Non-Matching Mortar Discretization Analysis for the Coupling Stokes-Darcy Equations

Juan Galvis^∗ Marcus Sarkis^†

August 15, 2006

Abstract We consider the coupling across an interface of fluid and porous media flows with Beavers-Joseph-Saffman transmission conditions. Under adequate choices of Lagrange multipliers on the interface we analyze inf-sup conditions and optimal a priori error estimates associated to the continuous and to the discrete formulations of the Stokes-Darcy system. We allow the meshes of the two regions to be nonmatching across the interface. Using mortar finite element analysis and appropriate scaled norms we show that the constants that appear on the a priori error bounds do not depend on the viscosity, permeability and ratio of mesh parameters. Numerical experiments are presented.

Keywords: inf-sup condition, error estimates, mortar finite elements, multiphisics, porous media flow, incompressible fluid flow, Lagrange multipliers, saddle point problems, nonmatching grids, discontinuous coefficients

1 Introduction

We analyze the coupling across an interface of fluid and porous media flows. Such problem appears in several applications like well-reservoir coupling in petroleum engineering, transport of substances across groundwater and surface water, and (bio)fluid-organ interactions. More precisely, we consider the following situation: an incompressible fluid in a region Ω_f can flow both ways across an interface Γ into a saturated porous medium domain Ω_p. The model studied here consists of Stokes equations in the fluid region Ω_f and Darcy law for the filtration velocity in the porous medium region Ω_p. The transmission conditions we consider on the interface Γ are the Beavers-Joseph-Saffman conditions

∗Instituto Nacional de Matemática Pura e Aplicada, Estrada Dona Castorina 110, CEP 22460320, Rio de Janeiro, Brazil. (jugal@impa.br).

†Instituto Nacional de Matemática Pura e Aplicada, Estrada Dona Castorina 110, CEP 22460320, Rio de Janeiro, Brazil Rio de Janeiro, Brazil, msarkis@impa.edu, and Worcester Polytechnic Institute, Worcester, MA 01609, USA. msarkis@wpi.edu. Research supported in part by CNPQ (Brazil) under grant 305539/2003-8 and by the U.S. National Science Foundation under grant CGR 9984404. 1

[BJ67, JM00, Saf71] which are widely accepted on the scientific community. In this paper we study inf-sup conditions and a priori error estimates associated to the continuous and discrete formulations of this Stokes-Darcy system. There are previous works addressing such issues [LSY03, RY05, DQ04, BH06] as well as related problems such as Stokes-Laplacian systems [DMQ02, QVZ02, DIS04], Stokes-Navier Stokes [GRW04, QV99], and preconditioned iterative methods [DQ03, DIS04, DQ04, GS06], among others [MTW02, AL02].

This paper is organized as follows: In Section 2 we discuss norms and seminorms of dual spaces on subsets. The differential systems are introduced in Section 3, where velocity and normal flux are considered as the boundary data for the Stokes part Γ_f = ∂Ω_f \Γ and the Darcy part Γ_p = ∂Ω_p\Γ, respectively; for other formulations and boundary data see [DMQ02, DQ03]. The transmission conditions are then introduced on the interface Γ, known as Beavers- Joseph-Saffman conditions. In Section 4 we analyze the weak formulation of the continuous model and we discuss the choice H^{1/2}(Γ) as a space for Lagrange multipliers in order to couple the two regions. In [LSY03], Layton, Schieweck, and Yotov have developed existence and uniqueness of the weak solution of this problem. They were able to show the inf-sup condition on a smaller space H^{1/2}_{00} (Γ). In this paper, we use tools developed in Section 2 and in [LSY03] to develop a complete analysis for the inf-sup condition with Lagrange multipliers on the H^{1/2}(Γ) space. We note that in the physical point of view the space H^{1/2}(Γ) is the correct choice since the Lagrange multipliers are related to the Darcy pressure on the interface Γ and their values at the end points of Γ where touch ∂Ω are not prescribed; we note however the case where the pressure is imposed as a boundary condition for the Darcy side Γ_p, the space H^{1/2}_{00} (Γ) would be the correct choice; see [DMQ02]. In Section 5 we derive the discrete inf-sup condition and a priori error estimates. We consider second order Taylor Hood elements space for the free flow region Ω_f and lower order Raviart-Thomas for the Darcy region Ω_p. In [LSY03], Layton, Schieweck and Yotov have developed a priori error estimates for the matching case, while in [RY05] Riviere and Yotov, and also in [BH06] Burman and Hansbo, have considered the non-matching case using discontinuous Garlekin finite element discretizations. In this paper we pay a special attention to the constants appearing in the a priori error estimates. We develop an analysis based on mortar finite elements techniques [BMP94, Woh00] and scaled norms in order to obtain constants independent of the permeability and the viscosity. In addition, these constants do not depend also on the ratio of mesh parameters, and the estimates depend only on the local mesh. We note also that a constructive proof based on Fortin’s criteria [BF91] for the discrete inf-sup condition is provided, where a constructive proof for the inf-sup condition for the Stokes system is provided in the Appendix. In Section 7 we test numerically the algorithms and in Section 8 we make some conclusions.

2 Preliminaries and notations

Let Ω be a Lipschitz continuous domain and let Γ ⊂ ∂Ω and Γ^c := ∂Ω \ Γ be of non-vanishing (n − 1)-dimensional measure and with nonempty interior with respect to ∂Ω.

To avoid the proliferation of constants, we will use the notation A ⪯ B to represent the inequality A ≤ (constant) · B.

Lemma 1. Given μ ∈ H^{1/2}(Γ), define E^{1/2}_Γ μ := γ_0ϕ where γ_0 is the trace on ∂Ω and ϕ is the weak solution of � � � −Δϕ = 0 in Ω ϕ = μ on Γ ∂ηϕ = 0 on Γ^c.

Then E^{1/2}_Γ μ ∈ H^{1/2}(∂Ω) and ‖E^{1/2}_Γ μ‖_H1/2_{(∂Ω)} ⪯ ‖μ‖_H1/2_{(Γ)}.

For μ ∈ H^{1/2}(Γ) let E^{1/2}_{00,Γ}μ denote the extension by zero on Γ^c. Remember that E^{1/2}_{00,Γ}μ ∈ H^{1/2}(∂Ω) if and only if μ ∈ H^{1/2}_{00} (Γ). We have the following result:

Lemma 2. For all μ ∈ H^{1/2}(∂Ω) there exist μ_Γ ∈ H^{1/2}(Γ) and μ_Γc ∈ H^{1/2}_{00} (Γ^c) such that μ = E^{1/2}_Γ μ_Γ + E^{1/2}_{00,Γ}c μ_Γc . This decomposition is unique.

Proof. Let μ ∈ H^{1/2}(∂Ω). Take μ_Γ = μ|_Γ and μ_Γc = ϕ|_Γc where ϕ = μ−E^{1/2}_Γ μ_Γ. Observe that μ_Γ ∈ H^{1/2}(Γ) and

‖E^{1/2}_Γ μ_Γ‖_H1/2_{(∂Ω)} ⪯ ‖μ_Γ‖_H1/2_{(Γ)} ≤ ‖μ‖_H1/2_{(∂Ω)}

so ϕ ∈ H^{1/2}(∂Ω). Observe also that E^{1/2}_{00,Γ}c μ_Γc = ϕ because μ and E^{1/2}_Γ μ_Γ coincide on Γ. For the uniqueness, if 0 = E^{1/2}_Γ μ_Γ + E^{1/2}_{00,Γ}c μ_Γc then E^{1/2}_Γ μ_Γ is the trace of the weak solution of the problem: −Δϕ = 0 in Ω, ϕ = 0 on Γ, ∂ηϕ = 0 on Γ^c, then μ_Γ = 0.

We have two dual spaces associated with Γ, H^{−1/2}_{00} (Γ) the dual of H^{1/2}_{00} (Γ) and H^{−1/2}(Γ) the dual space of H^{1/2}(Γ). The first one is larger than the second. Definition 1. If f ∈ H^{−1/2}(∂Ω), then f|_Γc = 0 means by definition that:

⟨f, E^{1/2}_{00,Γ}c ϕ⟩_{∂Ω} = 0 for all ϕ ∈ H^{1/2}_{00} (Γ^c).

A useful result related with this definition is the following:

Lemma 3. If f ∈ H^{−1/2}(∂Ω), there are f_Γ ∈ H^{−1/2}(Γ) and f_Γc ∈ H^{−1/2}_{00} (Γ^c) such that, for all μ ∈ H^{1/2}(∂Ω), μ = E^{1/2}_Γ μ_Γ + E^{1/2}_{00,Γ}c μ_Γc as in Lemma 2, we have:

⟨f, μ⟩_{∂Ω} = ⟨f_Γ, μ_Γ⟩_Γ + ⟨f_Γc , μ_Γc ⟩_Γc . (1)

Proof. For μ_Γ ∈ H^{1/2}(Γ) and μ_Γc ∈ H^{1/2}_{00} (Γ^c) define:

⟨f_Γ, μ_Γ⟩_Γ := ⟨f, E^{1/2}_Γ μ_Γ⟩_{∂Ω} ⟨f_Γc , μ_Γc ⟩_Γc := ⟨f, E^{1/2}_{00,Γ}c μ_Γc ⟩_{∂Ω}. We obtain

⟨f_Γ, μ_Γ⟩_Γ ≤ ‖f‖_H−1/2_{(∂Ω)}‖E^{1/2}_Γ μ_Γ‖_H1/2_{(∂Ω)} ⪯ ‖f‖_H−1/2_{(∂Ω)}‖μ_Γ‖_H1/2_{(Γ)},

and so f_Γ ∈ H^{−1/2}(Γ), analogously f_Γc ∈ H^{−1/2}_{00} (Γ^c). Moreover:

⟨f_Γ, μ_Γ⟩_Γ + ⟨f_Γc , μ_Γc ⟩_Γc = ⟨f, E^{1/2}_Γ μ_Γ + E^{1/2}_{00,Γ}c μ_Γc ⟩_{∂Ω} = ⟨f, μ⟩_{∂Ω}.

Remark 1. In particular, if f ∈ H^{−1/2}(∂Ω) and f|_Γc = 0, see Definition 1, we have from (1) that: ⟨f, μ⟩_{∂Ω} = ⟨f_Γ, μ_Γ⟩_Γ.

Then functionals in H^{−1/2}(∂Ω) which are zero restricted to ∂Ω \ Γ can be identified with functionals in H^{−1/2}(Γ).

Remark 2. Given f_Γ ∈ H^{−1/2}(Γ) we can define f ∈ H^{−1/2}(∂Ω) by ⟨f, μ⟩_{∂Ω} := ⟨f_Γ, μ_Γ⟩_Γ, where μ = E^{1/2}_Γ μ_Γ + E^{1/2}_{00,Γ}c μ_Γc as in Lemma 2. We have a similar result for f_Γ ∈ H^{−1/2}_{00} (Γ^c).

Define the space H(div, Ω) by

H(div, Ω) := � v_p ∈ L^2(Ω) � � � ∇·vp ∈ L^2(Ω) � , with the norm ‖v‖^2_{H(}div_{, Ω)} := ‖v‖^2_{L2(Ω)} + ‖∇· v‖^2_{L2(Ω)}. For next result see [WTW00].

Lemma 4. For each u ∈ H(div, Ω) with � ∂Ω u·η = ⟨u·η, 1⟩_{∂Ω} = 0 we have that sup ϕ∈H^{1/2}(∂Ω)

ϕ≠ constant

⟨u·η, ϕ⟩_{∂Ω}

|ϕ|_H1/2_{(∂Ω)}

⪯ ‖u·η‖_H−1/2_{(∂Ω)} ≤ sup

ϕ∈H^{1/2}(∂Ω)

ϕ≠ constant

⟨u·η, ϕ⟩_{∂Ω} |ϕ|_H1/2_{(∂Ω)} .

with a constant which depends only on Ω.

Using an argument similar to the one given in [WTW00] we have: Lemma 5. For each μ ∈ H^{−1/2}(Γ) with � Γ μ = ⟨μ, 1⟩_Γ = 0 sup ϕ∈H^{1/2}(Γ)

ϕ≠ constant

⟨μ, ϕ⟩_Γ |ϕ|_H1/2_{(Γ)}

⪯ ‖μ‖_H−1/2_{(Γ)} ≤ sup

ϕ∈H^{1/2}(Γ)

ϕ≠ constant

⟨μ, ϕ⟩_Γ |ϕ|_H1/2_{(Γ)}

with a constant which depends only on Ω and Γ.

Proof. Observe that if α is a constant ⟨u · η, α⟩_Γ = α⟨u · η, 1⟩_Γ = 0 and for ϕ ∈ H^{1/2}(Γ) non constant we have ⟨u·η, ϕ⟩_Γ ‖ϕ‖_H1/2_{(Γ)} ≤ ⟨u·η, ϕ⟩_Γ |ϕ|_H1/2_{(Γ)} , then

‖u·η‖_H−1/2_{(Γ)} = sup

ϕ∈H^{1/2}(Γ)

ϕ≠constant

⟨u·η, ϕ⟩_Γ ‖ϕ‖_H1/2_{(Γ)}

≤ sup

ϕ∈H^{1/2} (Γ)

ϕ≠constant

⟨u·η, ϕ⟩_Γ |ϕ|_H1/2_{(Γ)}

which gives the right inequality.

Using Poincaré Inequality, there exists a positive constant which depends only on Ω and Γ, such that ‖ψ‖^2_{H1/2(Γ)} ⪯ |ψ|^2_{H1/2 (Γ)}

holds for all ψ ∈ H^{1/2}(Γ), with � Γ ψ = 0. For ϕ ∈ H^{1/2}(Γ) non constant we have that ψ := ϕ − � Γ ϕ ≠ 0 and ⟨u·η, ψ⟩_Γ ‖ψ‖_H1/2_{(Γ)} = ⟨u·η, ϕ⟩_Γ ‖ψ‖_H1/2_{(∂Ω)} ⪰ ⟨u·η, ϕ⟩ |ψ|_H1/2_{(Γ)} = ⟨u·η, ϕ⟩ |ϕ|_H1/2_{(Γ)} .

This gives an equivalent norm in the subspace of H^{−1/2}(Γ) of zero average functionals.

Definition 2. For μ ∈ H^{−1/2}(Γ), μ with zero average (⟨μ, 1⟩_Γ = 0), define:

|μ|_H−1/2_{(Γ)} := sup

ϕ∈H^{1/2}(Γ)

ϕ≠ constant

⟨μ, ϕ⟩_Γ |ϕ|_H1/2_{(Γ)}

= sup

ϕ∈H^{1/2} (Γ) R Γ ϕ=0,ϕ≠0,

⟨μ, ϕ⟩_Γ |ϕ|_H1/2_{(Γ)} .

We have the following result: Lemma 6. For ϕ ∈ H^{1/2}(Γ) with � Γ ϕ = 0 we have:

|ϕ|_H1/2_{(Γ)} = sup

μ∈H^{−1/2} (Γ) ⟨μ,1⟩=0

⟨μ, ϕ⟩_Γ |μ|_H−1/2_{(Γ)} .

Proof. Consider (H^{1/2}(Γ) ∩ L^2_0(Γ))^∗, the dual space of H^{1/2}(Γ) ∩ L^2_0(Γ), and observe that a functional μ_0 ∈ (H^{1/2}(Γ) ∩ L^2_0(Γ))^∗ can be extended to one in H^{1/2}(Γ)^∗, say μ, by the following formula: ⟨μ, λ⟩ := ⟨μ_0, λ_0⟩ where λ ∈ H^{1/2}(Γ) and λ_0 := λ − � Γ λ.

3 P.D.E model

In general, Ω_f , Ω_p ⊂ ℜ^n, Ω = int(Ω_f ∪ Ω_p), Ω_f and Ω_p are Lipschitz, so it is possible to define outward unit normal vectors, denoted by η_j , j = f, p. The tangent vectors of Γ are denoted by τ_1 (n = 2), or τ_l, l = 1, 2 (n = 3).

Define Γ_j := ∂Ω_j \Γ, j = f, p. Fluid velocities are denoted by u_j : Ω_j → ℜ^n, j = f, p. Pressures are p_j : Ω_j → ℜ, j = f, p.

As it was mentioned previously, the model for the fluid region is Stokes equations. It basically consists of conservation of mass and conservation of momentum, we have: � � � −∇·T (u_f , p_f ) = f_f in Ω_f ∇·u_f = g_f in Ω_f u_f = h_f on Γ_f . (2)

Here T (v, p) := −pI + 2νDv where ν is the viscosity and Dv :=^1_2 (∇v + ∇^T v) is the linearized strain tensor.

For the porous domain Ω_p it is used Darcy’s law, i.e., (u_p, p_p) satisfies on Ω_p: � � � u_p = −^κ_ν ∇p_p in Ω_p Darcy’s law ∇·u_p = g_p in Ω_p u_p·η_p = h_p on Γ_p. (3) In general κ is a symmetric and uniformly positive definite tensor. κ represents the rock permeability and ν the fluid viscosity. For simplicity on the analysis we assume that κ is a real positive constant.

We also impose the compatibility condition � Ω_f

g_f + � Ω_p

g_p − � Γ_f

h_f ·η_f − � Γ_p

h_p = 0. (4)

The systems presented above must be coupled across the interface Γ. The following conditions are imposed (see [LSY03, DQ03, DMQ02, DQ04] and references therein):

Conservation of mass across Γ: It is expressed by:

u_f·η_f + u_p·η_p = 0 on Γ. (5)

This means that the fluid that is leaving a region enters in the other one.

Balance of normal forces across Γ: From Cauchy formula we see that

Σ(u_f , p_f ) := T (u_f , p_f )η_f is the force on ∂Ω_f acting on the fluid volume inside Ω_f , i.e., Σ is the Cauchy stress (or traction) vector. The force on Γ from Ω_f is then −Σ(u_f , p_f ). The (only) force acting on the interface from Ω_p is the one given by p_p in the direction of η_p and must be equal to the component of Σ in this direction. We get p_f − 2νη^T_f D(u_f )η_f = p_p on Γ. (6)

The other components of Σ, i.e., Σ · τ_j , j = 1, d − 1, are more delicate and treated below.

Beavers-Joseph-Saffman condition: This condition is a kind of empirical law that gives an expression for the tangential components of Σ. It is expressed by:

u_f ·τ_j = − √ κ α_f

2η^T_f D(u_f )τ_j on Γ, j = 1, d − 1. (7)

In the general case, κ is a symmetric and uniformly positive definite tensor, and κ in (7) is replaced by τ_j · κ · τ_j .

A related condition is

(u_f − u_p)·τ_j = − √ κ α_f

2η^T_1 D(u_f )τ_j on Γ, j = 1, d − 1,

which is known as the Beavers-Joseph condition. But it turns out in practice that the component of u_p in τ_j is small compared with that of u_f . When more general cases are considered, suitable interface conditions have to be imposed. An analytical way to find the right interface conditions is via homogenization (see [Hor96]).

4 Weak formulation and analysis

According to Appendix A, it is enough to consider the case g_f = 0 and h_f = 0 in (2) and h_p = 0 in (3). Define:

X_f := � v_f ∈ H^1(Ω_f )^n : v_f � Γ_f = 0 and � ∂Ω_f

v_f·η_f = 0 � , M_f := L^2_0(Ω_f ).

Velocities in X_f have zero mean flux across ∂Ω_f , where X_f ⊂ H^1_0 (Ω_f , Γ_f )^n means that each component of v_f belong to H^1(Ω_f ) and vanish on Γ_f .

For Ω_p we introduce the following spaces:

X_p := � v_p ∈ H(div, Ω_p) : v_p ·η_p � Γ_p = 0 and � ∂Ω_p

v_p·η_p = 0 � , M_p := L^2_0(Ω_p).

The restriction of v_p ·η_p to Γ_p is taken in the sense of Definition 1. Using Lemma 5 we have an equivalent norm for ‖·‖_H−1/2_{(∂Ωp )} involving only the seminorm of H^{1/2}(∂Ω_p). Note that X_p ⊂ H_0(div, Ω_p, Γ_p), where H_0(div, Ω_p, Γ_p) is defined as the subspaces of H(div, Ω_p) of functions with vanishing normal component on Γ_p; see Definition 1.

Define X := X_f × X_p with the usual norm, i.e., given v = (v_f , v_p) ∈ X, then ‖v‖^2_X := |v_f |^2_H1_{(Ωf )}n + ‖v_p‖^2_{H(}div_{, Ωp )}.

In order to derive a weak formulation we first proceed formally and then we introduce the adequate rigorous framework.

We start with the Stokes equation (2). For all v_f ∈ X_f we have:

(−νΔu_f , v_f )_{Ωf} + (∇p_f , v_f )_{Ωf} = (f_f , v_f )_{Ωf} . (8)

From the Green formula we get:

−(Δu_f , v_f )_{Ωf} = (∇u_f , ∇v_f )_{Ωf} − (∇u_f η_f , v_f )_Γ

= (∇u_f , ∇v_f )_{Ωf} − ⟨η^T_f ∇u_f η_f , v_f·η_f ⟩_Γ − n−1� l=1 ⟨τ^T_l ∇u_f η_f , v_f·τ_l⟩_Γ,

and using that ∇·u_f = 0 implies � Ω_f ∇u T f : ∇v_f = � ∂Ω_f ∇u T f η_f·v_f , we get

−(Δu_f , v_f )_{Ωf} = 2(Du_f , ∇v_f )_{Ωf} − 2⟨η^T_f Du_f η_f , v_f·η_f ⟩_Γ −2 n−1� j=1 ⟨τ^T_j Du_f η_f , v_f·τ_j ⟩_Γ.

For the second integral in (8) we have:

(∇p_f , v_f )_{Ωf} = ⟨p_f , v_f·η_f ⟩_Γ − (p_f , ∇·v_f )_{Ωf} . (9)

By replacing (9) in (8), using conditions (6) and (7), and defining, for all u_f , v_f ∈ X_f and q_f ∈ M_f :

a_f (u_f , v_f ) := 2ν(Du_f , ∇v_f )_{Ωf} + n−1� j=1 να_f √ κ ⟨u_f ·τ_j , v_f ·τ_j ⟩_Γ (10)

b_f (v_f , q_f ) := −(q_f , ∇·v_f )_{Ωf} (11) we obtain for all v_f ∈ X_f and q_f ∈ M_f � a_f (u_f , v_f ) + b_f (v_f , p_f ) + ⟨p_p, v_f·η_f ⟩_Γ = (f_f , v_f )_{Ωf} b_f (u_f , q_f ) = 0.

Analogously, defining

a_p(u_p, v_p) := ( ν κ u_p, v_p)_{Ωp} for all u_p, v_p ∈ X_p, (12)

b_p(v_p, p_p) := −(p_p, ∇·v_p)_{Ωp} for all u_p ∈ X_p and p_p ∈ M_p,

we have for all v_p ∈ X_p and q_p ∈ M_p � a_p(u_p, v_p) + b_p(v_p, p_p) + ⟨p_p, v_p·η_p⟩_Γ = 0 b_p(u_p, q_p) = −(g_p, q_p)_{Ωp} .

Define a : X × X → ℜ and b : X × M → ℜ by:

a(u, v) := a_f (u_f , v_f ) + a_p(u_p, v_p), b(v, p) := b_f (v_f , p_f ) + b_p(v_p, p_p), (13)

then we obtain, using (5): � � � a(u, v) + b(v, p) + ⟨v_f·η_f + v_p·η_p, p_p⟩_Γ = (f_f , v_f )_{Ωf} b(u, q) = −(g_p, q_p)_{Ωp} ⟨u_f·η_f + u_p·η_p, q_p⟩_Γ = 0.

To uncouple the two subproblems we use the Darcy pressure on the interface Γ. We point out that Stokes side can also be chosen for the coupling (not analyzed here) at the cost of losing the local conservation property. Introduce the Lagrange multiplier λ :

λ = p_p = p_f − 2νη^T_f D(u_f )η_f = p_f − 2νη^T_f ∇uη_f . (14)

Then we get : � � � � � � � a_f (u_f , v_f ) + b_f (v_f , p_f ) + ⟨v_f·η_f , λ⟩_Γ = (f_f , v_f )_{Ωf} ∀v_f ∈ X_f a_p(u_p, v_p) + b_p(v_p, p_p) + ⟨v_p·η_p, λ⟩_Γ = 0 ∀v_p ∈ X_p b_f (u_f , q_f ) = 0 ∀q_f ∈ M_f b_p(u_p, q_p) = −(g_p, q_p)_{Ωp} ∀q_p ∈ M_p ⟨u_f·η_f + u_p·η_p, μ⟩_Γ = 0 ∀μ ∈ Λ

(15)

where the space Λ is defined next.

We have to choose a suitable function space Λ for λ. Observe that on the porous exterior boundary Γ_p we are using zero flux as boundary condition, i.e, v_p·η_p = 0 on Γ_p. Recalling Definition 1, this means that

⟨v_p·η_p, E^{1/2}_{00,Γp} ϕ⟩_{∂Ωp} = 0 for all ϕ ∈ H^{1/2}_{00} (Γ_p),

where E^{1/2}_{00,Γp} denotes the extension by zero on Γ^c_p = Γ. Then, according to Lemma 3 and Remark 1 we can think of v_p·η_p as a distribution in H^{−1/2}(Γ), more precisely, we can define v_p·η_p|_Γ ∈ H^{−1/2}(Γ) as

⟨v_p·η_p|_Γ, ϕ⟩_Γ := ⟨v_p·η_p, E^{1/2}_Γ ϕ⟩_{∂Ω}, ϕ ∈ H^{1/2}(Γ), (16) where E^{1/2}_Γ is the extension operator defined in Lemma 1. In what follows we denote v_p· η_p|_Γ simply by v_p· η_p. This is the main mathematical motivation for choosing Λ as H^{1/2}(Γ) rather than H^{1/2}_{00} (Γ). On the fluid exterior boundary Γ_f we are using Dirichlet boundary condition, i.e., v_f = 0 on Γ_f . Then v_f·η_f |_Γ ∈ H^{1/2}_{00} (Γ) relatively to Ω_f . Then v_f·η_f |_Γ ∈ H^{1/2}_{00} (Γ) relatively to Ω_p. Here we use the fact that H^{1/2}_{00} (Γ) which is the trace of H^1_0 (Ω_f , Γ_f ) is equivalent to the trace of H^1_0 (Ω_p, Γ_p) if the shape and measure of Ω_f are of the same order of those of Ω_p. See [Gri85, Neč67]. Since H^{1/2}_{00} (Γ) ⊂ H^{−1/2}(Γ) we conclude that v_f·η_f |_Γ ∈ H^{−1/2}(Γ). In what follows we denote v_f·η_f |_Γ simply by v_f·η_f .

From the previous discussions we conclude that v_f·η_f + v_p·η_p ∈ H^{−1/2}(Γ) and so we choose for λ the subspace Λ := H^{1/2}(Γ).

Other reason for choosing H^{1/2}(Γ) instead of H^{1/2}_{00} (Γ) is that the Lagrange multiplier in this case is pressure, see equation (14), and there is no physical reason for the pressure p_p to vanish on the interface relative boundary points (with respect to ∂Ω_j ) when flux boundary conditions are imposed. Choosing H^{1/2}_{00} (Γ) as the spaces for pressure or related quantities makes more sense when pressure is given as boundary data as in [DMQ02].

Define b_Γ : X × Λ → ℜ by:

b_Γ(v, μ) := ⟨v_f·η_f , μ⟩_Γ + ⟨v_p·η_p, μ⟩_Γ, v = (v_f , v_p) ∈ X, μ ∈ Λ, (17)

with the first duality pairing as in (16). From Lemma 3 we have the following

Lemma 7. b_Γ : X × Λ → ℜ defined in (17) and (16) is continuous.

If λ is a constant function, we already have b_Γ(v, λ) = 0 for v ∈ X since v = (v_f , v_p) ∈ X implies, by definition of X, that v_f · η_f and v_p·η_p have zero average on Γ. Then it is convenient to modify Λ to

Λ := H^{1/2}(Γ) ∩ L^2_0(Γ) with norm | · |_Λ := | · |_H1/2_{(Γ)}.

We finally arrive to the weak formulation of the problem: find (u, p, λ) ∈ X × M × Λ satisfying, for all (v, q, μ) ∈ X × M × Λ: � � � a(u, v) + b(v, p) + b_Γ(v, λ) = ℓ(v) b(u, q) = g(q) b_Γ(u, μ) = 0,

(18)

where

ℓ(v) := (f_f , v_f )_{Ωf} for all v ∈ X and g(q) := −(g_p, q_p)_{Ωp} for all q ∈ M. (19)

Remark 3. We note however that the space we choose for Λ is richer than H^{1/2}_{00} (Γ) ∩ L^2_0(Γ) and therefore closer will be v_f · η_f and v_p · η_p near the end points of the interface Γ.

Define V = (V_f , V_p) := {v ∈ X : b_Γ(v, μ) = 0 ∀ μ ∈ Λ} . The space V is closed because the linear map B_Γ : X → Λ^′ defined by B_Γ(v)μ := b_Γ(v, μ) is continuous and V = Ker B_Γ. Then we can formulate problem (18) as: � a(u, v) + b(v, p) = ℓ(v) ∀ v ∈ V b(u, q) = g(q) ∀ q ∈ M. (20)

Now, define

Z = (Z_f , Z_p) := {v ∈ X : b(v, q) = 0 ∀ q ∈ M} . (21)

Then we can also formulate problem (18) as: � a(u, v) + b_Γ(v, λ) = ℓ(v) ∀ v ∈ Z b_Γ(u, μ) = 0 ∀ μ ∈ Λ. (22)

Remark 4. The Korn inequality implies that the bilinear form a_f defined in (10) is X_f -elliptic (See [Bra01, Neč67]). The bilinear for a_p defined in (12) is H(div^0, Ω_p)-elliptic, here H(div^0, Ω_p) consists of functions in H(div, Ω_p) with vanishing divergence, i.e., the kernel of bilinear form b_p. Then the bilinear form a defined in (13) is X_f × H(div^0, Ω_p)-elliptic.

Remember that we are working with pressure of zero mean in each subdomain (and with velocities of zero mean flux on each subdomain), then from the usual inf-sup condition for Stokes we can easily derive the inf-sup condition needed in formulation (20).

Lemma 8. There is a constant ρ > 0 such that inf p∈M p≠0 sup v∈V v≠0

b(v, p) ‖v‖_X ‖p‖_M

≥ ρ > 0.

Lemma 8, Remark 4 and the fact that � Ker b ∩ V � ⊂ � X_f × H(div^0, Ω_p) � guarantees stability of the weak formulation (20). See [BF91, GR86].

Recall that Z ⊂ X_f ×H(div^0, Ω_p). To see that the weak formulation (22) is stable, the next lemma shows that the inf-sup condition between spaces Z and Λ holds (see [BF91, GR86]). The proof presented here follows the same ideas as [LSY03], Lemma 3.4. The main difference is that we are working with zero mean functions and the function spaces involved.

Lemma 9. There is a constant γ > 0 such that

inf_{λ∈Λ}

λ≠0 sup v∈Z v≠0

b_Γ(v, λ) ‖v‖_X |λ|_Λ

≥ γ > 0.

Proof. Fix λ ∈ Λ, then λ ∈ H^{1/2}(Γ) and � Γ λ = 0, in particular if λ ≠ 0 then it is non constant. From Lemma 6 we have that there exists μ_Γ ∈ H^{−1/2}(Γ) such that ⟨μ_Γ, 1⟩_Γ = 0 and: ⟨μ_Γ, λ⟩_Γ |μ_Γ|_H−1/2_{(Γ)} ≥ 1 2 |λ|_H1/2_{(Γ)} = 1 2 |λ|_Λ. (23)

From Remark 2 we introduce μ ∈ H^{−1/2}(∂Ω_p) given by: ⟨μ, ϕ⟩_{∂Ωp} := ⟨μ_Γ, ϕ|_Γ⟩_Γ, (24) with |μ|_H−1/2_{(∂Ωp )} ≤ C_1|μ_Γ|_H−1/2_{(Γ)} (25) and zero mean on ∂Ω_p, ⟨μ, 1⟩_{∂Ωp} = ⟨μ_Γ, 1⟩_Γ = 0.

By using the normal trace theorem, and a continuous Stokes problem ( μ has zero mean on ∂Ω_p) we can find v_p ∈ H(div, Ω_p) with ∇·v_p = 0 in Ω_p and such that:

‖v_p‖_{H(div, Ωp)} ≤ C|μ|_H−1/2_{(∂Ωp)} (26) v_p ·η_p = μ. (27)

Observe that v_p ∈ X_p. In fact if ϕ ∈ H^{1/2}_{00} (Γ_p) then:

⟨v_p ·η_p, ϕ⟩_{∂Ωp} = ⟨μ, ϕ⟩_{∂Ωp} = ⟨μ_Γ, ϕ|_Γ⟩_Γ = ⟨μ_Γ, 0⟩_Γ = 0 and ⟨v_p ·η_p, 1⟩_{∂Ωp} = ⟨μ_Γ, 1⟩_Γ = 0.

Choosing v_f = 0, we have v := (v_f , v_p) ∈ Z and:

b_Γ(v, λ) ‖v‖_X = 0 + ⟨v_p ·η_p, E^{1/2}_Γ λ⟩_{∂Ωp} ‖v_p‖_{H(}div_{, Ωp)} by (16)

≥ 1 C ⟨μ, E^{1/2}_Γ λ⟩_{∂Ωp}

|μ|_H−1/2_{(∂Ωp)} by (26) and (27) = 1 CC_1

⟨μ_Γ, λ⟩_Γ |μ|_H−1/2_{(Γ)} by (24) and (25) ≥ 1 CC_1 1 2 |λ|_H1/2_{(Γ)} by (23).

For (q, μ) ∈ M × Λ define |(p, μ)|^2_{M×Λ} := ‖p‖^2_M + |μ|^2_Λ. With Lemma 8 and Lemma 9 we can show:

Proposition 1. There is a constant β > 0 such that: inf (p,λ)∈M×Λ (p,λ)≠(0,0) sup v∈X v≠0

b(v, p) + b_Γ(v, λ) ‖v‖_X |(p, λ)|_{M×Λ}

≥ β > 0. (28)

Proof. Given (p, λ) ∈ M × Λ, if p ≠ 0, from Lemma 8 there exists v̂ ∈ V such that b(v̂, p) ‖v̂‖_X

≥ ρ‖p‖_M > 0,

where ρ independent of p. If λ ≠ 0, from Lemma 9 there exists z ∈ Z such that

b_Γ(z, λ) ‖z‖_X

≥ γ|λ|_Λ > 0,

where γ independent of λ.

Observe that, if p ≠ 0 sup v∈X v≠0 b(v, p) + b_Γ(v, λ) ‖v‖_X ≥ b(v̂, p) + b_Γ(v̂, λ) ‖v̂‖_X = b(v̂, p) + 0

‖v̂‖_X

≥ ρ‖p‖_M ,

analogously, if λ ≠ 0, sup v∈X v≠0 b(v, p) + b_Γ(v, λ) ‖v‖_X ≥ 0 + b_Γ(z, λ) ‖z‖_X

≥ γ|λ|_Λ,

then sup v∈X v≠0 b(v, p) + b_Γ(v, λ) ‖v‖_X

≥^{min{ρ,γ}}_2 � ‖p‖_M + |λ|_Λ �

≥^{min{ρ,γ}}_2 |(p, λ)|_{M×Λ}.

Proposition 1 permit us to formulate problem (18) as � a(u, v) + c(v, (p, λ)) = ℓ(v) ∀ v ∈ X c(u, (q, μ)) = ĝ(q, μ) ∀ (q, μ) ∈ M × Λ, (29)

where c(v, (p, μ)) := b(v, q) + b_Γ(v, μ). Then (28) in Lemma 1 can be written as, there exists β =^{min{ρ,γ}}_2 > 0 such that: inf (p,μ)∈M×Λ

(p,μ)≠0 sup v∈X v≠0 c(v, (p, μ)) ‖v‖_X |η|_{M×L}

≥ β > 0. (30)

This inf-sup condition, together with the fact that a is X_f × H(div^0, Ω_p)- elliptic and a and c are bounded, (according to the abstract saddle point theory) guarantees the well-posedness of the problem (29) or (18). See [BF91, GR86].

5 Finite element approximation

In Section 3 it was presented the problem for the coupling fluid with porous media flow in its continuous form, while in Section 4 it was presented its variational formulation and wellposedness. Now a two dimensional non-matching grid finite element approximation is discussed. A discrete space for Lagrange multipliers is introduced and we establish the discrete inf-sup conditions related to the weak formulation (20) and (18). The extension of the results to the three dimensional case is straightforward.

5.1 Discretization

From now on we assume that Ω has polygonal boundary. Let T^{hj}_j be a triangulation of Ω_j , j = f, p. We do not assume that they match at the polyhedral interface Γ. We choose the following spaces for the fluid region:

X^{hf}_f := � u ∈ X_f : u_K = û_K ∘ F^{−1}_K on K and û_K ∈ P_2(K̂)^2 � ∩ C^0(Ω_f )^2, (31) where u_K := u|_K and

M^{hf}_f := � p ∈ M_f : p_K = p̂_K ∘ F^{−1}_K on K and p̂_K ∈ P_1(K̂) � ∩ C^0(Ω_f ), (32)

that is, we use the P 2\P 1 triangular Taylor-Hood finite elements of order two ( see [BS91, BF91, GR86]).

We have the following:

Lemma 10 (Approximation of Taylor-Hood elements). Suppose that T^{hf}_f is non-degenerate and has no triangle with two edges on ∂Ω_f . Then, there exists a bounded linear operator I^{T H}_{hf} : X_f → X^{hf}_f such that

b_f � v_f − I^{T H}_{hf} v_f , p^{hf}_f � = 0 for all p^{hf} ∈ M^{hf}

and ‖I^{T H}_{hf} v_f ‖_{Xf} ⪯ ‖v_f ‖_{Xf} , with constant independent of h_f . In addition we have, ‖v_f − I^{T H}_{hf} v_f ‖_L2_{(Ωf )}2 ⪯ h^s_f |v_f |_Hs_{(Ωf )}2 s = 1, 2. (33)

|v_f − I^{T H}_{hf} v_f |_H1_{(Ωf )}2 ⪯ h_f |v_f |_H2_{(Ωf )}2 (34) � Γ I^{T H}_{hf} v_f·η_f = � Γ v_f·η_f

|I^{T H}_{hf} v_f |_H1/2_{(Γ)}2 ⪯ |v_f |_H1/2_{(Γ)}2 . (35)

A constructive and apparently new proof using Fortin interpolation is given in Appendix B, or refer to [BS91, BF91, GR86].

A direct consequence of Fortin’s criterion and the previous lemma is that, if T^{hf}_f is non-degenerate and has no triangle with two edges on ∂Ω_f , then (X^{hf}_f , M^{hf}_f ) satisfy the inf-sup condition.

For the porous region we are going to use the lowest order Raviart-Thomas finite elements based on triangles. In general the Raviart-Thomas elements in a cell are defined by (see [Bra01, BF91, GR86]):

RT_k(K) := (P_k (K))^n + P_k(K)x,

and if u ∈ RT_k(K) then ∇·u ∈ P_k(K) and u·η|_{ei} ∈ P_k(e_i), for all edge e_i. Then we choose:

X^{hp}_p := {u ∈ X_p : u|_K = u_K ∈ RT_0(K)} , (36) and M^{hp}_p := � p ∈ M_p : p|_K = p_K = p̂_K ∘ F^{−1}_K on K and p̂_K ∈ P_0(K̂) � . (37)

Observe that in the previous definitions the boundary conditions are included, i.e., for v^{hf}_f ∈ X^{hf}_f we have v^{hf}_f = 0 on Γ_f and for v^{hp}_p ∈ X^{hp}_p , v^{hp}_p ·η = 0 holds on Γ_p. Moreover, if v^{hf}_f ∈ X^{hf}_f we have � Γ v^{hf}_f ·η_f = 0. The same holds for v^{hp}p ∈ X^{hp}_p .

Velocities of lowest order Raviar-Thomas finite elements, RT_0(K), K ∈ T^{hp}_p , are of the form: v_p(x_1, x_2) = � a b � + c � x_1 x_2 � . We have the following (see [Bra01, BF91, Gal04]):

Lemma 11 (Approximation of Raviar-Thomas elements). For K ∈ T^{hp}_p and r > 2, r fixed, define I^{RT}_{hp,K} : H(div, K) ∩ L^r(K)^2 → RT_0(K) by

I^{RT}_{hp,K} v_p · η|_e = 1 |e| � e v_p · η

and define I^{RT}_{hp} : H(div, Ω_p) ∩ L^r(Ω_p)^2 → RT_0 locally by: I^{RT}_{hp} v_p|_K = I^{RT}_{hp,K} v_p. Then �

Ω_p ∇· � v_p − I^{RT}_{hp} v_p � q^{hp}_p = 0 for all q^{hp}_p ∈ M^{hp}_p

and ‖I^{RT}_{hp} v_p‖_{H(div, Ωp)} ⪯ ‖v_p‖_{H(div, Ωp ) ∩ L}r_{(Ωp )}2 .

Moreover, if v_p ∈ H^1(Ω_p)^2 then

‖v_p − I^{RT}_{hp} v_p‖_L2_{(Ωp )}2 ⪯ h_p|v_p|_H1_{(Ωp)}2 , (38) and ‖∇·(v_p − I^{RT}_{hp} v_p)‖_L2_{(Ωp)} ⪯ h_p|∇·v_p|_H1_{(Ωp)}.

By using the Fortin’s idea we can establish the inf-sup condition for the spaces (X^{hp}_p , M^{hp}_p ) defined in (36) and (37), respectively.

5.2 Discrete inf-sup condition

Let Γ∩T^{hp}_p be the trace on Γ of the porous side triangulation. We use piecewise constant Lagrange multipliers space:

Λ^{hp} := � λ : λ|_{ep} = λ_{ep} is constant for all edge e_p ∈ Γ ∩ T^{hp}_p and such that � Γ λ = 0. � . We note that this choice leads to nonconforming finite elements associated to Λ since piecewise constant functions do not belongs to H^{1/2}(Γ). Define h = (h_f , h_p), X^h := X^{hf}_f × X^{hp}_p and

V^h = (V^{hf}_f , V^{hp}_p ) := � v^h ∈ X^h : ([[v^h]]·η_p, μ^{hp} )_Γ = 0 ∀ μ^{hp} ∈ Λ^{hp} � , where [[v^h]] := v^{hf}_f − v^{hp}_p for all v^h ∈ X^h. Also define

Z^h(g) = (Z^{hf}_f , Z^{hp}_p )(g_p) := � v^h ∈ X^h : b(v^h, q^h) = g(q^h) ∀ q^h ∈ M^h � , (39)

with g defined in (19). For μ ∈ L^2_0(Γ) define Q^{hp} μ as the L^2-projection on Λ^{hp} , i.e., on the spaces of piecewise constant function on Γ.

Then using local arguments we have that ‖Q^{hp} μ − μ‖_L2_{(Γ)} ⪯ h^{1/2}p |μ|_H1/2_{(Γ)} and then

|Q^{hp} μ − μ|_H−1/2_{(Γ)} = sup

ϕ∈H^{1/2} (Γ) R Γ ϕ≠0

⟨Q^{hp} μ − μ, ϕ⟩_Γ |ϕ|_H1/2_{(Γ)}

≤ sup

ϕ∈H^{1/2}(Γ)

‖Q^{hp} μ − μ‖_L2_{(Γ)}‖Q^{hp} ϕ − ϕ‖_L2_{(Γ)} |ϕ|_H1/2_{(Γ)} ⪯ h_p|μ|_H1/2_{(Γ)},

i.e., |Q^{hp} μ − μ|_H−1/2_{(Γ)} ⪯ h_p|μ|_H1/2_{(Γ)}. (40)

For z^{hp}_p ∈ Λ^{hp} = X^{hp}_p ·η_p|_Γ, (i.e., z^{hp}_p piecewise constant on Γ relatively to T^{hp}p and with zero mean on Γ) define E^{hp}_p z^h_p ∈ X^{hp}_p as the discrete velocity solution of the problem

� � � � � a_p(E^{hp}_p z^{hp}_p , v^{hp}_p ) + b_p(v^{hp}_p , p̂^{hp}_p ) = 0; ∀v^{hp}_p ∈ X^{hp}_p such that v^{hp}_p ·η_p = 0 on Γ_p b_p(E^{hp}_p z^{hp}_p , q^{hp}_p ) = 0 ∀q^{hp}_p ∈ M^{hp}_p E^h_p z^{hp}_p ·η_p = μ on Γ.

Then (see [Mat89]) ‖E^{hp}_p z^{hp}_p ‖_{X p} ⪯ ‖z^{hp}_p ‖_H−1/2_{(Γ)} ⪯ |z^{hp}_p |_H−1/2_{(Γ)}. (41) We have the following:

Proposition 2. Suppose that T^{hf}_f is non-degenerate and has no triangle with two edges on ∂Ω_f . For r fixed, r > 2, there exists a linear continuous operator Π^h : V ∩ [X_f × L^r(Ω_p)^2] → V^h such that b(Π^hv − v, q^h) = 0 for all q^h ∈ M^h and ‖Π^hv‖_X ⪯ ‖v‖_X . (42) Moreover assuming smooth enough solutions we have

‖v − Π^hv‖_X ⪯ h_f |v_f |_H2_{(Ωf )}2 + h_p � |v_p|_H1_{(Ωp)}2 + |∇·v_p|_H1_{(Ωp)} � . (43)

Proof. Write Π^h(v) = (Π^{hf}_f v, Π^{hp}_p v) where Π^{hf}_f v := I^{T H}_{hf} v_f and

Π^{hp}_p v := I^{RT}_{hp} v_p + E^{hp}_p � Q^{hp} (I^{T H}_{hf} v_f·η_p) − I^{RT}_{hp} v_p·η_p � . Then, for λ^{hp} ∈ Λ^{hp} we have

([[Π^hv]]·η_p, λ^{hp} )_Γ = (Π^{hp}_p v·η_p, λ^{hp} )_Γ − (Π^{hf}_f v·η_p, λ^{hp} )_Γ = (Q^{hp} (I^{T H}_{hf} v_f·η_p), λ^{hp} )_Γ − (I^{T H}_{hf} v_f·η_p, λ^{hp} )_Γ = 0 by definition of Q^{hp} , we obtain Π^hv ∈ V^h.

Now we show (43). The proof of boundedness of Π^h, (42), is similar. We observe that

‖v − Π^hv‖_X ≤ ‖v_f − Π^{hf}_f v_f ‖_{Xf} + ‖v_p − Π^{hp}_p v_p‖_{Xp} ≤ ‖v_f − I^{T H}_{hf} v_f ‖_{Xf} + ‖v_p − I^{RT}_{hp} v_p‖_{Xp} +‖E^{hp}_p � Q^{hp} (I^{T H}_{hf} v_f·η_p) − I^{RT}_{hp} v_p·η_p � ‖_{X p} .

The bound (43) follows from the boundedness and approximations properties of I^{T H}_{hf} and I^{RT}_{hp} , the boundedness of E^h_p in (41), the estimate

|Q^{hp} (I^{T H}_{hf} v_f·η_p) − I^{RT}_{hp} v·η_p|_H−1/2_{(Γ)} ≤ |Q^{hp} (I^{T H}_{hf} v_f·η_p) − I^{T H}_{hf} v_f·η_p|_H−1/2_{(Γ)} +|I^{T H}_{hf} v_f·η_p − v_f·η_p|_H−1/2_{(Γ)} + ‖v_f·η_p − I^{RT}_{hp} v_p·η_p‖_H−1/2_{(Γ)}, (44)

and following three bounds:

1. Approximation property (40), boundedness of I^{T H}_{hf} in (35) and the trace theorem give |Q^{hp} (I^{T H}_{hf} v_f·η_p) − I^{T H}_{hf} v_f·η_p|_H−1/2_{(Γ)} ⪯ h_p|I^{T H}_{hf} v_f·η_p|_H1/2_{(Γ)} ⪯ h_p|v_f·η_p|_H1/2_{(Γ)} = h_p|v_p·η_p|_H1/2_{(Γ)} ≤ h_p|v_p|_H1/2_{(Γ)}2 ⪯ h_p|v_p|_H1_{(Ωp)}2 .

2. The trace theorem and approximation properties of I^{T H}_{hf} (Lemma 10) give

|I^{T H}_{hf} v_f·η_p − v_f·η_p|_H−1/2_{(Γ)} ⪯ ‖I^{T H}_{hf} v_f − v_f ‖_{Xf} ⪯ h_f |v_f |_H2_{(Ωf )}2 .

3. The normal trace theorem and the approximation property of I^{RT}_{hp} in (38) imply

|v_f·η_p − I^{RT}_{hp} v_p·η_p|_H−1/2_{(Γ)} = |v_p·η_p − I^{RT}_{hp} v_p·η_p|_H−1/2_{(Γ)} ⪯ ‖v_p − I^{RT}_{hp} v_p‖_{Xp} ⪯ h_p � |v_p|_H1_{(Ωp)}2 + |∇·v_p|_H1_{(Ωp)} � .

By using the Fortin’s Lemma we can establish the discrete inf-sup condition. Lemma 12. Suppose that T^{hf}_f is non-degenerate and has no triangle with two edges on ∂Ω_f . Then (V^h, M^h) satisfies the discrete inf-sup condition, i.e., there is a constant β > 0 independent of h, such that: inf q^h ∈M^h q^h ≠0 sup v^h ∈V^{hp} v≠0

b(v^h, q^h) ‖v^h‖_X ‖q^h‖_M

≥ β > 0.

For λ^{hp} ∈ Λ^{hp} , define ~u^{hp}_p = ~u^{hp}_p (λ^{hp} ) ∈ X^{hp}_p as velocity solution of the discrete problem � a_p(~u^{hp}_p , v^{hp}_p ) + b_p(v^{hp}_p , p^{hp}_p ) = −(v^{hp}_p ·η_p, λ^{hp} )_Γ v^{hp}_p ∈ X^{hp}_p b_p(~u^{hp}_p , q^{hp}_p ) = 0 q^{hp}_p ∈ M^{hp}_p

(45) and |λ^{hp} |^2_Λh_p := a_p(~u^{hp}_p (λ^{hp} ), ~u^{hp}_p (λ^{hp} )). (46) In order to see that | · |_Λhp is a norm on Λ^{hp} , observe that if λ^{hp} is such that |λ^{hp} |_Λhp = 0, then ~u^{hp}_p (λ^h) vanishes and if we take v^{hp}_p in (45) such that (remember that M^{hp}_p ⊂ L^2_0(Ω_p)) � v^{hp}_p ·η_p = λ^{hp} ;

b_p(v^{hp}_p , q^{hp}_p ) = 0 q^{hp}_p ∈ M^{hp}_p

and hence we see that ‖λ^{hp} ‖_L2_{(Γ)} = 0, that is λ^{hp} = 0. Then | · |_Λhp is positive.

We have:

Lemma 13. The spaces (Z^h, Λ^{hp} ) satisfy the discrete inf-sup condition, i.e., there is a constant β > 0 such that: inf λ^{hp} ∈Λ^{hp} λ^{hp} ≠0 sup v^h ∈Z^h v≠0

([[v^h]]·η_p, λ^{hp} )_Γ ‖v^h‖_X |λ^{hp} |_Λhp

≥ β > 0.

Proof. Take λ^{hp} ∈ Λ^{hp} and ~u^{hp}_p (λ^{hp} ) the velocity solution of (45). Observe that we are working with piecewise linear velocities on the porous region and then with piecewise constant divergence velocities, then from the second equation in (45) we have ∇· ~u^{hp}_p = 0. Take u^h = (0, ~u^{hp}_p (λ^{hp} )), then from (45)

([[u^h]]·η_p, λ^{hp} )_Γ ‖u^h‖_X |λ^{hp} |_Λhp = a_p(~u^{hp}_p (λ^{hp} ), ~u^{hp}_p (λ^{hp} )) ‖~u^{hp}_p (λ^{hp} )‖_L2_{(Ωp)}|λ^{hp} |_Λhp

= κ^{− 12} > 0

For (p^h, λ^{hp} ) ∈ M^h × Λ^{hp} define |(p^h, λ^{hp} )|^2_{M h ×Λhp} := ‖p^h‖^2_M + |λ^{hp} |^2_{Λhp} . Then using the same arguments of Proposition 1 we have Proposition 3. Under assumptions of Lemmas 12 and 13 we have inf (p^h ,λ^{hp} )∈M^h ×Λ^{hp}

(p^h,λ^h )≠(0,0) sup v^h ∈X^h v^h≠0 b(v^h, p^h) + ([[v^h]], λ^{hp} )_Γ ‖v‖_X ‖(p^h, λ^{hp} )‖_M h_{× Λ}hp

≥ β > 0. (47)

6 Error analysis

From now on we assume α_f = 0 in (7). See Remark 6 for the case α_f ≠ 0. . In this section the constants involved in the notation ⪯ are all independents not only of the mesh size but also independent of the parameters ν and κ. Introduce the following weighted norms |v_f |^2_{af} := a_f (v_f , v_f ) = ν‖v_f ‖^2_{Xf} (48)

‖v_p‖^2_{ap} := a_p(v_p, v_p) = � ν κ � ‖v_p‖^2_L2_{(Ωp )}2 (49) ‖v‖^2_a := a(v, v) = |v_f |^2_{af} + ‖v_p‖^2_{ap} (50) |v_f |^2_H2_{af (Ωf )}2 := ν‖v_f ‖^2_H2_{(Ωf )}2

|v_p|^2_H2_{ap (Ωp)}2 = ν κ |v_p|^2_H2_{(Ωp)}2

‖q_f ‖^2_L2_{a−1} f := 1 ν ‖q_f ‖^2_L2_{(Ωf )}

‖q_p‖^2_L2_{a−1p} := κ ν ‖q_p‖^2_L2_{(Ωp)}

‖q_f ‖^2_L2_{a−1} := ‖q_f ‖^2_L2_{a−1} f + ‖q_p‖^2_L2_{a−1p}

‖q_f ‖^2_H1_{af (Ωf )} := ν‖q_f ‖^2_H1_{(Ωf )}

‖q_p‖^2_H1_{ap (Ωp )} := κ ν ‖q_p‖^2_H1_{(Ωp)}.

We can write (34) in Lemma 10 as |v_f − I^{T H}_{hf} v_f |_{af} ⪯ h_f |v_f |_H2_{af (Ω)}2 (51)

and Lemma 11 as ‖v_p − I^{RT}_{hp} v_p‖_{ap} ⪯ h_p|v_p|_H1_{ap (Ω)}2 . (52) From Proposition 3 we get that Z^h(g) ∩ V^h is not empty, where Z^h(g) is defined in (39). Choose an u^h_0 ∈ Z^h(g) ∩ V^h and solve: find z^h ∈ Z^h(0) ∩ V^h such that a(z^h, v^h) = ℓ(v^h) − a(u^h_0 , v^h) v^h ∈ V^h ∩ Z^h(0). (53) This is possible because a is elliptic in V^h ∩ Z^h(0). Then u^h := z^h + u^h_0 is the only solution of � � � a(u^h, v^h) + b(v^h, p^h) + ([[v^h]]·η_p, λ^{hp} ) = ℓ(v^h) ∀v^h ∈ X^h b(u^h, q^h) = g(q^h) ∀q^h ∈ M^h ([[u^h]]·η_p, μ^{hp} ) = 0 ∀μ^{hp} ∈ Λ^{hp} .

For any w^h ∈ Z^h(g) ∩ V^h we have that v^h := u^h − w^h ∈ V^h ∩ Z^h(0) and a(v^h, v^h) = a(u^h, v^h) − a(w^h, v^h) = ℓ(v^h) − a(w^h, v^h).

Let (u, p, λ) be the solution of the continuous problem (15). We have ℓ(v^h) = a(u, v^h) + b(v^h, p) + b_Γ(v^h, λ) = a(u, v^h) + b(v^h, p − q^h) + b_Γ(v^h, λ), and then

a(v^h, v^h) = a(u − w^h, v^h) + b(v^h, p − q^h) + b_Γ(v^h, λ).

Note that, since we are using lowest order Raviar-Thomas elements, the porous side components of Z^h(0) defined in (39) are divergence free, i.e., Z^h_p (0) ⊂ Z_p where Z_p is defined in (21). Then we have b_p(v^{hp}p , p_p − q^{hp}p ) = 0 and ‖u^h − w^h‖_a = ‖v^h‖_a ≤ ‖u − w^h‖_a + ‖b‖‖p_f − q^h_f ‖_L2_{a−1f}

+ sup

v^h ∈V^h∩Z^h (0)

b_Γ(v^h, λ) ‖v^h‖_a . Then, for w^h ∈ V^h ∩ Z^h(g) and for all p^h ∈ M^h we have ‖u − u^h‖_a ≤ ‖u − w^h‖_a + ‖u^h − w^h‖_a ≤ 2‖u − w^h‖_a + ‖b_f ‖‖p_f − q^h_f ‖_L2_{a−1f} + sup_{vh ∈V h∩Zh (0)} b_Γ(v^h, λ) ‖v^h‖_a , hence

‖u − u^h‖_a ≤ 2 inf_{wh∈V h∩Z(g)} ‖u − w^h‖_a + ‖b_f ‖ inf

q^{hf}_f ∈M^{hf}_f

‖p_f − q^h_f ‖_L2_{a−1f}

+ sup

v^h ∈V^h \{0}

b_Γ(v^h, λ) ‖v^h‖_a

. (54)

To analyze the last term in this inequality we show that |b_Γ(v^h, λ)| ⪯ h_pν^{− 12} ‖p_p‖_H1/2_{(Γ)}‖v^h‖_a, (55) and this gives a bound for the consistency error.

To obtain (55) remember that λ := p_p and λ ∈ Λ. Then b_Γ(v^h, p_p) = ⟨p_p, v^{hf}_f ·η_f ⟩_Γ + ⟨p_p, v^{hp}_p ·η_p⟩_Γ = ⟨p_p, v^{hf}_f ·η_f ⟩_Γ + ⟨Q^{hp} p_p, v^{hp}_p ·η_p⟩_Γ v^{hp}_p ·η_p is constant in e = ⟨p_p − Q^{hp} p_p, v^{hf}_f ·η_f ⟩_Γ, hence |b_Γ(v^h, p_p)| = |⟨p_p − Q^{hp} p_p, v^{hf}_f ·η_f ⟩_Γ| ≤ |v^{hf}_f ·η_f |_H1/2_{(Γ)}|p_p − Q^{hp} p_p|_H−1/2_{(Γ)}, which together with (40) give (55).

Then, from (54), (55) , (51), (52) and since ‖b_f ‖ ≤ 1, we have Proposition 4. Suppose that T^{hf}_f is non-degenerate and has no triangle with two edges on ∂Ω_f . Then we have the following estimate ‖u − u^h‖_a ⪯ h_f ‖u_f ‖_H2_{af (Ωf )}2 + h_f ‖p_f ‖_H1_{af (Ωf )} +h_p|u_p|_H1_{ap (Ωp)}2 + h_pν^{− 12} ‖p_p‖_H1/2_{(Γ)}.

Remark 5. We note that from (14) we can estimate ‖p_p‖_H1/2_{(Γ)} ≤ ‖p_f ‖_H1/2_{(Γ)} + 2ν|u_f |_H1/2_{(Γ)}2 ⪯ ‖p_f ‖_H1/2_{(Γ)} + ν^{12} |u_f |_H1/2_{af (Ω)2} , then the previous proposition implies

‖u − u^h‖_a ⪯ h_f ‖u_f ‖_H2_{af (Ωf )}2 + h_f ‖p_f ‖_H1_{af (Ωf )} +h_p|u_p|_H1_{ap (Ωp)}2 + h_pν^{− 12} ‖p_f ‖_H1/2_{(Γ)} + h_p|u_f |_H1/2_{af (Ω)2} .

Remark 6. If α_f ≠ 0 we can use the norm

a|v_f |^2_aα_f := ν|v_f |^2_H1_{(Ωf )} + n−1� j=1 να_f √ κ ‖v_f·η_f ‖^2_L2_{(Γ)}

instead of | · |_{af} defined in (48). Then the first term in (54) can be bounded by inf w^h∈V^h∩Z(g)

‖u − w^h‖_a ⪯ h_f |u_f |_H2_{af (Ωf )}2 + h^{32}_f |u_f |_H1_{α(Ωf )}2 where |u_f |_H1_{α(Ωf )}2 :=^{ναf√}_κ |u_f |_H1_{(Ωf )}2 .

To obtain an expression for the pressure error observe that for all v^h we have b(v^h, p^h − q^h) + ([[v^h]], λ^h − ν^h) = a(u − u^h, v^h) + b(v^h, p − q^h) +b_Γ(v^h, λ) − ([[v^h]], λ^h).

In particular this holds true for all v^h = (v^{hf}_f , 0) with v^{hf}_f = 0 on ∂Ω_f = Γ ∪ Γ_f , i.e.,

b_f (v^{hf}_f , p^{hf}_f − q^{hf}_f ) = a_f (u_f − u^{hf}_f , v^{hf}_f ) + b(v^{hf}_f , p_f − q^{hf}_f ), then, using the usual inf-sup condition for the fluid problem, we have that

‖p^{hf}_f − q^{hf}_f ‖_L2_{a−1f} ≤ 1 β sup v^{hf}_f ∈X^{hf}_f ∩H^1_0 (Ω)

a(u − u^h, v^h) + b(v^h, p − q^h) ‖v^h‖_X ≤ 1 β ‖u_f − u^{hf}_f ‖_{af} + 1 β ‖p_f − q^{hf}_f ‖_{Mf} ≤ 1 β ‖u − u^h‖_a + 1 β ‖p_f − q^{hf}_f ‖_L2_{a−1f} .

From the triangle inequality and the bound for the velocity error we have ‖p_f − p^{hf}_f ‖_L2_{a−1f} ≤ ‖p^{hf}_f − q^{hf}_f ‖_L2_{a−1f} + ‖p_f − q^{hf}_f ‖_L2_{a−1f} ≤ 1 β ‖u − u^h‖_a + 2 β ‖p_f − q^{hf}_f ‖_L2_{a−1f} ⪯ h_f |u_f |_H2_{af (Ωf )}2 + h_f |p_f |_H1_{af (Ωf )} (56) +h_p|u_p|_H1_{ap (Ωp)} + h_pν^{− 12} |p_p|_H1/2_{(Γ)}. (57) Analogously we obtain ‖p_p − p^{hp}_p ‖_{Mp} ⪯ h_f |u_f |_H2_{af (Ωf )}2 + h_f |p_f |_H1_{af (Ωf )} +h_p|u_p|_H1_{ap (Ωp)}2 + h_pν^{− 12} |p_p|_H1/2_{(Γ)} + h_p‖p_p‖_H1_{ap (Ωp )} ⪯ h_f |u_f |_H2_{af (Ωf )}2 + h_f |p_f |_H1_{af (Ωf )} +h_p|u_p|_H1_{ap (Ωp)}2 + h_p 1 κ^12

‖p_p‖_H1_{ap (Ωp)}. (58)

Now we analyze the approximation properties of Λ^{hp} (see [ACY00]). Note that when p_p ∈ L^2(Γ) we can define ‖p_p‖_Λhp := ‖Q^{hp} p_p‖_Λhp (59) where Q^{hp} p_p is the L^2-projection of p_p on Λ^{hp} . Proposition 5. If p_p and u_p are regular enough, then ‖p − λ^{hp} ‖_Λhp ⪯ h_p � |p_p|_H2_{(Ωp)}2 + |u_p|_H1_{(Ωp)}2 � . (60)

Proof. Let û^{hp}_p (λ^{hp} ) and p̂^{hp}_p (λ^{hp} ) solve � a_p(û^{hp}_p , v^{hp}_p ) + b_p(v^{hp}_p , p̂^{hp}_p ) = −(v^{hp}_p ·η_p, λ^{hp} )_Γ; v^{hp}_p ∈ X^{hp}_p

b_p(û^{hp}_p , q^{hp}p ) = −(g_p, q^{hp}p )_{Ωp} q^{hp}p ∈ M^{hp}p .

(61)

By using (45) and (61) with v^{hp} = ~u^{hp}_p (p_p) − ~u^{hp}_p (λ^{hp} ) in both equations we get a_p � ~u^{hp}_p (p_p) − ~u^{hp}_p (λ^{hp} ), ~u^{hp}_p (p_p) − ~u^{hp}_p (λ^{hp} ) � = = � ~u^{hp}_p (p_p) − ~u^{hp}_p (λ^{hp} ) � ·η_p, p_p − λ^{hp} � Γ = a_p � û^{hp}_p (p_p) − û^{hp}_p (λ^{hp} ), ~u^{hp}_p (p_p) − ~u^{hp}_p (λ^{hp} ) � ≤ ‖û^{hp}_p (p_p) − û^{hp}_p (λ^{hp} )‖_{ap} ‖~u^{hp}_p (p_p) − ~u^{hp}_p (λ^{hp} )‖_{ap} ,

then ‖~u^{hp}_p (p_p) − ~u^{hp}_p (λ^{hp} )‖_{ap} ≤ ‖û^{hp}_p (p_p) − û^{hp}_p (λ^{hp} )‖_{ap} , and we estimate

‖û^{hp}_p (p_p) − û^{hp}_p (λ^{hp} )‖_{ap} ≤ ‖û^{hp}_p (p_p) − u_p‖_{ap} + ‖u_p − û^{hp}_p (λ^{hp} )‖_{ap} . (62)

In order to obtain (60) we use (62) and observe that û^{hp}_p (λ^{hp} ) is our discrete approximation of the porous side velocity, i.e., û^{hp}_p (λ^{hp} ) = u^{hp}_p . Then the second term in last equation is estimated using (52). To estimate the other term use standard mixed method for problem (61). (See [GR86, ACY00]).

7 Numerical Results

In this section we present a numerical test in order to verify the estimates proved above. We consider Ω_f = (1, 2) × (0, 1) and Ω_p = (0, 1) × (0, 1). We use α_1 = 0.

The velocity solution for Stokes is given by u_f (x, y) = (y(1 − y), −x + 1 + 2(x − 1)y) with pressure p_f (x, y) = −2x −^ν_κ y + 5/2 +^{5ν}_{12κ} . Note that u_f is not divergence free.

The velocity solution for Darcy is u_p(x, y) = (1−2x+x^2+y−y^2, −1+x+2y−2xy) with pressure p_p(x, y) =^ν_κ ((1 − x)y(1 − y) − x + x^2 −^{x3}_3 +^3_4 − y) +^1_2 .

Note that the normal component of u_p has parabolic profile on the interface Γ = 1 × (0, 1) while its tangential component is zero. Note also that Du_f = � 0 0 0 ∗ � on Γ, which it compatible with the choices α_1 = 0 and continuity of

pressures on Γ.

A similar example is presented in [BH06], where the term ∇·Du_f is replaced by Δu_f in Stokes equation.

Figure 1: Computed velocities and pressures. On the porous side (left) we have plot the value of the velocity at the centroid of each triangle.

In Figure 1 we show the computed solution of the coupled problem. On the porous side we have plot the velocity in the center of the each triangle. In Figure 2 we zoom part of the interface and plot the y component of the velocities.

In Figure 3 we show the behavior of the error (in the scaled norms defined in (48), (49) and (50)) with respect to the discretization parameters. Here we also show ‖p − λ^{hp} ‖_Λhp , i.e., the Lagrange multiplier approximation error in the discrete norm defined in (59).

We observe according to Figure 3 that the error in the norm ‖ · ‖^2_a defined in (50) which is the sum of the fluid velocity and porous velocity errors in the scaled norms is of linear order. This agree with Proposition 4. Analogously, the pressure error is of linear order. This also agree with the result about the pressure error, see (57) and (58). We finally observe that the Lagrange multiplier error in the discrete norm defined in (59) is also of linear order.

8 Conclusion

We study the coupling across an interface of fluid and porous media flows, consisting of Stokes equations in the fluid region Ω_f and Darcy law for the filtration velocity in the porous medium region Ω_p. After discussing the adequate choice of a Lagrange multiplier space we present a complete analysis for the inf-sup and approximation results associated to the continuous and discrete formulations of this Stokes-Darcy system. The analysis considered here permit us to choose the space H^{1/2}(Γ) as the Lagrange multipliers space. We have chosen second order Taylor Hood elements and lower order Raviart-Thomas elements as dis-

Figure 2: Zoom on the interface (left) and computed Lagrange multiplier compared with porous pressure on the interface (right). On the porous side (left) we have plotted the two values of the y component of the velocities at the midpoint of each edge. Recall that Raviart Thomas elements allows discontinuous tangential velocities on interior edges.

crete spaces for the free and porous medium subdomain, respectively. Optimal a priori discrete error estimates do not depend on meshes ratio were deduced using mortar analysis. Moreover, the constants that appear on those a priori errors do not depend on the parameters such as viscosity and permeabilities. The numerical experiment show the good agreements with our theoretical results.

A Two Remarks on the weak formulation

A.1 Nonhomogeneuous Boundary Conditions

The nonhomogeneous boundary condition can be reduced to the homogeneous case when h_f ∈ H^{1/2}(Γ_f )^2. In fact, since h_f ∈ H^{1/2}(Γ_f )^2 we can consider μ := E^{1/2}_Γ h_f ∈ H^{1/2}(∂Ω_f )^2 and define:

ĥ_f := μ + cE^{1/2}_{00,Γ}θ, in ∂Ω_f , (63)

here θ ∈ H^{1/2}_{00} (Γ)^2 with � Γ θ·η_f = 1. Note that ĥ_f |_{Γf} = h_f . The constant c is chosen such that: �

Ω_f

g_f = � ∂Ω_f

ĥ_f ·η_f .

It is possible to construct ω_f ∈ H^1(Ω_f )^2 such that^1:

ω_f |_{∂Ωf} = ĥ_f and ∇·ω_f = g_f in Ω_f .

1Take w solution of 8 < : −Δw + ∇p = 0 in Ω_f ∇·w = g_f in Ω_f w = ĥ_f on ∂Ω_f

, note that R Ωf g_f = R ∂Ωf ĥ_f ·η_f .

Figure 3: Velocities errors (right) and pressures errors (left).

Now put u_f = ω_f + ζ_f where u_f satisfies the nonhomogeneous system (2). So we are looking for ζ_f that satisfy: � � � −μΔζ_f + ∇p = f_f + μΔω_f in Ω_f ∇·ζ_f = 0 in Ω_f ζ_f = 0 on Γ_f

(64)

Analogously, on the porous region the nonhomogeneous case can be reduced to the homogeneous one. In this case we need h_p ∈ H^{−1/2}(Γ_p). We can define ĥ_p ∈ H −1/2(∂Ω_p) by:

⟨ĥ_p, μ⟩_{∂Ωp} := ⟨ĥ_f ·η_p, μ|_Γ⟩_Γ + ⟨h_p, μ|_{Γp} ⟩_{Γp} , ∀μ ∈ H^{1/2}(∂Ω_p), (65)

and then use the (normal) trace theorem to get ω_p ∈ H(div, Ω_p) such that:

ω_p· η = ĥ_p.

Put u_p = ω_p + ζ_p. Then we look for ζ_p such that: � � � ζ_p = −κ∇p − ω_p in Ω_p ∇·ζ_p = g_p − ∇·ω_p in Ω_p ζ_p·η_p = 0 Γ_p,

where the last equation follows from the definition of ĥ_p, (65). The compatibility condition is now: �

Ω_p � g_p − ∇·ω_p � = 0,

which is equivalent to (4). If we look at the weak formulation, with ω_j constructed as before define ω := (ω_f , ω_p) we have to: find (ζ, p, λ) ∈ X × M × Λ satisfying, for all (v, q, μ) ∈ X × M × Λ: � � � a(ζ, v) + b(v, p) + b_Γ(v, λ) = ℓ(v) − a(ω, v) b(ζ, q) = g(q) + b(ω, q) b_Γ(ζ, μ) = 0, which is the same problem (18) with a different right hand side.

A.2 Equivalent weak formulation

Instead of the spaces X and M used to obtain the weak formulation (18) we can use:

Y_f := � v_f ∈ H^1(Ω_f ) : v_f � �_{Γf} = 0 � , N_f := L^2(Ω_f ). and Y_p := � v_p ∈ H(div, Ω) : v_p· η_p � � Γ_p = 0 � , N_p := L^2(Ω_p).

with Y := Y_f × Y_p and

N := � (q_f , q_p) ∈ N_f × N_p : � Ω_f

q_f + � Ω_p

q_p = 0 � , and obtain an equivalent weak formulation. This is the weak formulation presented in [LSY03]. The advantage of the weak formulation (18) is that permit us to work with seminorms instead of norms and that the space Λ for the Lagrange multipliers is bigger and is not restricted to have zero value at the end points of the interface. The equivalence between the two formulations follows from the solvability condition and the divergence theorem.

B Approximation properties of Taylor-Hood finite elements

The domain of reference is Ω_f . In order to simplify the notation in some cases we omit the subscript that refers to the domain. In particular, all the operators defined in this section acts on velocities defined on Ω_f .

Let Q : X_f → X^h_f be Clement interpolation (see [Bra01, Cle75, SZ90]). It is know that Q is bounded, i.e.,

|Qv_f |_H1_{(Ωf )}2 ⪯ |v|_H1_{(Ωf )}2 , (66)

and we have

‖v_f − Qv_f ‖_L2_{(Ωf )}2 ⪯ h^s|v_f |_Hs_{(Ωf )}2 , s = 1, 2. (67) |v_f − Qv_f |_H1_{(Ωf )}2 ⪯ h|v_f |_H2_{(Ωf )}2 , (68) |Qv_f |_H1/2_{(Γ)}2 ⪯ |v_f |_H1/2_{(Γ)}2 , (69) ‖v_f − Qv_f ‖_{L(Γ)}2 ⪯ h^{12} |v_f |_H1/2_{(Γ)}2 . (70)

This interpolation is basically a Clement interpolation on Γ, i.e., values zero at the interface relative boundary points and a Clement interpolation at the interior nodes.

Given K ∈ T^h and e edge of K, let η^{(K)}_e = (η^1_e , η^2_e ) denotes the normal to e exterior to K, τ^{(K)}_e = (τ^1_e , τ^2_e ) the tangential vector to e (with ∂K anticlockwise oriented), and x_e the midpoint of the edge e. Each interior edge belongs to two triangles K_1 and K_2. Let η_e denote one of the directions η^{(K1 )}_e or η^{(K2 )}_e . For boundary edges η_e denotes η^{(K)}_e . Analogously, for interior edges let τ_e denote one of the directions τ^{(K1 )}e or τ^{(K2 )}e , and for boundary edges η_e = η^{(K)}_e .

Let ϕ^{(K)}_i , i = 1, 2, 3, be the Taylor-Hood basis functions based on the midpoints of the edges of K. Let ψ^{(K)}_i := ϕ^{(K)}_i η_{ei} , i = 1, 2, 3, and ϑ^{(K)}_i := ϕ^{(K)}_i τ_{ei} , i = 1, 2, 3. Observe that: � K ψ^{(K)}_i ·η_{ei} ≠ 0, ψ^{(K)}_i ·τ_{ei} = 0 i = 1, 2, 3.

ϑ^{(K)}_i (x_{ei} )·τ_{ei} ≠ 0, ϑ^{(K)}_i ·η_{ei} = 0 i = 1, 2, 3.

Now consider the following subspaces of X^h_f :

W^hη := � v^h_f ∈ X^h_f : v|_K ∈ Span{ψ^{(K)}_1 , ψ^{(K)}_2 , ψ^{(K)}_3 } � ∩ X^h_f and W^hτ := {v^h_f ∈ X^h_f : v|_K ∈ Span{ϑ^{(K)}_1 , ϑ^{(K)}_2 , ϑ^{(K)}_3 }} ∩ X^h_f .

Note that if v^h_f ∈ W^hη then v^h_f ·η|_Γ ∈ H^{1/2}_{00} (Γ) and v^h_f ·τ |_{∂Ωf} = 0. Also note that if v^h_f ∈ W^hτ then v^h_f ·τ |_Γ ∈ H^{1/2}_{00} (Γ) and v^h_f ·η|_{∂Ωf} = 0.

Let Π_η : X_f → W^hη be (locally) defined by :

Π_η v_f ∈ Span{ψ^{(K)}_1 , ψ^{(K)}_2 , ψ^{(K)}_3 }, s.t. � e_i

Π_η v_f·η = 1 |e_i| � e_i

v_f·η_{ei} , i = 1, 2, 3,

for all K ∈ T^h. In other words, Π_η v_f = α_1ψ_1 + α_2ψ_2 + α_3ψ_3, where

α_i := � e_i vf ·ηei

|e_i| � e_i ψi ·ηei = � e_i vf ·ηei

|e_i| � e_i ϕ (K) i . From a trace theorem and a scaling argument we have that:

|α_i|^2 ⪯ 1 h^2

‖v_f ‖^2_L2_{(K)}2 + |v_f |^2_H1_{(K)}2 .

Then

|Π_ηv_f |_H1_{(Ωf )}2 ⪯ max_{1≤i≤3} |α_i|^2 ⪯ 1 h^2

‖v_f ‖^2_L2_{(Ωf )}2 + |v_f |^2_H1_{(Ωf )}2 and ‖Π_ηv_f ‖^2_L2_{(Ωf )}2 ⪯ h^2 max_{1≤i≤3} |α_i|^2 ⪯ ‖v_f ‖^2_L2_{(Ωf )}2 + h^2|v_f |^2_H1_{(Ωf )}2 . (71) Observe that � K ∇·Π_η v_f = � ∂K Π_η (v_f )·η = � ∂K v_f ·η = � K ∇·v_f .

We also have ‖Π_η v_f ‖_L2_{(Γ)} ⪯ ‖v_f ‖_L2_{(Γ)}. (72)

Define Υ_η : X_f → X^h_f by:

Υ_ηv_f := Qv_f + Π_η (v_f − Qv_f ), (73) then we have the following results:

Lemma 14. The operator Υ_η defined in (73) is bounded |Υ_ηv_f |_H1_{(Ωf )}2 ⪯ ‖v_f ‖_H1_{(Ωf )}2 , (74) moreover, ‖v_f − Υ_ηv_f ‖_L2_{(Ωf )}2 ⪯ h^s‖v_f ‖_Hs_{(Ωf )}2 s = 1, 2. (75) and |v_f − Υ_ηv_f |_H1_{(Ωf )} ⪯ h|v_f |_H2_{(Ωf )}2 . (76) We also have |Υ_ηv_f |_H1/2_{(Γ)}2 ⪯ ‖v_f ‖_H1/2_{(Γ)}2 , (77) and � e Υ_ηv_f ·η_e = � e v_f ·η_e for all edge e. (78) Proof. From (71) we have, for s = 1, 2, � K∈T^h

‖Π_η(v_f − Qv_f )‖^2_L2_{(K)}2 ⪯ � K∈T^h � ‖v_f − Qv_f ‖^2_L2_{(K)}2 + h^2|v_f − Qv_f |^2_H1_{(K)}2 �

⪯ h^{2s}|v_f |^2_Hs_{(Ωf )}2 + h^{2(s−1)+2}|v_f |^2_Hs_{(Ωf )}2 by (67) and (66). ⪯ h^{2s}|v_f |^2_Hs_{(Ωf )}2 . (79) Then, using an inverse estimate (see [Bra01]) and (79) we get |Π_η(v_f − Qv_f )|_H1_{(K)}2 ⪯ 1 h ‖Π_η(v_f − Qv_f )‖_L2_{(K)}2 ⪯ |v_f |_H1_{(Ωf )}2 , and hence |Υ_ηv_f |_H1_{(Ωf )}2 ≤ |Qv_f |_H1_{(Ωf )}2 + |Π_η(v_f − Qv_f )|_H1_{(Ωf )}2 by definition of Υ_η ⪯ |v_f |_H1_{(Ωf )}2 + |v_f |_H1_{(Ωf )}2 ⪯ ‖v_f ‖_H1_{(Ωf )}2 .

To show (75) we have that ‖v_f − Υ_η v_f ‖_L2_{(Ωf )}2 = ‖v_f − Qv_f − Π_η(v_f − Qv_f )‖_L2_{(Ωf )}2 by definition of Υ_η . ≤ ‖v_f − Qv_f ‖_L2_{(Ωf )}2 + ‖Π_η(v_f − Qv_f )‖_L2_{(Ωf )}2 ⪯ h^s|v_f |_Hs_{(Ωf )}2 + h^s|v_f |_Hs_{(Ωf )}2 by (67) and (79) ⪯ h^s|v_f |_Hs_{(Ωf )}2 , s = 1, 2.

Analogously we get (76). To proof (77) observe that |Υ_ηv_f |_H1/2_{(Γ)}2 ≤ |Qv_f |_H1/2_{(Γ)}2 + |Π_η(v_f − Qv_f )|_H1/2_{(Γ)}2 ⪯ ‖Qv_f ‖_H1/2_{(Γ)}2 + h^{− 12} |Π_η (v_f − Qv_f )|_L2_{(Γ)}2 ⪯ |v_f |_H1/2_{(Γ)}2 + h^{− 12} ‖v_f − Qv_f ‖_L2_{(Γ)}2 by (69) and (72) ⪯ |v_f |_H1/2_{(Γ)}2 by (70).

The last assertion, (78), is straightforward. Given q_f ∈ M^h_f , define (locally) ^Π_τ q_f ∈ W^hτ by ^Π_τ q_f |_K ∈ Span{ϑ^{(K)}_1 , ϑ^{(K)}_2 , ϑ^{(K)}_3 } with ^Π_τ q_f (x_{ei} ) · η = 0 and ^Π_τ q_f (x_{ei} ) · τ = ∇q_f (x_{ei} ) · τ for all interior edge e_i and ^Π_τ q|_e = 0 for all edges on Γ_f . Note that ^Π_τ q_f is zero at the vertices of all elements of T^h and observe that ^Π_τ q_f ∈ H^1(Ω_f )^2 because the above equation are consistent in neighbor triangles which gives ^Π_τ q_f continuous (see [Bra01], Chapter II, theorem 5.2).

Lemma 15. Suppose that T^{hf}_f is non-degenerate and has no triangle with two edges on ∂Ω_f and consider the operator ^Π_τ defined in (B). Then ‖ ^Π_τ q^h_f ‖_L2_{(Ωf )}2 ⪯ |q^h_f |_H1_{(Ωf )} for all q^h_f ∈ M^h_f and there exists a positive constant such that: � Ω_f

^Π_τ q^h_f ·∇q^h_f ⪰ |q^h_f |^2_{H1 (Ωf )} ⪰ ‖q^h_f ‖^2_{L2(Ωf )} for all qh_f ∈ M h_f .

From Lemma 15 and the boundedness of ^Π_τ , the spaces W^hτ (with the L^2(Ω_f )-norm) and M^h_f ( with the H^1(Ω_f )-norm) satisfy the inf-sup condition independent of h with respect to the bilinear form defined (in (11)) by:

b_f (v_f , q_f ) := −(q_f , ∇·v_f )_{Ωf} for all v_f ∈ X_f and q_f ∈ M_f , and observe that if v_f ∈ W^hτ then v_f ·η = 0 on ∂Ω_f and then b_f (v_f , q_f ) = � Ω_f vf · ∇qf by the Green formula.

Then, according to the Brezzi’s splitting theorem, see [Bra01, GR86], we can always obtain a stable solution w ∈ W^hτ of: � (w, v_f )_{Ωf} + b_f (w, p_f ) = (z, v_f )_{Ωf} ∀ v_f ∈ W^hτ b_f (w, q_f ) = b_f (z, q_f )_{Ωf} ∀ q_f ∈ M^h_f

(80)

where z ∈ L^2(Ω_f )^2.

Given z, denote by Υ_τ z the solution of (80), then

‖Υ_τ z‖_L2_{(Ωf )}2 ⪯ ‖z‖_L2_{(Ωf )}2 (81)

and b_f (Υ_τ z, q^h) = b_f (z, q^h) for q^h_f ∈ M^h_f .

In order to proof Lemma 10 define

I^{T H}_{hf} v_f := Υ_ηv_f + Υ_τ (v_f − Υ_ηv_f ).

Observe that:

|I^{T H}_{hf} v_f |_H1_{(Ωf )} ≤ |Υ_η v_f |_H1_{(Ωf )}2 + |Υ_τ (v_f − Υ_ηv_f )|_H1_{(Ωf )}2

⪯ |v_f |_H1_{(Ωf )}2 + 1 h ‖Υ_τ (v_f − Υ_ηv_f )‖_L2_{(Ωf )}2 by (74) and inverse estimate.

⪯ |v_f |_H1_{(Ωf )}2 + 1 h ‖v_f − Υ_ηv_f ‖_L2_{(Ωf )}2 by (81) ⪯ |v_f |_H1_{(Ωf )} + |v_f |_H1_{(Ωf )} by (75).

Then the operator I^{T H}_{hf} is bounded (with constant independent of h). In addition for p^h_f ∈ M^h_f we get:

b_f � I^{T H}_{hf} v_f , p^h_f � = b_f � Υ_ηv_f , p^h_f � + b_f � Υ_τ (v_f − Υ_η v_f ), p^h_f � = b_f � Υ_ηv_f , p^h_f � + b_f � v_f − Υ_η v_f , p^h_f � by definition of Υ_τ .

= b_f � v_f , p^h_f � . To obtain (33) observe that from definition of I^{T H}_{hf} we have:

‖v_f − I^{T H}_{hf} v_f ‖_L2_{(Ωf )}2 ≤ ‖v_f − Υ_η v_f ‖_L2_{(Ωf )}2 + ‖Υ_τ (v_f − Υ_η v_f )‖_L2_{(Ωf )}2 ⪯ ‖v_f − Υ_η v_f ‖_L2_{(Ωf )}2 + ‖v_f − Υ_η v_f ‖_L2_{(Ωf )}2 by (81) ⪯ h^s|v_f |_Hs_{(Ωf )}2 s = 1, 2. by (75)

The proof of (34) is similar. Inequality (35) is obtained from (77).

References

[ACY00] T. Arbogast, L. C. Cowsar, and I. Yotov. Mixed finite element methods on nonmatching multiblock grids. SIAM J. Numer. Anal., 37(4):1295–1315, 2000.

[AL02] T. Arbogast and H. Lehr. Homogenization of a darcy-stokes system modeling vuggy porous media. Technical Report 02-44, University of Texas at Austin, 2002.

[BF91] F. Brezzi and M. Fortin. Mixed and hybrid finite element methods, volume 15 of Springer series in computational mathematics. Springer-Verlag, 1991.

[BH06] Erik Burman and Peter Hansbo. A unified stabilized method for stokes’ and darcy’s equations. J. Comput. Appl. Math., 2006. To appear.

[BJ67] G. Beavers and D. Joseph. Boundary conditions at a naturally impermeable wall. J. Fluid Mech., 30:197–207, 1967.

[BMP94] Christine Bernardi, Yvon Maday, and Anthony T. Patera. A new non conforming approach to domain decomposition: The mortar element method. In Haim Brezis and Jacques-Louis Lions, editors, Collège de France Seminar. Pitman, 1994. This paper appeared as a technical report about five years earlier.

[Bra01] D. Braess. Finite Elements: Theory, fast solvers, and applications in solid mechanics. Cambridge, 2001.

[BS91] S. Brenner and L. Ridgway Scott. The Mathematical Theory of Finite Element Methods, volume 15 of Text in Applied Mathematics. Springer-Verlag, 1991.

[Cle75] Ph. Clement. Approximation by finite element functions using local regularization. RAIRO anal, 54(R-2):77–84, 1975.

[DIS04] MARCO DISCACCIATI. Domain decomposition methods for the coupling of surface and groundwater flows. PhD thesis, Ecole Polytechnique Fédérale, Lausanne (Switzerland), 2004. The n. 3117.

[DMQ02] M. Discacciati, E. Miglio, and A. Quarteroni. Mathematical and numerical modeling for coupling surface and groundwater flows. Appl. Numer. Math., 43:57–74, 2002.

[DQ03] M. Discacciati and A. Quarteroni. Analysis of a Domain Decomp.

Method for the Coupling for the Stokes and Darcy Equations. In F. Brezzi et al (eds), Numerical analysis and advanced applications- Enumath 2001. Springer-Verlag, 2003.

[DQ04] M. Discacciati and A. Quarteroni. Convergence analysis of a subdomain iterative method for the finite element approximation of the coupling of stokes and darcy equations. Comput. Vis. Sci., 6(2-3):93– 103, 2004.

[Gal04] J. Galvis. Finite elements for well-reservoir coupling. Master’s thesis, Instituto Nacional de Matemática Pura e Aplicada, April 2004.

[GR86] V. Girault and Pierre-Arnaud Raviart. Finite element methods for Navier-Stokes equations, volume 5 of Springer series in computational mathematics. Springer-Verlag, 1986.

[Gri85] P. Grisvard. Elliptic Problems in Nonsmooth Domains, volume 24 of Monographs and Studies in Mathematics. Pitman, 1985.

[GRW04] V. Girault, B. Rivière, and M. Wheeler. A discontinuous galerkin method with nonoverlapping domain decomposition for the stokes and navier-stokes problems. Math. Comp., 40:53–84, 2004.

[GS06] Juan Galvis and Marcus Sarkis. Balancing domain decomposition methods for mortar coupling stokes-darcy systems. In David Keyes and Olof B. Widlund, editors, Domain Decomposition Methods in Science and Engineering. Sixteenth International Conference on Domain Decomposition Methods, Lecture Notes in Computational Science and Engineering. Springer, January 12-15 2006. To appear.

[Hor96] U. Hornung. Homogenization and porous media, volume 6 of Interdisciplinary Applied Mathematics. Springer, 1996.

[JM00] W. Jäger and A. Mikelic̀. On the interface boundary condition of beavers, joseph, and saffman. SIAM J. Appl. Math., 60:1111–1127, 2000.

[LSY03] W. Layton, F. Schieweck, and I. Yotov. Coupling fluid flow with porous media flow. SIAM J. Numer. Anal., 40(6):2195–2218, 2003.

[Mat89] Tarek P. Mathew. Domain Decomposition and Iterative Refinement Methods for Mixed Finite Element Discretizations of Elliptic Problems. PhD thesis, Courant Institute of Mathematical Sciences, September 1989. Tech. Rep. 463, Department of Computer Science, Courant Institute.

[MTW02] K. A. Mardal, X.-C. Tai, and R. Winther. A robust finite element method for darcy-stokes flow. SIAM J. Numer. Anal., 40:1605–1631, 2002.

[Neč67] J. Nečas. Les méthodes directes en théorie des équations elliptiques.

Masson, 1967.

[QV99] Alfio Quarteroni and Alberto Valli. Domain Decomposition Methods for Partial Differential Equations. Oxford Science Publications, Clarendon Press, Oxford, 1999.

[QVZ02] A. Quarteroni, A. Veneziani, and P. Zunino. Mathematical and numerical modeling of solute in blood flow and arterial walls. SIAM J. Numer. Anal., 39(5):1488–1511, 2002.

[RY05] B. Rivière and I. Yotov. Locally conservative coupling of stokes and darcy flows. SIAM J. Numer. Anal., 42(5):1959–1977, 2005.

[Saf71] P. Saffman. On the boundary condition at the surface of a porous media. Stud. Appl. Math., 50:292–315, 1971.

[SZ90] L. R. Scott and Shangtou Zhang. Finite element interpolation of nonsmooth functions satisfying boundary conditions. Math. Comp., 54(190):483–493, 1990.

[Woh00] Barbara Wohlmuth. A mortar finite element method using dual spaces for the Lagrange multiplier. SIAM J. Numer. Anal., 38:989– 1012, 2000.

[WTW00] B. Wohlmuth, A. Toselli, and O. Widlund. An iterative substructuring method for raviart-thomas vector fields in three dimensions. SIAM J. Numer. Anal., 37(5):1657–1676, 2000.