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1. Introduction

In 1951, H. Hopf (See [9]) published a theorem in a seminal paper on
surfaces of constant mean curvature which can be stated as follows. Let
a genus zero compact surface M be immersed in R*® with constant mean
curvature H. Then M is isometric to the standard sphere. Hopf gave two
proofs of this result (See [9] for details). Both proofs depend on the fact that
any surface can be given isothermal parameters (u,v), i.e., ds®> = /\2(du2 +
dv?), where A\? is a function on M, so that M can be viewed as a Riemann
surface with local parameter z = u + iv.

To fix the notation and for future reference, we will summarize both
proofs.

In the first proof, one considers the second fundamental form « in isother-
mal parameters and takes the (2,0)-component of o, a(>0 = (1/2)4) dzdz.
It can be shown that the complex function ¢ is holomorphic iff H = const.
and that the zeroes of 3 are the umbilic points in M. It is also seen that
the quadratic form a(%9 does not depend on the parameter z, hence it is
globally defined on M. It is a known theorem on Riemann surfaces that if
the genus g of M is zero, any holomorphic quadratic form vanishes identi-
cally. Then ) = 0, i.e., all points of M are umbilics, hence M is a standard
sphere.

From our point of view, the second proof is even more interesting. The
quadratic equation Im(y dz?) = 0 determines two fields of directions (the
principal directions) the singularities of which are the zeroes of . Since 1)
is holomorphic, if zg is a zero of ¥, either ¢y = 0 in a neighborhood V of zg
or

P(z) = (2 — zo)k fe(z), z€V, k>1,

where fi, is a function of z with fi(z9) # 0. It follows that 2y is an isolated
singularity of the field of directions and its index is (—k/2). Thus, either
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a0 = 0 on M, and we have a standard sphere, or all singularities are

isolated and have negative index. Since g = 0, the sum of the indices of
all singularities for any field of directions is two (hence positive). This is a
contradiction, so (% =0 on M.

Notice that in the second proof the fact that ¢ is holomorphic is only
used to show that the index of an isolated singularity of the field of directions
is negative and that either ¢ = 0 or the zeroes of 1 are isolated.

Recently, Abresch and Rosenberg [1] considered a surface M immersed
in M?(c) x R, where M?(c) is a (complete simply-connected) 2-dimensional
Riemannian manifold with constant curvature ¢ and introduced on M the
quadratic form

QIX,Y) =2Ha(X,Y) — ¢(£X,£Y); (1)

here X and Y are tangents vectors to M and ¢£: M?(c) x R — R is the
natural projection onto R, i.e., £(p,t) = t, p € M?(c), t € R; we have, for
notational simplicity, identified ¢ with its differential d¢. Let Q%9 be the
(2,0)-component of Q.

Abresch and Rosenberg proved that Q9 is holomorphic if H = const.
on M and if M is a genus zero compact surface, then M is an embedded
surface invariant by rotations in M2(c) x R (See [1] and the references there
for details).

The goal of the present paper is to show that the above result still holds if
H is not necessarily constant but its differential satisfies a certain inequality.
More precisely, we prove

Theorem. Let M be a compact immersed surface of genus zero in M?(c)xR.
Assume that
|dH| < g|Q®0),

where |dH| is the norm of the differential dH of the mean curvature H of M,
and g is a continuous, non-negative real function. Then Q39 is identically
zero, and M is an embedded surface invariant by rotations in M?(c) x R.

A crucial point in our proof is to observe, as already noticed by Eschen-
burg and Tribuzy [6], that the second proof of Hopf uses only a weak notion
of holomorphy and try to enclose that in a form that we can use. The out-
come is the following Lemma which is an adaptation of results of Chern [5]
and Eschenburg-Tribuzy [6].

Main Lemma. Let f: U C C — C be a complex function defined in an



open set U of the complex plane. Assume that

of
L] <ne s, )

where h is a continuous, non-negative real function. Assume further that
z =29 €U is a zero of f. Then either f = 0 in a neighborhood V. C U of
29, or

f(2)=(z—20)* fu(2), z€V, k>1,

where fi(2) is a continuous function with fi(zo) # 0.

Thus condition (2) implies the weak condition of holomorphy that is used
in Hopt’s second proof. Following Eschenburg and Tribuzy [6], we call (2) a
Cauchy-Riemann inequality.

We will prove the Main Lemma in Section 3 of this paper.

It is interesting to observe the context in which the work [5] of Chern
was written. In Hopf’s paper of 1951 it was also proved that the theorem
would hold for special Weingarten surfaces M provided they were analyt-
ic. A Weingarten surface is a surface for which there exists a functional
relation between the principal curvatures: W(ky, ko) = 0. If this relation
can be solved in, say, ko and dko/dk1 = —1 when k1 = ko, we say that the
Weingarten surface is special, a notion introduced by Chern [4] in 1945.

The requeriment that the special Weingarten surfaces were analytic for
the validity of Hoptf’s theorem was removed by Hartman and Wintner [8] in
1954. Their paper is somewhat long. In the following year, Chern gave in
[5] a short and elegant proof of the result of Hartman and Wintner. Chern’s
proof depends on a lemma from which our main lemma is an adaptation.

2. Proof of the Theorem assuming the Main Lemma

Let (u,v) be isothermal parameters in an open set U C M and set
z = utiv, dz = %(du—i—idv), dz = %(du—idv). Set Q>0 = (1/2)4p(2)dzdz
and assume there exists a point z9 € U such that ¢(zg) = 0. Set

0o .0 = o .0
Since (u,v) are isothermal parameters, (Z, Z) =2, where A\2 = (0 /0u,0/0u) =
(0/0v,0/0v). Notice that Q(Z,Z) = 1(z) and set |Q(Z, Z)| = |¢(2)].
For future purposes, it will be convenient to consider the more general
ambient space M"(c) x R, where M™(c) is a Riemannian manifold with



constant sectional curvature c. Let M — M"™(c) xR be an immersed surface
and set, in this new situation,

—

QUX,Y) = 2(a(X,Y), H) — ¢(£X,£Y), (1)

where H = HN is the mean curvature vector of the immersion, « is the
normal-valued second fundamental form and £: M"(c) x R — R is again the
projection &(p,t) = t.

We first want to compute

% —7Q2,2) = Z(0(2,2), H) - e T{eZ,E7).

The first term yields

27((2,2), H) = 2(V5a(Z,Z), H) + 2(a(Z, Z), VL H).
By definition,

(Vga)(Z,2) = Vya(Z, Z) — 2a(V 2, Z) = Vza(Z, Z),
since, as it is easily checked, V.72 =0T hus

27(c(Z,Z2), H) = 2(V2a)(Z, Z), H) + 2(a(Z, Z), VL H),

hence, by using Codazzi equation, and denoting by R the curvature of the
ambient space,

9Z(a(Z,Z),H) = 2(Vy a(Z,2Z),H) + 2(R(Z,Z)Z, H)
2{a(Z

We now need the following

Lemma 1. With the above notation,

(R(Z,2)Z,H) = c\*(¢Z,¢H).

Proof of Lemma 1. Let 7: M™(c) x R — M™(c) be defined by m(p,t) = p
and identifying, for convenience of notation, 7 and £ with their differentials,
we obtain that X = 7 X + £X. Since the ambient space is a product space,
we have for its curvature R

(R(2,7)Z,H) = {(nZ, 7 Z)(x Z, 7 H) — (x Z, 7 Z)(x Z, 7 H)}.
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Let us compute the various terms of ﬁ,
(nZ,wZ) =(Z — 7,7 — ¢£7)
=\ —(nZ +£2,£2) —{(Z,nZ + E2) + (£Z,£2)
=N —2(6Z,62) +{£Z,82) = N — (€Z,£2).
On the other hand, since (Z, N) = 0, we have
(nZ,nH) = (2~ €2, H ~ ¢H)
= —(¢2,H) — (Z,¢H) + (£2,¢H)
= —(¢Z,¢H).

Thus, the first term of the right hand side becomes

(rZ,nZ)(nZ,mH) = —(\o — (£Z,£2))((£2Z, ¢H))
= —\XZ,¢H) + (€Z,62)(6Z, €H).

For the second term, we have, since (Z,Z) = 0,

(nZ,7Z) =(Z - £Z,7 — £2Z)
= —(Z,62) — (£2,Z) + (£2,£Z) = —(EZ,£7)

and

— —

(rZ,nH)=(Z — (Z,H — ¢H) = —(¢2,¢H),

hence L L
(rZ,7wZ)(wZ ,7H) = (£Z,67)((Z,EH).

It follows that

(R(2,2)2,H) = {(-N(62,6H) + (£Z,£2)(Z,¢H)
—(62,62)(67, €M)} = —eX*(¢Z,¢H),
where we have taken into account that (£X,£Y) is +|£X||€Y|. Finally, by

the usual symmetries of the curvature tensor, we conclude that

(R(Z,2)Z,H) = c\*(¢Z,¢H).



Back to the computation of ZQ(Z, Z), we have
ZQ(2,2) = 2(V,a)(Z,Z), H) + 2eN*(¢Z, ¢ H)
+2(a(Z, 2),Vy H) — cZ(£2,¢7).
To simplify the above expression, we need another lemma.

Lemma 2. cZ(¢(Z,87) = 2eD2(¢Z,EH).
Proof of Lemma 2. We first observe that

a(2,Z2) =Ny Z— (N, Z)" =V3Z,

since that, by a simple computation, it is seen that V7Z = (). Since the
ambient space is a product M"(¢) x R with natural projections 7 and £, we
can write

S 7_ _ ol 2
Vo7 = V7(§Z +7Z) = V7(§Z) + VE(WZ)
where V! and V2 are the connections of R and M"(c), respectively. Thus
§a(2,2) = €V 5 Z = € V5(62) + EV(nZ) = V(£2),

hence
(£a(2,7),62) = (V5(£2),£2Z) = (V,(£2),£Z).

Now let us compute Z{(£Z,£7).

7(62,62) = 2V 4(¢2),£7) = 206 oA 2,7),£2).

1 0
Set E = E (e; —iea), where e; and ey are the unit vectors of 0 B
respectively. Thus Z = AFE and
— — —1 + 1e9
a(Z2,7) = X2(E,E) = Xa (el ‘2 4 >
(Z,2) (E,E) 7 7
A2 —
) {a(er,e1) + aler, e2)} = A* H,
hence
Z(62,6Z) = 2N H£2),£2) = 26l 2, ), £ Z) = 2X*(¢H £ 2)
and this proves Lemma 2. O

It follows from Lemma 2 that

ZQ(2,2) =2V, a)(Z,Z), H) + 2(a(Z,Z), V4 H).
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The first term in the right hand side can be computed as follows. By defini-
tion,

(Vya)(Z,2) =V (Z,2)) — a(V2Z,7)

~a(Z,V22) = Z((Z,Z2)H) — (Z,V 1 2),

where we have used that a(Z,Z) = A2H (See Lemma 2) and that V;Z = 0.
Thus

(Voa)Z,2)=(V,Z,2)H +(Z,N;2)H +(Z,2)V . H - (Z,V 1 2).

Now let E as defined in Lemma 2. Then any complex vector X on M is
given by X = ¢F, where £ is a complex number. Thus if Y = n E, we obtain

o X,Y)=a(E,E) = (X,Y)H.

Setting in the above X =V zZ and Y = Z, we have

—

(V3a)(Z,2)=(Z,Z)V, H+(Z,NzZ)H — (V32,Z)H = (%, Z)V} H.
Coming back to Z Q(Z, Z), we obtain finally
ZQ(2,2) =2((Z,Z)V, H,H) + 2(a(2, Z),V5 H), (3)

where the right hand side of the equality is expressed in terms of the covariant
derivatives of the mean curvature vector.

Remark 1. At this point, we have obtained the following generalization
of Theorem 1 of Abresch-Rosenberg [1]. Let M be an immersed surface in
M"(c) x R such that its mean curvature vector H is parallel in the normal
bundle. Introduce a complex structure in M compatible with the induced
metric. Then the (2,0)-part of the quadratic form on M

Q(X,Y) =2(a(X,Y), H) — c(¢X,£Y)
1s holomorphic. Here « is the second quadratic form of the immersion and
¢ is the projection of the ambient space on the factor R. It is a natural
question to ask which surfaces in M™(¢) x R satisfy the condition that the
above quadratic form is holomorphic.

Back to the proof of our Theorem, we now specialize for n = 2 the
expression (3). Since the codimension is now one, V%N = 0, for all X €
TM, where N is the unit normal vector to the surface M. Thus

V+H = V4(HN) = (ZN)N,
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and we obtain
ZQ(Z,Z) =2 Z(H)H +20(Z,Z)(ZH).

Since
|Z(H)| = [dH(Z)| < |dH||Z| = |dH|A,

and similarly for |Z(H)|, we have
ZQ(Z,2)| < {2X*|H| + 2)\|a(Z, Z)|}|dH]|.
By the hypothesis of the Theorem, |[dH| < g|Q®®)|. Thus, we obtain
1ZQ(2,2)| < W=)1Q(Z, Z),

where h is continuous and non-negative. Then we can apply the Main Lemma
and we obtain the following.

Let U C M be an open set covered by isothermal coordinates. Assume
that the set of zeros of Q(Z,7) in U is not empty and let zo € U be a
zero of Q(Z, 7). By the Main Lemma, either Q(Z, Z) is identically zero in
a neighborhood V of zy or this zero is isolated and the index of a direction
field determined by Im[Q(Z, Z)dz% = 0 is (—k/2) (hence negative). If, for
some coordinate neighborhood V' of zero, Q(Z,7) = 0, this will be so for
the whole M ; otherwise, the zeroes on the boundary of V' will contradict the
Main Lemma. So if Q(Z,7) is not identically zero, all zeroes are isolated
and have negative indices. Since M has genus zero, the sum of the indices
of the singularities of any field of directions is 2 (hence positive). This
contradiction shows that Q(Z, Z) is identically zero. Using the classification
result of Abresch-Rosenberg, the Theorem follows.

Remark 2. The result of Abresch and Rosenberg applies only to genus zero
compact surfaces with constant mean curvature. On the other hand, our re-
sult states that either the set of zeros of Q29 is empty or in a neighborhood
V of a zero of Q%) where the condition |dH| < ¢|Q?9] holds, we have two
possibilities: 1) Q29 = 0in V, or 2) such a zero is an isolated critical
point of one of the direction fields given by Im[Q(Z, Z)dz?] = 0 whose index
is negative (these two direction fields are orthogonal since their unit vectors
diagonalize the real quadratic form Q(X,Y) in Eq.(1)). In this form, the
result can be applied to an immersion of a genus one surface M satisfying
|dH| < |Q®39)|. Since no torus appears in the classification of surfaces with
|Q20)| = 0 (See [1] Theorem 3), and, by Poincaré theorem, no isolated zeros
can occur, we conclude that there are no singularities in the field of direc-
tions given by [ImQ(Z,Z)dz?] = 0. It follows that there exists a global



adapted frame in M that diagonalizes @ (Cf. R. Bryant [2], Theorem 3,
where a similar result is obtained in R? from a different hypothesis).

Remark 3. Our theorem also applies to the noncompact case. Consider a
disk type surface ¥ with smooth boundary 0% satisfying the following con-
ditions: 1) X is regular up to the boundary, i.e. there exists a smooth surface
3 O ZUIL; 2) the boundary O satisfies the equation [Im Q(Z, 7Z)dz?] =

3) in S, dH < g]Q?0)|. Then, by using the Main Lemma and the compu-
tations of the present paper, it can be shown that ¥ is one of the surfaces
that have Q9| = 0 and are described in Theorem 3 of [1]. If we include
the possibility that 9% has nonregular points (vertices), we must add the
condition; 4) the number of vertices that have angles < w is at most 3, and
the result is the same. This is related to a result of J. Choe in R® (Math.
Ann.; 323, 143-156 (2002)). Proofs will be given in a forthcoming paper by
one of us (M. do Carmo) and I. Fernandez.

3. Proof of the Main Lemma

We can assume that the zero of f is the origin 0 and that U is a disk D
of radius R and center 0. We need some auxiliary lemmas. We follow Chern
[5]. (See also Hartman and Wintner [7] and Carleman [3]).

Lemma (i). Assume the hypothesis of the Main Lemma and the fact that
hmf /z =0, k>1. Then hmf /z erists.

Lemma (ii). Under the hypothesis of the Main Lemma assume that
hmf /zk L= 0, for all k > 1. Then f = 0 in some neighborhood of

0.

From these two lemmas, the Main Lemma follows. Indeed, from Lemma
(ii) we obtain that if f is not identically zero in a neighborhood of 0, there
exists a k such that hm fz /zk L' =0 but hm f(z /z may not exist. By
Lemma (i), we know that hm f(z)/2* ex1sts hence is nonzero, say c¢. Thus,
we can write

— .k ; E_
f(z) =cz"+ R, i%R/z =0

or

F) = le), fel) = et o)

so that fx(0) = ¢ # 0, and this proves our claim.
It remains to prove Lemmas (i) and (ii).



Proof of Lemma (i). From now on, we denote by D.({) a disk in the
plane C with center ¢ and radius ¢. Let w € Dg(0), w # 0, and in W =
DRr(0) — {D4(0) U Dy(w)} define a differential form

('0 frnd & dz.
2'(z — w)
. 1 . . .
Since ———— is holomorphic in W, we obtain
2"z —w)
1 of

2"z —w) 0%

dgo:a—(’?d,?/\dz:—
0z

Now take disks D4 (0) and Dg(w) in Dg(0) and apply Stokes theorem,

// dgo+/ / 90—/ o =0. (1)
8DR(O) 8D, (0) D, (w)

Let us compute explicitly the integrals in (1). Set g(z) = —=
z=w+ae?, 0 <0< 2x. Then

27 60 .
/ o / 9(z) . _/ g(w +i;l€ ) 4ie® a0,
OD.a(w) ODa(w) (2 — W) 0 ae

and

27
lim ©= ig(w)/ df = 2mi f(w)w ™.
a—0 JaD, (w) 0
Next, set z = ae’ and, since by hypothesis, hm f(zz = (), we obtain
02"
2 ( )
il—rf(l) 8Da(0)<p B il—rf(l) o ar~le(r=1i(geif — ) =0

It follows, by taking the limits in (1) when a — 0, that

—2mi f(w)w " + / // _1 3f dzNdz, (2)
oDp(0) 7 (7 =~ w) Dr(o) 2 (z —w) 0z

where the limit in the double integral exists, because the left hand side is
well defined.

Since the function h in the statement of the Main Lemma is continuous,
there exists A > 0 such that

max h(z) < A.
ZEDR(O)
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Then, it follows from (2),

onlpwyo < [ LWL Jf 2O g,
8D R (0) |Z ||z—w| Dg(0) |Z| |z — wl

since dz NdzZ = —2idu A dv, z = u + iv.

Now take zp € D with zg # 0, multiply the above inequality by 1/|w—zg|,
and integrate it relative to dz A dy, where w = x + iy. Then, by setting
D, = Dg(0) — D.(zp), we have,

2
/ 7r|f( Ju dm/\dy</ / 1(2)l|d| dx N dy
b lw—z . Jopg(0) 121" Iz—wllw—zol

2A ) du A d
/ // F(2)|du A dv dz N dy (4)
De Dg(0) |2]" [z — w [w — 2

We want to estimate the integrals in (4). For this, we first observe that

1 1

|z — w||w — 20| - |z — 2o

1 1

G—w) | (w—z)

(5)

and that

dx Ad dx Ad B2 d
/ T Ady S/ z A y / / pdfdp de AR, (6)
Dg(0) |z — wl Dag(2) |z —

It follows that, for the first term of the right hand side of inequality (4),
we obtain

[ N gy< [ 21zl dw ndy
Dsammﬂﬂ|z—wwﬂ—%|  Jopao dlz—me—zM
| i dehdy gy [ AL

EamwnA|z—m|v—u4— o0r(0) 1A T2 — 20l

where we have used (5) and (6). Similarly, for the second term of the right
hand side of (4), we obtain

du A d
ZA/ // (2) undy dx N dy
. JJ DR |Z|’" |z —wl |w—20|

< 16A7R // du A dv.
Dr(0 Zl |Z—Zol
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Thus, we can write the inequality (4) as

oo [ MO 4y g [ SIS

|w = 2| apr(0) |27 12 = 20l

—I—16A7TR// [f(2)|du A dv
Dr(0 Z| |2 — 20
|f(2)||dz]

— 8AR) // du/\dvgélR/ L ()
Dr(0) IZI Iz—ZOI opn(0) 12712 = 20|

Since A does not change if R decreases, we can choose R small enough so
that 1 — 8AR > 0.

Now, the integral in the right hand side of (7) is bounded as zyp — 0;
hence the same holds for the integral in the left hand side. Since its integrand
increases monotonically as zg — 0, we have that

lim // L du A dv
200/ ) po) [2]" [z = 20]

exists. It follows from that and (3) that f(w)w " is bounded when w — 0.
Thus, from (2) we conclude that f(w)w™" exists, as we wished. O

or

Proof of Lemma (ii). Assume that f is not identically zero in a neighbor-
hood of 0 and let zp be such that f(zg) # 0, |20 < R.
Now by multiplying the inequality (3) by dx A dy and integrating, we

obtain
m(1 —8AR) // w)||w| ™" dxdy
DR 0)

< 8w R/ )sz|, for all r > 1. (8)
opr(0) 2]

Notice that, by setting D* = {z € D) ;|2 < |20] and |f(2)| >
we obtain
(1 -8AR) // 2)| 2|7 du A dv
Dg(0)

> (1-8AR) // 2)| 2|7 du A dv

8AR
— |/

| \/

(z0)| |20] " vol D* = alzo| ",
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1—-84
where a = % | f(20)|vol D*.

On the other hand,
R [ )| e < bR
0DR(0)

where

b=4R max z / dz|.
e 17G) [

It follows from those estimates and (8) that alzg| " < bR, for all r,
where a and b do not depend on r. Thus, since |z| < R,

,
0< lim = < lim <@> —0.
r—00 r—00 R
1—-8AR
Because a = — | f(z0)| vol D*, this implies that |f(zg)| = 0, a contra-

diction to the definition of zy. This completes the proof of Lemma (ii) and
of the Main Lemma.

Further results and questions

R. Bryant proved the following result in [2]. Let M be a compact surface
of genus zero immersed in R® and let f be any smooth function defined in an
open interval containing [0,00). Then if M satisfies a Weingarten relation
of the form

H = f(H* - K) = f(|a®??),

where a9 is the (2,0)-part of the second quadratic form in M, then M is
isometric to a sphere.
We can generalize this result as follows

Proposition. Let M be a compact surface of genus zero immersed in
M?(c) xR and let f be a smooth function. Assume that

H = f(lQ®03). (9)

Then Q29 =0 and the conclusion of the Theorem applies.
Proof. |dH|= |df]|d(|QZ%)?)].

But

2,0)

|Q(2,0)|2 _ Q(Q,O) @(
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Thus
d|Q(2,0)|2 _ dQ(Q,O) 6(2’0) 1 Q(Q,O) a@(?ﬁ)

and

—(2,0 —(2,0
141QO2| < Q@9 [P + Q29 1dQ"™"|

= |Q(2,0)|{(|dQ(2,0)| + |d§(2,0)|)}

It follows that

\dH| < |df|(|dQ®0)| + |dg™”

IR = gl
where we have set g = |df| (|dQ(270)| + |d§(2’0)|). Therefore, we are in the
conditions of our Theorem, and the result follows. O

A natural question is the following. In the case of Bryant’s theorem,
it is known that |a(>92 = H2 — K. Tt would be interesting to know an
expression of Q9|2 in terms of simple geometric invariants of M.

Also, from the function f defined in the above Bryant’s statement, he
constructs a quadratic form globally defined on the Weingarten surface M,
not necessarily homeomorphic to a sphere, which is shown to be holomorphic
on M. As an application he shows, for instance, that a smooth immersion of
a torus T2 satisfying a Weingarten relation as above is free of umbilics and
there exists a global principal adapted frame on T2.

Is it possible to construct such a holomorphic quadratic form on Wein-
garten surfaces immersed in M?(c) x R? This may turn out to be useful
even if one has to consider some restricted Weingarten relation. A relevant
geometric problem related to that is which are the closed immersed surfaces
in M?%(c) x R with constant Gaussian curvature?

Remark 3. As in Remark 2, we only need condition (9) in a neighborhood
of a point where Q9 = 0, and again the result of the above Proposition
can be stated in a way (Cf. Remark 2) that it applies to compact surfaces
M not necessarily homeomorphic to spheres.
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