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Abstract

We study the unique integrability of the center unstable subbundle of a codi-
mension one dominated splitting

1 Introduction

The problem of (unique) integrability of a one dimensional distribution (or vector field)
is an old problem that goes back to the 19th century. For a non-one dimensional distri-
bution the problem has been solved by Frobenius who gave a necessary and sufficient
condition for the integrability (see [AM] and [L]). Nevertheless this conditions is not
easy to check. When the distribution is related to a dynamical systems f : M — M
the integrability has been solved under some dynamic assumptions like hyperbolicity
by many authors and proofs along the 20th century (see for instance [HPS]). More
precisely, if TM = E @ F is an invariant dominated decomposition under the tangent
map Df and F has a uniform expanding behavior it follows that F' is uniquely inte-
grable (this is the so called strong stable manifold theorem for f~!.) The problem of
the integrability come out when the we consider the “central”distribution. In other
words no condition for the unique integrability is known when F' has not (a priori) a
uniform hyperbolic behavior, and moreover, there exist examples where it fails to be
integrable.

In this paper we deal with the case that the distribution F' is one-dimensional. By
Peano’s Theorem (see [KF]) it is integrable, but we shall be concerned with the unique
integrability (and, as it is well known, we can not expect the central distribution to be
smooth, even Lipchitz.)

Before state our result let us recall some definitions. Let f : M — M be a diffeomor-
phisms. An f-invariant set A is said to have dominated splitting if we can decompose
its tangent bundle in two invariant subbundles TAM = E & F| such that:

1D 87y DS 7 gy | < CA™, for all € Ayn > 0,

with ¢ >0 and 0 < A < 1.

We say that the dominated splitting is a codimension one dominated splitting if the
dimension of F' is one and we shall say that it is a contractive if E is a contractive
subbundle, i.e., there exists C' > 0 and 0 < A < 1 such that for any x and any n holds
that ]DfﬁEz] < CA™.
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A periodic point p is semi-attractor or attractor provided that the set of points y
that verifies that dist(f™(p), f"(y)) — 0 contains an open set in M.

Maim Theorem: Let f: M — M be a C" diffeomorphisms, r > 1, exhibiting a
codimension one dominated splitting TM = E @& F over the whole manifold. Then F
is uniquely integrable provided one of the following conditions hold:

1. Q(f) = M (where Q(f) denote the non-wandering set of f).
2. The dominated splitting is contractive.

3. There are neither semi-attracting or attracting periodic points and f is C” with
r > 2.

The paper is organized as follows: in section 2 we state a series of results prove
somewhere else. In section 3 we prove a codimension one Denjoy Property regarding the
existence of wandering intervals (a similar result has already been proved in dimension
two and with some adjustments the proof works in the codimension one case). In the
same section, we derive some consequences regarding the central unstable invariant
manifolds. In the last section we conclude the proof of the maim theorem.

2 Preliminaries

Let Iy = (—1,1) and I. = (—¢,¢), and denote by Emb!(I1, M) the set of C'-embedding
of Iy on M, and denote by Embl(If_l,M) the set of C'-embedding of I{‘_l on M,
where n is the dimension of M.

Recall by [HPS] that codimension one dominated splitting implies the next lemma:

Lemma 2.1. There exist two continuous functions ¢° : A — Emb (I7™1, M) and o™
A — Emb (I, M) such that if define W (x) = ¢ (x)I*~L and W (z) = ¢“(x)I, the
following properties holds:

1. T,WE(z) = E(z) and T,WE(z) = F(z),
2. for all 0 < €1 < 1 there exist ea such that and
fWE (@) c W (f ().
3. for all 0 < €1 < 1 there exist eo such that and
FIWE ) © W (F A @),
In particular, there exists = 6(€1) such that if y € W () and dist(f~(y), f(z)) <
5 for 0 < j <n then f3(y) € WE(f(x)) for 0 < j < n.

Corolary 2.0.1. For any 0 < v < 1, there exists € = €(y) such that for x € A holds
that

then follows that
W () € We(x) = Ay : dist(f"(x), ["(y)) < edist(f"(x), ["(y)) — 0}

i.e., the central stable manifold of size € is in fact a stable manifold.



Sometimes, one needs the central manifold to be of class C2. This is guaranteed, for
C?—diffeomorphisms, by the so called 2-domination: the splitting F @ F is 2-dominated
if there exists 0 < ¢ < 1 such that

1D 85y 11D 7 o I < C™, > 0.

Remark 2.0.1. It follows that if f is a C? diffeomorphisms and A is a compact invari-
ant manifold exhibiting a codimension one dominated splitting which is also 2-dominated
then the map ¢ in Lemma 2.1 is indeed a map ¢ : A — Emb?(I1, M) (see [HPS]
for details).

The following result in [PS1] guarantee that a codimension one dominated splitting
is 2-dominated:

Lemma 2.2. Let f be a C? diffeomorphisms and let A be a compact invariant manifold
exhibiting a codimension one dominated splitting. Then, there exists at most finitely
many periodic attractors (sinks) in A such that any compact invariant set Ag C A and
disjoint from these periodic attractors is 2-dominated.

We will need also the following beautiful result form Pliss:

Lemma 2.3. Pliss’s Lemma ([Pl]): Given a diffeomorphisms f and 0 < v1 < 72
there exist N = N(y1,72, f) and ¢ = c(y1,72, f) > 0 with the following property: given
xr € M, a subspace S C Ty M such that for somen > N we have (denoting S; = D f*(S))

HHDf/siH <97

=0

then there exist 0 < ny < no < ... < ny < n such that

J
[TIDfs )l <™ r=1nlin,<j<n

=N
Moreover, | > cn.

The next lemma is a classical one about the existences of admissible neighborhood
for sets having dominated splitting.

Lemma 2.4. Let A be a set with dominated splitting. Then there exists a neighborhood
V' of A such that any compact invariant set in V has dominated splitting. This type of
neighborhood is called an admissible neighborhood of A.

3 Denjoy’s Property

A CT-arc is a C" embedding of the interval (—1,1). We denote by ¢(I) the length of a
CT-arc I.

Definition 3.1. Let f : M — M be a C" diffeomorphisms and let A be a compact
invariant set having dominated splitting and let V' be an admissible neighborhood (see
lemma 2.4). Let U be an open set containing A such that U C V. We say that a C"-arc
I in M is a 6-E-arc provided the next two conditions holds:



1. fMI)ycU,n>0 and £(f*(I)) <4 for alln > 0.

2. f*(I) is always transverse to the E-direction.

In other words, a é-F-arc is an arc that does not growth in length in the future and
always remains transversal to the E subbundle.

Related to1 a 0-F-arc I we can obtain the following result. Before to state it, choose
Ao, A3 A< A2 < Mg < A3 < 1.

Lemma 3.1. There exists § > 0 such that given a 6-E-arc I follows that there exists
a sequence of integers n; — oo such that

\|Df;E(m)|] <N, forall j >0z e fr(I). (1)
Proof. First, we take n; such that

L) = (), Vi >

To avoid notation, we note the arcs

I, = f™(I).

Observe that this implies that for any n; > 0 there is some z; € I, such that
\|Df /’“F(xi)H < 1 and since the iterates of I, remain small (less than ¢) it follows that
there is 4 small such that for any z € f™i(I) then

1D Fp|l < (14 B)F.

Using the domination property and (3 small, the thesis of the lemma holds (see page
987-988 of [PS1] for details).
O

Lemma 3.2. For any point x € I, there is an stable manifold WZ(x) of uniform size.

The proof follows from corollary 2.0.1. This implies that we can consider the box
We(I,) = Uzel,, We(z).

Definition 3.2. We say that a §-E-arc I is wandering if for any n;,n; satisfying (1)
follows that
WeS(Ini) N Wes(Inj) = 0.

The next theorem characterize the dynamic of a §-FE-arc. More precisely, charac-
terize the w—limit of I (noted with w(I)). The theorem is a more general version of
proposition 3.1 in [PS1] and theorem 4.1.3 in [PS2] where the results are stated for
surfaces diffeomorphisms. The proof has some similarities and here it is adapted to the
case of codimension one dominated splitting.

Theorem 3.1. Let f be a C" diffeomorphisms, r > 1, and let A be a compact invariant
set exhibiting a codimension one dominated splitting. There exists 09 such that if I is
a C" §-FE-interval with 6 < &y, then one of the following properties holds:



1. w(I) C C where C is a periodic simple closed curve normally attracting and f% :
C — C (where m is the period of C) has irrational rotation number.

2. There exists a normally attracting periodic arc J such that I C W*(J) and f*
restricted to J (k being the period of J) is the identity map on J.

3. w(I) C Per(f;y) where Per(f;y) is the set of the periodic points of f in V.
Moreover, one of the periodic points is either a semi-attracting periodic point or
a attracting one.

4. Neither of the above and I is wandering.

Proof. To conclude the proof it is enough to show that if there exist n; < n; verifying
(1) such that
Wes(lnz) N Wes(fnjim (Inb)) 75 0. (2)

then either (1), (2) or (3) of theorem 3.1 hold.

Let m = n; — n;. If £(f*™(I,,)) — 0 as k — oo, then w(I,,) consist of a periodic
orbit. Indeed, if £(f*™(I,,)) — 0, then £(f*(I,,)) — 0 as k — oo. Let p be an accumu-
lation point of f*(I,,), that is, f* (I,,) — p for some k; — oo, and so, f&+m(1,,) —
f™(p). But by the property we are assuming, i.e., WS (I,,) N WS(f"~"(L,,)) # 0, we
have f*i+m([,) — p, implying that p is a periodic point. Thus, for any = € I,, we
have that w(z) consists only of periodic orbits, and so w(x) is single periodic orbit p.
Since £(f*(In,)) — 0 we conclude that w(I,,) is the orbit of the periodic point p. By
the way we choose I,,,, we have f™(I) C I,, and so w(I) consists of a periodic orbit,
as the thesis of the theorem requires.

On the other hand, if £(f*™(1,,,)) does not goes to zero, we take a sequence k; such
that f%™(I,.,) — L for some arc L (which is at least C', and have F as its tangent
direction). Now f*itDm([, ) — L/ and f™(L) = L. Moreover, L U L' is an interval
(with F' as its tangent direction). Let

J = Unzofnmu;).

We claim that there are only two possibilities: either J is an arc or a simple closed
curve. To prove this, notice that f™ (L) is a 0-E-interval for any n > 0. In particular,
for any = € J there exists e(x) such that W (x) is stable manifold for x, and so
W) = J Wi (@)
zeJ

is a neighborhood of J. Q(f) = M We only have to show that, given z € J, there
exists a neighborhood U(z) such that U(z) N J is an arc. This implies that J is a
simple closed curve or an interval. Thus, take x € J, in particular x € f™"(L). Take
U an open interval, z € U C f™™(L) and let U(z) be a neighborhood of x such that
U(z) ¢ W(J) and such U(z) N Ly C U where L; is any interval containing f™"™ (L),
transverse to the F-direction and |L;| < 2d¢ (this is always possible if dy is small). Now
let y € JNU(x). We have to prove that y € U. There is ny such that y € f"2™(L).
Since
Frm (L) = tim prm(, )
J



fnzm(L) — hm fk:]-m+n2m(lni)
J

and both have nonempty intersection with U(x), we conclude that for some j follows
that frim+mm () and frim+n2m([, ) are linked by a local stable manifold. Hence
frm(L)ufm™(L) is an arc Ly transverse to the E-direction with (L) < 2. Therefore
y € U(x)N Ly C U as we wish, completing the proof that J is an arc or a simple closed
curve.

In case J is an arc, since f™(J) C J, it follows that for any = € I, w(x) is a w-
limit point of a point in J, hence either (2) or (3) holds, completing the proof in this
case. On the other hand, if J is a simple closed curve, which is of class C! because
is normally hyperbolic (attractive), then we have two possibilities. If f}f} :J — J has
rational rotation number, then we can see that w(I,,) consist of a union of periodic
points, and the same happens to I. If f}f} : J — J has an irrational rotation number,
then it is semiconjugated to an irrational rotation. Since we are assuming that there is
not wandering interval, it follows that it is conjugated. Denoting C = J, we have that
w(I) is as in the first property of the thesis of the theorem.

O

Corollary 3.1. Let f be a C" diffeomorphisms, r > 1, and let us assume that Q(f) = M
and there is a codimension one dominated splitting in the whole manifold. Then, there
s not 6-FE-interval provided & small.

Proof. From the fact that Q(f) = M follows that there is not wandering - E-intervals.
From theorem 3.1 it follows that the w—limit of a §-FE-interval it is either a periodic
simple closed curve normally attracting, a semi-attracting periodic point or there exists
a normally attracting periodic arc. In any case, it is contradicted that Q(f) = M.

O

Theorem 3.2. Let f be a C" diffeomorphisms, r > 2, and let A be a compact invariant
set exhibiting a codimension one dominated splitting. There exists 09 such that if I is
a C" §-E-interval with § < g, then either (1), (2) or (3) of theorem 3.1 hold.

Proof. To prove the previous theorem, first we need a proposition that allows to com-
pare the two dimensional volume of W#(J) with the one dimensional length of a 0-FE-
interval J that verifies that

1D £ |l < X for all j > 0 2 € J, (3)

Proposition 3.1. Let f be a C'*P diffeomorphisms, 3 > 0, and let A be a compact
invariant set exhibiting a codimension one dominated splitting. There exists dy and
K > 0 such that if J is a C" d-E-interval with § < dg such that its w—Ilimit is not a
periodic sink and verifies (3) then

Kvol(WZ2(J)) > £(J).

The proof of the proposition is postponed and we finish now proving theorem 3.2.
In what follows we take the maximal sequences of positive integers {n;} such that
for each n; it is verified (1). Without loss of generality, we can assume that for each



n; the arc I, is the maximal ¢-F-interval that contains f"(I). Let us assume that
We(In,) "WE(I,,) = 0 for every r,j, otherwise, arguing as in theorem 3.1 the proof is
concluded.

Let A2 be such that A < A2 < A\; < 1. Consider N = N (A2, \1) from Pliss lemma
2.3. It follows (assuming for simplicity that n,11 —n; > N = 1) that the following
holds: 4 .

HDfl%:l_JH > N, for any x € f/(I,,) and 0 < j < njp1 — ;. (4)

This implies that the derivative along the F' direction behave as an expanding direction
for iterates between n; and n;41. In fact, (4) implies that given 0 < j < n;41 — n; then

—(nit1—5) Y
IS < ()

for any z € I, In particular

41"

A

K(If(nlurlfj)) < (E)]e(‘[m-kl) (5)
Using proposition 3.1 we have that
> U(In,) < o0
i>0
and this together with (5) imply
> (I, < oo
n>0

and arguing as Schwartz’s proof of the Denjoy Theorem for some n; large we may
find an arc J,, containing properly each I,, such that J,, is a J—interval, which is a
contradiction with the maximality of I,,, for every n;. O

Now we proceed to give the proof of proposition 3.1
Proof of proposition 3.1: Let us consider the box W2(.J). To prove the proposition , it
is enough to show that there is a constant C' such that given two center unstable arcs
J1, Jo in W2(J) transversal to the E-direction and whose endpoints are in 9°“(WZ(J))
(where 0°(WZ(J)) = W2 (x1) UWE(x2) and {x1,z2} are the boundary points of J) the
following holds:
1)
— <
C = ()
To prove that, let us consider the holonomy II induces by the stable foliation restricted
to the box W(J); i.e.: let I : J; — Jy defined as II(z) = WZ(z) N J2. Related to it,

we state the next lemma.

<C.

Lemma 3.3. Let f be a C'*P diffeomorphisms, 3 > 0, and let A be a compact invariant
set exhibiting a codimension one dominated splitting. There exists 69 > 0 and C > 0
such that if J is a C" §-E-interval with 6 < g that verifies (3), it follows that the stable
holonomy restricted to W2(J) is C* and

1
— < <cC.
s<lm<c



O
Proof of lemma 3.3: To avoid notation, let us denote B = W2(.J). Let us take Ji, Jo be
the center unstable arcs that bound B. In other words J; U Ja = U,e j0WE(x) where
OW¢(zx) are the boundaries of W2 (x). For any positive integer k, let us take the set

By, = fHWE(T))

and let us consider a C' (not necessarily invariant) foliation that contains the center
stable leaves of the extremal points of JF = f*(J1) and J§ = f¥(J2). Let us called this
foliation F;°.

Lemma 3.4. There exists a positive constant Cy such that for k sufficiently large,
follows that there exists a C foliation Fi¥ containing the center stable leaves of the
extremal points of J* = f*(J) such that

1 R
— << C
o < I <&

where II}, is the holonomy induced by ﬁgs from J{“ to Jf.

Before to prove the previous lemma Let us continue with the proof lemma 3.3. Let
F5? be the foliation in B which is the pull-back foliation F* in By, and let us define

Hk — f*k Oﬂk (e} f;cjl

in other words Il is the projection along F;* between J; and J;. We want to prove
that II;, converge to II in the C'—topology. It is immediate that the convergence holds
in the C°—topology, so to conclude, we have to show that there exists C; such that

1
— <<
o < Il < &

where I}, is the projection along F¢* between J; and Jo. Notice that J; = f¥(JF) and
= f¥(J¥) are also two arcs in B(y) transversal to the E-direction with endpoints in
9°“(B(y)). For a point = € fI(JF), i = 1,2 set F(x) = T, fI(JF), 0<j <k.
By the equality )
Mo f i =f"oll

we conclude, for z € Ji, that

I EDIIDEE I = 1D F A ) I
Hence || ||
DfF )
T, (5 (2))) = H/FH.HHW
/F(z)

Thus, to finish the proof of the lemma it suffices to find M such that

—k
M —k -
Dk

IN



which is the same, setting z = f7%(z), as

k

Observe that for any pair of point 21, z2 belonging to the same central leaf of 7%, form
(3) follows that ‘ ‘ 4
dist(f7(z1), f7(22)) < Nydist(z1, 22)

for j < k and so, given some constant «, there is a constant A such that

Sk (TS () < A

With the same arguments as in [Sh]| pages 45-46, it is possible to prove that there exist
7> 0 and o > 0 such that

1D i ps ol = IPF 1 i qumpll| < 77D+ dist(f? (wr), 7 (w2))*

for some constant 0 < 7 < 1 and D whenever F lies in the central unstable cone and
dist(f7(w1), f/(ws)) <7, 0 < j < k. (This is, roughly speaking, a consequence of the
fact that the distribution F' is a-holder and any other direction converges exponentially
fast to F.)

Therefore, if the diameter of Bss 5u)(p) is less than 7, it follows that

T b d G > dist(f7(x), £7(Ig()))"
/(1T (x)) =0

Since x and Il (z) belongs to F°(x), we conclude that

k
S dist(f(a), FHIu(a))* < 36 (FEP @) < A
2 2
s IDFE |
Df7s D
Ll =Py A
JE (T, ( N

Finally, taking M = exp( -+ A), we have that C; = C.M is finished the proof of
lemma

O
Proof of lemma 3.4: To prove that, we have to show that the quotient

(6)

is close to one. In this direction, first we establish the next assertion.



Asserts 3.0.1. Let x € A such that does not belong to the basin of attraction of a
periodic sink. Then, for any v > 0 there exists ng such that if n > ng then

1D f/p > 1 —=7)"

In fact, if it is not the case, given v > 0 it follows from lemma 2.3 that there are
two increasing sequences {my} and {l;} such that

1D e(pme@nl < (T =7)" Y0 <n <l (7)

Without loss of generality, we can assume that f”** — 2z for some z € A and it is
concluded that

IDflpl <(@=7)" V0<n (8)
From the domination follows that
IDf"] < (1=7)" YO<mn (9)
and therefore there is € = ¢(y) such that
Be(z) C Wi(z).

Since f*k(z) € Be(z) for my, large, it follows that Be(z) is contained in the basin of at-
traction of a periodic sink and therefore w(z) is a periodic sink, which is a contradiction
and so the claim follows.

Coming back to prove that (6) is close to one, observe that from the fact that
f € C'P follows that the center stable foliation is Holder (see [HPS]) and therefore it
follows that there exists a > 0 such that

0TF) = dl(JE)* < (J5) < L(JF) + dil(JF)

where

dy = max dist(z, W (z) N J5).
zeJF

Since
d, < A

it follows that

k
1 ake(het < Q92 ke
2 1 K(J{g) 2 1 :

On the other hand, from claim 3.0.1 it follows that
() > (1= y)*e(n)

and so
k

MO < Pa(L =) 1)

which is small provided that k is large and -y is close enough to 0 to guarantee that
A2(1 — )@~ is smaller than one. Therefore the lemma holds.
O
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3.1 Denjoy’s property and Lyapunov stability.

As we have mentioned, the problem of unique integrability under the hypothesis of
codimension one dominated splitting, is related to the problem of characterization of
the limit set of a dynamic. We want to mention here, that this characterization is
useful to understand the Lyapunov stable systems (system for which the states will
remain bounded for all time, see [Ly]|). We say that x is Lyapunov stable (in the future)
if given € > 0 there exists § > 0 such that f"(Bjs(x)) C B(f™(x)) for any positive
integer n. Under the assumption of codimension one dominated splitting it is possible
to characterize the Lyapunov stable points:

Theorem 3.3. Let f : M — M be a C'-diffeomorphisms of a finite dimensional
compact Riemannian manifold M and let A be a set having codimension one dominated
splitting. Then there exists a neighborhood V' of A such that if f™*(x) € V for any
positive integer n and x is Lyapunov stable, one of the following holds:

1. w(x) is a periodic orbit,
2. w(x) is a periodic curve normally attractive supporting and irrational rotation.
3. Neither of the above and x is a wandering point.

Furthermore, if f is C2, the third option can not happen.

Proof. The proof is almost straightforward from theorem 3.1. Notice that if x is Lya-
punov stable, then there is a ¢-FE-arc inside Bg(x). The conclusion now follows.
O

4 Proof of maim theorem

We say that F' is locally uniquely integrable at x provided there exist a unique (open)
arc J(x) containing x such that T}, J(z) = F(y) for any y € J(x) and if for any (open)
integral curve C contains x we have that C N J(z) is open in J(x).

To prove the maim theorem,it is enough to prove that F' is locally uniquely inte-
grable at any = in M. In each of the next subsection, it is proved the main theorem
under each assumed hypothesis.

4.1 Assumption: Q(f) =M

We shall prove F' is uniquely integrable at any point x € M provided Q(f) = M. The
proof is based upon next lemma.

Lemma 4.1. Let f : M — M be a C" diffeomorphisms, r > 1 such that M has a
codimension one dominated splitting T M = E®F. Let us assume that there exists e; > 0
and that given = € M there exists ea = ez(x) such that f~" (W (x)) € W (f~"(x)),
and ((f~ (W5 (x))) — 0. Then F is locally uniquely integrable at x.

Proof. 1t follows immediately from the fact that in this case the center unstable mani-
fold is dynamically defined.
O
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To conclude the proof of the maim theorem in the present case we use lemma 4.1.
Arguing by contradiction, assume that there exist ¢; such that for any €2 we have that
there exists n > 0 such that f~"(W'(z)) is not contained in W*(f~"(x)). Recall that
there exists of 0 (6 < €1) such that if y € W (z) and dist(f~/(x), f7(y)) < 6 for
0<j<mn,then f7/(y) e W(fI(x)) for 0 < j <mn.

Therefore there exist a sequence €, — 0 and m, — oo such that, for 0 < j < m,,,

(7 WEN@)) < 6

and

0 (W) = 6.

Letting I, = f~"(W"(x)) we can assume (taking a subsequence if necessary) that
I, — I and f~™(z,) — 2,2z € I (the closure of I). Now, we have that £(f*(I)) < §
for all positive n, and since I C W*(z), we conclude that I is a 0-E-interval. Which
is a contradiction regarding corollary 3.1.

4.2 Assumption: The dominated splitting is contractive

We shall say that [ is an F-arc if for any x € I then T,,I = F. A simple E*-F-loop is a
loop that is the union of a E* arc and a F-arc.

Lemma 4.2. There is 3 > 0 such that there is no simple E*-F loop inside Bg(x) for
any x € M.

Proof. 1t is an immediate consequence of the transversality between E°® and F. O

Lemma 4.3. There exists €y such that for any € < €y there exists M = M (¢) such that
if I is an F-arc with ¢(I) < € then ¢(f~™(I)) < M for any n > 0.

Proof. Let g < (3/2 and let € < ¢y and assume that the lemma is false. Then, for every
n there exists an F-arc I, with ¢(I,,) < e such that for some integer m,, > 0 we have
£(f~™n (1)) = n. It follows that we can find two points say z,and z,, in f~""(I,)
and different from the endpoints of f~™n(I,,) whose distance between them is less than
B/2. 1t follows that Wj(2n, )N f~™"(In) # {2n,} and hence we may form a simple E*-F
loop, say v, with and E* arc inside W§ (zn,) and an F-arc inside f~™"(1,). It follows
that () is a simple E*-F' loop contained in Bg(f""(zy,)), a contradiction. O

Now assume that F' is not locally uniquely integrable at some point x. Consider J;
and Jo two different F-arcs whose intersection is not open in J;. We may assume that
x is at the boundary (in J;) of this intersection, £(.J1),4(J2) < €. Let y € J;1\J2 and
such that W3(y) N Jo2 = {z}. Let r = dist(y, 2).

Asserts 4.2.1. For any K there exist ng = no(K) such that for any x € M follows
that

Radius(f~"(WE(x))) > K, ¥ n > ng,
where

Radius(B(x)) = zne%%{dth(x) (x,2)}

and distp(y)(.,.) is the distance induces by the Riemannian metric restricted to B(z).
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With this claim in mind, we define W}, (2) as the connected component of W#(x)
that contains x and has radius equal to K.

Notice that for any K > 0 there exists ng such that for any n > ng and any
w,v € f~"(J1) we have that W3- (w) N W;-(v) = 0. Otherwise we can find an simple
E*-F loop such that under f" is a simple E°-F loop inside Bg(x). Consider the cylinder
Wi (1)) = Une gy Wi ()

Observe that for any L there exist K = K (L) such that if [ is an arc joining f~"(J1)
with the s-boundary of the cylinder then its length must be greater than L.

Let M = M(ep) and choose L >> M and set K = K(L). Now, choose n large
enough so that if v € Wy (w) then dist(f"(v), f*(w)) < r/2. Since £(f7"(J2)) < M
it follows that f~"(J2) does not intersects the s boundary of W (f~"(J1)). It follows
that

S € Wi (7 (1)

and so f7"(z) € Wi (f~"(y)). This implies that dist(y, z) < r/2, a contradiction.

4.3 Assumption: fis C? and there is not attracting or semi-attracting
periodic points.

In this section we shall prove that F' is uniquely integrable provided f is C? and there
are no semi-attracting periodic points. First we shall prove a general result regarding
the dynamic of the central unstable manifolds.

Lemma 4.4. Let f : M — M be a C" diffeomorphisms r > 1 and let A be a compact
invariant set having a codimension one dominated splitting. Let either I be a periodic
arc such that f* restricted to I (k being the period of I) is the identity or I be a simple
closed periodic curve such that f* restricted to I (k being the period of I) is conjugated
to an irrational rotation. Then, F is uniquely integrable at any point x of I.

Proof. 1t is immediate from the fact that I is attracting normally hyperbolic arc.
O

Using that the center unstable manifold of a codimension one dominated splitting
are one dimensional and that they are locally invariant, it is easily concluded the next
remark:

Remark 4.3.1. Let us assume that there is a codimension one dominated splitting over
M for a C"—diffeomorphisms (r > 1). There exists €1 such that for any periodic point
p of f follows that given a connected component of W5 (p)\{p} either it is contained in
the unstable manifold of p or the dynamic is the identity in this component or contains
a semi-attracting periodic point.

Lemma 4.5. Let f : M — M be a C? diffeomorphisms and let us assume that M
exhibits a codimension one dominated splitting. Let us also assume that they are not
attracting or semi-attracting periodic points. Then, there exists e > 0 such that for
any x € A it follows that either

1. there exists v = y(e1,x) such that f~" (W' (z)) C WE(f~"(x)),
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2. x belong to a normally attracting periodic simple closed curve with dynamic con-
jugated to an irrational rotation,

3. x belong to a normally attracting periodic simple arc with dynamic (up to the
period) equal to the identity on J.

Proof. Recall from corollary 2.1 the existence of 0 (§ < €) such that if y € W (x) and
dist(f~7(z), {3 (y)) < 8 for 0 < j <n, then f-3(y) € We(f~(x)) for 0 < j < .

Assume that the first item conclusion of the theorem is false. Then there exist a
sequence v, — 0, m, — oo such that, for 0 < j < m,,,

(FIWE () <

for some €; (smaller than the one obtained in the previous remark and smaller than §
given by theorem 3.1) and

(™ (W (@))) = a1

Letting I,, = f~"(W3"(zy)) we can assume (taking a subsequence if necessary) that
I, — I and f7"(z) — 2,z € A,z € I (the closure of I).

Now, we have that ¢(f™(I)) < e for all positive n, and since I C W (z), we
conclude that I is a C? §-E-interval. Now we apply Theorem 3.1. Since they are neither
attracting or semi-attracting periodic points, then either (1) or (2) of the referred
theorem happens for this arc I we conclude that x belong to a periodic invariant closed
curve and so the second or third item of the present lemma holds.

0

Remark 4.3.2. Let f: M — M be a C" (r > 1) diffeomorphisms and let us assume
that it has a codimension one dominated splitting over M. Let I be a normally attracting
periodic simple arc. If they are neither semi-attracting or attracting periodic points then
f to I is the identity map, where k is the period of I.

End of proof of main theorem: To finish the proof we have to prove that F is
uniquely integrable provided M has codimension one dominated splitting, f is C? and
there are neither attracting nor semi-attracting periodic points. This is an immediate
consequence of lemma 4.5, lemma 4.4 and lemma 4.1.

References

[AM] R. Abraham, J. Marsden, Foundations of Mechanics, Benjamin-Cummings,
London (1978).

[AS] R. Abraham, S. Smale, Nongenericity of Axiom A and Q-stability, Global
analysis-Proc. Symp.in Pure Math. 14, AMS, Providence, R.1., (1970), 5-8.

[HPS] M. Hirsch, C. Pugh, M. Shub, Invariant manifolds, Springer Lecture Notes in
Math., 583 (1977).

[KF]  A.N. Kolmogorov, S.V. Fomin, Introductory Real Analysis, Translated and
Edited by Richard A. Silverman, Dover Publications, Inc. New York, (1970).

14



[L] H. B. Lawson, The Qualitative Theory of Foliations, American Mathematical
Society CBMS Series volume 27, AMS, Providence RI (1977).

[Ly] A.M. Lyapunov. The General Problem of the Stability of Motion. Taylor and
Francis, translated and edited by A. T. Fuller (1992).

[PAM] J. Palis and W. De Melo, Geometric Theory of Dynamical Systems. An Intro-
duction, Springer-Verlag, New York, (1982).

[P]] V. A. Pliss, On a conjecture due to Smale, Di Uravnenija, 8, (1972), 268-282.

[PS1] E. R. Pujals, M. Sambarino, Homoclinic tangencies and hyperbolicity for sur-
face diffeomorphisms, Annals of math 151 (2000), 961-1023.

[PS2] E. R. Pujals, M. Sambarino, Topics on homoclinic bifurcation, dominated split-
ting, robust transitivity and related results, Handbook of dynamical systems vol
1B, Elsevier (2005) 327-378.

[S] S. Smale, Differentiable dynamical systems. Bull. Amer. Math. Soc. 73 (1967),
747-817.

[Sh] M. Shub, Differentiable dynamical systems. Bull. Amer. Math. Soc. 73 (1967),
747-817.

E. R. Pujals

IMPA

Rio de Janeiro, R. J. , Brazil
enrique@impa.br

M. Sambarino
CMAT-Facultad de Ciencias
Montevideo, Uruguay
samba@cmat.edu.uy

15



