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Abstract

We study the existence, uniqueness and rate of decay of correlation
of equilibrium measures associated to robust classes of non-uniformly ex-
panding local diffeomorphisms and Hdlder continuous potentials. The
approach used in this paper is the spectral analysis of the Ruelle-Perron-
Frobenius transfer operator. More precisely, we combine the expanding
features of the eigenmeasures of the transfer operator with a Lasota-Yorke
type inequality to prove the existence of an unique equilibrium measure
with fast decay of correlations.

1 Introduction

The thermodynamical formalism of uniformly expanding local diffeomorphisms
developed by Ruelle, Sinai, Bowen (among others) in the seventies is a major
example of applications of ideas of statistical mechanics into the ergodic theory
of dynamical systems. Indeed, the dictionary between one-dimensional lattices
and expanding systems (in particular, Gibbs distributions and equilibrium mea-
sures) established via Markov partitions permits to translate results in statistical
mechanics into relevant theorems in the ergodic theory of uniformly expanding
systems.

However, the extension of this theory beyond the uniformly expanding con-
text reveals fundamental difficulties, even if we are restricted to the non-uniformly
expanding realm (i.e., abundance of positive Lyapounov exponents). In fact,
when dealing with such problem, a major trouble is the ausence of generating
finite Markov partitions: in general, being very optmistic, one can expect only
Markov partitions with infinitely many symbols, leading us to consider the ther-
modynamical formalism of gases with infinitely many states, a hard subject not
yet completely understood (see e.g. [BS] for a recent progress).

On the other hand, some substantial advance was made by Alves, Bonatti
and Viana [ABV] concerning the existence and uniqueness of SRB measures



for some robust classes of non-uniformly expanding maps: they essentially as-
sume that Lebesgue almost every point has only non-zero Lyapounov exponents.
Since the physical measures should be absolutely continuous with respect to the
Lebesgue measure, this condition is really says something about the problem of
existence of SRB measures. But, it is not clear how to formulate the correct
analog of this assumption in the case of equilibrium states with respect to ar-
bitrary potentials (because, in general, equilibrium measures are not absolutely
continuous with respect to Lebesgue). In this direction, some recent contri-
butions have been given by several authors: see, e.g., the work of Bruin and
Keller [BK] for interval maps, Denker and Urbanski [DU], [U] for rational func-
tions of the Riemann sphere, Wang and Young [WY] for Hénon-like maps; Buzzi,
Maume-Deschamps, Sarig and Yuri [Bu], [BMD], [BS], [S], [Yu] for countable
Markov shifts and piecewise expanding maps. Many of these papers deals with
dynamical systems with neutral periodic points, a relevant source of example of
non-hyperbolic systems.

Nevertheless, we consider a different open class C of non-uniformly expanding
maps obtained through pitch-fork bifurcation of a periodic point of an expand-
ing linear torus endomorphism. Here, the maps are assumed to be uniformly
expanding outside a small neighborhood of the periodic point where the pitch-
fork bifurcation was made (but possibly of saddle type near the periodic point)
and the potential ¢ is supposed to have its oscillation max ¢ — min ¢ not too
large. In this setting, Oliveira [O] proved the existence of ergodic equilibrium
states whose Lyapounov exponents are positive. Also, Arbieto, Matheus and
Oliveira [AMO] extended Oliveira’s approach to obtain similar results for small
random pertubations of these maps.

Recently, Oliveira and Viana [OV1] improved the results of [O] when the
potential ¢ is constant by showing that the equilibrium state with respect to
this potential (i.e., the measure of maximal entropy) is unique. The idea is to use
the Ruelle-Perron-Frobenius transfer operator to construct a maximal measure.
Then, the uniqueness result follows from the good spectral properties of Ruelle’s
operator. We would like to point out that Oliveira and Viana annouced in the
preprint [OV2] that this method can be pushed a little bit more to extend the
results of [OV1] for non-constant potentials with low oscillation.

The present paper relies on the basic strategy of [OV2], i.e., we analyze the
spectral properties of the transfer operator obtaining our main result:

“Given f € C and ¢ is an Hdélder continuous potential with max ¢ — min ¢
sufficiently small, there exists an unique equilibrium measure p with respect to
(f,¢). Also, the Lyapounov exponents of u are positive and p has exponential
decay of correlations.”

The organization of this paper is as follows. In section 2, we introduce the
open classes of non-uniformly expanding maps and Hélder continuous potentials
(with low variation) treated here. In section 3, we consider the Ruelle-Perron-
Frobenius transfer operator £, and the eigenmeasures v of its dual operator L.
After that, we prove that v is expanding (i.e., hyperbolic times are abundant at
v-generic points) and L, satisfies a Lasota-Yorke tye inequality. Next, we show
that this ensures the existence of an eigenfunction h of L£4. As a consequence,



we can obtain the central result of the section 3: the existence of an unique
f-invariant probability p which is absolutely continuous with respect to v (=
an eigenmeasure of E;); moreover, i has exponential decay of correlations. In
section 4, we prove that the f-invariant probability u is an equilibrium state
of (f,¢) and any equilibrium measure 7 verifies that %n is an eigenmeasure of
52. In section 5, we complete the proof of our main result by showing the
uniqueness of equilibrium measure pu. The idea is that the expanding features
of any eigenmeasure of £} implies that they are all equivalent so that +n is
equivalent to v from the results of section 4. Then, by ergodicity, it follows that
1N = hv = p, as desired. Finally, in section 6, we include some ergodic properties
of the equilibrium states constructed here: spectral gap, stochastic stability and
large deviations. The proof of these results are simple modifications of their
analogous in the uniformly expanding context (based on the lemmas proved in
this article) and they were included only to illustrate the power of the machinary
developed in the previous sections. To make the exposition more self-contained,
we included also three appendices containing some facts used along the proof
of the main result (but not showed in the text in order to do not interrupt the
argument).

To close the introduction, we would like to say that this article is only starts
a program to understand the ergodic theory of non hyperbolic systems. Indeed,
some questions motivated by our theorems are:

e Is it possible to extend our existence, uniqueness and decay of correlations
results for more general potentials?

e What about analogous theorem for robust classes of non-uniformly hy-
perbolic diffeomorphisms (e.g., pitch-fork bifurcation of the expanding di-
rection of a periodic saddle-point of an Anosov diffeomorphism) and/or
non-uniformly expanding local diffeomorphims with critical points (e.g.,
Viana maps)?

2 Preliminaries
Let f: M — M be a continuous transformation on a compact space M and

¢ : M — R be a continuous function. An f-invariant measure is an equilibrium
state of f for the potential ¢ if it maximizes the functional

n = hy(f) +/¢dn,

among all f-invariant probabilities 7.

2.1 The class of transformations and potentials

We consider f: M — M is a C! local diffeomorphism on a compact boundary-
less manifold M such that



(H1) There exists connected closed sets (with finite inner diameter)
R - {Rl, .. .,Rq,RqJ,_l, . e ,Rp_;,_q}

whose interiors are pairwise disjoint such that diam(R) < e for some € > 0,
UR:; = M, f is injective on each R; and, for some constants o1 < 1 and 6o > 0,
i

e f is expanding at every z € Ry11 U+ URpyq: [[Df(z)7Y| <oy’
e f is never too contracting: ||Df(z) || < 1+ do for every z € M;

e R is a transitive Markov partition: the image f(R;) of every atom is
the union of some atoms R; and there exists N such that fN(R;) = M,
i=1...,p+gq;

It is worth to point out that the partition R is not required to be generating,
i.e., the diameters of the cylinders of lenght n do not need to decrease to zero
when n — 0.

We denote by k the number of pre-images of any point z under f. This
number does not depend on x because f is a local diffeomorphism. We assume
that k > ¢ (i.e., every point has some pre-image in a good rectangle R;, i =
g+1...,p+ q). Moreover, the potential ¢ : M — R is supposed to verify

(H2) ¢ is a-Holder-continuous and its variation max ¢ — min ¢ is sufficiently
small, i.e.,
max ¢ — min ¢ < eg(f)-

Remark 2.1. By the definition of equilibrium states, it is not difficult to see
that any equilibrium state 5 of ¢ is also an equilibrium state of the potential
¢ + ¢, for every constant ¢ € R. So, up to consider ¢ — inf ¢ instead of ¢, we
can assume that inf ¢ = 0 and, in particular, ¢ > 0.

2.2 Statement of the main theorems

The main theorems of this paper concerns the existence, uniqueness, fast mixing
(exponential decay of correlations) and the oscillation of the Birkhoff sums of
Holder observables around the expected value (central limit theorem). Unfortu-
nately, it turns out that our techniques only can be applied if some extra control
of the contraction of the derivative of f is assumed.

In this article, we deal with two different candidates to be the extra condition,
both of them ensuring the necessary control of the contration for the application
of our method.

The first candidate is:

(H3) max log [|[A®~'Df(z)|| < logk, where d is the dimension of M and A*
x
is the k-th exterior power of D f.



Morally speaking, (H3) means that the (d — 1)-dimensional volume is not
expanded too much.

Our first main result is related with the ergodic theory of equilibrium states
of the class of transformations verifying (H1), (H2) and (H3):

Theorem A. Under the hypothesis (H1), (H2) and (H3) above, if d¢ is suffi-
ciently small, then f has an unique equilibrium state u for the potential ¢. More-
over, p has exponential decay of correlations for Hélder observables: there exists
some constants 0 < 7 < 1 and K > 0 such that, for all u € L'(v),v € C*(M)
andn >0,

‘/M(u o fvdp = /M UdH/M vd/“ < K(u,v) -7,

and the central limit theorem property: for all uw Hélder continuous, the random
variable

1 n—1 y
%g(u"f —/MUdM)

converges to o Gaussian low. More precisely, let u be a a-Hélder continuous
function and

o? ::/deu—i-ZZv-(vofj)du, where v=u—/ud,u.
j=1

Then o < 00 and 0 = 0 iff u = @ o f — ¢ for some ¢ € L*(u). If o > 0, then,
for every interval A C R,

plreM: — (u(fj(m)—/udu)> €Al — 1271'/,46_2%(#7

ag

as n — o0.

The second candidate is:

(H4) |det Df(z)| > o2 > g for all z € M (i.e,, f is volume-expanding
everywhere) and there exists a set W C Ry U---UR, containing V := {z € M :
IDf(x)" || > oy '} such that

My >ms and mo—my <,

where my, my are the infimum and the supremum of log || det D f|| on V, resp.
and My, M> are the infimum and the supremum of log||det Df|| on M — W,
resp.

Informally, (H4) says that f is volume-expanding everywhere, i.e., f can not
contract all the directions at the same time, so that the basins of sinks are not



allowed as a region where f can eventually contract. Also, the expansion of vol-
ume near the region of D f-contraction is close to be constant and, furthermore,
the volume is expanded more strongly outside the region of contraction than
inside of it.

Our second main result is related with the ergodic theory of equilibrium
states of the class of transformations verifying (H1), (H2) and (H4):

Theorem B. Under the hypothesis (H1), (H2) and (H4) above, if B and &y are
sufficiently small, then f has an unique equilibrium state p for the potential ¢.
Moreover, u has exponential decay of correlations for Hélder observables: there
exists some constants 0 < 7 < 1 and K > 0 such that, for all w € L'(v),v €
C*(M) andn >0,

‘/M(u o odn = /M Ud'u/M vdu‘ < K(u,v)-7m",

and the central limit theorem property: for all uw Holder continuous, the random
variable

1 n—1 ;
%]z:%(u"f —/MUdH)

converges to a Gaussian law. More precisely, let u be a a-Hélder continuous
function and

o? :=/vzdu+22v-(00fj)du, where vzu—/udu.

j=1

Then o < 0o and 0 = 0 iff u = @ o f — ¢ for some ¢ € L*(u). If 0 > 0, then,
for every interval A C R,

I xEM:%:g(u(fj(w)—/udu)) €A %%/Ae_%dt,

as n — 00.

Let us comment about our conditions on the constants dg, 8 and €o(f). We
start with three conditions which should hold in the context of both theorems:

Most of the arguments of this paper strongly relies on the non-uniform ex-
pansion property. A natural way to find it is to count the number of itineraries
with frequent visit to B = R1 U. .., R,. Before doing this, we recall the following
lemma (which is a direct corollary of Stirling’s formula).

Lemma 2.2. Given v € (0,1), let I, ,, be
{('i07"'7'in71) € {177q7q+17ap+q}na #{0 SJ < n; Z] S q} > ’YTL}

and ¢, = limsup % log#1,,,. Then, c, = logq when v — 1.

n—oo



Proof. See the appendix I for a proof. O

We fix some + close to 1 such that ¢, < logk (which is possible since ¢ < k)
and take d¢ small depending on o; and  satisfying

(1480)70;, T < et <1, (1)

for some constant ¢ > 0.
Denote ¢o(f) = ¢, and consider €y(f) such that?

€o(f) <logk — co(f). (2)

Also we assume that €(f) verifies

k —
gl (Tq(,l—a vy w) <1 3)

Clearly it is satisfied if €o(f) is small depending only on o1, k, ¢, @, since k > ¢.
Now we turn to the specific conditions of the main theorems:

e Precise conditions on the constants in theorem A. Here, the hypothesis
(H1), (H2), (H3) and the restrictions (1), (2), (3) are almost sufficient
and, in fact, it is necessary only to complement the restriction (2) with

eo(f) < logk—géﬁilogllAd_lDf(w)ll- (4)

e Precise conditions on the constants in theorem B. Besides the hypothesis
(H1), (H2), (H4) and the restrictions (1), (2), (3) above, we need two
more conditions. First of all, in the appendix of [ABV], Alves, Bonatti
and Viana proved that there exists some 79 > 0 depending only on o2, p, ¢
such that the orbit of Lebesgue almost every point € M spends a fraction
7o of the time in Ry U---U Rpyg:

1 . ;
E#{O <j<n; fH(z) € Rgp1 U---URpq} < vom,
for every large n.
We take 79 < v < 1 close to 1 such that
yma2 + (1 =) M2 < yom1 + (1 = v0) M1 — dlog(1 + do), ()

where d is the dimension of M. Note that by the hypothesis (H4), ma <
My and ma — my < B. Hence, this condition can be verified if dg, S are

IThis condition ensures that if the orbit of a point does not frequently visit B, then we
have non-uniform expansion along it.

2Roughly speaking, (2) forces the orbit of generic points of certain measures (e.g., equilib-
rium states) to stay a large portion of time outside B. See lemma 3.2.

3The role of (3) is to guarantee that the equilibrium state obtained by our construction
has exponential decay of correlations and the central limit theorem property.



sufficiently small (depending only on 4o, i.e., o2,p,q, and M; —ms). In
particular, our condition “1 — « is small” above depends only on o2,p, ¢
and M1 — mMa.

So, we get that 8 is small depending only on o9,p,q, M; — ms and dg is
small depending on o1, 02,p,q, M1 — mo.

Now we turn our attention to what does “eo(f) is small” in hypothesis
(H2) means. We take any 0 < p such that

p- (yom1 + (1 —y0) M1 — dlog(1 + dg)) < yma + (1 — ) Ms,.

Note that p < 1 by (5). The last condition on € (f) is
€o(f) < (1 = p)htop(f)- (6)

Finally, in the case of theorem B, we impose all the conditions above on
the parameters 3, dp and €(f).

For future reference, we recall that Oliveira proved

Theorem 2.3 (Oliveira [O]). In the context of the theorem B, i.e., un-
der our hypothesis (H1), (H2), (H4), and if the previous conditions on
B,00 and eo(f) holds, there are (ergodic) equilibrium states of f for the
potential ¢. Moreover, any ergodic equilibrium state 1 of f with respect
to ¢ satisfies n(V) < . Furthermore, the Lyapounov exponents of n are
all positive and 1 has infinitely many hyperbolic times (see definition 3.8
below).

After this preparation, we are ready to study the Ruelle-Perron-Frobenius
transfer operator and its spectral properties.

3 The Ruelle-Perron-Frobenius operator

The Ruelle-Perron-Frobenius transfer operator Ly : C(M) - C(M) of f: M —
M is defined on the space C'(M) of continuous functions g : M — R by

Loglx) = D e*Wg(y).

fy)=z

Denote by A the spectral radius of £4. Let v be an eigenmeasure associated
to the eigenvalue A of the dual operator £ (i.e., £3(v) = A-v). In particular,
A= [Lyldv and, hence, k < A < k - e™8*9.

Note that the eigenmeasure v is not necessarily f-invariant. However, we
can capture its dynamical features (with respect to f) through the concept of
Jacobian of a measure p with respect to f: it is the (essentially) unique function
Juf such that

u(f(4)) = /A Juf,



for any measurable set A where f|4 is injective. Equivalently, J,f = d((’;—;“).
In general, Jacobians do not exist but, if f is countable to one then J, f does
exists for any measure p.

As a first job, let us compute the Jacobian of the eigenmeasure v:

Lemma 3.1. If L3v = v, then J, f = e .

Proof. Let A be any measurable set such that f|4 is injective. Take a sequence
gn of continuous functions satisfying g, — x4 v-a.e. and sup|g,| < 2 for all n.
By definition,

‘C¢(ei¢gn): Z In(y)-
fly)==

Since the right-hand of this equation is v-a.e. converging to xr(4)(z), applying
the dominated convergence theorem and the hypothesis E;;V = v, we get

//\e*‘i’gn dv = /e*‘égn d(Lyv) = /ﬁd)(e*"’gn) dv = v(f(A)).

However, the left-hand of the last equation converges to [, e ?dv. Thus,

v(f(A)) =/A)\ef¢dl/.

In other words, J, f = Ae™?. O

Next, we will show how the explicit formula for the Jacobian of v can be
used to get some non-trivial information about the dynamics of f-orbits of v
generic points.

3.1 Non-uniform expansion and its consequences

Standing hypothesis of this subsection. For the proof of the results of the
present subsection, we assume only (H1), (H2) and the conditions (1), (2).

Note that (2) and lemma 3.1 lead us to
Juf > e~ max ¢ > elogk—max¢ > eco(f)‘
Hence, we can find some k > ¢o(f) such that
Juf>ef>q. (7)

From this lower bound on J, f, we will derive a relevant combinatorial result
about the visit of v-generic f-orbits to the bad region B of eventual contraction:

Lemma 3.2. Any probability measure v such that L3y = Av satisfies

where G := {mEM: limsup 2#{0 < j <n; fi(z) € B} S'y}.

n—0o0



Proof. Consider any cylinder R™ € R™. Since f is injective on each element of
R, it follows that f™ is injective on each element of R™. Hence, by the definition
of Jacobian and the inequality (7),

n—1 .
2 v @) = [ pra= [ T[0u 0 Pz emuimn.
7=0

In particular v(R"™) < e ™.
Let A(n) be the union of all R" € I, ,, that is, all n-cylinders R" =
[i0,---,4n—1] such that

1 . .
E#{OSJ<”; i; < q} > 1.

Recall the terminology of the lemma 2.2. The cardinality of I, , grows with n
at the exponential rate c,. Note that we have k¥ > ¢,. So, for some C > 0,

v(A(n)) = > v(R") < Cerme " n,
R ¢l ,

i.e., v(A(n)) — 0 exponentially fast. Then, by Borel-Cantelli lemma, for every
z in a full v-measure set and for every n large enough, we have z ¢ A(n). This
finishes the proof, since z ¢ A(n) means exactly that R™(z) = [ig,-..,%n—1]
satisfies %#{0 <j<mn;ij <q} <vyandij <gqisequivalent to fi(z) € B. O

To convert this combinatorial result into useful information, we recall the
definition of hyperbolic times:

Definition 3.3. We say that n € N is an c-hyperbolic time for x € M if
j—1
[TIDf(f"* @) < e forevery 1 <j <m,
k=0

and n € N is an hyperbolic time for a cylinder R™ € R™ if n is a hyperbolic
time for all x € R™. We denote by R} the set of cylinder R" € R" with n as
an hyperbolic time.

Hyperbolic times are interesting objects because of the following key prop-
erties:

Lemma 3.4. There ezists § > 0 depending only on f and c, such that given
any hyperbolic time n > 1 for a point x € M, and given any 1 < j < n, there is
an inverse branch fz_fl of f7 defined on the whole ball of radius § around f™(z),
which sends f™(x) to f*7(x) and satisfies

d(f77(2), fo i (w)) < e77d(z, w)
for every z,w in the ball B(f™(x),9).

10



Proof. See [ABV]. O

Corollary 3.5. There exists C > 0 depending on R and 6 > 0 such that if
R" € R}, then

d(f" I (x), [ (y)) < Ce™7d(f™(x), f"(v)),
for every z,y € R™.

Proof. Tt suffices to cover the atoms Ry,...,R,4 with a finite number of balls
of radius ¢ and the claim follows from a direct application of the lemma 3.4 and
the fact that the inner diameter of each R; is finite. O

Corollary 3.6. Given any a-Hdélder continuous function ¢ : M — M, there
exists a constant A such that for all R™ € R} and x,y € R™ holds

|Snd(z) — Snd(y)| < A d(f"(x), F"(y))*

Proof. Since ¢ is a-Holder continuous,

n—1 n—1
|Snd(@) — Snd @) < D 16(F1(2)) = d(fF W) < 6lla D d(f7 (@), £ (1))*
J=0 J=0
By the corollary 3.5 we have d(f" 7 (z), f*I(y)) < Ce~i¢d(f™(x), f*(y)) for
every j =0,...,n — 1. These two facts together implies

1S (2) = Snd(y)| < [|plla C* i e~ed(f™(x), f*(y))* < A d(f"(2), f"(y))*-

3=0
O
Corollary 3.7. There exists K such that if R* € R} and x,y € R"™ then

—1 Jo ()
K< Jo f(y) <K

Proof. Notice that .J, f*(z) = A"e~5#(#)_ Therefore, the corollary 3.6 implies

Tof™ () _ 506)-506(s) < oA A5 @) W)"

Jv ()
which gives the claimed result for K = e4P” where D is the supremum of the
diameters of the rectangles of R. O

One of the main features of the measures considered here is contained in the
definition in the sequel:

Definition 3.8. We say that a measure 7 is ezxpanding if n(H) = 1, where

1 ; j
H:= {xeM: limsupﬁ#{OSan; R]($)€R2}>0}'

n—oo

11



To study the expansiveness properties of measures we need the following
classical lemma:

Lemma 3.9 (Pliss [P]). Given A > ¢ > ¢1 > 0, define 0 = §=2*. If
bi,...,b, are real numbers such that b; < A and

n
> b > e,
i=1
then there are I > 6On integers, say 1 < ny < --- < ny < n, such that for

Z bj > ci(n; — k).

j=k+1

s

Proof. Define S(m) = > (aj — ¢1), for 1 < m < n and S(0) = 0. Then, let

j=1
1 <mn <--- < n <n be the maximal sequence with S(n;) > S(m) for all
0<m<mn;i=1,...,1. Since S(n) > S(0), [ > 0. On the other hand, the

definitions means that
i
Z aj >ci(ni—m) for0<m<n; andi=1,...,1
j=m+1

Therefore, it remains only to show that [ > dn. Observe that the defintion of
S(m) implies

S(n, — 1) < S(ni_l) — S(n,) < S(ni_l) + A - ci1,

for 1 < i <[ and, moreover, S(n;) < A —¢; and S(n;) > S(n) > n(ce — c1).
Thus,

l
n(cy —c1) < S(ny) = Z(S(n,) —S(ni—1)) +S(n) <l(A—c1).

i=2
This completes the proof. O

At this point, the combinatorial result of lemma 3.2 permit us to show that
any eigenmeasure of the dual of the transfer operator is expanding:

Lemma 3.10. Let v be a probability measure such that L5v = Av. Then, there
exists @ > 0 depending only on f and c such that

v ({»’" €M: limsup%#{o <j<n; Ri(z) eRL} > 0}) =1.

n—o0

In particular, v is expanding.

12



Proof. From the proof of the lemma 3.2, we know that, if we define A(n) as the
union of the n-cylinders R™ = [ig, ..., i,—1] such that

1 . .
E#{OSJ<"; i; < q} >,

then the sequence v(A(n)) decreases exponentially with n. Take any = ¢ A(n).
Then, if (ig,...,%9n—1) is the itinerary of z,

n—1

1 (1

= Zlogsup IDfY| < log ((1 + 60)70y (1 7)) < —4c<0.
n R;.;

j=0 3

Taking A = sup —log||Df(z)7|, e1 = 2¢, c2 = 3¢ and b; = —logsup |[|[Df~|
TeEM i

*j

in lemma 3.9, we obtain that there exists ny < --- <n; <n—1with R™ € R}

and [ > 0n, where § = 4%5-. These two facts finishes the proof. O

An interesting consequence of a measure 7 being expanding is:

Lemma 3.11. Let n be an expanding measure. Then, for any measurable set
E and any € > 0, there exists hyperbolic cylinders Cq,...,C} such that

k
n(BA|JCi) <e

i=1

Proof. Take K; C E and K, C E° compact sets such that n(EAK;) < €/3,
n(E°AK3) < €/3 and define r := dist(K;, K3). Note that if n is a hyperbolic
time for some cylinder C, then diam(C) < Ke " (see corollary 3.5). Hence, if
C € R} and n > no (with ng large enough), we have diam(C) < Ke™" < r.
Since 7 is expanding (i.e., n(G) = 1), we can choose C; € R}* intersecting K;

with n; > ng and
k

n(Ki1A U C;) < €/3.
i=1
On the other hand, C; N Ky = @ because C; N K; # 0, diam(C) < r and
r= diSt(Kl,KQ).
k
Therefore, n(EA | C;) < n(E — K1) +€/3+n(E° — K>) <e. O
=1

Another useful consequence of expansiveness is the weak Gibbs property for

the eigenmeasures of ,C;;:

Lemma 3.12. 3 K > 0 such that if L5y = Av, then for every n and z € R"
with R* € R},
-1 v(R")
<K
= exp(Spg(z) — Pn) =

where P = log .
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Proof. By the lemma 3.1, J, f* = e"~5+¢_ Hence, if R" = [io, .. .,%n 1],

N(f(Riney) = n(f(BM) = | Ty frdn = / enP=Snégp
R™ n

By the corollary 3.7, there exists K; (not depending on n) such that for every
z,y € R"
KT f"(y) < Jpf"(2) < K1 dy £ (y).

It follows that

K n(f (B, ) < 20 < k(£ (R, )

So, in order to conclude the proof, it suffices to verify that n(f(R;)) > 0 for
every i. Indeed, from the previous estimate, we have

-1 n(R")
K= < PR <K,

with K = K1 - max{sup1(f(R:)),sup srz(my -
K3 (2
By the third condition in the hypothesis (H1), we know that there exists
some N satisfying fV(R;) = M for every i. Since  has a Jacobian and M
has total probability, a decomposition of f(R;) into finitely many pieces where
N1 is injective shows that n(f(R;)) > 0, as desired. O

An immediate corollary of the weak Gibbs property is the equivalence of any
two eigenmeasures of £*:

Corollary 3.13. Any two eigenmeasures 1y and 1y of L3, with same eigenvalue
A are equivalent.

Proof. Using lemma, 3.12, we have for each R € R},
K7165n¢(z)7pn < I/z(R) < KeSnd)(z)an’

for i = 1,2. This implies that K=215(R) < v1(R) < K?v3(R). The proof is
completed by applying lemma 3.11 and lemma, 3.10. O

The discussion of this subsection closes the study of the dual Lj of the
transfer operator and its eigenmeasures (when the local diffeomorphisms f fits
our assumptions). Now, we are going to prove some good spectral properties of
the trasnfer operator L, itself.

3.2 Invariant cones for the transfer operator

Standing hypothesis of this subsection. For the proof of the results of the
present subsection, we assume only (H1), (H2) and the condition (3).

14



We define the norm |||g|||o := sup||g|r;||e, Wwhere
R;

— oup l9@) — 901
|mmp_i£; Aoy

In order to prove the main results, we obtain the following Lasota-Yorke
type inequality:

Lemma 3.14. _
1£s(@lla <O -llgllla + C - l|glloo,
1

where Z¢ = 5 - Ly is the normalized Ruelle-Perron-Frobenius operator and
C >0,0<0 <1 are real constants.

Proof. For z,z' in the same atom of the partition R = {Ry,..., R4}, we have

<O l|gllla + C - lglloo;

Lo9(z) = Logw)| _ 1 3 1) — XDg(4)|
T AL d(

d(z, ") x,x')e

where

0= p(x) emax¢o_1—a + q(z) emaxd)(l +80)®

A A
and
— |||emaxd)|||a —a 1 (5 @

0 = e (pa)om + g(@)(1 + 80)7).
Here p(z) is the number of pre-images of z belonging to Uf;r; 1 Ri and g(z) is
the number of pre-images of z belonging to J7_, R;. This completes the proof
because the condition (3) implies © < 1. O

The Lasota-Yorke type inequality above ensures the existence of a strictly
Ls-invariant family of cones of positive Holder continuous functions? In fact, if
weput Ap :={g€ C(M):g>0and |||g|||lo« <L-inf g}, it is not hard to prove
that

Corollary 3.15. There exists some o < 1 such that Z¢(AL) C Aor, for any L
sufficiently large (depending only on © and C).

Proof. Let g € Ap. By the lemma 3.14 and the definition of Ap,
I1£6gllla < ©-L-infg+C[lglle.

Now, using that ||g|| < inf g+ de®|||g]||a, for any function g, we obtain

1Zs9llla < (OL + C1)inf g,

4C.M. would like to prof. Carlangelo Liverani for interesting discussions who lead the
authors to the final expression for the cones Ay, used here.
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where Cy = C + C - d - e*. However, we see that if L is sufficiently large (e.g.,
L> %), then OL + C; < ©gL (for any fixed ©® < ©p < 1). In particular,

1£6gllla < ©o - L -int g.
Finally, it is not difficult to see that inf g < e™¥%inf £4g. So,
1£59]|la < ©p - €™2¥9 . L.inf Lyg.
Taking o = O - ™% and using the condition (3), we conclude the proof. O

Now, we compute the projective metric of A (see the appendix II for precise
definitions):

Lemma 3.16. The Ap-cone metric Uy, is given by ¥r(h,g) = log iig’;’g;,

where

AL(hag) =

8
A
|
>
~~

<
S—r
S—

inf
z#y, ¢,yER; zEM L|J) — y|°‘h(z) — (h(

and

8
~
I

Q
—~
<
~—
~—

B Lz —y|*g(z) — (9(
Br(h,g9) = oty o gehs sent Lo — y|*h(z) — (h(z) — h(y))”

Proof. By definition, Ah < g iff
g(z) — Ah(z) >0 Vz € M,

and
llg — Ah|||o < Linf(g — Ah).
Le.,
A< min {mf (z) , inf Liz — y|*g(2) — (9(z) — 9(y)) } ‘
z h(x)’ a2#y, z.9€R:, zeM L|z — y|*h(z) — (h(z) — h(y))
But, if we choose ¢ € M such that inf iﬁﬁ)) = 2887 then it is not hard to verify
Llz —y|*g(zo) — (9(z) — g(w0)) _ g(z0)
Lz — y|*h(zo) — (h(z) — h(z0)) ~ f(@0)

Hence,

inf Liz - y|*9() = (9(z) —
z#y, ,yER;, 2EM Lll‘ — y|ah(z) — (h(.’L’)

AL (ha g) =

|
>

In a similar way,

_ Liz —y|*g(2) — (9(x) — g(v))
Bulhg) = sw . Tl —yl*h(z) = (ha) = h(y))"
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The explicit formula of the projective metric of Az allow us to prove that:

Proposition 3.17. A1 has finite diameter in the Ar-cone metric Uy,:

1
diamq,L (AO'L) S A= A(O‘, L) = 210g (1 to

Ta) +2log(1+o0L-d-€%)
Proof. From the definition of Ay, we have for any g € A, L,
gllla < oLinfg.
In particular, we get
supg <infg+oL-d-e“infg.
However, the lemma 3.16 says that

L-g(z) — @00 [, p(y) — Blu=h)

B9 108 SR e Toh(e) ~ BT T g~ G
Putting these facts together, we obtain

Uy (h,g) <2log (i—;) +2log(1+oL-d-e%),
for any h,g € Ayr. O

From these results, it is quite standard to construct a f-invariant measure
which is absolutely continuous with respect to v whose density is Holder con-
tinuous:

Theorem 3.18. There exists an unique f-invariant probability p absolutely
continuous with respect to v whose Radon-Nikodym derivative h is positive and
Hélder continuous.

Proof. Before starting the proof, we show a simple lemma relating some Banach
norms and the partial orderings induced by the cones Ap:

Lemma 3.19. For all p,9 € Ay,

Jldv < [ eldv,
—p <Y =<¢ implies S}\l/jp 9] < S}\I/Ip l¢| and
[|¢]|la < Lsup el
M

Proof of lemma 8.19. The relation —¢p < ¢ < ¢ means that ¢ =19 € Ar. In
particular, ¢ < ¢ and —¢ < ¢. So, [ |[¢|dv < [|p|dv and sup [¢| < sup |-
M M

17



To ensure that |||¢]||a < Lsup|¢|, we take two points z,y € R; in the same
M
rectangle R; with ¢ (z) > ¢ (y) and observe that

ey) —¥(y) < 1+ Ld(z,y)?) - (p(z) — P(2))

(@) + () < (1 + Ld(z,y)*) - (p(y) —¥(y))

since ¢ + 1 € Ap. Combining these inequalities, we obtain

(@) —P(y) + oY) + p(@) < (1 + Ld(z,y)?) - (p(y) + p(@) +P(y) — P(z)).

Hence,

(2 + Ld(z,y)*) - (Y(z) — ¥(y)) < Ld(z,y)* (¢(z) + ¢(y)).

Therefore,
¥l < Lsupep.
M

O

Now, the corollary 3.15 says: there exists o < 1 such that, for all L > 0
sufficiently large, £4(Ar) C A,r. Applying the theorem 8.1 (see appendix II
below) and propostion 3.17, we obtain, for arbitrary ¢, € Ar,

UL (L3(p), LET™ (1)) < (tanh(A/4)" ' WL (L (), LE ()

(tanh(A/4))" " A, ®)

where A < oo is the diameter of A, with respect to the Az-cone metric. Since
J L3pdv = [ pdv, asimple consequence of the lemma 3.19 (with ||.[|1) := f~|.|d1/

and [|.[|¢2) == sup .| + £I|-|l«) and lemma 8.2 (of appendix II below) is: L£31is

a Cauchy sequence for the supremum norm. Its limit A = lim Egl is a fixed
n—o00

point of E¢ and h € Ar. This implies that 4 = hv is an invariant probability.
Indeed, for a test function wu,

/uOfdu:A_1/£¢(h-u0f)dl/:)\_1/£¢h-ud1/:/h-uduz/ud,u.

The uniqueness part of the statement of the theorem follows by taking a fixed
point ¢ € Ay with [ pdv =1 and using the estimate (8). O

Finally, the Lasota-Yorke type inequality of lemma 3.14 implies that the
f-invariant probability p just obtained has fast decay of correlations:

18



Theorem 3.20. p has exponential decay of correlations for Hélder observables:
there ezists some constants 0 < 7 < 1 and K > 0 such that, for all u €
LY(v),v € C*(M) and n > 0,

‘/M(u o v - /M ud /M vdu‘ < K(u,v)-7m",

and p satisfies the central limit theorem: for oll uw Hélder continuous, the random
variable

%:X_éwoﬂ ~ [ waw

converges to o Gaussian law. More precisely, let u be a a-Hélder continuous
function and

o? :=/vzdu+22v-(00fj)du, where vzu—/udu.
j=1

Then o < 0o and 0 = 0 iff u = @ o f — ¢ for some ¢ € L*(u). If o > 0, then,
for every interval A C R,

plreM: — (u(f”(a:)—/udu)) €Al - 12w/46_$dt’

g

as n — 00.

Proof. The plan of the proof is, firstly, to prove the exponential decay of corre-
lations and, then, to use this information to get the central limit theorem.
We note that the correlation function

Cu(n) = /M<u o f"yvdu — /M ud /M vdp.

can be rewritten as

Cun(n) = /M (uo fywhdy — /M udp /M vhdv.

Suppose first that vh € A, for some sufficiently large L. It is no restriction to
assume that [vhdv = 1. Then, denoting [jul|y := [ |u|du,

‘/(UOf")vth — /ud,u/M vhdy| = ‘/u (Zg;vh) — 1> du

S ‘

-1

-l
0

L3 (vh)
h
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To estimate the term H "’(vh) —1|| , we note that A > 0 is a (Holder) continu-

ous function on a compact mamfold M; so, applying the estimate (8) and the
lemma 8.2 of appendix II (with [|.[1) := [ |-|dv and ||.||(2) == S}\llp -1+ £ -a),

we have

L7 (vh n
[ ¢ﬁl Dt <@ - ) <K

for some constants 0 < 7 < 1, D = D(u,v) > 0 and K = K(u,v).
In particular,

‘/(u o fMvhdv — /ud,u/ vhdy
M
if vh € Ar.

For a general (A, «)-Holder continuous function v, we write, for B > 0,
vh = ¢ and

< K(u, 0)7"||ull1,

_ 1
v =vp—¢p where ¢f=c(lpl+¢)+B.

Clearly o3 are (A, @)-Holder continuous and ¢35 > B. Taking B sufficiently
large, we get ch € Az, for any sufficiently large fixed L. So, we can apply the
previous estimate for ¢% - Hence, by linearity, the same estimate holds for (.
Note that the constant K (u,v) has the form

K (u,v) < Kollull1([lvlls + [[o]lla),
where K is independent of u,v. In fact, the first part of the proof gives
K(¢g,v) < Killulli (lelh + B) < Kallulli(lloll + [[v]]]a),

and the claim follows since K (u,v) < K3(K (u, %) + K(u, ¢5).5

This concludes the proof of the exponential decay of correlations. Now we
are going to use this information to show the central limit theorem. But, before
performing the argument, we introduce some notation. Let F be the Borel
sigma-algebra of M and F, := f~"(F). Recall that a function £ : M — R is
Fn-measurable iff £ = £, o f™ for some (F-, i.e., Borel) measurable &,. Note
that F; D Fiy1 for every ¢ > 0. Also, an f-invariant measure y is exact iff the
sigma-algebra

n>0

5This technical remark is useful when proving the ergodicity of u, since it allows us to
conclude uniform bounds for the decay of the correlation function when the function u varies
on a L'(u) bounded set. See the proof of lemma 3.21 below.
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is p-trivial.5 Clearly any exact measure is ergodic, since xa € Foo if A is
f-invariant.

Coming back to the proof of the central limit theorem, a direct corollary of
the exponential decay of correlations is the exactness of u:

Lemma 3.21. y ¢s ezact.
Proof. Let ¢ € L'(u) be Fy-measurable. By definition, there are 1),, Borel
measurable functions with ¢ = 1, o f*. Obviously, |[¥.|1 = |[¥|1 < oc.

Therefore, our previous discussion concernig the asymptotics of the correlation
function allows us to obtain, for any a-Ho6lder continuous function ¢,

‘/W—/@bdu)wdv - ‘/(%c'f”)so—/wdu/cpdu

< Ko(@)[¢nllim™ = Ko()l4]l17™ = 0,
as n — oo, for some Ky(p) > 0. So, [(¢ — [du)pdv = 0 and, in particular,
¢ = [4dp almost everywhere. In other words, p is exact. O

Let L2(F,) = {€ € L*(p) : ¢ is F,, — measurable }. Observe that L(F,) D
L?(Fy41) for each n > 0. Given ¢ € L?*(u), we denote E(p|F,) the L?-
orthogonal projection of ¢ to L?(F,).

Another easy consequence of the exponential decay of correlations is:

Lemma 3.22. For every a-Hélder continuous function u with [udu = 0 there
is Ry = Ro(u) such that ||E(u|F,)||l2 < Rot™ for all m > 0.

Proof
Ik )l = sup { [ eud € € (7). el = 1]
—sup { [0 fyundo v € 220 ol =1}
< Ky(uh)r",
since [l < [[lls and [udy = [uhdy = 0. 0

Now the proof of the central limit theorem can be derived from the lem-
mas 3.21, 3.22 and the following abstract lemma (whose proof can be found
in [V, p. 28-33)):

Lemma 3.28. Let (M, F, u) be a probability space, f : M — M be a measurable
map such that p is f-invariant and ergodic. Consider u € L*(u) such that

8Equivalently, all Fo,-measurable functions are constant u-a.e.
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Judp = 0 and denote by F, the non-increasing sequence of sigma-algebras
Fn=7F""(F),n>0. Assume that

D IE|F)ll2 < co.

n=0

Then, the number o > 0 defined by

02=/u2du+22u-(u0f")d,u

n=1

is finite and 0 = 0 iff u = o f — ¢ for some ¢ € L*(n). On the other hand, if
o > 0, then, for any interval A C R,

1 & ) 1 2
pleeM: — (u(ff(a:) —/udp)) €Al — / e 2.7 dt,
n =0 oV2r Ja
as n — o0o.
This completes the proof of the theorem. O

At this stage, we can prove that the f-invariant measure p constructed above
is an equilibrium state for (f, ¢).

4 Existence of the equilibrium states

We denote by g : M — (0, 00) the function
h(z)
hf(z))’

where h > 0 is the eigenfunction of L4 with eigenvalue A. In particular, we
have, for every x € M,

g(z) :== A Le?@

> e?Wh(y)

_ fly)==e _ Lyh(z) _
f(yz):wg(y)— WD M) ©)

For later reference, we state the following elementary calculus lemma:

n
Lemma 4.1. Let p;,x;, i = 1,...,n be positive real numbers such that Y p; =

=1
1. Then,

n n
> pilogz; <log(D  pizi),
=1 i=1
and the equality holds if and only if the numbers x; are all equal.
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We are ready to prove the main result of this section, namely the existence
of an equilibrium measure:

Proposition 4.2. p is an equilibrium state of ¢, P = log\ is the pressure
P(f,$). Moreover, if nj is any equilibrium state of ¢, then

o hy(f) + [logg dn=0;
o Jyf(y) =1/9(y) for n-a.e. y € M,
either in the case of theorem A or in the case of thereom B.

Proof of proposition 4.2 in the context of theorem A. Since p is expanding, by
the lemma 3.11 we know that R is a generating partition for pu. Kolmogorov-
Sinai’s theorem implies h,(f) = h,(f,R). The equality h,(f) + [¢ du =
log A = P follows from the lemma 3.12.

Now let 7 be an invariant measure such that h,(f) + [ ¢dn > logA, and
hence

ho(f) + /logg dn = hy(f) —log A + / (¢ +1logh —logho f)dn > 0.
Applying Rokhlin’s formula (see appendix III, corollary 9.5 below)”
(1) = [ 10g .

into the previous estimate, we get

9\y
K fly)=e K

where g, := 1/J, f. However, in view of (9) and lemma 4.1, we get

(v) 9(y)
gn(y) log LLL < 1og 9@ TL ) =1og( S g(y)) =0
f(yz)=w 9n(y) f(yz):c 9n(v) )=z

at n-a.e. . From this discussion, we conclude that Y gn(y)log gg,,(Tyy)) is a
fly)==

non-positive function with non-negative integral (with respect to n). Hence it

vanishes at 7-a.e. . Thus, we have the equality P(f, ¢) = h,(f)+ [ ¢dn = log A.

From the lemma 4.1, we also obtain that the values log gg(—(yy)) coincides for all
n

y € f~(z). Le., for n-a.e. x € M, there exists a number ¢(z) such that

9)

9n(y)

"This is the unique point where the extra hypothesis (H3) of theorem A is used. Indeed, if

we know that, a priori, Rokhlin’s formula is true for the measures 1 with hy(f) + [ ¢dn > A,
then (H3) could be removed.

=c(z) for every y€ f(x).
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Since 7 is an invariant measure,

> ay) =1,

f(y)==

for n-a.e. x. These two facts together with (9) gives

> gn(y)

_ fly)== _
) = > 9(y) b

fy)==

at n-a.e. z. This implies g(y) = g,(y) for every y on the pre-image of a set
of full » measure. By invariance of 7, this set also has full 7 measure. This
completes the proof. O

Proof of proposition 4.2 in the context of theorem B. The proof in this case is
very similar to the previous one, except for the class of invariant measures
satisfying the Roklhin’s formula. Again, since p is expanding, by the lemma 3.11
we know that R is a generating partition for p. Kolmogorov-Sinai’s theorem
implies h,(f) = hu(f,R). The equality h,(f) + [ ¢ du = logA = P follows
from the lemma 3.12.

Now let ) be an ergodic equilibrium measure. In particular, h, (f)+ [ ¢dn >
A, and hence

h,,(f)+/logg dn=h,,(f)—logA+/(¢+logh—loghof)dn20.

Proceeding as before, an application of Rokhlin’s formula (see appendix III,
corollary 9.6 below)®

(1) = [1og 1,1
into the previous estimate still gives
9(y)
9n(y)
Since 7 is an invariant measure,

> gl =1,

f(y)==

=c(z) forevery ye f'(z).

for n-a.e. x. These two facts together with (9) gives

2 gn(y)

e(z) = f(y)== -1,
> 9W)
f(y)=z
8 As before, this is also the unique point where the extra hypothesis (H4) of theorem B
is used. In fact, if we know that, a priori, Rokhlin’s formula is true for ergodic equilibrium
measures 7, then (H4) could be removed (as well as the restrictions (5) and (6) ).
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at m-a.e. . This implies g(y) = g,(y) for every y on the pre-image of a set
of full » measure. By invariance of 7, this set also has full 7 measure. This
completes the proof. O

To end this section, we show that equilibrium states are closely related to
the eigenmeasures of £*:

Lemma 4.3. If n is an equilibrium measure of ¢, then L5(h™'n) = A(h™'n).

Proof. Given any continuous function &,

[eacsoin) = [ @cocwmn = | 3 e s dn(a).

From the definition of g and the proposition 4.2,

R I () R /1)
h(fw) “hly) My

Combining these two equations, we have

[ edces oty = [ 58 eyina) =3 [ entan,

Because ¢ is arbitrary, it holds £} (h™'n) = A(h™"n). O

5 Proof of the theorems A and B

Once the previous results about the properties of the Ruelle-Perron-Frobenius
transfer operator are established, it is now an easy matter to put the propo-
sition 4.2, lemma 4.3 and theorem 3.20 together to get the proof of our main
theorems.

The proposition 4.2 and theorem 3.20 says that the measure p constructed in
the subsection 3.2 is an equilibrium measure with exponential decay of correla-
tions and the central limit theorem property (in both the contexts of theorem A
and B). So, it remains only to prove that p is the unique equilibrium state of
I

By the lemma 4.3, any ergodic equilibrium measure 7 satisfies E;(hfln) =
A(h~'n). Thus, if we denote v, = h™'n, then v, is an eigenmeasure of L3, with
eigenvalue A. However, the corollary 3.13 implies that p and 7 are equivalent
measures, that is, n = £u for some p-integrable function . Since 5 and p are
invariant measures, n = f*n = (£ o f)u. It follows that £ o f = £ and, by the
ergodicity of n, we get that £ is constant. Using that n and p are probability
measures, we obtain that £ = 1, i.e., n = pu. So, p is the unique equilibrium
state of f.

This completes the proof of theorems A and B.
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6 Final comments

As a matter of fact, the machinery developed in the previous sections can be
applied to obtain further nice ergodic properties of the equilibrium states just
constructed. To illustrate the power of these tools, we take this last section to
do three remarks:

e First, we show that the transfer operator can be approximated by finite
rank operator; thus, the transfer operator has the spectral gap property
and this produces a new proof of the exponential decay of correlations for
the equilibrium states considered here.

e Second, we prove that the estimates of Lasota-Yorke type in lemma 3.14
are robust under small random perturbations; consequently, using the work
of Baladi and Young, we get that our equilibrium measures are stochasti-
cally stable.

e Third, we prove that the abundance (positive density) of hyperbolic times
for generic points (of the equilibrium states in theorems A, B) and the
uniqueness of the equilibrium measures 14 are sufficient to conclude, along
the lines of the work of Young, that us has the large deviation property.

Since these three remarks are simple modifications (based in the lemmas
proved here) of the standard arguments of the thermodynamical formalism of
uniformly expanding maps, we only sketch the proof of the claimed results by
pointing out the relevant changes of the well-known arguments of the literature.

6.1 Spectral Gap

The outline of this subsection is: we start with a new construction of the equilib-
rium measures for the robust classes of maps (and potentials) considered above;
in the sequel, we show that these equilibrium measures are exact; finally, we
approximate the transfer operator by compact operators. The conclusion is a
new proof of the exponential mixing of these equilibrium states.

It is clear that the construction of the equilibrium states depends only on
the existence of an eigenfunction h for the transfer operator L4 with eigenvalue
A. To accoplish this objective, we closely follow the approach of Oliveira and
Viana [OV2]: take the sequence of functions

@)= Y S

™ (y)=z; R*(y)ER

and the sequence of numbers

Zn= 3 €S0,
R"ER}

where S,¢(R") := max{S,¢(y) : y € R"}. Note that g, < Z,.
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Lemma 6.1. There exists a constant K1 > 0 such that
1 n—1
AN "Z, <K d Ki'<=3N \7Z <K,
S Hpooan 1= jg(] > Bl

for alln > 0.

Proof. Since the reference measure v is a non-lacunary weak Gibbs measure (see
lemma 3.12), we know that

K~ 'w(R™) < A" < Ku(R™),
for every y € R"*, R™ € R}. So, if H,, is the union of all R™ € R}, it follows
K~'w(H,) < A\™"Z, < Kv(By,)

This proves the first part of the lemma A~"Z, < K since v is a probability
measure. For the second part, note that we have

n—1 n—1
41 1 »
K 15 > v(B;) < EE XZ;.
j=0 =0

Therefore, it suffices to obtain an uniform lower bound on the left hand side
quantity, which can be written as

%EV(B],) — //XB,- (z)dv(z)dmy(j),

where m,, is the normalized counting measure of {1,...,n}. Because v generic
points have a positive density § > 0 of hyperbolic times (see lemma 3.10), we
have

1 n—1
— ZXBj(x) >0
n “

Jj=0

for v almost every x € M and all n large enough (depending on z). Taking n
large so that the set X of points x € M verifying this inequality has v measure
bigger than 1/2, we can apply Fubini theorem to conclude

%j;ou(Bj) = //XBj (z)dm, (j)dv(z) > /XGdl/(m) >6/2>0.

This completes the proof of the lemma. O
A direct consequence of this lemma is

Corollary 6.2. The sequence A\~"g,, is uniformly bounded.
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Next, we control the Holder norm of the sequence g,:

Lemma 6.3. There exists a constant Ko > 0 such that

gn(z1)
gn(T2)

— 1‘ < KQd(.’L'l,IL'Q)a

for any x1,z2 € f(R;) with R; € R.

Proof. Let R™ be an atom of R} with f®(R™) = R;. Then, z; and x» have
unique f™ pre-images y; and ys inside R™. By corollary 3.6, there exists a
constant A > 0 such that

|Sn¢(y1) - Sn¢(y2)| < Ad(mlamQ)a'
Then,

3 eSno(v)

e~ Ad(z1,22)* < In (21 _ Rr <

= gn(m2) Y eSmela)
R

Ad(ml ,.’1}2)0‘

e

Now since |e*44(@122)% _ 1| < Kod(xy,x2)* if Ky is large depending on the
constant A and the diameter of M, we proved the lemma. O

Corollary 6.4. The sequence A\™"g,, is equicontinuous.

Proof. This is easy from the previous lemma which says that the sequence A~"g,,
has uniformly bounded Hélder norm. O

Applying the theorem of Arzela-Ascoli, we conclude that
n—1
1 .
a2 g
ni

has some subsequence converging uniformly on M to an Holder function h. We
claim that the function h is an eigenfunction of the transfer operator (with
eigenvalue A):

Lemma 6.5. Lsh = Ah and h is bounded away from zero and infinity.

n—1
Proof. Since A\™"g,, < K; and % S ATig > Kl_l, we conclude that Kl_1 <
j=0

h < Kj.
To show that L4h = Ah, note that

ngE—1 ngE—1 A

‘ A .
Loh = lim — N (Logi — gig1) + — Ndg— S 42 dme
¢ m ;:0 (Log; — gj+1) - ]E:o 9%~ o
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Observe that ﬁ goes to zero. Thus, the lemma is proved if we are able to
obtain that

n—1

= Z)\ I(Logj = gj+1)

J =0
converges to zero. To begin with, denote by E;, 1 the set of cylinders
Epi1 = {fioy---,in]) € R™ 5 ig, . .- ,05) € RPT! and [i1, ..., in) € RY}

Clearly #Eni1 < #{[io, ..., in] € R HELSE > 0y < 0% for all large .
Hence,

N7 (Logs — gi41)lloo S ATH D €550 < JH AT gdmaxd
ReE;+1
for any large j. Since A > emax®+co
AN (Ls95 = gj+1)lloo <1
where n < 1 and j large. This completes the proof. O
Next, we prove that the f-invariant measure p = hv is mixing:
Lemma 6.6. u is exact.
Proof. We begin with the following abstract claim:

Claim 6.7. Let X be a compact metric space, p ameasureand P = {Py,..., B}
a measurable partition of X. Consider a sequence of collections C, of pairwise
disjoint sets such that diam(Cy,) := max diam(C) - 0Oand u(X— |J C) —0

for all m > mg as m — co. Then, there exists {E\™ ..., '™} satisfying
e Each E{™ is the union of atoms of Cy;
o lim pu(EMAP)=0forall<i<l.
m—r0o0
Proof of the claim 6.7. Fix e > 0 and let K1, ..., K; compact sets with K; C P;
and pu(P; — K;) < e. Put § := 1§f d(K;, K;) and consider m large such that
i#j

diam(C),) < 6/2. We separate the elements C' € Cy, into some collections Si(m)

characterized by C € 82-(7”) if C N K; # 0. Note that any C € C), intersects at
most one of the compact sets K; (and if it does not intersect one of them, we

include C arbitrarily into some 5( )) Define E(m) = U C. Then,
ceg™

WE™AP) = u(P; — EM™) + p(E™ —

P <
l
< (P — K;) + p(X — U C) + (X U )< (1+2)e
CeCnm j=1

if m is large enough so that u(X — |J C) <e. This proves the claim. O
CECm
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Now, we are ready to show that p is exact. If g is not exact, there is A €

N f~™(F) (where F is the Borel sigma-algebra) such that u(A4) > 0 and u(M —
n>0

A) > 0. Using the claim 6.7, we have that for all € > 0, there exists N(g) such
that

p(ANR")
M2 ) 51,
p(Rr)
for some [ig,...,in—1] = R™ € R} whenever n > N(e) (since the hyperbolic

n-cylinders forms a collection of sets fitting the hypotheisis of the claim 6.7 by
the corollary 3.5 and lemma 3.11).

By definition, A = f~"(A,) where A, € F. Because the distortion on
hyperbolic cylinders is bounded (see the corollary 3.7), it holds

N(An N Rio)

>1-—¢K.
N(Rio ) a
Similarly,
n(Rjo)

Since the hypothesis (H1) ensures that R is a transitive partition, there is a N
such that fV(R;) = M for all 1 < i < p+ q. In particular, the image Q; of the
rectangle R; under some inverse branch of N is contained in R; for all 5. Take
0 < 1/2K and € such that

. K sup; p(Ry)
C

<4,

where ¢ = min; u(Q;). So,
1(An N Qip) (A7 N Qjo)
wQi) 7 m(@jo)

Since 4, = f~N(By) and AS, = f~N(B%), the bounded distortion result of the
corollary 3.7 implies

w(Bn N R;,) p(Bi N Rj,)
w(Ri,) 7 w(Ry,)

Summing up these estimates, we get 1 > 2 — 26K, a contradiction. O

>1-4.

>1-6K.

To proceed further, we introduce the compact operators T, given by
T, = Eg O Tn,

where 7, g(z) := m [n («) 94v. Note that 7, is well-defined since v(R") >
0 for any R* € R", ? and T}, has finite dimensional rank since R" is a finite
partition.

9This follows directly from J,f = Xe=® < C := ke™*% and 0 < v(f(Ri,_,)) =
v(f?(R™)) = [ga Jo f™ < C"w(R™).
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In the sequel, we show the following result about the approximation of Ly
by compact operators:

Lemma 6.8. There are constants C > 0 and 0 < 8 < 1 such that
1
189~ Taglle < CO" Il
and
1 n n
o 1169 = Tagllla < C8"llg]lla-
Proof. Given g and R} € R", we fix z; € R} with m,g(2) = g(z) for all z € R}

Also, given x € M, we denote by y; the pre-image of z under f™ such that
y; € R?. We have

1 1
ngg(x) —Thg )\— Z 52 |g(y;) — g(z:)] <
RIER™
e max ¢
o S o law) =g+ D law) — gzl |,
RPEA(n) Ry ¢A(n)
where A(n) is the collection of n-cylinders R™ = [ig, .. .,in_1] with

1
E#{0§j<”; i; <q} > 1.
It follows that

(e(co—i-maxd))n(]_ +60)" + kne(—c—l—maxd))n)
L

1
5 1€30(2) — Tag(e)] < llglla <

< €0 [[gllla;

for some 0 < 8 < 1 (if §p and max ¢ are sufficiently small). Similarly,

1
Tn (67
1 11£69 = Tngllla <
1
)\n
co™[|gll[a-

((1+(5 )n con+e cnk_n) ( nmax¢+26nmax¢nmax¢) |||g|||a <

This completes the proof of the lemma. O

Finally, the spectral gap property of the normalized transfer operator Z;, =
§£¢, (i-e., specZ; = {1} UX, where 1 is a simple eigenvalue and X is contained
in a disc of radius § < 1) is a direct corollary of the two previous lemmas.
Indeed, the lemma 6.8 implies that A7"(|L} — Tyllo < C8™ for some § < 1,
where T,, are compact operators. Hence, the spectral radius of L4 is § < 1 at
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most. So, we can write spec(L) = {1 = fo,...,Bm} U X with Xy contained in
a disk of radius § < 1 and S; are eigenvalues with norm 1. Now, the lemma, 6.6
allow us to prove that m = 0, i.e., there are no eigenvalues with norm 1 other
than 8y = 1. In fact, if there exists some non-zero Hélder function v; with
Lov; = Biv; and |B;] = 1, then the exactness property of u (see lemma 6.6)
implies

/ uly vidy = / (uo fM)vdy = / (wo f™)(v;/h)dp —

IR / udpy / (vi /h)dpt = / " (h / U,-du) dv

so that Bl'v; = Ly v; converges to h [v;dv. Hence, f; = 1 and v; = h [ vidv.
This proves that 1 is the only eigenvalue of Z; with norm 1 and its eigenspace is
one-dimensional. Furthermore, its algebraic multiplicity is one since, otherwise
there is ug with Z;nuo = h+nuyg, a contraction with the boundedness of ||Z;n||a

Note that the spectral splitting of £y is Rh @ Xo, where Xo := {u : [udv = 0}.
To close this subsection, we show that the spectral gap property implies that
u is exponentially mixing:

Corollary 6.9. u has exponential decay of correlations.

Proof. Clearly,

/(u0f")vdu—/udu/vdu: /uz;n(ﬁg(v-h))du,

where mo(p) := ¢ — [ @dv is the spectral projection onto Xo = {u: [udv = 0}.
Since

| [ Ws" ro(w - 1) < | Ea(ra(o - )l [ fula
< Co(mo(w- W)l [ luldy < CO™mo(oh)la [ luldy <

C'/|u|du||v||a0” = K (u,v)6".

6.2 Stochastic Stability

The objective of this subsection is to prove the stability of the equilibrium mea-
sures under small random perturbations of the maps and potentials considered
here. By small random pertubations of a fixed map f, we mean that a metric
space ), a transformation w € Q = f,, with f, = f,, = fo in the C'*2 topol-
ogy as w — wq for some wy € Q) and a family of probabilities 8. on €2 such that
supp(f:) — {wo} as e — 0 are given. In a similar fashion, we can define random
perturbations of the potential ¢.
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To handle this problem, we mainly use the works of Baladi and Young [B], [BY].
Namely, it follows from these papers that the stochastic stability of the equi-
librium states for the transformations fy and potentials ¢ in our hypothesis is
guaranteed if we can prove the fundamental lemma:

Lemma 6.10. If § in hypothesis (H1) is sufficiently small, there are constants
C >0,0<6 <1 and, for eachn, somee(n) > 0 such that for any 0 < € < e(n),

1 n n
T 1£29llla < COllgllla + Cllgllo.

and
1
A—nllﬁ?g —L"gloo < CO™(|lglloo + lI9ll]a)-

Here L = Ly is the transfer operator of (fo,¢) and L. is the random version of
the transfer operator when the random noise has level €.1°

Proof. The first part of the lemma follows from a simple modification of the
arguments in the lemma 3.14 using that the random noise is small. Also, the
second part is quite similar. Indeed, if the random noise is small, for every
z € M and y with f"(y) = z, there exists a unique y. close to y such that
f&(ys) = z. Hence,

1 n n 1 () i () i
F”‘ng(m) — L"g(2)]|o0 < = Z |eSn¢€(ys )g(yé )) — S0y )g(y( ))l

<CO™ - [|lgllla + CE™ - [19lloos

where 6, ¢ € (0,1) satisfies

1 1
1>60"> /\_ne(c0+max¢)5)n(1 + (50(6))" + /\_nenmax ¢€ef4cnkn

and 5

1>¢&" > )\—ne"max¢nmax¢
with o1(g), do(e) such that o1(e) — o1, do(e) = do as € — 0. Of course,
the smallness of the random noise (f, ¢:) was used to get this estimate. This
finishes the proof since our hypothesis (besides the facts f; — f and ¢. — ¢ as
€ — 0) ensures the existence of 6, < 1 as above. O

Remark 6.11. In connection with the results of Arbieto, Matheus and Oliveira,
the stochastic stability theorem proved here implies that the quenched equilib-
rium states of [AMO] are unique and exponentially mixing.

10gee [B] for the precise definitions.
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6.3 Large Deviations

Given a transformation f : M — M and an invariant measure u, we say that
(f, ) has the large deviations property if for any continuous observable ¢ and
p >0,

1 1
limsupﬁlogu<{m€M:E np(z) ¢ (/godu—p,/cpdu+p)}) < 0.
n—0o00

The goal of this subsection is to prove the following result:

Theorem 6.12. The equilibrium states u of the (f, @) in both theorems A and B
have the large deviation property:

. 1 1
limsup —log u({z : —Snp ¢ (/wdu—p,/wdu+p)}) <
n—oo T n

sup{hy(f) +/¢dn — P:nis f — invariant and | /cpdn - /cpdu| > p}
< 0.

To aleviate the notation during the proof of this theorem, we set
1
Bn::{a:EM:E wo(z) > p}

Since ¢ is continuous, we can find E C U C B, such that U is open and
v(B,—E) < £v(By). Using the lemma 3.11, there is a family F,, = & U---U&
of hyperbolic cylinders contained in U verifying

W(EA pr F) < (1 _ g)k < %V(Bn).

Note that each P € &; there is ¢ € M and h; an hyperbolic time for z such
that P = R" (z), wherei =1,...,kand n < hy < hy < -+ < hy. Define C,
the set of all such pairs (z, h;), one for each element of F,,.

Let

Op = Zin Z eSi€(@) -0z, Where Z,, = Z e51€(*) and E=¢—P.
(z,l)eCn (z,1)eCn

Using the lemma 9.9 in [W], we obtain

hip—1

Heo(\ 1R + [ Sipé@)don(s) =log 3 e,

(z,l)eCn
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where [(z) is the unique integer [ such that (z,l) € C,. Since max¢ < P, it
follows that Sj(z)—n&(z) < 0 whenever I(z) > n. Therefore,

hr—1

H,, ( V fHR)) +/Sn§(a:)dan(x) > log Z eSiE(@)

(z,l)EC,

n
Putting 7, = % > fio, and 5 any accumulation point of 7,,, we can repeat the

=0
arguments in p. 220 of [W] to derive that

limsup = 108 2, < hy(£,R) + [ &dn < () + [ oy = P.

n—o0

Observe that 7, is a convex combination of measures of the form < E Oi(a)-

In particular,

1 1
/(pdnn = Y e Z‘P )2 Y =
n

™ (2,1)ECn (2,1)ECn

So, f pdn > p since ¢ is continuous.
Also, the definition of C,, and the non-lacunary weak Gibbs property of v
(see the lemma 3.12) implies

v(B,) < —=v( ) <=5 ¥ vR@)

FEF, (z,0)eCn
< s o KB
—n-1 n

(z,0)eC,

Hence, we constructed an invariant measure n with [ ¢dn > p and
lim sup — log v(B,) < hmsup logZ < hy(f) + /¢dn —P.
n—o00 n—oo

This estimate allows us to prove the large deviations property for our equi-
librium state p. Indeed, since p = hv with h (H6lder) continuous, we showed
that for any continuous function ¢ and any fixed number p > 0,

lim sup — logu({w 1 ncp¢(/ sodu—p,/cpdu+p)}) <

n—oo
sup{h,(f) +/¢dn — P:nis f —invariant and |/<pd17 - /(pdm > p}h.

Thus, our task is to show that the right-hand side of this estimate is strictly
negative. Note that we have shown in the proof of proposition 4.2 that h,(f) +
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J ¢dn—P < 0 for any f-invariant measure 7. If the supremum in the right side is
zero, there exists a sequence of f-invariant measures 7, with | [ odn, — [ ¢du| >
p and hy, (f) + [¢dn — P — 0. The proof of the Rokhlin’s formula in the
appendix III (see corolaries 9.5 and 9.6 below) says that the 7, are expanding
measures for sufficiently large n, so that the lemma 9.4 can be used to give
that any partition with small diameter is generating for any such 7,,. Taking
any accumulation point 7 of the sequence 7, then we have h,, (f) = h,(f).
Therefore, since the potential ¢ is continuous,

fin () +/¢dn—P = lim hy, (f) +/¢dnn —P=0.

In particular, 5 is an equilibrium measure. By uniqueness, the measures n and
p coincides. But this a contradiction since [@dn = lim [ dn, ¢ ([ odp —
p, | ¢du + p). This completes the proof of the large deviations property of y.
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7 Appendix I: a combinatorial lemma

Consider the set

I’y,n = {(iO;"';in—l) € {17"';q7"';q+p}n; #{OSJ<TL’ Z.j Sq} >’Y’I’L}

By definition,

n _
#Ln< > (r>p" q"

r>yn
The general plan of the proof of lemma 2.2 is: our goal is to estimate the
rate of exponential growth of I, , (when n — oo) for v close to 1. A natural
way to do this is to use the Stirling’s formula to compare the binomial numbers
with exponentials functions, in order to get some good asymptotics.
Now, let us see how this strategy works. A direct consequence of Stirling’s
formula is the existence of a universal constant B > 0 such that:

(1) <5 (a+parer) <z (aswrasp)

n
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for every r > k—f_ln So, if v > k’“?, then

1
¢y <log ((1 + E)(l + k)l/kpl/(k“)q) )

Since the right-hand side of this inequality goes to log ¢ when k — oo, this
completes the proof of lemma 2.2.

8 Appendix II: positive operators and cones

This appendix presents some results of the theory of projective metrics on cones
and positive operators (due to Garrett Birkhoff) used in the subsection 3.2.11
Let B be a Banach space with the topology of the norm. A subset A ¢ B—{0}
isa coneif r-v € Aforall v € A and r € Rt. The cone A is closed if AU {0}
and A is conver if v +w € A for all v,w € A.
A convex cone A with AN (—A) = () determine a partial ordering < on B:

w=v iff v—weAU{0}.

In the sequel, our cones A are assumed to be closed, convex and AN(—A) = §.
Given a cone A and two vectors v, w € A, we define ¥ (v, w) = ¥ (v,w) by
By (an)
o = log 2A%YW)
(U7 ’LU) Og AA(U7 'LU) I

where A (v,w) =sup{r € Rt : r-v <w} and By(v,w) = inf{r € R* : w <
r-v}. The (pseudo-)metric ¥ is called the projective metric of A (or A-metric
for brevity).!?

A key result of this appendix is:

Theorem 8.1. Let A; be a closed conver cone (with A; N (—A;) = @) in a
Banach space B;, for i = 1,2. If L : By — By is a linear operator such that
E(Al) C Az, then

di LA
Uy, (Lv, Lw) < tanh (zamq,+(1)> - Uy, (v, w),

for any v,w € A.

Proof. Take v,w € A1. If Ap, (v,w) =0 or By, (v,w) = 00, the desired inequal-
ity is easy. On the other hand, if A := Ay, (v,w) # 0 and B := By, (v, w) # oo,
then

1 For sake of simplicity, we consider cones and positive operators on Banach spaces only
(which is precisely the context of subsection 3.2); however, the arguments can be extended
to the general case of vector spaces with a partial ordering satisfying some mild conditions.
See [L] for more details.

12The justification of the name “projective metric” for the pseudo-metric ¥ is: defining the
equivalence relation v ~ w iff w = r - v for some r € R*, then ¥ induces a metric on the
quotient A/ ~.

37



B
‘IlAl (’Ua ’LU) = IOg Z
and A-v < w and w < B -v. Observe that Ay, (v,w) and By, (v,w) are non-
negative. In particular, if diamy,, (£A1) = oo, the desired inequality follows. If
A := diamy,, (LA1) < oo, then
Up, (L(w — Av), L(Bv —w)) < A.

Hence, there are r,s > 0 such that

r-Llw—Af) R L(Bv—w)

and

L(Bv —w) < s- L{w— Av)
with log 2 < A. Thus,

B
Lw +r4 - Lv
1+7r

and

A+ B

sa+ b Lv < Lw

1+s

Therefore,
B+rA)(1+s) . r+e¥mulw 1+

U, (Lv, Lw) < log

- -1
A+ B)(1+71)  Bstetmw  Slis

Ua,y (v,w) — )t 1—-°
o THEe (V)
A
< tanh (Z) Uy, (v,w).
This finishes the proof. (]

Lemma 8.2. Let A be a closed convex cone (with AN (—A) = 0) in a Banach
space B endowed with two norms ||.||;), i = 1,2 (not necessarily equivalent),
and assume that for oll v,w € B,

v 2w =Xv implies |[w|u <|vllg for i=1,2.
Then, for all v,w € A with ||[v]|1) = ||wl||1), we have

lo = wllzy < (¥2*) = D)]jv]l(z)-
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Proof. ¥(v,w) = log %, where Av < w < Bw. In particular, —w <0 < Av < w
and, hence, Al|v||1) < [[wl|(1). Since [|v||1) = [|w]|(1), we have A < 1. Similarly,
it is not hard to obtain B > 1. Thus,

—(B-Av<A-1ww—v=X(B-1v=<(B-Aw
As a consequence, we have
B

—A v,w
[lw = vll2) < (B = Alolle) < ——5—llvlle) = () —1)|v]| 2)-

This concludes the proof of the lemma. O

9 Appendix III: Rokhlin’s formula

This appendix has a lot of non-trivial intersection with the recent work of
Oliveira and Viana [OV1]. In particular, the proposition 9.1 (and the lem-
mas 9.2, 9.3 used in its proof) and the lemma 9.4 below were borrowed from [OV1].
We start with an abstract criterion concerning Rokhlin’s formula for certain
measures with generating partitions.
Let f : M — M be a measurable transformation and y an invariant proba-
bility. Suppose that there exist a finite or countable partition P such that

e (a) f is locally injective (i.e., f is injective on every atom of P);

o (b) P is f-generating with respect to p (i.e., diam (P"(z)) — 0 for p
almost every z, where P"(x) is the atom of z in the partition P™ :=

1Py,
7=0

Proposition 9.1. If u is an invariant measure satisfying (a) and (b) above,
then u verifies Rokhlin’s formula

hu(f) :/logJHf.

Proof. Let Poo = vf_j(P) and Qy = v f73(P). Note that Qu(z) =
=0 j=1
F Y (P (f(z))). On the other hand, P is generating means that Py, (z) = {z},
and so

for p-almost all z.

Denote by E,, (¢|N) the (u-) conditional expectation of a function ¢ : M — R
relative to a partition N, i.e., the essentially unique N -measurable function
E, (¢|N) such that

/ B, (p|N)dp = / pdy,
B B
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for every N-measurable set B.
At this point we prove the following lemma;:

Lemma 9.2. B, (¢|Qw) = Y 3-t=0(y) for p-ae. .
Juf(y)
Y€ Qoo ()
Proof of the lemma 9.2. Tt is clear that the right-hand side is Q,,-measurable.
Let B be any Q. ,-measurable set, that is, B consists of entire atoms of Q.
From the definitions, there exists a measurable set C such that B = f1(C).
Hence, the f-invariance of p implies

1 1
/ X Gy - / PP

1
=2 o, Tiiwn Flya) WA (),

where Cyq = f(BN A) and y4 = (f|4)71(2). Since every f|A is injective, we
can use the definition of Jacobian to rewrite the later expression as

; /B _ PWduly) = /B dp.

This proves the lemma. O

Recall that the conditional entropy of the partition P with respect to the
partition N is defined as

HA(PIN) 1= [ 3 =B, (xal\) 0B B, (ual ).
AePpP

See [W, definition 4.8]. Using the previous lemma, we can calculate the con-
ditional entropy of P with respect to Q. in terms of the Jacobian of u as
follows:

Lemma 9.3.
H,(PIQw) = [ logJ.fdp.
Proof of lemma 9.3. The lemma 9.2 says that
By (x4|Qo0) =tao f, where ¢a(z)= »_
yef1(2)
Observe that if z € f(A), then ¢ 4(z) = 1/J,f(ya), where y4 = (f|A) (z) and
if z ¢ f(A), then ¥ 4(z) = 0. In particular,

Hu(PI0x) = [ T a2 ogva()du(2

—Ju}(y)x,«x(y)-

AeP
1
= ;,L(A) m log J,. f(ya)du(z).
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Since f is injective on A, the definition of Jacobian implies
Hu(PI0w) = 3 [ 108 1,5 @dn(w) = [ log I, (y)duty).
Aep’A
This concludes the proof. O

Now, it is an easy matter to complete the proof of the proposition 9.1.
Indeed, since P is generating, h,(f) = h,(f,P). On the other hand, it is well-
known that h,(f,P) = H,(P|Qw) (see [W, Theorem 4.14]). Therefore, the
lemma 9.3 allow us to conclude h,(f) = [log J, fdu. O

For later use, we show the following abstract lemma relating positive Lya-
pounov exponents and hyperbolic times:

Lemma 9.4. Given any ergodic measure 1 whose Lyapounov exponents are all
bigger than 8c then there exists some N € N such that f has infinitely many
c-hyperbolic times for n almost every point.

Proof. Since the Lyapounov exponents of 7 are all bigger than 8¢, for almost
every x € M, there exists ng(x) > 1 such that

IDf™(z)w|| > e®*||lw||, for all w € T, M and n > ng(z).

In other words, ||Df"(x)"!|| < e %" for every n > ng(x). Define a, = n({= :
ng(z) > n}). Because f is a local diffeomorphism, we may also fix K > 0 such
that ||Df(z)7!|| < K for all z € M. Then,

/ log||Df™(z)||dn < —6cn + Knay, = —(6c — Ka,)n.
M
Since a;,, — 0 when n — 00, by choosing N large enough, we guarantee that

1
/ L 1o IDSN (2)7||dy < —4e < 0.
u N

Hence, the ergodicity of n implies

1841 NN 1
. - - j —1 — - N —1 _
Jim ];0 w7 log IDFE (7 ()|l /M 7 loglIDf7(2) 7 lldn < —4e.
Now, the proof of the lemma is completed by taking A = sup —log||Df(z)7!||,
TeEM
c1 =2¢, ca = 3c and b; = —log||[DfN(fN7(z))~!|| in lemma 3.9. O

Corollary 9.5. Under the hypothesis of theorem A, any measure n with hy,(f)+
J ¢ dn >log X satisfies Rokhlin’s formula:

ho(f) = / T fn.
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Proof. The proposition 9.1 says that it suffices to prove that any n with h,(f)+
J ¢dn > log A admits a f-generating partition. Without loss of generality, we
can assume that 7 is ergodic.

The first step is to show that the Lyapounov exponents A1 () > --- > Ayg(n)
of 7 are positive.

We claim that A%(n) > logk — ma log [|[A?"'Df(z)|| — eo(f) := ko whenever

hy(f) + [ ¢dn > log A. Indeed, this is an immediate consequence of Ruelle’s
inequality:

log k <log < hy(f) + [ ddy < X4(n) + maxlog |4 D ()] + o)

Finally, the conclusion of the proof of the corollary 9.5 is: we know that the
Lyapounov exponents of any ergodic measure n are all bigger than kg; so, the
lemma 9.4 above means that 7-almost every point has infinitely many hyperbolic
times with respect to fV, for some N € N.

Hence, we can use the lemma 3.4 to obtain that any partition P with diam-
eter sufficiently small is generating. This completes the proof. O

Corollary 9.6. Under the hypothesis of theorem B, any equilibrium measure 1)
satisfies Rokhlin’s formula:

ho(s) = [ Jusan

Proof. We give two proofs of this result.

The first proof is based on the positivity of all Lyapounov exponents of any
ergodic equilibrium state 1 (see theoerem 2.3). So, the abstract lemma 9.4
can be used to conclude the existence of generating partitions, and then, the
Rokhlin’s formula is a consequence of the abstract proposition 9.1.

The second proof consists in a transference of the problem of Rokhlin’s
formula for measures on M to the same problem in some subshift of finite type,
where this formula is known to be true.!® Consider the partition R and define
II: M — ¥ a map over a subshift of finite type £T by

I(z) = (ig,---,%n,.--) such that f*(z) € R;,,.

Observe that this map is an ergodic conjugacy with respect to any measure 7
such that [z] = {z} at n-almost every z. Here, if (i,,) is the itinerary of z (i.e.,
f*(z) € Ri,), then

[z] == [i0,---,in,...]:={y€e M: f"(y) €R;,}
Note that any measure with infinitely many hyperbolic times at almost every
point satisfies [z] = {z} at generic points. So, any equilibrium measure 7 can

be transported to shift as II*n. Therefore, i satisfies Rokhlin’s formula, since
IT*n verifies it (see [BS] for more details). O

131n fact, although these two proofs are formally different, they are the same in spirit since
the proof of Rokhlin’s formula for invariant measures in a subshift of finite type goes in the
lines of lemma 9.2.
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