FINITE DIFFERENCE SCHEMES WITH CROSS DERIVATIVES CORRECTORS FOR MULTIDIMENSIONAL PARABOLIC SYSTEMS

FRANÇOIS BOUCHUT AND HERMANO FRID

Abstract. We propose finite difference schemes for multidimensional quasilinear parabolic systems whose main feature is the introduction of correctors which control the second-order terms with mixed derivatives. We show that with these correctors the schemes inherit physically relevant properties present at the continuous level, such as the existence of invariant domains and/or the nonincrease of the total amount of entropy. Applications to the compressible Navier-Stokes system are given.

1. Introduction We are concerned with general N × N quasilinear parabolic systems of the form

(1.1) ∂_tU + d∑ α=1 ∂_αF^α(U) = d∑ α,β=1

∂_α(B^{αβ} (U)∂_β U).

An example of such systems used recurrently in this paper is the system of compressible Navier-Stokes equations ∂_tρ + div (ρu) = 0,

(1.2)

∂_t(ρu) + div (ρu ⊗ u + p Id) = ∑ αβ ∂_α(A_{αβ} (U)∂_β u),

(1.3)

∂_t ( 1 2 ρ|u|^2 + p γ − 1 ) + div [( 1 2 ρ|u|^2 + p γ − 1 + p ) u ]

(1.4) = ∑ α ∂_α u · ∑ β A_{αβ} (U)∂_β u + κ(U)∂_αT , where ρ, u, p, T represent, respectively, the density, velocity, pressure and temperature of the fluid, κ(U) ≥ 0 is the heat conduction coefficient, (A_{αβ} )_{αβ} is a nonnegative symmetric tensor, U = (ρ, q := ρu, E := ρ|u|^2/2 + p/(γ − 1)), γ > 1, p = ρT . The matrices A_{αβ} are given by

(1.5) A_{αβ} (U) = μ(U)(δ_{αβ} Id +e_β ⊗ e_α) + λ(U)e_α ⊗ e_β , μ ≥ 0, λ + 2 d μ ≥ 0,

1991 Mathematics Subject Classification. 65N06,35K55,35K65,35Q30,76D05,28D20. Key words and phrases. finite difference schemes, quasilinear parabolic systems, cross derivatives, Navier-Stokes equations, invariant domains, entropy. 1

where e_α is the α-th element of the canonical basis of R^d and d is the space dimension. Here we shall assume that κ(U) ≡ 0 since it is a coefficient of a second-order term which does not involve cross derivatives, that are the main concern of this paper. Then the system takes the form (1.1) with the block matrices

(1.6) B^{αβ} =

0 0 0 − A_{αβ} u ρ A_{αβ} ρ 0 − u^tA_{αβ} u ρ u^tA_{αβ} ρ 0 .

A well known computation making use of (1.2)-(1.4) leads to the following additional relation

(1.7) ∂_t [ −ρ ln( p^{1/γ} ρ ) ] + div [ −ρu ln( p^{1/γ} ρ ) ] = −(1 − 1 γ ) 1 T ∑ αβ A_{αβ} ∂_β u∂_αu ≤ 0.

If we denote S = ln(^{p1/γ}_ρ ), we can see that S is the thermodynamic entropy (modulo a multiplicative positive constant), and from (1.7), (1.2) we obtain

(1.8) ∂_tS + u · ∇S = (1 − 1 γ ) 1 p ∑ αβ A_{αβ} ∂_β u∂_αu.

Our main concern in this paper is the problem of how to design good finite difference schemes for systems of the type (1.1) if there are non-zero second-order terms with cross derivatives ∂^2_{αβ} , α ≠ β. The presence of these terms prohibits the use of standard methods like dimensional splitting. Our strategy is then to design real multidimentional methods which contain correctors whose purpose is to stabilize the cross derivative terms. We show that our finite difference schemes preserve physically relevant properties present at the continuous level such as entropy decreasing and invariant regions, related to the entropy equations (1.7) and (1.8) in the case of Navier-Stokes system.

Since our main concern in this paper is related with the second-order space derivatives terms, from now on we shall disregard the terms with first-order space derivatives in (1.1) and consider systems of the type

(1.9) ∂_tU = d∑ α,β=1

∂_α(B^{αβ} (U)∂_β U).

The essence of our method of introducing cross derivatives correctors can be better understood through the following example. We would like to prescribe a finite difference scheme for the simplest parabolic equation presenting cross derivative, namely,

(1.10) ∂_tu = ∂^2_xu + ∂^2_y u + 2∂^2_{xy}u.

One is naturally tempted to try something like

(1.11) u^{n+1}_{ij} = u^n_{ij} + ( σ^{xx}Δ^+_x Δ^−_x + σ^{yy}Δ^+_y Δ^−_y + 1 2 σ^{xy}Δ^0_xΔ^0_y ) u^n_{ij} , where

Δ^+_x u_{ij} = u_{i+1 j} − u_{ij} , Δ^+_y u_{ij} = u_{i j+1} − u_{ij} ,

Δ^−_x u_{ij} = u_{ij} − u_{i−1 j} , Δ^−_y u_{ij} = u_{ij} − u_{i j−1},

Δ^0_xu_{ij} = u_{i+1 j} − u_{i−1 j} , Δ^0_yu_{ij} = u_{i j+1} − u_{i j−1},

σ^{xx} = Δt Δx^2

, σ^{yy} = Δt Δy^2

, σ^{xy} = Δt ΔxΔy . The problem with the above scheme is that it is not monotone due to the presence of the term Δ^0_xΔ^0_yu^n_{ij} which gives rise to the ‘corner’ terms −u^n_{i−1 j+1}, and −u^n_{i+1 j−1} which have ‘bad’ signs and cannot be controlled by the ‘central’ terms appearing in Δ^+_x Δ^−_x u^n_{ij} + Δ^+_y Δ^−_y u^n_{ij} . In particular, it obviously does not satisfy the maximum principle, verified at the continuous level. Therefore, to fix this problem, we propose to add the corrector^1_2 σ^{xy}Δ^+_x Δ^−_x Δ^+_y Δ^−_y u^n_{ij} to the above scheme, hence obtaining the corrected scheme (1.12)

u^{n+1}_{ij} = u^n_{ij} + ( σ^{xx}Δ^+_x Δ^−_x + σ^{yy}Δ^+_y Δ^−_y + 1 2 σ^{xy}Δ^0_xΔ^0_y + 1 2 σ^{xy}Δ^+_x Δ^−_x Δ^+_y Δ^−_y ) u^n_{ij} .

This corrected scheme, evidently still consistent, is now monotone: the bad sign corner terms produced by Δ^0_xΔ^0_yu are now controlled by similar terms appearing from Δ^+_x Δ^−_x Δ^+_y Δ^−_y u now with a good sign; the other terms are controlled by Δ^+_x Δ^−_x u + Δ^+_y Δ^−_y u (by assuming Δx = Δy). We hope this simple example elucidates the very realm of our concern in this paper.

The remaining of the paper is organized as follows. In Section 2, we provide some auxiliary results which will be useful in the next sections. In Section 3, we study the case of quasi-gradient systems and give applications to linear systems, to the Navier-Stokes system with λ = μ and to scalar equations. For the latter, we prove the convergence to a weak entropy solution to (1.9). Then, in Section 4, we analyze implicit schemes for systems like (1.1) in nonconservative form, and apply this analysis to the Navier-Stokes system with λ ≤ μ.

2. Tools for invariant domains and entropy

In this section we state and prove some lemmas which will be used in the next sections in the discussion of invariant domains and entropy stability. We first recall the following result which is a particular case of [6].

Theorem 2.1 ([6]). Let G_i, i = 1, . . . , M, be functions of class C^2 over an open convex domain U ⊆ R^N . Assume that 0 is a regular value for all G_i and Ω = {U ∈ U : G_i(U) < 0, i = 1, . . . , M} is convex, with Ω ⊆ U. Let φ : U → R^N be of class C^2 and such that φ^′(U) is diagonalizable with nonnegative eigenvalues for all U ∈ U and also

(2.1) φ^′(ω)(T_ω(∂Ω)) ⊆ T_ω(∂Ω), ∀ω ∈ ∂Ω,

where, as usual, T_ω(S) denotes the tangent space to S at ω ∈ S. Notice that (2.1) means that ν(ω), the unity outer normal to ∂Ω at ω, is an eigenform of φ^′(ω).

For any ε > 0, denote φ_ε = φ + ε Id, where Id is the identity map, and suppose further that the following two conditions are satisfied:

(P1) If {U_n}_{n∈N} is a sequence in Ω with |U_n| → ∞ then |φ_ε(U_n)| → ∞, (P2) For any vector e ∈ R^N , sup_{U∈Ω} e·U < +∞ implies sup_{U∈Ω} e·φ_ε(U) < +∞.

Then, for all U ∈ Ω and ω ∈ ∂Ω, we have (2.2) ⟨ν(ω), φ(U) − φ(ω)⟩ ≤ 0, where ν(ω) denotes the unity outer normal to ∂Ω at ω.

Remark 2.1. We notice that properties (P1) and (P2) above are trivially satisfied in the case where Ω is compact, recovering a result in [12].

Remark 2.2. As an illustration of a non compact case, take the map φ(u, v) = (u + 1/v, −u + v), in the region Ω = {(u, v) ∈ U : G_1(u, v) < 0, G_2(u, v) < 0}, with U = {(u, v) : v > 0}, G_1(u, v) = −u − log v, G_2(u, v) = −u + log v. We easily verify that condition (2.1) is satisfied and that φ^′(U) is diagonalizable with nonnegative eigenvalues for all U ∈ U. Property (P1) is also immediately verified since |U_n| → ∞ with U_n = (u_n, v_n) ∈ Ω implies 1 ≤ v_n → ∞ and so for the second coordinate of φ + ε Id, namely, φ_{2ε}(u, v) = −u + (1 + ε)v, we have |φ_{2ε}(u_n, v_n)| ≥ (1 + ε)v_n − log v_n → ∞. As for (P2), we observe that sup_{U∈Ω} e · U < +∞, for some vector e = (e_1, e_2) ∈ R^2, implies necessarily that e_2 < 0 so e · φ_ε(U) = e_1(1/v + (1 + ε)u) + e_2(−u + (1 + ε)v) = (e_1u + e_2v) + (e_1(1/v + εu) + e_2(εv + u)) = A(U) + B(U) < +∞, since by assumption A(U) < +∞ and this implies also that B(U) < +∞, because, for U = (u, v) ∈ Ω, we have |u| < log v, so that B(U) < e_2εv + C(log v + 1/v), for a certain C > 0, which is certainly < +∞, for U ∈ Ω. We shall see later on other examples where Ω is not compact.

Remark 2.3. The conclusion of Theorem 2.1 still holds for a map φ : U → R^N that can be written as φ =

∑_R

r=1 α_rφ_r with α_r ≥ 0 and φ_r satisfy the assumptions of Theorem 2.1.

As a consequence of Theorem 2.1 and Remark 2.3 we have the following.

Lemma 2.1. Let U ⊆ R^N and Ω be as in Theorem 2.1. For each J ∈ J, where J is a finite set, let φ_J : U → R^N be maps that can be written as linear combinations with nonnegative coefficients of maps satisfying the same hypotheses as φ in Theorem 2.1. Further, assume that

(2.3) ∑ J∈J φ_J (U) = U, for all U ∈ U.

Then, if U_J ∈ Ω for all J ∈ J, we have

(2.4) ∑ J∈J φ_J (U_J ) ∈ Ω.

Proof. Applying (2.3) and Theorem 2.1, for all ω ∈ ∂Ω, we have

(2.5) ⟨ν(ω), ∑ J∈J φ_J (U_J ) − ω⟩ = ∑ J∈J ⟨ν(ω), φ_J (U_J ) − φ_J (ω)⟩ ≤ 0,

which implies (2.4). □

The following lemma is a discrete version of a result previously established in [1], [2].

Lemma 2.2. Let U ⊆ R^N be an open convex set, and let φ_J : U → R^N be of class C^2, J ∈ J, where J is a finite set. Let η : U → R be of class C^2, convex, and q_J : U → R be such that (2.6) q^′_J (U) = η^′(U)φ^′_J (U) for all U ∈ U, J ∈ J, normalized so that (2.7) ∑ J∈J q_J (0) = η(0).

Assume that each φ_J is η-dissipative in a (not necessarily convex) subset U_{stab} of U, that is, (2.8) D_J (U, V ) := q_J (U) − q_J (V ) − η^′(U)(φ_J (U) − φ_J (V )) ≤ 0, U, V ∈ U_{stab}. Suppose further that (2.9) ∑ J∈J φ_J (U) = U, for all U ∈ U.

Then, if U_J ∈ U_{stab} for all J ∈ J and ∑ J∈J φ_J (U_J ) ∈ U_{stab}, we have

(2.10) η ( ∑ J∈J φ_J (U_J ) ) ≤ ∑ J∈J q_J (U_J ).

Proof. The equations (2.6) and (2.9) imply (2.11) η^′(U) = ∑ J∈J q^′_J (U),

thus with (2.7) it gives (2.12) η(U) = ∑ J∈J q_J (U).

Setting U = ∑ J∈J φ_J (U_J ) and V = U_J in (2.8), we obtain (2.13) q_J (U) − q_J (U_J ) − η^′(U)(φ_J (U) − φ_J (U_J )) ≤ 0, for J ∈ J. Adding these inequalities with J running over J and using (2.9), we find (2.14) ∑ J∈J q_J (U) ≤ ∑ J∈J q_J (U_J ),

and thus with (2.12) we obtain (2.10). □ We also recall the following sufficient condition for dissipativity.

Lemma 2.3 ([1]). Let U ⊆ R^N be open and convex, and assume φ : U → R^N and η : U → R are of class C^2, with η convex, and q : U → R is such that (2.15) q^′(U) = η^′(U)φ^′(U), for all U ∈ U. Assume further that U_{stab} ⊆ U, and that (2.16) φ^′(U)^tη^{′′}(U) is symmetric nonnegative for all U ∈ U_{stab}. Then either of the following implies that φ is η-dissipative in U_{stab}:

(i) η is strictly convex and η^′(U_{stab}) is convex;

(ii) φ is a C^2 diffeomorphism over an open set containing U_{stab}, and φ(U_{stab}) is convex.

The proof is obtained easily by looking at the function ψ(t) = D(U, V (t)), 0 ≤ t ≤ 1, with V (t) defined by η^′(V (t)) = (1−t)η^′(U)+tη^′(V ) in case (i), or φ(V (t)) = (1 − t)φ(U) + tφ(V ) in case (ii). The details can be found in [1].

Remark 2.4. The existence of q such that condition (2.15) holds is equivalent to the property that φ^′(U)^tη^{′′}(U) is symmetric for all U ∈ U. Thus only the nonnegativity is involved in (2.16). In particular, if η is strictly convex (i.e. η^{′′}(U) is positive definite), the symmetry means that φ^′(U) is self-adjoint for the scalar product defined by η^{′′}(U). Thus in this case, condition (2.16) is equivalent to the property that φ^′(U) has nonnegative eigenvalues for U ∈ U_{stab}.

Finally, we shall need the following properties on symmetric bilinear forms.

Lemma 2.4. Let φ, ψ be symmetric bilinear forms over R^p with φ ≥ 0. Assume

(2.17) |ψ(x, x)| ≤ φ(x, x), ∀x ∈ R^p.

Then, for all x, y ∈ R^p, we have

(2.18) |ψ(x, y)| ≤ √ φ(x, x) √ φ(y, y).

Proof. The assumption (2.17) means that φ ± ψ ≥ 0. Thus we have

|ψ(x, y)| ≤ 1 2 |φ(x, y) + ψ(x, y)| + 1 2 |φ(x, y) − ψ(x, y)| ≤ 1 2 √ φ(x, x) + ψ(x, x) √ φ(y, y) + ψ(y, y) + 1 2 √ φ(x, x) − ψ(x, x) √ φ(y, y) − ψ(y, y) ≤ 1 4 ( ε(φ(x, x) + ψ(x, x)) + 1 ε (φ(y, y) + ψ(y, y)) )

+ 1 4 ( ε(φ(x, x) − ψ(x, x)) + 1 ε (φ(y, y) − ψ(y, y)) )

= 1 2 (εφ(x, x) + 1 ε φ(y, y)), ∀ε > 0.

Now, taking ε = √ φ(y, y)/ √ φ(x, x), (2.18) follows. □

Lemma 2.5. Let φ be a symmetric bilinear form over R^p with φ ≥ 0. Let A be a linear operator on R^p and consider the bilinear form

(2.19) ψ(x, y) = φ(x, Ay), x, y ∈ R^p.

If A is diagonalizable with nonnegative eigenvalues and if ψ is symmetric, then ψ is nonnegative.

Proof. Let to the reader. □

3. Explicit conservative schemes for quasi-gradient systems In this section, we consider systems (1.9) where the matrices B^{αβ} (U) have the quasi-gradient form, to be defined below. This form enables to write down flux vector splitting type formulas for our schemes, that are written down in Subsection 3.1. Then we describe some applications. The first one is concerned with linear systems in Subsection 3.2. Then, we focus on the nonlinear Navier-Stokes system when λ = μ in Subsection 3.3, unfortunately we are only able to treat this case by our method. Finally, we analyze the case of the scalar equations in Subsection 3.4.

3.1. A family of schemes for quasi-gradient systems. Systems (1.9) are defined to have the quasi-gradient form if the matrices B^{αβ} (U) in (1.9) are scalar multiples of jacobian matrices of maps Φ_{αβ} : U ⊆ R^N → R^N of class C^3, that is, (3.1) B^{αβ} (U) = μ^{αβ} (U)Φ^′_{αβ} (U), μ^{αβ} ∈ C^2(U). Before writing down our schemes, let us introduce the following notations. For I ∈ Z^d and ϕ : Z^d → R^N , Δ^+_α ϕ_I = ϕ_{I+eα} − ϕ_I , Δ^−_α ϕ_I = ϕ_I − ϕ_{I−eα} ,

(3.2) Δ^0_αϕ_I = ϕ_{I+eα} − ϕ_{I−eα} , where e_α is the α’s basis vector of R^d. We easily deduce the relations Δ^−_α (ν_I′ Δ^+_α ϕ_I ) = ν_I′ ϕ_{I+eα} + ν_I′_{−eα} ϕ_{I−eα} − (ν_I′ + ν_I′_{−eα} )ϕ_I ,

(3.3)

Δ^0_α(ν_I Δ^0_β ϕ_I ) = ν_{I+eα} ϕ_{I+eα+eβ} + ν_{I−eα} ϕ_{I−eα−eβ}

(3.4) − ν_{I+eα} ϕ_{I+eα−eβ} − ν_{I−eα} ϕ_{I−eα+eβ} , Δ^+_α Δ^−_α (ν_I Δ^+_β Δ^−_β ϕ_I ) = Δ^+_α Δ^−_α (ν_I ϕ_{I+eβ} ) + Δ^+_α Δ^−_α (ν_I ϕ_{I−eβ} )

(3.5) − 2Δ^+_α Δ^−_α (ν_I ϕ_I ) = ν_{I+eα} ϕ_{I+eα+eβ} + ν_{I−eα} ϕ_{I−eα+eβ} − 2ν_I ϕ_{I+eβ} + ν_{I+eα} ϕ_{I+eα−eβ} + ν_{I−eα} ϕ_{I−eα−eβ} − 2ν_I ϕ_{I−eβ} − 2ν_{I+eα} ϕ_{I+eα} − 2ν_{I−eα} ϕ_{I−eα} + 4ν_I ϕ_I .

We consider a timestep Δt > 0 and space lengths Δx_1, . . . , Δx_d > 0, and we denote (3.6) σ^{αβ} = Δt Δx_αΔx_β

, α, β = 1, . . . , d.

We consider B^{αβ} (U) satisfying (3.1), such that for some coefficients μ̃^{αβ} (U), α ≠ β, (3.7) μ̃^{αβ} (U) ≥ |μ^{αβ} (U)|, ∀α ≠ β, and (3.8) μ^{αα}(U) ≥ max_{β≠α} μ̃^{αβ} (U), μ̃^{βα}(U), ∀α.

Also, we assume that, for α ≠ β, there exist functions Φ̃_{αβ} : U → R^N such that, for all U ∈ U, (3.9) Φ̃_{αβ} (U) = Φ̃_{βα}(U), ∀α ≠ β, all the Φ^′_{αβ} (U) and Φ̃^′_{αβ} (U) are simultaneously symmetrizable, that is, there exists a scalar product in R^N , ( | )_U , depending on U, for which they are self-adjoint, and (3.10) Φ̃^′_{αβ} (U) ≥ ±Φ^′_{αβ} (U), ∀α ≠ β, and also (3.11) σ^{αα}Φ^′_{αα}(U) ≥ ∑ β≠α

σ^{αβ}Φ̃^′_{αβ} (U), ∀α,

where the inequalities in (3.10) and (3.11) are understood in the sense of self-adjoint operators. We notice that these inequalities are independent of the choice of the particular symmetrizing scalar product. Finally, we assume the following CFL condition,

(3.12) Id − ∑ α 2σ^{αα}μ̄^{αα}Φ^′_{αα} + ∑ α,β α≠β

σ^{αβ}μ̃^{αβ}Φ̃^′_{αβ} ≥ 0,

where μ^{αβ}_I = μ^{αβ} (U^n_I ) and

μ̄^{αα} = sup_{I∈Zd} μ^{αα}_I , and μ̃^{αβ} = inf_{I∈Zd} μ̃^{αβ}_I .

We propose the following discretization for (1.9),

U^{n+1}_I = U^n_I + ∑ α σ^{αα}Δ^−_α μ^{αα}_{I+eα/2}Δ^+_α Φ_{αα}(U^n_I )

(3.13) + ∑ α,β α≠β

σ^{αβ} 4 Δ^0_αμ^{αβ}_I Δ^0_β Φ_{αβ} (U^n_I ) + ∑ α,β α≠β

σ^{αβ} 4 Δ^+_α Δ^−_α μ̃^{αβ}_I Δ^+_β Δ^−_β Φ̃_{αβ} (U^n_I ),

where

(3.14) μ^{αα}_{I+eα/2} = 1 2 (μ^{αα}_I + μ^{αα}_{I+eα} ).

Then according to (3.1) this is obviously a conservative consistent second-order in space scheme for (1.9), and we have the following stability results.

Theorem 3.1. Let U, Ω satisfy the hypotheses of Theorem 2.1 and Φ_{αβ} , Φ̃_{αβ} : U → R^N be of class C^2 and satisfy (3.7)-(3.12), and (2.1) for all α, β. Further, assume that the maps

(3.15)

Φ̃_{αβ} ± Φ_{αβ} , Ψ_α := σ^{αα}Φ_{αα} − ∑ β≠α

σ^{αβ}Φ̃_{αβ} ,

Ψ := Id − ∑ α 2σ^{αα}μ̄^{αα}Φ_{αα} + ∑ α,β α≠β

σ^{αβ}μ̃^{αβ}Φ̃_{αβ}

satisfy properties (P1) and (P2) of Theorem 2.1.

Then Ω is an invariant domain for (3.13), that is, if U^n_I ∈ Ω, for all I ∈ Z^d, then U^{n+1}_I ∈ Ω, for all I ∈ Z^d.

Theorem 3.2. Let U ⊆ R^N be open and convex, and Φ_{αβ} , Φ̃_{αβ} : U → R^N be of class C^2 and satisfy (3.7)-(3.12). Assume η : U → R is convex and C^2, and that there exist functions q_{αβ} and q̃_{αβ} satisfying (2.6) with φ_J replaced by Φ_{αβ} and Φ̃_{αβ} , respectively. Further, assume that the maps

(3.16)

Φ̃_{αβ} ± Φ_{αβ} , Ψ_α := σ^{αα}Φ_{αα} − ∑ β≠α

σ^{αβ}Φ̃_{αβ} ,

Ψ := Id − ∑ α 2σ^{αα}μ̄^{αα}Φ_{αα} + ∑ α,β α≠β

σ^{αβ}μ̃^{αβ}Φ̃_{αβ}

are η-dissipative in U_{stab} ⊆ U, and that U^n_I ∈ U_{stab} for I ∈ Z^d and U^{n+1}_I ∈ U_{stab}.

Then we have the discrete entropy inequality

η(U^{n+1}_I ) ≤ η(U^n_I ) + ∑ α σ^{αα}Δ^−_α μ^{αα}_{I+eα/2}Δ^+_α q_{αα}(U^n_I )

(3.17) + ∑ α,β α≠β

σ^{αβ} 4 Δ^0_αμ^{αβ}_I Δ^0_β q_{αβ} (U^n_I ) + ∑ α,β α≠β

σ^{αβ} 4 Δ^+_α Δ^−_α μ̃^{αβ}_I Δ^+_β Δ^−_β q̃_{αβ} (U^n_I ).

Proof of Theorem 3.1. We are going to apply Lemma 2.1. By collecting the terms corresponding to the argument U^n_J for each relevant J, the scheme (3.13) can be written as

(3.18) U^{n+1}_I = ∑ J∈J φ_J (U^n_J ), J = {I, I±e_α, I±e_α ±e_β ; α, β = 1, . . . , d, α ≠ β}.

First of all, we remark that for any U,

(3.19) U = ∑ J∈J φ_J (U),

this follows from the property that if U^n_I is constant, then U^{n+1}_I also takes the same value. In order to obtain our result by applying Lemma 2.1, we just have to prove that each of the φ_J can be written as a linear combination with nonnegative coefficients of maps satisfying the same hypotheses as φ in Theorem 2.1. By assumption, the maps Φ̃_{αβ} ± Φ_{αβ} , Ψ_α and Ψ satisfy the hypotheses of Theorem 2.1. Let us first remark that Φ̃_{αβ} and Φ_{αα} are linear combination with nonnegative coefficients of these maps,

(3.20)

Φ̃_{αβ} = 1 2 (Φ̃_{αβ} + Φ_{αβ} ) + 1 2 (Φ̃_{αβ} − Φ_{αβ} ),

Φ_{αα} = 1 σ^{αα}

Ψ_α + ∑ β≠α

σ^{αβ}Φ̃_{αβ} .

Then, for J = I, we have according to (3.3)-(3.5)

(3.21) φ_I (U) = U − ∑ α σ^{αα}(μ^{αα}_{I−eα/2} + μ^{αα}_{I+eα/2})Φ_{αα}(U) + ∑ α,β α≠β

σ^{αβ}μ̃^{αβ}_I Φ̃_{αβ} (U),

thus φ_I = Ψ + ∑ α C^αΦ_{αα} + ∑ α≠β D

αβΦ̃_{αβ} for some Cα ≥ 0 and Dαβ ≥ 0, and φ_I admits a decomposition as asserted. Similarly, for J = I ± e_α, from (3.3)-(3.5) we obtain

(3.22) φ_{I±eα} = σ^{αα}μ^{αα}_{I±eα/2}Φ_{αα} − ∑ β≠α

σ^{αβ} 2 (μ̃^{αβ}_{I±eα}Φ̃_{αβ} + μ̃^{βα}_I Φ̃_{βα})

= μ^{αα}_{I±eα/2}Ψ_α + ∑ β≠α

σ^{αβ} 2 (2μ^{αα}_{I±eα/2} − μ̃^{αβ}_{I±eα} − μ̃^{βα}_I )Φ̃_{αβ} , which shows according to (3.14), (3.8) that φ_{I±eα} also admits a decomposition as asserted. Now, for J = I ± e_α ± e_β , α ≠ β, we have

φ_{I+eα+eβ} = σ^{αβ} 4 ( μ^{αβ}_{I+eα} Φ_{αβ} + μ^{βα}_{I+eβ} Φ_{βα} + μ̃^{αβ}_{I+eα}Φ̃_{αβ} + μ̃^{βα}_{I+eβ} Φ̃_{βα} ) , (3.23)

φ_{I−eα−eβ} = σ^{αβ} 4 ( μ^{αβ}_{I−eα} Φ_{αβ} + μ^{βα}_{I−eβ} Φ_{βα} + μ̃^{αβ}_{I−eα}Φ̃_{αβ} + μ̃^{βα}_{I−eβ} Φ̃_{βα} ) , (3.24)

φ_{I−eα+eβ} = σ^{αβ} 4 ( −μ^{αβ}_{I−eα} Φ_{αβ} − μ^{βα}_{I+eβ} Φ_{βα} + μ̃^{αβ}_{I−eα}Φ̃_{αβ} + μ̃^{βα}_{I+eβ} Φ̃_{βα} ) , (3.25)

φ_{I+eα−eβ} = σ^{αβ} 4 ( −μ^{αβ}_{I+eα} Φ_{αβ} − μ^{βα}_{I−eβ} Φ_{βα} + μ̃^{αβ}_{I+eα}Φ̃_{αβ} + μ̃^{βα}_{I−eβ} Φ̃_{βα} ) . (3.26)

Using (3.7) and (3.10) it is easy to obtain the asserted decompositions for each of the four maps above. This concludes the proof of Theorem 3.1. □

Proof of Theorem 3.2. This is obtained very much like the previous one except that now we apply Lemma 2.2. Indeed, the decomposition (3.18) is still valid with (3.21), (3.22) and (3.23)-(3.26). The property (3.19) holds also, thus we only have to check that each φ_J is η-dissipative in U_{stab}. Since the φ_J are linear combinations with nonnegative coefficients of the maps Φ̃_{αβ} ± Φ_{αβ} , Ψ_α and Ψ that are η-dissipative in U_{stab} by assumption, the hypotheses of Lemma 2.2 are satisfied, and (2.10) (or more precisely (2.14) if (2.7) fails) translates into (3.17), which proves the result. □

To finish this subsection we make the link of our conditions (3.1), (3.9)-(3.12) with sharp conditions for invariance in the continuous case [4],[11] for equation (1.9). Our conditions indeed imply the (degenerate) parabolicity of (1.9), and the B-convexity of the functions G_i.

Lemma 3.1. Assume the hypotheses of Theorem 3.1 are satisfied. Then, for all U ∈ U we have

(3.27) ∑ αβ ξ_αξ_β B^{αβ} (U) ≥ 0 ∀ξ ∈ R^d,

in the sense of the symmetrizing scalar product, where B^{αβ} is defined by (3.1). Moreover, for all ω ∈ ∂Ω, and a_1, . . . , a_d ∈ T_ω(∂Ω), we have

(3.28) ∑ α,β G_i^{′′}(ω)(a_α, B^{αβ} (ω)a_β ) ≥ 0.

Proof. With (3.7)-(3.11) and noticing that (σ^{αβ} )^2 = σ^{αα}σ^{ββ} , we compute omitting the argument U to simplify ∑ αβ ξ_αξ_β B^{αβ} = ∑ α ξ^2_αμ^{αα}Φ^′_{αα} + ∑ α≠β

ξ_αξ_β μ^{αβ} Φ^′_{αβ}

≥ ∑ α ξ^2_αμ^{αα}Φ^′_{αα} − ∑ α≠β 1 2 ( σ^{αβ} σ^{αα} ξ^2_α + σ^{αβ} σ^{ββ} ξ^2_β )μ̃^{αβ}Φ̃^′_{αβ}

≥ ∑ α ξ^2_αμ^{αα}Φ^′_{αα} − ∑ α≠β 1 2 ( σ^{αβ} σ^{αα} ξ^2_αμ^{αα} + σ^{αβ} σ^{ββ} ξ^2_β μ^{ββ} )Φ̃^′_{αβ}

= ∑ α ξ^2_αμ^{αα}Φ^′_{αα} − ∑ α≠β

σ^{αβ} σ^{αα} ξ^2_αμ^{αα}Φ̃^′_{αβ}

= ∑ α ξ^2_αμ^{αα} σ^{αα} σ^{αα}Φ^′_{αα} − ∑ β,β≠α

σ^{αβ}Φ̃^′_{αβ}

≥ 0.

Then, for the second property, notice that since Ω is convex, we have G_i^{′′}(ω)(a, a) ≥ 0 for any a ∈ T_ω(∂Ω). The assumptions (2.1) for Φ^′_{αβ} (ω) and Φ̃^′_{αβ} (ω) means that T_ω(∂Ω) is stable by any Φ^′(ω) for Φ = Φ_{αβ} or Φ = Φ̃_{αβ} . In other words,

(3.29) G^′_i(ω)Φ^′(ω) = p_i(ω)G^′_i(ω) for all ω ∈ ∂Ω,

for some scalar p_i(ω). Differentiating this identity leads to

(3.30) G^{′′}_i (ω)dω · Φ^′(ω) + G^′_i(ω)Φ^{′′}(ω)dω = p^′_i(ω)dω G^′_i(ω) + p_i(ω)G^{′′}_i (ω)dω,

and therefore

(3.31) G^{′′}_i (ω)(a, Φ^′(ω)b) + G^′_i(ω)Φ^{′′}(ω)(a, b) = p_i(ω)G^{′′}_i (ω)(a, b), a, b ∈ T_ω(∂Ω).

In particular, we deduce the symmetry condition

(3.32) G_i^{′′}(ω)(a, Φ^′(ω)b) = G_i^{′′}(ω)(b, Φ^′(ω)a) for all ω ∈ ∂Ω, a, b ∈ T_ω(∂Ω).

This enables to use Lemmas 2.4 and 2.5 (recall that the restriction to a stable subspace of a diagonalizable operator is also diagonalizable). With (3.7)-(3.11), we compute (omitting the argument ω to simplify) ∑ α,β G_i^{′′}(a_α, B^{αβ} a_β ) = ∑ α G_i^{′′}(a_α, B^{αα}a_α) + ∑ α≠β

G_i^{′′}(a_α, μ^{αβ} Φ^′_{αβ} a_β ) ≥ ∑ α G_i^{′′}(a_α, B^{αα}a_α) − ∑ α≠β ( G_i^{′′}(a_α, μ̃^{αβ}Φ̃^′_{αβ} a_α)

)_{1/2} ( G_i^{′′}(a_β , μ̃^{αβ}Φ̃^′_{αβ} a_β )

)_{1/2}

≥ ∑ α G_i^{′′}(a_α, B^{αα}a_α) − 1 2 ∑ α≠β [ σ^{αβ} σ^{αα}

G_i^{′′}(a_α, μ̃^{αβ}Φ̃^′_{αβ} a_α)

+ σ^{αβ} σ^{ββ}

G_i^{′′}(a_β , μ̃^{αβ}Φ̃^′_{αβ} a_β ) ]

≥ ∑ α G_i^{′′}(a_α, μ^{αα}Φ^′_{αα}a_α) − ∑ α≠β

σ^{αβ} σ^{αα} μ^{αα}G_i^{′′}(a_α, Φ̃^′_{αβ} a_α)

= ∑ α μ^{αα}G_i^{′′} a_α, Φ^′_{αα}a_α − ∑ β,β≠α

σ^{αβ} σ^{αα}

Φ̃^′_{αβ} a_α ≥ 0,

which is the desired inequality. □

Remark 3.1. Following the same argument, one easily proves that for all U ∈ U

(3.33) ∑ αβ ( V_α|B^{αβ} (U)V_β ) U ≥ 0 ∀ V_1, . . . , V_d ∈ R^N ,

which is stronger than (3.27) (take V_α = ξ_αV for any V ∈ R^N ). The inequality (3.33) is also valid in case of Theorem 3.2, with (|)_U defined by η^{′′}(U). This ensures the entropy inequality

(3.34) ∂_tη(U) − d∑ α,β=1

∂_α(η^′(U)B^{αβ} (U)∂_β U) ≤ 0,

for any suitable solution to (1.9).

Remark 3.2. The assumption of simultaneous symmetrizability of the B^{αβ} is quite restrictive for applications (as we see in Subsection 3.3). A more natural assumption would be that (B^{αβ} )^∗ = B^{βα}, where the adjoint is with respect to some scalar product (|)_U depending on U.

3.2. Linear systems. The most simple case of a quasi-gradient system is that of a linear system with constant coefficients. In this case (1.9) may be written as

(3.35) ∂_tU = d∑ α,β=1

B^{αβ} ∂^2_{αβ} U,

where B^{αβ} are constant matrices. Then, it is not restrictive to assume that

(3.36) B^{αβ} = B^{βα},

and the quasi-gradient form (3.1) is obviously satisfied with μ^{αβ} = 1 and Φ_{αβ} (U) = B^{αβ} U. Let us now write down the assumptions of Subsection 3.1. We take μ̃^{αβ} = 1, thus we have to assume that there exist matrices B̃^{αβ} , α ≠ β, satisfying

B̃^{αβ} = B̃^{βα} ∀α ≠ β, (3.37)

the matrices B^{αβ} and B̃^{αβ} are simultaneously symmetrizable and

B̃^{αβ} ≥ ±B^{αβ} ∀α ≠ β, (3.38)

σ^{αα}B^{αα} ≥ ∑ β≠α

σ^{αβ}B̃^{αβ} , ∀α,

(3.39)

and the CFL condition ∑ α 2σ^{αα}B^{αα} ≤ Id + ∑ α,β α≠β

σ^{αβ}B̃^{αβ} .

(3.40)

Notice that the optimal choice for (3.38) is B̃^{αβ} = |B^{αβ} |, which gives the main stability condition

(3.41) σ^{αα}B^{αα} ≥ ∑ β≠α

σ^{αβ} |B^{αβ} | ∀α.

We then have the following discretization for (3.35), U^{n+1}_I = U^n_I + ∑ α σ^{αα}B^{αα}Δ^−_α Δ^+_α U^n_I

(3.42) + ∑ α,β α≠β

σ^{αβ} 4 B^{αβ} Δ^0_αΔ^0_β U^n_I + ∑ α,β α≠β

σ^{αβ} 4 B̃^{αβ} Δ^+_α Δ^−_α Δ^+_β Δ^−_β U^n_I .

Denote by (U|V ) the scalar product symmetrizing all the B^{αβ} and B̃^{αβ} for all α, β (i.e. these operators are self-adjoint for this scalar product), and define |U|^2 = (U|U). Theorem 3.2 implies the following stability property for the scheme (3.42), (3.43) ∑ I∈Z^d

|U^{n+1}_I |^2 ≤ ∑ I∈Z^d

|U^n_I |^2.

Indeed, if we set η(U) = |U|^2/2, q_{αβ} (U) = (U|B^{αβ} U)/2 and q̃_{αβ} (U) = (U|B̃^{αβ} U)/2, we see that these functions satisfy the hypotheses of Theorem 3.2, where (3.37)- (3.40) correspond to (3.9)-(3.12). Thus we get η(U^{n+1}_I ) ≤ η(U^n_I ) + ∑ α σ^{αα}Δ^−_α Δ^+_α q_{αα}(U^n_I ) + ∑ α,β α≠β

σ^{αβ} 4 Δ^0_αΔ^0_β q_{αβ} (U^n_I ) + ∑ α,β α≠β

σ^{αβ} 4 Δ^+_α Δ^−_α Δ^+_β Δ^−_β q̃_{αβ} (U^n_I ),

(3.44)

and summing up over all I ∈ Z^d we immediately obtain (3.43).

It is also interesting to notice that the scheme (3.42) defines a self-adjoint operator (U^n_I )_I → (U^{n+1}_I )_I with respect to the scalar product induced by (|). To see that, we compute ∑ I ∑ α (σ^{αα}B^{αα}Δ^−_α Δ^+_α U_I |V_I ) = ∑ I ∑ α (U_I |σ^{αα}B^{αα}Δ^−_α Δ^+_α V_I ), ∑ I ∑ α,β α≠β ( σ^{αβ} 4 B^{αβ} Δ^0_αΔ^0_β U_I |V_I ) = ∑ I ∑ α,β α≠β

(U_I | σ^{αβ} 4 B^{αβ} Δ^0_αΔ^0_β V_I ), ∑ I ∑ α,β α≠β ( σ^{αβ} 4 B̃^{αβ} Δ^+_α Δ^−_α Δ^+_β Δ^−_β U_I |V_I ) = ∑ I ∑ α,β α≠β

(U_I | σ^{αβ} 4 B̃^{αβ} Δ^+_α Δ^−_α Δ^+_β Δ^−_β V_I ),

where we have omitted the superscript n, and thus we conclude that (3.45) ∑ I (U^{n+1}_I |V_I ) = ∑ I (U_I |V^{n+1}_I ),

which proves the assertion.

Remark 3.3. The main stability condition (3.41) that we have to assume within our approach does not allow to treat all parabolic systems. In order to see this, consider the case d = 2 with U scalar. Then B^{αβ} ∈ R for α, β = 1, 2, and the degenerate parabolic nature of (1.9) writes (3.46) B^{11} ≥ 0, B^{22} ≥ 0, (B^{12})^2 ≤ B^{11}B^{22}, while (3.41) writes (3.47) σ^{11}B^{11} ≥ σ^{12}|B^{12}|, σ^{22}B^{22} ≥ σ^{12}|B^{12}|.

Obviously (3.47) implies (3.46) since (σ^{12})^2 = σ^{11}σ^{22}. In case σ^{11}B^{11} = σ^{22}B^{22} the two sets of conditions are equivalent, otherwise not. One could argue then that we can satisfy this relation by choosing the suitable ratio Δx_1/Δx_2. But this is not possible in the nonlinear case when B^{αβ} (U) depend on U.

3.3. Navier-Stokes equations: case λ = μ. When λ = μ the system of Navier- Stokes equations (1.2)-(1.5) becomes a quasi-gradient system. Indeed, in this case the matrices A_{αβ} are symmetric and yet A_{αβ} = A_{βα}, for all α, β, namely, (3.48) A_{αβ} (U) = μ(U)(δ_{αβ} Id +e_α ⊗ e_β + e_β ⊗ e_α) ≡ μ(U)Λ_{αβ} . Therefore, we have

(3.49) B^{αβ} (U) = μ(U)

0 0 0 −^{Λαβ u}_ρ^{Λαβ}_ρ 0 −^{utΛαβ u}_ρ^{utΛαβ}_ρ 0 , and it is not difficulty to see that (3.50) B^{αβ} (U) = μ(U)Φ^′_{αβ} (U), with

(3.51) Φ_{αβ} (U) = 0 Λ_{αβ} u 1 2 u^tΛ_{αβ} u . We then define, for α ≠ β,

(3.52) Φ̃_{αβ} (U) = 0 Λ̃_{αβ} u 1 2 u^tΛ̃_{αβ} u , with (3.53) Λ̃_{αβ} = e_α ⊗ e_α + e_β ⊗ e_β . We take U = {(ρ, q, E) ∈ R^{d+2} : ρ > 0, E > |q|^2/2ρ}, and (3.54) Ω = {U ∈ U : 0 < ρ_∗ < ρ < ρ^∗, S > S_0}. We recall that, as a function of (ρ, q, E), S is given by

(3.55) S = 1 γ ln ( 2Eρ − |q|^2 2ρ^{γ+1}/(γ − 1) ) . By taking G = −S+S_0, we see that U and Ω satisfy the assumptions of Theorem 2.1, indeed it is well known (see [11]) that the functions G defined in this way are quasiconvex, that is, the regions S ≥ S_0 are convex, S_0 ∈ R.

We assume that 0 ≤ μ_∗ ≤ μ(U) ≤ μ^∗ < +∞, for U ∈ Ω, for some numbers μ_∗, μ^∗, and we take μ^{αβ} = μ̃^{αβ} = μ.

Lemma 3.2. Let Λ be a d × d matrix, and define the (d + 2) × (d + 2) matrix

(3.56) Q_Λ =

0 0 0 −Λu Λ 0 −u^tΛu u^tΛ 0 , for some u ∈ R^d. Then, Q^∗_Λ = Q_Λt , where the adjoint is with respect to the scalar product defined by the (d + 2) × (d + 2) positive definite symmetric matrix (3.57) C = a f^t_1f_1 + b f^t_2f_2 + c M^tM, with a, b, c > 0 and

(3.58) f_1 = (1, 0, 0) , f_2 = ( |u|^2/2, −u^t, 1 ) , M = (−u, Id_d, 0) .

In particular, if Λ^t = Λ, Q_Λ is self-adjoint, thus is diagonalizable with eigenvalues those of Λ to which we add twice the value 0. Moreover, Q_Λ is nonnegative (for the scalar product defined by C) if and only if Λ is nonnegative (for the usual scalar product).

Proof. The required identity Q^∗_Λ = Q_Λt means that Q^t_ΛC = CQ_Λt . Let us check this relation for each of the matrices f^t_1f_1, f^t_2f_2, and M^tM of the decomposition (3.57). Indeed Q^t_Λf^t_1 = 0 for any Λ, thus by transposition and changing Λ into Λ^t we have f_1Q_Λt = 0, which proves the first identity. The same cancellation occurs for f_2, and finally since

(3.59) M^tM =

|u|^2 −u^t 0 −u Id_d 0 0 0 0 , we get

(3.60) Q^t_ΛM^tM = M^tMQ_Λt = u^tΛ^tu −u^tΛ^t 0 −Λ^tu Λ^t 0 0 0 0 . The remaining assertions are trivial. □

By applying the lemma, we deduce that Φ^′_{αβ} and Φ̃^′_{αβ} are simultaneously symmetrizable, and we can translate the nonnegativity conditions (3.10)-(3.12) into

(3.61) Λ̃_{αβ} ± Λ_{αβ} ≥ 0, σ^{αα}Λ_{αα} − ∑ β≠α

σ^{αβ}Λ̃_{αβ} ≥ 0,

(3.62) ρ Id_d − ∑ α 2σ^{αα}μ̄^{αα}Λ_{αα} + ∑ α,β α≠β

σ^{αβ}μ̃^{αβ}Λ̃_{αβ} ≥ 0.

Because of the choice (3.53), the first condition in (3.61) is satisfied. Let us take σ^{αβ} = σ, for all α, β. Then the second condition reduces to Id +2e_α ⊗ e_α − ∑ β≠α(eα ⊗ eα + eβ ⊗ eβ ) ≥ 0, i.e. (4 − d)eα ⊗ eα ≥ 0. Therefore, it is satis-

fied if d ≤ 4. The last condition (3.62) holds if σ is sufficiently small.

Then, we have to check condition (2.1). For ω ∈ ∂Ω, according to (3.54) the normal ν(ω) is either proportional to ρ^′(U) or to S^′(U). We compute

(3.63) ρ^′(U) = (1, 0, 0), S^′(U) = h(U)(□, −u^t, 1),

where h(U) > 0 and the form of □ is immaterial. Thus for any Λ we have ν(ω)Q_Λ = 0, and in particular ν(ω)Φ^′_{αβ} = ν(ω)Φ̃^′_{αβ} = 0. This proves that (2.1) holds for all functions Φ_{αβ} and Φ̃_{αβ} .

We can also easily verify that the functions Φ̃_{αβ} ±Φ_{αβ} , Ψ_α and Ψ satisfy properties (P1) and (P2). Indeed, property (P1) follows in all cases because, after adding ε Id to these maps, the last coordinate of the resulting maps equals εE plus a nonnegative term. Since |U_n| → ∞, with U_n ∈ Ω, implies E_n → ∞, property (P1) is verified for all the maps +ε Id, as required. Property (P2) follows in a similar manner once we observe that if e ∈ R^{d+2} is such that sup_{U∈Ω} e · U < +∞, then, necessarily, e_{d+2} < 0. This finishes the checking of the assumptions of Theorem 3.1. Concerning Theorem 3.2, define (3.64) η(U) = −ρS, where S is given in (3.55). It is well-known that η is strictly convex over U, and since η^′(U) is a combination of ρ^′(U) and S^′(U) computed in (3.63), we see as above that (3.65) η^′(U)Φ^′_{αβ} (U) = η^′(U)Φ̃^′_{αβ} (U) = 0, ∀α, β.

Therefore, the condition (2.6) is satisfied for Φ_{αβ} and Φ̃_{αβ} , with q_{αβ} = q̃_{αβ} = 0 for all α, β. The maps Φ̃_{αβ} ± Φ_{αβ} , Ψ_α and Ψ are η-dissipative in U_{stab} (take U_{stab} = Ω for example), a typical computation is (3.66)

D_{Φ̃αβ} (U, V ) = −η^′(U)(Φ̃_{αβ} (U) − Φ̃_{αβ} (V )) = − 1 2 ρh(U)(u − v)^tΛ̃_{αβ} (u − v) ≤ 0.

Collecting all the above facts, Theorems 3.1 and 3.2 can be applied, and we get the following.

Theorem 3.3. Consider the scheme (3.13) applied to the system (1.2)-(1.5) where we remove the hyperbolic part on the left-hand side, with κ ≡ 0, λ = μ and d ≤ 4, where Φ_{αβ} and Φ̃_{αβ} are given by (3.51) and (3.52), and σ^{αβ} = σ for all α, β, with σ > 0 sufficiently small so that (3.62) holds. Then, the domains S ≥ S_0 are invariant, for any S_0 ∈ R, and for η(U) given by (3.64) we have (3.67) η(U^{n+1}_I ) ≤ η(U^n_I ).

We remark that since ρ^{n+1}_I = ρ^n_I , the inequality (3.67) becomes S^{n+1}_I ≥ S^n_I . In the present case of the Navier-Stokes system, the entropy inequality and the invariance of the domains S ≥ S_0 are strongly correlated.

3.4. Scalar equations. In the case where (1.9) is a scalar equation we may write it in the form (3.68) ∂_tU = ∑ α,β ∂^2_{αβ} Φ_{αβ} (U),

where Φ_{αβ} are real valued smooth functions. Clearly, we may assume (3.69) Φ_{αβ} = Φ_{βα}.

Therefore, we are in the case of a quasi-gradient system, with μ^{αβ} ≡ 1. We then take also μ̃^{αβ} ≡ 1, and we assume that there exist Φ̃_{αβ} satisfying (3.9)-(3.11), where the σ^{αβ} are chosen so that (3.12) is satisfied.

From the proof of Theorem 3.1 we see that, in the present scalar case, (3.13) defines a monotone scheme, that is, if we write (3.70) U^{n+1}_I = G [(U^n_J )_{J∈J}] , then the function G [(U_J )_{J∈J}] is a monotone nondecreasing function of each argument U_J , J ∈ J. Following [5] we also write (3.70) in the form

(3.71) U^{n+1} =^⇀G(U^n), where U^n = (U^n_I )_{I∈Z}d . The following properties easily follow from monotonicity (see [5], Proposition 3.1).

Proposition 3.1 ([5]). The operator U →^⇀G(U) defined above has the following properties:

(1) U ≤ V (i.e. U_I ≤ V_I for all I ∈ Z^d) implies^⇀G(U) ≤^⇀G(V ); (2) inf_{J∈Z}d U_J ≤^⇀G(U)_I ≤ sup_{J∈Z}d U_J , for all I ∈ Z^d; (3) ‖^⇀G(U) −^⇀G(V )‖_L1_{(Δ)} ≤ ‖U − V ‖_L1_{(Δ)}, if U, V ∈ L^1(Δ); (4) ‖^⇀G(U)‖_{BV (Δ)} ≤ ‖U‖_{BV (Δ)}. Here, following [5], we denote (3.72) ‖U‖_L1_{(Δ)} := ∑ I∈Z^d

|U_I |Δ_1 . . . Δ_d,

U ∈ L^1(Δ) if the above sum is finite, and

(3.73) ‖U‖_{BV (Δ)} := d∑ α=1 1 Δx_α

‖Δ^+_α U‖_L1_{(Δ)}.

We recall the following variant of Kružkov’s [9] L^1 time continuity lemma (see e.g. [7, 8, 9] for a proof).

Lemma 3.3. Let Ω be an open subset of R^d and assume that there exist positive constants c_1, c_2 and c_3 such that the function U : [0, T ] × Ω → R satisfies ‖U(t, ·)‖_L∞_{(Ω)} ≤ c_1 and TV_Ω(U(t, ·)) ≤ c_2 for all t ∈ [0, T ], and that U is weakly Lipschitz continuous with respect to t in the sense that | | ∫ Ω ( U(t_2, x) − U(t_1, x) ) ϕ(x) dx | | ≤ c_3(t_2 − t_1) ∑ |γ|≤m

‖∂^γ ϕ‖_L∞_{(Ω)},

(3.74)

for all ϕ ∈ C^m_c (Ω), 0 ≤ t_1 ≤ t_2 ≤ T , where we have used the multi-indice notation γ = (γ_1, . . . , γ_d), |γ| = γ_1 + · · · + γ_d, ∂^γ = ∂^{γ1}_1 . . . ∂^{γd}_d . Then there exits a constant C, depending in particular on c_1, c_2 and c_3, such that the following L^1 time Hölder continuity holds: ‖ ‖U(t_2, ·) − U(t_1, ·) ‖ ‖_{L1(Ω)} ≤ C(t_2 − t_1)^{1/(m+1)}, 0 ≤ t_1 ≤ t_2 ≤ T.

(3.75)

Together with (3.68) we consider an initial condition (3.76) U(t, x)|_{t=0} = U_0(x), x ∈ R^d, with (3.77) U_0 ∈ L^∞ ∩ L^1(R^d). We then consider the scheme (3.13) with

(3.78) U^0_I = 1 |R_I | ∫ R_I

U_0(x) dx, I = (I_1, . . . , I_d) ∈ Z^d,

where (3.79) R_I := Π^d_{α=1}((I_α − 1/2)Δx_α, (I_α + 1/2)Δx_α). All the above discussion on the application of the scheme (3.13) to the scalar equation (3.68) leads to the following result.

Theorem 3.4. Consider the scalar equation (3.68) with the symmetry condition (3.69), and assume there exist Φ̃_{αβ} satisfying (3.9)-(3.11), where the coefficients σ^{αβ} = Δt/(Δx_αΔx_β ) are chosen so that (3.12) is satisfied, and μ^{αβ} = μ̃^{αβ} ≡ 1. Let the scheme (3.13) be applied to (3.78)-(3.79), and define

(3.80) U^{Δt}(t, x) := t_{n+1} − t Δt U^n_I + t − t_n Δt U^{n+1}_I , t ∈ [t_n, t_{n+1}), x ∈ R_I , I ∈ Z^d.

Then, as Δt, Δx_α → 0, α = 1, . . . , d, we have up to a subsequence U^{Δt}(t, x) → U(t, x) in C([0, T ], L^1_{loc}(R^d)) for any T > 0. The limit U(t, x) is a weak entropy solution to (3.68), (3.76), that is, it satisfies (3.68) in the sense of distributions, U(t, ·) → U_0(·) in L^1_{loc}(R^d) as t → 0, and it satisfies the entropy inequalities

(3.81) ∂_t (η(U)) − ∑ α,β ∂^2_{αβ} (q_{αβ} (U)) ≤ 0,

for any η convex and C^2, with q^′_{αβ} = η^′Φ^′_{αβ} .

Proof. Because of Proposition 3.1 (3), it suffices to consider the case where U_0 ∈ BV (R^d). Indeed, any U_0 ∈ L^1 ∩L^∞(R^d) may be arbitrarily approximated in L^1(R^d) by functions U^n_0 ∈ BV (R^d), and thus the corresponding U^{n,Δt} will be arbitrarily close to U^{Δt}. Therefore, let us assume U_0 ∈ BV (R^d). Then, (4) of Proposition 3.1 implies that T V_x[U^{Δt}(t, ·)] ≤ T V [U_0], for all t > 0. We observe that (3.13) allows to obtain (3.74) with m = 2. Hence, Lemma 3.3 implies that U^{Δt} satisfies (3.75), with m = 2 and C independent of Δt. We therefore conclude the compactness of U^{Δt} in C([0, T ], L^1_{loc}(R^d)), and after extraction of a subsequence, U^{Δt}(t, x) → U(t, x) in C([0, T ], L^1_{loc}(R^d)) for any T > 0. Then, given ϕ ∈ C^∞_0 ((0, ∞) × R^d), let

(3.82) ϕ^n_I := 1 Δt|R_I | ∫ (t_n,t_{n+1})×R_I

ϕ(t, x) dt dx.

As usual, multiplying (3.13) by ϕ^n_I , summing for I ∈ Z^d, n ∈ N, dividing by Δt, applying summation by parts, we obtain ∑ I,n U^n_I ϕ^n_I − ϕ^{n−1}_I Δt + ∑ I,n ∑ α Φ_{αα}(U^n_I )

Δ^+_α Δ^−_α ϕ^n_I (Δx_α)^2 + ∑ I,n ∑ α≠β

Φ_{αβ} (U^n_I )

Δ^0_αΔ^0_β ϕ^n_I 4Δx_αΔx_β + ∑ I,n ∑ α≠β

Φ̃_{αβ} (U^n_I ) Δ^{+α} Δ^{−α} Δ + β Δ^−_β ϕ^n_I 4Δx_αΔx_β

= 0.

Multiplying the above equation by ΔtΔx_1 . . . Δx_d, using obvious approximations for ϕ, and denoting h = max_α Δx_α, we obtain

(3.83) ∫ (0,∞)×R^d

{U^{Δt}ϕ_t + ∑ α,β Φ_{αβ} (U^{Δt})∂^2_{αβ} ϕ} dt dx + o(Δt) + o(h) = 0,

and passing to the limit this proves that U(t, x) satisfies (3.68) in the sense of distributions. For the entropy inequality, we apply Theorem 3.2, and the discrete entropy inequality (3.17) enables to conclude as above, using a test function ϕ ∈ C^∞_0 ((0, ∞) × R^d), ϕ ≥ 0. □

Remark 3.4. It is not known if the entropy inequalities (3.81) ensure the uniqueness of the solution. However, with further entropy dissipation estimates, uniqueness is known, see [3], [10]. But here it is not clear if such entropy dissipation estimates can be obtained.

4. Implicit schemes for systems in nonconservative form

In this section we consider systems in the nonconservative form

(4.1) ∂_tU = ∑ α,β B^{αβ} (U)∂^2_{αβ} U + H(U, ∇_xU),

where U is a convex open subset of R^N , B^{αβ} : U → M_{N×N} and H : U × M_{N×d} → R^N are smooth maps, and M_{s×s}′ denotes the space of s × s^′ real matrices. In the interesting cases the system (4.1) is parabolic, maybe degenerate. Following the general philosophy of the present paper, we are interested in prescribing a finite difference approximation for (4.1) which preserves invariant domains that are present at the continuous level. Therefore, we assume that G : U → R is a function of class C^3 such that G^′(U) ≠ 0, for all U ∈ U, and Ω_r = {U ∈ U : G(U) < r} is convex for all r ∈ R. We also assume that

(4.2) G^′(U)B^{αβ} (U) = p_{αβ} (U)G^′(U), ∀U ∈ U,

for some smooth scalar functions p_{αβ} . It is known (see [4, 11]) that (4.2) together with ∑ αβ p_{αβ} (U)ξ_αξ_β ≥ 0, ∀U ∈ U, ξ ∈ R^d,

(4.3)

and G^′(U)H(U, M) ≤ 0, ∀U ∈ U, M ∈ M_{N×d} such that G^′(U)M = 0,

(4.4)

imply that the regions Ω_r are positively invariant for the flow generated by the system (4.1), as long as the solution takes its values in U. We look for an analogous result at the discrete level.

We assume that there exist smooth maps B̃^{αβ} : U → M_{N×N} , for α ≠ β, such that

(4.5) G^′(U)B̃^{αβ} (U) = p̃_{αβ} (U)G^′(U), ∀U ∈ U, and (4.6) ±p_{αβ} (U) ≤ p̃_{αβ} (U), ∀U ∈ U.

Using still the notations (3.2) and (3.6), we propose the following second-order in space locally implicit finite difference approximation scheme for (4.1),

U^{n+1}_I = U^n_I + ∑ α σ^{αα}B^{αα}(U^{n+1}_I )Δ^+_α Δ^−_α U^n_I

(4.7) + ∑ α,β α≠β

σ^{αβ} 4 B^{αβ} (U^{n+1}_I )Δ^0_αΔ^0_β U^n_I + Δt H ( U^{n+1}_I ,

Δ^0U^n_I 2Δx )

+ ∑ α,β α≠β

σ^{αβ} 4 B̃^{αβ} (U^{n+1}_I )Δ^+_α Δ^−_α Δ^+_β Δ^−_β U^n_I ,

where Δ^0U^n_I /2Δx ≡ (Δ^0_αU^n_I /2Δx_α)^d_{α=1}. On the onset, we assume that U^n_J , J ∈ J = {I, I ± e_α, I ± e_α ± e_β ; α, β = 1, . . . , d, α ≠ β}, Δt, Δx_α, α = 1, . . . , d, are such that there exists U^{n+1}_I satisfying (4.7), and we also need the following CFL condition,

(4.8) ∑ α 2σ^{αα}p_{αα}(U) < 1 + ∑ α,β α≠β

σ^{αβ}p̃_{αβ} (U), ∀U ∈ U.

Instead of (4.4) we impose the following stronger condition. We assume that there exist smooth functions K_α : U × M_{N×d} → R, α = 1, . . . , d, such that

(4.9) G^′(U)H(U, M) ≤ ∑ α K_α(U, M)G^′(U)M_α,

∀M = (M_α)^d_{α=1} ∈ M_{N×d}, ∀U ∈ U.

The following result shows that under the above conditions, the scheme (4.7) preserves domains that are (locally) invariant for (4.1).

Theorem 4.1. Let U, G, Ω_r, r ∈ R, be as above and assume that conditions (4.2), (4.5)-(4.9) hold. Further, assume that (4.10) 1 2 Δx_α | | |K^α ( U, Δ^0U^n_I 2Δx )| | ≤ p_{αα}(U)− ∑ β≠α

Δx_α Δx_β p̃_{αβ} (U) + p̃_{βα}(U) 2 , ∀α, ∀U ∈ U.

Then U^{n+1}_I ∈ Ω_r provided U^n_J ∈ Ω_r for all J ∈ J.

Proof. We argue by contradiction. Thus, assume the statement is false, that is, U^n_J ∈ Ω_r for all J ∈ J, but G(U^{n+1}_I ) > r. Denote ω = U^{n+1}_I , ϕ_J = G^′(ω)(U^n_J − ω), J ∈ J, and M = Δ^0U^n_I 2Δx . Multiplying (4.7) by G^′(ω) and using (4.2) and (4.5), we obtain

0 = ϕ_I + ∑ α σ^{αα}p_{αα}(ω)Δ^+_α Δ^−_α ϕ_I + ∑ α,β α≠β

σ^{αβ} 4 p_{αβ} (ω)Δ^0_αΔ^0_β ϕ_I

+ Δt G^′(ω)H(ω, M) + ∑ α,β α≠β

σ^{αβ} 4 p̃_{αβ} (ω)Δ^+_α Δ^−_α Δ^+_β Δ^−_β ϕ_I ,

which together with (4.9) gives

0 ≤ ϕ_I + ∑ α σ^{αα}p_{αα}(ω)Δ^+_α Δ^−_α ϕ_I + ∑ α,β α≠β

σ^{αβ} 4 p_{αβ} (ω)Δ^0_αΔ^0_β ϕ_I

+ Δt ∑ α K_α(ω, M)

Δ^0_αϕ_I 2Δx_α + ∑ α,β α≠β

σ^{αβ} 4 p̃_{αβ} (ω)Δ^+_α Δ^−_α Δ^+_β Δ^−_β ϕ_I

:= ∑ J∈J c_J ϕ_J .

Now, we show that c_I > 0, while c_J ≥ 0 for all other J ∈ J. Indeed, we have

c_I = 1 + ∑ α,β α≠β

σ^{αβ}p̃_{αβ} (ω) − ∑ α 2σ^{αα}p_{αα}(ω),

thus c_I > 0 by (4.8). For c_{I±eα} we have

c_{I±eα} = σ^{αα}p_{αα}(ω) − ∑ β≠α

σ^{αβ} 2 (p̃_{αβ} (ω) + p̃_{βα}(ω)) ± Δt 2Δx_α

K_α(ω, M),

and then c_{I±eα} ≥ 0 by (4.10). Finally, we have for α ≠ β

c_{I+eα+eβ} = c_{I−eα−eβ} = σ^{αβ} 4 (p_{αβ} (ω) + p_{βα}(ω) + p̃_{αβ} (ω) + p̃_{βα}(ω)),

c_{I−eα+eβ} = c_{I+eα−eβ} = σ^{αβ} 4 (−p_{αβ} (ω) − p_{βα}(ω) + p̃_{αβ} (ω) + p̃_{βα}(ω)),

and hence, by (4.6), c_{I±eα±eβ} ≥ 0. Since ϕ_J < 0 for all J ∈ J, we have a contradiction and the proof is finished. □

Remark 4.1. Similarly as in Lemma 3.1, under the conditions of Theorem 4.1, the degenerate parabolicity property (4.3) holds. Indeed, we have ∑ αβ p_{αβ} ξ_αξ_β = ∑ α p_{αα}ξ^2_α + ∑ α≠β

p_{αβ} ξ_αξ_β ≥ ∑ α p_{αα}ξ^2_α − ∑ α≠β

p̃_{αβ} |ξ_αξ_β |

≥ ∑ α p_{αα}ξ^2_α − 1 2 ∑ α≠β

p̃_{αβ} ( Δx_α Δx_β ξ^2_α +

Δx_β Δx_α ξ^2_β )

= ∑ α ξ^2_α p_{αα} − ∑ β≠α

Δx_α Δx_β p̃_{αβ} + p̃_{βα} 2 ≥ 0,

where in the last inequality we used (4.10).

4.1. Application to the Navier-Stokes equations. We consider the system of Navier-Stokes equations (1.2)-(1.5) with κ ≡ 0, where we ommit the first-order terms on the left-hand side, and write the second-order terms in nonconservative form

(4.11) ∂_tU = ∑ αβ B^{αβ} (U)∂^2_{αβ} U + ∑ αβ (B^{αβ} )^′(U)(∂_αU, ∂_β U),

where B^{αβ} (U) is given by (1.6). Thus we have (4.1) with H given by

(4.12) H(U, M) = ∑ αβ (B^{αβ} )^′(U)(M_α, M_β ).

We define for α ≠ β

(4.13) Ã_{αβ} (U) = μ(U) + λ(U) 2 (e_α ⊗ e_α + e_β ⊗ e_β ), and (4.14) B̃^{αβ} (U) =

0 0 0 −^{Ãαβ u}_ρ^{Ãαβ}_ρ 0 −^{utÃαβ u}_ρ^{utÃαβ}_ρ 0 .

We take G = −S = − ln(p^{1/γ} /ρ). The quasiconvexity of −S is obvious since −S < −S_0 if and only if −ρS + ρS_0 < 0, and η = −ρS is convex, this is a well known fact (see [11]). As in Lemma 3.2 we have for all U (4.15) −S^′(U)B^{αβ} (U) = 0, −S^′(U)B̃^{αβ} (U) = 0, thus conditions (4.2), (4.5), (4.6) are satisfied with p_{αβ} (U) = p̃_{αβ} (U) ≡ 0. Also, from (4.1) we have ∂_tS(U) = S^′(U)H(U, ∇_xU), and identifying with (1.8) we get that

(4.16) −S^′(U)H(U, ∇_xU) = −(1 − 1 γ ) 1 p ∑ αβ A_{αβ} ∂_β u∂_αu ≤ 0,

hence −S^′(U)H(U, M) ≤ 0 for all U and M. Therefore the condition (4.9) is also satisfied with K_α(U, M) ≡ 0. Conditions (4.8) and (4.10) are then trivially satisfied. As a consequence we can apply Theorem 4.1, and we deduce that as soon as we can find U^{n+1}_I ∈ U, the domains S ≥ r are locally invariant by the scheme (4.7) for the Navier-Stokes system (4.11), (1.6), (1.5).

We remark that in the above discussion we did not use the definition (4.13), and we could have taken instead Ã_{αβ} = 0. It may lead to the incorrect conclusion that, in the particular case of the Navier-Stokes system, correctors are not really necessary. In fact, the above analysis does not take into account the global stability (like entropy inequality), which is necessary in practice. Such an analysis can be performed by linearization. Let us consider the linearization of (4.11) around a constant state U_0, namely,

(4.17) ∂_tU = ∑ αβ B^{αβ} (U_0)∂^2_{αβ} U,

with B^{αβ} (U_0) given by (1.6). Then, the linear part of the scheme (4.7), with B^{αβ} (U^{n+1}_I ) and B̃^{αβ} (U^{n+1}_I ) replaced by B^{αβ} (U_0) and B̃^{αβ} (U_0), corresponds to the scheme proposed in Subsection 3.2 for the linear system (4.17), with correctors B̃αβ (U_0) defined as above. Then, we see from the definitions and the remarks made in Subsection 3.3 that the choice (4.13)-(4.14) ensures that the stability condition (3.38) is satisfied, while (3.39) reads (whenever σ^{αβ} = σ)

(4.18) μ Id +(μ + λ)e_α ⊗ e_α − ∑ β≠α

μ + λ 2 (e_α ⊗ e_α + e_β ⊗ e_β ) ≥ 0,

i.e.

(4.19) μ − λ 2 Id + μ + λ 2 (4 − d)e_α ⊗ e_α ≥ 0.

This it is satisfied if (4.20) d ≤ 4 and λ(U) ≤ μ(U).

Under these assumptions, and if the CFL condition (3.40) is satisfied, the linearized scheme is L^2 stable for the scalar product defined by η^{′′}(U_0), with η(U) = −ρS(U).

Acknowledgements

The research of H. Frid was partially supported by CNPq through the grants 352871/96-2, 479416/2001-0, and FAPERJ through the grant E-26/151.890/2000, E-26/152.192/2002.

The main part of this work was achieved while F. Bouchut was visiting IMPA in 2002, supported by the France-Brazil agreement for mathematical research.

References

[1] Bouchut, F., Construction of BGK models with a family of kinetic entropies for a given system of conservation laws, J. Stat. Phys. 95 (1999), 113-170.

[2] Bouchut, F., Entropy satisfying flux vector splittings and kinetic BGK models, Numer. Math.

94 (2003), 623-672.

[3] Chen, G.-Q., Perthame, B., Well-posedness for non-isotropic degenerate parabolic-hyperbolic equations, Ann. Inst. H. Poincaré Anal. Non Linéaire 20 (2003), 645-668.

[4] Chueh, K.N., Conley, C.C., Smoller, J.A., Positively invariant regions for systems of nonlinear diffusion equations, Indiana Univ. Math. J. 26 (1977), 373-392.

[5] Crandall, M G., Majda, A. Monotone difference approximations for scalar conservation laws, Math. Comp. 34 (1980), 1-21.

[6] Frid, H., Maps of convex sets and invariant regions for finite difference systems of conservation laws, Arch. Rational Mech. Anal. 160 (2001), 245-269. Correction to: “Maps of convex sets. . . ”, Arch. Rational Anal. 171 (2004), 297-299.

[7] Hörmander, L., “Lectures on Nonlinear Hyperbolic Partial Differential Equations”, Springer- Verlag, 1998.

[8] Karlsen, K.H., Risebro, N.H., Corrected operator splitting for nonlinear parabolic equations, SIAM J. Numer. Anal. 37 (2000), 980-1003.

[9] Kružkov, S.N., First order quasilinear equations in several independent variables, Math. USSR Sb. 10 (1970), 217-243.

[10] Perthame, B., Souganidis, P.E., Dissipative and entropy solutions to non-isotropic degenerate parabolic balance laws, Arch. Ration. Mech. Anal. 170 (2003), 359-370.

[11] Serre, D., “Systèmes de Lois de Conservation II”, Diderot Editeur Arts et Sciences, Paris, 1996.

[12] Serre, D., Relaxation semi-linéaire et cinétique des systèmes de lois de conservation, Ann.

Inst. Henri Poincaré, Analyse nonlinéaire 17 (2000), 169-192.

École Normale Supérieure & CNRS, Département de Mathématiques et Applications, 45 rue d’Ulm - F75230 Paris cedex 05, France

E-mail address: fbouchut@dma.ens.fr

Instituto de Matemática Pura e Aplicada - IMPA, Estrada Dona Castorina, 110, Rio de Janeiro, RJ, 22460-320, Brazil

E-mail address: hermano@impa.br