MULTISCALE YOUNG MEASURES IN
ALMOST PERIODIC HOMOGENIZATION AND APPLICATIONS

LUIGI AMBROSIO AND HERMANO FRID

ABSTRACT. We prove the existence of multiscale Young measures associated with almost periodic homoge-
nization. We give applications of this tool in the homogenization of nonlinear partial differential equations
with an almost periodic structure, such as scalar conservation laws, nonlinear transport equations, Hamilton-
Jacobi equations and fully nonlinear elliptic equations. Motivated by the application to nonlinear transport
equations, we also prove basic results on flows generated by Lipschitz almost periodic vector fields which are
of interest in their own. In our analysis, an important role is played by the so called Bohr compactification
GN of RN, this is a natural parameter space for the Young measures. Our homogenization results provide
also the asymptotic behaviour for the whole set of GV -translates of the solutions, which is in the spirit of
recent studies on the homogenization of stationary ergodic processes.

1. INTRODUCTION

The purpose of this paper is to introduce the multiscale Young measure associated with almost periodic
homogenization and to apply this tool to address some specific problems for nonlinear partial differential
equations. Multiscale Young measures have been introduced in periodic problems by W. E [24] as a broader
tool extending the previous concept of multiscale convergence introduced by Nguetseng [45] and further
developed by Allaire [1]. It refines to multiple scale analysis the classical concept of Young measures intro-
duced in [55], so fundamentally useful, especially after its striking applications in connection with problems
concerning compactness of solution operators for nonlinear partial differential equations by Tartar [54], Mu-
rat [42], DiPerna [21, 22, 23], etc. .

The extension of the multiscale Young measures from the periodic setting to the almost periodic one requires
the consideration of the so called Bohr compactification GV of RY, which plays in the almost periodic case
the same role played by the torus TV := S' x --- x S! in the periodic case as the domain of the fast scale
variables. As opposed to the torus, the Bohr compactification is a nonseparable compact topological space
and this lack of separability is a source of difficulties in trying to adapt the arguments from the periodic
context to the almost periodic one. Our analysis here is also motivated by the recent growing interest in
the more general setting of homogenization of random stationary ergodic processes (see, e.g., [49], [38], [36],
[19], [53], [41], [15]). This has led us to formulate our applications always considering together with each
almost periodic nonlinear operator under homogenization process its translates by elements of GV, which
are endowed with an additive group structure inherited from RY. In this way, we prove that the action of
RY on GV by the addition operation is ergodic (with respect to the Haar measure of G), so that the ho-
mogenization results presented may be viewed very explicitly as special instances of more general results for
stationary ergodic processes. In our proofs, however, ergodicity does not play an explicit role: we need only
the averaging properties of almost periodic functions and the invariance of the average under translations
by elements of GV .

Our applications cover nonlinear transport equations, multidimensional conservation laws, Hamilton-Jacobi
equations and fully nonlinear elliptic equations.
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We leave out from the applications given here some classical problems that are very common in general
accounts on homogenization theory, such as linear equations, variational problems and monotone operators
(see, e.g., [8], [12], [36], [2], [46]-[48], [44], [50], etc.), mostly because these may be well handled either by
the classical methods or by the so-called multiscale convergence, even in the context of almost periodic
homogenization. In this connection, we recall that the two-scale convergence has been extended to the
context of almost periodic homogenization and, more generally, to generalized Besicovitch spaces in [16] (see
also, e.g., [46, 47]). We also recall that the method of two-scale convergence was extended to the context of
stochastic homogenization, under separability assumption, in [10].

Concerning the contributions of the present paper as compared with correlated ones in the existing
literature, we would like to remark the following. The two-scale convergence results in [10, 16, 46, 47], etc.,
just mentioned, although quite interesting and correlated since two-scale convergence is the linear parent
of multiscale Young measures, cannot be extended or adapted for the construction of the multiscale Young
measures in the almost periodic context. The latter is a truly “non-separable” object which is essential to
our nonlinear setting of applications (see both applications to conservation laws and the correctors results
for some examples of Hamilton-Jacobi and fully nonlinear elliptic equations). Besides, to define the Young
measures its crucial to bring to the center of the matter the Bohr compactification which is not needed
in those references. We instead make a great effort to shed light on the understanding of the role of
this compactification and its link with the stochastic homogenization. Further, specially concerning both
applications to conservation laws, they represent a nontrivial progress comparing with what was done in the
papers that motivated them, not just a simple upgrade from the periodic to the almost periodic case. In
these applications the role of the Young measures is crucial. In the applications to Hamilton-Jacobi and
fully nonlinear elliptic equations, Young-measures are not used in the homogenization process, which follows
in both cases a method that goes back to Ishii [34]. Nevertheless, in those applications (strong) correctors
results are not known, even in the periodic case, and the original correctors results contained in this paper,
together with the remarks, show that the Young measures can certainly play an important role in this matter.

The paper is organized as follows. In section 2 we recall concepts and basic facts of the theory of
almost periodic functions. We end the section with the proof of the ergodicity of the action of RY on GV
by addition. In section 3 we prove the main result concerning the construction of Young measures and
also make some further remarks on this topic. In section 4 we analyse flows of Lipschitz almost periodic
fields establishing some basic results of interest in their own, which will be needed in our study of the
homogenization of nonlinear transport equations. In section 5 we consider the application to nonlinear
transport equations extending to the almost periodic setting a previous result of W. E [24] in the periodic
context. In section 6 we give another application concerning multidimensional scalar conservation laws with
external oscillatory forces, extending to the multidimensional and almost periodic context a previous result
by W. E and D. Serre [25]. In section 7 we give an application concerning the homogenization problem for
the Hamilton-Jacobi equation with almost periodic Hamiltonian, following a previous analysis by Ishii [34].
Further, we establish links between the multiscale Young measures and the existence of correctors converting
the weak convergence of the gradients into strong convergence in L; . Finally, in section 8, we consider the
homogenization problem for fully nonlinear elliptic equations, establishing a result analogous to the one of
the previous section. Also here we establish links between the multiscale Young measures and the existence
of correctors.

2. SPACES OF ALMOST PERIODIC FUNCTIONS

In this section we recall the basic ingredients of the theory of almost periodic functions, initiated by
H. Bohr. We also present extensions of this concept and prove a few results that will be used later in the
paper. For the basic facts about almost periodic functions and generalizations of this concept we refer to
the classical presentations of Bohr [11] and Besicovitch [9].
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Definition 2.1. Let E be a Banach space. We denote by BC(RY; E) the space of bounded continuous
functions on RY with values in E endowed with the sup norm and by BUC(RY; F) the subspace of BC(RY; E)
consisting of those functions which are uniformly continuous. Given f € BC(RY; E) and ¢ > 0, we say that
7 € RY is a e-almost period for f if || f(z + 7) — f(z)|| < & for any z € RY. A function f € BC(RY; E) is
said to be almost periodic if for any € > 0 the set of e-almost periods of f is relatively dense, i.e., there is
I =1(g) > 0 such that any cube with side length [ contains at least one e-almost period.

We denote by AP(RY; E) the space of almost periodic functions on RY with values in E and set simply
AP(RY) in case E = R. From the above definition we easily deduce that AP(RY; E) C BUC(RY; E). Below,
we give an important characterization of AP(R¥; E) due to Bochner which will be used frequently in this
paper. We refer to, e.g., [9, 11, 20] for a proof in the case of scalar functions on R which immediately extends
to functions on RY with values in a Banach space E.

Theorem 2.1 (Bochner’s Characterization of AP). A function f € BC(RY;E) belongs to AP(RN, E) if
and only the family of translates {f(- +1)},crn is relatively compact in BC(RY; ).

The following is the fundamental fact in the theory of almost periodic functions.

Theorem 2.2 (Bohr). A function in BC(RY) is in AP(RY) if and only if it may be uniformly approzimated
by finite linear combinations of functions in the set {cos(\-x), sin(A-z) : A € RV},

The following result was first obtained by Gelfand, Raikov and Chilov [30] as an application of their theory

of commutative Banach algebras. We give here a multidimensional version of the statement presented in
[20].
Theorem 2.3 (cf. [20], Theorem X1.2.2). The space RY , with the usual addition operation, may be embedded
as a dense subgroup of a compact Abelian topological group GV in such a way as to make AP(R™N) the family
of all restrictions fIRY to RN of functions f in C(GN). The operation f — fIRY is an isometric *-
isomorphism of C(GN) onto AP(RY™). Moreover, the addition operation + : RN x RN — RN extends
uniquely to the continuous group operation of GV, +: GN x GY — GN. The group GV is called the Bohr
compactification of RN .

Given any f € AP(RY) we denote in the following by S its canonical extension to G". As a consequence
of the above result and the Riez Representation Theorem we have:

Theorem 2.4 (cf. [20], Theorem X1.2.5). The space AP(RN)*, dual to AP(RY), is isometrically isomorphic
to the space M(GY) of all Radon measures on GV, the Bohr compactification of R. The isomorphism
% = g € M(GY) is given by the formula

v f = /GN Fdu(y), [ e APRY),

In Abelian groups an important role is payed by the so called characters.

Definition 2.2. If G is an Abelian group and e its identity element, then a character of G is a complex
valued function x defined on G which is such that x(e) = 1 and x(st) = x(s)x(t) for all s,¢ in G.

We recall the following basic result on compact Abelian groups of Peter and Weyl.

Theorem 2.5 (Peter-Weyl, cf. [20], Theorem XI.1.5). Let G be a compact Abelian group, with ¥ its Borel
field and p its Haar measure. Then the set of continuous characters is fundamental both in C(G) and in
L*(G,%, ).

The characters of G are determined in the following lemma.

Lemma 2.1 (cf. [20], Lemma X1.2.3). The continuous characters of the compact Abelian group G are the
functions e : G — C, A € R.
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The following fact is a consequence of the averaging properties of almost periodic functions and of Theo-
rem 2.4 (cf. [31], Proposition 5.7).

Proposition 2.1. For any f € AP(RY) we have

(2.1) /GNidz: ]{wfdx,

where dz is the Haar measure in GV, normalized to be a probability measure, dx is the usual Lebesque
measure in RV, and by fRN we denote the asymptotic mean value, given by

fdz:= lim fdx.
RN L—oco Ji_pL,Ln¥
Moreover, we have
fdx = lim fdx,
RN L—oo QL

where Qp = {x € RN : L'z € Q} and Q is any bounded measurable subset of R with |Q| # 0. Here,
|Q| denotes the N-dimensional Lebesgue measure of Q, so that |Qr| = L™|Q|, and, as usual, fQLfdx =

1
£]qq Ju T4
It is also easy to check that the trigonometric polynomials satisfy
(2.2) ][ MmN T dr =0 whenever A # \.
RN

Next, we establish a compactness criterion for families of almost periodic functions that easily follows
from Theorem 2.1. It is equivalent to a well known compactness criterion of Lyusternik (see, e.g., [43]).

Lemma 2.2 (Compactness criterion). A family {us}taea € AP(RY) is relatively compact if and only if the
following holds:

(1) {uataea is uniformly bounded and equi-continuous.
(ii) Given e > 0, there are t1,...,t, € RN such that for any t € RN, there is a t; € {t1,...,t,} with
[ua (- +1) = ua(- + )|l <€ for all e € A.

Proof. First, we prove that properties (i) and (ii) imply compactness in AP(RY). Indeed, given any sequence
{ta, }jen, by property (i), there is a subsequence {uq,, }ren converging locally uniformly to a function
u € BUC(RY). Passing to the limit in condition (ii) we find that for any & > 0, there exist t1,...,t, € RV
such that for any t € RV, there is a t; € {t1,...,t,} with

(2.3) ngI\ua(-th)—ua('thj)ll <& lul-+1) —ul-+ )l <e

«

Since ¢ is arbitrary, this proves that u € AP(RY). It remains to show that Uq(,,, — u converge to 0 uniformly.
Indeed, by contradiction we can assume, possibly passing to a subsequence, that \Ua_,»(k) (zg) — u(xg)| >
3¢ for some ¢ > 0 and some x, € RY. By applying (2.3) with t = z; we can find t; such that both
[Ua; 1y (Th) = Uary oy (85)] < € and |u(zy) — u(t;)| < € hold for infinitely many k. Then, the triangle inequality
immediately gives that |ua,, (t;) — u(t;)| > ¢ for infinitely many k, a contradiction. In the proof of the
converse implication we use the fact that property (ii) is true for finite families {u1, ..., u,} of almost periodic
functions: indeed, introducing the map U : R™ — RP whose components are u;, Bochner’s criterion and a
diagonal argument give that the collection of translates {U(t+-)},cgn~ is relatively compact in BUC(RY; RP).
The total boundedness of this collection immediately gives property (ii) for the family {u1,...,u,}. Assume
now that {u,} C AP(RY) is relatively compact. Then, given & > 0, there are functions u, ..., u, € AP(RY),
such that, for any o € A, thereis j € {1,...,p} such that ||uq —u;||cc < /3. Then, since property (ii) is true
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for finite families of functions, there are points t1,...,t,, such that, for any ¢ € R, for some k € {1,...,7},
we have |lu;(- +t) — u;(- + tg)||oc < €/3 for any j. Hence, the points t1,...,t, verify (ii). Assertion (i) is
obvious. O

The previous compactness criterion yields the extension of Theorem 2.3 to F-valued almost periodic maps,
where F is any Banach space.

Theorem 2.6. The space AP(RY; E) is canonically isomorphic and isometric to C(GY;E). The isomor-
phism associates to f € AP(RY; E) a map f € C(GY; E) such that

(2.4) (L, f)= (L, fy e C(GN)  VLeE"

Furthermore, for any sequence of cubes Q; C RN whose sides lengths tend to oo the mean values vafdx
weakly converge in E to the vector f]RNfdx, characterized by

(L, ]fwﬁ: ]fw@,f)dx VL € E°.

Proof. Fix f € AP(RY; E). For L € E* we consider the function L(x) = (L, f(z)). It is immediate to
check, using the definition of AP(RY; E), that Ly € AP(RY). Furthermore L + Ly is linear and the family

Fi={L;: LeE*, |L| <1}

is compact in AP(RY). To see this, notice that all functions in F are equi-bounded and have the same
modulus of continuity, so that the family is relatively compact with respect to local uniform convergence
in RY. On the other hand, the compactness of the closed unit ball of E* yields that any limit point
is still in F. These two facts imply that condition (i) in Lemma 2.2 is fulfilled. Condition (ii) follows
immediately by the fact that for any € > 0 we can find ¢y,...,t,. € RY such that for any ¢t € RY we have
sup,ern || f(-+ 1) — f(- + tj)|lp < € for some j € {1,...,r}. Now for any w € G we consider the map
L — Ly¢(w). This is a linear map on E* and the compactness of F yields that this map is continuous with
respect to the topology o(E*, E): indeed, if L* — L in the w*-topology, then the maps L} — Ly pointwise
and compactness yields that they converge also in AP(R™). As a consequence L; converges uniformly

in GV to Ly. Hence, for any w € GV we can find an element of E, that we denote by f(w), such that
Li(w) = (L, f(w)) for any L € E*.
This proves (2.4) and it remains to show that f is a continuous map. This is again a compactness

argument based on the compactness of the family 7 := {f: f € F}: if w; — w then, by the compactness of
F and the Hahn-Banach theorem, Ly(w;) — Ly(w) uniformly with respect to L in the unit ball of E*. As a

consequence f(w;) — f(w) in E. O

Since functions f € AP(RY) correspond to restrictions, f = f|RY, of functions f € C(G"), a natural

question is whether it is possible to define a class of functions f : RV — R which correspond to “restrictions”,
SIRY of functions f € L*(GY). This motivates the following definition.

Definition 2.3. Given p € [1,00) and a Banach space E, the space BAPP(R”; E), of Besicovitch’s gener-
alized almost periodic functions on RY, with values in E, consists of those functions f € L} (RV;E) ! for
which there exists a sequence {f, }nen € AP(RY; E) satisfying
(2.5) lim Tim sup ][ fn () — f ()2 dz = 0.

[7L’L]N

n—oo L—o0o

We denote BAPP(RY;R) simply by BAPP(RY) and BAP*(RY; E) by BAP(RY; E).

When E is not separable we denote by L'(Q; E) the space of strongly measurable and summable maps from Q C R¥ to
E, or equivalently the L' closure of Co(; E)
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The space of generalized almost periodic functions BAP?(R) was introduced by Besicovitch, who also
gave them a structural characterization. We refer to [9] for more details about functions in BAP?(R).
We immediately have AP(RY; E) C BAP?(RY; E) C BAP(RY; E) for any p > 1 and it is easy to see that
any f € BAP(RY; F) has the mean value property, i.e., there is a vector M (f) € E such that for any bounded
measurable Q C RY | with |Q| # 0, we have

M(f) = lim ; fdz,
L

where @Q, is defined as above.

Intuitively, the space BAP?(RY; E) corresponds to LP(G; E) in a way similar to the one in which the space
AP(RY; E) corresponds to C(G"; E). Indeed, notice first that the definition of BAP?(R"; F) immediately
gives that the asymptotic mean value fp || f||” dz of a function in BAPP(RY; E) is well defined; moreover,
any approximating sequence {f,}nen € AP(RY; E) satisfying (2.5) can be viewed as a Cauchy sequence in
LP(GY; E) and, hence, there exists f € LP(G"; E) such that f,, — f in LP(GY; E). Since f is easily seen to
be independent of the approximating sequence, in this way we may associate with each f € BAP?(RY; E)
a well determined function f € LP?(G”; E) which we may view as an “extension” of f to GV. Notice that
f = [ is a linear map and that the approximation procedure together with Proposition 2.1 show that

(2.6) ]fw f|P do = /GN IfIPd=  Vf e BAPP(RY; E).

As a consequence, the kernel of the map f — f is made by the functions f such that the asymptotic mean
value of ||f||” is 0. We denote by BAP?(R™)/ ~ the corresponding quotient space.

For f € BAP?(RY; E) we set
1/p
fly = ( f ||f||”dx) ,
RN

so that | - [, is a semi-norm on BAP?(R"; E).
We endow BAP?(RY) with the scalar product

)= f 1@~ [ rode

(the second equality follows by (2.6) with p = 2, implying that the scalar product is preserved under f +— f).
We finally define
(2.7) BAP™(RVN; E) := {f € [ | BAP"(R; E) : sup|fl, < +oo}.
p>1

p21
For all f € BAP™(RY; E) we set
(2.8) [floo = sup[flp-
p>1

Again, | - | is a semi-norm on BAP*(RY; E) and we denote by BAP*(R")/ ~ the corresponding quotient
space.
Concerning the surjectivity of the map f +— f from BAP?(RY; E) to LP(G"; E), we have the following.

Proposition 2.2. f — f is surjective as a map from BAPP(RY; E) to LP(GN; E) for 1 < p < cc.

Proof. First, assume 1 < p < oo. Let F € LP(GN;E). We have to show that there is a function f €
BAPP(RY; E) such that F' = f, as functions in LP(G"; E). Now, by the density of C(G"; E) in L?(G"; E),
there is a sequence (F) € C(GV; E) with F, — F in LP(GY; E). Let fi, € AP(RY; E) be such that f = F}.

We have that f;, is a Cauchy sequence with respect to the semi-norm | - |, of BAPP(R™; E). Hence, the
proposition will follow if we show that BAPP(RY; E) is complete with respect to the semi-norm | - |,. The
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proof of the latter for p = 2 and E = C is given in [36] (Lemma 7.6, p.239), but the same proof, with almost
no modification, works for general p > 1 and any Banach space E.

Now, let p = co and F € L*®(G"; E). Let a := ||F||s, where the right-hand member is the norm of F
in L*(GY; E). Since F € LP(G"; E), there exists f, € BAP?(RY; E) such that f, = F for all 1 < p < cc.
Moreover, from what has already been proved, if p < g, then f, = f, as elements of BAP?(RY; E)). Now, for
all @ > 0 and ¢ € AP(RY; F) the function ¢, defined by

ba(z) = o(x) if || ()| < a,
) a2 it |o(a)] > o,

is also in AP(RY; E), which follows from the continuity of ¢, and the general inequality |¢a(z) — da ()| <
2||¢(z) — ¢(y)||. Hence, by the definition of BAP?(RY; E) for 1 < p < oo we easily deduce that we may
assume that f, € L®(RY; E) and |f,(z)| < a, a.e. in RY. Therefore, if (¢,) C AP(RY; E) is such that
|pr, — f1l1 — O, then |¢,, — f1], — 0 for all p € [1,00). Hence, f := f satisfies f € BAP®(RY; E) and f=r.

]

The following Corollary is a direct consequence of Proposition 2.2.

Corollary 2.1. The correspondence f — [ is an isometric isomorphism between the Banach spaces BAPP?(RY;
E)/ ~ and LP(GV; E) for 1 < p < co. Moreover, for p =2 and E = R we have that {sin A - z, cos \ - 2} yern
is a complete orthogonal basis of L*>(G").

In what follows we are only going to consider spaces BAP? with 1 < p < co.

The following proposition will also be useful in some applications.

Proposition 2.3. Let pu be a Radon measure in GV and assume that (i, V;0) =0 for anyi=1,...,N and

any ¢ € AP(RY) with Vi € AP(RY). Then p is a constant multiple of the Haar measure.

Proof. We clearly have (u,cos A - z) = (u,sin A - z) = 0 whenever A # 0. Hence, considering functions ¢ that
are finite sums of cos A - z and sin A - z we immediately see that [(u, )| < u(G™)[|¢l|2, so that the density
of this class of functions in L?(G%) (ensured by Proposition 2.2) immediately gives that p is representable
by some f € L2(G"). Since f is orthogonal to all functions cos\ -z, sin\ - z with A # 0, it must be a
constant. 0

‘We now briefly recall the concept of almost periodic distribution and some of its basic properties, for the
sake of later reference (cf. [52]).

Definition 2.4. We denote by B(RY) the space of C* functions in R which are uniformly bounded
together with all their derivatives of any order, with the topology induced by the seminorms ||0%¢|,
a = (aq,...,an), 0% = 031---92Y and by D(RY) the subspace of elements of B(RY) with compact
support. We denote by B'(RY) the dual of B(RY) and by D'(R¥) the dual of D(RY).

Definition 2.5. We denote by BAP(R”) the subspace of B(R™) consisting of those functions which, together
with all their derivatives of any order, are in AP(RY). We say that T € B/(R") is an almost periodic
distribution if T+ ¢ € BAP(RY) for any ¢ € D(RY™). We denote by B’AP(RY) the space of almost periodic
distributions.
Proposition 2.4 (Schwartz [52]). Each of the two following properties is equivalent to T € B'AP(RYN):
(i) T € B'(R") is a finite sum of derivatives of functions in AP(R™N);
(iii) T € B'(RY) and the set of translates {7, T} ,crn is relatively compact in B'(RY).

It is also immediate to check that ¢T' € B’AP(RY) whenever ¢ € BAP(RY) and T € B'AP(RY). The
following lemma shows also the possibility of embedding canonically BAP(RY) in B’AP(RY).
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Lemma 2.3. Given any f € BAP(RY), the linear form Ty : BAP(RY) — R given by
(29) @0 = § fods

RN

defines Ty as an element of B'AP(RY). The map f — Ty is a continuous embedding of BAP into B'AP.
Proof. Tt is easy to check that fg € BAP(RY) whenever f € BAP(RY) and g € AP(R"), and

| fossas| < f intastol

Hence, Ty € B'(RY). Since 7,7y = T+ s, and the above inequality with 7, f replacing f in the left-hand side
also holds, for any z € R, the assertion follows from Proposition 2.4 (ii) together with well known facts on
the topology of B/(RY). O

We conclude this section with a brief discussion about the group of translations {7, },cr~y of GV, defined
by m,w = w + x, where the extended addition is given by Theorem 2.3. The family is clearly a group since
TeTeW = Tpqqrw. Also, by the invariance of the Haar measure, the group is measure preserving. Moreover,
we have the following.

Theorem 2.7. The measure preserving group {7,}scrn is ergodic, that is, for any Borel set A C GV
invariant under the action of the group we have that either mgn(A) = 0 or mgn (A) = 1, where mgn (A)
denotes the normalized Haar measure of A. Moreover mgn (RYN) = 0.

Proof. Let A C G be an invariant Borel set. We have

(2.10) mgn (A) = mgn (ANT_,A) = / Xa(z)xa(z+x)dz.

GN
Now, translations are strongly continuous on L?(G*). Indeed, this is a standard consequence of the density
of C(GY) in L?(GY), which follows from Theorem 2.5, and of the invariance of the Haar measure. Therefore,
the right-hand side is a continuous function of z, and so the identity still holds with z € GV. Hence we get,
using Fubini theorem and the invariance of the Haar measure,

mex() = [ [ a@naGruydsao = [ s [ xatw)do = mia(4)

from which it follows that mgn~ (A) € {0,1}, as asserted.

It remains to show that mgn (RY) = 0. First we observe that RY is a Borel subset of G, since it
is the union of a countable family of compact sets, e.g., the images of the cubes [—k,k]", k € N. Since
RY is invariant under the action of {7,},cry we have mgn (RY) € {0,1}. But, for any w € GV \ RV,
w + RY is also an invariant Borel set and RY N {w + RY} = (. By the invariance of the Haar measure
mgn (w + RY) = mgn (RY). Hence, we conclude that mg~ (RY) = 0. O

3. ALMOST PERIODIC MULTISCALE YOUNG MEASURES

In this section we state and prove our general result on the existence of multiscale Young measure on
almost periodic test functions. Before stating our theorem, let us briefly recall the concepts of net and
subnet in a general topological space (¢f. [37], Ch. 2). We say that a binary relation > directs a set D if D
is non-void and

(a) if myn,p € D, m > n and n > p, then m > p;
(b) if m € D, then m > m;
(¢) if m,n € D, then there is p € D such that p > m and p > n.
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A directed set is a pair (D, >) such that > directs D. A netis a triple (S, D, >) such that S is a function
with domain D and > directs D. A net {S, D, >} is eventually in a set A if there is an element m of D such
that S,, € A for all n € D satisfying n > m. It is frequently in A if for each m € D there is n € D such that
n>mand S, € A. A net (S,D,>) in a topological space (X,7) converges to s € X if it is eventually in
each 7 -neighborhood of s.

Let (D,>,) and (E,>,) be two directed sets. A set {T},, m € E} is a subnet of a net {S,,, n € D} if there
is a function N : E — D such that

(a) T = S o N, or equivalently, T; = Sy, for each i € E;

(b) for each m € D there is n € E with the property that, if p >, n, then N, >, m.
A point s is a cluster point of a net S if S is frequently in every neighborhood of s. Consequently, a point
s is a cluster point of a net S if and only if some subnet of S converges to s. We will use the following well
known property of compact topological spaces (see [37], e.g., Ch. 5): A topological space X is compact if
and only if each net has a subnet which converges to some point of X.

Let (F,F) be a measurable space and let K be a compact metric space. We say that a a family {v, }.cr
of probability measures in K is weakly F-measurable if  — (v,, F') is F-measurable for any F' € C(K). It
is easy to show (see e.g. Section 2.5 in [4]) that the map

7 /K F(@,y) dva(y)

is also F-measurable for any nonnegative function f, measurable with respect to the product o-algebra
F @ B(K), where B(K) is the Borel o-algebra of K.
We are now ready to state the main result of this section.

Theorem 3.1. Let Q C RY be a bounded open set and let {u.(z)}es0 be a family of functions in L>=(Q; K),
for some compact and separable metric space K. Then, given any sequence {ue, }icn, with €; — 0 as i — oo,
there exist a subnet {Usm) Yaep, indexed by a certain directed set D, and a family of probability measures on

K, {V. 2} 2e6N wern , weakly measurable with respect to the product of the Borel o-algebras in G" and RV,
such that for any ® € AP(RY; CO(Q x K)) we have

(3.1) hm/ . T usl(d) dm—// Vya, (2, 2,-)) dzdx,
i(d) GN

where ® € C(GY;Cy( x K)) denotes the unique extension of ®. Moreover, equality (3.1) can be extended
to functions ® in the following function spaces:

(a) BAP(RY; Cy(Q x K));

(b) BAP?(RN:C(Q x K)) with p > 1;

(c) LY APRY; C(K))).”

Proof. Step 1. (Construction of v, ) We consider the following linear forms over AP(RY; Cy(Q x K)):

(i, D) ::/Q@(E%,z,usi(z))dx.

We trivially have |{u;, ®)| < |Q| ||®||oo, where || denotes the Lebesgue measure of . Then, recalling that
by Theorem 2.4 any function in AP(RY;Cy(Q2 x K)) can be seen as the restriction to RY of a function in
C(GY;Co( x K)) = Co(GYN x Q x K), by Riesz Representation Theorem we can view {/;} as a bounded
sequence of Radon measures on G x  x K. By Banach-Alaoglu theorem there exists u € M(GY x Q x K)
which is a cluster point of {y;}, hence there exists a subnet {1;(q)}acp such that

(3.2) (, ®) = lilr)n<ui(d),(1>>, for all ® € Co(GN x Q x K).

2As in Section 2, this space has to be understood as the L' closure of C(Q; AP(RY; C(K)))
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Now, given F € C(K), consider the Radon measure pr on G x  given by

(p,®) == (. Fg),  forall ¢ € Co(GY x Q).

For any f € AP(RY) and any ¢ € Cy(f2), with supp ¢ C {zg + [0, L]V} for some zg € RY and L > 0, we
have
x

(ur f)l < 1| Flloo limsup / o (@)1 f(=2)] de
D Q €i(d)
. i
< 1F|lsolllloo lim sup / F(E) da
D zo+[0,L]1N  Ei(d)
< LYF)lpl timsup £(@)]da
b sf&) i ’Ei<Ld>]N

= LY||F|lx ¢l dx.
Pl {170 da

Now, if 2o + [0, L]Y C Q, we can take a sequence {p,} C Co(9), with supp ¢, C {zo+ (0, L)V}, [|enlle < 1
and converging everywhere to X (., (0,z)~}. Taking the limit as n — oo in the inequality

e fou)l < V1PN [ 1£1

using Lebesgue’s dominated convergence theorem in the left-hand side, we obtain

e £t < 1P [ 1915 [ Xogsioaym do.

Now, given any ¢ € Cp(£2), we may define a sequence of functions g,, with compact support in Q of the form
;‘];1 i X{zn+(0,L7)}> such that gn(z) — ¢(x) for all z € Q and [|gn[loc < [|¢]loc- Since gy, clearly satisfies

i Fgnd] < | Flloc / £ dz / g0 i,
GN Q

taking the limit as n — oo and using again Lebesgue’s dominated convergence theorem, now in both sides
of the inequality, we arrive at

(33 (ur £ < Il [ 1014 [ Joldo

Equation (3.3) implies that
lwr| < || Flloo dz d.

If ¥ (z,x) is a Borel map representing the Radon-Nikodym derivative of up with respect to dz dz, we then
have

[Yr(z,2)| < ||Flco, for a.e. (z,7) € GV x Q.
Let S be a countable dense set in C(K) that is also a vector space on the field of rational numbers Q: such
a set exists since K is separable. By the uniqueness of the Radon-Nikodym derivative and the monotonicity
of the depedence of jup on F we can find a Borel negligible set ' C G x Q such that F' +— 9p(z,2) is
Q-linear and monotone on S and moreover

(34) Ve (2 2)] < [Flloo

for any (z,7) € GY x Q\ N. For any such (z, ) the Q-linear form (v, ., F) = 1r(2,2) may be uniquely
extended to a monotone and continuous linear functional on C'(K). Hence, by Riesz Representation Theorem,
Vew € M(K) for all (z,z) € G x Q\ N. Moreover, proceeding as above, we see that i satisfies

</~L17fXQ> = |Q|/«}Nidza
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for any N-dimensional cube @ C 2 and any f € AP(RY). Hence, as above, we conclude that

(1, f) = /fdz/gpdx

for all f € AP(RY) and ¢ € Cy(92). Therefore, we have 11 (z,z) =1 for a.e. (z,2) € G x Q and we conclude

(V2 2,1) = 1 for almost all (z,2) € GY x Q\ N, which means that v, , are probability measures on K for

a.e. (z,x). Defining v, , in an arbitrary (but Borel) way on N, the weak measurability of v, , with respect

to (z,7) € GV x Q follows directly from the fact that (v, ., F) = ¢p(z,2) for any F € C(K) and (z,2) ¢ N.
Recalling the definition of pp, this proves that

o) :L/GN<yz,w,¢(z,x,A)>dzdx

for all test functions ® of the form F(\)p(z,z) with F € C(K) and ¢ € Co(GY x Q). Since p is uniquely
determined, as a measure in GV x Q x K, by the duality with this class of functions, we obtain that the
identity above holds for any ® € Co(GY x 2 x K). Taking (3.2) into account, this proves (3.1).

Step 2. (More general test functions) Now we prove that (3.1) can be extended to ® € BAP(R™; Cy (2 x K)).
For @1, &3 € BAP(RY;Cy(Q x K)) we have

hmsup/ (<I>1( x LT, uHD) — Dy v ,l’,uei(d))) dx
Z(d) €i(d)
T
< hmsup/| — Oy 7'7')||Cg(Q><K)da7
€i(d)
. T
< hmsup/ ||<I>1( b5 ) — Do s )leox i) dx
D {[=L,L]V} €i(d) Ei(d)
< 2L)N|®1 — Pollpar®y ;0 (xK))»

where L > 0 is such that Q C [~L, L]"Y. On the other hand, we have

<10 [ 1) = Bale e d

= [Q[|®1 — P2llBap®N;co@xK))-

Hence, since we know that (3.1) holds for ® € AP(RY; Cy(2x K)), and that any function in BAP(RY; Cy (2 x
K)) may be approximated by functions in AP(RY;Cy(Q x K)) in the norm of BAP(RY;Cy (2 x K)), we
obtain the validity of (3.1) from the above estimates by a simple passage to the limit.

As for the extension to ® € BAPP(RY; C(Q x K)) with p > 1, we have the following. Let ¢ € Co(£2). We

have, for g =p/(p—1) and ¢y =1 — ¢,
. ) 1/p
[ @ e ) ] < ol (19 e () e

1/p
< vl (N / YOI ) ,
! @ [=L/eicay,L/eicay] N} C&xkK)

and so, taking the limsup,, we obtain

x
@0 e ) da

On the other hand, we have

/Q /GN (Vw, (2,2, A))p(2) dz da

<Vz,xa (& - g)(zaxa )‘)> dzdx

QJGN

lim sup < (QL)N/pWJHq||‘I>HBAPP(RN;C(QxK))~

D

< [¥llgl®ll e eic@x k)




12 LUIGI AMBROSIO AND HERMANO FRID

Hence, we may extend (3.1) to ® € BAP?(RY;C(Q x K)) by multiplying ® by ¢, € Co(Q2), with ¢, —
1 in L9(92), and taking the limit as n — oo in the formula (3.1) for ®¢,, which is valid since @y, €
BAP(RY; Cy(Q x K)).

Finally, we prove the assertion for ® € L(Q; AP(RY; C(K))). Indeed, since

X
/ (I)l(—’ Ly Ue, gy ('T)) dx — / (I)2< < / ||(I)1(-,.%‘, ) - (I)g(',l‘, ')HAP(RN;C(K)) dx
Q €i(d) Q €i(d) Q

T
——, T, Ue, (7)) d

and

// <Vz,zag(zvxﬂ)‘)>d2d$_// <1/Z’I,%(Z,1'7>\)>d2d$ S/ ||(I)1<'7m7')_(1)2('7x7')HAP(RN;C(K)) dz,
QJGN QJGN Q

the validity of (3.1) even for functions ® € L (Q; AP(RY; C(K))) follows by the density of Co(Q; AP(RY; C(K))).
O

Remark 3.1. A similar result holds, with minor adaptations in the proof, for families {u®}.~o C L'(Q;R™)
that satisfy the condition

lim limsup [{|u®| > R}| = 0.

R—oo  ¢—0
This happens, for instance, when a uniform bound in LP(€;R™) is available. In this special case, the
representation formula (3.1) is valid for all ®(z,z,\) € AP(RY; Co(©2, C(R™))) such that

d A
\/\llim % =0  uniformly as (z,z) € RV x Q.

This extension is analogous to the well known one in the classical theory of Young measures (see, e.g., [7], [4],
[51] etc.). In particular this gives as a corollary an extension to the almost periodic setting of the main result
of the so called two-scale convergence introduced by Nguetseng [45] and further developed by Allaire [1].

As in the classical theory of Young measures (cf. [54]) we have the following consequence of Theorem 3.1
(cf. [24]).

Lemma 3.1 (Strong convergence). Let Q2 C RY be a bounded open set, let {uf} C L>(Q;R™) be uniformly
bounded and let v, , be an almost periodic two-scale Young measure generated by a subnet {us(d)}dep,
according to Theorem 3.1. Assume that U belongs either to L*(Q; AP(RY;R™))) or to BAPP(RY; C(Q;R™))
for some p > 1. Then

(3.5) Ve = 0uzay if and only if n[gn||u€<d><x>—U%l),x)umm=0.

Proof. If v, 5 = 6y(s.), for some U € L'(Q; AP(RY;R™)), we take in (3.1) ®(z,2,)) = |X\ — U(z,2)| to

conclude that [|u(®(z) — Uz ®)llLr@ — 0. On the other hand, if [|us(D (z) — U(ﬁ,x)”Ll(Q) — 0

we must have (v, |\ — U(z,z)]) = 0 for a.e. (z,2), which implies v, , = dy(.,s). The case when U €

BAPP(RY; C(Q;R™)) for some p > 1 is similar. O
4. FLows GENERATED BY LIPSCHITZ ALMOST PERIODIC VECTOR FIELDS

Let a € AP NWL(RY; RY), and let us assume that a is incompressible, i.e.
(4.1) V.-a(z) =0.
Let us consider the Cauchy problem
dx
(4.2) E(z, t) = a(X(z,1)),
X(z,0) = z.

In some occasions we will denote the map t — X (z,t) by X;(2).
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We are interested in the properties of the map X, : BUC(RY) — BUC(RY) defined by g — g o X;.
Lemma 4.1. go X; € AP(RY) for any g € AP(RY) and

(43) f loX G = f @) d
RN RN
Therefore X, can be extended to an operator in BAPZ(RN) satisfying
(4.4) ][ | X (9) dz = ][ lg(2)|*dz Vg € BAP*(RY).
RN RN

Proof. Tt suffices to prove that X;(AP(RY)) C AP(RY) for each t € R. First, we show that if 7 is a e-period
of (a,g) € AP(RY;R?) then

(4.5) [ Xi(x+7) = Xi(z) — 7| < (PO — 1), g(Xi(w) + 1) — 9(Xe(2))] <e.

Lip®(a)

Since the second inequality is trivial, we check the first one, in the case when t > 0. So, we have

(Xi(z 4+ 1) = Xo(z) — 7] = /0 (a(Xs(z + 7)) — a(Xs(2))) ds

< / a(Xu( + 7)) — a(Xa(2) + )] ds + / a(Xa(z) + 7) — a(X(x))] ds

t
< Lip(a)/ |Xs(z 4+ 1) — Xs(x) — 7| ds + et.
0

Applying Gronwall’s lemma we arrive at the first inequality in (4.5).
Now, let g € AP(RY) and let p(s) be a modulus of continuity of g. By (4.5) and the triangle inequality

we get
90X (2 + 7)) — g(X( >>|<p( e )—i—s

and since the right hand side is infinitesimal as ¢ — 0 the proof of the almost periodicity of X ;(g) is achieved.
Now we prove (4.3). The incompressibility assumption (4.1) implies that the Jacobian determinant of X
is a.e. equal to 1, and we have

1 / 2 1 2
L[ e )d= L / lg(w)]? duw
LN Jio.Ly~ LN Jx,qo.zv)
1 / 2 1 2
Y i / l9(w)]? duw
LN Jio,y~ LN Jio.L1v\x, (j0.L1%)

1
v | |
LY Jx, 0,1\ [0,2)%

Taking the limit as L — oo and observing that the two last terms in the equality above go to 0 as L — oo
because

g(w)|? dw.

[llallsot, L = llalloct]™ € Xe(10, LI™) € [~ llalloct, L + [lallot] ¥
we obtain (4.3). Relation (4.3) immediately implies that X ; can be extended to an operator in BAP?(RY),
and that X, fulfils (4.4). O

Remark 4.1. The argument used in Lemma 4.1 can also be used to show that g o W € AP(RY) whenever
W can be written as w; + wq, with w; affine and wy € AP(RY;RY).

Corollary 4.1. For any t € R the flow map X; can be uniquely extended to a homeomorphism X, of GN
and X(g) = g(X,) for any g € L*(GY).



14 LUIGI AMBROSIO AND HERMANO FRID

Proof. Since C(GV) is isomorphic to AP(RY), it is a direct consequence of the invariance of AP(R”) under
X, and of Lemma 4.2 below, with R =RY, X =G and W = X,. O

Lemma 4.2. Let X be a compact Hausdorff topological space, R C X dense and W : R — R a bijective
map. Suppose that for all g € C(X) the map g o W is the restriction to R of a unique § € C(X) and the
same is true for go W1, Then W can be extended to a homeomorphism W : X — X,

Proof. Let w € X. Any limit point @ of W(z) as z € X converges to w must satisfy g(w) = g(@) for any
g € C(X). Since C(X) separates the points of X (because X is a normal space, see [37]), we obtain that
the limit W (w) of W(z) as z € X — w exists and satisfies

(4.6) gW(w)) = g(w) for all g € C(X).
The identity (4.6) implies that W : X — X is continuous. Indeed, if wg — w € X, we have
(4.7) 9W(wa)) = §(wa) — §(w) = g(W(w))

and, again, this yields that any limit point @ of W (w4) must satisfy g(w) = g(W(w)) for any g € C'(X), and
therefore coincide with W (w).
A similar reasoning gives that W~ has a continuous extension W ~! as well, and it is easy to check that
W is the inverse of W 1. O
Let S be the closed subspace of BAPz(RN ) defined as follows. Let us consider the equation
(4.8) V- (a(z)v(z)) = 0.
We define a class of asymptotic solutions of (4.8) as follows:
(4.9)

S = {v € BAP?(RY) : ][ v(2)a(z) - Vo(2)dz =0 for all p € AP(RY) with Vi € AP(RN;RN)}
RN

and its subspace
(4.10) S*={ve APRY)NW'"*RY): a-Vv=0 ae.}.

Equivalently, recalling the canonical isomorphism between BAP?(RY) and L2(G"), when v is viewed as a
function in L?(GY), we can say that v € S if

(4.11) / v(w)a(w) - Vo(w) dw =0 for all ¢ € AP(RY) with Vi € AP(RY;RY).
GN -

Given g € BAPQ(RN ), we denote by g € S its orthogonal projection on S. Accordingly, we denote by a
the vector field whose components a; are the projections on S of a;.
By the properties of orthogonal projections, g is characterized by

(4.12) / gh dw :/ ghdz, ge L*(GY), hes.
GN GN

Moreover, the Mean Ergodic Theorem (see [20], Theorem VIII.7.1), which is applicable due to (4.3) and to
the fact that S is the invariant space of X; (see Proposition 4.1 below) implies that for g € BAP#(RN)
t

1
(4.13) lim ~ [ X,g(z)ds=g(z) Vg€ BAP*RY),

t—oo ¢ 0

in the sense of convergence in BAPQ(RN ), and one can use this formula to link in a more explicit way § to g.
We summarize some properties of S in the following proposition.

Proposition 4.1 (Characterization of S). S is the invariant subspace under X . Moreover, if S* is dense
in S, then SN L>®(GY) is an algebra and

(4.14) gr=g7 YgeSNL>®GY), rec L*(G").
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Proof. If v is invariant, for any almost periodic ¢ with an almost periodic gradient we have

0=/ (UOXt—v)godw:/ vipoX , —p)dw.
GN - GN -

Dividing both sides by ¢ and letting t — 0 we obtain (4.11). The converse implication is analogous: one can
check that (4.11) implies that the time derivative of ¢ — [,y v 0 X ;¢ dw vanishes identically.

Let now g € S* and r € S. Since a- Vg = 0, by integrating the identity rga - Vo +rpa- Vg =ra- V(pg)
we obtain that gr € S. The density of S* immediately gives that S N L>°(G") is an algebra.

Finally, let g, r be as in (4.14). For any h € S we have

/ hg?’dmz/ h(gr)dw:/ hgr dw
GN GN GN

because hg € S. Since g7 € S and h € S is arbitrary this proves that gr = gr. O

We conclude this section with some remarks on the density of S* in §. We still don’t know whether this
property holds in general, but we are able to give a positive answer in special cases.

Lemma 4.3. Suppose that W : RY — R is a bi-Lipschitz map satisfying W(AP(RY)) = AP(RY) in the
sense that, for all g € AP(RY), goW € AP(RY) and go W~ € AP(RY). Let J = |%—2/\ and assume that
J € AP(RYN) and k < J < K for certain constants 0 < k < K. Assume that the vector field a(z) satisfies

1 _ Oy 1mN
J(Z)a(z) Vi(poW) = (—OwN) oW Yo e C(Ry,).
Then S* is dense in S.

Proof. Let H = BAP? (RY). Arguing as in Lemma 4.1 and using the fact that
[~L/C.L/CIN € W([~L, L}V) € [-LC, LCIY

for a suitable constant C, it is immediate to check that go W € H if and only if g € H. Now, we consider
on H the bilinear form

(4.15) (flg) = f(w)g(w) dw

1
tim o [
Lo L)Y Jw (-1,1%)

. 1
= Jim iy /[} FOW(2))g(W (2)).] dz.

The second equation in (4.15) shows that the limit in the definition of (-|-) exists, due to the almost periodicity
of J. Clearly, (f|g) is also an inner product in H and, using the bounds on J, it is immediate to see that
the norm ||| - ||| defined by by |||f]]| = (f|f)'/? is equivalent to the norm induced by the usual inner product
of H. Let us denote by H, the Hilbert space formed with the same elements of H, endowed with the inner
product (:|-), defined by (4.15). Using the Gauss-Green formula and the fact that the (IV — 1)-dimensional
measure of the boundary of W ([—L, L]") goes like LN~ as L — oo, it is easy to verify that {cos\ - w,
sin A -w, A € RV} is also an orthogonal system of functions spanning H. Let o(w) € H satisfy

(4.16) (0] (‘3890 ) =0 for all p € AP(RY) such that Vi € AP(RY).
WN

Then we have

(4.17) (9] cos X -w) = (9] sin X -w) =0 for all A € RY such that Ay # 0.

Conversely, by the density of trigonometric polynomials one can immediately check that if & € H satisfies
(4.17) then @ satisfies (4.16). Indeed, any function in AP(RN) which may be written as -22- for some

own
¢ € AP(RY) with N-th partial derivative in AP(R?) is orthogonal to all function sin A - w, cos \ - w with
An = 0, and so it can be uniformly approximated by finite combinations of functions in {cos A-w, sin A-w, A €
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RM Ax # 0}. In particular, the subspace Sy of the functions © € H satisfying (4.16) is spanned by
Fw :={cos X w, sin\-w, A€ RN Ay =0}

Now, by assumption, the map g — g o W establishes a one-to-one correspondence between Sy and S.
Since Sy is spanned by Fy and the maps ¢ o W with ¢ € Fy are classical solutions of (4.8), we have that
classical solutions are dense in S as desired. (]

Notice that the last assumption of the lemma can be written as
(4.18) a-VWi=0 (1<i<N-1), a-VW¥N=J

Before continuing our general discussion, we analyse the special two-dimensional case where a(z1,22) =
(G'(22) +7,1), with G, G' € AP(R) and ~ € R. In this case the map W : R? — R? defined by

W(z1,22) = (21 — G(22) + 722, 22),
is a bi-Lipschitz diffeomorphism with
W wy, we) = (w1 + G(ws) — ywa, wa),
satisfying the hypotheses of Lemma 4.3 (see also Remark 4.1).
It is also easy to check that the flow X; : R? — R? associated to this particular vector field a is given by
Xi(z1,22) = (21 + G(22 + t) — G(22) + v, 22 + 1),
hence §* is dense in S.
The general result for the two-dimensional case, N = 2, is as follows.
Lemma 4.4. Let a(z) = (a1(2),a2(2)) be a vector field in R? satisfying the conditions:
(i) a € AP(R?)NWL>(R?) and V. -a = 0;
(ii) there exist constants 1, v2 and functions A1 € AP(R) and Ay € AP(R?) such that

0A dA
28712(2’)4-’}/2 and a1(0,s):d—sl+*yl;

(iii) there exists a function 1 € C1(R?) of the form ¥(2) = c121 + caza + g(2), with c1,c2 € R, g €

AP(R?) N W1>°(R?), such that Vi) -a > k > 0 for some r > 0.
Then, the hypotheses of Lemma 4.3 are satisfied and, in particular, S* is dense in S.

az(z)

Proof. We must exhibit a diffeomorphism W : R? — R? with the properties stated in Lemma 4.3. We define
wa(z) = 1(z) and

wy(z) = / as(r, z9) dr — / a1(0,8)ds = Aa(2) — A2(0, 22) — v221 — A1(22) + A1(0) + 71 22,
0 0

and set W(z) = (w1(2), wa2(2)). We observe that the Jacobian matrix of W is given by

pwi = [ 270 2]

Hence, the Jacobian determinant is J(z) = Vi(z) - a(z) > & > 0 and the inverse of DW is given by

9% (4 a1z
DW(z)~! = % lgéa((z)) GQEZ;] .

In particular, we have that DW(z) and DW(z)~! are uniformly bounded in R2. Hence, from a classical
theorem of Hadamard, it follows that W is a bi-Lipschitz diffeomorphism of R? and a;ﬁ& = Jla-V (see
(4.18)). By Remark 4.1 we obtain that g o W € AP(R?) and go W~ € AP(R?) for any g € AP(R?), and
this concludes the proof. O
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5. APPLICATION TO NONLINEAR TRANSPORT EQUATIONS

In this section we study the homogenization problem for a nonlinear transport equation with an incom-
pressible and autonomous velocity field. More specifically, let a € AP NW 5 (RY;RY), and let us assume
that a is incompressible, i.e.

(5.1) V. -a(z) =0.

We consider the equation

(5.2) O + VY, - (a(g)f(us)) =0, t>0, xR,
with f € C*(R), and the initial data given by

(5.3) w (z,0) = Uo(g,x),

where Uy(z,z) € L}, (RN; AP(RY)). For each w € G, we also consider the auxiliary initial value problem
given by

(5.4) Ui + V- (@(w) f(U)) =0, t>0, z € RV,
and the initial data
(5.5) U(w,z,0) = Up(w, x), r e RN,

We keep the notation introduced in Section 4. The stability properties of entropy solutions to scalar
conservation laws show (see the argument in Lemma 5.1 below) that, possibly modifying @ in a negligible
set, U may be viewed as a Borel map from GV into L{. (RY ™), where RY ™ =R x (0, +00)). Using this
fact, one can for instance find a Borel function U, setting

Uw,z,t) = limi(rJlf U(w, -, t) * pe(z).
E—
Hence, in the following we can assume with no loss of generality that U is a Borel map.
We will need the following theorem which provides a comparison principle between two parametrized

families of measures satisfying a first-order differential inequality in conservation form, which extends a
theorem of DiPerna [23].

Theorem 5.1. Let {u;’t}, (x,t) € Rf“, i = 1,2, be two weakly measurable parametrized families of
probability measures over a compact separable metric space K. Let {,LL;O}:,:GRN, i = 1,2, be two parametrized
families of probability measures over K satisfying

1 t
fim [ ] degota)dads = [ Gk o.gote) do

(56) t—0 t

lim {1i2,6,9) — (130, 9)] da = 0,
=0/{jal<R)

forallg € O(K), ¢ € Coe(RY) and R > 0. Let [ : K x K - R, G : K x K — RY be continuous functions
with I >0 and |G(p,\)| < CI(p,N), for some C > 0. Assume

8t</1“3:,t7 I('v )‘)> + V- <:ualc,t7 G(» )‘)> <0,
O(k3 0, 1(p, ) + Vi - (i3 4, Glp, ) <0,

in the sense of the distributions in Rfﬂ, Then, for a.e. t > 0, we have

(5.8) / WL®@MEWMS/ (ko @ 120, 1)) d.
{lz|<R} {lz|<R+Ct}

(5.7)
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Proof. The proof follows as in [23] by using Kruzhkov’s doubling variable method [39]. We sketch the proof
as follows. ;jFrom the first inequality in (5.7) we have

(5.9) / (i, TG A&t (@, 5y, 7) + (g 0, G N)) - Vil (@, iy, m) dedt > 0, for all (y,7) € RYT,
RN+1

for all £ € C°(RYT! x RYH!). We integrate in the variable A € K by the measure 2 . and then integrate
in (y,7) € R to obtain

(5.10) (g0 @ g 7 (3 )6 + (g © piy -, G-, 0)) - Vi€ dadt dydr > 0.
RN+1 Rf+l ? v ’ v

Analogously, starting with the second inequality in (5.7) and proceeding similarly, exchanging the roles of
u;’t and MZW we obtain

(5.11) Lo [ @ 0 TN+ bk 90 G ) - 9,6 dvdtdydr =0,
RN+1 SR
Adding (5.10) and (5.11), we obtain
612 [ ] S TN+ € + (i 91 G ) (Va4 V) dededydr > 0.
+

(From (5.12) we deduce

(513) Lo b @ b2 TC) 00+ Gk @ 12, G0 - Vi dadt >0,
+
for all ¢ € C°(RY ™), by taking
r+y t+T1 Ty — TN — t—T
e, ty,m) = (L T D)0 (P 6, (s, (D,

2 72 2 ) 2 2
where 0,(s) = né(ns), n € N, with § € CP(R), 6(—s) = d(s), § > 0, [,d(s)ds = 1, and then making
n — oo. Now, (5.13) implies that 9y (uy , @ p2 4, I(-,)) + Ve - (uh , @ p2 4, G(-,-)) is a (signed) Radon measure
over Rf 1 by a well known lemma of Schwartz [52]. We then integrate it over the set

K={(zt) e R¥T : [z|] <R+ C(t—7), 0< T <t}

use Gauss-Green formula and the properties of the normal traces of divergence-measure fields (see, e.g., [17]),
to deduce that (5.8) holds for a.e. t > 0, upon using (5.6) and the assumption |G| < CI. More specifically,
we consider ¢ > 0 which is Lebesgue point of the functions

TH/ <Iu;,‘r®,u*m,‘ra‘[(?)>¢(x) d(E,
RN

for all ¢ € C.(RY), a property verified for a.e. t > 0. For those ¢ > 0, the normal trace on 9K restricted
to OK N {r = t} coincides with (u; , ® p2;,I(:,-)). On the other hand, the normal trace restricted to
{lx] = R+ c(t — ), 0 < 7 < t} is nonnegative due to |G| < C'I. Finally, (5.6) guarantees that the normal
trace on OK N {7 = 0} coincides with (u}, o ® p2 o, I(-,-)), which concludes the proof.

]

In the following theorem we extend to the context of almost periodic velocity fields and initial data a
result of W. E (¢f. [24]), relative to the periodic case. We characterize the weak limit of u® and, under
suitable additional regularity assumptions on U, we prove a strong correctors formula.
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Theorem 5.2. Let a € WL N AP(RN;RY) and Uy € L} (RN; AP(RYN)). Let {uf}ec~o be the sequence of

loc

entropy solutions of (5.2), (5.3). Assume that f'(u) # 0 for all u € R, that Uy is bounded and satisfies
(5.14) Uo(-,2) €S for a.e. x € RN with S defined in (4.9)

and finally that the set S* defined in (4.10) is dense in S.
Then u® weakly star converge in L= (RN x (0,4+00)) to

(5.15) u(z,t) = U(w,z,t) dw,
GN
where U is the solution of (5.4), (5.5). Suppose further that
(5.16) cither U € Li, (RN x [0,T]; C(GN)) or U € (] L*(GY; C(Br(0) x [0,T]))
R>0

for some T > 0. Then
(5.17) lim u® (z, ) — U(g,x,t) =0 in L (RN x[0,77).

e—0

Proof. We first observe that the entropy solutions u® of (5.2), (5.3) are uniformly bounded in L (TIr).
Hence, taking into account Lemma 3.1, it suffices to show that any two-scale Young measure generated by
a subnet of {u®}.~( satisfies

5.18 Voot = OU(w ot for a.e. (w,z,t) € G x RN x (0, +00).
T, (w,z,t)

Let then v, ,; be a two-scale Young measure generated by a subnet of {u®}.5¢ which, for notational sim-
plicity, we still denote by {u®}. For any nonnegative 1 € L(RY x (0, +00)) we set also

(5.19) ol = / / Y(x, )y g, dudt.
RN Jo
We use Theorem 5.1 to prove (5.18). So, let us consider the family of Kruzkhov’s entropies
(5.20) k) =IA=kl, q(A k) =sen(A = K)(f(A) = F(R)),
so that the entropy solution of (5.2) satisfies
(5.21) o K) + V- (a(D)au ) <0 VheR

in the sense of distributions: it means that for all nonnegative ¢ € C2°(RN*1) we have

(5.22) / ) / " K)o+ alu K (a(2) - V) dedt + / (%), K)ol 0) de > .

In (5.22) we take ¢(x,t) = ep(2)(x,t), where p € BAP(RY) and ¢ € C2°(RV*!) are nonnegative, and let
€ — 0 to get

(5.23) [ ot mpe) Vods >0
GN -
By applying this inequality with C + ¢, with C' = |||, and using the arbitrariness of ¢ we get (recalling
(4.11))
(5.24) w (0f,q(- k) €8.

As in [24], we now observe that equation (5.24) holds not only for functions of the type (5.20). Indeed,
the same argument above works for any C'* entropy-entropy flux pair (7, §) with 7 convex or concave. As a
consequence, by approximation it holds for any Lipschitz entropy-entropy flux pair. Choosing 7 such that
77 =sgn(- — k)/f' we obtain ¢ = n(-, k), so that (5.24) gives

(5.25) wi (d¥ (-, k) €S.
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By approximation (5.24) and (5.25) hold for any ¢ € L(RY x (0, +c0)).
Next, we take in (5.22) ¢(z,t) = p(£)(z,t), where p € S* and ¢ € C2°(RV ') are nonnegative. Passing
to the limit as € — 0 we get

(5.26) /RN/O /GN{<Vw,w,ta77(-’k)>£wt F (Vw4 k) pla - Vb)) dw da di
+/]RN /GN nN(Uo(w, z), k)p(w)(x,0) dw dz > 0.

By Proposition 4.1 and (5. 24) the maps w — (w)(c%", q(-, k)) belong to S. Therefore, taking (4.12) into
account, we can rewrite (5.26)

(527) /RN / / { Vw T ta ) )>§Dwt <Vw,:c,t; q(’ k)>£(d . VzT/J)} dw d.’E dt
+/RN /GN N(Uo(w, z), k)p(w)(z,0) dwdz > 0,

for all nonnegative p € §* and all nonnegative Y € CF(RN+1). But then, using also the fact that w +—
(0%t n(-, k)) (see (5.25)) and @;(c2¥, q(-, k)) belong to S and assumption (5.14) on Uy, we obtain that (5.27)
holds for all ¢ € L?(GY) (here we use the density of S* in ). In particular, for each fixed nonnegative
P € CX (RN inequality (5.27) can be strengthened to an inequality a.e. on w € GV. A density argument
on the class of test functions v then gives that for a.e. w € G the following property is fulfilled:

/]RN/ { Vi, it T )WH’ <wat Q( k)>(d(w)vwz/})}dxdt
(5.28)

+ /]RN n(Uo(w, ), k) (z,0) dx > 0,

for all nonnegative 1) € C2°(RV*1).
We are going to apply Theorem 5.1 to show that v, ,, is a Dirac measure for almost every (w,z,t) €
GY x R¥ x (0,4+00). To do this, first we observe that (5.28) implies

(5.29) lim & / / Vioo.m 9)b(2) da dr = / (Bt 9) () d,
RN RN

t—0 t

for all g € C(R) and ¢ € C.(RY). Indeed, choosing 1 (z,t) = 05 (t)p(z), with §;(t) = max{h~(h —t),0},
fort >0, h >0, ¢ CPRYN), ¢>0,in (5.28), we obtain

(5.30) lim © / / Vorwts |- —k|) () da dt < / Uo(w, z) — k|o(z) dz
h—0 h RN
for all ¢ € C(RY), ¢ > 0, and a fortiori also for all nonnegative ¢ € L*(RY). Taking advantage of the
flexibility given by the presence of ¢ € L*(RY) in (5.30), we may replace k by any function k(z) in L>(RY),
in particular, k(z) = Up(w, x). This proves (5.29).
Now, let U(w, z,t) be the solution of (5.4), (5.5). The entropy condition states that

(5.31) I\ U) +V, - (a(w)g\,U)) <0 forall \e R, we GV,
and
(5.32) lim |U(w,z,t) — Up(w, z)|dz =0, for all R > 0.

=0 J{jz|<R}

Therefore, we can apply Theorem 5.1 with p1} ; = Ve at, o, = OU(was), I =1 and G = a(w)q, for a.e.
w € GY. From this we easily deduce that v, ,; = OU(w,z,t), for ae. (w,z,t) € GN x RN x [0,T].
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To prove the weak convergence u® — u, with u(z,t) given by (5.15), we argue as follows. Let U° €
C(GYN x RN x (0,400)) be bounded. Using (3.1) with test function

BN w,2,1) = [A - U (w, 2, )|z, 1)

with ¢ € C.(RY x (0,+00)) nonnegative, we obtain

oo
limsup/ / W(z, 8 (z U‘S(f,x,mdmdt:/ / / Uy — US| dwdzdt.
e—0 RN £ RN Jo GN

On the other hand, the continuity of Us gives

lim/ / U‘;(E,x,t)d)(as,t)d:rdt:/ / / Ul (w, z,t) dwip(x, t) dzdt.
e—0 Jan Jo € rvJo Jev

Hence, combining the previous two formulas, we get

lim sup / / —U°(z, t)y(x, t) dxdt’ < |U%y — U| 11,
e—0 RN
with U°(z,t) := fGN U’(w,z,t)dw. By a density argument we obtain the weak star convergence of u® to

lims U, i.e. [on U(w,,t) dw. Finally the fact that u®(z,t) — U(%,2,t) — 0 in Li (RN x [0,T]) as € — 0,
under assumption (5.16), follows directly by Lemma 3.1. |

Remark 5.1 (Convergence of translates). We can easily show that the same convergence statement, with the
same limit u, holds for the solutions uZ, associated to the vectorfields a,(z) := a(z +w) with the initial data
Uow (2, ) := Up(w+2, 1), for any w € GV. We may obtain these translates by uniform continuity as functions
in APNW5H(RY; RY) and AP(RY; L}, _(RY)), respectively. Let S,, be defined as S with a(z) replaced by

loc
a(w+ z) and let TI,, be the orthogonal projection of BAP?(RY) onto S,,. We have II,(v(w+-)) = H(v)(w+-)
for all v € AP(RY). Indeed, w(z) = II(v)(w + 2) satisfies V - a(w + 2)w(z) = 0, in the sense of distributions,

that is, w € S,, and for any w’ € S, we have

]fw (v(w+2) —w(2)w'(z)dz = /Gv(w + 2)w'(z)dz — /(;H(v)(z)w (z —w)dz =0,

since w'(- —w) € S. In particular, Il(a(w + -)) = a(w + ) for all w € GV. The fact that u (z,t) — U(w +
L x,t) — 0in L}, (RN x [0,T7]) is then proved as above. In particular, uZ (z,t) converges weakly star in
L>*(RY x [0,77]) to
w—lim U(w + E,;mt) = / Ulw+ z,z,t)dz = / U(z,z,t)dz = Uz, ).
e=0 € G G

Concerning (5.16), ensuring the existence of strong correctors, we observe that the first alternative is
trivially satisfied if Uy and a are independent of z, in which case we may take any 7' > 0. A simple example
is provided, for N = 2, by the incompressible vector field a(z) = (g(22), 3) with g € AP(R) N W1>(R) and
B # 0. In this case a(z) = (fg,3), which follows easily from (4.13). The following lemma gives sufficient
conditions for the verification of the second alternative in (5.16).

Lemma 5.1. If the range of a is contained in a closed conver set P, then U € L*(G™;C(B(0, R) x [0,T]))
for any R >0, for any T > 0 such that the entropy solutions Vi, of

(5.33) OV + Vg - (bf(Vy)) =0, t>0, r € RV,

(5.34) Vo(,0) = Uo(z, z), z eRY,
have locally uniformly bounded Lipschitz constant in RN x [0,T], with respect to b € P and z € RN.



22 LUIGI AMBROSIO AND HERMANO FRID

Proof. By applying (4.13) we obtain that also the range of a is contained in P. We will prove that U(z, z,t) €
L*(G;C(Br(0) x [0,77)) for any R > 0. Since U is bounded we need only to check its measurability. This
follows by the fact that for any 6 > 0 it is possible to find a compact K5 C G such that U(z,z,t) €
C(Ks;C(RY x[0,T])). Indeed, given § > 0 we may find K such that the restriction of @ to s is continuous.
Now, the stability properties of entropy solutions tell us that w +— U(w, -, -) is continuous from Ks C G into
Li (RN x [0,+00)). The local uniform Lipschitz bound then gives continuity with respect to the stronger

loc

topology. O

An example where Lemma 5.1 applies is provided by the case in which all the components of a are
nonnegative, f”(u) > 0 for all u € R and %—Zﬁ?(z,x} >0 for all (z,2) € RYN xRN i =1,1..., N. In this case,
it b € P = [0, M]" for some M > 0, then it is then well known that the entropy solution Uj of (5.33), (5.34)
can be constructed by the method of characteristics in such a way that U, € WI’OO(RN x [0, +00)) if the

loc
initial datum is a Lipschitz function. We remark that, in general, entropy solutions are discontinuous.

6. APPLICATION TO HOMOGENIZATION OF CONSERVATION LAWS WITH OSCILLATORY EXTERNAL
FORCES

We consider the homogenization problem for a scalar conservation law in several space variables with a
one-space variable oscillatory external force:

N
Du+ S 0 (u) = %h(%), (@,8) € RY x (0, 00),
(6.1) k=1

u(x,O):uo(%,x), z € RN,

Here we assume h = V' with h, V € AP(R) and fh = 0. We assume with no loss of generality that also
fV =o.

The following result extends to the almost periodic and multidimensional context a previous result of
W. E and D. Serre [25].

Theorem 6.1. Assume that ug(-,z) € AP(R) for any z € RN, that ||uo||e < +o0, that
(6.2) 0., fY(uo(21,2)) = h(z1) for a.e. x € RY

and that the functions f* in (6.1) are bi-Lipschitz and monotone. Denote g = (f1)71 and let f* be defined
implicitly by

(6.3) p= f o(F (0) + V(zn)) don,

(6.4) o) = Fogli )+ Ve dn 2SN,
R
Let u(x,t) be the unique entropy solution of
N _
ou+ Y. O fF(u) =0, (z,t) € R? x (0,00),
(6.5) k=1

u(z,0) = fpuo(z1,x)dz1 =€ RY,
and set

(6.6) Uz, x,t) = g(V(z1) + fH(a(x,1))).
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Then, as € — 0, we have u® — @ in the weak star topology of L™= (RN x (0,+0c0)) and
A
(6.7) Jus — U(?’xvt)HLllm_,(RNX[O,-i-oo)) — 0.

Proof. We can assume with no loss of generality that all functions f* are increasing. First we observe that
the solutions u® of (6.1) are bounded in L (R x [0, +00)) uniformly with respect to . Indeed, for any
a € R, let Uy(y) = g(V(y) + «), and notice that ¥, (x1/e) is a stationary solution of (6.1). Since wg is
bounded and g(s) — +oo as s — 00, we have

g(V(z1/e) = C) S ug(ar/e,x) < g(V(x1/e) + C),
for some constant C' and so, by the monotonicity of the solution operator of (6.1), we get
g(V(z1/e) — C) <uf(z,t) < g(V(z1/e) + C).

In the sequel we denote by K a closed interval containing the image of all functions u°.

Let vy, 4, € M(K) be the two-scale space-time Young measure associated with a subnet of {u®}.>¢ with
test functions oscillating only on the first variable z;; the theorem will be proved if we can show that v, ;¢
is a Dirac measure for almost every (w,x,t) € G x RY x (0, 400), where, in this section, G denotes the Bohr
compactification of R. This will be achieved, as in [25], by adapting DiPerna’s method in [23], that is, with
the application of Theorem 5.1.

Observe that, for every o € R, the entropy solutions of (6.1) satisfy

N
(6.8) juf = Wa(@r/e)e+ Y 1 (w) = fF(Yal1/e)))]a, <O
k=1

because the monotonicity of ¥ gives

sgn(u® — a2 /) (f* () = fH(Wala1/e))) = |fF (@) = fF(Talz1/0))].

Hence for any nonnegative ¢ € C2°(RY x R) we have

(69 / ) / OO{W W1 /)60 + 1F () — (Va1 /)b,

+Z P = (Wl /Do, e [ = oo /2o, 0) e > 0

Setting ¢(z,t) = ep(z1/e)v(x,t), where p € AP(R) and ¢ € C°(RY x (0,+00)) are nonnegative, and
letting € — 0, we get

/RN /Ooo/(}w(x,t><vu,m,t7fl@) — W (W) (W) dzdzdt > 0.

Now apply the inequality above to C' & ¢, with C' = ||¢]| 00, to obtain

(6.10) / ) / /@ D) Voms [N V) — FH (W)} () dedadt = 0.
RN Jo
As in [25], we define a new family of parameterized measures p, 5 by

(H,z.t,0) = <Vw’x’t79(f1()\) —V(w))) for any 6 € C(R),

so that i, ¢ are the image of v, ,; under the map A — f*(\) — V(w) and are supported in a compact set
K’ containing all points f*(\) — V(w) with A € K and w € G. Equation (6.10) can also be rephrased as

(6.11) /RN/ /w:r ) (fhos,at,0) @' (w)dzdadt = 0
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where 0(p) = |p — a], @ € R. On the other hand, using the same test function as above in the integral
equation defining weak solution of (6.1), we get in a similar way that the same holds when 6 is any affine
function. Now, since any continuous function may be locally uniformly approximated in R by finite linear
combinations of affine functions and functions of the form |p — a| (because these combinations generate the
piecewise affine functions), we conclude that (6.11) holds for any continuous function . Then, we can apply
Proposition 2.3 to obtain that g, ; ; is independent of w in the following (weak) sense: for any 1, 6 as above

the function
o0
w'—>/ / Y(x, 1) (Heo,z,t, 0) dadt
RN Jo

is equivalent to a constant (since G is not separable this does not imply in principle that w — pig, 44 is
constant for a.e. (z,t)!). Using this fact, and defining

N’I,t = / /Lw,m,t dw S M(K/),
G

we have, in particular,
/ (x, t) (e, t, 0) dedt = / Y(x, t)(pa e, 0) dx dt, for a.e. w € G.
R{:‘Fl Rf+1

Hence,

612 [ [ b [ oyt o

=3om@) [ [ 00t ) o = Z / A RO

/RN/ /um, w, NY(x,t) dw drdt

for any simple function w = ), 6;xq, from G to C(K’). By approximation (6.12) holds for any w €
C(G x K').

Next, we take any nonnegative ¢ € C}(RV*1) in (6.9) and take the limit as ¢ — 0, passing to a subnet if
necessary, to get

(6.13) Lo [ [ 3= a0 = £ a6

N
+k22 yth,|fk _fk(\Ila(w))Dquk}dwdxdt#—/RN/G|u0(w,x)—\I'a(w)|¢(a:,0)dwdx20.

We extend v, and p, ¢, to negative times with the O value. Then, using the substitution formulas
A=g(p+V(w)), ¥ulz1) = gla+ V(w)), and taking into account (6.12), we can rewrite (6.13) as

(6.14) O (gt I(-y )y + Vi - (o t, G(+, ) < dg, Vo € R

in the sense of distributions in RY x R, with

(6.15) Ip.0) = [ lalo+ V() = glo+ V(e

(6.16) G (p,a) i= / Mt (o + V() — m(a 4+ V(@)|dw, (1< k<)

(6.17) /RN/ o (w, ) — glar + V(w))|é(x, 0) dw da,
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with m* = f* o g (notice that m!(¢) = t). By (6.14) and the definition of J,, we obtain

(6.18) ess—limsup/ X(@) (g, I(-, @) de S/ / luo(w, ) — g(a+ V(w))| dw dz
tlo  Jr~

for any nonnegative y € C°(RV) and any a € R, which easily extends to all nonnegative y € L'(RY).
Using the flexibility provided by x € L*(RY) in (6.18), we deduce that the same inequality still holds if « is
a bounded measurable function a(x); in particular, for a(z) = f!(ug(w,x)) — V(w) = f!(@(x,0)), where the
last equality follows from (6.3) and (6.5). For this choice of a(x) we have g(a(z) + V(w)) = uo(w, x) and so
(6.18) implies

(6.19) lim — / / (qTm— d{EdT—/H@N<§f1(a(x}0))7g>¢(x) de,

t—0 ¢

for all g € C(R) and ¢ € C.(RV).
The idea now is to apply Theorem 5.1 to show that v, ,; is a Dirac measure for almost every (w,x,t).
Let @(z,t) be the entropy solution of (6.5). We have

N
(6.20) Orly —al + Y O, | f*(7) = @) <0

in the sense of distributions in RY x (0, +o00) for all v € R, and also
(6.21) lim |a(z,t) — tp(z)|dz =0, for all R > 0.
=0 {jz|<R)
Let &(x,t) = fY(a(x,t)), p = f' (7). Then the definitions of f* give
i) = [ @t + VN 1= [ oo+ Vie)ds
Pt = [ mte@n+vends o) = [ mhe+ Vo)
G

Moreover, since ¢ and all m”* are monotone, we have

/G (9(p+ V(@) — g(E + V() dw

- /G l9(p+ V(W) — g(€ + V(w))] d,

/G (m* (0 + V(w)) — m* (€ + V(W) du

= [+ V) = m(e+ Vi)l do.
Hence, we can write (6.20) as
(6.22) O (p,&(x,t)) + V- G(p,&(x,t)) <0 VpeR

in the distribution sense in RY **. From (6.21) we also have

(6.23) lim |€(z,t) — &(x,0)| dx =0, for all R > 0.
=0 el <R}

We can now apply Theorem 5.1 with pl, = pizs, p2, = d¢w), I and G as given by (6.15) and (6.16),
to conclude that p; . is the Dirac mass concentrated at {(x,t) for a.e. (x,t). Recalling the definition of p .
we have also that pi, ¢ is the Dirac mass at {(z,t) for a.e. (w,t, ), and finally that v, ¢, is the Dirac mass
concentrated at g(V(w) + f(&(z,t))) for a.e. (w,t,z). Taking into account Lemma 3.1, this proves (6.7) and
it remains only to show the weak convergence of u® to .
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By (6.7) it suffices to show the convergence of U(z; /e, z,t): for any ¢ € Co(RY x (0,+00)), we have

sh—I»r(l)/RN/ U—act(act)dwdt—/RN/ qut(/szt )d:):dt
= [ st ([atvn + Pate o da ) dar
_ /RN /ooo o(x, )i, ) du dt,

by the definitions of f! and U. g

Remark 6.1 (Convergence of translates). The convergence statement also applies to the solutions u¢ of
the PDE associated to the functions hy(z1) = h(w + 21), w € G, with the initial condition ug,(z1,2z) =
u(-, ) (w4 21), that (by the averaging properties of almost periodic functions) induce the same initial datum
@(x,0) and therefore the same solution @ of the limit scalar conservation law. Hence

T
(6'24) Huf,(x,t) - Uw(_7xat>||Lll (Re%[0,400)) — 0,

6 oc
where U, (z,t) is given by (6.6) with V(z1) replaced by V(1) = V(w + 21), and uS, — 4 in the weak star
topology of L= (RY x (0, +c0)).

In closing this section we would like to mention that some extension of the theorem of W. E and D. Serre
[25] to equations with non-monotone flux functions has recently been obtained by D. Amadori [3]. We take
the opportunity to thank Debora Amadori for bringing [25] to our attention.

7. APPLICATION TO HOMOGENIZATION OF HAMILTON-JACOBI EQUATIONS

In this section we apply the results of the previous sections to the homogenization problem for the
Hamilton-Jacobi equation

(7.1) u(z) + H(g,x,Du(az)) =0, =zeRM,

where € is a positive constant. We assume that the Hamiltonian H(z,x,p) is almost periodic in z. The
homogenization of (7.1) in the periodic case was addressed by Lions, Papanicolaou and Varadhan [40] (see
also [26], [12]). A correlated discussion concerning dynamics and effective Hamiltonians is addressed in [28].

In the almost periodic context, the first homogenization result was obtained by Arizawa [5] for Hamil-
tonians which are convex in p; subsequently, this result was extended to more general Hamiltonians by
Ishii [34]. We follow the approach in [34], adding to it further observations that are derived from the results
of the previous sections, in particular, the existence of multiscale Young measures. We also provide a global
statement involving all translates of the Hamiltonian by w € G.

As is well-known, equation (7.1) does not have a classical solution in general, and we adopt the notion
of viscosity solutions as weak solutions of (7.1). We refer to viscosity solutions, viscosity subsolutions and
viscosity supersolutions simply as solutions, subsolutions and supersolutions (see, e.g., [18] for a detailed
account on the theory of viscosity solutions).

Given x,p € RY fixed, together with (7.1), we consider the following set of auxiliary equations

(7.2) eve(2) + H(z,xz,p+ Dv.(2)) =0, z € RV,
We make the following assumptions on H (cf. [34]):
(HO) H € C(RN x RN x RY).

(H1) For each R > 0, H(z,z,p) € AP(RY; BUC(B(0; R) x B(0; R))).
(H2) limp_.o inf{H(z,2,p) : z,2,p € RN, |p| > R} = +o0.
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(H3) For each R > 0 there is a function wgr € C([0,00)), with wgr(0) = 0, such that
|H(z,2,p) = H(z,2,q)| Swr(p—dl),  zzeRY, pge B(0;R).
(H4) sup{[H(z,2,p)| - 2,2 € RY, p € B(0, R)} < oo,

The following theorem has been proved by H. Ishii in [34], and we reproduce with minor variants his proof
for the reader’s convenience.

Theorem 7.1. Under assumptions (HO), (H1), (H2), (H3) we have the following:

(i) For each ¢ > 0, there is a unique solution u® € BUC(RY) of (7.1) and ||uf||ee + ||Duf|le0 < A for
some number A > 0 independent of €.

(ii) For each € > 0 and x,p € RY fived, there is a unique solution v. € BUC(RY) of (7.2), v.(z) =
ve(z;2,p), and |leve|loo + [[Dvelloc < A(z,p) for some number A(z,p) > 0 depending on (z,p) but
independent of €.

(iii) For each x,p fived ev.(2) are almost periodic in RN and converge uniformly in RN to a constant
—H(xz,p).

(iv) H € C(RY x RY) and, for each R > 0, there is a function vg € C(]0,00)), with vr(0) = 0, such
that

(v) us — u, as ¢ — 0, locally uniformly in RN, where u is the unique solution in BUC(RY) of
(7.3) u(z) + H(z, Du(z)) = 0, r RN,

Proof. 1. The solution of (7.1) is obtained by Perron’s method (cf. [32]), observing that, for A =
sup{|H(z,2,0)| : z,x € RN}, we have that the functions @(z) := A and o(z) = —A are supersolution
and subsolution of (7.1), respectively. In particular, ||u®|lc < A. The fact that ||[Du®|s is uniformly
bounded follows from (H2) and the uniform boundedness of u¢. Uniqueness follows by the standard com-
parison principle. Analogously, we prove the existence and the uniqueness of the solution of (7.2), and the
bounds in (ii).

2. Assertion (iii) is the decisive point in the whole theorem. Fix z,p € RY, and denote by v.(z) =
ve(2z; 2, p) the solution of (7.2). First, we observe that ev.(z) —ev.(0) converges locally uniformly to 0, which
easily follows from the uniform boundedness of Du., so item (i) of Lemma 2.2 is satisfied. Also, item (ii)
of Lemma 2.2 is satisfied. Indeed, by assumption (H1), given § > 0 there are t1,...,t, € RY such that,
given any ¢t € RY, there is a t; € {t1,...,t,.}, |[H(z + t,z,q) — H(z + tj,2,q)| < J for all z, ¢ € RY with
lgl < A+ |p|. For such t € RN, we have that v.(z +t) & £ is a supersolution (subsolution) of

ev+ H(z+tj,z,p+ Dv) =0,

and, consequently, by comparison, ||eve(-+1) —eve(-+1;)||s < 0, uniformly in e, as was to be shown. Hence,
we have |lev. — ev-(0)||oo — 0. Since ev.(0) is bounded, we may extract a subsequence £, — 0 such that
€;Ve, (0) converges to some —\ € R.

3. We claim that ev:(0) — —A. Indeed, suppose there is another subsequence €; — 0 such that ;v.. (0) —
—p, with u # A, say, p < A. Let 6 < (A — u)/2. In this case, for ¢ sufficiently small, it would be possible to
find solutions w, w’ to

H(z,z,p+Dw) > X—6, and H(z,2,p+ Dw') < p+9,

which contradicts the following result (cf. [34], Proposition 6).
4. Let G € C(RY x RY) satisfy the condition: for each R > 0 there is a function vg € C(]0,00)), with
vr(0) =0, such that

|G(z,p) — G(z,q)| <vr(lp—4ql), =z €RY, p,ge B(0,R).
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Let A\, € R. Suppose there are bounded Lipschitz functions, v(z) and w(z), satisfying G(z, Dv(x)) > A
and G(z, Dw(x)) < p in RY. Then X\ < pu.

We reproduce here the proof of this proposition as in [34] for the sake of completeness. Suppose, by
absurd, that A > p and let v and w be as above. Set L = ||[Dw||«. Let p € (0,1), and define the function
w € C(RN) by w(x) = w(x) — p(|z|? +1)*/2. Then we have ||[D — Dw||s. < p and hence 1 is a solution of

G(z,Dw(z)) < p+viti(p) xRN,
Now, we choose p € (0,1) such that u 4 vr4+1(p) < A and consider the function for any o > 0 the function
@) —v(y) —olr—yl?  (z,y) ERY xRV

Since w(x) — —oo as || — oo, it is easy to check that this function attains a maximum at some point
(T0,ys) € RY x RY with |z,| < C(p), and we have

G(24,20(26 — Yo)) < p+vit1(p)
and
G(yoa 20’(%0 - ya)) > A

Moreover, the Lipschitz condition on w and v yields that o(z, — ¥y, ) is bounded. Hence, sending o — oo, we
see that for some &, p € RN, A < G(&,p) < p + v41(p), which gives a contradiction and proves the claim.
6. Hence, we set H(z,p) = — lil% eve (0; x, p), which is well defined.
E—

7. The fact that H(x,p) is continuous in x follows from the continuity in = of H(z,x,p), the uniform
boundedness of ev.(z;x,p) for |p| < R, which in turn implies the uniform boundedness of Duv.(z;x,p)
for |p| < R, and comparison principle. These facts imply that for Z arbitrarily close to z, ev(0;Z,p)
will be as close as we wish to £v.(0;z,p), uniformly in €, and so we will have H(Z,p) arbitrarily close
to H(x,p), by passing to the limit when ¢ — 0. Following the same line of reasoning we prove that
|H(z,p) — H(z,p)| < vr(lp — q|), uniformly for = € RY and [p|,|q| < R, for some v € C([0,00)) with
I/R(O) =0.

8. Since the solutions u® of (7.1) satisfy ||u®|lec + [|[Du|lec < C for some C' > 0 independent of &, the
family {u® : ¢ > 0} is relatively compact with respect to local uniform convergence in RY. We fix any
sequence ¢£; — 0 such that u% (z) — u(z) locally uniformly on RY as j — co. We will show that @ is a
solution of (7.3). By the uniqueness of the bounded solution u of (7.3), we conclude that & = u, which
implies that u(z) — u(x) locally uniformly in RY.

9. Let ¢ € C'(RY) and assume that % — ¢ has a strict maximum at #. For simplicity we write u; for u®i.
Possibly replacing ¢ by ¢p(x) + |x — #|? we can assume that p(x) — +o00 as |z| — +oc.

10. Take 6 € (0,1) and let v® € BUC(RY) be a solution of (7.2) with = &, p = Dp(z) and § > 0
sufficiently small, so that

H(z, %, Do(&) + Dv°(2)) > H(, Do(#)) — 6,  zeRN.

Consider the function u;(z) — ¢(y) — ;0°(£) — oz — y[* on RN x RY and let (25,y,) € RV x RY be one

of its maximum points, whose existence is obviously ensured. We have

To
u](xo') +H(?ax0720(x0' - yo’)) S 07
J

H(Y2, 3, Dp(&) — Dolys) + 20(2s — yo)) > H(#, Dp(@)) — 6.

Since ¢ has a quadratic growth at infinity and u; is bounded we have |y,| < C with C depending only on j.
Since ||Du,j||oc < L and hence 20|z, — yo| < L, sending ¢ — oo and passing to a subsequence if necessary
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we get

uj(:%j) +H(;j,i'japj) < Oa

for some p; € B(0;L) and some maximizer &; of u; — ¢ — ;0°(-/e;). Taking the difference of the above
inequalities and letting j — oo we can use the fact that #; — 2 to obtain that w(2) + H (%, Dp(2)) < 6, and,
since § > 0 is arbitrary, it follows that @ is a subsolution of (7.3).

Arguing in an entirely similar way we also obtain that @ is a supersolution of (7.3). O

In the following theorem we analyze the convergence of u. to u from the Young measure viewpoint,
deriving some relation between the effective Hamiltonian H, the Young measures v, , generated by u. and
the asymptotic mean value of H. Notice that it is still an open problem (to our knowledge, even in the
periodic case) to give a characterization of v, , and to show full convergence as ¢ — 0 (i.e. not along
subnets). We are able to characterize v, , only when the Hamiltonian is strictly convex (or concave) and
the PDE for correctors admits exact solutions. Nevertheless, concerning the latter, we emphasize that we
do not require sublinear growth at infinity for these solutions v(z) (see (7.5) below), since we only impose
conditions on their gradients D, v(z).

Theorem 7.2 (Strong convergence and correctors). Let H, ue, u, ve as in Theorem 7.1. If v, . is any
two-scale Young measure associated with D(u. — u), then

(7.4) H(z,Du) = [GN (Vew, H(z, 2, Du+ -)) dz.

Consequently, in case H(z,x,p) is convex in p, for each z, x € RN, we have

H(z,Du) > H(z,z,Du)dz,
GN
and, in case of strict converity, equality holds if and only if Du® — Du in L} (RY;RY).
More yet, if H(z,x,-) is strictly convez, then the following two conditions are equivalent:

(a) for a.e. x € RN there is a solution v(z) = v(z;z) of

(7.5) H(z,2, Du(z) + D,v(z)) = H(x, Du(z))
such that x — D,v(z;x) € Li, (RY; AP(RY; RY));

loc
(b) Duf(x) — Dv(%;2) — Du(x) — 0 in L}, (RY) with © — D,v(z;x) € L, (RY; AP(RY;RY)).

loc

Both conditions imply that V. » = 0py(a)+D.v(zz) fOr a.e. (z,7) € GN x RN,

Proof. Since uf(z) — u(x) locally uniformly in RY and u is a solution of (7.3) we conclude that
H(g7 x, Duf(x)) — H(zx, Du(z)) locally uniformly in RY.

Moreover, we must have Du® — Du in the weak star topology of L>(R™;RY). Hence, given any two-scale
Young measure v, , generated in Q = B(0, R) by the sequence of uniformly bounded functions D(u® — u)
(with K = B(0,2A)), choosing as a test function

®(z,x,\) == H(z,z, Du(x) + Ne(x) € L' (Q; AP(RY; C(K))), @ € C°(RY)
we must have
/ () (V2,2 H(2, x, Du(z) + -)) dzdx = / H(z, Du(z))p(z) dx.
QxGN Q
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Since @ is arbitrary we get
/GN@z@,ﬂ(z,x, Du(z) ++))dz = H(z, Du(x)) for a.e. z € B(0, R).
When H(z,z,-) is convex, Jensen’s inequality implies
. H(z,2,Du(x))dz < H(z, Du(x)) for a.e. z € B(0, R),
and, in case H(z,x,-) is strictly convex, equality holds if and only if v, , is the Dirac measure concentrated
in Du(x), that is, Du® — Du strongly in L'(B(0, R); R™).

Now we prove the equivalence of (a) and (b). If v(z; z) satisfies (7.5) and g(z, 2) € Li, (RN; AP(RY;RY)),
with g(z,z) := D,v(z;z), we have

w4+ H(?L Duf(z)) — H(g,x, Du(z) + Dzv(g; 2)) = —H(z, Du(z)).

Multiplying by ¢(z)p(%) with ¢ € Co(RY), ¢ € AP(RY), integrating in R™ and taking the limit along a
suitable subnet ¢(d), d € D, we obtain

/ {{vep, H(z,z,")) — H(2,2, Du(x) + D,v(z; 7))} ¢(x)p(z) dz dx = 0,
RN JGN -
where v, 5 is the two-scale Young measure associated with Du® along the subnet e(d). Since ¢ and ¢ are
arbitrary, we have
(Vaw, H(z,2,0\)) — H(z, 2, Du(z) + D,v(z;2)) =0 for a.e. (z,2) € G x RV,
By the strict convexity of H(z,z,-) we conclude that

(7.6) Ve = ODu(a)+D.v(2) for a.e. (z,z2) € GY x RV,
and this implies that Duf(z) — D;v(%;2) — Du(z) — 0 in L}, (RY) by Lemma 3.1.

Conversely, if Du®(z) — D,v(%;2) — Du(z) — 0 in L}, (RY) and D.v(z;z) € L, (RY; AP(RY)), again by
Lemma 3.1 we must have (7.6) for a.e. (z,2) € GV x RN. Then, multiplying by ¢(z)@(£), with ¢ € Co(RY),
© € AP(RY), the equation

u® + H(g,x,Du(m) + Dzv(g;x)) = H(g,x,Du(a@) + Dzv(g;x)) — H(g,x,Due(x)),

which holds for a.e. x € RY | integrating in R, passing to a suitable subnet {e(d)}4ecp and using the fact
that u® — u(z) = —H(z, Du(z)) for a.e. z € RV, we obtain

/ H(z,z,Du(z) + D,v(z;2))o(x)p(2) dz dx = / H(x, Du(z))p(z)¢(2) dz dz,
RN JgN RN JGN
which implies that v(-;z) satisfies a.e. in RY the PDE (7.5) for a.e. z € RV. O

An example is provided in the unidimensional case N = 1 by an equation of the form
(7.7) u+ H(Dpu) = V(2),

where V' € AP(R) and H(p) is strictly monotone (increasing or decreasing) and strictly convex (or concave).
In this special case the boundedness of D, u® is still guaranteed by the boundedness of ¢, which is again a
consequence of Perron’s method: instead of hypothesis (H2) we use the fact that H is invertible. Clearly,
for each p € R, there is a unique value H (p) defined by

p—ng i (p)) dz.
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We claim that H(p) = H(p). Indeed, if v, = v.(; 2, p) is the solution of
(7.8) ev+ H(p+ D) =V(z),

we have
D.ve = H ' (—ev.(2) + V(2)) — p,

and, since —ev. — H(p) uniformly in R, after taking the average in R of both sides of the above equation
and sending € — 0, we conclude that

p= f HY(A(p) + V(2)) de,

and, so, H(p) coincides with H(p). Hence, the equation

(7.9) H(p+ D.v) = H(p) + V(2)
may be easily solved, and we find

(7.10) D.v(z;p) = H ' (H(p) + V(2)) — p.

So, v is determined up to a constant, and D,v € AP(R). Therefore, we may apply the above observation to
conclude that Du® — Du(x) — Dv(%; Du(x)) — 0 strongly in L}

e loc*
In the following remark we consisder, together with (3.3) and (3.4), also the families of their translates,

(7.11) uaw(x)—FHw(g,m,Duw(a:)) =0, zeRY, weGY,
and
(7.12) eV (2) + Hy(2,2,p + Dug,(2)) =0, zeRY, weGV,

with H,(z,x,p) := H(w + z,2,p). Here we keep the same notation H(w + z,x,p) understanding that, if
w € GV, we are considering the extension of H to GY x RN x RN. A continuity argument shows that the
maps H,, still satisfy (HO0)-(H4) (even uniformly with respect to the parameter w).

Remark 7.1 (Convergence of translates). The solutions u®“(z) of (7.11) converge to u(z), as € — 0, locally
uniformly in RY, for all w € GV, where u is still the unique solution in BUC(RY) of (7.3). It suffices
to notice that the effective Hamiltonian H,,(z,p) given by Theorem 7.1 is the (constant) uniform limit of
€Vew(+;7,p) as € — 0. In the case when w € RY we have the obvious relation

Vew (25 2,0) = ve(2 + w; 2, D) Vz e RV,

that, keeping ¢ fixed, can be extended to vew(+;2,p) = v (- + w;x, p) for any w € GV. Passing to the limit
as ¢ — 0 we obtain that H,(z,p) = H(z,p).

We conclude by recalling briefly how these results fit in the more general framework of stationary ergodic
processes. Given a probability space (Q,F,u), for € RV let 7, : Q — Q be a measure preserving and
ergodic transformation group (i.e. 7,4 = A for all x € RY implies that either (A) = 0 or u(A) = 1). We
say that a measurable function f : Q x RV — R is stationary if

flwsy + 2) = f(Taw;y) for all y,z € RY and w € Q.

The random variable f : Q x RN — R is stationary ergodic if it is stationary and the underlying transforma-
tion group is ergodic. In view of Theorem 2.7, for each x,p fixed, the process f(w;z,z,p) = H(w + z,x,p)
is clearly stationary ergodic (¢f. [36], Ch. 7).
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8. APPLICATION TO HOMOGENIZATION OF FULLY NONLINEAR ELLIPTIC EQUATIONS
In this section we consider the homogenization problem for a fully nonlinear elliptic equation of the form
X
(8.1) u—I—F(g,x,Dzu):O, zeRVN.

Here, we make the following basic assumptions on F'(z,z, M):
(F1) F(z,2,M) € C(RYN x RN x SV), where SV is the space of symmetric N x N matrices;
(F2) F(z,2,M) € AP(RY;BUC(B(0; R) x SY)), where S§ :={M € SV : |M| < R};
(F3) M|N|| < F(z,z, M — N) — F(z,x, M) < A||N||, for certain A, A > 0, for all N > 0;
(F4) sup{|F(z,2, M)| : z,x € RN, M € SN} < <.
Here, for M € S, we denote || M|| = supy,—; [Myl.
As in the last section, for each z, M € RN x S fixed, we consider the auxiliary equation

(8.2) ev+ F(z,2, M + D*v) =0, ze RN,
as well as all translates, for w € G, of both equations:

(8.3) u—l—F(w—i—g,x,DQu):O, r e RY,
and

(8.4) ev+ F(w+ z,2, M + D*v) =0, z e RV,

Before we state our result for the fully nonlinear elliptic equations (8.1), let us recall some facts about the
regularity theory for solutions of (8.1) (¢f. [14], Ch. 7). Let us denote

Ge (2, M) = F(g,x,M) — F(?m,O),

and for a uniformly elliptic operator G with ellipticity constants A\, A we set

Gz, M) — G(xog, M
B(x,20) =  sup [Gla, M) — Glao )l-
MeSN\{0} M|

Let B; denote the unit ball centered at 0 and let xg € By. We say that G(zg, D*w) = 0 has CY! interior
estimates (with constant c,) if for any wy € C'(9B1) there exists a solution w € C?(By) N C(By) of

G(z0, D*w(z)) =0 if z € By,

w(z) = wo(x) ifxedB;
such that

lwlleras, ) < cellwollL=(ap,)-

If G(zg, M) is concave (or convex) in M € S for any zg € By, then G(D?*w, ) = 0 has Ob! estimates
with a universal ¢, by Theorem 6.6 of [14] (see, in particular, (6.14), p. 57 of [14]). We recall the following
theorem of Caffarelli [13] (¢f. [14], Theorem 7.1).

Theorem 8.1 (cf. Theorem 7.1, [14]). Let u be a bounded solution in By of
G(x, D*u) = f(z).

Assume that G(x,0) = 0 in By and that G(xo, D*w) has CY! interior estimates (with constant c.) for any
xg € By. Let N < p < oo and suppose that f € LP(By). Then there exist positive constants B3y and C
depending only on N, A\, A, ce and p such that if

1/n
(8.5) <|Br(xo)|/B( )ﬁ(%xo)”dw> < fo
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for any ball B.(xo) C By, then u € W*P(By ) and
lullw2r(s,,2) < Clllulloe sy + 1fllze )

The following result is the analogue of Theorem 7.1 for nonlinear elliptic equation and its proof follows a
similar line of arguments. Assertion (vii) is motivated by the more general discussion developed in [15]. We
also refer to [6] for a related result.

Theorem 8.2. We have the following:
(i) For each e > 0 there is a unique solution u® € BUC(RY) of (8.1) and ||[uf||s < Ao, for some Ag > 0

independent of €,and, for any compact K C RV, [uf]co.e )y < AL(K), for some 0 < a < 1 and
Ay > 0 possibly depending on K but independent of €.

(ii) For each e > 0 and x € RN, M € SV fized, there is a unique solution v. € BUC(RY) of (8.2),
e|velloo < Ao(x, M) for some number Ag(xz, M) > 0, depending on (x, M) but independent of € and,
for any compact K CRY, [v.]co.e(iy < A1(z, M, K) for some 0 < o <1 and A; > 0 depending on
K,z, M but independent of €.

(iii) For each x, M fized, ev.(z;x, M) converges uniformly for z € RY to a constant —F(z, M).

(iv) F(x, M) satisfies (F1)-(F4).

(v) us — u as € — 0 locally uniformly in RN | where u is the unique solution in BUC(RYN) of

(8.6) u(z) + F(z, D*u(z)) = 0, z € RV,

(vi) Let all G¥(x, M), € > 0, satisfy (8.5) of Theorem 8.1 and assume that F(z,z, M) has polynomial
growth as ||M|| — oo, uniformly for (z,x) € RN x RN. Then u® is uniformly bounded in leo’f, for
any N < p < co. Let v, , be any two-scale Young measure associated with the sequence D*(us — u).

Then

(8.7) Pz, D*u) = /GN (Voras F(z,, D2u+ ) dz.

Consequently, if F(z,x,-) is convex, we have

F(z, D%u) > / F(z,x, D%u)dz,
GN
and, in case of strict convexity, equality holds if and only if D*u® — D*u in L} (RN;RY). Analogous
conclusions hold when F(z,x,-) is concave for each z,x € RV,
(vil) More yet, if F(z,x,-) is strictly convexr and has polynomial growth as | M| — oo, uniformly for
(2,2) € RN x RN, then the following two conditions are equivalent:
(a) for a.e. x € RN there is a solution v(z) = v(z;z) of

(8.8) F(z,z, D*u(x) + D*v(2)) = F(zx, Du?(x))

such that x — D%v(z;x) € L} (RY; AP(RY; SN));

loc
(b) D?uf(z) — D2v(%;x) — D*u(z) — 0 in L}, (RY) with x — D2v(z;x) € L}, (RY; AP(RN; SV)).

loc
Both conditions imply that v » = 0p2y(a)+D2v(z2) for a.e. (z,7) € GN x RV.
(viii) More generally, we have for the solutions ut(x) of (8.3) that us (x) — u(x) ase — 0 locally uniformly

in RN, for all w € GV, where u is the unique solution in BUC(RY) of (8.6).

Proof. The proof follows closely the lines of the proof of Theorem 7.1, the main difference being the usual
changes required in the comparision arguments for Hamilton-Jacobi equations when transported to second
order elliptic equations. In fact, these changes involve crucial ideas that allowed the extension of the theory of
viscosity solutions to second order fully nonlinear elliptic equations, which were primarily due to Jensen [35]
(see also [34] and [18]). Since the rigorous arguments require technical but nowadays standard procedures,
here we will limit ourselves in giving these arguments in a formal way, assuming smoothness of the functions
involved.
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1. Existence of a solution of (8.1) is again provided by Perron’s method, through comparison principle, in
view of (F4), and uniqueness also follows by comparison (see, e.g., [33], [18]). Now we do not have a uniform
estimate for Du®, but, instead, we have a local uniform estimate for the Holder continuity of u®, by a well
known regularity result for fully nonlinear elliptic equations which follows from Harnack inequality (see [14],
Ch. 4). This proves (i). The proof of (ii) is analogous.

2. Concerning assertion (iii), as for the compactness of ev., it follows again by the compactness criterion
in AP, Lemma 2.2, assumption (F2), and the uniform boundedness of [v:]co.o(k), for any compact K C RY.

3. The uniqueness of F'(z, M) and, hence, the convergence of the whole sequence ev. follows from the
following analogue of 4. of the proof of Theorem 7.1.

4. Let G € C(RN x RY) satisfy the ellipticity condition (F3). Let u, v € R. Suppose there are bounded
continuous functions, v(z) and w(x), satisfying G(x, D*v(x)) > p and G(x, D*w(z)) < v in RY. Then
n<v.

We only give the formal argument assuming smoothness of v and w. These arguments may be made
rigorous using regularizations (by means of the so called inf and sup convolutions) of the type introduced in
[35]. So, assume on the contrary that p > v and let us try to get a contradiction. We may assume, without
loss of generality that v(0) = w(0) = 0. We consider the function w(x) — v(x) — p|z|?, and let z, be a point
of maximum, which certainly exists. We have, D?w(z,) — pI < D?v(z,) and so, by ellipticity,

p < G(z,, D*v(z,)) < G(x,, D*w(z,) — pI) < G(z,, D*w(x,)) + Ap < v+ Ap.

Hence, taking Ap < u — v we arrive at a contradiction.
5. The proof of (iv) proceeds again by comparison. For instance, let us prove (F3). We have

F(x,M — — F(x, = lim (ev. (2, z, —eve(z, 2z, M — < ,
M- N M | 1 M M—-N AN
£—

by comparision, since, by (F3), ve(z,2, M — N) satisfies
eve(z,2,M — N) + F(z,2, M + D*v (2,2, M — N)) > —A||N]|.

The other inequality follows similarly.

6. Assertion (v) again requires extreme value arguments and, as above, we here only give their formal
version. Again, by compactness, we have a subsequence u; := u®/ converging to a certain u, locally uniformly
in RY. We will show that u is solution (8.6) and, so, by uniqueness, we will have that the whole sequence
u® converges locally uniformly to u. So, let us fix # € R and, for some ¢ > 0, consider the function vs(z)
satisfying

F(z,#&, D*u(z) + D?*vs(2)) > F(2, D*u()) — 6.
Take p > 0, and let z; be a point of maximum of
z A
us(@) = u(z) — Hus( ) ple — 32 +
J
which certainly exists. We clearly have x; — & as j — oco. We have

wy () + Play, 2, D?ula;) + D?os(22) + pl) <0,
J J

and . .

F(z, 6—3 D?u(z) + D2’U5(€—j)) > F(&, D*u(z)) — 6,

J J

which, after subtraction, gives

uj(w;) + F (&, D*u(#)) < O(lz; — &l) + O(p) + 6.
Hence, letting j — oo we arrive at

w(#) + F(&, D*u(2)) < O(p) + 6,
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from which it follows that u is a solution of
u(z) + F(x, D*u(z)) < 0.

The other inequality can be proved similarly.

7. Concerning assertion (vi), the fact that [|u®([;y2» < oo, uniformly in e, follows from Theorem 8.1 by
using assumption (F4) and the uniform bound for ||uf||o. The assumption that F(z,x, M) has polynomial
growth in M allows the application of the two-scale Young measure to F'(z,z, M). Assertions (vi), (vii)
are proved exactly as the corresponding assertions in Theorem 7.2. Finally, the convergence of translates in
(viii) can be proved by the same argument used in Remark 7.1. (]

Remark 8.1. Concerning item (vii) of Theorem 8.2, first, it is important to observe that we do not require the
solution of (8.8) to have subquadratic growth at infinity, since we impose conditions only on D?v(z). Second,
it is easy to see that also in the above context of fully nonlinear elliptic equations, the one-dimensional case
provides us with an example analogous to the one given in Section 7 after Theorem 7.2 for Hamilton-Jacobi
equations.
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