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ABSTRACT. We prove the existence of monotonic pure strategy equilibrium for many
types of asymmetric auctions between n bidders with unitary demands, interdepen-
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1. INTRODUCTION

Since the first works on asymmetrical auctions, by Vickrey (1961) and Griesmer,
Levitan and Shubik (1967), many theoretical papers have considered the question on the
equilibrium existence for such games, among which we can cite Amman and Leininger
(1996), Lebrun (1999), Lizzeri and Persico (2000), Maskin and Riley (2000), Athey
(2001), Reny and Zamir (2004) and Jackson and Swinkels (2005).! The methods to
prove the existence of equilibrium are essentially of two kind. The first papers appeal
to a system of differential equations whose solution is shown to be an equilibrium. The
later ones discretize the space of types or bids, obtain the equilibrium in this case and
then proves that the limit when the grid is made fine is an equilibrium.?

In this paper, we take another route to prove the equilibrium existence for monotonic
asymmetrical auctions with independent types. We allow assumptions weaker than the
usual: we do not assume that the utilities are increasing in all types but only on the
own bidder’s type and the payment can depend on all bids. Thus, we treat in a single
framework many kind of asymmetrical auctions with unitary demand, which includes
double auctions.

We work on the set of non-decreasing functions, N, and of smooth increasing func-
tions, I. We prove that the set of best response to functions in I is a unitary subset of
N. Since I is dense in N and N is compact in the £ topology, we find a perturbation
of the best response transformation that is a continuous map and has a fixed point.
The limit of these fixed points when the perturbation disappears is shown to be an
equilibrium.

We are grateful to Paulo K. Monteiro for helpful suggestions.

"While Vickrey (1961), Athey (2001) and Jackson and Swinkels (2005) consider many kind of games
and Amman and Leininger (1996) treat all-pay auctions, the rest of these papers are mainly concerned
with first-price auctions, as do Griesmer, Levitan and Shubik (1967).

2Jackson and Swinkels (2005) can be considered an exception, because they appeal to more general
theorems about existence of Nash equilibrium.
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The method has the advantage of being simple, direct and general. Because of the
generality of our setting, the possibility of ties with positive probability is unavoidable.
We prove the existence with an endogenous tie-breaking rule a la Simon and Zame
(1990) and Jackson, Simon, Swinkels and Zame (2002).

In section 2, we describe the model and present the preliminary results. In section
3, we present our main results. Section 4 is a discussion about the contributions of the
paper. All proofs are collected in section 5.

2. THE MODEL

There are n players: 1,...,n. Player i € {1,...,n} receives a private information, ¢;,
and choose an action that is a real number (i.e., she submits a bid b;). The auctioneer
compares the bids and determines who “wins” and who “looses”. The rules for this are
standard, but are well specified below (see allocation).

If player i wins, she receives u; (¢,b) and if she looses, she receives u; (¢,b), where
t = (t;,t_;) is the profile of all signals and b = (b;, b_;) is the profile of bids submitted.?

2.1. Information. Types are independent. Because w; (¢,b) and w; (¢,b) can have any
form, we may assume without loss of generality that the private signal of each player,
t;, is a real number uniformly distributed on [0,1].* To summarize, we are assuming
the following:

(A0) Types are independent and uniformly distributed on [0, 1].

2.2. Bidding. After receiving the private information, each player submits a sealed
proposal, that is, a bid (or offer) that is a real number. There is a reserve price buyin
and a maximum allowed bid (bmax), which are commonly know.’> In addition, the
bidders can take a non-participation decision boyr < bmin. Then, the space of bids is
B = {bOUT} U [bmim bmax]

2.3. Allocation. Given a profile of bids b_; = (b1,...,b;—1,bi41,...,bn), We assume
that there is a bid, denoted by b_;), which determines the threshold of the winning and
losing events for bidder 7. For instance, if the auction is an one-object auction where all
players are buyers, b_;) is the maximal bid of the opponents, that is, b_;) = max;; bj,
provided b; > byin for at least one player j # 4. If there are k objects for selling and a

reserve price byin, then b(_i) = max {bmin, b(_i }, where b(_ki) is the k-th order statistic

k)
of (bl, ...,bifl,bprl,...,bn), that iS, bal) = b(}Z) =2 b(inlil).

3We consider the dependence on b instead of b; because we want to include in our results auctions
where the payoff depends on bids of the opponents, as the second price auction, for instance. This also
allows us to study “exotic” auctions, i.e., auctions where the payment is an arbitrary function of all
bids.

4 Assume that the original type is h;, distributed in [ﬂi,ﬁi] according the strictly increasing and
continuous c.d.f. F; () and that the value of the object is given by v; (hi, h—;). Then, we can define
t; = F; (h;) and wu; (8,t—) = v; (F[1 (t:) ,F:il (t_i)). Now, the type t; is uniformly distributed on
[0,1]. Thus, our assumption rules out just the cases of atoms or gaps in the distribution of types.

SIf there is no reserve price (in the usual sense), let byin = 0. We are assuming a maximum permitted
bid to rule out behaviors (equilibria) in which one bidder bids arbitrarily high and the others bid zero.
This could happen in third price auctions, for instance.



SINGLE AND DOUBLE ASYMMETRICAL AUCTIONS 3

In double auctions between k sellers and | = n — k buyers, there are k objects for
selling and the k highest bids are “winners” in the sense that they end the auction with
one object, being the player a buyer or a seller. Then, for a player i (buyer or seller)

b(—;) = max {bmin, b(kz) }

If b = bour < bmin (that is, player i does not participate), the payoff is 0. If
bi > by, player i is “holder of an object” (and she has a ex-post payoff u; (¢,b) in this
situation). If bmin < b; < b_;), player 7 receives u; (t, b).b

Observe that the model permits to treat buyers and sellers in the similar manner.
The difference is just that, if player i is a seller, she begins with a object and if b; < b_y),
she sells her object. If she is a buyer, the situation b; < b_;) corresponds to maintain
her previous situation: without the object. Also, the model allows for any specification
of the price to be paid by the bidders.

If b; = b(_;), there is a tie and a specific rule (that may include a random device
and/or the requirement of a further action) may determine if the player is a winner
or a looser.” We model this by assuming that there is a function a : [0,1]" — {0,1}"
such that Y7 | a; (t) = k Vt € [0,1]", where k is the number of objects in the auction.
Thus, in the case of a tie, bidder i receives W; (¢, b) if a; (t) = 1, and w; (¢, b) otherwise.®

2.4. Assumptions on the Payoff Functions. We will assume that the functions
U, w; ¢ [0,1]" x B™ — R satisfy the following conditions for all i € I:

(A1) w; and w; are absolutely continuous on t and b.?
(A2) u; =1; — w; is strictly increasing in t;.

(A3) For all t = (ti,t_i), t = (t;,t_i) € [0, 1]” and b € B, t; < t; = 8bim (b, t) <
Op,w; (b,1"), when these derivatives exists.

(A4) For all t = (tij,t—;), t' = (t,t—;) € [0,1]" and b € B, t; < t, = Op,u; (b,t) <
Op;u; (b,1"), when these derivatives exists.

It is worth to discuss the hypotheses. It is standard in auction theory to assume
continuity or differentiability of the utility functions. (A1) weaken differentiability, but
rules out continuous functions with singular parts. (A2) is a rather weak monotonicity
condition. In interdependent value auctions, it is almost always assumed that the
functions are increasing in the own bidder’s type and nondecreasing in the other types.
In contrast, (A2) allows the utility function to be decreasing in the opponents’ types.

5In most auctions, u; is normalized as 0. However, in double and all-pay auctions or if there is an
entry fee, this is not the case.

"The required action can be the submission of another bid for a Vickrey auction that will decide
who will receive the object (as in Maskin and Riley (2000)) or the announcement of the type (as in
Jackson et. al. (2002)). Since the only revealed information in the case of a tie is its occurrence, the
action can be required together with the submission of the bid.

8The specification of a tie-breaking rule is important for the existence of equilibria, as shown by
examples in Simon and Zame (1990) and Jackson et al. (2002). (See footnote 10.) With this terminol-
ogy, the proposal of an “endogenous tie-breaking rule” corresponds to specify endogenously a in order
to ensure the equilibrium existence.

9Since the domains are compact sets, this implies that the functions are bounded. The absolutely
continuity implies the existence of derivatives almost everywhere and that the function is equal to the
integral of its derivative.
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For instance, it is included in our framework the example 1 of Jackson, Swinkels, Simon
and Zame (2002), where W; (b,t) =5+ t; — 4t_; — b; and u; (b,t) = 0.0

Assumption (A3) and (A4) are weaker versions of super modularity (8§t w = 0
and 8b U = > 0). Roughly speaking, this means that a bidder with higher valuation is
less sensible to changes in his bid. This assumption is always satisfied in the second
price auction. For the first price auction, u; (t,t_;,b) = U (v (t) — b;), then 8§itiui =
U’ (=1)-2'. If v > 0, as usual, then 8litiui >0« U” <0, ie., in this setting, super
modularity is equivalent to weak risk aversion.

This setting is very general and applies to a broad class of discontinuous games. For
example, T; (¢,b) = v; (t) — b; and wu; (¢,b) = 0 correspond to a first price auction with
risk neutrality. If @; (¢,0) = v; (t) — b; and w, (t,b) = —b; we have the all-pay auction.
If w; (t,b) = v; (t) — by and w, (t,b) = —b;, this is the war of attrition. As pointed
out by Lizzeri and Persico (2000), we can have also combinations of these games. For
example, u; (t,b) = v; (t) — ab; — (1 — a) b and w; (t,b) = 0, with a € (0,1), gives
a combination of the first and second price auctions. Another possibility is the “third
price auction” or an auction where the payment is a general function of the others’
bids.

The assumptions are easy to be satisfied by double auctions. To see this, assume
that bidders 1,..., k are sellers and bidders k41, ...., n are buyers and that the utilities
are given as follows:

_ _ U; (Ui (t) —61‘), ifi € {1,....,]{3}
W (t,b) = { Ui (vi(t) —p()), ifie{k+1,..,n}

and

Ui(p®), ifie{l,.. k
u; (t,b) —{ U; Eji;))) if 4 E }k+ 1,..}..,71}

where p (b) is a payment function that may depend on all bids and e; is a participation
fee (that may be zero). Thus, (Al)-(A4) are satisfied if we have: (i) U; and v; are
strictly increasing and differentiable for all ¢; (ii) U; is concave for all i € {k +1,....,n};
(iii) p (b) is differentiable and non-decreasing in b;.1!

2.5. Notation. Let N be the set of nondecreasing functions from [0,1] to B = {bour}
U [bmin, bmax|. Let I be defined as follows the set of functions ge N such that g and is
strictly increasing and infinitely differentiable in (0,1) or there is a ¢ € [0, 1] such that
g ([0,1)) = {bour} and g is strictly increasing and infinitely differentiable in (¢, 1).
For a function g € N, let [g] be the equivalence class of the functions that differ of g
only in a set of zero measure. Now, define N as {[g] (g€ N} and I as {[g] g€ f}

As usual, we will abuse terminology by calling of functions the equivalence classes.
Occasionally, by another abuse of terminology and notation, we may say that functions

0For this example, they prove that a standard tie-breaking rule cannot ensure the equilibrium
existence for such a game. (See also Jackson et. al. (2004)). As in their case, this example justifies
the “endogenous tie-breaking rule” solution concept that we adopt in our proof. See also Araujo, de
Castro and Moreira (2004) on another tie-breaking rule.

(A1) and (A2) are immediate. For sellers, (A3) and (A4) hold trivially because 9, 7; and Oy, u;
do not depend on t;. For buyers, (A4) holds for a similar reason. Now, ¢; < ¢; implies v; (t;,t—;) —
p(b) < v (¢i,t—;) —p (b) by (i), which in turn implies —U; (v; (ti,t—i) — p (b)) < —=Uj (v (ti,t—i) — p (b))
because of (ii). Now, (iii) implies that 9s,p (b) > 0 and (A3) follows from the expression Oy, u; (b,t) =
—Ui (vi (t) = p (b)) - O, (b).
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in I are infinitely differentiable and increasing. We endow N and I with the norm
topology of £!([0,1],R). It is easy to see that N is compact and [ is dense in N.12:13

In order to avoid confusion with the bids, we will use bold letters to denote bidding
functions, ie., b = (by,...,b,) € N™. If we fix the other than i’s strategies, b_; =
(b17 "'7bi717 b’i+17 -"bn)) let Fb(,i) (ﬁ) = An_l ({t,z : b,i (t,z) < 6}) and fb(,i) () be
its Radon-Nykodim derivative with respect to the Lebesgue measure A" !, which clearly
exists if b_; € I"71. Indeed, if b_; € I""! and b(_;) = max;; b; (t;), then Fo_,, (B)

= H#i (b;l (ﬁ)) and

1 _
foy (B) =Y b, (b (3)) 1T <bj ' (5)) :
ki Ok \Dk ik
For b_; € I"! let us define b, = inf{3 € [bmin, bmax): fb(ﬂ.) (8) > 0} and b* =
Sup{ﬁ € [bmin;bmax]: fb(,i) (ﬁ) > 0}
If the profile b_; is fixed, the expected payoff of bidder ¢ of type ¢;, when bidding
bi S [bmina bmax] iSIl4

IL;(t5, bi, b_y) E/[ﬂz (t, 05, b (t—)) Ly, (t5,b1,b 1)
+a; (t, b3, b (t-4)) 11, (5,000 ] dl—i,

where

Wi(ti, biyb_y) = {t—; € [0,1]" : b; > b (t_;) or b; = b (t—;) and a; (t) = 1},
and
Li(ti,bi, b,i) = {t,i € [0, 1]” : bi < b(,l) (t,i) or bi == b(,z) (t,i) and a; (t) == 0}

When there is no possibility of confusion, we will write I1;(¢;,b;) for I1;(¢;, b;, b_;),
W (b;) for W (¢,b;, b_;), L; (b;) for L; (t,b;,b_;) and omit the arguments and the mea-
sure (dt_;).

Let u; = u; — u; be the net payoff.

Finally, we define the interim and the ex-ante best-reply correspondence, respectively,
by

©; (ti,b_;) = argmax1l; (t;, 3, b_;),
BeB

120ne way to see the compacity is to remember Helly’s Theorem, that says that a sequence of
nondecreasing functions has a subsequence that converges pointwise to a nondecreasing function for all
the continuity points of the limit function. The pointwise convergence implies the convergence in L!.
Thus, the representative function in each equivalence class b;* € N has a convergent subsequence that
converges to b; € N . Another way to see this is to prove that IV is totally bounded, constructing,
for each € > 0, a finite covering of N with sets of diameter less than €. This can be done with step
functions for a sufficiently fine grid.

131t is well known that C*°is dense in £P, for 1 < p < oo. For each function in N, we have a t
such that in (¢,1) the function has values in [bmin, bmax]. Thus, one can show that given g € N and
€ > 0, there is a function g €I that is strictly increasing and infinitely differentiable in (¢, 1) such that
le—&ll, <e.

14YWe are assuming that IL; (ti, bi,b—;) = 0 if b; & [bmin, bmax]-



6 ALOISIO ARAUJO AND LUCIANO I. DE CASTRO

and

I (b_;) = arg b o) Vi (bi,b_),

where V; (b;, b_;) = [II; (¢;, b; (t;) ,b_;) dt; is the ex-ante payoff.

3. MAIN RESULTS

Our first result is related to Proposition 1 of Maskin and Riley (2000). Such propo-
sition says that if there is a best reply, it is monotonic, but they proved it for first
price auctions only. Theorem 1 says that there exists a monotonic best reply to regular
functions and it is unique, in the sense made clear in the Remark 1, below.

Theorem 1. Assume (A0)-(A4). Fix a profile b_; € I""!. Then, for each t;,
©; (t;, b_;) is non-empty. Moreover, if t} < 2, b} € ©; (t},b,i), b? € ©; (t?,b,i), bl
b? € [bs, b*], then b} < V2.

Remark 1. Theorem 1 has an important consequence. It implies that if b_; € I"1,
then I'; (b_;) is a unitary set in N. To see why, let b_; € I"1. Theorem 1 implies that
the sets ©; (t;,b_;) and ©; (¢}, b_;) has at most one point in common if ¢; # ¢;. Thus,
the set of types t; where ©; (¢;,b_;) has diameter greater than ¢ > 0 is finite. Then,
O, (t;, b_;) is uni-valued except for a countable set of types ¢;. Thus, the correspondence
t; — O; (t;,b_;) has a unique selection in £!. By the definition of I'; (b_;), we conclude
that this selection is the unique function in I'; (b_;), and it is non-decreasing.ll

Remark 1 made clear that the function t; — ©; (t;,b_;) is in N if b_; € 1" 1.
Thus, for each ¢ = 1,...,n, the correspondence of best replies to b_; is, in fact a
function I'; : I™ 1 — N. Let us prove that I'; is continuous.

Consider a sequence {bTi}meN c I b™, — b_i, b_; € I, and let b; =
T (E_i). Consider also {b]"} C N,b]” =T} (bTi). Then, V; (bgn, bTi) (bz, b"n)
vb; € £'. In particular, V; (b'gn,bTi) >V (E,b"ﬁi). Since N is compact, there is a
subsequence of b" converging to a function b;. Since b_; is strictly increasing, V; is
continuous at (bi,B,i). Then, we have V; (bi,E,i) >V (Bi,g,i) by the continuity
and Vj (E-,B,Z-) >V (bi,B,i) because b; = T; (B,,-). But then, b; is also a best-reply,
what we have seen to be unique. Hence, b; = b; and I'; is continuous.

Now, for each b; € I, let U™ (b;) be the open set (with respect to V)

Um(bi):{IN)Z-GN:)~,

1
< —,
‘Il m}

where ||-||; is the norm of £'. It is easy to see that Up,c;U™ (b;) is a open cover
of N. Since N is compact, it has a finite subcover. Let K™ be the finite set of
indices A such that UyxcgmU™ (bz’\) = N and bf‘ eI, VA e K™ Let {ZZ’/\}/\eKm be a

partition of the unity subordinate to this finite open cover. That is, ¢>‘ : N — [0,1],
Saexm ¥ (by) =1 for all b; € N and ¢* (b;) = 0, unless b; € U™ (b}). Define the
continuous transformation:

m(bi)= > ¢*(bi)b}

AEK™
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Since b} € I, VA € K™, A (b;) € 1.1
It is clear that AT:N — [ is continuous. Now we define A™ : N*=! — 71 as
AT = x j#A;n and A™ : N® — J" as A= (A;”,ATZ-). We can conclude that for all

m € N, the transformation I'o A™ : N® — N™ defined by

Lo A™(b) = (I (A" (b—y)));

i=1"
is continuous. By the Schauder-Tychonoff Theorem, I' o A™ has a fixed point, which
we denote by b™.16

To understand the meaning of b!", suppose that for all j # ¢, player j follows b;-", but
player i # j mistakenly considers that every player j # i is using strategy A;-” (b;”) ().
Then, the best strategy for bidder ¢ is to follow b}".

Now, since N is compact in the strong topology of £!, there is a convergent subse-
quence that converges to a bidding function b*. Now, we have just to prove that b* is
equilibrium, that is,

Vi (b, b*;) = V; (b;,b*;) ,Vb; € £ ([0,1], B), Vi.

Equivalently, we need to show that for all i and almost all ¢; € [0,1],

If b* does not have ties with positive probability, the event {t € T : b} (t;) =
b?fi) (t_;) for at least one player i} has zero measure. Then, the continuity of @; and
u,; imply that V; is continuous. The result now follows from the definition of b}"*, that
says that V; (b®, A™; (b™,)) = V; (b;, A™, (b™;)), Vb;, Vi. Thus, we need only to deal
with the possibility of ties.

To check this, let us define the allocation function a™ : [0,1]" — {0,1}" as

a™ (t) = (a1 (1), -, ap” (1)),

where

g = [ AT ) ) > AT () ()
a; \liyl—i) = A (M m m
Observe that a;" (t) is well defined for almost all ¢ because Aj" (bi") and A", (b™,) are
increasing. Observe also that Y " | al” (t) = k, the number of objects in the auction,
as required to an allocation rule.

Thus, a™ (t) is well defined in £ ([0,1]",{0,1}") for all m € N. The set {a™},, oy
is compact in £!([0,1]",{0,1}"). To see this, observe that for each i, a™ (t;,t_;) is
nondecreasing in ¢; and non-increasing in ¢ ;. Thus, for each 7, {a]" ()}, oy is compact
and the claim follows. So, there is a convergent subsequence (that we will denote by

BIf ¢, < t], b} () < b () and > (b;) b} (t;) < ¥ (b;) b} (¢;) for each A € K™ such that
¥* (b;) > 0. Then, AT (b;)(t;) < AT (b;)(t;), since they are finite sums of ™ (b;)b} (t;) and
¥ (b;) b (t;), respectively. The differentiability comes from similar argument.

16 A reference for Schauder-Tychonoff Theorem is Theorem V.10.5, p. 456, of Dunford and Schwartz
(1958). Observe that N is convex and compact.
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the same superscript), a™ (t) — a (t), which is also an allocation rule. From now, fix
such function a ().

Tie-Breaking Rule: If there is a tie at 3, all bidders are requested to reveal their
types and the final allocation is given by a (¢), that is, bidder i receives an object if and
only if a; (t) = 1. Nevertheless, if a bidder announces an inconsistent type, that is, ¢
such that b} (t}) # 3, he receives a (sufficiently great) penalty.!?

With the Tie-Breaking Rule just defined (which is an endogenous tie-breaking rule),
we have equilibrium. This will follow from two lemmas. The first shows that there is
no profitable deviation from bidding differently of the bid specified by b*. The second
says that it is optimum to state the true type in case of bidding.

Lemma 2. If b" (t;) — b} (¢;) = 3, there is no 3’ € B such that

The idea of the proof is very simple. If there is such 3, then 3’ would be a profitable
deviation along the sequence, which is impossible because bl (¢;) is the best reply, by
definition. For the next lemma, the idea of proof is similar. (See the details in the
appendix.)

Lemma 3. In case of a tie, it is optimum for all bidders to reveal their true types.
These two lemmas prove the following:

Theorem 2. Assume (A0)-(A4) and the tie-breaking rule just specified. Then, there
exists a pure strategy non-decreasing equilibrium.

One question that can arise is whether we could use Athey’s proof to obtain our
results. A slight modification of the proof of Theorem 1 can show that the game
considered satisfies single crossing of incremental returns (SCP-IR) in (b;, t;) (see Athey
(2001), Definition 1), for b_; € I"~!. Nevertheless, we didn’t prove that the game in
general does not satisfy Athey’s Single Crossing Condition, because this requires that
SCP-IR holds for non-decreasing b_;.'® Moreover, even if we could establish the SCC,
we are yet not able to apply Athey (2001)’s Theorems 6 or 7, because our setting does
not satisfy her assumptions (A2)(iv), which requires that u; is strictly decreasing with
b;, which rules out double auctions. In sum, our results cannot be derived from Athey
(2001).

" Thus, the tie-breaking rule depends on the sequence and on the equilibrium bidding functions,
b*. Observe that is never optimal to announce a type t; such that b} (¢;) # 8. We could avoid such
penalty by the requirement that the allocation rule a () also depends on the bids.

8 Reny and Zamir (2004) modify Athey’s SCC for an another condition: individually rational tieless
single crossing condition (IRT-SCC). One can modify the arguments in the proof of Theorem 1 to
establish this.
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4. CONCLUSION

Now, we review the contributions of this paper in the light of the received literature.
Jacskon, Simon, Swinkels and Zame (2002) prove the existence of asymmetrical mixed
strategy equilibrium with any distribution of types. They used the “endogenously
defined” tie-breaking rule solution concept introduced by Simon and Zame (1990), as
we also do. We particularize their assumptions to the independent types’ case, but we
are able to obtain the existence in monotonic pure strategies.

Athey (2001), for general games, and Reny and Zamir (2004), for first-price auctions,
obtained monotonic pure strategy equilibrium without special tie-breaking rules. Nev-
ertheless, they assumed the monotonicity of the utilities with respect to all types and
do not consider double auctions, as we do.

Williams (1991) consider symmetric double auctions with independent types. Jack-
son and Swinkels (2005) consider (multi-unit) asymmetrical double auctions with gen-
eral distribution of types, but they are restricted to the private values case. In this
setting, they are able to prove that the tie-breaking rule does not matter, a result that
does not hold in our setting, as we already argued. Reny and Perry (2003) and Funden-
berg, Mobius and Szeil (2003) consider symmetrical double-auctions with conditionally
independent types but are able to prove the existence of equilibrium just when the
number of players is high. Thus, these works do not cover our equilibrium existence
result for asymmetrical double auctions with interdependent values.

Appendix

Proof of Theorem 1.
The prove of Theorem 1 requires the following lemma.

Lemma 1. Assume (A0). Fix a profile of bidding functions b_; € I"~!. The payoff
can be expressed by

Ty (t4, biy i) = T (¢, b2) + / O 1L (1, 5)dB.
[b*vbi)

where O, 11;(t;, §) exists for almost all 5 € (by,b*) and is given by

(1) Opll;(t;, B, b)) = E[abﬂi (tzlv')l[ﬂ>b<—z->]]

+B {8@&,’ (t5°) 1[ﬁ<b<ﬂ‘>ﬂ
+E [u; (¢, 8,b—i (t—:)) [b—i (t—i) = B] fo_, (B) -

This lemma can be proved using the Leibiniz’s rule. For a proof in a more general
setting, see de Castro (2004). Now, we proceed to the proof of Theorem 1.

Fix types t} < t2, b} € ©;(t},b_;) and b € ©; (t?,b_;), where b_; is a fixed
regular strategy. For a contradiction, suppose that b? < b} and that the support of
the distribution of b_; has a non-trivial intersection with [b?, bzl] (remember that by

assumption, Fp, _ (bf) > 0). Since [0, 11" and B" are compact and u; is (absolutely)
continuous, there exists 6 > 0 such that u; (tzl, t_y, b) + 26 < u; (t%, t_i, b) for all t_; €
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[0,1]" ! and all b € B™. For a bid 8 € B, define the functions
gt (t_s) = u (t},t,i,ﬁ,b,i (t,i)) , and
9% (t=i) = w; (£,t—4, B, b_; (t_;)) .
Then, g' (t_;) + 26 < g2 (t_;). By the positivity of conditional expectations,
E[g* —g" —28|b;y = 8] > 0.
So, by the independence (A1), we conclude that

19

(2) Elu; (t},-) [by = 8]+ 6 < Elu; (£,-) by = B
By assumptions A3 and A4,

(3) E [8@-@' (i) 1[ﬁ>b(,i)ﬂ SE [8@-@' (t7,-) 1[[3>b(,i)ﬂ :

and

(4) B On (1) Vg _y1] < 2 O (2. g

Then, (2), (3), (4) and the expression of O, 1I;(¢;, 3, b_;) given by (1) imply that for
almost all 3,

(5) O TLi(12, 3, b_3) > Oy TL(tL, B, b_3) + 8 i, (8).
Since b_; is regular, the difference I1;(¢?, b}, b_;) — I1;(t?, b2, b_;) can be written as the
integral:
[, oL@ sbas> [ oI ab s+ [ fu, (940
[67.6}) [67.6) [67.5})
1 2
> 6Py, (b)) = Fo, (1))
20,
where the first inequality comes from (5);2Y the second comes from the fact that b} €
91' (t%, bfi), that iS,
[, ot sboyis >0
[07.})

and the third comes the assumption that b} > b2. Now, this implies that II; (t?, bl b,i) >
II; (t2 b2 b_i), which contradicts the fact that bf € 0; (t?, b_i).l

7771

Proof of Lemma 2.
For this and the next lemma, we will use the following notation:

Wi 9) = {ta € 0077155 AT (b) (-0
Li* (B) = {Li el0,1"t:p< AT (™) (Li)}.

Observe that it is consistent with the allocation rule a™, as defined in the text.
Fix a type ¢; and let us denote b} (¢;) by 8* and A" (b]") (¢;) by 8 .By contradiction,
suppose that there is a bid 3 and > 0 such that

19See, for instance, Kallenberg (2002), Theorem 6.1, p. 104.
20The fact that is strict depends on Fb(_i) (bi) > 0, otherwise Pr [b?,b}) = 0 and the integrals

would be zero in both sides.



SINGLE AND DOUBLE ASYMMETRICAL AUCTIONS 11

H’L(tlv ﬂ/v b—Z) - ]-_-[Z (tlv ﬁ*7 bi@) >
To fix ideas, suppose that 3’ > 3* (the other case is completely analogous). Then,
Wi (ﬁ*) - W@ (,3/) and Lz (ﬁ*) D) Ll (/3/), where

Wi (B) ={t-i €[0,1]" : B> b{_;) (t—;) or B =b{_; (t-;) and a; (t) = 1},
and
Li (B) = {t-; € [0,1]" : B <b{_; (t-i) or B =Db{_; (t-;) and a; (t) = 0}.

From the definitions , we have that (passing to a subsequence, if needed) when
m — 00, 8™ — B%, Lymgm) — Ly, g%y, Lpmgm) — Lp, =), AT (B7) (t—i) — b*; (t-:)
for almost all t_;.

Now, observe that

:(/ Ui“‘/ Qz>—</ Ui“‘/ Hz>

wm(B™) L7 (8™) Wi (8%) L;(B7)

= / [@; (ti,t—s, 8™, A (™) (=) — Wi (i, t—i, 6%, b7 (t—3))]
Wi (8*)

+/ [ (ti,t—s, 8™, AT (D7) (=) — w; (tist—i, 8%, b%; (t=3))]
L7 (8™)

+/ Wi (i, t—q, B, AT (B™) (t-4))
W (B™)\Wi(8%)
_/ u; (tiatfiaﬁ*’bti (t*Z)) .

Li(BNLT(B™)
From the continuity of the w; and u; and the limits, we have that for sufficiently high
m’

Similarly, we obtain that

L&, 8, A™; (b™)) — 0, (1, 3, b%,) | <g_

w3

Thus,
which is an absurd, since

8™ e ©; (tZ,Am (bm)) = argmaXH (tz,ﬁ, ( )) .
This concludes the proof.l

Proof of Lemma 3.
Now, we have to distinguish the winning events for the announced types. So, let

Wi (8,8) = {t—i € [0,1]" : 8> b{_;) (t—i) or B =b[_; (t—i) and a; (#,t—;) = 1},



12 ALOISIO ARAUJO AND LUCIANO I. DE CASTRO
and

Li (ﬁ,t}) = {t_z' S [0, 1]” : ﬂ < bzll) (t_i) or ﬂ = bZLZ) (t_i) and a; (fi,t_i) = 0},

By contradiction assume that there is a type t; # t; such that for > 0, we have

(6) / ﬂz‘+/ u; | — / ﬂi+/ w; | > 10m,
Wi (8*,t:) Li(B*1:) Wi (8".t:) Li(B*t:)

where we are denoting b} (¢;) by 5*. Let us also denote A" (b]")(¢;) by 8™ and
AT (b (#) by 3.

To fix ideas, assume that ¢, > t;, so that W; (8*,¢;) C W; (8%, t}) and L; (8%, ;) D
L; (8*,t}), because b™, b*, € N"~1. Simplifying the expression above, we obtain:

/ [ﬂz (tia t—i, ﬁ*a b*—z (t*Z)) — U (tia t—is ﬁ*a b*—z (tfl))]
Wi(B*t:)

+ /Li(ﬂ*,t;) [ﬂz (tla t*ia 6*7 b*_z (tfz)) — U (t@, t*i, ﬁ*, biz (tfz))]

+ w3 - w (5,
Wi (8% ) \Wi(B* t:) Li(B*t:)\Li (8*.t})

The first two integrals are zero. Observe that the set W; (8%, ;) \W; (5%, ¢;) is exactly
L; (B*,t;) \L; (B*,1;). Let us call it A. It is easy and useful to see that

(7) Ac {t,i by (t) = g*} .

If we remember that u; = u; — u;, we can rewrite (6) as

(8) / ui(ti, t_i, ﬁ*, btz (tfi))dtfi > 10n.
A

Let M be an upper bound for max {|u;|, ||, [@i|}. Because b*, (-) is nondecreasing,
there exists 1 > 0 such that

9) Pr{t_;: " — 261 <b(_; (t—) < B} <n/M.
and
(10) Pr{t_;: 0" < b?ﬂ-) (t—;) < B*+261} <n/M.

Indeed, this comes from the continuity of the probability:
lim P < Y *— 2 b* . —3 * )
61{8 r({t I6; o< (=) (t—s) < B}

=Pr (ﬂ{t_i (0 =26 < b’{_i) (t—;) < 6*})
6>0
= 0,
and analogously for Pr{t_; : 3% <b{_; (t—;) < 5" +261}.
Since W;, u; and wu; are absolutely continuous, there exists 5 > 0, such that for all
ti, t_i, bi, b_i, bsz ﬁ// and ﬁ/,

(11) 6" = B < 4ba = [wi(ti,t—i, 8",b) — Wi(ti,t—i, 6',b)| <,
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(12) |8 = B < 462 = |yt t—s, 8", b—s) —u(ts, t—s, 3, b—)| <.
There exists 63 such that
(13) I}clgi( }bk — b%’ < 465 = {ui(ti,t,i, bi, b—i) — witi, t—s, b, b/—i){ <.
Fix 0 < § < min {61, 62,03}
The functions A7 <b;"> are nondecreasing and converge to bj. Moreover, there

exists a set U C [0,1]""" such that A™; (b™) — b*,
Pr ([0, 1! \U) < n/M. So, there exists mj such that m > mj implies that

uniformly on U and such that

(14) btlepU I?QZX AT (BF) (t5) — b5 (&) | < 6.

Also, there is mg such that m > mg implies |3 — §%| < §. We will define
am=wp (") \wim (5™
= {t,i ra™ (t;,t,i) =1and a™ (t;,t—;) = 0}
Remember that, since b} (/) = bf (t;) = 7,

A=W (8%, 6) \Wi (6%, 1)
={t_;:a(tjt_;) =1and a(t;t—;) =0}.

We know that ¢™ — a in £'. Finally, there is ms such that m > mg implies

(15) Pr (A™AA) < %

Fix some m > max {mq,mg, m3}. We have:
1I; (tz,ﬁ A™ )) —IL; (t;, 8™, A™; (b™))

tz; t—i, /6 Am (sz) (t—i))

w5

+ A tu ty, ﬂ AT (sz) (t—i))

/ Tilti ts, B AT (B™) (£4)
wm ﬁm)

- / (i, t—q, B, AT (BT (t-))
L (™)

From now on, we will substitute the arguments (ti,t_i,Bm,ATi (b’fi) (t—;)) and
(ti,t—s, 0™, AT, (b’fi) (t—;)) by (Bm, -) and (8™, ), respectively. Since u; > —M, u; >
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—M and w; > — M, we have:

HZ (tz,Bm,ATZ (bTZ)) - Hl (twﬁmaATz (bT’L))
>_/Ulem(5m)Hi(ﬂ ) )+ UmL;n(ﬂm)ul(ﬁ 5 )

Since Pr ([0, 1t \U) < n/M, the last integral is greater than —n. Rearranging the
terms,

I1; (ti, 3", AT (bTi)> —IL; (t;, 8™, A™; (b™))
>+ [ IR L CASECES)
[ oy [T T

[ sy [~ (57
From (14) and (11),

/ w(@" ) mmo) > [ (=n) > —n.
unw(6™) unwm(8™)
Analogously, from (14) and (12),

/UQLQ”(B"L) {%’(Bma ) _ﬂi(ﬁm,‘)} > /UmLG@m) (=) = -1
Remember that A™ = W™ (Bm> \W/™ (™). Thus,

T, (t 3" A (b’z)) — 10 (1, 8™, A™; (™))

~m

> [ )~ s
From (11) and (12), for t_; € U N A™,
u (t t, 3" AT (b) (t_i)> —w; (ti, s, B A (B™) (t-0))
> i (i, 1, 85, A (™) (t—3)) — 2n.
We obtain:
I (£, 57 A7 (b)) = 0 (15, 87, AT (b))
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For t_; € U N A™, we have maxy; A} (b]*) (tx) — b} (tx)| < 6, from (14). Also,
A’(” ) (b™,) (t—;) € [B™, B* + 6), because in the event A™, A?ji) (b™,) (t—;) > ™. Thus,
(—4) (bTZ) (t—i) - /8*

ATy (b™) (t—) € (8% — 6, 8" + §), that is,
So, fort_; e U NA™, )b*_i) (t_;) — B*| < 26. The event U N A™ is contained in the

(

union of the following events:

U_:UﬁAmﬂ[ﬂ*—261<b’(" (_Z)<ﬂ}

< 6.

Ug=UnA™n [b;_i) (t_;) = ﬁ*] :
Us =UNA™ O [F" < by (1) < 8 +261] .
By (9) and (10), PrU_ < n/M and PrUy < n/M. Thus, we have
Uo

The argument in the function above is (t;,t—;, 5%, A™, (b’fi) (t—;)). Observe that in Uy,
maxy.; ALY (b)) (tx) — by (tx)] < 6. So, (13) implies that

I1; (tzw 3", AT (sz‘)> I; (t;, 8™, A™; (b))
= i\liy b—iy *7b*—7, —1 — 8.
> [ it 87 b (1) 8

From (7), we know that A C [b?,i) (t_;) = ﬁ*], So, we have

/ Uj = / Ug
Uy UmAmm B*]
UNA™NA UmAmm{b* o (t-i)=B" ]\
Loy
A\(UNA™) (AmA)nun(b;_ (t-)=p"

2 / Uy — M — M
A A\A™ A™\ A

= / w; — M Pr(AAA™)
A

>/ui_777
A

where the last line comes from (15). Now we can use (8) to conclude that
11; (tzw B, A (sz‘)> II; (t:, 8™, AT, (b))

> / w;(ti, t—i, B, bL; (t-i))dt—i — 9n
A

> 10n —9n

=n>0.
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But the fact that ™ € ©; (ti, AT (b’fi)), implies

IT; (tiw@,aATi (sz')) —1II; (tzﬁﬂmv AT (bTi)) <0

for all 3. This contradiction concludes the proof.l

[10]
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