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Abstract

We solve Blaschke’s problem for hypersurfaces of dimension n > 3. Namely,
we determine all pairs of Euclidean hypersurfaces f, f: M™ — R"™*! that induce
conformal metrics on M™ and envelop a common sphere congruence in R,

A fundamental problem in surface theory is to investigate which data are sufficient
to determine a surface in space. For instance, a generic immersion f: M? — R? into
Fuclidean three-space is determined, up to a rigid motion, by its induced metric and
mean curvature function. Bonnet’s problem is to classify all exceptional immersions.
Locally, this was accomplished by Bonnet [Bon|, Cartan [Ca;] and Chern [Ch]. They
split into three distinct classes, namely, constant mean curvature surfaces, nonconstant
mean curvature Bonnet surfaces admitting a one-parameter family of isometric defor-
mations preserving the mean curvature function, and surfaces that admit exactly one
such deformation giving rise to a so-called Bonnet pair. From a global point of view the
problem has been recently taken up by several authors (see [KPP] and [Bob]).

As another example, a generic f: M? — R3 is also determined up to homothety
and translation by its conformal structure and its Gauss map. Classifying the exceptions
is known as Christoffel’s problem. All local solutions were determined by Christoffel him-
self [Chr|. Besides minimal surfaces, the remaining nontrivial solutions are isothermic
surfaces, which are characterized by the fact that they admit local conformal parame-
terizations by curvature lines on the open subset of nonumbilic points.

Prescribing the Gauss map of a surface f: M? — R? can be thought of as giving
a plane congruence (i.e., a two-parameter family of two-dimensional affine subspaces
of R3) to be enveloped by f. Christoffel’s problem can thus be rephrased as finding
which surfaces are not determined by their conformal structure and a prescribed plane
congruence which they are to envelop.

A similar problem in the realm of Mdbius geometry was studied by Blaschke [Bl]
and is now known as Blaschke’s problem. It consists in finding the surfaces that are not
determined, up to Mobius transformations, by their conformal structure and a given
sphere congruence (i.e, a two-parameter family of spheres) enveloped by them. Isother-
mic surfaces show up again as one of the two nontrivial classes of exceptional cases.
An apparently unrelated class appears as the other: Willmore surfaces, which are best



known in connection to the celebrated Willmore conjecture. Willmore surfaces always
arise in pairs of dual surfaces, as conformal envelopes of their common central sphere
congruence, whose elements have the same mean curvature as that of the enveloping
surfaces at the corresponding points of tangency.

Unlike the case of Willmore dual surfaces, for any isothermic surfaces f, f: M? — R?
that arise as exceptional surfaces for Blaschke’s problem the curvature lines of f and f
coincide, in which case the sphere congruence is said to be Ribaucour. Each element of
such a pair is said to be a Darboux transform of the other.

Blaschke’s problem was recently studied in [Ma] for surfaces of arbitrary codimen-
sion. On the other hand, the investigation of the analogous to Christoffel’s problem for
higher dimensional hypersurfaces f: M™ — R""l namely, to determine all hypersur-
faces that admit a conformal deformation preserving the Gauss map, was carried out
in [DV]. The isometric version of the problem had been previously solved in arbitrary
codimension in [DG,].

In this article we solve Blaschke’s problem for hypersurfaces: which pairs of hyper-
surfaces f, f : M™ — R envelop a common regular sphere congruence and induce
conformal metrics on M"? (see the beginning of Section 2 for the meaning of the regu-
larity assumption). Since pairs of hypersurfaces that differ by an inversion always satisfy
both conditions, they can be regarded as trivial solutions. Thus we look for nontrivial
solutions, that is, pairs of hypersurfaces that do not differ by a Mobius transformation
of R+,

The problem of determining conformal envelopes of Ribaucour sphere congruences
was recently treated in arbitrary dimension and codimension in [To;], making use of
the extension of the Ribaucour transformation developed in [DT;] and [DT,] to that
general setting. They were named Darbouzx transforms one of each other, following the
standard terminology of the surface case. However, the definition in [To;] does not
exclude the possibility of Darboux pairs that differ by a composition of a rigid motion
and an inversion. Thus, here we rule out from the classification in [To4| the isometric
immersions that only admit such trivial Darboux transforms. Unfortunately, no inter-
esting higher dimensional analogues of isothermic surfaces arise: in the hypersurface
case, they reduce, up to Mobius transformations of Euclidean space, to cylinders over
plane curves, cylinders over surfaces that are cones over spherical curves and rotation
hypersurfaces over plane curves (after excluding the ones that only admit conformally
congruent Darboux transforms). Our main result is that there are no other solutions of
Blaschke’s problem for hypersurfaces.

Theorem 1. Let f, f: M" — R n > 3, be a nontrivial solution of Blaschke’s
problem. Then f(M) and f(M) are, up to a Mébius transformation of R™™', open
subsets of one of the following:

(1) A cylinder over a plane curve.



(it) A cylinder C(y) x R"2, where C(v) denotes the cone over a curve v in S* C R3.

(7ii) A rotation hypersurface over a plane curve.

Conversely, for any hypersurface f: M"™ — R™ 1 that differs by a Mdbius trans-
formation of R™ from a hypersurface as in either of the preceding cases there ex-
ists f: M — R™ 1 of the same type as f such that (f, f) is a nontrivial solution of
Blaschke’s problem. Moreover, f is a Darbouz transform of f.

To prove Theorem 1, we show that for a pair of hypersurfaces (f, f), that is a
solution of Blaschke’s problem, the shape operators are always simultaneously diagonal-
izable. This reduces the problem to the previously discussed case of Ribaucour sphere
congruences. Our approach is as follows. We are first naturally led to study pairs of con-
formal hypersurfaces f, f: M™ — R"! n > 3, that satisfy a weaker condition than that
of enveloping a common sphere congruence. In order to describe it, we use that a sphere
congruence in R"*! can be regarded as a map s: M™ — S}*? into the Lorentzian hyper-
sphere with constant sectional curvature one of Lorentz space "™ (see the beginning
of Section 2 for details). We study pairs of conformal hypersurfaces f, f: M" — R+,
n > 3, that envelop (possibly different) sphere congruences s, §: M™ — S"*? with the
same radius function and which induce the same metric on M™. By the radius function
of a sphere congruence s: M™ — S?"? we mean the function that assigns to each point
of M™ the (Euclidean) radius of the sphere s(p). We point out that this condition is not
invariant under Mobius transformations of Euclidean space. In this way, we are able to
restrict the candidates of solutions of Blaschke’s problem, in the case in which principal
directions are not preserved, to pairs of surface-like hypersurfaces over surfaces that are
solutions of Bonnet’s problem in three-dimensional space forms. We say that a hyper-
surface f: M™ — R"™ is surface-like if f(M) is the image by a M&bius transformation
of R™"! of an open subset of one of the following:

(i) a cylinder M? x R"! over M? C R3;

(ii) acylinder CM?xR"2 where CM? C R* denotes the cone over a surface M? C S3;
... . 2 3

(ii7) a rotation hypersurface over M* C R?.

The proof is then completed by showing that neither of the possible candidates is in
fact a solution of Blaschke’s problem.
1 Conformally deformable hypersurfaces

Two hypersurfaces f: M™ — R™! and f: M"™ — R**! in Euclidean space are said to
be conformally congruent if they differ by a conformal transformation of R™"*!. By



Liouville’s theorem, any such transformation is a composition T'= L o Z of a similarity
L and an inversion Z with respect to a hypersphere of R®"!. Recall that the inversion
Z: RY\ {po} — RN\ {po} with respect to a hypersphere with radius r centered at py is

given by
2

Z(p) = po + (P — po)-

lp — pol|?

If f: M"™ — R is a hypersurface and N is a unit normal vector field to f, then it is
easily seen that N = r72||f — po||*Z.N defines a unit normal vector field to f = Z o f.
Moreover, the shape operators Ay and AN of f and f with respect to N and N,
respectively, are related by

r?Ag = ||f — pol*An + 2(f — po, N1, (1)

where I stands for the identity endomorphism of 7M. Recall that AyX = -V x NN for
any X € TM, where V denotes the derivative of R""!. In particular, f and f have
common principal directions and the corresponding principal curvatures are related by

X = Nl f = poll> + 2{f — po, N). (2)

A hypersurface f: M" — R™*! is said to be conformally rigid if any other conformal
immersion f: M™ — R"! is conformally congruent to f. The following criterion for
conformal rigidity is due to Cartan [Cay].

Theorem 2. A hypersurface f: M™ — R n > 5 is conformally rigid if all principal
curvatures have multiplicity less than n — 2 everywhere.

A conformal immersion f: M™ — R™"! not conformally congruent to f is said to be
a conformal deformation of f. It is said to be nowhere conformally congruent to f if it
is not conformally congruent to f on any open subset of M".

It is well-known that an n-dimensional Euclidean hypersurface has a principal cur-
vature of multiplicity at least n — 1 everywhere if and only if it is conformally flat,
hence, highly conformally deformable. By Theorem 2, if an Euclidean hypersurface of
dimension n > 5 has principal curvatures of multiplicity less than n — 1 everywhere and
admits a conformal nowhere conformally congruent deformation, then it must have a
principal curvature A\ of constant multiplicity n — 2 everywhere. Such a hypersurface
was called in [DT3] a Cartan hypersurface if, in addition, A is nowhere zero.

Cartan hypersurfaces of dimension n > 5 have been classified in [Ca;]. We refer
to [DT3] for a modern account of that classification. They can be separated into four
classes, namely, surface-like, conformally ruled, the ones having precisely a continuous
1-parameter family of deformations and those that admit only one deformation.



The approach in [DTj3] is based on the structure of the splitting tensor C of the
eigenbundle A = ker(A — A\I) correspondent to the principal curvature A\ of multiplicity
n — 2 of a Cartan hypersurface. It is defined by

(CrX,Y)=(VxY,T) forall T€ A and X,Y € A™.

Under a conformal change of metric (, )~ = e*?(, ), the tensor C changes as

Cp=Cp—T(p)I forall T e A. (3)
This follows immediately from the formula
VxY = VxY + X(9)Y +Y(9)X — (X.Y)Vy, (4)

that relates the Levi-Civita connections V and V of (, ) and (, )™, respectively. Here
V¢ denotes the gradient with respect to (, ).

A key observation on the splitting tensor associated to a Cartan hypersurface is the
following result, which we will also need here. It slightly improves Lemma 15 in [DT}3],
so we include its proof.

Lemma 3. If C is the splitting tensor of A, then the dimension of coker C = (ker C')*
15 at most two at any point of M™. Moreover, if it is two everywhere then there exists
S € cokerC such that Cg = al for some nonzero real number a.

Proof: 1t was shown in Lemma 14 of [DT3] that there exists an operator D on A+
such that det D = 1 and [D,Cr] = 0 for all T € A. Thus, the image of C lies in
the two-dimensional subspace S of linear operators on A+ that commute with D. This
already implies the first assertion. Assuming that the second assertion does not hold,
the subspace spanned by the image of C' and the identity operator would have dimension
three and be contained in S, a contradiction. g

The simplest structure of the splitting tensor C' of a Cartan hypersurface occurs
when there exists a vector field § € At such that Cr = (6, T)I for every T € A.
This is equivalent to requiring A+ to be an umbilical distribution with mean curvature
vector field . The following classification of the corresponding Cartan hypersurfaces
was derived in [DT3] as a consequence of the main theorem of [DFT] and plays a key
role in this paper.

Theorem 4. Let f: M™ — R"™ n > 4, be a Cartan hypersurface and let A be the
eigenbundle correspondent to its principal curvature of multiplicity n — 2. If A+ is an
umbilical distribution then f is a surface-like hypersurface.

The preceding result also holds for n = 3 if A is assumed to be constant along A, a
condition that is always satisfied when the rank of A is at least two (see [DFT]).

To conclude this section, we point out that conformally deformable Euclidean hyper-
surfaces of dimensions 3 and 4 have also been studied by Cartan [Cay],[Cas], although
in these cases a classification is far from being complete. Even though we do not make
use of Cartan’s results for these cases, some of our arguments are implicit in his work.
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2 A necessary condition for a solution

Let "™ be the (n + 3)-dimensional Minkowski space, that is, R"*! endowed with a
Lorentz scalar product of signature (+,...,+,—), and let

V2 = {p e L"*: (p,p) = 0}
denote the light cone in L."*3. Then
E"™ =EM = {p e V" (p,w) = 1}

is a model of (n + 1)-dimensional Euclidean space for any w € V"2 Namely, choose
po € E"™! and a linear isometry D: R™! — span{pg,w}* C L""3. Then the triple
(po, w, D) gives rise to an isometry ¥ = W, , p: R"*t — E"! C L"*3 defined by

1
V(x) = py+ Dz — §||x||2w

Hyperspheres can be nicely described in E"*!: given a hypersphere S C R"*! with
(constant) mean curvature H with respect to a unit normal vector field N along S, then
v=HV+ W N cL"3 is a constant space-like vector. Moreover, the vector v has unit
length and (v, ¥(q)) = 0 for all ¢ € S; thus

U(S) = E" N {v}t.

Therefore, given a hypersurface f: M™ — R"! a sphere congruence enveloped by f
with radius function R € C>(M) can be identified with the map s: M™ — S into the
Lorentzian sphere S'? = {p € L"*3: (p,p) = 1} defined by

s(q) = W‘l’(f(q» + W, (f(q))N(q). (5)

The sphere congruence is said to be reqular if the map s is an immersion.

Proposition 5. Let f: M™ — R™*! envelop a sphere congruence s: M™ — S'2 with
radius function R € C*°(M). Then the metrics (, ) and (, )* induced by f and s are

related by
(X, V)" =((A—al)X,(A—-al)Y), (6)

where a = 1/R and A is the shape operator of f. In particular, the sphere congruence
1s reqular if and only if a is nowhere a principal curvature of f.

Proof: Differentiating (5) we obtain
$: X =X() (Vo f)+a¥,f,.X —V,AX — (N, f.X)w.

The conclusion now follows easily by using that (¥, U) = 0, and hence that (¥, 7, ¥) =0
for any Z € R g



Corollary 6. Let f, f: M™ — R"*! induce conformal metrics {, )~ = e**(,) on M™.
Then the following assertions are equivalent:

(7) f and f envelop sphere congruences with the same radius function R which induce
the same metric on M™.

(i1) There ezists a € C>°(M) such that the tensors B = A—al and B = A—al satisfy

B? = e B2 (7)

Proof: By Proposition 5, if either (i) or (i7) holds, then so does the other with « = 1/R. 1

Corollary 6 can be extended to pairs of hypersurfaces f, f: M"™ — Q! in any
space form with constant sectional curvature c. If, for simplicity, we take ¢ = +1 when
¢ # 0, then the function « in part (i7) is related to the radius function R of the sphere
congruence enveloped by f and f by @ = cot Rif ¢ =1 and o = coth R if ¢ = —1.

It follows from Corollary 6 that (i7) is a necessary condition for a pair of conformal
hypersurfaces f, f: M™ — R™"! to be a solution of Blaschke’s problem, that is, to envelop
a common sphere congruence. This can also be derived directly for hypersurfaces in Q7!
from the fact that f and f enveloping a common sphere congruence with radius function
R € C**(M) is equivalent to

Cf+SN=Cf+SN, (8)

where we use the standard models "' € R"" and H""" C L™ of Q" when ¢ = 1
and ¢ = —1, respectively, so that (f, f) = (f, f) = ¢. Moreover,

C=cosR, S=sinR if c=1,
C=1, S=1/R if ¢=0,
C =coshR, S=sinhR if ¢c=—1,

whereas N and N are unit vector fields normal to f and f, respectively. Differentiating
(8) yields
X(R)(Sf+ CN)+ f.(CI —SA)X = X(R)(Sf+ CN) + f.(CI — SA)X.

Setting
a=C/S

this gives o B }
fiBX — X(R)(f + aN) = f.BX — X(R)(f + aN), (9)

which implies that o
Hf*BX” = ”f*BXH
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for any X € TM. It follows that
(f.BX, f.BY) = (f.BX, f.BY) = e**(f.BX, f.BY)

for all X,Y € TM, or equivalently, that B2 = e¢~2#B2.

In the remaining of the present section we study pairs of conformal hypersurfaces
fs f: M™ — R™™! that satisfy condition (i7) of Corollary 6. We point out that the
limiting case in which « is identically zero reduces to the problem recently studied by
Vlachos [V1] of determining all pairs of conformal hypersurfaces f, f: M™ — R"*! whose
Gauss maps with values in the Grassmannian of n-planes in R"*! induce the same metric
on M". In particular, this allows us to adapt to our case some of the arguments used
in the proof of the main result of that paper.

Lemma 7. Let f, f: M™ — R"' n >3, induce conformal metrics {, )~ = e**(,) on
M™ and satisfy either one of the equivalent conditions in Corollary 6. Assume that the
shape operators A and A of f and f, respectively, cannot be simultaneously diagonalized
at any point of M™. Then there exist a smooth distribution A of rank n — 2 such that

(i) A is the common eigenbundle ker(A—\I) = ker(fl—jJ) correspondent to principal
curvatures A and X of f and f, respectively,

(ii) trace (A|ar) = 2a = trace (A|5L),
(iii) ker By = {0} = ker B|a..
and an orthogonal tensor T on M"™ such that
(iv) T|an =€l fore= =1,
(v) det T|ar =1,
(vi) B=e¥BoT.

Proof: Let \i,..., A\, and M, ..., A\, be the principal curvatures of f and f, with corre-
sponding principal frames {ey,...,e,} and {é,...,é,}, respectively, which we assume
to be orthonormal with respect to the metric induced by f. Set

f; = A; —a  and ﬂjzj\j—a.

By condition (i7) of Corollary 6, after re-enumeration of the principal vectors, if neces-
sary, we have
i =e*p? for 1<j<n. (10)



Write

Then

Hence,
([%2 - 6_%0/1?)@]'2‘ =0 for 1<14,5<n,

and it follows from (10) that

(1 — p3)aj; =0 = (i} — fi5)aj; for 1<i,j<n. (11)

Therefore, if aj; # 0 then pf = p3 and fif = i3, or equivalently
M+ X—2a) (N —X) =0 and (A +A; —2a)(A; — ;) = 0. (12)

We now assume the existence of a smooth distribution A of rank n — 2 satisfying
(1) and prove the remaining assertions. The principal curvatures can be ordered so that
A =span{es,...,e,} =span{és,...,é,}, A3 =--- =X\, := X and A==\, =\
Since ag; # 0 by the assumption that A and A cannot be simultaneously diagonalized
at any point, then (12) is satisfied for i = 1 and j = 2. Since A\; # Ay and A\, # Ay by
the same assumption, we obtain that (i) holds.

Observe that ker B = ker B, in view of (7), thus our assumption on A and A implies
that condition (7i7) must hold. Therefore, using (7) once more, we obtain that all the
remaining conditions in the statement are fulfilled by the tensor 7" defined by

(i) Tlar = €?(Blas) ™' Blas;

(i1) T|a = €I, where e = 1 or € = —1, according as fi = A\ —« and = A\ — o are
related by i = e %u or i = —e~ %, respectively.

In order to complete the proof, it suffices to show that at each € M™ there exists
a common eigenspace A(z) of A and A of dimension n — 2. The assumption on A and
A forces A(z) to be maximal with this property, and this implies smoothness of A. We
consider separately the cases n > 5, n =3 and n = 4.

Case n > 5. Taking (1) into account, it follows from the assumption on A and A that
flv and f |y do not coincide up to a conformal diffeomorphism of Euclidean space on
any open subset U C M™. Then, existence of a common eigenspace A(x) of A and A of
dimension n — 2 follows from Theorem 2.

Case n = 3. All we have to prove in this case is the existence of a common principal
direction of A and A. First notice that the case in which u?, 3, 3 are mutually distinct

9



is ruled out by (11) and the assumption on A and A. Therefore, we are left with two
possibilities:

(a) pi = w3 # p3, up to a reordering. Then ai3 = ass = 0 by (11), and hence e3 is a
common principal direction of A and A.

() ui = w5 = p3. We may assume that —puy = pus = pg and that —fiy = fi3 = fis.
Then, both A and A have a two dimensional eigenspace and their intersection yields the
desired common principal direction.

Case n = 4. As before, it follows from (11) and the assumption on A and A that
w3, pa, w3, 13 can not be mutually distinct.

For the remaining cases we need the following facts. The curvature tensors R and R
of the metrics induced by f and f are related by

R(X,Y)Z = R(X,Y)Z = (Q(Y, Z) + (Y, Z) |gradep|*) X
+(QX, 2) + (X, Z)[gradp|*)Y — (Y, Z)Qo(X) + (X, Z)Qo(Y),

where Qo (X) = Vxgradp — (gradp, X)gradp and Q(X,Y) = (Qo(X),Y). In particular,
if X,Y, Z are orthonormal vectors then

(13)

R(X.Y)Z =R(X,Y)Z - Q(Y,2)X + Q(X, Z)Y.

From the Gauss equation for f it follows that

(R(er, ej)ex,er) = —Qej,er) if r#j#k#r (14)

and

(R(er,ej)ex, es) = 0, if all four indices are distinct. (15)

In particular, (14) implies that

(R(er, €j)er, er) = (R(es, ej)ex, es), if {r,s}N{j,k} =0 and j # k. (16)
It will be convenient to single out the following consequence of (16):

FACT: Ife;, = ¢ and e; = &; (up to sign) for some 1 < i # j < 4 then p; = p;
and ,&Z = ﬂj.

In order to prove the Fact, for simplicity of notation we assume that (7, j) = (1,2). Set
e3 = cosbes +sinfe,, ey = —sinfés + cosbéy.
It follows from (16) for (r, 7, k,s) = (1, 3,4, 2) and the Gauss equation for f that

(5\1 — 5\2)(5\3 — 5\4) sinf cosf = 0
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or, equivalently, that
(fu — fi2)(fis — fia) sinfcosf = 0.
Since both sinf cosf = 0 and i3 = ji4 lead to a contradiction with our assumption on

A and A, it follows that i, = fio. Reversing the roles of f and f gives (1 = pg, and the
proof of the Fact is completed.

We now proceed with the proof of existence of a common two-dimensional eigenspace
of A and A.

(a) Assume that p?, p3, p3 are mutually distinct and that p3 = p3. Then ay = 0
if i # 1 and a;p = 0if ¢ # 2 by (11). Hence e; = &, e; = & (up to sign) and
span{es, e4} = span{és, é4}, in contradiction with the Fact.

(b) Assume that pu? # p3 = pi = p3. Then ay = 0if ¢ # 1, and hence e; = é; and
span{es, €3, e4} = span{és, €3, €,}. We may assume —po = u3 = py and —fis = fiz = [ig-
If span{es, e} = span{és, é,} then we are done. Otherwise, we may assume that e4 = éy,
which gives a contradiction with the Fact.

(¢) Assume that p3 = p3 # pi3 = pi. Then a;; = 0if i = 1,2 and j = 2,3. Hence
span{ey, eo} = span{éy, é&;} and span{es, es} = span{és, é,}. Since A and A cannot be
simultaneously diagonalized we have to consider only two cases. If uy = —pus, i3 = jig
and iy = —[io, fl3 = fi4, then span{es,eq} = span{eés, é4} is the desired common two
dimensional eigenspace of A and A.

Assume that py = —pg, 3 = —pg and that fiy = —fip ==y # 0, fi3 = —fig 1= 72 # 0.
Setting

€1 = COS €1 + sin ¢pey, €9 = —sin ¢pe; + cos Pé,,

e3 = cosbes +sinfey, ey, = —sinfées + cos ey,
it follows from (15) for (r, 7, k,s) = (1,3, 4,2) and the Gauss equation for f that
(A — X2)(As — \y) sin @ cos fsin ¢ cos ¢ = 0.
Thus 172 sinf cosfsin ¢ cos = 0. Hence, we may assume that e; = ¢; and ey = é,,
and the Fact shows that this case can not occur.

(d) Assume that pf = p5 = p3 = pi. I —py = pg = p3 = py and —jiy = fip =
ji3 = [i4, then both A and A have three-dimensional eigenspaces, and their intersection
gives a common two-dimensional eigenspace as desired. If —p; = po = ps = py and

—jly = —flo = [i3 = [l4, then we may assume that e; = é; and e3 = €3, and we get a
contradiction with the Fact.
To conclude the proof we assume that —pu; = —p = p3 = py and —fiy = —fip =

fiz = fi4 on an open subset U C M*. Then f|y and f|y are Cyclides of Dupin. In
particular, U is conformal to an open subset of a Riemannian product Q? x S ¢ > —1,
with A; = span{ej,es} and Ay = span{es, es} as the distributions tangent to the
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factors Q2 and S?, respectively (cf. [To]|, Corollary 13). It suffices to argue that for
such a Riemannian manifold the pair of orthogonal distributions A; = span{e;, es} and
Ay = span{es, e4} is invariant by conformal changes of the metric. For that, let W
denote the Weyl curvature tensor of Q? x S%. Then

(W(ei, ej)er,ex) = (1+¢)/3
if (i,j, k, l) € {(1, 2,2, 1), (2, 1,1, 2), (3, 4,4, 3, ), (4, 3,3, 4)},
(W(ei,ej)er, ex) = —(14¢)/3

if (4,5, k,1) € {(1,2,1,2),(2,1,2,1), (3,4, 3,4, ),(4,3,4,3)}, and vanishes otherwise. In
particular, if X = 377 a;e; and Y = Z?Zl bje; are orthonormal vectors, then

1+c¢

<W(X, Y)K X> = ((Cblbg - agbl)2 + (CL3b4 — a4b3)2) .
Hence (W(X,Y)Y, X) = 0 if and only if there exist A € R, Z € span{e;,es} and
U € span{es, es} such that X = 7 4+ U and Y = Z — AU. In other words,

(W(X,Y)Y,X)=0

if and only if there exist vectors S € span{e;,es} and T € span{es, e,} satisfying that
span{X,Y} = span{S,T}. By the conformal invariance of W, the pair of orthogonal
distributions A; and A, is uniquely determined up to conformal changes of the metric
by the fact that W (o) = 0 for a two-plane o if and only if o intersects both Ay and A,. 1

Remark 8. For n = 2, the proof of Lemma 7- (ii) shows that f and f must have a
common mean curvature function H = «. In particular, this implies the well-known
fact that if two surfaces f: M2 — R?® and f: M2 — R3 induce conformal metrics on
M? and envelop a common sphere congruence, then the the latter is necessarily their
common central sphere congruence. Moreover, the proof can be easily adapted to show
that the same conclusion is true for a pair of immersions f, f: M2 — Q? into any space
form.

Lemma 9. Under the assumptions of Lemma 7 it holds that
VP(X,)Y)+ XANY((P—-1)V¢) =0 (17)
where P = BoT = e ¥B.

Proof: Since f, f: M™ — R" n > 3, induce conformal metrics (, )~ = e*?(, ) on M™,
the corresponding Levi-Civita connections V and V are related by (4). Using this we
obtain that

(VxA)Y — (VyA)
VxAY = (Vy A)X + (AY)(9)X =Y (p)AX — (AX) ()Y + X (p)AY.

—~
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The Codazzi equation for f then gives

(VxA)Y = (VyA)X = (AX)(9)Y = X(9)AY — (AY)(9)X + Y () AX,
which easily implies that

(VxB)Y — (VyB)X + X(a)Y —Y(a)X

= (BX)(9)Y = X(9)BY — (BY)(9)X +Y (9) BX.
Replacing B = e ?(BoT) into the preceding equation yields
(Vo, BoT(X))Y = (Vp,BoT(Y))X
=B(VxT)Y — (VyT)X)+ (VxB)TY — (VyB)TX + X(a)Y — Y ()X,
that is,
(VxP)Y — (VyP)X = (PX, V)Y — (PY,Vp) X + X ANY (Vy),

which is equivalent to (17). B

Lemma 10. Under the assumptions of Lemma 7, suppose that v := X — a # 0. Then,

(i) if the conclusion of Lemma 7 holds with € = 1 then A+ is an umbilical distribution;

(11) if the conclusion of Lemma 7 holds with e = —1 then coker C' has dimension 1.

Proof: Casen > 4. Let eq,...,e, be an orthonormal frame field such that Be; = ey,
Bey = —[fley and Be; = 7ye; for i > 3, where = pu; — a = a — pus. Applying (17) for
X =¢;and Y =¢j, i # j > 3, we obtain that Vi € A+, Since det T|51 = 1, we may
set

Te; = cosble; + sinfley, Tey = —sinfe; + cos fesy

for some smooth function #. Since A and A can not be simultaneously diagonalized at
any point of M™, we have that cosf # 1 everywhere.
The Codazzi equation for f yields

(VxB)Y + X(a)Y = (VyB)X +Y(a)X (18)

for all tangent vector fields X,Y. Applying (18) for X =e; and Y = e, and taking the
e;-component for ¢ > 3 yields

(7 + Bwialer) = (v — Blwir(e2), @ = 3. (19)

13



Similarly, using (18) for X = e; and Y = ¢;, and then for X = ey and Y = ¢;, i > 3,
and comparing the e;-component of the former equation with the es-component of the
latter, we get

(v = Blwin(er) + (v + Blwia(e2) = 2e5(ar), @ > 3. (20)
Applying (17) for X = e; and Y = ¢;, ¢ > 3, using (18) and taking the e; and
es-components yields, respectively,
v(€e — cos@)w;r(e1) + Bsin Qwia(er) + Fsinfe;(0) + 25 sin Owqy (e;) = (1—cosb)e;(ar) (21)
and

v(e—cosO)wia(er) + Bsinbw;(e1) + B eosbe;(0)— (v + F) sin Owia(ea) = — sin fe; (). (22)

Similarly, applying (17) for X = ey and Y = ¢;, i > 3, using (18) and taking the e;
and es-components yields, respectively,

(e — cos O)wii(e2) + B sin Bwis(es) + [ cosfe;(0) + (v — B) sinBw; (e1) = sin fe; () (23)
and
v(e—cos O)wia(ea) + [ sinbw; (ex) — [ sin be; (0) 4+ 26 sin Qwia(e;) = (1—cosb)e; (). (24)

Subtracting equation (23) from (22) and adding equations (21) and (24) yields, respec-
tively,
V(€ — cosb)(wia(e1) — wir(e2)) + BsinO(wii(e1) — win(ea)) =0 (25)

and
(e — cos ) (wir(e1) + win(e2)) + BsinB(wia(er) + wir(ez)) = 2(1 — cosf)e; (o). (26)

We now prove (ii). By Lemma 3, if coker C' does not have dimension 1 then there
exists S € coker C such that C's = al for some nonzero real number a. It follows from
(20) and (26), respectively, that

—ay = S(a)

and
ay(e —cosf) = (1 — cos6)S(w),

so we get a contradiction since v # 0.

In order to prove (i), we regard equations (19), (20), (25) and (26) as a system of
linear equations in the unknowns wy;(e1), wiz(€1), wii(ez) and w;s(e2). We obtain that its
unique solution is w;i(e1) = wia(ea) = €;(a) /v and wis(e1) = wii(e2) = 0, which implies
that A+ is an umbilical distribution with mean curvature vector field n = (1/7)(V a)|a.

Case n = 3. Here we reorder the principal frame e, es, €3 so that e; spans A and

Tey = ey, Tey = cosbey + sinfes, and Tez = — sin fey + cos fes.

14



We have
Bey = vey, Bes = —fey and Beg = feg,

with a — s = = pg — . From (18) we obtain

ea(v+ ) = (v + Blwizler), es(y+a)= (v — Blwler), (27)
_ala=8) o alBra)
w12(€2) = ”y—l—ﬁ ) 13( 3) ’y—ﬁ ) (28)
and
—_2ﬂwe we:_Qﬁwe
w13(62) = ~—3 23( 1), 12( 3) Y+ 23( 1)- (29)

Taking into account the first equation in (27), the e;-component of (17) for X = e; and
Y = e, gives

cos fes(p) — sinfez(p) = (cosd — 1)wia(er) — sinbwiz(eq). (30)

Using the first equations in (28) and (29), the e and es3-components of (17) for X = ¢;
and Y = ey yield, respectively,

= fe sin 6 — 2 sin Owas(e1) — (00897_1) e er(a
vei(p) = Per(6) sinf po— Owas(e1) oy (ve1(B) + Bes(a))  (31)
and 25 "
B cos feq(0) — 7 (cos — 1)was(er) + = (ve1(B) + Bei(a)) = 0. (32)

v—p v+ 5

Similarly, taking the e;-component of (17) for X = e; and Y = e3 and using the second
equation in (27) gives

sin fey () + cosfes(p) = —sin Bwiz(eg) — (cos @ — 1)wis(eq). (33)

Using the second equations in (28) and (29), the ez-component of (17) for X = e; and
Y = e3 yields

(ve1(B) + Bea(a)).  (34)

2 1
VGNW):-ﬁ%nW)$n94-775 ﬁn&%ﬂeﬂ%_gygﬂ__)

+ 0 v—0

Now, using all the equations in (28) and (29) we obtain by taking the e;-component of
(17) for X = ey and Y = e3 that

296(cos B — 1)was(er) + sinf(ve1 (5) + Per(w)) = 0. (35)
It follows from (32) and (35) that

2ysinf
N2 — 32

15

3 cos Beq (0) + (ve1(B) + Per(ar)) = 0. (36)



On the other hand, using (35) we get from (31) and (34) that
27y cosf
N2 32

Since By # 0, for v # 0 by assumption and 3 # 0 by Lemma 7-(¢iz), we obtain from
(36) and (37) that

Bsin ey (6) — (ve1(8) + Bex(a)) = 0. (37)

e1(#) =0 (38)
and
vei(B) + Bei(a) = 0. (39)
Then, it follows from (28) that
w12(€2) = w13(63)- (40)

In view of (39), equations (31) and (34) reduce, respectively, to
298

ver(p) + sin Qwyz(er) =0

and 25
ver(p) — > 1 5 sin fways(e1) = 0,

which imply that
e1(p) = 0 = was(e) (41)
Then we obtain from (29) that

wiz(eg) = 0 = wia(es).

Together with (40), this implies that the distribution At = span{es, e3} is umbilical. &

Proposition 11. Under the assumptions of Lemma 7, suppose further that its conclu-
sion holds with € = 1 and that v := X — « # 0. Then both f and [ are surface-like
hypersurfaces.

Proof: By Lemma 10, both f and f carry principal curvatures A and A, respectively, of
constant multiplicity n — 2 having a common eigenbundle A with the property that A+
is an umbilical distribution.

Case n > 4. In this case the conclusion follows from Theorem 4.

Case n = 3. We use the notations in the proof of Lemma 10. Using that

A=e"BT + ol
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and the Gauss equation for f, we obtain by taking the e,-component of (13) for X = e
and Y = Z = e3 that

Q(@l, 62) =0. (42)
Similarly, the eg-component of (13) for X =e; and Y = Z = e, gives
Q(€1, 63) =0. (43)

In view of (41), equations (42) and (43) reduce to

erea(p) = 0 =eres(yp),
and (30), (33) and (38) imply that

€1 (wlg(el)) =0= €1 (u)13(€1)). (44)
Then, using (44) and the second equality in (41), it follows that the derivative of
Vee1 = wia(er)es + wis(er)es

with respect to e; has no e; and ez-components. This means that the integral curves of
e, are circles in M3.

On the other hand, it follows from [To;|, Lemma 12 that also At is a spherical
distribution, that is, its mean curvature vector field ¢ satisfies

(Vz6,e1) =0 forall Zec A+

We obtain from [To,], Theorem 4.3 that M? is locally conformal to a Riemannian
product I x M?, the leaves of the product foliation tangent to I and M? corresponding,
respectively, to the leaves of A and At. Then, Theorem 5 in [To,] implies that f(M?)
is locally the image by a conformal transformation of Euclidean space of one of the
following: a cylinder N% xR over a surface N? C R3, a cone C'N? over a surface N? C S3,
a rotation hypersurface over a surface N* C R3, a cylinder 7 x R? over a plane curve, a
product Cv x R, where C'y is the cone over a spherical curve, or a rotation hypersurface
over a plane curve v C R%. In the three last cases, the hypersurface would have a
principal curvature of multiplicity two with A+ as eigenbundle, which is not possible by
the assumption that A and A can not be simultaneously diagonalized. Therefore f(M?)
and f(M?) must be (globally) open subsets of hypersurfaces as in one of the first three
cases. 1

3 The main lemma

We now use the results of the previous section to show that a sphere congruence in
R™*! n > 3, with conformal envelopes is necessarily Ribaucour.
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Lemma 12. Let f, f: M" — R+ n > 3, be a solution of Blaschke’s problem. Then
the shape operators A and A of f and f, respectively, can be simultaneously diagonalized
at any point of M™.

Proof: As pointed out after Corollary 6, condition (i7) in that result holds for f and
f, hence so does the conclusion of Lemma 7. Since the set of solutions of Blaschke’s
problem is invariant under Mobius transformations of R"*! by composing f and f with
such a transformation we may assume, in view of (2), that the function v defined in
Lemma 10 does not vanish. For the same reason and bearing in mind (3), we may
suppose that the dimension of coker(C) is not equal to 1, unless A+ is an umbilical
distribution. It follows from Lemma 10 that At is indeed umbilical. By Theorem 4,
f(M) and f(M) are, up to (possibly different) Mébius transformations Z; and Z, of
R™*! respectively, open subsets of one of the following:

(i) cylinders M? x R*2 and M? x R"2 over surfaces M?, M? C R®, respectively;

(ii) cylinders C'M? x R™3 and C'M? x R"3, respectively, where CM? C R* denotes
the cone over M? C S?;

(ili) rotation hypersurfaces over surfaces M? and M? contained in R?, respectively.

We now make the following key observation.

Lemma 13. If f is as in (i1), then M™ is conformal to M? x H" 2 with M?* endowed
with the metric induced from S3. If f is as in (ii1) ), then M™ is conformal M? x S"—2
with M? endowed with the metric induced from the metric of constant sectional curvature
—1 on R? regarded as the half-space model of H?.

Proof: An f as in (i7) can be parameterized by

f - (tb s 7tn—37 tn—lea IR tn—294)7

where g = (g1, . .., g4) parameterizes M? C S3. Then the metric induced by f is

<7 > = <’ >R”*2 +t721—2<7 >M2 = ti—2(<7 >H”*2 + <7 >M2)7

where (, )gn—2 is the metric of constant sectional curvature —1 on R’ regarded as the
half-space model of H"~2.

Any f as in (i4i) can be parameterized by f = (g1, g2, g3¢), where g = (g1, 92, g3)
parameterizes M? C R? and ¢ parameterizes S""2 C R""!. Thus the metric induced
by f is

<> > = <7 >M2 +g§<’ >S"*2 = g§(<a >r]\v42 + <a >§”*2)’

where (, )2 denotes the metric on M? induced by the Euclidean metric on R3 and
(, )73 the metric on M? induced by the hyperbolic metric of constant sectional curvature
—1 on R? regarded as the half-space model of H?. g
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Remark 14. If f: M™ — R"! is either a cylinder C'(y) x R"2, where C() is the cone
over a curve 7: I — S* C R?, or a rotation hypersurface over a curve v: I — R%, then
the proof of Lemma 13 shows that the metric induced by f is conformal to ds? + do?,
where s denotes the arc-length function of 7, regarded as a curve in the half-space model
of the hyperbolic plane in the last case, and do? is the metric of either the sphere S**
or hyperbolic space H" !, respectively.

Lemma 15. Let (,) = n1(, )1 + m(, )2 and (, )~ = 7w(, )7 + m5(, )3 be product
metrics on a product manifold M = My X M, where w; denotes the projection of My X My
onto M; fori=1,2. If ()~ =*(, ) for some ) € C*°(M), then ) is a constant k € R
and (V7 =k*(,); fori=1,2.

Proof: Given i € {1,2}, let X; € TM; be a local unit vector field with respect to (, );.
Let X; be the lift of X; to M. Then (X;, X;)7 om; = (X;, X;)~ = 2, and the conclusion
follows. 1

Going back to the proof of Lemma 12, we obtain from Lemmas 13 and 15 that f and f
differ by Mobius transformations Z; and Z,, respectively, from surface-like hypersurfaces
that are of the same type, with the corresponding surfaces M2 and M? being isometric
as surfaces as in either R3, S* or H3, respectively.

Using again the invariance of the set of solutions of Blaschke’s problem under Mobius
transformations of R"™!, we may assume that Z; is the identity map of R™™!. Since
the shape operators of f and f satisfy trace (Alar) = trace (A|a1), as follows from
Lemma 7, we obtain that trace (A|.) is constant along A. Taking (2) into account
once more, this easily implies that Zo must be a similarity in cases (i) and (i7), and a
composition of a similarity with an inversion with respect to a hypersphere centered at
a point of the rotation axis in case (7iz). In either case Z, o f is still a hypersurface as
in (2), (i) or (iii), respectively.

In summary, we can assume that f and f are both as in (4), (ii) or (iii). We now
use that

f+ RN = f+ RN, (45)

and that B
2/R = trace (A|a1) = trace (A|a1),

by Lemma 7. Suppose first that f and f are (open subsets of) cylinders M? x R"~2 and
M? x R"2 respectively. Then R is constant along A and we can write (45) as

g9(q) +t+ R(q)N(q) = §(q) + T+ R(q)N(q), (46)

where ¢ and § denote the position vectors of M2 and M?, respectively, and ¢, pa-
rameterize the rulings of f and f, respectively. Differentiating (46) with respect to a
vector T € A implies that f and f are cylinders with respect to the same orthogonal
decomposition R"™! = R? x R""2. The same argument shows that also in case (ii) the
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hypersurfaces f and f are cylinders with respect to the same orthogonal decomposition
R = R* x R" 3. We now show that C'M? and CM? are cones over surfaces M2, M2
in the same hypersphere of R*. In fact, if ¢ and g denote the position vectors of M?
and M?2, respectively, then, disregarding the common components in R”3, we can now
write (45) as

Py+t(9(q) — Po) + t(1/H(q))N(q) = Py + t(g(q) — Po) +t(1/H(q))N(q),

where Py and P, are the vertices of CM? and CM?2, respectively, H is the common
mean curvature function of M2 and M2, and N and N are unit normal vector fields to
M? and M?, respectively. Letting ¢ go to 0 yields Py = Py, as asserted.

In case (i7i), we claim that the rotation hypersurfaces f and f must have the same
“axis”. In fact, in this case (45) can be written as

Py +(91(9), 92(9), 93(@) (1)) + R(q)(N1(q), Na(q), N3(q)b(t))
= po + (fh(Q)a §2(Q)> §I3(C])¢(t)) + R(Q)(Nl(CI), N2(Q), N3(Q)¢(t))7

where (g1, g2, 93) and (g1, Go, §3) parameterize M 2 and M2, N and N are unit normal
vector fields to M? and M?, respectively, and ¢ parameterizes the unit sphere in R"~2.
Coordinates in different sides of (47) are possibly with respect to different orthonormal
bases of R"™!. Differentiating (47) with respect to ¢; yields
0¢ ~ ~ 0¢

(f3(a) + R(@)N3(@)) 5~ = (fs(a) + R(@)Ns(a)) 5,
which implies that the rotation axes coincide up to translation. In particular, we may
choose a common orthonormal basis of R"*! to parameterize f and f as in (47). Then
we obtain

(47)

(Po)i — (Po)i = dis2(t)(—gs(q) — R(q)Ns(q) + gs(q) + R(q)Ns(q)),

which implies that (Py); = (Py); for i =3,...,n+ 1, and proves our claim.

Now, intersecting the spheres of the congruence enveloped by f and f with either the
three-dimensional subspace R? orthogonal to their common Euclidean factor R"~2 in case
(1), the hypersphere S* ¢ R* containing M? and M? in case (ii), or the affine subspace
R3 of R"*! containing the profiles M2 and M? in case (iii), gives a sphere congruence
in R3, S* and H?, respectively, which is enveloped by M? and M2. Moreover, since the
shape operators of f and f can not be simultaneously diagonalized at any point, the
same holds for the shape operators of M2 and M?2.

The proof of Lemma 12 is now completed by the following result.

Proposition 16. If f1, fo: M?* — Q? are isometric immersions whose shape operators
can not be simultaneously diagonalized at any point of M? then they can not envelop a
common sphere congruence.
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Proof: Assuming the contrary, the common sphere congruence enveloped by f and f
is necessarily their common central sphere congruence (see Remark 8). In particular,
f1 and f> have the same mean curvature function, and hence (fi, f2) is a solution of
Bonnet’s problem in Q3. We argue separately for each of the three types of solutions of
that problem, as discussed (for R?) at the beginning of the introduction.

Assume first that fi, fo: M? — Q2 are isometric immersions with the same constant
mean curvature function. Using that the radius function of the sphere congruence
enveloped by f and f is constant we obtain from (9) that

f.BX = f.BX

for every X € TM?, where B = A— HI and B = A — HI. Since B is invertible by
Lemma 7-(7ii), the preceding equation can be rewritten as

fX = f.0X

for every X € TM?, where ® = Bo B~'. Regarding w = f* as a one-form in M? with
values in either R?, R* or I, according as ¢ = 0,1 or —1, respectively, we obtain by
taking the normal component to M? in the equation dw = 0 that

DA = AcD (48)

for every normal vector field £ to M?, regarded as a surface in R?, R* or L%, respectively
(see [DT,], Proposition 1). Moreover, the fact that f and f are isometric implies that
® is an orthogonal tensor. Then we obtain from (48) that traceA; = 0 for every normal
vector &, a contradiction.

If f and f are Bonnet surfaces admitting a one-parameter family of isometric defor-
mations preserving the Gauss map then they are isothermic surfaces (cf. [Bob]). But
isothermic surfaces are characterized as the only surfaces whose central sphere congru-
ence is Ribaucour (see [H-J], Lemma 3.6.1). Thus, this case is also ruled out.

Finally, suppose that fi, fo: M? — Q2 form a Bonnet pair of surfaces with mean
curvature function A with respect to unit normal vector fields n;, 1 < 7 < 2. For
simplicity we take ¢ = 0 or ¢ = £1. We have from [Bob| and [Te| that in conformal
coordinates

ds® = e"(dz” + dy?)
their second fundamental forms are given by
{ Ay X = (H+he™)X +eke™Y
(49)

ApY =eke ™ X 4 (H — he™™)Y,

where X = 0/0z, Y = 0/0y are the coordinate tangent vector fields, e = 1 if j = 1 and
e = —11if j = 2. Moreover, k # 0 is a constant and h € C>*(M) satisfies the Codazzi

21



equations

H.e*—h, =0
(50)
Hye" + h, = 0.

The integrability condition of (50) is
2H,, + Hyu, + H, + H, = 0. (51)
We first consider the case ¢ = 0. We show that the surfaces
1 .
:fj+ﬁ77j> 1<j5<2
are isometric but never isometrically congruent. The coordinate vector fields of F7 are

given by
e—u

R 1
FIX = ——(ckY +hX) + (ﬁ)xnj

(ekX — hY) + (%)ym.

N; = (ekH, + hH)X + (e kH, — hH,)Y — H(k* + h*)n;

—Uu

Then,

is a normal vector field to F;. Thus, we have

2, g2y, Ha 2
HFIXH— (h +E) + 7 = [FX
H2
1Y) = (h2+k2)+ﬁ = |[FEY ||
H,H
rxryy  Bepa y,
and
IN;I1? = (h® + k?)(H? 4 e"(H2 + H})).
Therefore, the surfaces F'!', F? are isometric and || Ny|| = || Na].

Now, a long but straightforward computation using (49), (50) and (51) shows that
the second fundamental forms By}, of F}, j = 1,2, satisfy that

(B}VX, FjX} = (B]ZVX, F3X>, (B}VX, F*lY) = (B]QVX, FfY)
and

(BLX,F'Y) = (B% X, F?Y)
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are independent of €. On the other hand,
k u
(ByX, FIY) = e o (¢"(Hy + H,)) + H*(k* + 1)) = (By X, FY)
never vanishes. Thus the surfaces cannot be isometrically congruent.

We now consider the case ¢ # 0. We take S* C R* and H? C L*, and thus (f;, ;) = c.
As before, we show that the surfaces

Fr=Cfj+Sn, 1<j<2,
are isometric but never isometrically congruent. Here
C=cosR, S=sinR where cotR=H if c=1,
{ C =cosh R, S =sinh R where cothR=H if ¢c=—1.
Using (49) we easily obtain that the coordinate vector fields of F7 are
FiX = R,(Cn; — cSf;) — She "X — ekSe™"Y,
{ FJY = R,(Cnj — ¢Sf;) + She ™Y — ekSe "X,
where R, = —S*H, and R, = —S?H,. Then,
N; = S(h* + k*)(Cnj — cSfj) + (hR, + €kR,)X — (hR, — €kR,)Y.
is a normal vector field to F;. Then, we have
|FIX| = $2%ev(h? + k%) + B2 = | F2X |
[F7Y || = S%e™(h? + k2) + Ry = || F2Y||
(F!X,F!Y)=R,R, = (F:X,F?Y),
and
N, |17 = (B* + E*)(S*(h® + k*) + "(R2 + R;))
Therefore, the surfaces F'', [ are isometric and || N7 = || Na]|.
As before, the second fundamental forms By, of F}, j = 1,2, satisfy that

(ByX, F.X) = (BYX, FIX), (ByY.FY) = (BRY, FYY)
and
(BNY.F}Y) = (BRY, FY)
are independent of € On the other hand,
(BNX,FLY) = —eg (e"(HZ 4 H}) + S*C*(k* + h?)) = (BR X, FZY)
never vanishes, hence the surfaces cannot be isometrically congruent. n

Remark 17. In Lemma 12 one does not need to assume regularity of the enveloped
sphere congruence.
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4 Proof of Theorem 1

By Lemma 12, the shape operators of f and f can be simultaneously diagonalized at any
point of M™. Moreover, by assumption the sphere congruence enveloped by f and f is
regular, thus the inverse of its radius function is nowhere a principal curvature of either
hypersurface by Proposition 5. Therefore f and f are Ribaucour transforms one of each
other, as defined in [DTs]. Furthermore, since they induce conformal metrics on M",
they are in fact Darboux transforms one of each other in the sense of [To,|. Isometric
immersions f: M" — RY, n > 3, that admit Darboux transforms have been classified
in [To,], Theorem 20. In order to state that result we first recall some preliminary facts.

Let f: M™ — RY be an isometric immersion of a simply-connected Riemannian
manifold with second fundamental form denoted by a: TM x T'M — TflM . We have

from [DT,], Theorem 17 that if f: M"™ — RY is a Ribaucour transform of f then there
exist ¢ € C*(M) and 3 € T} M satistying

(X, V) +VxB=0 forall X € TM (52)

such that 3

f=1—=2vpF, (53)
where F = df (grad ¢) + 3 and v~ = (F, F). Therefore f is completely determined by
(¢, ), or equivalently, by ¢ and F. We denote f =R, 3(f). Moreover, we have that

S, 5= Hessp — Ap
is a Codazzi tensor on M™ such that
a(S, X, Y)=a(X,S,3Y) forall XY e TM

and
df': dfO »,B-

Conversely, given (¢, 3) satisfying (52) on an open subset U C M™ where
D :=1-2vpS, 3

is invertible, then f given by (53) defines a Ribaucour transform of f|y, and the induced
metrics of f and f are related by

(X,Y)~ = (DX, DY). (54)

It follows from (54) and the symmetry of D that if f and f induce conformal metrics
on M™ then D? = r?[ for some r € C®(M). Therefore, either D = +rl or TM
splits orthogonally as TM = E, ® E_, where E, and E_ are the eigenbundles of D
correspondent to the eigenvalues  and —r, respectively. In the first case, it follows from
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the results in [DT5] that there exists an inversion I in RY such that L'(f) = I(L(f)),
where L and L’ are compositions of a homothety and a translation. The immersion f is
said to be a Darboux transform of f if the second possibility holds, in which case E, and
E_ are also the eigenbundles of S correspondent to its distinct eigenvalues A = h(1 —r)
and yo = h(1 + 1), respectively, where h~! = 2u¢p. Thus, f is a Darboux transform of f
if and only if the associated Codazzi tensor S has exactly two distinct eigenvalues A, p

everywhere satisfying
A+ =v""=(F F). (55)

The classification of isometric immersions f: M™ — RN, n > 3, that admit Darboux
transforms is as follows.

Theorem 18. Let f: M" — RN, n > 3, be an isometric immersion that admits
a Darbouz transform f = Rop(f): M — RN, Then there exist locally a product
representation : My x My — M™ of (Ey, E_), a homothety H and an inversion I in
RY such that one of the following holds:

(1) v is a conformal diffeomorphism with respect to a Riemannian product metric on
My x My and
fo=Holog,

where g = g1 X go: My x My — RM x RN = RY 4s an extrinsic product of
isometric immersions. Moreover, there exists i € {1,2} such that either M; is
one-dimensional or g;(M;) is contained in some sphere SNi=1(Py;r;) C RN,

(ii) ¥ is a conformal diffeomorphism with respect to a warped product metric on
M1 X MQ and
fotv=Holo® o(g; X g),

where ®: R X, SY=m(1) — RY denotes an isometry and gy: My — R? and
go: My — SN="(1) are isometric immersions.

Conversely, any such isometric immersion admits a Darbouz transform.

By a product representation : M; x My — M"™ of the orthogonal net (F,, E_)
we mean a diffeomorphism that maps the leaves of the product foliation of M; x M,
induced by M; (respectively, Ms) onto the leaves of E (respectively, £_). In part (i)
the isometry ® and the isometric immersions g; and g, may be taken so that go(M>) is
not contained in any hypersphere of S¥="(1).

The preceding definition of a Darboux transform f : M"™ — RY of an isometric im-
mersion f: M"™ — RY does not rule out the possibility that f be conformally congruent
to f. In fact, we now prove that in either case of Theorem 18 this always occurs whenever
both factors M; and M; have dimension greater than one.
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Proposition 19. Let f: M™ — RN be as in (i) or (i1) of Theorem 18. If both M, and
M, have dimension greater than one then any Darbouz transform f: M™ — RN of f is
conformally congruent to it.

For the proof of Proposition 19 we will need the following fact on Codazzi tensors
on warped products.

Lemma 20. Let M™ = M; x, My be a warped product, let (Ey, Ey) be its product net
and let S = AI; + plly be a Codazzi tensor on M™ with A # p everywhere, where I1;
denotes orthogonal projection of T M onto E; fori = 1,2. If both factors have dimension
greater than one then A\ = A € R and u = B(pom )™t + A for some B # 0.

Proof: Since F; and FE5 are the eigenbundles of the Codazzi tensor S, both E; and
FE5 are umbilical with mean curvature normals given, respectively, (see [Re] or [To,],
Proposition 5.1) by

n=M\—u) " (VNg, and (= (u—N""(Vi)g,. (56)

Here, writing a vector subbundle as a subscript of a vector field indicates taking the
orthogonal projection of the vector field onto that subbundle.

On the other hand, since (Ei, Fs) is the product net of a warped product with
warping function p we have (see [MRS], Proposition 2)

n=0 and (= —Vlogopom;. (57)

It follows from (56) and (57) that there exists A € C>(M;) such that A = X o 7. Since
any eigenvalue of a Codazzi tensor is constant along its eigenbundle whenever the latter
has rank greater than one (see [Tos], Proposition 5.1), we obtain that A = A for some
A € R and that p is constant along M,. Hence Vu = (A — p)Vlogop o m; by the
second equation in (56). This implies that V(u(pom)) = AVpom, and the conclusion
follows.

Corollary 21. Let M™ = M; x My be a Riemannian product, let (Ey, Es) be its product
net and let S = M1y + plly be a Codazzi tensor on M™ with X\ # p everywhere. If both
factors have dimension greater than one then both A\ and p are constants.

Proof of Proposition 19: We first consider f as in case (i) of Theorem 18. It suffices
to prove that under the assumption on the dimensions of M; and M, any Darboux
transform

G=g—2pvF: My x My — RN

of an extrinsic product g = g; X go: M; x My — RN xRN = R of isometric immersions,
such that the eigenbundle net of the associated Codazzi tensor S, 3 = Hessp — Ag is
the product net of M; x My, is conformally congruent to g.

26



Since both M; and M, have dimension greater than one, it follows from Corollary 21
that the eigenvalues of S, 3 are constant, say, a;,as € R. Integrating dF = dgo S,z
gives

F=(ai1(g1 = P1),a2(92 — P»))
for some P, € RN and P, € R™. Using that ¢(a; + ap) = v~ = (F,F), as follows
from (55), we obtain that a; + as # 0 and

g=g9—20pvF

= (91, 92) — P (a1(gr — Pr), a2(ga — )

a; — ao 2a1 2as
—g1 + Py, gs + P .
ai + as ( 2 aq + as 1: 92 ay + as 2)

Now we consider f as in case (i) of Theorem 18. Again, it suffices to prove that if
My and M, both have dimension greater than one then any Darboux transform

§="Replg): My x My — RY
of a warped product g = ® o (g X go2): My X My — RY of isometric immersions
g1: My — RT and go: My — SNm(1),

where ®: R7" x, S¥"™(1) — RY is an isometry and g»(M>) is not contained in any
hypersphere of S¥=(1), is conformally congruent to g, whenever the eigenbundle net
of the Codazzi tensor S, 3 = Hess ¢ — Ag associated to g is the product net of M; x M.
Set g1 = (h1,...,hm), so that g = (A, ..., by, Amg2) and h,, is the warping function of
the warped product metric induced by g. By Lemma 20, the Codazzi tensor S, 3 has
eigenvalues

A=AcR and pu=A+Bh' B#0.

m

Integrating dF = dg o S, 5 and dp = (F, dg) gives
F=Ag+ B(0,92) +V
and
A 2
v =S l9l” + Bhn + {9, V) +c,

where V = (V4,...,Vy) € RY and c € R.
The condition (55) that g and g induce conformal metrics on M; x M, gives

g
2.,
97 B+ 24n,,

1
- M(B(hla SRR h’mfla _hm92) - thV)

(Ag + B(0,g5) + V) (58)
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and
BA B cB
IVIP+2Bg., V) = 264+ =~ lga [P + 249, V) + 7 (59
In particular, the preceding equation implies that (go, V') is a constant, hence V; = 0
for m < j < N by the condition that go(Ms) is not contained in any hypersphere of

SN=m(1). Assume first that A = 0. Then (58) reduces to

P,
G=g—2-2V,
g g B Y

where g = (hq,..., hm_1, —hmga). On the other hand, (59) gives

R, 1 r
B - HV||2 (<97 V) + C) - ||V||2 (<ga V> + 0)7
and we obtain that g is the composition of g with the reflection that sends (0, go) to
(0, —go) followed by the reflection with respect to the hyperplane orthogonal to V' and
the translation by the vector —2¢V/||V||2.
Now suppose that A # 0, and set

— 2 2
K = (V][> = 2¢4).

Then (59) reads as
loulP + 9. V) + 2 = Kh (60)
gl A g7 A - m:-

Composing ¢ as in (58) with the reflection that sends (0, go) to (0, —g2) and the trans-

lation by V/A, we obtain F' that is isometric to ¢ and is given by

P B (Y
T Bi2an, \YTA)

On the other hand, composing g with the inversion with respect to a hypersphere with

radius r given by
, BK

1 2
= DA E(HVH — 2cA)

and center —V/A yields

G-V, BR LY
T AT UAg VAR \Y T A

Using (60) we obtain

2 V]2
A 2 — 2 - LI
lg + V/A||* = [lg1]] +A<9’V>+ 1
IVI*  2c
_ Kh, _x
TR T
BK
~ Kh, + 2%
MY
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Hence,

Vv B Vv
G*Tm(ﬁz)ﬂ '

In order to complete the proof of Theorem 1 we need the following fact.

Lemma 22. Let ¢: I C R — Q% C O be a unit-speed curve with nowhere vanishing cur-

vature k, where Q denotes either R?, R3 or L3 according as ¢ = 0,1 or —1, respectively.
Then,

(i) The linear system of ODE’s

B, =khy+ (A—c)hs, AER,

hly = —khy, (61)
hg - hl,

has the first integral
hi+h3+ (c— A)hs = K € R. (62)

(17) If (hy, he, h3) is a solution of (61) with initial conditions chosen so that the constant
K in the right-hand-side of (62) vanishes, and n denotes a unit normal vector to
¢ in Q? so that {¢',n} is positively oriented, then ¢: I — O given by

~ hsy
=¢—2
p=9 (v,7)’

is a unit-speed Ribaucour transform of ¢ in Q2.

where v = h1¢ + hon + chz¢

Proof: Using (61) we obtain that the derivative of hi+h3+ (c— A)hj vanishes identically,
which gives (7). Using that ¢” = kn — c¢ and n’ = —k¢’ we obtain

v = (hy = khg + chsg)¢' + (hy + khi)n + c(hs — hy)9,

and hence v/ = Ahs¢' by (61). Moreover, we have hl = hy = (y,¢/). Thus ¢ is
a Ribaucour transform of ¢. For ¢ # 0, we have (v,¢) = hs, which implies that
(¢, 0) = (0, ¢), that is, ¢(I) C QZ. Finally,

(§(5), @ (5)) = (1 — 2h3(y,7) " (Ahy))* = 1
by (62). B

Now let f: M™ — R™"! be either a cylinder ¢ x R*~! over a plane curve ¢: I — R?, a
cylinder C(¢) x R"2, where C(¢) is the cone over a curve ¢: I — S* C R3, or a rotation
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hypersurface over a curve ¢: I — R%. We prove that f admits a Darboux transform not
conformally congruent to it. Let ¢: I — Q? be any Ribaucour transform of ¢ given by
Lemma 22, where in the case ¢ = —1 we use the half-plane model of H? on Ri. Let f
be either the cylinder ¢ x R"~! over ¢, the cylinder C'(¢) x R"2, where C(¢) is the cone
over ¢: I — S? C R3, or the rotation hypersurface over ¢: I — R? = H2. By Remark 14
the metrics induced by f and f are conformal, for ¢ and qg have the same arc-length
function. Now, since ¢ and ¢ are Ribaucour transforms one of each other, there exists a
congruence of circles in Q2 having ¢ and ¢ as envelopes. For each such circle, consider
the hypersphere of R™"! that intersects either R?, S* or R? = H? orthogonally along
it. This gives a sphere congruence in R™*! that is enveloped by f and f . We conclude
that f and f are Darboux transforms one of each other. This completes the proof of
Theorem 1.

Remark 23. If we drop the assumption that f and f are not conformally congruent
in Theorem 1 then we have the following further possibilities.

(i) There exists an inversion I in R"™! such that L'(f) = I(L(f)), where L and L'
are compositions of a homothety and a translation.

(#2) The immersions f and f are as in either case of Theorem 18 with both factors of
dimension greater than one.
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