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ABSTRACT. We shall prove that C1-robustly expansive codimension-one homoclinic classes are
hyperbolic.

1. INTRODUCTION

Let M be a d-dimensional manifold and Diff!(M) be the set of C* diffeomorphisms f on M
endowed with the C* topology. Let p be a hyperbolic periodic point of f and H(p) be its homo-
clinic class. The diffeomorphism f is a-expansive in H (p) if dist(f"(x), f"(y)) < aforallne Z,
with x,y € H(p), implies x =y. It is well known that hyperbolicity implies a-expansiveness for
some o > 0. But expansiveness alone does not guarantee hyperbolicity, even when one is dealing
with a codimension one expansive homoclinic class, as can be seen in [PPV, Section 2]. We note
that there are even examples of expansive codimension one homoclinic classes such all of its
periodic orbits are hyperbolic that are not hyperbolic.

To see this consider a Smale horse-shoe H in a plane and A a non trivial minimal subset of H.
In a complementary direction multiply H by a non uniform contraction A(w), depending on the
distance from w to A, and in such way that A(w) = 1 for w € A. The resulting homoclinic class
is expansive, has all periodic points hyperbolic but it is not hyperbolic.

Then we assume that expansiveness holds in a C1-neighborhood of the homoclinic class, that
is, for all diffeomorphism g C* near f the homoclinic class H(pg) of the continuation py of p
is a-expansive. In [PPV] it was proved that robustly expansive homoclinic classes of a three
dimensional manifold are generically hyperbolic. We generalize this result in two ways. First we
drop the assumption dim(M) = 3 and get that robustly expansive codimension-one homoclinic
classes have a codimension-one dominated splitting. Second we prove that robustly expansive
codimension-one homoclinic classes with a dominated splitting are hyperbolic.

To announce our results in a precise way let us introduce some notations and definitions.

The homoclinic class H(p) of a hyperbolic periodic point p of f € Diff'(M) is the closure of
all transverse intersections of the stable manifold W 3(p) with the unstable manifold W"(p) of p.

The homoclinic class H(p) has a dominated splitting if Ty;(;)M splits into a continuous Df-
invariant direct sum E & F and there are ¢ > 0, 0 < A < 1 such that for all x € H(p) it holds

IDFY/EM)[[[DF"/F(f7(x))]] < cA”
forall n> 0.
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We say that H (p) is a codimension-one homoclinic class if dimWY(p) = 1 or dimW3(p) = 1.
Our first result is the following

Theorem A. Robustly expansive codimension-one homoclinic classes have a codimension-one
dominated splitting E & F.

To obtain the corresponding to Theorem A in [PPV, Section 4] we assumed some kind of
generic hypotheses that we remove here.
Our next result is:

Theorem B. Robustly expansive homoclinic classes with a codimension-one dominated splitting
are hyperbolic.

To prove the corresponding to Theorem B in [PPV, Section 5] we profit from the density of C2
diffeomorphisms in the C* topology proving that the dominated splitting for a C2 diffeomorphism
near the original one is hyperbolic. If in addition the homoclinic class is germ expansive it is
proved in [SV] that H(p) is hyperbolic (any codimension).

Next we sketch the proof of the results. To prove Theorem A we follow the same steps as the
ones in [PPV, Section 4], dropping the generic assumptions assumed there.

The main step to obtain Theorem B is to prove that center unstable manifolds for all point x
in the homoclinic class H (p) are true unstable manifolds, that is, center unstable manifolds are
dynamically defined (see definition 3.4 below). To achieve this it is enough to get this property
for periodic points homoclinically related to p. For this we use a result, Proposition 3.5, that
controls the behavior of periodic points homoclinically related to p. Once this is settled, under
the hypothesis that the dominated splitting E & F is not hyperbolic, the fact that center unstable
manifolds are dinamically defined allows us to obtain a hyperbolic periodic point g with arbitrar-
ily large period as near H(p) as we wish, and with arbitrarily small rate of contraction along the
E-direction, see [PPV]. Then we prove that such hyperbolic periodic points are in fact in H(p),
contradicting uniform E-contraction in the period for periodic points in H(p). As in [Ma2] this
implies that the sub-bundle F is uniformly expanding, and then E & F is hyperbolic.

2. PROOF OF THEOREM A

As already said the proof of Theorem A follows the same steps as the ones in [PPV, Section 4].
Here we shall only indicate the modifications needed to achieve the proof in the codimension-one
case, and leave the details for the reader.

We say that a hyperbolic periodic point g € H(p) is homoclinically related to p if

WS(q)nW"(p) #0 and  W"(q)nWS(p) # 0,

where Wi(q), j = s,u, stands for the stable (unstable) manifold of g. Denote by H;(p) the
points homoclinically related to p. Then H(p) is dense in H(p). So, it suffices to construct the
dominated splitting for periodic points in H;(p).

Step 1. We prove that there is & > 0 such that if g € H;(p) with period 11(q) and A is a contract-
ing eigenvalue of Df ™9 (q) then |A| < (1—8)™9). Similarly, if p is an expanding eigenvalue of
D™ (q) then |p| > (14 &)™,
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The proof of these statements are analogous to the proof of Propositions 4.3, 4.4 and 4.6 of
[PPV]. Indeed, as we are dealing with periodic points in H;(p) we can use transitions matrices
to achieve the results in the codimension-one case exactly like in the three dimensional case.

Step 2. Next we prove that there are y > 0 and mg > 0 such that for q € H,(p) with period
T(q) > Mo it holds that

Z(E(a),F(q)) >,
where Z(E(q),F(q)) stands for the angle between E(q) and F(q).

The proof of this statement goes like that of [PPV, Proposition 4.9].

Using that f is expansive in H(p) we obtain that there are only a finite number of periodic
points with period bounded by mg. Therefore, there is y > 0 such that for all g € H,(p) we have

Z(E(q),F(a)) >
Step 3 The previous steps allow to prove [PPV, Lemma 4.12] in the codimension-one case,
that is, we get

Lemma 2.1. There are a C! neighborhood 9/ of f, K > 2, 0 < A < 1 such that for all g € ¥ for
all g € Hy(pg) with period 11(q) it holds that

IDg™@/F(q) <K and ||Dg~™"/F(q)|| < KATEM,
IDg™@ /E(q)| <K and ||Dg™¥"/E(q)|| < KAT@N,

Step 4. With the help of Lemma 2.1 we prove the existence of the dominated splitting as in
[PPV, Theorem 4.13]. This result has also been obtained in [SV] for any codimension with a
different proof. On the other hand, the proof given in [SV] does not prove Lemma 2.1.

3. PROOF OF THEOREM B

Throughout we assume that H(p) is robustly expansive with a as a constant of expansivity
and that H(p) has a codimension-one dominated splitting Ty () = E @ F with dim(F) = 1 and
such that for all x € H(p),

& IDEYEENIDE/F (F(x))]| < CA™.

Taking a power of f instead of f itself we may assume (and do) that C = 1.

Let us assume that the local manifold WZ(x),0 = s,u is an embedded topological k-disk,
k> 1. Let " be the family of all parameterized continuous arcs y: [0,1] — WZ (X) joining x with
the boundary of W2 (x).

Definition 3.1. The size of W2 (x) is defined as inf{diam(y) /ye I'}.

It is known that there is a neighborhood 4’ of H(p) such that if O(x) C 4’ then (1) holds for x.
Here O(x) stands for the orbit of x. We call 4/ an admissible neighborhood of H(p), see [Ma1l].
The proof of the following lemma can be found, for instance, in [Mal].

Lemma 3.1. Assume that H(p) has a dominated splitting E @ F and let x € M such that O(x) C
V. There is € > 0 such that the local center unstable manifold WY (x) is defined and is transverse
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to E, the local center stable manifold WE(x) is defined and is transverse to F. Such manifolds
are of class C1. Moreover, there is & > 0 such that

ify € WS(x) and dist(f1(x), fi(y) <8,0< j<n,thenfl(y) e WS(fl(x)),0< j<n.
If y € W(x) and dist(f I (x), f I (y) < 8,0 < j<n,then fI(y) e WS(f1(x)),0< j<n.

For € > 0 small, the e-local unstable manifold of a hyperbolic periodic point g, W'(q), is
an arc tangent to F containing q in its interior. This arc is separated by g into two connected
components W;"(q) and W, *"(q) that, with the point q added, we shall call (local unstable)
branches of W¢'(q).

Set H, for the subset of H(p) of hyperbolic periodic points homoclinically related to p. If
q € Hy we write g ~ p.

Lemma 3.2. Given q € H;, there is k € Z and & > 0 such that if Wg(q) N H(p) # © then
diam(W,"~"(f((q))) > &o. A similar result holds for Wg *(q) if W *"(q) NH(p) # 0.

Proof. Assume in what follows that H(p) has points in, say, Wg "(q). Then there is a Cantor set
of points y € W;"(q) belonging to H(p) because, by [PM, A-Lemma], WS(p) accumulates on
W3S(q) and WY(p) accumulates on WY(q). Backward iterations of these points by f approach the
orbit of g.

Backward iterates of points in H(p) "W, "(q) rest at a distance less than € from the orbit
of g. Therefore, by expansiveness, forward iterates must separate. Hence there is a first k > 0
such that diam(f*t*(Ws""(q)) > €. Thus diam(fI(W;"(q)) < & for 0 < j < k and therefore
FI (W (q) c W (f1(q)).

This proves the lemma with & = & defined as 8y = min{8, diam(f~%(X)) = dand diam(X) >
€} where X is any subset of M. O

v,

Let us reduce &g > O if it were necessary to have that if dist(y,H(p)) < 8o,y € M, theny €
an admissible neighbourhood of H (p).

Lemma 3.3. Let g € H,. IfW; "(q) "H(p) = 0 then either there is k € Z such that
diam (W (¥((a))) > B

or there is a periodic point g’ which is an end-point of W, "(q), of the same period as that of g,
such that dist(f!(q), f!(q')) < ¢, forall j € Z.

Proof. If diam(W; *"(q)) < &g then we will have the end-point g’ (q # q) of W, "“(q) contained
in 9 and therefore CI(W —!Y(q)) is tangent to G for all the iterates by f. Here CI(A) stands for
the closure of A. It follows that g’ is periodic of the same period of q or of the double of the
period of g, depending on the sign of the expanding eigenvalue of Dfy. But if this eigenvalue
were negative we would have that H (p) would have points different from g in both branches of
WY (q). Hence the period of g’ is the same of that of g, finishing the proof of Lemma 3.3 O

An analogous result holds if W 4(q) "H (p) = 0.
Next we announce a result by Pliss [PI1, PI2] that we shall use later. A nice proof of this may
be found in [Al, Lemma 2.11].
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Definition 3.2. We say that a pair of points (x, f"(x)) contained in H(p), n > 0, is a y-string,
O<y<ll,if

ﬂan/E(fi(x)n <y
=

We say that (x, "(x)) is a uniform y-string if (x, f(x)) is a y-string for all 0 < k < n.

Lemma 3.4. Let 0 <y; < y2 < 1and (x, f"(x)) be a y;-string. There exist a positive integer
N = N(y1,Y2, f), c = c(y1, Yz, f) > 0 such that if n > N then there exist numbers

0<m<n<---<n<n

such that (f™(x), f"(x)) are uniform y»-strings for all r = 1,2,....1, with | > cn. That is,

j . .
[TIDf/E(F X<y, ™;r=12,....5;n < j<n.
i:nr
The numbers n; in Lemma 3.4 are called y»-hyperbolic times for x, E. Analogously, replacing
Df"/E by Df~"/F in the inequality above we define hyperbolic times for x, F.

Definition 3.3. Given 0 < y< 1and 0 < N < n we say that (x, f"(x)) is an (N, y)-obstruction if
(fM(x), f"(x)) is nota y-string foralln—N <m <n.

3.1. Dynamically defined center unstable manifolds.

Definition 3.4. We say that the local center unstable manifold WY (x) is dinamically defined if
it is part of the local unstable manifold of x, i.e.: given € > 0 there exists ¢’ > 0 such that e’ — 0
when € — 0 and for all y € W!(x) we have that dist(f"(x), f"(y)) <€’ foralln <O0.

A similar definition can be given for local center stable manifolds.

Proposition 3.5. Let M be a compact manifold, f : M — M a C-diffeomorphism and A ¢ M
a compact f-invariant subset with a dominated splitting E & F, dim(F) = 1. Then there exist
y>0, e=¢(y) >0 and 0 < A1 < 1 such that for all hyperbolic periodic point g € A with
dim(WY(q)) = 1 we have that there is m = m(q) > 0 such that

(1) Forall n> 0 we have |[Df"/E(f™(q))]| < Af.

(2) We=(1™M(q)) C W(f™(q)).

(3) F="(WM(fM(a))) c WH(f=""M(a)), n=0.

Proof. Let us denote by A; the set of all g € A, g hyperbolic periodic point, dim(WY(q)) =1. We
assume that (1) holds. For the A given in (1) consider 0 < A < v/A < A1 < 1. Then, for g € A4
we have that

either |DFD/F(q)| <A or |DFMD/E(q)|| < A9
Assuming that |Df ™9 /E(q)| < )\f(q) the proof that given g € Az there is k such that for

alln> 0 ||Df"/E(fX(q))|| < A} follows from Lemma 3.4 provided that the period 11(q) of q is
greater than the constant N(v/A, A1) given by that Lemma,
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The proof that if we have that [|[Df"/E(q)|| < A} for all n > 0 then there is y > 0 such that
WS(q) € W(q) is contained in [SV, Lemma 5.2] taking into account that, by [Ma3, Lemma 11.5]
we may replace [|Df"/E(a)[| < A3 by [T [DF/E(f)(a)| <CABWIthC > 0,0 < Ay <A< 1.

Next we prove (3):

Giveny > 0 and g a hyperbolic periodic point let us define

£(q) =sup{e > 0 : £ "(W(q)) CWeU(f"(a)),n >0},
and €(0(q)) as

e(0(q)) = sup{e(f1(@)) : j=1,...,1(q)}.

It is enough to prove that inf{e(O(q)) : g € A1} > 0.

Since q is hyperbolic we have that €(q) > 0 and so £(O(q)) > 0. Arguing by contradiction let us
suppose that there is a sequence { px} of points in A1 such that €(O(pk)) — 0 as k — o. Suppose
without loss of generality that €(O(pk)) = €(pk). Since

T (Welpg (PK)) € Weig-n(p) (F"(PK)) VN >0

and we may assume that £(px) <y, we have that there are t > 0 and m; > T1(px) such that setting
& = g(pi) +t we get £ (Wg(p))) € Wyt (f ) (pi)) for 0 < j < my and there exists a branch

of Wy(f~™(pi))\{p«} that coincides with a branch of =™ (Wg"(p))).

Letussetqx = f~™(pk) and I to the branch of W (qk) \ { pk} coinciding with the corresponding
of =™ (W (px))). Hence we obtain that f P (1) C Iy. This implies that [Df~"/F (f"(2))[| >
Af for all n > 0, for all z € Iy. Otherwise we will have that f~"(f"(lx)) C Ix. Therefore we have
that [[Df"/E(z)|| < Af forall n > 0 for all z € lx. Then for z € I we have W,%(z) C Wy(z). Thus
the stable manifold WS(ly) of I has volume bounded away from zero. Since for k # k' we have
that W3(lx) "W 3(lx:) = 0 and M has finite volume we have arrived to a contradiction. This proves

@).

To finish the proof of the proposition we have to find q such that both (1) and (3) hold at the
same time for it. Assume than that (1) holds for g. Hence (2) holds too. If it were the case that
£(q) = &(y) then from (3) we are done. Otherwise define

m=min{0 < n < 1(q) : &(f"(q)) > &(y); and e(f "(q)) > &(f~I(q)),0< j < n}.
Then it is easy to see that (1), (2) and 3) are verified for f~™(q). O

Corollary 3.6. Let { px} be a sequence of hyperbolic periodic points, px ~ p converging to x and
verifying Proposition 3.5. Then given 0 < A1 < A2 and n4, a Ap-hyperbolic time for x, there is
ko > 0 such that for all k > ko we have nj is a Ap-hyperbolic time for py.

Proof. Since nj is a A1-hyperbolic time for x, E we have

n—1 )
[IDF/EFODI<AT™ v n>n.
ny
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Let | =inf{||Df/E(y)||,y € H(p)}. If the corollary does hold, we would have a sub-sequence
that for simplicity we still denote by pk such that for all k > 0, there is my such that

m—1 )
7 IDH/EE ()l > AZ™.
J=m
Then e _
Mt - MiXo IDT/E(E ()l AT
AN < [ IDF/E(F (P = =1z : <=,
j:rlnl ‘ Mo IDf/E(fi(p)l| 1™
implying that
@ A2ym . Aaym gy

A |
Since px — X as k — oo we obtain my — o, and so, equation (2) leads to a contradiction.
U

Next we complement the proposition above establishing another properties for the center un-
stable manifolds of periodic points homoclinically related to p.

Proposition 3.7. There isy > 0 such that for all g ~ p
WsC(L\J/) (q) = Wsléy) (q) )
where €(y) is given by Proposition 3.5.

Proof. Given q ~ p, its enough to prove that é(f—”(WEC(‘\‘/)(q)) — 0 as n — . The proof goes by
contradiction. If it were not true, by Lemma 3.3 there would exist sequences yx — 0, and periodic
points p, pj with pj at the boundary of a branch of Wi*(px) such that pj is either a sink or a
saddle-node, and moreover, dist(py, p,) — 0 as k — . Let z be a limit point of both py and pj.
Then, by (1) we have

IDf"/E(2)|| < A", Vn>D0.
Then, Wg(z) is well defined and we set zx = Wi (pk) NW¢(z) for all k.

Pick pk,, Pk, Pk, Such that py, p; are both in the region between WS(py, ) and WS(py,) and set
Ly = W\;?(u(pk) NWe( pkl) and z, = W\;:(u(pk) NWe( pkz)'

Let us suppose first that pj is a sink for all k. We set [py,z] for the segment contained in
Wi (pk) connecting zy, and py,.

Assume that px ¢ [py,Zk,]- If [Py, 2Zk,] does not contain any periodic point then since zy, €
Wit (pk) NWe'(pk, ), we obtain that f"(zx,) — O(pj), contradicting that z, € W(py,). Thus
there is a periodic point fi such that fix € (pj,zk,]. Ordering the segment [p;,zx,| from pj to z,
we claim that if we pick fy as the supremum of the periodic points at (py, z,] then i € H(p). To
see this we observe that since pj is a sink and f is sufficiently near p; then WS( i) € WS(bi).
Thus WZ(pk) N"We'(pk,) # 0 and W (k) "We(pk, ) # O for some small € > 0. This implies that
Pk € H(p). By construction py # pk.

Since dist(f"(fk), f"(pk)) < y(€) for all n we arrive to a contradiction with expansiveness of

f/H(p).
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We arrive to the same result if pj is a saddle-node. This finishes the proof.
0

Definition 3.5. A point x € H(p) is a border point if there exists a neighborhood N of x, home-
omorphic to a ball, such that N\WS3(x) has two connected components and there is only one
component of N\WZS(x) with x in its boundary and containing points of H(p) accumulating on
X.

Given x € H(p), since dim(F) = 1, we may define the branches W; "*(x) and Wg "*(x) of
WEH(x) as before.

Lemma 3.8. Assume that x € H(p) is such that £(f"(W"(x))) < &g for all n > 0. Then x is a
border point of H(p).

Proof. Denote | =W,"®(x) and assume that £(f"(1)) < & for all n. Then, using (1) we obtain
that there is € > 0 such that every w € | has a local stable manifold Wg(w).

Now we prove that x is a border point of H(p). Indeed, since £(f"(I)) < & for all n we obtain
that dist(f"(y), f"(x)) < & foralln > 0andy € I. Assume that there isy € H(p) N 1. Then there
isz € WS(p) NWY(p) with dist(z,y) < &, and we conclude, on account of the domination, that

(3) dist(f"(2), f"(x)) <28, Vn>D0.
Asz € WS(p) we have dist(f"(z), p) — 0 as n — oo, and this together (3) give dist(f"(x), p) <2

o
for n > ng. Thus x € W3(p) and since p is hyperbolic, by the A-lemma we obtain £(f™(1)) > &
for some m > 0, a contradiction. This proves the lemma. O

Theorem 3.9. For all x € H(p), W¥(x) is dynamically defined.

Let 8o > 0 and ¥’ be an admissible neighborhood of H(p). Theorem 3.9 is a consequence of
the following

Lemma 3.10. There is v > 0 such that for all periodic point g ~ p it holds that K(Wsi’”(q)) > V.

Proof. Assume that the thesis does not hold. Then there is a sequence of periodic points gk
homoclinically related to p such that either W *"(qx) or We "“(qx) has length less than 1/k.
Assume that this happens to W;""(qx). Then, since qx is periodic, there is my > 0 such that
£(fM(We™"(ak))) = g and so f M (W (q)) = We"(f~™(qx)). Set f~™(qx) = px and note
that my — oo as k — co. By Propositions 3.5 and 3.7 we can assume

j=n

(4)  We(pk) CWe'(pk),  WeS(pk) € We(pk) and ]_|||Df/E(fj(I0k))||SA”,VHEO-
=1

Taking into account that H (p) is compact, let us assume that x = limy_,. px. Moreover, taking
subsequences we may also assume that We™="(p) converge to arcs 1= = 1£(x) with x at their
common boundary. Next we prove that | ™ is contained in W(x). Indeed,if this were not the
case, there would exist no > 0 and y € I such that dist(f (x), f "(y)) =¢ > €. Letk >
0 be so great that y, € We"" (py) is so close to y that dist(f~I(y), f~i(yx)) < (¢ —€)/3 and
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dist(f—J(x), fI(pk)) < (¢ —€)/3 for all j=0,1,...,n0. Then dist(f"0(yy), f~(py)) > €
which is absurd. Thus we may write W, ""(x) instead of 1*. The same holds for I~ and we write
We(x) =1".

Since for all j € [0, my] we obtain that £(fJ(W; "(pk))) < & and my — c when k — oo we see
that £(f"(Ws "(x))) < & forall n > 0.

To conclude the proof we need the following result that we shall prove later. Recall that w(x)
is the set of points w € M such that 3nj — oo such that f"i(x) — was j — co.

Theorem 3.11. If there is x € H(p) such that £( f"(Wg **(x)) < & for all n > 0 then w(x) is a
periodic orbit.

Returning to the proof of Lemma 3.10, on account of the above theorem, we have that x €

W=3(q) for some q € H(p), q periodic. Taking a positive iterate by f of x we may assume that
x € W2(q).
Moreover, since Wg ’”(pk) has length bounded away from zero and the angle between the sub-
bundles E and F is bounded away from zero, we claim that W,""(px) N"WS(q) # 0. Indeed, to
prove this observe that since £( f"(Wg *"(x))) < & for all n > 0 then, from (1), we get that WS(x) is
a true stable manifold. Therefore we also have local stable manifolds for all pointy € I(x). Take
r > 0 small such that W>(x) locally separates the ball at x with radius r, B(x,r). Then in the region
of B(x,r)\Wg(x) containing I(x) we cannot have points of the sequence px accumulating in x.
Otherwise, since for points in that region their local center stable manifolds are local stable ones,
we will have pointsy € 1(x)\{x} belonging to H(p). Just take y = Wg(py,) N 1(x) for a suitable
ko and then using that Wg "“(px) — 1(x), in the Hausdorff sense, we will obtainy € H(p). But if
y € 1(x) we have shown that for all n € Z we have that dist(f"(x), f"(y)) < €. But this contradicts
that f /H(p) is expansive if € is less than an expansivity constant of f /H(p). Therefore the points
pk accumulate x from the opposite region of that containing 1(x) and eventually Ws""(px) will
cut W2(x) € W2(q). Since px ~ p it follows that WY(p) cuts Wg(q), proving the claim.

If g is hyperbolic, by Hayashi’s Connecting Lemma we may C*-perturb f obtaining a diffeo-
morphism g so that W S(pg) "W "(qq) # 0 and still having W"(pg) "W S(qg) # 0.

Since periodic points homoclinically related to pg cannot have a weak expanding eigenvalue,
see [PPV, Section 4], the same is true for qg, and therefore for g. As x € W3(q) N1(x), by the
A-lemma, there is ng such that £(f"(1(x))) > € for all n > ng. Thus our assumption that there is
a sequence {qx} of periodic points homoclinically related to p such that the £(W;""(qx)) < 1/k
leads to a contradiction.

Hence there exists v > 0 such that £(W %% (p’)) > v for all periodic point p’ homoclinically
related to p, finishing the proof of Lemma 3.10 in this case.

If g is not hyperbolic then, by [Fr, Lemma 1.1], we may perturb D fy/F to obtain hyperbolicity
of g without loosing the intersection between Wg"(pk) and WS(q) and still having px accumu-
lating in W2(q). So, q is still a point of the homoclinic class (of the perturbed diffeomorphism)
and we can reason as above to achieve the same result.

U

Next we extend Lemma 3.10 for all x € H(p).
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Proposition 3.12. For all x € H(p) we have that W¢!(x) is a non-trivial set and both branches of
W¢'(x) have length greater than v > 0.

Proof. Let x € H(p). Since periodic points homoclinically related with p are dense in H(p) we
have px homoclinically related with p such that, px — x. Taking a converging subsequence, in
the Hausdorff sense, of W,""(px) and W; *"(pk), we conclude that W,"®(x) and W, "*(x) are
defined. As both W,""(pi) and Ws *“(py) are tangent to F and locally separated by WSS(py) we
have that Wg *®(x) # W, *®(x). Moreover, both branches are tangent to F and have length greater
than v since this holds for W¢™"(p). We also have £(f~"(W;=*(x))) < & because W=%(p,)
converges to WEU(x). Hence, W;=®(x) are in fact part of the local unstable manifold of x.

U

Lemma 3.13. For all x € H(p) we have that WY (x) is dynamically defined, i. e.,
_ +,
L(F (WM (x))) rH—oo>O.

Proof. If it were the case that
£(F7"(Wgm™(x))) 4 0 when n — 40
for all x € H(p) then there would exist x € H(p), nx — +, and p > 0 such that
£(F MW (x))) > p.
By compactness of H(p) we may assume that
2= lim f~™%(x) and I(z) = Jim. =M (We™(x)),

the last limit in the Hausdorff metric for compact subspaces of M. Thus, from the construction
of 1(z), we have that for all n > 0 it holds

(5) p<L(f"(1(2))) <e.

Moreover 1(z) is tangent to F, part of Wt (z) and therefore an € — E-interval, following [PS].
Since 1(z) € Wg*(z) and Wg*(y) is a one-dimensional submanifold for all small § > 0 we have

that 1(z) > W,"%(z) for some small €. Therefore, for all n > 0 we have that £(f"(I(2))) is

bounded away from zero.

As in [PS, Section 3.2, Proposition 3.1] we obtain that w(z) is a periodic orbit or a periodic
circle tangent to F. (Although in [PS] it is assumed that f is C? this is not used in that part of the
proof of [PS, Proposition 3.1].) As a robustly expansive homoclinic class cannot have a periodic
circle nor a Cantor setin H(p) included in a periodic circle tangent to F, we conclude that w(z) is
a periodic orbit. Using this fact together (5) we arrive to a contradiction reasoning as in Lemma
3.10. O

Let v > 0 be given in Proposition 3.12.

Lemma 3.14. For all 0 < & < v we have that there is mg = mg(§) > 0 such that for all x € H(p)
K(f”(WE”’i(x))) >v foralln>m.
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Proof. Given 0 < & < v, arguing as in the proof of Lemma 3.10 we may see that given x € H(p)
there exists mp(x, &) > 0 such that

L(FMITT WY ())) <€, j=1,...,mo(x, &) but £(FTW (X)) > €.

Let & > ¢’ > 0be so that M8 (W71(x)) =W !(FM08)(x)). Hence £(Wg"(fM08)(x))) > v.
For n=mg(x,&) + 1 either (W "(x)) =Ws"(f1(x)) or £(f"(W5!(x))) > €. In the first case
£( f”(WCT’“(x))) > v by Proposition 3.12. In the second case we certainly have £( f n(WJ’”(X))) >
v too. In this later case we choose 0 < ¢” < ¢’ such that f”(Wcﬁ’”(x)) =W Y(f"(x)). By
induction in n > mo(x, &) we conclude that £(f"(W,""(x))) > v for all n > mg(x, ).

€
By compactness of H(p) there exists acommon mq for all x € H(p). This ends the proof. O

3.2. Proof of Theorem 3.11. The proof of Theorem 3.11 will be done in several steps. We shall
assume in this sub-section that x € H(p) is such that £(f"(Wg"®(x)) < &g for all n > 0, where
dp is such that the dp-neighborhood of H(p) is admissible.

Lemma 3.15. There is € > 0 small such that WS(x) € W(X).
Proof. Let pk be as in Lemma 3.10. By (4)

ﬁ||Df/E F(poll <A, ¥n > 0.

Since px — X the same holds for x. Thus W3(x) € WS(x). O

Pick someye Rsuchthat 0 < VA <y<landletO<ni<---<n <--- be the maximal
sequence of hyperbolic times for Df /E along O™ (x) associated to that choice of y. Thus we
have that

n .
[1IDf/E(FO)I<y™™ for n>n.
j=ni
Lemma 3.16. Assume that there exists L > 0 such that for all i we have nj;1 —n; < L. Then
E /w(x) is a uniformly contracting sub-bundle.

Proof. Let z € w(x). Then we have that there exists n, — oo such that f™(x) — z. By the
definition of 8o we know that if dist(y,z) < 8¢ then

IDf/E@)|
IDF/EW)I —
For r > 0 large enough let J; > 0 be such that dist(f!(z), f1(f™(x))) < & for all j € [-J;,J].

Then J; — 400 when r — +o0. Let K =sup{||Dfy| : y € M}. Foragiven r leti=i(r) be such
that nj < ny < njy1. Then njy1 —n, < L and therefore

<1l+c.

n—1 . n—1 .
]_LllDf/E(f'(Z))II <(1+0)" ]_LllDf/E(f”'“(X))ll <
= =
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(n—1-niy1+nr)

< (14K Df/E(fN+1t] <
(1+0) ]]:L IDf/E( )l

< [(1+C)K]ni+1fnr[(1+C)])\Z]nflfni+1+nr <
[(L+0)KIAF 2 wn<,.
Since J; — o0 we conclude that E /w(x) is uniformly contracting. O

Lemma 3.17. Let E /w(x) be uniformly contracting and assume that £( f"(Ws "*(x)) # 0 when
n — 4o0. Then w(x) is a periodic orbit.

Proof. If we have that £(f"(W; "®(x)) 4 0, as in the proof of [PS, Proposition 3.1] we may
conclude, on account of (1), that there is a subsequence " (W,"~"®(x)) converging to an arc L
tangent to F. We remark that the hypothesis of f being of class C2 is not necessary for this part of
the proof given in [PS, Proposition 3.1]. Moreover, again by the domination property (equation
(1)) and the boundedness of the lengths of the forward iterates of W,"®(x), if y € L then WS(y)
has uniform size. Thus, as W(y) is tangent to E, WZ(L) = Uyc WE(y) is a neighborhood of L.
As in [PS, page 989] we may conclude that w(X) is either a periodic orbit or w(x) is contained in
a C! simple closed curve C invariant by f™ some m, which attracts a neighborhood of itself.

If f were C2 we would conclude, as in [PS] that w(x) would be a periodic orbit or w(x) is the
whole curve C. As we do not assume that f is C? we proceed in a different way to get directly
that w(x) is a periodic orbit. The proof goes by contradiction. Assume that w(x) is not a periodic
orbit. We already know that w(x) C C. By the attracting properties of C, derived from (1), it
follows that any point in a neighbourhood of C is asymptotic to C. But x € H(p) and therefore
its omega-limit set is in H(p). Take z € H(p) a point such that its forward and backward orbit
is dense in H(p). There is a residual set of such points in H(p). Then z has to visit C because
w(x) C C. Butas ( attracts a neighborhood of itself we have that z € C and therefore H(p) C C.
In particular p € C and the Cl-curve ¢ which is tangent to F and transverse to E, has to self-
accumulate (for instance) in p in the disk WZ(p) tangent to E. But this is not possible and we
finish the proof of Lemma 3.17. d

From now on we assume that E /w(x) a uniformly contracting sub-bundle and
L(F"(Wem™(x))) =0, n— oo,

As a consequence of Propositions 3.5 and 3.7 together with the fact that the angle between E
and F is uniformly bounded away from 0 we obtain that for all k big enough

(6) WH(pk) NWe(x) = {zc}  and  WS3(px) NWe'(x) = {yk} -
Claim 3.1. zy, yk € H(p).

Proof. Fix kq and consider the intersections zy, k = W¢'( Pk, ) "W(pk). Then zy, i — zy, ask — co.
As 7, € H(p) we conclude that zx, € H(p). In the same way we prove that yy € H(p). O

If there are subsequences yy, and yy; of yx with yy € W ¢(x) for all i and Yk, € W (x) for
all j we have by Lemma 3.2 that

(7) (" WEN(X) A0 as n— oo,
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By construction, either £(f"(W,~®(x)) < & for all n > 0 or £(f"(W; "®(x)) < € for all n > 0.
Thus (7) leads to a contradiction. Assume then that y, € Wg *(x) for all k.
Let lp = [x,y] be the segment tangent to F containing W "' (x) maximal with respect to

e forall I C lo we have £(f"(1)) < & foralln > 0.

Then £(f"(lp)) < & for all n > 0 and £(f"(lp)) — 0. Indeed, if £(f"(lg)) /4 0, Lemma 3.17
implies that w(X) is a periodic orbit and we are done. Moreover, for all J © Io we have £(f"(J)) 4
0, for otherwise we would also have that w(x) is a periodic orbit.

For each j > 0 consider the maximal interval I; tangent to F such that 1; > f1(W;~®(x)) and
forall 1 C Ij we have £(f"(17)) < & for all n > 0. Note that (1) C lj41 forall j.

Lemma 3.18. Fixed & < 8p/2 there is jo such that for all j > jo it holds £(f"(1;)) < & for all
n > 0 or w(x) is a periodic orbit.

Proof. The proof goes by contradiction. If the conclusion does not hold as for all j "> j we have
that 1"~ (1;) < 1;” we would have the volume vol(WSS(1;)) > vg for some vg > 0. This implies
that WS(15)) "WSS(1; 7)) # 0 for some j’ > j. And this implies that w(x) is a periodic orbit. O

Then we can assume that £(f"(1;)) < dforall n > 0, for all .

Lemma 3.19. Let We! (pK) NWS(lo) = Bk. Then By is an arc tangent to F. Let us pick an arc
Bk, Bk D Bk tangent to F joining zk to a point yx € WES(y), where y is the end point of Io different

from x. Then B C W, 5 (pk) or w(x) is a periodic orbit.

Proof. If it were not true, there would exist a subsequence of { px}, that we still denote { px} such
that for some my we would have £(f~™(By)) > & but £(f~"(Bk)) < dfor all 0 < n < my. Note
that my — oo as k — oo because £(f~"(lp)) goes to zero as n — co. By equation (1) we have that

0 _ _
(8) 7 IPfF/EE MDD /F(HT )] < AT
j=—m

Pick A1 such that 0 < v/A <A1 < 1and let N(\/X,)\l), c(\/X,)\l) be the numbers given in Lemma
3.4. Then, for my > N there exists a hyperbolic time from —ny to 0 for E. For from (8) we have
that either

0 0

i me+1 _ : my+1
[T IDF/E(H ) <VA™ Tor [ IDFH/F(EH )l < VA,
j=—my j=—mg

But the last possibility cannot hold. Otherwise we will have a hyperbolic time for F which will
contradict that £(f~™(Bx)) > 6. Thus we have that

0
i me+1
9) [T IDf/E(H )l < VA
j=—mg
which implies the existence of a hyperbolic time —ny for E. We have that —my < —ng <
—mk + N, otherwise we will have a hyperbolic time for F between —my and —ny, and this again
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contradicts that £(f ~™(Bx)) > &. On the other hand, since yx € W(lp), we have that
n .
(10) ]'L||Df/E(f‘(yk))||<7\”+1, vn>0.
J:

Therefore, equations (9) and (10) imply that the e-stable manifold of f~"%(By) has volume
bounded away from zero. As this holds for all k sufficiently large we eventually have that there
exist k,k/, k # k' such that

W(F™(Bi)) NWe (™ (Bie)) # 0.
This implies that w(X) is a periodic orbit. So, if w(x) is not a periodic orbit then By C Wsi’g(pk).
O

Remark 3.20. (1) Lemma 3.19 implies that if w(x) is not a periodic orbit then
W3 () NWE(y) # O.

(2) Since £(f"(Bk)) — 0 as n — o we obtain from Lemma 3.2 that the arc By cannot have
points in H(p) different from its end points.

(3) Since zx € H(p) and we cannot have points in Bx N H(p) different from its end points we
obtain that W(py) crosses WS(lp). To see that it suffices to pick f™Pd(z,) where T1(py)
is the period of py.

Let yk,zk be, as above, the end points of Bx. Our next target is to prove that yx € H(p). For
this we orient W +Y(py) from pyx and, as we have noted in remark 3.20 we have that there are no
points of H(p) N By different from its end points and there are points w € H(p) "W ™Y(py) with
W > Yy in the ordering established. Denote by wy = inf{w € H(p) "W ™Y(pyx), w > yx}. Since
H(p) is closed we have that wy, € H(p).

Lemma 3.21. wy = Y.

Proof. By definition we have wy > yx. Assume, by contradiction, that wy > yx. Then [z, W] D
[z, Yi] = B

Assume that £(f"([zx, wk])) < & for all n > 0. Since £(f"([yk,Wk])) # 0 we can choose
a sub-sequence nj — oo such that £( " ([yk,wk])) > & for all j, for some 0 < & < &. Let
z=limj_e TN (yK). As £(f"([z«,yx])) — O we also have that z = limj_,. f"i (z«) which implies
that z € H(p). Since & < £(f"i([yk,wk])) < 0o we have that " ([yx,wx]) € V(H(p)), for all j,
where V(H(p)) is an admissible neighborhood of H(p). This implies that W( f"i(zx)) is well
defined for all j. Then, for j > j’ sufficiently big WS(f"i (z¢)) N £’ ([z, Wk)) # O. On the other
hand, by Corollary 3.6, for infinitely many points p we have W2(f"i(py)) — Wg(f"(x)) and
this implies that WS(f"i (z¢)) N ™' ([zx, Wk)) € H(p). Hence, the definition of wy implies that
WS(£Mi(z¢)) N £ ([zk, yk)) = 0 and so WS(£Mi(z¢)) N £ ([yk, Wk)) # O, implying that there is
ue H(p)n "' ([yk, wy)), leading to a contradiction with the definition of wy.

I £(f"([zk, Wk])) > 8o for some n > 0 then we pick Wi € [Yk, Wi] 0 that £("([z, Win)])) <
o and repeat the same argument replacing w by Wy(y). O
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Since lp = [x,y] and yx — y we get
Corollary 3.22. y e H(p).

Returning to the proof of Theorem 3.11, and keeping the previous notation, take 2(e+9) < q,
where o is the expansiveness constant for f/H(p). Then, since zy,yk € W, 5(Ppk) we obtain

(12) dist(f"(z), £"(y)) < £(F"(Z Yi])) < 2(e+8) <o ¥n<O0.
On the other hand, since zx € W3(x) and yx € Wg(y) we have that
(12) dist(f"(zk), f"(yk)) <

dist(f"(zx), f"(x)) +dist(f"(x), f"(y)) + dist(f"(y), f"(yk)) <€+ d+e<a Vn>0.
Equations (11) and (12) give
dist(f"(zx), f"(yk)) <a VneZ,

contradicting the expansiveness of f/(H(p).
All together finishes the proof of Theorem 3.11. O

4. PROOF OF HYPERBOLICITY OF H(p).

In this section we prove that (E @ F)/H(p) is hyperbolic. For this, we shall prove first that E
is uniformly contracting, and this is done following Mafié’s proof of [Ma2, Theorem 1.4].

Lemma 4.1. There exist ¢ > 0, a positive integer m, and a dense subset D of H(p) such that for
X € D we have
I|m|nf Z log|DfM/E(f~IM(x))|| < —c.

nN—+c N

Proof. We have that Per(f) "H(p) is dense in H(p). By Lemma 2.1 we have for any periodic
pointq € H(p) NPer(f):

(13) IDf ™ sl < KA™,¥n>0.

Here T is the period of g and K > 0, 0 < A < 1 are independent of the particular periodic point
in H(p). Moreover by [Ma3, Lemma 11.5] there existsm > 0,C > 0,and g, 0 < A < p < 1such
that

[t/m]

(14) 11 1D F g lesll < Cul/™,

whenever (13) holds. Here [t/m] is the greatest integer less or equal than T/m.
Combining (13) and (14) and taking logarithms we get

[t/m]

Z|og||ofm/E<f'm<q>>||< C+|ogp

[t/m] ; [t/m]
Since f/H(p) is expansive, the number of periodic points of bounded period is finite. Then,
letting D be the set of periodic points of period sufficiently greater than m we have that D is
dense in H(p). Equation (15) together with the fact that 0 < p < 1 imply the result. O

(15)
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Lemma 4.1 ensures that for x € D, |‘|’]~‘:1||Dfm/E(f*jm(x))|| converges to 0 exponentially
fast. Since if f : H(p) — H(p) is expansive then the same is true for f™, we may assume (and
do) thatm =1in Lemma 4.1.

Let yp be such that 0 < e~© < yp < 1 where ¢ > 0 is given by Lemma 4.1. It follows that for
all x € D there are infinitely many values of n satisfying

ﬁan/E(fi(x))an.
J:

Take y1, Y2, VYs, Ya such that
O<yo<vi<Y2<ys<vys<l.
Let No = N(ys,Ya) be given by Lemma 3.4.

Lemma 4.2. IfEyp) is not a contracting bundle then for all € > 0 there exist a compact invariant
set A(e) C H(p) and N = N(g) such that every x € A(€) has the following property: there exist
Xo arbitrarily near x, no > 0 and y € A(g) such that dist(f™(xg),y) <&, (y, f"(y)) is an (No, Y2)-
obstruction for all n> N =N(g) and if ng > 0 then (o, f™(xo)) is a uniform ys-string. Moreover,
A(g) is the closure of its interior.

Proof. See [Ma2, Lemmas I1.6 and 11.7]. O

Fix 0 < y < yp and let y1,Y2,Ys,Ya be as in Lemma 4.2. Choose ko € (0,1) such that y < kgyl
and kylys < 1, i.e., 1> ko > max{ys, \/Y/V1}-

Proposition 4.3. If E is not contracting, for all € > 0 there exist sequences {x;} C A(g/4), (\(g)
as in Lemma 4.2) and n; > 0 such that

(@) dist(f"(x),xi+1) <€

(b) (xi, ™ (x;)) is a uniform ys-string but if i is even (x;, f™(x;)) is not a y;-string.

(c) If K=min{||Df/E(x)|;x € H(p)} then Y KM-1 > (koy1)" "+ for all even i.

(d) There exist odd numbers k, I; k > I such that dist(x,xx) < €/2.

Proof. See [Ma2, page 179] for the proof of (a), (b), (c). Item (d) follows from compactness.
U

Corollary 4.4. Given € > 0 there are a sequence X1, X2, . . ., Xk and uniform yz-strings (x;, " (x;))
that are not y;-strings, so that dist(x;,xj+1) < € and dist(f"™(xk),x;) <€ forall 1 <i < k—1.

Let as find €9 > 0 such that the cones defining the dominated splitting in H(p) can be extended
to v the go-neighborhood of H(p).

Lemma 4.5. Let us assume that (x, f"(x)) is a uniform y string, 0 <y <1, n > 0, x € H(p).
Then there are 8> 0, € > 0 and n > 0 such that if for some constant ¢ > 0, diam( f"(Wg""(x))) >
2n for n > ng but diam(fJ/(W¢"°(x))) < &; j=0,...,n—1 then diam(f"(W*(y))) > v, for all
y € Ws3(x), 0 =+, —.

(Roughly speaking, if Df contracts in E(fl(x));j = 1,...,n and in addition fJ(W¢"(x))
growths in diameter in n iterates then the local center-unstable manifold of points in W3(x)
have to have the same property.)
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Proof. Let 1 >y; and let €1 > 0, €1 < €0 be so small that if (z, f"(z)) is a uniform y string then
dist(f1(z), fi(y)) < ydist(z,y) for some 1 >y, >y and forall y € Wg3(z). Let €,n be such that
n<e/2<e<er/8andif dist(z,w) < €1+ 2n then

IDf[ew)ll IDf[rw)ll
IDflell IDflell
We choose d > 0 such that y, = (1+d)y1 < 1 and also choose & < n/2. Arguing by contradic-
tion assume that for some y € Wg5(x) and moreover that for all j =0,1,...,n— 1 we have that
dlam(fl(WCCu °(y))) < 2e and diam(f"(Ws™°(y))) < n. Hence dist(f1(x), fi(y')) < 2e+ & forall
j= ,nand all y’ € Wg"°(y). Thus there exists d > 0 such that if (16) holds then (y’, f"(y"))
is a umform y1 string and therefore dist(f1 ('), f1(y") < y5d for all Z € Wg3(y'). Moreover by
(1), for all X" € W™ (x) there is y' € We° (y) such that X’ € WES(y'). Then,
dist(f"(x), f"(x')) <
dist(1(x), £1(y)) + dist(f(y), F7(y")) +dist(f"(y), "(x)) < B3+ +3Y} < 20

contradicting the hypothesis. _

On the other hand, if for some 0 < j < n we have that diam(fJ(Ws™°(y))) > 2, choosing J

the minimum positive integer with such property, we have, taking a point y’ € Ws"°(y) such
that dist(f"(y), f(y')) < 2¢, 0 < h < J and dist(f(y), f)(y')) = 2¢, and taking x’ € W¢"°(x) as

above, that
dist(f7(x), f(x') > dist(f(y), f2(y'))—
—[dist(f7(y), £2(x)) +dist(£2(y), fI(x'))] > 2(e — §] > €.
Thus contradicting our assumption about W¢"° (x) O

(16) (1-d) < <(1+d) and (1-d)< < (1+d).

The following proposition is similar to a lemma proved in [Li] (see also [Ma2]). The proof
there uses that Df|F is uniformly expanding. We, instead, use that the diameter of the unstable
manifolds are uniformly bounded away from zero (Proposition 3.12) which is the main result
obtained assuming Theorem 3.11.

Proposition 4.6. Given d >0, 0 < y< 1 and (x;, f"(xj)) a sequence of uniform y-strings in
H(p), i=1,...Kk, then there exist p = p(y,d) > 0 and Np > 0 such that if dist(x;,xj+1) < p and
dist(f™(xk),x1) < p forall i=1,2,...,k—1 and ny 4+ na+--- 4+ ng > Np then there exists a
periodic point g of f with period N = ny+ny+--- + ny such that dist(f"(q), f"(x1)) < & for
all 0 < n < nj and setting Nj = ny +--- 4 n; dist(fN*1(q), f"(xi11)) < & for all 0 < n < njyq,
1<i<k-1.

Proof. Let us first assume k = 1. Let x € H(p) and WS(x) be the local invariant manifold given
by the dominated splitting which is an embedded disk transverse to F. It is proved in [PS2] that
for any € > O there isr = r(€) > 0 such that the size of W5(x) (see Definition 3.1), size(Wg3(x)) >
r. Moreover, if x = X1 then the fact that Df|E contracts ny iterates implies that W (x1) behaves
as a stable manifold for that iterates. That is, there is y;, y < y1 < 1 such that for j =0,1,...,nq,
ify € WS(x1) then dist(f(x1), f1(y) < yje. As usual we choose € > 0 such that € < a/2, where
o > 0 is a constant of expansiveness. On the other hand, by Proposition 3.12, it holds that there
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is n > 0 such that diam(W¢"°(x1)) > 2n where o = +, — indicates anyone of the separatrices of
Wg'(x1). Let us consider local center-unstable manifolds of the points x € D1 C WS(x1) where D1
is a 2-disk centered in x1. These center-unstable manifolds are coherent with the local unstable
manifolds of points of H(p) N"WgS(x1). By Lemma 3.14 for all co > 0 there exists Np > 0 such
that diam(f"(W¢'(y)) > 2n for all y € H(p), ¢ > co and n > No. Hence, by Lemma 4.5 we have
that diam( ™ (W (x))) > n because diam(f™(Ws*°(x1))) > 2n.

Let B, be a cylinder centered in x1 given by B = Uyep,Ux Where Uy € WU(x) has diameter
n and is centered in x. Let 1 C By be defined by

C1 = Uxep, (W' (X)).

Take p > 0 small enough such that when dist(f™(x1),x1) < W then f™(WSS(x1)) is contained in
the interior of B, and moreover W!(x) cuts WS3(y) whenever dist(x,y) < uwith x,y € V. Hence
f" (1) intersects ¢1 and any point in the boundary of (i is not fixed by f™. Therefore, by a
standard argument of index theory, see [Do], there exist a fixed point g of f™ in CiN ().
That is, g is a periodic point of f. Observe that since q € 9 there isz inWg!(q) N f"(D4). More-
over, the distance between f~(z) and f~I(q) is bounded by € forall 0 < j < the period of g. On
the other hand dist(f~1(z), f~J(x1)) < diam(yy*~'r) where y}*~'r = diam(f™~1(Dy)). There-
fore dist(f/(q), fi(x1)) <e+rforall j=—1,—-2,...—ny. Choosing r < & < &/2 we conclude
that the orbit of g &-shadows the orbit of x1 for all j = 1,2,...n1, proving Proposition 4.6 when
k=1

For k = 2 we proceed as follows. Take a small disk D2 C WS(x2) and B as in the previous case
and set By = Uxep,(W(x)) and (2 = UxeDZW§”(X), where [ is such that diam(f" (Wé?“(x))) >
n. Find p > 0 such that dist(f™(x1),x2) < p and dist(f"(x2),x1) < pimply f"(D1) C int(Bp)
and f"2(D5) C int(‘B1), where int(A) stands for the interior of A.

Then f2(f™ ()N () is a small cylinder that cuts ¢; and no point of the boundary of 1N
f~" () is fixed by fnl+n2|(ClﬂF‘”l(C2))' Hence, arguing as before, there is a fixed point g of
fM+"2 and reasoning as in the case k = 1 we conclude the proof for k = 2.

The general case follows by induction. O

Lemma 4.7. Letyo < V1 < Y2 < VY3 <VYa<1beasinlLemma 4.2. Moreover let 0 <y < yp and
take 0 < ko < 1 suchthaty < kgyl and k51y4 < 1. Then the periodic point g given by Lemma 4.6
satisfies

N
VARS [llllDf/E(f”(OI))H < (ko ya)™.

Proof. The proof is given in detail in [Ma2, Section I1], pages 179-181 (the reader should be
aware that in Mafié’s article our y3 is denoted Y and yj is denoted by y3). O
Proposition 4.8. We may construct q given in Proposition 4.6 such that g € H(p).

Proof. By Proposition 4.7 if & > 0 is small enough we ensure that D fq/E(q) contracts in a rate
similar to that of Dfy, /E(xj), j =1,2,....kif dist(f)(q), f!(xj)) < dforall j=0,...,N, inthe
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local center-stable manifold of g. More precisely we have

N
Y < |1||Df/E(f”(OI))II-

And for all j € [1,N] we have

j .
[llllDf/E(f”(Q))ll < (ko'va).

As q is periodic of period N this implies that its center-stable manifold is a stable manifold, of
size about the same of that of the center-stable manifold of x;. Hence the local unstable manifold
of a periodic point g’ € H(p) close to x; intersects the local stable manifold of . Therefore
WU(p) accumulates in WY(q) or there would exist, by [PS, Lemma 3.3.1] another periodic point
G in the unstable separatrix of W<U(q) cutting WE3(q') and between g and w € WE4(q) NWES(Q').
Let Q be the periodic point closest to H(p), in the linear ordering from g to w. Then W(Q)
is accumulated by WY(q’) and therefore also by W"(p). If we have that for some j=1,....k,
i=0,....nj;, WS(f'(xj)) is a true stable manifold then we are done. For in that case WS(p)
would accumulate in W=5(Q) and W(p) in WY(Q) respectively and we obtain that Q € H(p),
concluding the proof of Proposition 4.8.

As we cannot assume that, we have to proceed in a different way. Choose %{(H(p)),l > 1, a
sequence of admissible neighborhoods of H(p) such that

Cl(U;1(H(p))) € U (H(p)) and N>1 U (H(p)) =H(p).

For any 4/ (H(p)) we may find q;, like the point Q as above, such that g shadows the pseudo-
orbit given by a sequence (x;, f"i(x;)), j=1,...,k of uniform ys-strings that are not y-strings as
in Proposition 4.3. Take an accumulation point x of {q; }. If there is a subsequence {q, } of {q}
such that the periods of g, are uniformly bounded then x € H(p) NPer(f) and x is the desired
periodic point. Otherwise the periods of g; are unbounded and x € H(p) is a uniform ys-string
for all n > 0. Therefore by arguments similar to those used in [PS, Corollary 3.3] we obtain a
stable manifold for x that the unstable manifold of g; will cut for | > lp. Thus q; is homoclinically
related with p completing the proof. d

Proof of Theorem B

By Propositions 4.6, 4.8, and Lemma 4.7, if E is not a contracting sub-bundle there exists
g € H(p) NPer(f) such that D fq contracts in E rather weakly in the period contradicting Lemma
2.1. Therefore E is a uniform contracting bundle. This in turn implies, using the arguments of
[Ma3, section Il], that F is a uniform expanding bundle. Thus E & F is a hyperbolic splitting.
This implies that the same is true for g C1- close to f. O
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