Current fluctuations in stochastic lattice gases

L. Bertini,^1 A. De Sole,^2 D. Gabrielli,^3 G. Jona–Lasinio,^4 and C. Landim^5 1Dipartimento di Matematica, Università di Roma “La Sapienza”, Piazza A. Moro 2, 00185 Roma, Italy 2Department of Mathematics, Harvard University, 1 Oxford St., Cambridge, MA 02138, USA, and INDAM Piazza A. Moro 2, 00185 Roma, Italy 3Dipartimento di Matematica, Università dell’Aquila, 67100 Coppito, L’Aquila, Italy 4Dipartimento di Fisica and INFN, Università di Roma “La Sapienza”, Piazza A. Moro 2, 00185 Roma, Italy 5IMPA, Estrada Dona Castorina 110, J. Botanico, 22460 Rio de Janeiro, Brazil, and CNRS UMR 6085, Université de Rouen, 76128 Mont–Saint–Aignan Cedex, France

We study current fluctuations in lattice gases in the macroscopic limit extending the dynamic approach for density fluctuations developed in previous articles. More precisely, we establish a large deviation theory for the space–time fluctuations of the empirical current which include the previous results. We then estimate the probability of a fluctuation of the average current over a large time interval. It turns out that recent results by Bodineau and Derrida in certain cases underestimate this probability due to the occurrence of dynamical phase transitions.

PACS numbers: 05.20.-y, 05.40.-a, 05.60.-k, 05.70.Ln

The Boltzmann–Einstein theory of equilibrium thermodynamic fluctuations, as described for example in [1], states that the probability for a fluctuation from equilibrium in a macroscopic region of volume V is proportional to exp{V ΔS/k} where ΔS is the variation of entropy density calculated along a reversible transformation creating the fluctuation and k is the Boltzmann constant. This theory is well established and has received a sound mathematical formulation in statistical mechanics via the so called large deviation theory [2]. The study of large deviations has been extended to stochastic dynamics in equilibrium [3] and non–equilibrium [4–6] stationary states. In a dynamical setting one may ask new questions, for example what is the most probable trajectory followed by the density in the spontaneous emergence of a fluctuation or in its relaxation to equilibrium. We showed that: the entropy, as a functional of the local density, satisfies a Hamilton–Jacobi equation, the Onsager–Machlup theory [7] and the minimum dissipation principle [8] extend to stationary non equilibrium states.

Another macroscopic observable of great physical interest is the current flowing through the system [9–13]. In the present article we develop, in the same spirit of [4, 5], a Boltzmann–Einstein formula for the current fluctuations. The asymptotic probability, as the number of degrees of freedom increases, of observing a current fluctuation j on a space–time domain [0, T ] × Λ can be described by a rate functional I_{[0,T ]}(j). This functional plays the same role as −ΔS in the classical Boltzmann– Einstein theory. The present theory for current fluctuations implies the one for the density and leads to a unified approach.

Among the many problems we can discuss within this theory, we consider the behavior of a fluctuation J of the average current over a large time interval. This is the question addressed in [14] in one space dimension by postulating an “additivity principle” which relates the fluctuation of the time averaged current in the whole system to the fluctuations in subsystems. The probability of a fluctuation J can be described by a rate functional Φ(J) which we characterize, in any dimension, in terms of a variational problem for the functional I_{[0,T ]}. The result agrees with [14] only under additional hypotheses. We show by explicit examples that these hypotheses are not always satisfied. More precisely, while the rate functional Φ is always convex for thermodynamic reasons, the functional of [14], that we call U, may be non convex. In such a case U(J) underestimates the probability of the fluctuation J. We interpret the lack of convexity of U as a dynamical phase transition. In a forthcoming more detailed paper [15] we shall study also the behavior of I and Φ under time reversal and connect it to the well known fluctuation theorem for entropy production of Gallavotti and Cohen [16–18].

The basic microscopic model is given by a stochastic lattice gas with a weak external field and particle reservoirs at the boundary. More precisely, let Λ ⊂ R^d be a smooth domain and set Λ_N = NΛ ∩ Z^d; we consider a Markov process on the state space X^{ΛN} , where X is a subset of N, e.g. X = {0, 1} when an exclusion principle is imposed. The number of particles at the site x ∈ Λ_N is denoted by η_x ∈ X and the whole configuration by η ∈ X^{ΛN} . The dynamical evolution is given by a continuous time Markov process on the state space X^{ΛN} . This is specified by transition rates c_{x,y}(η) describing the jump of a particle from a site x to its nearest neighbor y and rates c^±_x (η) describing the appearance or loss of a particle at the boundary site x. The reservoirs are characterized by a chemical potential γ. We assume that the rates satisfy the local detailed balance condition [18] with respect to a Gibbs measure associated to some Hamiltonian H. Typically, for a non equilibrium model, we can consider Λ the cube of side one and the system under a constant force E/N. Moreover we choose the chemical potential γ so that γ(y/N) = γ_0 if the first coordinate of y is 0, γ(y/N) = γ_1 if the first coordinate of y is N, and impose periodic boundary conditions in the other directions.

The macroscopic fluctuation theory of stochastic lattice gases, as discussed below, is expected to apply to a wider class of non equilibrium systems with conservation laws, e.g. the Hamiltonian anharmonic chain of [19] and fluids driven by thermal gradients. We introduce the empirical density π^N associated to a microscopic configuration η ∈ X^{ΛN} by requiring for each smooth function G : Λ → R, ⟨π^N , G⟩ = ∫ Λ du π^N (u) G(u) = 1 N^d ∑ x∈Λ_N G(x/N)η_x

so that π^N (u) is the local density at the macroscopic point u = x/N in Λ. Consider a sequence of initial configurations η^N such that π^N (η^N ) converges to some density profile ρ_0. Under diffusive scaling the empirical density at time t converges, as N → ∞, to ρ = ρ(t, u) which is the solution of ∂_tρ = ∇ · [ 1 2 D(ρ)∇ρ − χ(ρ)∇V ] = D(ρ) (1)

with initial condition ρ_0. Here D is the diffusion matrix, given by the Green–Kubo formula, see [20, II.2.2], χ is the conductivity, obtained by linear response theory, see [20, II.2.5], and ∇V the external field. We emphasize that these transport coefficient are defined in terms of the equilibrium Gibbs measure. In particular if we denote by S_0(ρ) the entropy associated to H, the usual Einstein relation D(ρ) = R^{−1}(ρ)χ(ρ) holds, here R(ρ) = S^{′′}_0 (ρ)^{−1} is the compressibility. The interaction with the reservoirs appears as a boundary condition to be imposed on solutions of (1). More precisely, we require that S^′_0(ρ(u)) = γ(u), u ∈ ∂Λ, here ∂Λ denotes the boundary of Λ and we recall that γ is the chemical potential of the reservoirs. The non equilibrium stationary profile ρ̄ is the unique stationary solution of (1).

The probability to observe a density trajectory different from the hydrodynamic behavior (1) is exponentially small in N^d and given by [4, 5] P^N_ηN ( π^N ≈ ρ, t ∈ [0, T ] ) ∼ exp { − N^dI_{[0,T ]}(ρ) } (2) where ≈ denotes closeness in some metric, ∼ logarithmic equivalence as N → ∞, and P_ηN stands for the distribution of the process starting from η^N . The rate functional I_{[0,T ]}(ρ) is given by

I_{[0,T ]}(ρ) = 1 2 ∫_T 0 dt ⟨∇H, χ(ρ)∇H⟩ (3) where the external potential H has to be chosen so that ρ solves ∂_tρ = D(ρ) − ∇ · ( χ(ρ)∇H ) (4) with initial condition ρ_0 and the same boundary conditions as the hydrodynamic equation (1). Equations (2)– (4) are the analog of the Boltzmann–Einstein formula for dynamical fluctuations.

We give now a parallel discussion for the current. Denote by N^{x,y}_t the number of particles that jumped from x to y in the macroscopic time interval [0, t]. Here we adopt the convention that N^{x,y}_t represents the number of particles created at y due to the reservoir at x if x ∉ Λ_N , y ∈ Λ_N and that N^{x,y}_t represents the number of particles that left the system at x by jumping to y if x ∈ Λ_N , y ∉ Λ_N . The difference J^{x,y}_t = N^{x,y}_t − N^{y,x}_t is the net number of particles flown across the bond {x, y} in the time interval [0, t]. In other words, given a path η(s), 0 ≤ s ≤ t, the instantaneous current dJ^{x,y}_t /dt is a sum of δ–functions localized at the jump times across the bond {x, y} with weight +1, respectively −1, if a particle jumps from x to y, respectively from y to x.

Fix a macroscopic time T and denote by J^N the empirical measure on [0, T ] × Λ associated to the current. For smooth vector fields G = (G_1, . . . , G_d), the integral of G with respect to J^N , denoted by J^N (G), is given by

J^N (G) = ∫_T 0 dt ∫ Λ du G(t, u) · J^N (t, u) = 1 N^{d+1} d∑ i=1 ∑ x ∫_T 0 dt G_i(t, x/N) dJ_t dt x,x+e_i

where · is the inner product in R^d , e_i is the canonical basis, and we sum over all x such that either x ∈ Λ_N or x + e_i ∈ Λ_N . We normalized J^N so that it is finite as N → ∞. Given a density profile ρ let us denote by J(ρ) = − 1 2 D(ρ)∇ρ + χ(ρ)∇V (5) the current associated to ρ. The hydrodynamic equation (1) can then be written as ∂_tρ + ∇ · J(ρ) = 0. Recall that the initial configuration η^N is such that the empirical density π^N (η^N ) converges to the density profile ρ_0 and denote by ρ(t) the solution of (1). Then the empirical current J^N (t) converges, as N → ∞, to J(ρ(t)), the current associated to the solution of the hydrodynamic equation (1). If we let t → ∞ we have J(ρ(t)) → J(ρ̄).

We next discuss the large deviation properties of the empirical current. Fix a smooth vector field j : [0, T ] × Λ → R^d . The large deviation principle for the current states that P^N_ηN ( J^N (t, u) ≈ j(t, u) ) ∼ exp { − N^d I_{[0,T ]}(j) } (6) where the rate functional is

I_{[0,T ]}(j) = 1 2 ∫_T 0 dt ⟨ [j − J(ρ)], χ(ρ)^{−1}[j − J(ρ)] ⟩ (7) in which J(ρ) is given by (5) and ρ = ρ(t, u) is obtained by solving the continuity equation ∂_tρ + ∇ · j = 0 with initial condition ρ(0) = ρ_0. Of course there are compatibility conditions to be satisfied, for instance if we have chosen a j such that ρ(t) becomes negative for some t ∈ [0, T ] then I_{[0,T ]}(j) = +∞. We present here a heuristic derivation of (6)–(7). Fix a current j; in order to make j typical, we introduce an external field F . Let ρ be the solution of { ∂_tρ + ∇ · j = 0 ρ(0, u) = ρ_0(u) (8)

and F : [0, T ] × Λ → R^d be the vector field such that j = J(ρ) + χ(ρ)F = − 1 2 D(ρ)∇ρ + χ(ρ){∇V + F } We introduce a perturbed measure P^{N,F}_{ηN} which is obtained by modifying the rates as follows c^F_{x,y}(η) = c_{x,y}(η) e^{N −1F (t,x/N)·(y−x)} Following a similar argument as the one for the large deviation principle of the empirical density [5], one can show that dP^N_{ηN} dP^{N,F}_{ηN} ∼ exp { − N^d 1 2 ∫_T 0 dt ⟨F, χ(ρ)F ⟩ }

= exp { − N^dI_{[0,T ]}(j) }

Moreover, under P^{N,F}_{ηN} , as N → ∞, J^N converges to j. Therefore, P^N_ηN ( J^N (t, u) ≈ j(t, u), (t, u) ∈ [0, T ] × Λ )

= P^{N,F}_{ηN} ( dP^N_{ηN} dP^{N,F}_{ηN} 1I_{{J} N_{≈j}} ) ∼ e^{−N dI[0,T ](j)} We emphasize that now we need to allow non–gradient external fields F , while in the large deviation principle for the empirical density (2) it is sufficient to consider gradient external fields [3, 21]. The latter is therefore a special case and can be recovered from (6)–(7).

We want to study the fluctuations of the time average of the empirical current over a large time interval [0, T ]; the corresponding probability can be obtained from the space–time large deviation principle (6). Fix some divergence free vector field J = J(u) constant in time and denote by A_{T,J} the set of all currents j such that T^{−1} ∫_T 0 dt j(t, u) = J(u). The condition of vanishing divergence on J is required by the local conservation of the number of particles. By the large deviations principle (6), for T large we have P^N_ηN ( 1 T ∫_T 0 dt J^N (t) ≈ J ) ∼ exp { − N^dT Φ(J) } (9) where the logarithmic equivalence is understood by sending first N → ∞ and then T → ∞. In [15] we show that for the so–called zero range process the limits can be taken in the opposite order; we expect this to be true in general. The functional Φ is given by Φ(J) = lim_{T →∞} inf_{j∈AT,J} 1 T I_{[0,T ]}(j) (10)

By a standard sub–additivity argument it is indeed easy to show that the limit exists. We now prove that Φ is a convex functional. Let J = pJ_1 + (1 − p)J_2: we want to show that Φ(J) ≤ pΦ(J_1) + (1 − p)Φ(J_2). Let us call (j_1(t), ρ_1(t)), t ∈ [0, pT ] (respectively (j_2(t), ρ_2(t)), t ∈ [0, (1 − p)T ]) the optimal path of current and density which implements the minimum in (10) at J_1 (respectively J_2). We then consider a path (j(t), ρ(t)) which spends a time interval pT following (j_1, ρ_1) and a time interval (1 − p)T following (j_2, ρ_2) (and a finite time to go continuously from (j_1, ρ_1) to (j_2, ρ_2)). With such a path we get Φ(J) ≤ 1 T I_{[0,pT ]}(j_1) + 1 T I_{[0,(1−p)T ]}(j_2) + O(1/T )

≤ pΦ(J_1) + (1 − p)Φ(J_2) + O(1/T )

where we used the existence of the limit (10).

We next study the variational problem on the right hand side of (10). We begin by deriving an upper bound. Given ρ = ρ(u) and J = J(u), ∇ · J = 0, let us introduce the functionals U(ρ, J) = 1 2 ⟨J − J(ρ), χ(ρ)^{−1}[J − J(ρ)]⟩ (11) U(J) = inf_ρ U(ρ, J) (12)

where the minimum in (12) is carried over all profiles ρ satisfying the boundary conditions and J(ρ) is given by (5). When J is constant, that is in the one–dimensional case, the functional U is the one introduced in [14].

By choosing a suitable path j(t, u) ∈ A_{T,J} we first show that

Φ(J) ≤ U(J) (13)

The strategy is quite simple, see also [14]. Let ρ̂ = ρ̂(J) be the density profile which minimizes the variational problem (12). Given the initial density profile ρ_0, we construct a path j = j(t, u), (t, u) ∈ [0, T ] × Λ as follows

j(t) = ĵ if 0 ≤ t < τ T T −2τ J if τ ≤ t < T − τ −ĵ if T − τ ≤ t ≤ T where ĵ is a vector field such that τ∇·ĵ = ρ_0 −ρ̂ and τ > 0 is some fixed time. It is now straightforward to verify that j ∈ A_{T,J} , as well as lim_{T →∞}^1_T I_{[0,T ]}(j) = U(J).

From (13) and the convexity of Φ(J) it immediately follows that

Φ(J) ≤ U^{∗∗}(J) (14)

where U^{∗∗} denotes the convex envelope of U.

We next discuss a lower bound for the variational problem (10). We denote by ~U and ~U the same functionals as in (11)–(12), but now defined on the space of all currents without the conditions of vanishing divergence. Let also ~U ∗∗ be the convex envelope of ~U.

Let j ∈ A_{T,J} . By the convexity of ~U^{∗∗} in the set of all currents, we get 1 T I_{[0,T ]}(j) = 1 T ∫_T 0 dt ~U(ρ(t), j(t)) ≥ 1 T ∫_T 0 dt ~U(j(t)) ≥ 1 T ∫_T 0 dt ~U^{∗∗}(j(t)) ≥ ~U^{∗∗}(J) (15) The upper and lower bounds (14) and (15) are, in general, different. For a divergence free J we have ~U(J) = U(J) but since the convex envelopes are considered in different spaces, we only have ~U^{∗∗}(J) ≤ U^{∗∗}(J).

To understand the physical meaning of the convex envelope in (14), suppose J = pJ_1 + (1 − p)J_2 and U(J) > U^{∗∗}(J) = pU(J_1) + (1 − p)U(J_2) for some p, J_1, J_2. The values p, J_1, J_2 are determined by J and U. In addition we assume that U^{∗∗} = ~U^{∗∗}. If we condition on observing an average current J, the corresponding density profile is not determined, but rather we observe with probability p the profile ρ̂(J_1) and with probability 1 − p the profile ρ̂(J_2). When U is not convex we have thus a situation in which the time averaged current J is realized with the coexistence of two dynamical regimes: we have a dynamical phase transition.

The derivation of the upper bound shows that, if U is not convex, our result differs from the one in [14]. On the other hand if ~U^{∗∗}(J) < U^{∗∗}(J) it is possible that one can further improve the upper bound (14) by exploring currents with non vanishing divergence. In such a situation it is not clear to us if Φ can be directly related to U. We can consider the large time behavior of the empirical current as in equation (9) with the additional constraint that the associated density is asymptotically time independent. In such a case it is not difficult to show that (9) holds with Φ = U. With this extra constraint we are in fact forbidding the system from oscillating.

In the models where the diffusion coefficient D(ρ) is constant and the mobility χ(ρ) is concave, for example in the symmetric simple exclusion where χ = ρ(1 − ρ), it is not difficult to see that ~U is convex. Therefore in these cases Φ = U. In [15] we shall show that in the Kipnis-Marchioro-Presutti model [22, 23] at equilibrium U(J) is convex while ~U(J) is not.

We next discuss an example, with a non–concave χ, where the functional U is not convex. We fix equilibrium boundary conditions ρ_0 = ρ_1 = ρ̄. We take D(ρ) = 1 and χ(ρ) a smooth function with χ(0) = χ(1) = 0 which has a non concave part χ(ρ) = Ke^{−Cρ}, for ρ in a given interval, where C is a positive parameter. An explicit calculation gives that U(J) =^1_{C2} e^{Cρ̄}F (CJ) where F (z) = z^{ez −1}_{ez +1} , if J is in an appropriate interval. Since the second derivative of F (z) can be negative, U(J) is not convex.

It is a pleasure to thank T. Bodineau, B. Derrida, G. Gallavotti, E. Presutti, C. Toninelli, and S.R.S. Varadhan for useful discussions. The authors acknowledge the support of COFIN MIUR 2002027798 and 2003018342.

[1] L. Landau, E. Lifshitz, Physique Statistique, MIR Moscou 1967.

[2] O.E. Lanford, Entropy and equilibrium states in classical statistical mechanics, Lecture Notes in Physics 20, A. Lenard ed. 1973.

[3] C. Kipnis, S. Olla, S.R.S. Varadhan, Commun. Pure Appl. Math. 42, 115 (1989).

[4] L. Bertini, A. De Sole, D. Gabrielli, G. Jona–Lasinio, C.

Landim, Phys. Rev. Lett. 87, 040601 (2001). [5] L. Bertini, A. De Sole, D. Gabrielli, G. Jona–Lasinio, C.

Landim, J. Statist. Phys. 107, 635 (2002).

[6] L. Bertini, A. De Sole, D. Gabrielli, G. Jona–Lasinio, C.

Landim, J. Statist. Phys. 116, 831 (2004).

[7] L. Onsager, S. Machlup, Phys. Rev. 91, 1505 (1953);

Phys. Rev. 91, 1512 (1953).

[8] L. Onsager, Phys. Rev. 37, 405 (1931); Phys. Rev. 38, 2265 (1931).

[9] L.S. Levitov, H.-W. Lee, G.B. Lesovik, J. Math. Phys.

37, 4845 (1996).

[10] S. Pilgram, A.N. Jordan, E.V. Sukhorukov, M. Büttiker, Phys. Rev. Lett. 90, 206801 (2003).

[11] B. Derrida, B. Douçot, P.-E. Roche, J. Statist. Phys. 115, 717 (2004).

[12] P.-E. Roche, B. Derrida, B. Douçot, arXiv:cond-mat/ 0312659 (2003).

[13] A.N. Jordan, E.V. Sukhorukov, S. Pilgram, arXiv:cond– mat/0401650 (2004).

[14] T. Bodineau, B. Derrida, Phys. Rev. Lett. 92, 180601 (2004).

[15] L. Bertini, A. De Sole, D. Gabrielli, G. Jona–Lasinio, C.

Landim, in preparation.

[16] G. Gallavotti, E.G.D. Cohen, J. Statist. Phys. 85, 931 (1995).

[17] J. Kurchan, J. Phys. A: Math. Gen. 31, 3719 (1998). [18] J.L. Lebowitz, H. Spohn, J. Statist. Phys. 95, 333 (1999). [19] J.-P. Eckmann, C.-A. Pillet, L. Rey–Bellet, Commun.

Math. Phys. 201, 657 (1999).

[20] H. Spohn, Large scale dynamics of interacting particles.

Springer, Berlin 1991.

[21] C. Kipnis, C. Landim, Scaling limits of interacting particle systems. Springer, Berlin 1999.

[22] C. Kipnis, C. Marchioro, E. Presutti, J. Statist. Phys.

27, 65 (1982).

[23] L. Bertini, D. Gabrielli, J.L. Lebowitz, in preparation.