ROUGH SOLUTIONS FOR THE PERIODIC SCHRODINGER -
KORTWEG-DEVRIES SYSTEM
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ABSTRACT. We prove two new mixed sharp bilinear estimates of Schrodinger-Airy type. In
particular, we obtain the local well-posedness of the Cauchy problem of the Schriodinger -
Kortweg-deVries (NLS-KdV) system in the periodic setting. Our lowest regularity is H'/* x
L?, which is somewhat far from the naturally expected endpoint L* x H™ /2 This is a novel
phenomena related to the periodicity condition. Indeed, in the continuous case, Corcho and

Lineares proved local well-posedness for the natural endpoint L? x H -4+

Nevertheless, we conclude the global well-posedness of the NLS-KdV system in the energy
space H! x H! using our local well-posedness result and three conservation laws discovered
by M. Tsutsumi.

1. INTRODUCTION

The interaction of a short-wave v = u(z,t) and a long-wave v = v(z,t) in fluid mechanics
(and plasma physics) is governed by the Schrédinger - Kortweg-de Vries (NLS-KdV) system

i0u + 02u = auv + Blul®u, teR,
(1.1) O + 030 + 50, (v?) = y0,(|ul?),
U(I,O) = ’U,()(l‘), ’U(ﬂ?,O) = ’UO(‘T)a

where u = u(z,t) is a complex-valued function, v = v(z,t) is a real-valued function and
«, B, v are real constants.!

This motivates the study of the local and global well-posedness of the Cauchy problem for
the NLS-KdV system with rough initial data.?

The central theme of this paper is the local and global well-posedness theory of the NLS-
KdV system in the periodic setting (i.e., z € T); but, in order to motivate our subsequent
results, we recall some known theorems in the non-periodic setting.

In the continuous context (i.e., z € R), Corcho and Linares [4] showed the local well-
posedness of the NLS-KdV for initial data (ug,vo) € H¥(R) x H*(R) with k& > 0, s > —3/4
provided that £k — 1 < s §2k—%fork <1/2and k—1<s <k—|—%fork > 1/2. Tt is
worth to point out that the lowest regularity obtained by Corcho and Linares is £k = 0 and
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!The case 8 = 0 of the NLS-KdV system occurs in the study of the resonant interaction between short and
long capillary-gravity waves on water channels of uniform finite depth and in a diatomic lattice system. For
more details about these physical applications, see [5], [6], [7] and [10].

*Benilov and Burtsev in [1] showed that the NLS-KdV is not completely integrable. In particular, the
solvability of (1.1) depends on the theory of non-linear dispersive equations.
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s = —%—I—. In the non-resonant case 8 # 0, it is reasonable to expect that the NLS-KdV is

locally well-posed in L% x H —%+: the nonlinear Schrodinger (NLS) equation with cubic term
(Ju|?v) is globally well-posed in H*(R) for s > 0 and ill-posed below L?(R); similarly, the
Kortweg-de Vries (KdV) equation is globally well-posed in H*(R) for s > —3/4 and ill-posed
in H*(R) for —1 < s < —3/4. Also, using three conserved quatinties for the NLS-KdV flow,

M. Tsutsumi [11] showed global well-posedness for initial data (ug,vo) € H S+%(]R) x H*(R)
with s € Z, and Corcho, Linares [4], assuming a7y > 0, showed global well-posedness in
the energy space H'(R) x H'(R).®> The point of view adopted by Corcho and Linares in
order to prove their local well-posedness result is to use a basic strategy to treat, in both
continuous and periodic contexts, the low-regularity study of dispersive equations (such as
NLS and KdV): one considers the Fourier restriction norm method introduced by Bourgain
in [2]; then, they showed two new mixed bilinear estimates for the coupling terms of the
NLS-KdV system (namely, uv and 0, (|u|?)) in certain Bourgain’s spaces, which implies that
an equivalent integral equation can be solved by Picard’s fixed point method (in other words,
the operator associated to the integral equation is a contraction in certain Bourgain spaces).

Coming back to the periodic setting, before stating our results, we advance that, although
our efforts are to obtain similar well-posedness theorems, the periodic case is more subtle
than the continuous context: since the cubic NLS is globally well-posed (resp., ill-posed)
in H*(T) for s > 0 (resp. s < 0) and the KdV is globally well-posed (resp., ill-posed)
in H5(T) for s > —1/2 (resp., s < —1/2), it is reasonable to expect L?(T) x H~Y/2(T)
as the lowest regularity for the local well-posedness results; but, surprisingly enough, the
endpoint of the bilinear estimates for the coupling terms uv, 9;(|u|?) in the periodic setting
is (k,s) = (1/4,0), ie., our lowest regularity is H/* x L? (see the propositions 1.1, 1.2,
theorem 1.1 and remark 1.1 below). We refer the reader to the section 6 for a more detailed
comparasion between the well-posedness results for the NLS-KdV system in the periodic and
non-periodic settings (as well as a couple of questions motivated by this discussion).

Now, we introduce some notations. Let U (t) = e% and V (t) = e %% be the unitary groups
associated to the linear Schrodinger and the Airy equations, respectively. Given k,s,b € R,
we define the spaces X*® and Y% via the norms

1/2
£l = (Z<n>%<f+n2>2”|f<n,f>|2>

nezZ
= U= f | o, 2

1/2
gllyss := (Z(n)%(T - n3)2b|§(n,7)l2)

neZ
= [|[V(=t)gll ap(®,m3)

3Pecher [9] announced the global well-posedness of the NLS-KdV system (with a-y > 0) in the continuous
setting for initial data (uo,v0) € H°(R) x H*(R), for 3/5 < s < 1 in the resonant case § =0and 2/3 <s< 1
in the non-resonant case S # 0. The proof is based on two refined bilinear estimates and the I-method of
Colliander, Keel, Staffilani, Takaoka and Tao.
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where (-) :=1+|-| and J is the Fourier transform of f in both variables z and ¢:
f(n,'r) = (27r)1/ e e (g t)dtdx
RxT
and, given a time interval I, we define X*®(I) and Y**(I) via the (restriction in time) norms
||f||Xk,b(I) = inf [|f[/xxs and ||9||Ys,b(1) = _inf [|g]lyss
fli=f glr=g
The study of the periodic dispersive equations (e.g, KdV) has been based around iteration
in the Bourgain spaces (e.g., Y*?) with b = 1/2. Since we are interested in the continuity of

the flow associated to the NLS-KdV system and the Bourgain _spaces with b = 1/2 do not
control the L{°H?, we consider the slightly smaller spaces X*, Y* defined by the norms

k-~ ~
lull g = llullxeaz + () a(n, )lzes and lollg, = [[ollysarz + [{n)°0(n, 7) |2 L1

and, given a time interval I, we define the spaces X*(I), Y*(I) via the restriction in time
nOrms

£k = nf Ifll and lgllyeoq = inf iy,

Also, we introduce the companion spaces Z* and W* via the norms

(n)*v(n, 7)
=)
Denote by 1 a non-negative smooth bump function supported in [—2,2] with ¢y = 1 on
[—1,1] and 9s(t) := (t/d) for any § > 0. Also, let at be a number slightly larger (resp.,
smaller) than a.

At this point, we are ready to state our main results. The fundamental technical proposi-
tions are the following two sharp bilinear for the coupling terms of the NLS-KdV system:

(n)¥a(n, 7)

r+n?) and [|v[lws = [Jv]lys,-172 +

211

[wllzs = llullxr.-172 +

L2}

Proposition 1.1. For any s >0 and k — s < 3/2,
(1:2) luvllze S Ml oy 0l oy + lall oy 0]y

Furthermore, the estimate (1.2) fails if either s < 0 or k —s > 3/2. More precisely, if the
bilinear estimate ||uwv|| xrs-1 S ||u| xr.s||v|lyss with b= 1/2 holds then s > 0 and k —s < 3/2.

Proposition 1.2. For any k >0, 14+ s <4k and -1/2 <k — s,
(1.3) 100 (uiw2) lwe S Nlull g - lluell ag + lull g lloll ey

Furthermore, the estimate (1.3) fails if either 1 + s > 4k or k — s < —1/2. More precisely,
if the bilinear estimate ||0y(u102)||ys,—172 S ||u1ll xe.1/2l|u2l| xr.1/2 holds then 1+ s < 4k and
-1/2 <k —s.

Using these bilinear estimates for the coupling terms uv and 8, (|u|?), we show the main
theorem of this paper, namely, we prove the following local well-posedness result:
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Theorem 1.1. The periodic NLS-KdV (1.1) is locally well-posed in H*(T) x H*(T) whenever
§>0,-1/2<k—5<3/2 and 1+s < 4k. Le., for any (ug,vo) € H¥(T) x H*(T), there exists
a positive time T = T(||uo||gx, ||vollzs) and a unique solution (u(t),v(t)) of the NLS-KdV
system (1.1) satisfying

(r(t)u, ¥r(t)v) € X* x ¥°,

(u,v) € C([0,T], H*(T) x H*(T)).

Moreover, the map (ug,vo) + (u(t),v(t)) is locally Lipschitz from H*(T) x H*(T) into
C([0,T), H*(T) x H*(T)), whenever k,s >0, =1/2 <k —5<3/2 and 1 + s < 4k.

Remark 1.1. As we pointed out before, the endpoint of our sharp bilinear estimates and,
consequently, our local well-posedness result is HY* x L2. Since the endpoint of the sharp
well-posedness theory for the periodic NLS is L? and for the periodic KdV is H /2, we are
somewhat far from the naturally expected endpoint L? x H=/2 for the local in time theory
for the NLS-KdV system (although, our bilinear estimates are optimal). This leads us to ask
about possible ill-posedness results in this gap between HY/*x L? and L? x H'/2. For precise
statements and some comparision with the continuous setting, see the section 6.

Using this local well-posedness result and three conserved quantities for the NLS-KdV flow,
it will be not difficult to prove the following global well-posedness theorem in the energy space
HYT) x H'(T):

Theorem 1.2. Let a, 3,7 € R be such that ary > 0 and (ug,vo) € H'(T) x H'(T). Then, the
unique solution in the theorem 1.1 can be extended to the time interval [0,T] for any T > 0.

To close this introduction, we give the outline of the paper. In section 2 we give counter-
examples for the bilinear estimates of the coupling terms, when the indices k and s satisfies
(at least) one of the following inequalities: s < 0, k—s > 3/2,1+s>4kork—s < —1/2. In
section 3 we complete the proof of the propositions 1.1 and 1.2 by establishing the claimed
bilinear estimates for the terms uv and 8, (|u|?). In section 4 we use propositions 1.1 and 1.2
to show that the integral operator associated to the NLS-KdV system is a contraction in the
space X*([0,T7) x Y*([0,T]) (for sufficiently small T' > 0) when k,s >0, —1/2 < k—s < 3/2
and 1+ s < 4k. In particular, we obtain the desired local well-posedness statement in
theorem 1.1. In section 5 we make a standard use of three conserved quantities for the
NLS-KdV flow to obtain the global well-posedness result of theorem 1.2 in the energy space
HY(T) x H(T). In section 6 we make some questions related to the gap between the expected
L2?x H /2 endpoint regularity and our lowest regularity H 1/4 5 L2 for the local well-posedness
for the periodic NLS-KdV system; also, we compare the known theorems in the continuous
setting with the periodic setting. Finally, in the appendix, we collect some standard facts
about linear and multilinear estimates associated to the cubic NLS and the KdV equations
(which were used in the proof of theorem 1.1) and we show that the NLS-KdV flow preserves
three quantities controlling the H' norms of u(t) and v(¢) (this is the heart of the proof of
theorem 1.2).
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2. COUNTER-EXAMPLES

We start with some counter-examples for the bilinear estimate in proposition 1.1 when
s<Oork—s>3/2

Lemma 2.1. ||uv| xke-1 < ||| xks - ||V]|lyse (with b=1/2) implies s > 0 and k — s < 3/2.

Proof. Fix N > 1 a large integer. Firstly, we show that ||uv||xrs-1 < ||ul|xrs - ||JV|lyss (with
b=1/2) implies s > 0. Define
by = { 1 ifn=N

0 otherwise

and

_J 1 ifn= —N?-N
ap = .2
0 otherwise

Let u and v be defined by u(n,T) = anx1(T +n?%) and (n,7) = bpx1(T — n3), where x1 is
the characteristic function of the interval [—1,1].
Now let’s go to the calculations. By definition of the Bourgain space X%,

k
l|uw]| ko1 = H%a*a
(T +n2)t/ Lz,
Hence,
(n)*
[[uvl| xro-1 = m Z 71 an—ny x1((1 = 71) + (2 = 11)?) by, x1(11 — )
™ L3,

Recall the following numerical expression:

(2.1) (11 —n3) + ((r = 1) + (n —n1)?) = (7 +n?) = —n} + n? — 2nn,.

Taking into account that b,, # 0iff ny = N, ap_p,, #0 iff n = 7N;+N, xi(rn—n) #0
iff |71 —n3| <1and x1((1 —71) + (n —n1)?) 0 iff |(T —71) + (n — n1)?| < 1, we conclude,
from a direct substitution of these data into (2.1), that

(2.2) |uvl| xrpo-1 = N2,
On the other hand, it is not difficult to see that

(2.3) lulles = 1) (r 4127 @ (7 +n2)pz = N,
and
(2.4) [vllyse = [[{r)* (T — n3)!/2by, x1 (1 — n*)|2 . ~ N°.

Putting together the equations (2.2), (2.3), (2.4), we obtain that the bilinear estimate
implies
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N2k < NQk . NS
which is possible only if s > 0.
Secondly, we prove that ||uv|| xre-1 < |||l xkp - ||v]yss (With b= 1/2) implies k —s < 3/2.

Define
, _ {1 ifn=N
"7 1 0 otherwise

and

] 1 ifn=0
=191 0 otherwise

Let u and v be defined by %(n, 7) = anXx1 (7 +n?) and 9(n, ) = byx1(7 — n3), where ¥ is
the characteristic function of the interval [—1,1].

Using the definitions of the Bourgain X** and Y% spaces and the algebraic relation (2.1),
we have

Nk:
||ILLIU||AX"”I’71 = N3/2’
[ullxrs = 1,

and
lv|lyss = N®.
Hence, the bilinear estimate says
Nk: 5 N5N3/2,
which is only possible if kK — s < 3/2. O

We consider now some counter-examples for the bilinear estimate in proposition 1.2 when
l1+s>4kork—s<—1/2:

Lemma 2.2. ||0;(u12)||ysp-1 < |[u1]| x#b - ||uz| xrs (with b= 1/2) implies 1 + s < 4k and
k—s>—1/2.

Proof. Fix N > 1 alarge integer. Firstly, we prove that ||0; (u1%2)||ys.o-1 < ||u1]| xr.o-||u2|| xr.o
(with b =1/2) implies 1 4+ s < 4k. Define

b, — 1 ifn= _N;_N
n 0 otherwise

and

: _ —N24N
ay, = 1 ifn= 7
0 otherwise

Let u; and ug be defined by 4i(n,7) = anx1 (7 + n?) and u3(n,7) = byx1(T + n?), where
X1 is the characteristic function of the interval [—1,1].
By definition of the Bourgain space Y?,
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(n)®

(1 — n3)1/2 n (a1 a_;)

Haw (UIU_Q) ||Ys,b—1 =

2
Ln,r

Hence, if one uses that %(n, 1) = G(—n, —7), it is not difficult to see that

10z (u1u2) |y sp-1 = % Z/dﬁ an—n, X1((1 = 71) + (n — n1)2) bony x1(=71 + n%)
ni

(r—n)

Note the following numerical expression:

L2

(2.5) (1—=n%) = (1 — 1) + (n —n1)?) + (-1 + n}) = —n® — n® + 2n1n.

Taking into account that b_,, # 0 iff n; = N +N, an—n, Z0iff n =N, x1(—11 +n2) #0
iff | — 7 +n?| <1and x1((7 —71) + (n—n1)?) # 0 iff |(r — 1) + (n —n1)?| < 1, we conclude,
from a direct substitution of these data into (2.5), that

(2.6) 105 (u1@2) ||y s.p-1 = N2
On the other hand, it is not difficult to see that

(2.7) Jutll ks = Y ¢r + 022 0 xa (7 + 1)1 ~ N2,
and
(2.8) luzllxee = [[(nY¥(r + 026y X1 (7 + n?)|2, = N,

Putting together the equations (2.6), (2.7), (2.8), we obtain that the bilinear estimate
implies

Nl—I—S < NZ/C i N2k
which is possible only if 1 + s < 4k.
Secondly, we obtain that ||0y(u1u2)/ysb-1 < [Ju1]|xrs - ||uall x#e (with b = 1/2) implies

k —s > —1/2. Define
bn:{ 1 1fn:TN

0 otherwise

and

|1 ifn=0
=191 0 otherwise

Let u; and ug be defined by 41(n,7) = anxi (7 + n?) and u3(n,7) = byx1(T + n?), where
X1 is the characteristic function of the interval [—1,1].
Using the definitions of the Bourgain X** and Y% spaces and the algebraic relation (2.1),

we have
N1+s

[0z (u1u2) [|ys.o-1 & N2

n,r



8 A. ARBIETO, A. J. CORCHO, AND C. MATHEUS

||u1||Xk’b = ]-7
and
luzl|ysb = Nk,

Hence, the bilinear estimate says
N1+S 5 NkNS/Q,
which is only possible if Kk —s > —1/2. ]
3. BILINEAR ESTIMATES FOR THE COUPLING TERMS

This section is devoted to the proof of our basic tools, that is, the sharp bilinear esti-
mates 1.1, 1.2 for the coupling terms of the NLS-KdV system. We begin by showing some
elementary calculus lemmas; next, using Plancherel and duality, the claimed bilinear esti-
mates reduce to controlling some weighted convolution integrals, which is quite easy from
these lemmatas.

3.1. Preliminaries. The first elementary calculus lemma to be used later is:

Lemma 3.1.

too drk < log(1 + (a))
/_oo (5)0(k —a)? ' {a)o+i-1

where 9,5> 0and@+6>1
Proof. O

The second lemma, is a well-known fact concerning the convergence of series whose terms
are the values of certain polynomials along the integer numbers:*

Lemma 3.2. For any constant 6 > 1/3,

1
ZWSC(0)<OO’

meZ
where p(z) is a cubic polynomial of the form p(z) := z3 + ex? + fx + g with e, f,g € R.

Proof. We start the proof of the lemma 3.2 with two simple observations: defining
E={meZ: m-a|>2, |m—p|>2and |m--~|>2}

and
F:=7Z-E&,
then
#F <12
and

{((m = a)(m = B)(m = 7)) 2 (m — a){m = B)(m —7)

4This lemma is essentially contained in the work [8] of Kenig, Ponce and Vega on bilinear estimates related
to the KAV equation.
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for any m € €.
In particular, writing p(z) = (z — «)(z — 8)(z — ), we can estimate

1 1 1
2 o < 2t + 2

m p(m) meF me&

Now, by Holder inequality

) . 1/3 ) 1/3 . 1/3
- <12 - - - -
%3 plmy? > 2T (; (m— a>39> (Z (m— >39) (; (m — 7)39>
So, the hypothesis 30 > 1 implies

1
ngo(o)mo.

m

This completes the proof of the lemma 3.2. O

Finally, the third lemma is a modification of the previous one for linear polynomials with
large coefficients:

Lemma 3.3. For any constant 0 > 1/2, whenever ny € Z — {0}, |n1| > 1,

Y <ol <o,

nEZ; |n|~|n1|
where q(z) := 2n1z — n? +r with r € R.

Proof. The strategy of the proof is the same as before, but since now the polynomial ¢ is
linear, we have to take a little bit of care. The idea is: although the polynomial ¢ has degree
1, the fact that |ni| ~ |n| means morally that ¢ has degree 2 in this range. So, the exponent
of n in the summand is morally 20 > 1 and, in particular, the series is convergent. This
intuition can be formalized as follows:

We write ¢(z) := r — n? + 2n1z = 2n;(z + §), where § = (r — n?)/(2n1) (of course the
assumption n; # 0 enters here). If we define

G:={neZ: |n+46 >2}

and
H:=7Z—G,
then
#H <4
and

(2n1(n+9))

Vv

{n){n —3)
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for any n € G, since |n1| ~ |n|.
In particular, we can estimate

1 1 1
> <> + )
0 — 9 [/
i 1) T g am)® e )
1
<4+
2. gy

neg,|n|~|n1|
1
<44 Z - -
~ 0 9
neg,|n|~|ni| <n> <n + 5>

Now, by Holder inequality

1
2 ay 1 (

]~ na]

So, the hypothesis 20 > 1 implies

7]~ |na]

This completes the proof of the lemma 3.3. O

3.2. Proof of the proposition 1.1: bilinear estimates for the coupling term uv. In
view of the lemma, 2.1, it suffices to show the bilinear estimate:

Lemma 3.4. ||Juv|z < Hu“xk’%— HUHYS’%HWHX’“’% ||’U||YS,%_ whenever s > 0 and k—s < 3/2.

Proof. From the definition of Z*, we must show that

(3.1) lwolgiosze S Nll g Mol g+l e ylIol .y

and

(32) AV oll g + s ]
(Tt llpgpy ~ 7 X2V xkz Tl g-

We begin with the estimate (3.1). By the definition of Bourgain’s space,

luvl| xb-e = {7 + )~ (n) a0 (n, 7) 2213

n)k .
= Hﬁ *’U(’n,T)‘

<)

L2L2
Let

f(r,n) = (r + 02 (m)*a(n,7) and g(r,n) = (1 — n®)¢(n)*D(n, 7).
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In particular, by duality, we obtain

(3.3)
- (n)f f g
lrvllce. -2 = ||<p||i121p 51%/& (r+ n2)“(p(n’T) (7 + n2 ()~ (r = n3)e(n)’

= s Y [ar S [and (r 4 “<n>kg<m,n>f<n —m,7—7)p(r.)
lell,z <1 ez = (11 = n3)e(n1)*(T — 71 + (n — n1)*)o(n — g )

- D)D) BRENNES 37 b 3y
Z / Z /(tn,’nl,T,Tl)GRO Z Z (n7n17TaTl)ERl Z Z (nynlﬂ-’TI)ERZ

=Wy + Wi + Ws,

whenever Z2 x R2 = Ry UR1 U Ro.

Now, taking into account the previous calculation, we look at three general simple ways to
reduce the problem of goods bounds on the expressions W; into some multiplier estimates. In
the sequel, xr denotes the characteristic function of the set R. So, we consider the expression

(3.4)
W = sup Z/dT Z / (T +n2)"%n)*g(n1,7)f(n —ni, 7 —1)p(r, n)XR.

D)
leling  <lnez nicl (11 = n3)b(n1)5(1 — 11 + (n — n1)")0(n — nqy )k

The first way to bound W is: integrate over 7; and n1, and then use the Cauchy-Schwarz
and Holder inequalities to obtain

2 g9(m T1 )f(n—ni, 7 — 11)xrdm1dny
WP < lelgus | ooty J] e ’ ;

(11 = n3)e(n1)S(r — 71 + (n — n1)")0(n — ny )k 1213
2
nlaTl )f(n —ny, 7 — 1) xXRdT1IdN]
// + 2 o\ p drdn
n 71—n1 n1)5(1 — 11 + (n —n1)7)%(n — ny)

// // XRdTldnl x
T+n2 (r1 —n3)2(n1)25 (1 — 71 + (n — 1)) 2 (n — ny) 2k

(3.5) <[ Ig(m,ﬁ)lzlf(n—mﬁ—T1)|2dT1dn1>den

< ||f||%2L2 IIQII%2 2,

% // X'Rd’rld’l’bl
(11— n3)2¢(n1)25(T — 71 + (n — n1)*)2(n — ng)2

= IIUIIXkbllvllysc

L®L

% // XRdTldnl
(T —l— n2 (r1 —n3)26(n)25(1 — 7 + (n — n1)?)2b(n — ny )2k oo Loc
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The second way we can bound W is: put f(n,’r) = f(—n,—7), integrate over 7 and n
first and follow the same steps as above to get

(3.6)
2
n1 —n,71 — 7)@(T,n)xRdTdn
(n1)s(m — n1 // T+n2)(r -1+ (n— n1)2)b<n —np)k

2 I2
L IL"I

2 2
W < lgliZs 1

< IfIIZz, 2, ||g||%g L2,

(n)xrdrdn
8 (nl)an—n // (T +n2)20(r — 71 4 (n —n1)?)2(n — ny)2k

= IIUlekbllvllysc

L L

1]

y // (n)*Fxrdrdn
(n1)25(my — n} (t+n2)2(r — 1 + (n — nl) )2b(n — nq)2k Lo L0 .
Note that f(n,7) = (n)¥(r — n2)*@(-n, —7) and ||fllz2c2 = | fllz2zz = Ilullxs-
Finally, the third way to estimate W is: using the change of variables 7 = 71 — 7 and
n = n1 — Ne, the region, R, is transformed into the set R such that
'ﬁ, = {(nl,ng,Tl,Tg) € 72 x ]R2; (’l’bl — N9, N1, T1 — TQ,Tl) € R}
Then, W can be estimated as:

(3.7)
W? < IIfII%2 L2,

- 2
(n1 — n2 g(n1,m)pe(ne —ny, 70 — T1)Xﬁd7’1dn1
x 2\a 3\c s
(na)k(ry — n3 (1 — 72+ (n1 — n2)2)(m1 — ng)¢(n1) L 12
T2"MQ
< ||f||L2 L2, ||g||L2 L2
2
« // n1 — n2> XRdTldnl
<’n2>2k 7'2 — n 2b T1 — 7'2 n1 — n2)2)2‘1<7'1 — ni’)%(nl)? Los Lo
T2 2
= JJull%, b||’U||2ys,c
y // {(n1 — mg)? XRdT1dn1
<n2)2’C (1o — n2)2b (11 — T2 + (1 — n2)2)20(r — n3)2¢(n)2s Lo Lee
T2 2

Next, using the equation (3.3) and the estimates (3.5), (3.6), (3.7), we are going to reduce
the desired bilinear estimate ||uv||zx < ||ull o1 ||vll, 1 + [l e 1 llv]l, 1 (Whenever s >0
X2 Y?® 2 X2 Y° 2

and k —s < 3/2) into certain L* bounds for multipliers localized in some well-chosen regions
Ri, i =0,1,2 such that Rg UR1 URs = Z2 x R2.
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First, if ng := n, ny, no := n; — n are the frequencies of our waves, let \g = 7 + n?,
Al := 71 —n}, Ay := 79 —nZ := (11 — 7) — n3 be the modulations of our waves. Also, we
consider N; = |n;|,j = 0,1,2 variables measuring the magnitute of frequencies of the waves,
and L; = |)j|,j = 0,1,2 variables measuring the magnitute of modulations of the waves. It
is convenient to define the quantities Nyazx > Nied = Nmin to be the maximum, median and
minimum of Ny, N1, Ny, resp. Similarly, we define Ly,00 > Liyed > Limin-

In order to define the regions R;, we split Z? x R? into three regions A, B and C,

A= {(n,n1,7,71) € Z? xR?; N, < 100},
B = {(n,n1,7,71) € Z* x R*; Ny > 100 and, either N; < Ny or N1 > Ny},
C= {(’n,nl,'r,ﬁ) € Z? x R*; Ny > 100 and N; ~ Ny}.
Now we separate C into three parts
Co = {(n,n1,7,71) €C; Lo = Linas },
Cr={(n,n1,7,71) €C; L1 = Lypas },
Cy = {(n,nl,T, 1) €C; Ly = Lmax}.
At this point, we define the sets R;, ¢ =0,1,2, as :
Ro=AUBUC), R1=C1, Ra=0Co

and it is clear that Z2 x R?2 = Ry U Rq U Ro.
For these regions R;, we can show the following multiplier estimates

Claim 3.1. Ifs >0 and k—s<3/2,

// XRodTldnl < 1
T+”2 (11 = nd)1=(ny)25(r — 71 + (n — n1)®)1(n — my) 2k LeLg T
Claim 3.2. If s >0 and k — s < 3/2,
// (n)**xr,drdn <1
_ 3 2 2\1— 2k ~
(n1)?(m —n1) JJ (T +02) (1 =11+ (n —n1)*)'~(n —m) oLz
Claim 3.3. If s >0 and k — s < 3/2,
// n1 — ’n2> kXﬁszldnl < 1
(no)2k( TQ—TL (r1 — 12+ ( nl_n2)2><7'1_n:1)))1_<n1)2 J00 00 ~
T2 N2

where Ry is the image of Ro by the change of variables no :=n1 —n, 0 :=71 — 7.

It is easy to show that these facts implies the desired bilinear estimate (3.1). Indeed, by the
equations (3.5), (3.6), (3.7), we see that, for a = 1/2 and well-chosen b, ¢, these claims means
that, whenever s > 0 and k — s < 3/2, |[Wy| < [ul| s I*HUHYS 4 Il S Hu”X’“%*”U“YS%
and |[Wq| < ||u||Xk% ||v||Y .- Putting these mformatlons into the equation (3.3), we obtain
the bilinear estimate (3.1). So, it remains only to prove these claims.
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For later use, recall the following algebraic relation:
(3.8) A — A+ A= ni’ — n% —2nn;.

Proof of claim 3.1. In the region A, using that N7 < 100 and (n) < (n1)(n —n1),

sy ad
(T +n?) o (- )1 (1) (1 — 71+ (n = n1) )1 (0 — ng) L L

drmi
S sup 3\1 2\1
ng =) {m —n) (T =1+ (n—n1))
However, the lemma 3.1 (with § = § = 1—) implies

/ < dn,  log(1+ (p(n1)))

T — ni’)l_<7' -1+ (n— n1)2)1_ B {p(n1))'~

where p(z) is the polynomial p(z) := x3 — 2% + 2nz — (7 + n?). Hence, we can estimate:

dry log(1 + (p(n1)))
) e S TGy

— 71+ (n—np)?)1- o

In particular, the lemma 3.2 can be applied to give

(3.9) <1,

X.AdT1
7'—|-n2 2a Z/ )23<T—T1—|—(n—n1)2)2b<n—n1)2k Leopeo

In the region B, N1 > 100, and either N7 > Ny or N1 < Ny. In any case, it is not difficult
to see that
2k
(n) y
(n — n1)2k(ng)2s ~

In fact, this is an easy consequence of s > 0 and Ny 2 N; if N; > Nj, for {i,j} = {0,1}. So,
we obtain the bound

Z/ XBdT1
(r +n2 (i =nd)t (n1)?(r — 71+ (n = n)*) (0 —n)2* ||

< su dT1
(3.10) ~ "})Z/ (r1=nd)l(r =7+ (n—my)*)-

where, as before, we have used the lemmas 3.1 and 3.2.
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In the region Co, it is convenient to consider the following bound

XCodTl
+n2 Z 2s 2\1— 2%k
(ro =)'~ (n)>(r =1 4+ (n = n) Y= (n—m)? |

2 —2
k SXC() dTl

’fbl
T+n2 Z/ (11 —n3) 7'—7'1+(n—n1) Y=

which is an immediate corollary of (n) < (n — n1)(n1). Integrating with respect to 71 and
using the lemma 3.1 gives as before,

bl

L L

2k QSXC d7'1

7'—|—n2 Z/ Tl—nl T—T1+(n—n1)2>1_
1 ) Z (n1)% =25y ¢, log(1 + (p(n1)))

<
~(r+n? (p(n1))'~

Since, by the dispersion relation (3.8), Ly = Lyez 2 N7 in the region Cy, we have

ni

1 (n1)** =25 xc, log(1 + (p(n1)))
(T +n?) Z (p(n1))1=

_ Lo v log(1 + (p(m1)))
Linax 1 <p(n1)>1_

n

N

Hence, £k — s <3 / 2 and lemma, 3.2 together allow us to conclude

(3.11) <1

XCodTl
+ 2 Z _ 25 (. _ — )2\ () — n, )2k
n (11 =) (n1)?(r — 71 + (n — 1))~ (n — nq) o000

By definition of R, the bounds (3.9), (3.10), (3.11) concludes the proof of the claim 3.1. O

Proof of the claim 3.2. Using that (n) < (n1)(n — ni), integrating in the variable 7 and
applying the lemma 3.1 (with § = 1/2 and 6 = 5—), we get

< ) XRldT
(m?Sn—n Z/ (T+ 21 — 11+ (n— n1)*)1~(n —ny)2k L
(n1)* 7> < xry log(1 + (g(n)))
(ri —n}) {g(n))'~

where ¢(z) := 71 — n? + 2n1z. Note that in the region Rl, N; > 100 and Ny ~ Ny,
|A1| ~ L1 = Lyqe and, by the dispersion relation (3.8), Ly = N3; this permits us to apply
the lemma 3.3 to conclude

<n1>2k—25 XRi log(l + <q(n)>) < Lg§;25)/3
<Tl - fn‘:{)?b <q(n)>1_ ~ Lipag

S

?
n

LR LR

T1 N1

n
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Thus, if we remember that k — s < 3/2, we get

(g )22 Ly 1+ (o))
(r1 — n ~
This completes the proof of the claim 3.2. O

Proof of the claim 3.8. Using that (n1 — na) < (n1)(ns), integrating in the 7y and applying
the lemma 3.1 with 6 = l— and 6 =1/2,

Z/ n1 —‘n2> XR dT1
<n2)2k T9 — n3)2b (11 — 1o+ (n1 — m2)2)20 (1) — n3)2b(n,)2s

L?_g Lg%

>2k—25

| (n1)?=255 Tog(1 + (r(m1)))
9 — n5)? Z r(n1)

S

o0 oo}
L L

where 7(z) := 2% + 22 — 2noz — (72 — n2). Note that the change of variables 7 = 71 — 75 and
n = n1 — ne transforms the region Ry into a set R2 such that
Ry C {(n1,n2,71,72) € Z2x R%; Ny >100 and Lo = Lz }-

In particular, the dispersion relation (3.8) implies that |Ag| ~ Ly = Lyaz 2 N7 in the region
Rs2. So, an application of the lemma 3.2 and the hypothesis k — s < 3/2 yields

P g, log(1+ (r(m)) _ Z0k/

< 1.
(1o — n2)2b Z r(n1) ~  Lpaz ~
This concludes the proof of the claim 3.3. U
It remains now only to prove the second estimate (3.2), i.e.,
(n)*
m uv(n, ) o Sllull ey lloll oy + llull gy - llvll s

We can rewrite the left-hand side as

/ (n)* / ﬁ(m,ﬁ) v(n2, T2)

=ni+ns T=T1+T2 L2LL

To begin with, we split the domain of integration into three regions. Let £ = £1 U Lo U L3,
where
L1 :={(n,T,n2,72) : |n2| <100},
Ly :={(n,T,n2,72) : |ng| > 100 and |n| K |n2|},
L3 :={(n,7,n2,72) : |n2| > 100 and |n| > |ns|},

M = {(n,7,n2,72) : |n2| > 100, |n| ~ |na| and either |11 + n?| = Lyax or |72 + 13| = Lnax}
and N := {(n,7,n2,72) : |n2| > 100,|n| ~ |na| and |7 + n?| = Lmax}. Clearly, £, M and N
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completely decomposes our domain of integrations, so that, in order to prove (3.2), it suffices
to get the bounds

)t Xc VR
(3.12) / (n1)¥(n2)* / (T +n2)(m +n%)%_(rz—n3)%— (1, 71)(n2, 72)

=n1+n2 T=T1+T2 2 LZLL

S llullxoo [[v]lyo.

<n>k XM A .
(3.13) / (1) (na)" / 07 + n2y )9, m)

=ni+n2 T=T1+T2 L2LL

< Nl oy oll oy + lull oy 0],y

(n)* XN ~ .
(3.14) / () {nz) / T 4 ) s )02, 72)

=ni+ns T=T1+T2 L2L}
1

S llul 3 + llull o4 110l

x0-3- ||'U||Yo,g y0§-

To proceed further, we need to recall the following Bourgain-Strichartz inequaties:
Lemma 3.5 (Bourgain [2]). X3/8([0,1]),Y%¥/3([0,1]) ¢ LX(T x [0,1]). More precisely,

9@ Flizs, S Wfllxoss  and  [l$@)glrs, S lgllyos-

To prove the first bound (3.12), we start with the simple observation that
F
(n1)F(ng)s ~

if either |ng| < 100, or |ng| > 100 and |n| < |ng|, or |ng| > 100 and |n| > |ng|. This follows
from the fact that (n) < (n1)(ne) and s > 0. Hence,

o y B
/ (n1)*{n2)? / (T 4+ n2)(m +n%)%_<7'2—n3)%— (n1,7)8(n2, 72)

=ni1+n2 T=T1+T2 2 L2LL

1
S u(ny, 1)0(no, T
- / / <T+n2><71+n%)%’<7'2—n3)%* (n1,71)(n2, 72)

=ni+ng T=T1+72 2 L2LL

Therefore, this reduces our goal to prove that

1
u 2 <
A e vy =rmer e L ACCAE] Y RIS
=ni+n2 T=T1+T2 1 2 L2LL
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This can be re-written as

1
(T-I—n2)5/8(7-|—n2)3/8 / / (nlaTl) (nQ’TQ) SJ ||u||X0,%_||’U||Y0,%_.

n=ni+ng T=71+7: 271
1+n2 1+72 L2L}

Since 2(—5/8) < —1, the Cauchy-Schwarz inequality in 7 reduces this bound to showing

el B B CRACCNS| I PR E Y

n=ni+nz T=T1+72 L212

However, this bound is an easy consequence of duality, L2,L2, L%, Holder and the Bourgain-
Strichartz inequalities X%3/8, Y%1/3 ¢ L* in the lemma 3.5.

The second bound (3.13) can be proved in an analogous fashion, using the dispersion
relation

(3.15) (r+ n2) — (19 — ng) + (m1 + n%) = n% — n% — 2nng.

which implies that, in the region M, either |71 +n2| 2 |na|® or |72 —n3| 2 |n2|®. Thus, using
that £ — s < 3/2 and making the corresponding cancelation, we see that it suffices to prove
that

1
<
s | )| S loslvlys
n=ni+ns 7=71+72 L%L_lr
and
1 <
(T+n2)5/8(7+n2)3/8 (n17T1) (n277-2) ~ ||Iu’||X0,%f||,U||Y0’0'
n=ni+n T=T1+72 L2LY

Again, we use Cauchy-Schwarz to reduce these estimates to

1
(T +n2)3/8 / / u(n1, 1)0(n2, 72) S HUHXOOH'UHYO?_

n=ni+nz T=T1+T2 L2L2

and

1
v aia <
(T +n2)3/8 / / u(n1, 71)v(ng, 72) ~ Hu“Xo,%—HUHYO’Oa

n=ni+n T=71+72 L%LQ
Z

which follows from duality, Holder and Bourgain-Strichartz, as above.

Finally, the third bound (3.14) requires a subdivision into two cases. When || + n?| >
[ne|?~ (vesp., |12 — n3| 2 |na|?7), we use (11 +n?)/® leaving (71 +n?)3/8 in the denominator
and |n|*~*~ in the numerator (resp., a similar argument with (75 — ng) instead of (11 +n?),
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1/6

using (13 — n3)1/¢ and leaving (m, — n3)'/3). After another cancelation using |7 +n2| > |ng|?,

we need to prove

1 —~~ —~
[ At m)| S lulosnllag

n=ni+n T=T1+72 L%L}

and

1 ~ ~
[ atmmstem)| Sl lolyoss.

(T + n2)L/2+

n=ni+nz T=T1+72 L2L}

These bounds follow again from Cauchy-Schwarz in 7, duality, Hélder and Bourgain-Strichartz.
So it remains only the case |t + n?|, |72 — n3| < |n2|?>. In this case, the dispersion relation
says that, in the region N,

74+ n? =n3 —n3 — 2nny — O(|na|*").

On the other hand, the cancelation using |7 + n?| > |no|? and k — s < 3/2 reduces the proof
to the bound

1 ~ ~

o [ et x| Sl ol
n=ni+ng T=71+72 L2LY

where Q(n) = {n € R:n = r® —r2 — 2nr + O(|r|?7), for some r € Z,|r| ~ |n| > 100}.

Applying Cauchy-Schwarz in 7, we can estimate the left-hand side by

(/ <T+n2>—1x9<n)<f+n2>)m [ ] i)

=ni+ns T=T1+72 LZ||f2
n

Therefore, the point is to show
(3.16) sup </<T + n2>71XQ(n)(T + n2)d7') <1
n

We need the following lemma:

Lemma 3.6. There ezists some § > 0 such that, for any fized n € Z, |n| > 1 and for all
M > 1 dyadic, we have

Hp €R: || ~ M, pu =13 — 1% = 2nr + O(r|>7), for some r € Z,|r| ~ |n|}| < M.

Proof. Note that the dyadic block {|u| ~ M} contains at most O(M/N?)+1 integer numbers
of the form 73 — r2 — 2nr with |r| ~ |n|, r € Z, where N ~ |n|. Indeed, this follows from
the fact that the distance between two consecutive numbers of this form is ~ N2. Thus, the
set of u verifying u = r3 — r2 — 2nr + O(|r|?7) is the union of O(M/N?) + 1 intervals of size
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O(N?7). Since the relation p = 73 —7? —2nr+O(|r|>") with |u| ~ M and |r| ~ [n| ~ N > 1
implies that M ~ N3, we get

{peR:|ul ~M,p=r®—r*=2nr+O(|r*"), for some r € Z,|r| ~ |n|}| <
M

N2~
This completes the proof of the lemma 3.6 O

N2~ < M-,

Using the lemma 3.6, it is not difficult to conclude the proof of (3.16): by changing variables,
we have to estimate

sup / (1) Xa(m) (1) -

n

By decomposing the domain of integration into dyadic blocks {|u| ~ M}, the lemma 3.6 gives
[ o <1+ 3 TawWde 1+ Y MM
M1, 0 M>1; M dyadic

This proves the estimate (3.2), thus completing the proof of the lemma 3.4. O

3.3. Proof of proposition 1.2: bilinear estimates for the coupling term 9,(|u|?). By
the lemma 2.2, it suffices to prove the bilinear estimate:

Lemma 3.7. ||0;(u12)||lws < ||u1||Xk,%_||uQ||Xk,% +||u1||Xk,% ||u2||Xk,%_ whenever 1+s < 4k
and k —s > —1/2.
Proof. From the definition of W*#, we have to prove that
(3.17) 100 (wrT)lye 172 S lurll sy Muall sy + lurll oy luzll g
and
(n)® ——_ <
(3.18) mé’x(uwz) s ]l rx - Mu2ll ey lall os luzll ey -

We begin with the proof of (3.17). First, we reduce the bilinear estimate to some multiplier
estimates as follows. By the definition of Bourgain’s spaces,

102 (w152)[|lys.—a = (T = n®)~*(n)* O (w13) 1212
= |In{r = n®)"n) W1 * W (n, 7) || 1212
Let

f(n,7) = )1 + 02U (n,7) and  g(n,7) = (M) (=7 + n?)Ua(—n, —7)
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By duality,
(3.19)
n|(n)® . _
10z (u1 ) [y e.-e = H(p”sup <12/d7— Z /dﬁ%m(n —n1, T — T1)U2(—n1, —71) - (7, T)
L2132 =" nel ni€Z
= o Y far S [an o0t w0 pat et )
lellL2i2 <1recz ni1€Z (n —mn1) <(T —71)+(n— n1)2>b<n1>k<—7'1 + n%)c
- 1037 DoV NS 37 b o)
Z/Z/(n,mmﬁ)@)o Z Z (n,n1,7,7m1)EVL Z Z (n,n1,7,11)€EV>
=W+WV+W

whenever Z2 x R2 =V, UV, U Vs.
As before, we have three general ways to estimate the quantity

(3.20)
V= sup /dr Z / [nf(n)*(r —n®) " f(n —n1, 7 —Tl)g(m,ﬁ)w(naT)Xv

han<i2zd 7 2 ] T = R =) + (0= ma) 2 () ()

Firstly, we integrate over 71 and n; and then use Cauchy-Schwarz and Hoélder inequalities
to obtain

(3.21)
VE < llol2 |n| /dT g(n1, 1) f(n—n1, 7 —71)xy
VE =Tl (= w R =) + (o= 2P e
< ||ul||§ck,b||u2||xk,c X
() S x»
Ry L B SR B (e R e

Secondly, we put f(n,T) = f(—n,—7), integrate over n and 7 and then use the same steps
above to get

(3.22)
2

2 2
VI < lgl2s 12

| {n f(m —n, 71— T)p(n, T)xy
(n1)k{( Tl+n1 Z/ T—n3 ((1 = 71) + (n —n1)2)2(ny — n)k

2, 12,
< |5rs luel ke x
Z/dT In|*(n)®xy
(n1)%(—7 +n7)% & (r=n®)%((r =) + (n = n2)?)**(m —n)?*||

1"



22 A. ARBIETO, A. J. CORCHO, AND C. MATHEUS
Finally, using the change of variables 71 = 7 4+ 70 and ny = n + ng, we transform V into the
region
V= {(n,n2a7—,7_2) : (nan+n257—,7— +TZ) € V}
and, hence, integrating over 7 and n, we can estimate
(3.23)

VI <712, s,

[n|(n n+n2,7'+'rz) (n, T)X3
(n2)#(—12 + n3) ”Z/ T—’n3 (=(T+7m2) + (n+n2)?)°

< JlunFew.o w2l e x

2 2
12,12,

X

1 ¥ [n|*(n)* /dT Xy
(no)?k(—7o + n3)2b o (n+ no)?k (1 =n3)20(—(T + 12) + (n + ng)?)% o
T27N2
The next step is to use the estimates (3.21), (3.22) and (3.23) for the expression (3.20)
to reduce the bilinear estimate |0 (u142)|lys-1/2 S ||u1||X,c,%_ ||’U/2||Xk% + ||u1||Xk% ||’U/2||Xk,%_
to L* bounds for certain multipliers localized in some well-chosen regions Vy, Vi and Vs.

We consider ng := n, n1 and n2 := n; — n the frequencies of our waves and \g := 7 — n?,

A == —11+n2 Ay = -9 +nd:= (7 — 1) + (n — n1)? the modulations of our waves; again,
L; = |\j| are variables measuring the magnitute of the modulations, j = 0,1,2. We define
Loz > Limed > Limin to be the maximum, median and minimum of Ly, L1, Ls.

In order to define the regions V;, we split Z2 x R? into three regions O, P, Q,

O ={(n,n1,7,m) € Z* x R : |n| < 100},
P={(n,n1,7,7) €Z*xR?: |n| >100 and |ni| > |n|*},
Q= {(n,ni,7,71) €EZ* xR :|n| >100 and |ni| < |n|?}.
Now we separate @ into three parts
Qo ={(n,n1,7,7) €C: Ly = Lipas},
Q1 ={(n,n1,7,7) €C: L1 = Lz},
Qy ={(n,n1,7,7) €C: Ly = Lipag}-
At this point, we put

Vo=0UPUQ,,
V) =9,
Vo = Q.

We have the following multiplier estimates:
Claim 3.4. If 1+ s <4k and k —s > —1/2,

[n[?(n)? 1 XVo

) = T | e St

L®LP
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Claim 3.5. If1+s <4k and k—s > —1/2,

1 2 2s
2% 2 Z/dT 3 b tn)” xv, 21— 2% S1
(n1)? (-7 +n7) < (1 =n3)((r =71) + (n —n)) = (m —)?%||
T1 N1
Claim 3.6. If 1+ s <4k and k—s > —1/2,
Ly e x5, -
Py ) 2 ot | T ) | ST
T2 N2

where 9; is the image of Vo under the change of variables no :=n1 —n and 7o := 1 — 7.

Again, it is easy to show that these facts implies the desired bilinear estimate (3.17).
Indeed, by the equations (3.21), (3.22), (3.23), we see that, for a = 1/2 and well-chosen b, c,
these claims means that, whenever 14+ s <4k and k—s > —1/2, || < ||u1||Xk’%_ ||ua||
VAL S il oy luzll oy and Vel S unll s luzl oy
the equation (3.19), we obtain the bilinear estimate (3.1). Hence, we have only to prove these
claims.

For later use, we recall that our dispersion relation is

Xk 30
. Putting these informations into

(3.24) Ao+ AL — A= —n3 —n? + 2n1in

Proof of the claim 3.4. In the region O, using that |n| < 100,

[n[?(n)2 1 Xo
o D / L ——- (e R

ni

174N

1 1 1
(r —n?) 2 (n1)?k(n —n1)?F (A = Ag)' 7

1

by the lemma 3.1. By the dispersion relation (3.24) and the fact (z + y) < (z)(y), we obtain
the bound

[nf?(n)?* 1 X0
it (7 —n3) 2= ()2 (n — np)F / e+ m T (=) + =2

(325) . 1
~ zi%; (n1)2k(n — n1)2k(—n3 — n2 + 2nn, )1~
S

if k> 0.

In the region P, we consider the cases ny = (n? +n)/2 and |n1 — (n? +n)/2| > 1. Using
that |n| < |n1|'/2, 4k > 1 + s, the dispersion relation (3.24) and the fact that (zy) > (z)(y)
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whenever |z|, |y| > 1, we see that

() 1 xp
nt (7 — ) Z ()2 (n — 1) 2F / I+ (=) + (=)

1
< C +sup [nf*(n)* Z 2k 2k ()1 2 o
n,T [n1—(n2+n)/2|>1 <”ll) <n - TL1) <7’L> <n1 — (TL + n)/2)

Thus,
[l ()2 1 / xp
d
nt (7 — ) Z () (n =m0 | R ) (=) + (- )2
1
< C +sup |n|t T (n)?
(3.26) R Y TR = m R — (R /A

<C+ > — 1

l u—
-2y 2/>1 (P1) 2 (n1 — (n? +n)/2)!
< 1.
In the region Qy, using that Lo > |n|> and k — s > —1/2, we get

(3.27)
|n|?(n)2s 1 / X Qo
nyr (T —n3) 4= {n1)**(n — nl) Hem+nd) (=) + (=)

2 2s
~ sup [n|*(n) 3 / XQo n

na (r—n?) o (m)? —r+nf {7 = ) + (= m) B
[nf? () 1 / xo,
Sup -3 iy — 2k | 9T NI—((7 2y i-
nr (r=nd) e {n)n—m) (-t nf) = {7 = m) + (0= m)?)
() - xo
< LA I B A d 0
i (w3 %n' R B (T R CEr L
[nf? () - xo,
SUP T D % [ dn— NI—((7 — i )2)1-
nr (W) o ) )= —m) + (0 —m)?)
=gt
ifk>0. O

Proof of the claim 3.5. In the region Q;, using that Ly = L 2 || (by the dispersion
relation (3.24) and |n{| < |n|?), (n) < (n1){n —n1) and k — s > —1/2, it is not difficult to



ROUGH SOLUTIONS FOR THE PERIODIC NLS-KDV SYSTEM 25

see that

1 [n]?(n)2s Xar
o (1) (=7, + 1) Z (n1 — n)2t / =N =) + (= )R-
(3.28) 1
S sup Z (=11 4+ (n —nq1)?2 + n3)1-

n1,T
1, ITLEZ

<1
O

Proof of the claim 3.6. In the region Qy, using that Ly = Ly 2 || (by the dispersion
relation (3.24) and |n1| < |n|?), (n) < (n2){n + n2) and k — s > —1/2, it follows that

1 [n[?(n)* X5,
name (12)28(—75 + nZ) n% (n+ ng) 2k /dT (T — i3 (—(1 +72) + (n + n2)?)1-
(3.29) 1
Sswp ) (r2 — (n+ na)® + )P

n2,T:
272 pez

<1

Once (3.17) is proved, we start the proof of the estimate (3.18), that is,

<n>s - <
Tty O | S ol gl g+ el e ozl

L2}

We can rewrite the left-hand side as

[ oo [ e, )

=ni1+ns T=T1+T2 L2LL
To begin with, we split the domain of integration into three regions. Let S = &; U Sy, where
Sl = {(naTa n2a7—2) : |7L| S 100}7

8 = {(n,7,m2,2) = ] > 100 and [no] 2 Inl?),

T == {(n,7,n2,72) : |n2| > 100, |ns| < |n|? and either |7 +n2| = Lypax or |—7o+n3| = Liyax}
and U = {(n,7,n2,7) : |na| > 100, |n| ~ |n2| and |7 — n®| = Lmax}. Clearly, S, T and U
completely decomposes our domain of integrations, so that, in order to prove (3.18), it suffices
to get the bounds

(3.30)

_Inltn)® Xs B
/ () (na)* / (r 4+ n2)(ry +n2)2~(—7p +n2)2" 1, m)z(=ne, =)

=ni1+nz2 T=T1+T2 L2LY

S llurlxoo|luzlxo.0
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Il XT y Enm)
(3.31) / (n1)k(nq)k / (r — n?) 1(n1, 11)uz(—ng, —72)

=n1+n2 T=T1+T2 L2I}

S Ml og izl o g + sl oy luzll o3

In|(n)® Xu S
(332) / (n1)k(no)* / Tr = 3y (1, 1)Uz (=2, =)

=ni+ns T=T1+T2 L2LL

<l oy luzll o.p + oy luzll s

To prove (3.30), we note that
)
(n1)*(na)*

if either |n| < 100, or |n| > 100 and |ny| 2> |n|?, since (n) < (n;){ny) and 1+ s < 4k. Hence,

M XS ur(ny, 1)U (—ng, —T9)
/ <n1>k<n2>k / <T—n3><7'1+n%>%7<—7'2—|—n%>%7 1( 1 1) 2( 2, 2)

=ni1+nz T=T1+T2 L2LL

1
S u(ni,m1)v(ne, T
- / / (1 —n3)(r +n2)2 (—75 +n2)7" w1, )o(n2, 72)

=ni+ng T=T1+72 L2LL

Therefore, this reduces our goal to prove that

1 N _
[/ - (B (e =) S lurllxeslluallxoo-
(r—n3)(m1 + nB)F (= + )’

=ni1+n2 T=71+72 L2LL

This can be re-written as

1 =N .
e | B E )| Sl eyl g

n=ni1+n2 T=T1+72 211
n-—T

Since 2(—2/3) < —1, the Cauchy-Schwarz inequality in 7 reduces this bound to showing

[ [ ST S e el

n=ni+ns 7=T1+72 L2112
n T

which is an easy consequence of duality, L},L2,Ls, Holder and the Bourgain-Strichartz in-
equalities X03/8 Y01/3 ¢ [* in the lemma 3.5.



ROUGH SOLUTIONS FOR THE PERIODIC NLS-KDV SYSTEM 27

The second bound (3.31) can be proved in an analogous fashion, using the dispersion
relation

(3.33) (1 —n®) — (=1 + n2) + (11 +n3) = —n® + n? + 2nn,.

which implies that, in the region M, either |71 +n2| > |n|® or | — 72 +n3| 2 |n|>. Thus, using
that s — k < 1/2 and making the corresponding cancelation, we see that it suffices to prove
that

]. —~ —_ _  _\
s eron ) B TN ] Y (R PR TR S
n=ni+nz 7="T1+72 L2L}
and
]- —~ 7 N <
<7_ —n3)2/3(7—n3)1/3 ul(nlaTl)U’?(_n?’_T?) ~ ||U1||X0,%7||U2||X0,0.
n=nit+nz T=T1+72 LzZrt

Again, we use Cauchy-Schwarz to reduce these estimates to

1 — —/
o | AemECm )| S sl -
n=ni+ng T=T1+T2 L2L2
and
1 . -
m ur(ny, m1)uz(—ng, —72) S ||u1||X0,%7 [[uz || x0.0,
n=ni+ny T=T1+72 L2112
no—-T

which follows from duality, Holder and Bourgain-Strichartz, as above.

Finally, the third bound (3.32) requires a subdivision into two cases. When |71+n?| > |n|'~
(resp., | — o +n3| > |n|'7), we use (11 +n?)1/8 leaving (71 + n?)3/® in the denominator and
|n|'T$=%~ in the numerator (resp., the same argument with (—72 + n3) instead of (11 +n?)).
After another cancelation using |7 — n?| > |n|?, we need to prove

]. — 7 N
e | e @) S s el o
n=ni+nz T=T1+72 L2LL
and
1 - S
m ur(n, 11)uz(—ng, —72) S ||u1||X0,%_||u2||Xo,3/s.
n=nitnz T=T1+72 L2L!
n'r
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These bounds follow again from Cauchy-Schwarz in 7, duality, Hélder and Bourgain-Strichartz.
So it remains only the case |71 + n?|, |72 — n3| < |n|'”. In this case, the dispersion relation
says that, in the region N,

7 —n® = —n3+n?+ 2nny — O(n|").
On the other hand, the cancelation using |7 — n3| > |n|® and s — k < 1/2 reduces the proof
to the bound

1 - -
[ [ e Em e =) S gy el
n=ni+nz T=T1+72 L2LL
where, Q(n) = {n € R: = n3—n2—2nr+O(|n|*"), for some r € Z, |r| < |n|?} if |n| > 100
and Q(n) = 0 otherwise. Applying Cauchy-Schwarz in 7, we can estimate the left-hand side

by
(/(T =) ey (7 — n3)> " / / Wi (n1, 71)uz(—n2, —72)

=n1+ng T=T1+T 2
1+7n2 1172 L2 L2

Therefore, the point is to show

(3.34) sup ( / (r = 1) X (7 — n3)dT> <1

n

We need the following lemma:

Lemma 3.8. There exists some § > 0 such that, for any fized n € Z, |n| > 1 and for all
M > 1 dyadic, we have

{ueR: |u| ~ M, =n%—n?—2nr+0(|n|'"), for somer € Z,|r| < |n|?}| < M.

Proof. Note that the dyadic block {|u| ~ M} contains at most O(M/N)+ 1 integer numbers
of the form n® — n? — 2nr with » € Z, where N ~ |n|. Indeed, this follows from the fact
that the distance between two consecutive numbers of this form is ~ N. Thus, the set of u
verifying p = 73 — 72 — 2nr + O(|r|?7) is the union of O(M/N) + 1 intervals of size O(N?7).
Since the relation y = n3 —n? — 2nr + O(Jn|'~) with |u| ~ M and |r| < [n|? ~ N2 > 1
implies that M ~ N3, we get

{uweR: |yl ~ M, p= n3 —n? — 2nr 4+ O(|n|'™), for some r € Z,|r| < |n|2}‘ <

M
N <Mb.
N ~Y
This completes the proof of the lemma 3.8 O

It is now easy to conclude the proof of (3.16): by changing variables, we have to estimate

sup [ (1) X (1)

n
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By decomposing the domain of integration into dyadic blocks {|u| ~ M}, the lemma 3.8 gives
/(u)1X§(n)(u)du <1+ / ()™ X5y ) B
M>1
= lul~M
<1+ > MIIMTLL
M>1; M dyadic
This proves the estimate (3.18), thus completing the proof of the lemma 3.7. O
4. LOCAL WELL-POSEDNESS FOR ROUGH INITIAL DATA

This section contains the proof of the theorem 1.1 concerning the local well-posedness of
the NLS-KdV. First of all, we observe that the NLS-KdV (1.1) is equivalent to the integral
equation

t
u(t) = Ultyug — i /0 Ut — ) {au(')o(t') + Blul2u(t)}dt,

t 1
v(t) =V (t)vo +/0 V(t — ) {70, (|ul*)(#) - §3x(02)(t')}dt'-

Since we are seeking for local-in-time solutions for (~1.1), it suffices to find a fixed point u
for the map ® = (21, ®3) : X*([0,T]) x Y*([0,T]) — X*([0,T]) x Y*([0,T]),

t
@1 (u,v) = Y1 (t)U(t)uo — wT(t)/O Ut —t'){au(t)v(t') + Bluut’)}dt,

By (u,v) = P1()V (t)vo + ¢T(t)/0 V(t =) {y0(lul’)(¢) - %Bx(UQ)(t')}dt'-

From now on, our efforts are to show that ® is a contraction of (a large ball of) the space
Xk([0,T]) x Y*([0,T]) for sufficiently small T > 0. To accoplish this goal, we need the
following well-known linear and multilinear estimates related to the cubic NLS and the KdV
equations:

Lemma 4.1 (Linear estimates). It holds
o I U @uollx S luollge and [pr(t) 3 U — ¢)F(&)de
o i1V Ouollys S llvollus and [wr(t) f3 V(- ¢)GE)ae

S IFll;

. S1Glws.

Lemma 4.2 (Trilinear estimate for the cubic term |u|?u). For k > 0, we have
&l e Sl g ol Il g
Lemma 4.3 (Bilinear estimate for d;(v?)). For s > —1/2, we have
19(8) 05 (viv2) lws S llvrlly, g llv2ll,01 -

if vi = v1(z,t) and vy = vo(x,t) are z-periodic functions having zero x-mean for all t (i.e.,
Jrvj(z,t)dz =0 for all t and j = 1,2).

loallyoy Nzl g
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Remark 4.1. The zero-mean assumption in the lemma 4.8 above is crucial for some of the
analysis of the multiplier associated to this bilinear estimate. However, in the proof of our
local well-posedness result, this hypothesis is not restrictive by a standard argument based on
the conservation of the mean of v under the flow (1.1). See the remark 4.2 below.

We present the proofs of these lemmas in the appendix of this paper because some of
these estimates are not stated as above in the literature, although they are contained in the
works [2] and [3] for instance. See the section 7 below for more details.

Returning to the proof of the theorem 1.1, in order to apply the lemma 4.3, we make the
following observation:

Remark 4.2. The spatial mean [pv(t,z)dz is preserved during the evolution (1.1). Thus,
we can assume that the initial data vy has zero-mean, since otherwise we make the change w =
v — fT vodz at the expense of two harmeless linear terms (namely, ufT vodz and Oyv fT v )-

After this reduction, we are ready to finish the proof of the theorem 1.1. Accordingly with
the linear estimates (lemma 4.1), trilinear estimate for the cubic term |u|?u (lemma 4.2),
bilinear estimate for d,(v?) (lemma 4.3) and the bilinear estimates for the coupling terms
(propositions 1.1 and 1.2), we obtain

}

xtb= o, 1Py 3 o.my
3
)+01||U||Xk,g(

191 (u, )| 580,77y < Colltollzx + Cr{lluvllze + IIuII;k,g([O,TD

< Colluoll g+ + Chl[ull +

+ Ol

SorpPlyed-gom [0,7])

and
[@2(w, V)55 (o,77) < Collvollzs + C1{l18z (@*) llws + 10z (Juf*) lws}

< Colloolzpe + Colllvlyay ol gy + el gyl - .00 1

ifs>0,-1/2<k—s<3/2and 1+ s < 4k.
At this point we invoke the following elementary lemma concerning the stability of Bour-
gain’s spaces with respect to time localization:

Lemma 4.4. Let X2°) o= { : (r = h(&))*(€)*|f (7, €)| € ?}. Then,
t s, S s,
6O xas,  SoalFllges,
for any s,b € R and, furthermore, if —1/2 < b < b < 1/2, then for any 0 < T < 1 we have

b—b'
e e Sowa TV Ufllges,

Proof. First of all, note that (1 — 79 — h(€))® < (10)Pl{(7 — h(€))?, from which we obtain

itTo < || ]
e fHqu—ﬁh(g) Se (70) ”f”Xiﬁh(g)

Using that ¢(t) = [ {ﬁ\(T())eitTodT(), we conclude

51, %o ([ W) 1o,
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Since 1 is smooth with compact support, the first estimate follows.

Next we prove the second estimate. By conjugation we may assume s = 0 and, by com-
position it suffices to treat the cases 0 < b’ < bor < b < b < 0. By duality, we may take
0 < b < b. Finally, by interpolation with the trivial case ¥’ = b, we may consider b’ = 0.
This reduces matters to show that

b
[$r®flliz S TS lxns,

for 0 < b < 1/2. Partitioning the frequency spaces into the cases (7 — h(£)) > 1/T and
(T —h(€) <1/T, we see that in the former case we’ll have

0,0 <Tb ,
500, < Tlos,

and the desired estimate follows because the multiplication by % is a bounded operation in
Bourgain’s spaces. In the latter case, by Plancherel and Cauchy-Schwarz

/ Fr,)ldr)
(t—h(£))<1/T

[ - wenifir,par)

——

1F @z S IRz S

2
Le

Sp TV =T 2| fll o0

" Zhee)
L“5 o

Integrating this against 17 concludes the proof of the lemma. O

Now, a direct application of this lemma yields
- 0+ 3
11,9l o < Collollige + G gy g 10t o)+ 10 iy

and

1200l o < Colloollms + T ol + ul?,

((0,17) ’%qo,ﬂ)}’

ifs>0,-1/2<k—s<3/2and 1+ s < 4k. Hence, if T > 0 is sufficiently small (depending
on luol|lzx and |lvgl|ms), we see that for every sufficiently large R > 0, ® sends the ball of
radius R of the space X*([0,7]) x Y*([0,7]) into itself. Similarly, we have that

191 (u,v) = @1(@, )l g S T {Ilull oy + lul? 4y + I0lley Hllu =l ey +llo =704}
X™2 X%3 Y®?2 X"2 Y®?2

and

1B2(u,v) = @2(@, ) lgs o7y S T {llull k72 + I0llysnso Hllw = @l xaro + llo = llysnra},

ifs>0,-1/2<k—s<3/2and 1+ s < 4k. So, up to taking T > 0 smaller, we get that
is a contraction. This concludes the proof of the theorem 1.1.
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5. GLOBAL WELL-POSEDNESS IN THE ENERGY SPACE H! x H!

This section is devoted to the proof of the theorem 1.2. First of all, we recall the following
conserved functionals for the NLS-KdV system

Lemma 5 1. The evolution (1.1) preserves the quantities

fT lu(t)|?dz,
. Q fT {ow )2 + 293 (u(t) Opu(t ))dw} and
. B fT{avv DI - 300 + LIudI + 31000 ++/0,ut) 2} do

In other words, M(t) = M(0), Q(t) = Q(0) and E(t) = E(0).

In order to do not interrupt the proof of the global well-posedness result, we postpone the
proof of this lemma to the appendix.
Let ary > 0 and ¢ > 0. From the previous lemma, we have that ||u(t)| 72 = ||ug||z2, and

1
lo(@)IIZ> < ol {1Qol + 2] [|uol| L2 [|Ozu(?)]| L2 } -

laf

Put p = m1n{|'y| } Then, using again the previous lemma, Gagliardo-Nirenberg and

Young inequalities, we deduce

lozu®lIZ2 + 10z ®)17: < = (lllozu®)]IZ2 + lallldv(t)]1Z2)

C(IEO)] + lv@® 2 lu@)llZa + lo®1Z2s + [lu®)l|ze)
C(IEO)] + [v@)lZ> + lo@)llzs + lu(t)l|74)
< C (IBO)] +Q(0)] + lluollz2 8z u(®)ll 2 + Io()l|7a + llu()l|74)

< c{\E(on +1QUO)| + Q)| + M) + M(O)* + M(0)} +

‘:I*—*

+35 {Ilf9 u(®)||72 +18:0(t)][72} -
Hence
(5.1) 8su(t) 22 + [8:0(1) 32 < C{|E(©)] +]QUO)| +QW)IS + M(©) + M(0)* + M(®)}.

We can estimate the right hand of (5.1) using the conservation laws in the lemma 5.1 and
Sobolev’s lemma to get

(5.2) lu(@) 7 + lo@)lIF < C(lluollz, lvoll ),

where U is a function depending only on ||ugl|| g1 and ||vo||g1-

We observe that the constans depend only on the parameters «, 5 and 7.

Since the right hand in (5.2) only depends of ||ug|| g1 and ||vo|| g1, we can repeat the ar-
gument of local existence of solution at time 7' arriving to a solution for any positive time.
This completes the proof of the theorem 1.2.
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6. FINAL REMARKS

We conclude this paper with some comments and questions related to our results in theo-
rems 1.1, 1.2.

Concernig the local well-posedness result in theorem 1.1, the gap between our endpoint
H/* x L2 and the “natural” L? x H~'/2 endpoint® suggests the ill-posedness question:

Question 6.1. Is the periodic NLS-KdV system (1.1) ill-posed for initial data (ug,vg) €
HF x H® with 0 <k <1/4, 1+ s <4k and —1/2 <k —5 < 3/27

On the other hand, one should be able to improve the global well-posedness result in
theorem 1.2 using the I-method of Colliander, Keel, Staffilani, Takaoka and Tao [3]. In the
continuous case, the global well-posedness result in the energy space of Corcho and Linares [4]
was refined by Pecher [9] via the I-method. This motivates the following question in the
periodic context:

Question 6.2. Is the periodic NLS-KdV system (1.1) globally well-posed for initial data
(uo,v0) € H'- x H'=?

We plan to adress this issue in a forthcoming paper by using our bilinear estimates for the
coupling terms uv and 0, (|u|?) and the I-method.
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7. APPENDIX

This appendix collects some well-known results concerning linear and multilinear estimates
related to the periodic cubic NLS and the periodic KAV, and also includes a brief comment
about three conserved functionals for the NLS-KdV discovered by M. Tsutsumi.

7.1. Linear estimates. We begin with the proof of the linear estimates in lemma 4.1. The
basic strategy of the argument is contained in the work [3] of Colliander, Keel, Staffilani,

~ —

Takaoka and Tao. First, we observe that ¢m)(n, 7) = Uy (n)Y(T +n?) and PV (vo)(n, T) =
09(n) (T — n?). Thus, it follows that

(7.1) [PV ol zx S luollge and [PV )vollws S llvoll s

®As we said before, from the sharp well-posedness theory for the NLS and the KdV equations, the well-
posedness endpoint for the periodic NLS equation is L? and for the periodic KdV is H™'/2.
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Hence, it remains only to show that

Up to a smooth cutoff, we can assume that both F' and G are supported on T x [—3,3]. Let
a(t) = sgn(t)n(t), where n(t) is a smooth bump function supported on [—10, 10] which equals
1 on [—5,5]. The identity

br(t) /0 Vit — G

S IGlws-

Pr(t) /0 t Ut —t)F(t)dt

<|Flye  and ‘

Xk Ys

1
Xpo,4(t') = 5(“(75') —a(t —1t)),
fort € [-2,2] and ¢’ € [—3, 3] permits to rewrite (¢ fo (t")dt' (vesp., Yr(t )ft V(t—

t')G(t')dt'") as a linear combination of

(72) U / (YU (—') F()dt! (resp., POV (H) /R a(t')V(—t’)G(t’)dt’)

R

and
(73)  pr(t) /R alt — YU (L — ) F()dt’ (resp., br(t) /R a(t—t’)V(t—t’)G(t’)dt’).

For (7.2), we note that by (7.1), it suffices to prove that

II/ U (=) FE)at | e < 1F 2 (resp, II/ (VW (=G )dt | us S IIGllws)-

Since the Fourier transform of [ a(t)U(—t')F(t')dt' (resp., [pa(t)V(=t')G(#')dt') at n is
[@(r+n2)F(n,7)dr (vesp., [a(r—n®)G(n,7)dr) and [a()| = O((r)™1), the desired estimate
follows. For (7.3), we discard the cutoff 17 (t) and note that the Fourier transform of [; a(t—
Ut —t")F(t')dt' (resp., [y a(t —t" )V (t —t')G(t')dt") evaluated at (n, ) is a(T + n2)F(n,1)
(resp., a(7— n3)G(n 7)). Therefore, the decay estimate |a(7)| = O((r)~!) give us the claimed
estimate. This proves the lemma 4.1.

7.2. Trilinear estimates for (|u|?u). Next, we prove the trilinear estimate in lemma 4.2.
The argument is essentially contained in the work [2] of Bourgain.®
By definition of Z*, the hypothesis k > 0 says that it suffices to show that

(n)*

it (n1, 11)0(n2, T2)W(n3,73) S

D SR (O

||¢||L2 <1n ni+ns— ns,r T1+To+T3

el g ol og ol e g

5The “novelty” here is to estimate the contribution of the weighted L2 Ll portion of the Z*¥ norm, although
this is not hard, as we are going to see.
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and

(n)*

muv@(n, T)

<
s S Tl ol g ol

Observe that (n)* < max{(n1)¥, (no)¥, (n3)¥}. By symmetry, we can assume that (n)* <
(n1)*. This reduces matters to show that

Sup > / %Wl)ku(nhﬁ) V(n2, T2)W(n3,73) S

(74) Hd’”L%)TSln:n1+n2—n37_:7_1+72+73
lull o g0l o g Il o,

and

(7.5)

e < ull o,g 10l o 1wl o g

1 -
/ T u(ny, 71)v(n2, 72)W(n3, 73)
n= n1+n2 ng Y T=T1tT2+73 L2r1
First, it is not difficult to see that duality, L2,L3,L:, L2, Holder inequality and the Bourgain-
Strichartz estimate in lemma 3.5 (i.e., X%3/8 L4) implies (7.4). Next, consider the con-
tribution of (7.5). By Cauchy-Schwarz in 7, since 2(—5/8) < —1, we need only to prove

that

Sl oglioll o3 ol o,
2Ll

]_ -
/ (), ) (s T)
T= 7’1+T2+73< —I—n2)

n= n1—|—n2 n3

which follows again by duality, L2, L2, L%, L}, Holder inequality and the Bourgain-Strichartz
estimate. This concludes the proof of the lemma 4.2.

7.3. Bilinear estimates for 0,(v?). Now, we present the proof of the bilinear estimate
in lemma 4.3. Since this bilinear estimate was used only in the case s > 0, we will restrict
ourselves to this specific context (although the proof of the bilinear estimate for —1/2 < s <0
is similar). Again, the argument is due to Bourgain [2] (except for the bound on the weighted
L2L! portion of the W* norm, which is due to Colliander, Keel, Stafillani, Takaoka and
Tao [3]). By definition of W*, it suffices to prove that

sup Z /Tn+n<|nl<7>l/2 1(n1, 11)02(n2, 2)p(n,7) S

_n3
(7.6) 191122 . <1 =1 05 T —n?)
o1l ozl = + ot g~z
and
[n[{n)® —
(7.7) ' i — 3y 1e2(m ) L S vl ey llozll, ez + llvill . g -llvall o g -
n—T

Note that our hypothesis of zero mean implies that nning # 0. Since

7 —n® = (11 —n3) + (179 — n3) — 3nniny,
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we obtain that
max{(r —n°), (1, —n{), (rs — n3)} 2 Inning| 2 In|*.
Also, observe that s > 0 implies that (n)* < (n1)%(ne)®.
First, we deal with (7.6). To do so, we analyse two cases:
o (1 —n3) = max{{r — n3),(r —n}), (12 —n3)}: in this case, the estimate (7.6) follows
from
s S [ @dgmn Slolloy el
||¢”L721,T§1 n=ni+ng ¥ T=T1172
which is an easy consequence of duality, L2 tL tL Holder inequality and Bourgain-
Strichartz estimate in lemma 3.5 (Y%/3 C L4).
o (1j—n3) = max{(r—n3), (11 —n3), (r,—n3)} for j € {1,2}: in this case, the estimate (7.6)

J
follows from

~ ~ o(n, T
sup Z / 'U1(n1,71)'u2(n2,72)(7)1/2 S lollvoollvall,o
||¢||L%,7_Sl’ﬂ:’n1+’ﬂ2 T=T1+T2 < )
and
~ ~ o(n, T
sup Y / U1(n1,71)vz(n2,72)(7)1/2 S lonll,o3- llwallyoo,
T=T1+T2 < )

112 . <1 n=n;+ny
which are valid by duality, Holder and the Bourgain-Strichartz estimate.
Second, we consider (7.7). Again, we distinguish two cases:
o (1; —n?) = max{(r — n?), (11 — n?),(r2 — nd)} for j € {1,2}: after doing the natural

J
cancelations, we see that (7.7) is a corollary of

2 1
<7‘—’n3) 5 T—n 3 Z / ’)’7,1,7'1)’02(’)’7,2,7'2)
T=

=T +72

S llvillyoollvall o3

n=ni+nz L21}
and
2 1
(r—n®)3(r—n®"z / 91 (n1, 71)02(n2, T2) S lloll0,8 [lo2lyoo.
n=nitng Y T= ’r1+72 L2111

Applying Cauchy-Schwarz in 7, since 2(—2/3) < —1, it suffices to prove

(r=n®)"18 N / 1 (n1,71)53(n2, 72)

n=ni+ns Tl+7'2

S llorllyoollvzll o

1212
and

(r—n?)~1/3 Z / 01(n1, 71)02(ng, T2)

n=ni4dns Y T=T1 +T2

S lloall o3 [[02lyoo-

1212
Rewriting the left-hand sides by duality, using Hélder inequality and Bourgain-Strichartz
estimate Y%1/3 ¢ L* we finish off this case.
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o (1—n3) = max{(r —n?), (1 —n?), (r, —n3)}: we subdivide this case into two situations.

If (r; — n]) > |nning|/190 > |n|1/%0 for some j € {1,2}, we cancel (r; — n? )1/6 leaving
(1j — 3 )1/3 so that we need to show

(1 —n®)72" Z / 1(n1, 71)02(n2, 72)

S H'UIHYO’OHUZHYO,%
n=ni+ns 7'1+T2

L2L1

and

< Joill oy loallyse.
121

(r—n’)" Z /T 91 (n1, 71)02(n2, 72)

n=ni+ng Y T=T1 +7'2

This is an easy consequence of Cauchy-Schwarz in 7, Holder inequality and Bourgain-
Strichartz.
If <Tj - n?) < |nn1n2|1/100 for 7 = 1,2, we observe that
r—nd= —3nning + O((nn1n2)1/100),

After some cancelations, we need to prove that

(r — n3)~1/2 Z / n1,7'1)’02(n2,72)XQ(n) (T — ”3)

n=ni+tng Y T=T1172

S lvillyossllvallyoars,
L2L1

where Q(n) := {n € R : n = —3nning + O({(nniny)/*%) for ny,ny € Z withn =
n1 + n2}. By Cauchy-Schwarz in 7, we bound the left-hand side by

(/v—n%*xmmv—n%mjuz

Therefore, it remains only to prove that

</<T — 13 (7 n3)dT> v <1

To estimate the integral on the left-hand side, we need the following lemma about the
distribution of points in 2(n) in a fixed dyadic block:

Lemma 7.1. Fizn € Z — {0}. For ny,ny € Z — {0}, we have for all dyadic M > 1
{p € R:|p| ~ M, = —3nning + O((nning) ')} < M2,
for some § > 0.

/ 5 (n1, 1) 53 (ng, )
T=T1+T2

n=ni+nsa 2
Lz L72_

Proof. By symmetry, we may assume |ni| > |ng|. Consider first the situation |n| > |n1].
Since u = —3nni1ng + O((nnin) /1), we get |n| < |u| < |n|® because ny,ny € Z — {0}
and |nning| < |n|®. Suppose p ~ M and |n| ~ N. For some 1 < p < 3, we have
M ~ NP. Thus, the expression of H implies that |ning| ~ M'"5. Observe that there
are at most M7 multiples of M » » in the dyadic block {| u| ~ M}. Therefore, the set
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1
of y with the form —3nnins + O((nnlng)l/loo) is the union of M' ™% intervals of size
M'/190_ each of them containing an integer multiple of n. Then,

{peR: |y ~ M, n=—3nning + O((nning)/1%0)}| < MY s M0 < M3/4,

since 1 <p < 3.
In the situation |n| < |n1|, we have |n1| < |p| < |naf3. So, if |n1| ~ N1, we obtain
M ~ N? for some 1 < p < 3. Thus, we can repeat the previous argument. O

Using this lemma, it is not hard to prove that

/(T — n?’)_lxg(n) (1 —n®)dr < 1.

Indeed, we change the variables to rewrite the left-hand side as

/ (1) xogm) (1)dp.

Decomposing the domain of integration and using the previous lemma, we have

/ (1) X (B)dp =

— [ W xemwdat Y (1) Xeagoy ()l <
<1 M>1 dyadicy, | pr
Si+ Y MT'MTLL
M>1 dyadic

This finishes the proof of the lemma 4.3.

7.4. Three conserved quantities for the NLS-KdV flow. In the sequel, we show that
the quantities

o M(t) = [r|u(t)]dz,
° Qt) == [p {oz’u(t)2 +27%(u(t)8zu(t))d:z;} and
¢ B i= [, {aro@u(®)l - §0(0) + Flu@)]* + 1000 +7/0:u(t)?} do

are conserved by the NLS-KdV flow, as discovered by M. Tsutsumi [11]. By the local well-
posedness result in theorem (1.1), we may assume that u and v are smooth in both z and ¢
variables.

First, we consider M (t). Differentiating with respect to ¢, we have

BtM(t):/ﬁtu-ﬂ—I—/Tu-at_u
T

Since the equation (1.1) implies

Oy = 10%u — icuv — ifB|ul?u,
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we see that, by integration by parts,

/Btu u_z/au u—z/auuv—z/ﬁ|u|4
= /u 182u—/u(—zauv) / (—iB|ul?u)
:_/Tu.@_

Hence, 0; M (t) =0, i.e., M(t) is a conserved quantity.
Second, we analyse Q(t). Differentiating with respect to ¢ and using that v is a real-valued
function,

Q(t) = 2a/ Oww-v+ 2’7/ I (Oudzu) + 27/ IudyOpu).
T T T

Applying (1.1) and using integration by parts, we obtain

2 / B+ v = 20y / (=03~ 30(07) +13u([u)} v = 20y / B (ful?) - v,
T T T

/6tu6$ﬂ:i/6§u8mﬂ—ia/uv8$ﬂ—iﬂ/ |u|2u8$ﬂ
T T T T

/ U0, 010 = / u - Op{ —i0%u + ioTv + if|u|*T}
T T

:ia/uv&cﬂ+ia/ |u|28wv—l-zﬂ/ \u|2u8wﬂ+iﬁ/ 20, (Jul?)
T T T T

:ia/ufuawﬂ+ia/8w(|u|2)v+iﬂ/ |u|?ud, .

T T T
/atuaxﬂJr/uaxatﬂ:z’/aﬁuaxﬂﬂ'a/8m(\u|2)v
T T T T

Since i [}, O2ud,U = i [ O,U0u, we get

3( /T OyudyT + /T 10, 05) = a /T B ([ul)o

Hence, putting these informations together, we obtain 9,Q(t) = 0.

Third, we compute 0, F(t). Writing E( )=I—II+1IT+1V +V, where I := ay [;|ul?v,
IT = @ [03 IIT := BY [ ju|*, IV := & [,|0pv|* and V := v [;|8zul?. Using (1.1) and
integrating by parts

and

In particular,

o =~y [ {020 + 30u(0%)} + o{iku - idku - u),
T
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—outt = =5 [ {=ob 4 yo?0u(uP)} = 5 [ P00 - oy [ fuP 50,07,
2 Jr 2 Jr T 2
OIII = B’y/{atu|u|2ﬂ + Oyti|ul*u} = ﬂ’y/{zﬂ|u|28£u — iulu|*0%u},
T T
oIV = a/ Ogv - 0,00 = _¢ / u%ﬁv + av/ |u|26§v,
T 2 Jr T

T
= ’y/{z'agu —dauv + iBlul*u} 02T + {—i0%u + icuv — if|u*u}oiu
T

= —a’y/ v-{i0%G - u —i02u - u} — By /{zﬂ|u|28§u — iu|u*0%u}.
T T

From these expressions, it is not hard to conclude that 9;Q(t) = 0.

[1]
2]
(3]
[4]
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