 € S*1L.

In what follows we will occasionally drop the subscript ¢ to simplify
the notation.

Define

ux(t,0) = v(2X\ —t,0).
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If
n+2 n+2
n(n—2) [ ve2 —o™?
by =
4 V — Uy
and
Qx = (Lf]x - L@)(UA)>
we obtain

LQ(U — ’U>\) + b,\(v — ’U)\) = Q)\
on [)\{(#;,0!)}, where Ty, = [—log(de™!), \| xS~ 1. Here g, denotes the
pull-back of the metric g by the reflection across the sphere {\} x S"~1.
It is important to note also that by > 0.
We now wish to construct an auxiliary family of functions hy = h,(¢),

defined on Ty, satisfying the following properties:

(2.5) () = 0
(2.6) hy > O;
(2.7) Lghy > Qx;
(2.8) hy < wv—wyif A is sufficiently large.

When such a family exists, we define
wy =v— U\ — h).
Therefore
Lywy +bywy = Qx — Lyhy — byhy <0,

so we can apply the Maximum Principle where wy > 0.

Note also that wy (), 0) = 0 for every § € S*~1.

Claim 1.(Moving Planes Method) If there exists h) satisfying the
properties (2.5)-(2.8) for every A > —log3, then there exist Ay >
—log 3, and 6y € S"~! such that

wy, (—log(de™),6p) = 0.
In order to prove Claim 1, define
Ao = inf{A; :wy(¢,0) > 0in 'y, VA > A1 }.

Note that condition (2.8) guarantees this set is nonempty.
Since 9yv;(—log 3,6) > 0 for all # € S"~!, we know that \g > — log 3.
Suppose the claim is false. Since, by continuity, wy, > 0 in I'y,,
we would have that wy,(—log(de;'),0) > 0 for every § € S*!. By
the Maximum Principle, we also know that w,,(¢,6) > 0 for every
—log(de; ) <t < Ao and 6 € S*"!. It is important to note that since

ng)\o S _b)\ow)\() S 07
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the function w,, has a positive lower bound near the singularity (¢, 6;).

Hence, from the definition of )y, we know that there exist sequences
A T Ao, t; — t*, 0; — 0% such that (¢}, 6,) is an interior minimum point
of wy, with wy, (t;,0;) < 0. Taking the limit we get wy, (t*,0*) = 0 and
Vw,y, (t*,0%) = 0. Therefore t* = \g, but this is a contradiction to the
Hopf’s lemma. This proves Claim 1.

Now we need to estimate Q).

Claim 2. There exists a constant ¢; > 0, not depending on 9, such
that |Qx(t,0)| < qa(t) = cre2e™ 2 te@mA,

First, from equation (2.3),

R;(t,0) = (n—2)(n—1)+2(n— 1)e’t&"(\/§) (e7'0)

+€72tR§(67t¢9)
= (n— n — n—1)ee? 3r(\/§) cet
= (n=2)(n=1)+2(n-1) /7 (ee™"0)

+e%e " R, (ee7").

i a—n — 87“
Using Ry, (t,0) = Ry(2A—t,0), vA(t,0) = O(e” 2" 1) and \%ﬁ) —
O(r), we have

2

IRy, — Rylua(t,0) < Ce’e ez D

— 0826”776156(2771)/\

Now one needs to observe that g = dt? + d6* + O(g*e?'), since
g = €e*®*g and §;; = 0;; + O(e?|y[*) in normal coordinates. It follows
that
[(Bg, = Bg)(e)](2,0) < Ce™7 e,

proving Claim 2.

Now we will turn to the construction of hy.

Claim 3. Suppose 3 < n < 5, and let v > 0 be a small number.
Then there exists a family hy = hy(t) satisfying the properties (2.5)-
(2.8) and such that

(2.9) ha(—1log(6e™)) < e3 max{g%,e%’V},

for some ¢3 = ¢3(9) > 0.

Given a small ¥ > 0, let L be the linear operator:
— n—2
L(f) = "+ = (5P + ).
1

Let 71 = 552y > 0 and a(n) = 55—
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Now define
(2.10) ha(t) = a<n)01826(27n))\e”776t(1 I

whgre Y2 > 0 is chosen so that the function (T2t
of L.
Note that 1,72 are also small.

It is clear that hy(\) = 0, and
Z(h)\) = ().
It is also possible to check that
hy >0 and h)\ <0 in (—oo, Al

from definition (2.10).
Now

Lgh)\ = hl)t + O<€26_2t)hl)\ — ((

is in the kernel

n—2

2 )2+O(€2€_2t))h)\,

since § = dt* + df* + O(e%e™?").
If 5% <+, then
Lghy > L(hy) = g > |Qs|
for t > —log(de1).
The estimate (2.9) follows from the definition (2.10), since

ha(—log(de™ 1)) = a(n)cy (57 e ™Ae"s
(2.11) _5”7_2-"—’726(—24-’)/2))\56_771—%)'

It remains to prove the condition (2.8): wy > 0 in I'y for sufficiently
large A.

The computation (2.11) and the fact that A} <0 imply
(2.12) max hy — 0

DY

as A\ — 0o, where 9§ and ¢ are fixed.

Suppose ¢, €, and ty are fixed, and assume %, is large. The function
v has a positive lower bound on I';, = [~ log(dg; '), o] x S"7!, and we
know that

vy (t) < Ce 3 (A1),

Therefore it follows, from the fact (2.12), that wy > 0 in T, for suffi-
ciently large A.

Hence we now have to show that wy > 0 for t € [tg, Al.

Let us estimate h).

First

B =

n ; 6da(n)e%t 2 2 ; n- 72)6(4—71—72)(1&—/\))

?
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where d = ¢1e2e2~™*. Hence

B (1)] < C(6, 2, t0) (2™ 4 -2+

for t € [to, AJ.
If 3<n<5andtEeE [ty, A, then we get
[R(1)] = €72 o(\)
as A — 00, for fixed 4, €, 1.
Now 5 5 5
Wy v v ,
—=(t,0) = —(t,0) + —(2X —t,0) — h\(t
at(7> at(7)+at< 7) )\()7

so that, when t € [to, A],

%(t,@) < —Ce T —h(t) < —%625”’\ <0.

Since wy (X, ) = 0 for every § € S*~!, we see that wy > 0 if ¢ € [tg, A,
when A is sufficiently large. This finishes the proof of the claim.

We will now derive a contradiction, if 3 < n < 5.

From Claim 3 (existence of h, ), and Claim 1 (Moving Planes Method),
we know

Wy (— log(35™),6p) = 0

for some \g > —log3 and 6, € S"~L.
Then

0 < c(0) < v(—log(de™),0) = (vag + o) (—log(de™1), 6p),
and so
(2.13) 0 < c(8) < &(8)e™> + hyy(—log(de™)).
But, from inequality (2.9),
hao (—log(de™ 1)) < ce2

when n = 3,
By (—log(de™1)) < ce'™
when n = 4, and
hy (—log(de™h)) < ez
when n = 5.
We get a contradiction from inequality (2.13), after ¢ — 0. This
completes the proof of the theorem.

O

As a consequence of the upper bound we get the following estimates.
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Corollary 2.2. Suppose u is a positive smooth solution of (2.1) in
Q= B7(0)\ {0}, 3<n <5. Then there exists a constant ¢c; > 0 such
that

(2.14) Tn|axu < |HTinu

for every 0 < r < 1. Moreover, |Vu| < ¢1]z| ™ u and |V?u| < c;r?u.
The inequality (2.14) is usually referred to as the spherical Harnack
inequality.

Proof. Define u,(y) = r"= u(ry), for every 0 < r < 1

The Theorem 2.1 then implies that u,(y) < cly| =" for |y| < rt In
particular, if < |y| < 2, we have that u,(y) < 2" c.

2
n(n—2) ZIL2

Moreover Ly u, + ==—=u;~* = 0, where (g,)i;(y) = gi5(ry). The
Harnack inequality for linear elliptic equations and standard elliptic
theory imply there exists ¢; > 0, not depending on r, such that

and |y| < r7L.

max u, < ¢ min u,,
|z|=1 |z|=1
and |Vu,| + |V?u,| < cju, on the sphere of radius 1.
This finishes the proof of the corollary.

3. POHOZAEV INVARIANTS AND REMOVABLE SINGULARITIES

In this section we will define the Pohozaev invariant of a solution
and prove a removable singularity theorem. As a consequence we will
derive a fundamental lower bound near the isolated singularity.

Given a positive solution u to the equation (2.1) in B} (0) \ {0}, the
Pohozaev identity (see [10]) says that

(3.1) P(r,u) — P(s,u) = —/ (

B,\B;

n— 2

u+xz-Vu)(Ly — A)(u)dx

for 0 < s <r < 1, where

n—2 Ou 1
P(r,u) = A
)= [ (GG~ v
_22 2n
(3.2) + 7“|%|2 + %runﬂdap

In the case of the Euclidean metric, the identity is saying that P(r, u)
does not depend on r, and therefore is an invariant of the solution u.
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In order to define this invariant in a more general setting, we need
the upper bounds given by Theorem 2.1 and Corollary 2.2. In fact,
since g;; = 0;; + O(|x]?), we will have

n—2

(3-3) 5w+ Vu)(Ly = A)(u)] < el

and the Pohozaev identity tells us the limit
P(u) = lin% P(r,u)

exists. The number P(u) is called the Pohozaev invariant of the solu-
tion wu.
We can now state our removable singularity theorem.

Theorem 3.1. Assume 3 < n <5 and let u > 0 be a solution to the
equation (2.1) in B{(0) \ {0}. Then P(u) < 0. Moreover, P(u) =0 if

and only if 0 is a removable singularity.

Proof. Let us suppose P(u) > 0. The result will follow once we prove
that, in this case, 0 is a removable singularity, and therefore P(u) = 0.
Claim 1. liminf,_ou(z)|z|"z = 0.
Suppose not. Then there exist positive constants ¢, ¢y such that

a7 <u(z) < o] 7,

where the second inequality above follows from Theorem 2.1.
Choose any sequence r; — 0, and define

u;(z) = rou(rjx).
Then 01]x|2_7n <wu;(z) < cz]x|2_T" and

n(n —2) n2
Lg,uj + Y=
in B,-1(0)\{0}, where (g;)(x) = g (r;z). Elliptic theory then implies
J
that there exists a subsequence, also denoted by w;, which converges,
in compact subsets of R \ {0}, to a solution wug of

n(n —2) =2
mug =0,

Since ug(z) > ¢1|z| 2", ug is singular at the origin and then a result
in [2] implies that uo has to be one of the rotationally symmetric Fowler
solutions (see Section 2 in [7] for more details). In particular, P(ug) <
0. This is a contradiction, because

P(ug) = P(ug, 1) = lim P(u;,1) = lim P(u,r;) = P(u) > 0.
J]—00

J]—00

AUO +
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Claim 2. lim,_ou(z)|z|"z" = 0.

In what follows we will denote by ¢ any positive constant, and sub-
scripts will sometimes mean differentiation.

Let us denote the average of the function u over 0B, by

and define w(t) = u(r)r"z", where t = — Inr. Notice that Theorem 2.1
and Corollary 2.2 imply w(t) < c.

Then
_ ou
Ur = a0
OB, (97"
and since
_ n n—2
Wy = —Ur2 — 5 w,
we also get that |w| < c.
Choosing a fixed s < r, we see that
ou ou
Upp = —), = (1=n)rt —+0;ir1_”/ Au),
(f, G == f Srrortrt [
-1 au -1 1—-n n42
— (- Dot a-L)w -k [ o),
0B, or B, \Bs By\Bs

:4meﬂm+£&m—AMm+dmﬁ Rju— K4 uws.

B, OBy
By the spherical Harnack inequality (see Corollary 2.2),

Clgns: < K4 unts < Cunes,
8B,
and
# (A=A W) +cm)d Ryl < ca
9B, OB,
From
- %) dr n—2
Wy = UrT di 9 t
we have
n—2.,
wi— ("0 =(f (A= A)w) +etf Ry
OB, 9B,
- K u%)r%ﬂj
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and then

n -2 n
(3.4) —crwi= — ce 2w < wy — (nT)Qw < —cowis + ce 2.

The first inequality in (3.4) implies that there exists g > 0 such that
wy(t) > 0 whenever w(t) < gy, and ¢ is sufficiently large.

Let us suppose, by contradiction, that limsup, ., u(z)|z|"z" > 0.
Since lim inf, o u(z)|z|"z" = 0, we can choose £¢ > 0 sufficiently small
so that we are able to construct sequences ¢; < t; < tF with lim; o t; =
+00, such that w(t;) = w(t}) = &g, wy(t;) = 0, and llmHoow( ;) =0.

Let us now introduce a function H satlsfymg

Hy(t) = e 2w(t)w(t).

Since w is monotone in each of the intervals [¢;,t;], [t;, tf], it is also
invertible. Therefore, depending on which of the intervals we choose to
consider, we can define

g(w) = (

where F(w) = H(t).
Then, from the inequalities (3.4), it is not difficult to check that, for
t; <t <1t

-2 n
n2 )w? —cwn22—cF( ),

Hence, in that interval, w? — g(w) > —g(w(t;)), and so

vO e e dw
Lt = / dt / .
wit) AW T Sy v/g(w) — g(w(t;))

Introducing the variable n = = tt,)), we get

w(t)

w(t;) 7] -1 dn
(35) -t </ ¢7 / —90) P -1
where
= a e F(u(t))
(n) = ( 9 )77 —cw(t;)"=2n w(t)?

2 w(t) ™2 (77 — 1)

n—2 e n?—1

F(w(ti)n) — F(w(t))
w(t;)*(n* — 1)

+ ¢
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First, since 1 < n < wlt) < _co , we have that
= %) = wit)

w(t) ™2 (2 — 1) a4
R < cw(t;)n2nn2 < cgl?,

and we observe that

Then, since F,, = Htj—; = e~ 2%, one can check that

‘F(w(ti)ﬁ) — F(w(t;))
w(t)*(n* —1)

| < ce™?,

Finally, since

/w(tl) dn el w(t)
——<c+1n :
1 vn?—1 w(t;)
we obtain
w(t)
w(ty) dn 2 oty g W(E)
<( +ce ) In +c.
/1 Vi) —g(1) — n—2 w(t;)
Now, from inequality (3.5), we get
2 o w(t)
: t—t; < (—— )] .
(3.6) _(n_2—|—ce )nw(ti)—l—c

In order to estimate t—t; from below, we first observe that the second
inequality in (3.4) implies that

n .
Wy < <<—)2 + C€72tl)w.

Then the function w? — ((%52)?
and therefore

+

ce ?)w? is decreasing in (t;,t}),

-2 -2
w} = (F5) e < —((F50) + ee (k)
Hence
dt - 2 1 1
S 2 (B e w? - wt(e)
and then
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Together with inequality (3.6), we get, for ¢; <t < tf, that

i

o, t) 2 o, w(t)
: —ce )1 wl <t—t; < i) :
(3.7) (n—2 ce )nw(ti)_ z_(n_Q—i-ce )nw(ti)—i-c

Similarly one can prove that, for ¢; <t < t;,

_ot, t) 2 oy w(t)

3.8 Cee By PO oy < 2y ] .
( )(n—2 “ )nw(ti)_ _(n_2—i—ce )nw(ti)+c

Claim 3. Along |z| = ry,

u(z) = u(r;)(1+o(1))

(3.9) Vu(z)| = —u'(r;)(1+0(1)).

n—2
Let r; = e % and define v;(y) = r; > u(r;y). Since 7;(1) = w(t;) — 0

we get from the Harnack inequality that v; converges to 0 uniformly in
compact subsets of R™ \ {0}. Hence, if we define h;(y) = v;(p)vi(y),

we will have
n+2

vilp)T2h " =0,

)

n(n —2)
Lohi+ ——F—
where p = (1,0,...,0) and (g;) = gr(riy). By elliptic estimates we
know there exists a subsequence h; which converges in the C%, . topol-
ogy to a nonnegative harmonic function h defined in R™ \ {0}. Then

h(y) = aly|* ™+ b, and a = b = 5 since h(p) =1 and A, (h(r)r"z ) =0
at r = 1. This completes the proof of the claim.
Then we have
1 1,n—2
P(ri, u) :Un—l(gwt(tz’)2 - 5(7)2?02(7%)
(TL - 2)2 2n

+ 5 wn=2(t;))(1 + o(1)).

Hence
P(u) = lim P(r;,u) =0,

and moreover

(3.10) w?(t;) < c|P(ry,u)| < ol + 1),

where
I = / |A(u)|da,
BTZ' \B'r’.‘

I = /B A(w)|da.

r¥
K

Here A(u) = ("2u+z - Vu)((Ly — A)(u)).

and
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Recall that |A(u)| < c|x|2’" and therefore
<c(rf)? = ce .

From the first 1nequahty in (3.7), we obtain

w(t) < ()eXp((—+ce 2t — ),

which implies

_9 >
(311) U(Qj‘) S Cw(tl)exp(_(nT + Ce—?ti)ti)r2—n—ce 2 P

Recall that u < Cr™ 2", |Vu| < Cr~tu, and |V2u| < Cr—2u, so
|A(u)| < Crztu.
Using the estimate (3.11) we obtain

27ntz

L < cw(ti)e / P E e g,
Br,\B

and so
I < cw(t;)e 2.
Therefore, from inequalities (3.10), we get
w?(t;) < cw(t;)e ™ 4 ce .

Passing to subsequences, if necessary, we can suppose either

(3.12) w?(t;) < cw(t;)e 2,
or
(3.13) w?(t;) < ce” i,
Define L; = —-25logw(t;) and choose 6 > 0 small. Then, from the
first inequality in (3 8), we get
(3.14) ti—t; > (1—=90)L; —c,
and adding to that the first inequality in (3.7), we get
(3.15) £ =% > (2-20)L;

If inequality (3.12) holds, then w(t;) < ce™ and so L; > —45t; — c.
From inequality (3.14), we get

n—2
and then
<=8, Wy,
P i C.
n—2 n-—2
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If 3 <n <5, this is a contradiction since, in this case, Z—:g + ﬁé <0,
and we know that ¢f > t; > {; — 0o as i — oo.
If inequality (3.13) holds, then L; > -25¢* + ¢. From inequality
(3.15), we get
t; <tf—(2—20)L; +c,
and so

_ )

~

.
If 3 < n <5, this is again a contradiction for the same reasons as
before.

The claim is proved.

Claim 4. 0 is a removable singularity.

Now we have that lim; .., w(t) = 0.

There exists T} so that w'(t) < 0 for ¢ > T3, since we also have
Wyt > 0.

Given any positive number > 0, and by choosing T} sufficiently
large, we get, from the first inequality in (3.4), that

n—2

5 —8)*w >0

wtt—(

for t > T;.
This implies
(wi —( 9
and since lim; o, w;(t) = 0, we obtain
n—2
2
By integrating we get, for ¢t > T3, that

w(t) < w(Tesp(~(" 2 —6)(t ~ T})).

— 5)2'102),5 S O,

w; — ( —§)*w? > 0.

Equivalently, there exists 79(d) > 0 so that, if |x| < ry, we have
u(z) < c(8)]z|7.

The above estimate implies, since § > 0 is arbitrarily small, that
uw € Li .(B1(0)) for arbitrarily large p. Elliptic theory then tells us
that the function u has to be smooth around the origin. That finishes
the proof.

l

As a consequence of the removable singularity theorem, we can now
establish a fundamental lower bound.
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Corollary 3.2. Assume 3 < n <5 and let u > 0 be a solution to the
equation (2.1) in By (0)\ {0}. If 0 is a nonremovable singularity, then
there exists ¢ > 0 such that

u(z) > cdy(z,0)

2-n
2 Y
Jor 0 < dy(z,0) < 3.

Proof. Suppose the corollary is false.

Then liminf, ..o w(t) = 0, where w(t) = r"= u(r) and t = —logr,
as in the proof of Theorem 3.1. We also have limsup,_, . w(t) > 0,
otherwise the Claim 4 in Theorem 3.1 would imply 0 is a removable
singularity. Therefore there exists a sequence t; — oo such that w'(t;) =
0 and lim; o w(t;) = 0. If r; = 7% it is not difficult to check that
Claim 3 in Theorem 3.1 will hold and again we will have

1 1 n—2

Plrw) — o (2w (1) — 2. 204
(ri,u) = on 1(2w (t:) 2( 5 ) w*(t:)

(n—2)% on

g wr ()1 +o(1)).
But in this case P(u) = lim P(r;,u) = 0, which is a contradiction. This
finishes the proof. O

4. CONVERGENCE TO A RADIAL SOLUTION

In this section we will prove that a local singular solution to the
Yamabe equation is asymptotic to a radial Fowler solution, near the
nonremovable isolated singularity.

Recall that the positive solutions uy to the equation

— n+2
n(n4 2) =
in R™\ {0}, with a nonremovable singularity at the origin, are called
Fowler solutions (see [7]). These functions are rotationally symmetric
by a theorem of Caffarelli, Gidas and Spruck (see [2]).

In what follows we state and prove the main theorem of the section.

AUO —|—

Theorem 4.1. Suppose u > 0 is a solution to the equation (2.1) in
By (0) \ {0}. If there exist c1,co > 0 such that

2—n 2—n

alr]? <u<elr|
then there exists a Fowler solution ug such that
u(z) = (1+ O(|z]*))uo(x)

as x — 0, for some a > 0.
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Proof. Since u has a nonremovable singularity at the origin, we know,
from Theorem 3.1, that P(u) < 0.
In what follows we will work in the cylindrical setting, so v(t,0) =

|| "2 u(z), where t = —log |z| and § = fa- Hence
c1 <w(t,0) < ey,

for t > —log2.

Given any sequence 7; — 00, consider v;(t,0) = v(t + 7;,0). Since
G — dt? + df? as t — oo, standard elliptic estimates imply that there
exists a subsequence v; which converges, in the CZ_ topology, to a

positive solution to

ocC

—_ 9)2 _ n+2
(91521}0 + Agvo — (TL 2) Vo + n(n 2)’0(;%2 = 0,
4 4
defined on the whole cylinder. Since any such limit vy is a Fowler
solution, which does not depend on #, we necessarily have that any
angular derivative dypv converges uniformly to zero as t — oo.
In fact, as t — oo, we get

u(t,0) = TH)(1+o(1))
(4.1) Vot,0)] = —7(#)(1+o(1)).

In order to see this suppose the first equality above is not true. Then
there exist € > 0 and sequences 7; — 00, §; — 0 € S*~! such that

U(TZ', 91)
o(m)
for every ¢ > 1. This is a contradiction because, after passing to a
subsequence, v; converges to a rotationally symmetric Fowler solution
vg. The second equality follows from similar arguments.

In the cylindrical setting the Pohozaev integral P(v,t) = P(u,e™")
becomes

—1>e

(n—2)% , (n—2)% 2

1 1
P _ 2 2 n_2 .
(’U,t) /thnl(z(atv) 2\V9v| 3 v°+ 3 v )d01

Hence
P(vy) = P(vp,0) = lim P(v;,0) = lim P(v,7;) = P(v).

J—00 Jj—00

Therefore the Pohozaev invariant of the limit function does not depend
on the sequence 7;, and hence any such sequence gives rise, in the limit,
to a function vo r(t) = ve(t + T), for some T.



22 FERNANDO CODA MARQUES

Given any Fowler solution vy, the nontrivial solutions to the lin-
earized equation
n(n 4+ 2
%U’ﬂw =0

on the cylinder R x S"™! are called Jacobi fields. Here Ly = 07 +

Agn-1 — @ is the cylindrical conformal Laplacian.

In what follows we will need some basic results about these Jacobi
fields which can be found in [7].
Let T be the period of vy, and A, = sup,~ |Ogv,|, where v, (t,0) =
v(t+T1,0). -
Claim 1. For every ¢ > 0, there exists a positive integer N such
that, for any 7 > 0, either
(1) A, <ce ™ or
(2) A, is attained at some point in Iy x S"~!, where Iy = [0, NTg].
Suppose the Claim is false. Then there exist sequences 7;,s; — 00,
0; € S"~! such that |Gpvy,|(s5,0;) = Ar;, and AZte™% < ¢ !as j — oo.
Then we can translate back further by s; and define v;(¢,0) = v, (t +
sj,0). If ¢; = AZ10p0;, then one can check that

LCiISD +

4
Leap; + wﬁﬁ% = A;jled(Tﬁsj)O(eth)-

Now we can use elliptic theory to extract a subsequence ¢; which
converges in compact subsets to a nontrivial and bounded Jacobi field
©. Since ¢ has no zero eigencomponent relative to Ay, we get a contra-
diction because no such Jacobi field can exist. This proves the claim.

Now we will turn to another way of obtaining Jacobi fields. Suppose

we have, then, v;(t) — vo(t +T') as j — oo, and define

U)j(t, 9) = Uj(t, (9) - Uo(t + T)

(276)7—3' and 80] = T]_jile, Where 6 > 0

Set n; = maxy, |w,], n;=mnjt+e
is a small number.

Then

n(n — 2) v} —vg ¢ .
Ly p; + L ——p; =7, Ej,
G;¥3 4 v — Vo J i

where E; = (L — ng)’l)oyT, and g; is the translated g. Note that
E;=e?50(e™) as t — oc.

In this case it is not difficult to check that, passing to a subsequence,
@, converges to a solution ¢ of the equation

n(n+2) -4
Lci190+ %v[;]?gp f— 0
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on the whole cylinder. We claim that this Jacobi field is bounded for
t > 0. In order to see this we write

p=a"g +a gy + &

where ¢d and 1), are linearly independent Jacobi fields corresponding
to the #-independent eigencomponent, and ¢ denotes the projection
onto the orthogonal complement. We are following the notation in [7],
according to which ¢y (t) = vg(t) and ¢; comes from the variation
of the Pohozaev invariant (or the necksize) of the solution vor. It
follows that ¢ is bounded, and v, is linearly growing. First we show
that ¢ is bounded by proving that 0y = Oy is bounded for ¢ > 0.
The function Gy is the limit of ﬁj_lﬁgvj, and we can suppose Oy is
nontrivial, otherwise the result is imediate. In this case we know, from
the previous claim, that A; is attained in Iy x S"! for large j, so

sup(77; ' 10gv;]) = sup (77 9pv;]) < C.
t>0 teln

Therefore ¢ is bounded for ¢ > 0, hence exponentially decaying.
Now we will show that a= = 0. We have

v; = vor +1; (75 +a” g + @)+ o(m)-
But, from the Pohozaev identity (3.1) and inequality (3.3), we have
P(v;,0) = P(v,7;) = P(v) + O(e™*7) = P(vor) + O(e™™7).

Since limjﬁoo(nj_le_%j ) = 0, we would have a contradiction in case
a” # 0. Thus ¢ is bounded for ¢ > 0.

We will now show that there exists some 7" so that the difference
between v and vy 1 goes to zero as t — oco. Define v.(t,0) = v(t + 7,0)
and w,(t,0) = v.(t,0) — vo(t). Let B > 0 be a fixed constant and
Iy be the interval as before. Set also n(7) = maxy, |w,| and 7(7) =
n(7) +e GO,

Claim 2. If 7 is sufficiently large and 7(7) is sufficiently small, then
there exists s with |s| < B7(7) so that 7(7 + NTy + s) < 7(7).

Suppose the claim is false. Then there exist sequences 7; — oo and
7; = 7(7;) — 0 such that for every s satisfying |s| < B7; we have
n(r; + N1y + s) > %ﬁj. Define ¢; = ﬁj_lwfj, and, as before, we can
prove ¢; converges, up to a subsequence, in the C}Y. topology, to a
Jacobi field ¢, bounded for ¢ > 0.

As before, we can write ¢ = ag + @, where ¢ is exponentially
decaying and a™ is uniformly bounded, independently on 7;, because
o] <1on Iy. Set s; = —7;a™, whose absolute value is less than B7;
if we choose B large enough.
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Therefore
Wryps, (6,0) = v(t+ 75 —T;07,0) —vo(t)
vy, (t =707, 0) —vo(t — 7;07) + vo(t — 7;a7) — wo(t)
n;¥; (t— ﬁjaJr» 0) — ﬁjcﬁ%r + o(75)
= wr,(t,0) = maT Py + o(m;),

for t € [0,2NTy).
As a consequence,

w‘rj+8j = ﬁ]@ + 0(77j)
for ¢t € [0,2NTy.
Then

el = gy Vo | = T Ry 191+ 00

Since ¢ is exponentially decaying at a fixed rate, we can choose NV large
enough so that the last equalities imply

1
max |wrj+sj~+NTo‘ < <7y
Iy 4

But also, if N is large enough,

—(2—6)(Tj+NTO+Sj) < e—(2—5)NTO—

1_
e > n; < =1;-

Thus 7(7; + NTp + s;) < 47(75), which is a contradiction, finishing the
claim.

Now we are ready to prove, by means of an iterative argument, that
there exists ¢ such that w, — 0 as t — oo. First there exists 7
satisfying the hypotheses of Claim 2 and such that B7j(r) < $NT,.
Let sy be chosen as above. Define

j—1
O'j = 1T0 + ZSZ‘,TJ‘ = Tj—l + Sj—l + NTO
i=0
Then 7(7;) < 2777(79), and |s;] < 2777'NT,. Hence there exists the
limit o = lim o, o0 < 79+ NTj, and we claim o is the correct translation
parameter.
In fact,

we(t,0) = v(t+0,0)—v(t)
= v(t+o0,0)—v(t+o0;,0)+v(t+0j5,0) —v(t)
= w,([t],0) + O(277),
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where t = jNTy + [t], [t] € Iy. Since n(7;) < 7(7;) < 2777(0), we will
have |w,(t,0)| = O(277) and then

log 2
lw,(t,0)] < Cre” 1",
This finishes the proof of the Theorem. U

Since we have already established the required bounds in low dimen-
sions, we get:

Corollary 4.2. Suppose u > 0 is a solution to the equation (2.1) in
By (0)\ {0}. If 3 <n <5, then there exists a Fowler solution ug such
that

u(z) = (14 O(||*))uo(x)

as x — 0, for some o > 0.

5. REFINED ASYMPTOTICS

In this section we will improve the order of the remainder terms in
Theorem 4.1 and Corollary 4.2 by allowing deformed Fowler solutions in
the asymptotics. The arguments are essentially the same as in Section
5 of [7], so we will skip part of the details.

We will now work with an n-parameter family of deformations of
the radial Fowler solutions (see [7] for more details). These arise by
pulling back the Fowler solutions (when seen as conformal factors on
the sphere minus the two poles) through a composition of three confor-
mal diffeomorphisms of the sphere: first reflecting across the equator,
then applying a parabolic translation fixing the north pole, and finally
reflecting back across the equator. We can parametrize this family by
a vector a € R™ in the cylindrical setting:

Vo.a(t, 0) =0 — ae™!| "2 vo(t + log |0 — ae~"|).
Since the Yamabe equation is conformally invariant, these deforma-
tions are still solutions to
n—2)? n(n —2) nt2
81?’00,& _I_ Aev()’a — g M o

on a punctured cylinder.
Let us now state our refined asymptotics result.
Recall ug,q(w) = |2] 2" vo.0(—log |2], ).
Theorem 5.1. Suppose v > 0 is a solution to the equation (2.1) in
By (0)\{0}. If3 <n <5, then there exists a deformed Fowler solution
Up,q Such that
u(z) = (1+ O(|z]"))ua(x)

as x — 0, for some v > 1.
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Remark. The following arguments only assume the conclusion of

Theorem 4.1. Therefore the result is still true in higher dimensions if
—n 2—n
|z < uz) < ol

Proof. Using Theorem 4.1, we will write v = vy + w, where vy is a
Fowler solution and w is exponentially decaying.
From the cylindrical Yamabe equation (2.2), we obtain

n(n+2) 45 n(n—2) =2 w

Lcilw + 1 'Uon_Qw = (Lcil — Lg)(vo + U}> — TUS_QQ(_)’

where L. = 02 + Ay — @ is the cylindrical conformal Laplacian,
and Q(z) = (1 —i—z)%g — 1242,

n—27""

Since § = gy + O(e™?"), by repeatedly applying Corollary 1 in [7],
we improve the order of decay of w at each step until we reach

(5.1) v(t,0) = wvo(t) + (a - 2)¥f (£) + O(e™),

for some a € R™, where v > 1. Here ¢f (t) = e '(—uvg(t) + “52vo(t)).
But one can also check that

(5.2) vo.a(t,0) = vo(t) + (a- 2)Y] () + O(e™).
The Theorem 5.1 follows from combining expansions (5.1) and (5.2)
together. U
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