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Abstract

Incomplete financial markets without arbitrage opportunities are char-
acterized by the existence of multiple risk neutral probabilities. In this
context, a cost function describes the minimum amount necessary for su-
perhedging strategies and it can be recovered from the worst monetary
expectation among the whole set of risk neutral probabilities. This paper
characterizes the class of non-linear functions, called incomplete prices,
that can be viewed as a cost function of frictionless financial markets
without arbitrage opportunities in the two periods framework. First, we
obtain some criteria that allow to know if a given function is actually an
incomplete price. Interestingly, a new role for prices is given because we
can recover the market struture from any incomplete price, clarifying the
understanding about the interdependence between the market structure
and the functional form of incomplete prices. For instance, a financial
markets with a Riesz subspace of attanaible claims is in fact a "partition
market" of bets and such markets are revealed by an incomplete price
given by a Choquet integral with respect to a particular concave capacity.
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1 Introduction

Since the Arrow’s Role of Securities seminal paper the theory of equilibrium
for markets in which both spot commodities and securities are traded is the
fundamental scope for the study of basic problems of economic theory such as
equilibrium existence', asset pricing and so on. The general equilibrium model
assumes that the price of assets satisfies equilibrium conditions in a setting
where many agents demand assets profiles in accordance with their preferences
and their endowments. It provides the main elements for the study of finan-
cial market models given by the set of basic securities and the respective price
system. A fundamental result says that for an economy with financial mar-
kets satisfying mild conditions, at equilibrium, financial markets must not offer
arbitrage opportunities for any agent?. For a two period economy it implies
the impossibility at equilibrium to realize positive net financial returns in the
second period without spending at the initial period some amount of money on
the asset market.

The principle of no-arbitrage can be viewed as the central principle of mod-
ern finance because it is the key for the determination of the value of the assets.
As is well-known, no-arbitrage principle and the assumption of complete mar-
kets® enforce linear pricing rule: the cost of replication of any asset is given
by the mathematical expectation of his payoffs under the unique risk neutral
probability obtained by no-arbitrage principle. On the other hand, market in-
completeness says that not all securities can be replicated by feasible portfolios
on the market. Equivalently, while in a complete market every asset can be
hedged perfectly, in the incomplete market case it is possible to stay on the
safe side for many cases only by superhedging strategies, i.e., with a portfolio
strategy which generates payoffs across the states that are at least as large
as the underlying contingent claim. A fundamental condition for incomplete
markets without arbitrage opportunities is the existence of multiple risk neutral
probabilities.

A cost function describes the minimum value necessary for the replication
or a superreplication of any contingent claim, and a corresponding strategy is
referred to as a minimum-cost superhedging strategy. An essential fact for the
determination of cost functions is that the standard linear approach fails for
any non attainable claim®. In this sense, a very known result says that the

L Arrow (1953) proposed this approach for the presence of a complete securities markets and
used the results from Arrow and Debreu (1954) as well as McKenzie (1954) for the existence of
equilibrium. However, as is widely accepted, incomplete market is a more natural and intuitive
hypothesis ( Magill and Quinzii (1996) and Magill and Shafer (1991) are basics references for
general equilibrium analysis of incomplete markets, there it is possible to find the list of main
contributions for incomplete markets theory. Follmer and Shied (2004) provided a treatment
of basics results in incomplete markets following the lines of finance theory).

2See, for instance, Florenzano (1999), page 18.

3Recall that a financial market is complete if the trading of basic assets reproduce any
financial payoff, otherwise the financial market is incomplete.

4Some results show that this medothological problem is typical for some importants classes
of assets, for example, a well known result from the work of Ross (1976) says that whenever the
payoff of every call or put option can be replicated, the securities market must be complete.



set of risk-neutral probabilities plays an important role for the determination
of a cost function: in fact, in presence of a fair risk-free security the cost of
any contingent claim can be determinated by his maximum expected value with
respect to all risk neutral probabilities. Hence cost functions satisfy conditions
obtained by some characterizations existing in the literature (e.g., Huber (1981),
Gilboa and Schmeidler (1989), Chateauneuf (1991)). However, these properties
are not sufficient for the characterizations of cost functions, for instance, as we
will see in the Example 49 the epsilon-contaminated functions can never be a
cost function of some market.

This paper characterizes the class of non-linear functions, called incomplete
prices, that can be viewed as a cost functions of a frictionless financial market
without arbitrage opportunities in the two periods framework. First, we obtain
some criteria that allow to know if a given function is actually an incomplete
price. More precisely, we consider the class Hy of all non-linear functions on
the space of claims that is consistent with the characterization as commented
below. Such functions C' induces two interesting class of assets, namely, the set
of unambiguous assets

Fo={Y:CY)+C(-Y)=0},
and the class of nonwasteful assets
Le={Y: X>Y=C(X)>C(Y)}.

We show that a function C' € Hy is an incomplete price if and only if Fo = L,
so an incomplete price C' must belong to Hy with the additional requirement that
Fo = Le. In asense, such price rules fails to provide a precise information about
the valuation of many claims. In fact, for any incomplete price the corresponding
underlying market is characterized by a set of attainable claims given by the set
of unambiguous assets which, by our characterization, is the same as the set of
nonwasteful assets.

Interestingly, a new role for prices is given because we can recover the mar-
ket struture from any incomplete price, clarifying the understanding about the
interdependence between the market structure and the functional form of incom-
plete prices. For instance, a financial market with a Riesz subspace of attanaible
claims is in fact a "partition market" of bets and such markets are revealed by
an incomplete price given by a Choquet integral with respect to a particular
concave capacity.

Also, Aliprantis and Tourky (2002) showed that if the number of securities is less than half the
number of states of the world, then generically we have the absence of perfect replication of
any option. Hence, the approach of finding the value of an option by reference to the prices of
the primitive securities breaks down for any option. In another way, Baptista (2007) showed
that (generically) if every risk binary contingent claim is non attainable then every option is
non attainable.



2 Framework and Basic Results

Let S = {s1, ..., sn } be a finite set of states of nature. At date one, one and only
one state s will occur, and an asset X € R bought at date t = 0 will deliver
payoff X (s) at date 1 if s occurs.

We assume that at date 0 agents can trade a finite number of assets X; € R,
0 < j < m, with respective prices g;. Also, we suppose that®

Xo=8":=(1,..,1) €R®

is the riskless bond and for sake of simplicity we suppose that ¢o = 1. A
portfolio of an agent is identified with a vector 8 = (6,601,...0,,) € R™+L
where 0; denotes the quantities of asset X; possessed by the agent.

We recall that an arbitrage opportunity is a portfolio strategy with no cost
that yields a strictly positive profit in some states and exposes no loss risk. The
existence of such an arbitrage opportunity may be viewed as a kind of market
inefficiency. The following definition establishes the basic properties of prices
for efficient financial markets®:

Definition 1 The market M = (X,;,q;; 0 <j <m)is assumed to offer no-
arbitrage opportunity (NAO) if for any portfolio 6 € R™*1,

m m
Z&ij > 0:>Z€jqj>0,
j=0 5=0

m

Zerj = 0:>20jqj20.
j=0

J=0

Denote by F := span (Xo, X1, ..., Xm) the subspace of income transfers or
the set of attainable claims. Let 2° be the field of all subsets of S and A the
set of all probability measures on (S,2%). A well known property says that’:

Remark 2 The market M = (X;,q;; 0 < j <m) offers no arbitrage opportu-
nity if and only if there exists a strictly positive probabilitity® Py € A such that
Ep,(Xj)=¢q;, 0<j <m.

Since, in general, the probability measure P, above is not uniquely deter-
mined an important definition follows as:

5For any A C S, we will denote by A* the characteristic function of the event A:
A . S—{0,1}
s € A'(s)=1iff s€ A.

6We use the following notation: For X € RS, X > 0 means that X > 0 (i.e., X (s) > 0 for
any s € S) and X # 0.

7 A nice reference for the well know results used here is the chapter 1 of Follmer and Schied
(2004).

8Note that Py strictly positive means that Py ({s}) > 0 for any s € S. We are denoting
Ep (X) as the integral of the random variable X w.r.t. the probabilitiy P.



Definition 3 The set
Q={PecA:Ep(Xj)=gq;,Vje{0,...,m}},
is called the set of risk-neutral probabilities (or martingal measures).

Note that the set Q of all risk-neutral probabilities describes the family of
all probability measures that agree about the value of all basic assets. Remark
2 is known as the fundamental theorem of asset pricing and it says that Q is
nonempty if and only if NAO is true.

As it is usual, the market M = (Xj;,¢q;; 0 < j <m) is complete if every
claim Y € RY is attanaible, i.e., F = R®. Otherwise, we say that the market
M is incomplete. A basic fact says that, if the prices of basic securities satisfies
the NAO property then completeness of financial market is equivalent to the
equality @ = {Py}, where Py turns out to be the unique probability measure
satisfying conditions of Remark 2.

Given a market M = (X,,¢;,0 <j <m), a simple and important result
follows as:

Lemma 4 Consider a market M = (X;,q;,0 < j < m) without arbitrage opor-
tunity, a claim X € F if and only if Ep (X) = Eq(X) for any P,Q € Q.

Lemma 4 says that a claim is attanaible if and only if it satisfies the law of
one price, i.e., every risk neutral probability agrees about its monetary value.

3 Cost Functions of Incomplete Markets

Market incompleteness says that not all securities can be replicated by feasible
portfolios on the market, or equivalently, while in a complete market every
asset can be hedged perfectly, in the incomplete market case it is possible to
stay on the safe side for many cases only by superhedging strategies, i.e., with a
portfolio strategy which generates payoffs across the states that are at least as
large as the underlying contingent claim: Consider a non attainable claim X, a
superhedging strategy or superreplication of X° is any portfolio # € R™*! such
that

m
> 0;X; > X.
§=0

So, it is natural to view the cost of a non attainable claim as the lowest possible
price of a superreplication of X. Summing up, we obtain the following definition:

Definition 5 For any claim X € R, the cost of X is given by

J J

9For instance, the existence of superhedging strategies for any non attanaible claim follows
from the existence of the riskless bond.



Moreover, C will be called the cost function of the market M = (X;,q;; 0 < j < m).

Remark 6 It is worth noticing that under NAO assumption the cost of any
attanaible claim X trivially writes:

=0

m
for any portfolio 0 = (0o, 01, ...0,) such that X = Z 0;X;. Moreover, the NAO
j=0
condition says that C is a strictly positive functional on F, in fact, following
the notation of Remark 2, note that

C(X)=Ep,(X), forany X € F.

The set of risk-neutral probabilities Q plays an important role for the de-
termination of a cost function and it is a well-known property that can be
enunciated as:

Remark 7 For a market M offering no-arbitrage opportunity, the cost function
satisfies, for any X € R¥:

C(X)= Ill;leaé(Ep (X).

From Remark 7 a cost function is necessarily the maximum of expectations
with respect to a given family of probabilities for which characterizations ex-
ist in the literature (e.g., Huber (1981), Gilboa and Schmeidler (1989) and
Chateauneuf (1991)). Based on these characterizations, C must be!?:

1. subadditive, i.e.,
C(X+Y)<COX)+C(Y),VX,Y € RY,
2. Positively affinely homogeneous, i.e.,
C(aX +kS*) = aC(X)+k, VX € R®, Vk € R,Va > 0;
3. Monotone, i.e.,
X>Y =CX)>C(Y),VX,Y € R".

Remark 8 As is well-known, any function with these three properties is Lip-

schitz continuous'!.

10The same characterization is the key for the representation of coherent risk measures as
introduced by Artzner et al. (1999).
1n fact, we should to consider the supnorm X — || X|| := maxses |X (s)| and we have

|C(X) —C (V)| <X =Y, forall X,Y € RS.



However, these conditions are not sufficient for the characterizations of cost
functions as will be clear in the next sections!2.
Building on the well-known properties discussed in Remarks 2 and 7, a

Lemma about cost functions is naturrally derived:

Lemma 9 The mapping C : X € RS — C(X) € R is the cost function of a
frictionless financial market of securities without arbitrage opportunities if:

1) There exist Xo, X1,..., Xm € RS with Xy = S* and a strictly positive
probability Py such that: Epy(X;) = C(X;), 0<j <m;

2) Denoting, Q :={P € A: Ep(X;) = C(X;), 0<j <m}, then VX € RS:

C(X)= Iglgng(X).

So, in this case C is the cost function of the market M = {Xj,qj};”zo, where
q; = Ep, (X;).

4 Incomplete Markets from Incomplete Prices

4.1 Incomplete Prices: Definition and an Auxiliary Result

We denote by Hy the family of all subadditive, positively affinely homogeneus
and monotone functions C' : RS — R. Also, we denote by H the family of all
function in Hy that are strictly positive. The class Hy describes the natural
candidate to be a cost function of a frictionless market with securities without
arbitrage opportunity. So, next we introduce our terminology for functions that
in fact are cost functions of some incomplete market.

Definition 10 We say that a function C : RS — R is an incomplete price if C
is a cost function induced from some incomplete market M = (X;,q;,0 < j < m).

Remark 11 We note that if C € 'H is linear then it is trivial that C is a cost
function of the complete market M = (X, ¢;,0 < j < m), where span {X; };”:0 =
RS and ¢; = C (X;).

Our main goal is to give a full characterization of incomplete prices and to
describe certain classes of incomplete prices related to some specific types of
incompleteness of financial markets. Some natural questions follows as:

e How to recognise that a particular function is an incomplete price?
e How to derive the underlying market from a given incomplete price?

e What special properties of incomplete prices could recover some particular
and important market strutures? (e.g., Arrow markets of securities with
the riskless bond).

12As we will see, by the no-arbitrage principle, a cost function must be strictly positive:
X > 0= C(X) > 0. However, adding this condition to the classical conditions mentioned
above we still have a set of necessary but not sufficient conditions.



Remark 12 We know that C' € Hy if and only if there exists a nonempty,
closed and convex set set K C A such that for any X € RY,

C(X)= %g%Ep (X).

(See for instance Huber (1981)). Moreover, we note that C € H if and only if
there exists a strictly positive probability Py € K13,

Given a function C € Hj, we define the set of unambiguous assets as,

Fo:={Y eR*:C(Y)+C(-Y)=0}.

In fact, taking C' as the rule for the determination of asset prices, the family
of claims F describes the assets for which there is no pricing distinction between
a selling position or a buying position. The set of probabilities that agree about
the expected value of all unambiguous assets is given by,

Qc:={PeA: Ep(Y)=C(Y), forany Y € Fc}.
A first elementary fact says that:

Lemma 13 Given a function C € Hy, the set of unambiguous assets Fg is a
linear subspace.

Recall that by Lemma 4 in any market without arbitrage opportunities a
claim is attainable if and only if any risk neutral probability agrees about its
monetary value. So, it is intuitive that if C' is an incomplete price then the
subspace of unambiguous assets is equal to the subspace of attanaible claims,
in fact:

Lemma 14 IfC : RS — R is an incomplete price then Fo = F.
An auxiliary characterization of incomplete prices follows as:

Theorem 15 Let C : RS — R be given, then (i) is equivalent to (ii):
(i) C is an incomplete price;
(ii) C is a strictly positive positive linear form on Fo and
C(X)= Ep(X).
(X) = guas Bp (X)

Furthemore, under (i) and (i1) Fe is the set of attanaible claims and Q¢ is
the set of risk-neutral probabilities of the underlying market.

131n fact, if C' € Ho is strictly positive then C ({s;}*) > 0,Vi € {1,...,n}. Hence, for every
state s; € S there exists a probability P; € K such that Ep, ({s;}*) > 0, since K is convex
we obtain that it is possible to find a strictly positive probability in IC. For the converse, by
assumption there exists a strictly positive probability Py € K, hence if X > 0

C(X) 2 Ep, (X) 2 max Po ({s) X (5) > 0.



The examples below illustrate the usefulness of the criterion given by The-
orem 15 .

Example 16 Consider S = {s1, s2,83} and
C : R*=R
X = C(X):max{Epl (X)aEPQ(X)}7
where P = (%,i,i) and Py = (i, %, i) Hence, denoting X (si) = xp, k =
1,2,3:
C(X) . {%1’1 + %xz + iitg, Zf:I,’l > Tg
il’l + %.’ﬂz + %1’3, ’if(El < X2 ’

Note that: (a) C(S*) =1; (b)) C(X) = —C (—=X) if and only if x1 = x4,
and then F¢ is a linear subspace; (¢) on Fo we have that C (X) = %ml + %563 =
%wg + %.’L‘g,, which implies that C is a strictly positive linear form on Fg; (d)
Note that we may take {Xo, X1} = {(1,1,1),(0,0,1)} as a basis of Fc, where
C(Xo)=1,C(Xy)=75 and

1
4

1 3
Qc—{ p17P274> : p1,p2 >0 and py +P2—4}-

Now, note that if 1 < x2

3 1 1 1 1
Ep(X)=- - Z Z e X
Igrelag}é p( ) 4m2+4x3<4x1+2x2+4x3 C(X),
which allows us to conclude that C is not an incomplete price. An interesting
fact is that this kind of functional appears as a particular case of insurance
functionals in Castagnoli, Maccheroni and Marinacci (2002). So, in this case,
the insurance market admits some frictions (e.g., transactions costs).

Example 17 Again, consider a case with three states of nature and the function
C : R? — R that satisfies:
T3, if T1 + 22 — 223 <0

C(X) o {é (561 +SL‘2), ifIE1 + 29 — 223 >0
Note that: (a) C(S*) =1; (b) C(X) = —C (—=X) if and only if v1 + x2 —
2x3 = 0, hence Fc is a linear subspace; (c) on Fe we have that C(X) = xg =
% (21 + z2), which implies that C is a strictly positive linear form on Fg; (d)
Note that we may take {Xo, X1} = {(1,1,1),(2,0,1)} as a basis of Fc, where
C(Xo)=1,C(Xy)=1 and

1
Qc—{(p,p,1—2p): Oﬁpﬁz}.

It turns out that:

max_ (pxr1 + pra+ (1 —2p)as) = C(X),
0<p<3

hence C' is an incomplete price, in fact, C is the cost function of the market

M=((1,1,1),(2,0,1); 1,1).



4.2 Incomplete Prices and Nonwasteful Assets

Now, we introduce a fundamental notion for the characterization of incomplete
prices. For motivation, suppose that C' is a potential incomplete price and
consider the case where there are two assets X and Y such that ¥ > X and
C(X)=C(Y). If X and Y are available for an investor and he chooses X then
he incurs into a payoff wasteful because spending the same amount of money
the payoff stream promised by Y is at least equal to the payoff promised by
X and for some state Y delivers a strictly bigger payment. The behavior of a
reasonable investor would be to never choose claims that imply a payoff wasteful
unless he believes that the event {s € S:Y (s) > X (s)} is a miracle!?.

Definition 18 Let RS be the set of claims and C : RS — R a function in Hy.
We say that a contigent claim X is wasteful asset if there exists a contingent
claimY > X such that C (Y) = C (X).

A nonwasteful asset is a contingent claim with the property that if some
payoff assigned to a state by the claim is replaced by a better payoff, then the
resulting contingent claim is strictly more expensive than the original one. So,
an investor behavior that seems reasonable is never consistence with a choice of
some wasteful asset.

Given a function C' € Hy, we denote by L the set of all nonwasteful assets!'?,
i.e.,

Le={XeR*:Y>X =C(Y)>C(X)}.

Now we are able to derive an interesting result saying that a potential in-
complete price is actually an incomplete price if and only if the respective sets
of unambiguous assets and of nonwasteful assets coincides.

Theorem 19 C is an incomplete price if and only if C' € Hy and Le = Fe.
An immediate useful corollary follows as,
Corollary 20 C' is an incomplete price if and only if C € H and Lo C Fe.

Remark 21 We note that for any C € H we have that Fo C Lc. In fact,
consider X s.t. C(X) = —C(=X), for any Y > X we obtain that C(Y) —
cCX)y=CyY)+C(-X)>C((Y -X)>0.

Remark 22 The fact that in Example 16, C' is not an incomplete price, al-
though it belongs to 'H, can be easily shown by exhibiting some X € L¢, which
does not belong to Fc, in fact X = (1,0,0) does the trick.

14 But such beliefs are not consistent with the setting where every simple bet {s}* has
positive cost.

151n the context of decision theory under ambiguity, Lehrer (2007) provided a representation
for preferences using a similar notion called fat-free acts.

10



4.3 Markets of {0, 1}-Securities

Arrow (1963) introduced the notion of contingent markets where agents can
trade promisses concerning the future uncertainty realizations. A wide class
of assets used is known as Arrow securities characterized by a promisse on a
particular state of nature s € S, i.e., in a financial market the set of possible
Arrow securities is given by A = {{s}":s€ S}'®. Given an event A, the
{0, 1}-security A* is also often called a bet on the event A. For the classes of
markets with only {0, 1}-securities and the bond a natural characterization (see
Definition 5 and Lemma 9) of cost functions follows as:

Definition 23 We say that the mapping C : RS — R is the cost function
of a frictionless market of {0, 1}-securities without arbitrage opportunities if C
satisfies the conditions of Lemma 9 under the additional condition saying that
there exists a collection of events S, B, ..., By, such that Xo = S* and X; = B3
for any j € {1,...,m}.

Definition 24 Given an incomplete price C, if its underlying market is a mar-
ket of {0, 1}-securities we say that C is a {0, 1}-incomplete price.

Following the notation used in the previous discussion about incomplete
prices, given a subadditive, positively affinely homogeneous, monotone and nor-
malized function C' : RS — R we induced the set function

pe o 25 —=10,1]
A — pp(A):=C(AY).

Therefore, we define the set of unambiguous events by

Ene = {B €2° 1 po(A) + pe(A9) =1},

which induces the following set of probabilities
9, = {PeA: P(B)=pc(B),VBe&,. }
and finally the linear subspace generated by &, :

Fe = span{B*:BEEHC}.

rC

Lemma 25 Let C be an incomplete price and let B C S, then the two following
assertions are equivalent:

(it) B € &, i.e., B is an unambiguous event

(15) B* € F, i.e., B* is an attainable claim.

The previous lemma says that a bet on the event A is attainable if and only if
the event A is an unambiguous event. It suggests that we may interpret the lack
of some bets on the financial market as a consequence of a vague information
concerning the likelihood of some events.

160f course, markets with only Arrow securities is a very particular case of markets with
{0, 1}-securities.

11



Remark 26 Given a subadditive, positively affinely homogeneous, monotone
and normalized function C : RS — R, we obtain that {B* :Be€e EMC} C Fo:in
fact, if B is such that pe (B) + pe (B¢) =1 then

C(B*)+C(-B*) = C(B)+C((B) —5)=
max P (B) +max (P (B) = 1) = pc (B)+ e (B) ~1=0.

So, every porfolio with assets that are bets on unambiguous events are attainable.
Moreover, Qc C Quc .

Theorem 27 Let C : RS — R be given, then (i) is equivalent to (ii):

(i) C is a {0, 1}-incomplete price;

(ii) There exists a strictly positive probability Py belonging to Q“c and for
any contingent claim X,

C(X)= max Ep(X).

PeQ,

Furthemore, under (i) and (i) Fe, . is the set of attanaible claims and Q,,
1s the set of risk-neutral probabilities of the underlying market.

Example 28 Consider the case with four states of nature and the function
C :R* — R that satisfies:

3 3 3 ;
C(X) = {8:1:13—|— §x2r+ 223, if xa + T4 > X1 + 23
1+ 3ws, if o + x4 < 1+ T3

Note that computing po, we have

pe®) = Ope () = e (s2) = 3,
pe(ssh) = Zoio (fsa}) = Soc (fsr,52)) = 5,
pe(susah) = L ({snsa)) = Soie (fs2,5s}) = 3,
pe(s2sid) = Gone (0,500 = 2o (st s259)) = 1
e ((onsssa) = Lo ((s1,50,50) = &)

pe ({82, 83,841) = Louc(S) =1

which entails that
E;Lc = {(Z)a Sa {817 32} 5 {Sla 84} 3 {827 33} ) {S?n 84}} )

3 5 3 2141
= o Vg P OS Sf > o'o0’o’ o >01'
Qe {(8 bp.g pp) P 8} (8 8’8 8)

Also, since C (X) = maxpeg, Ep (X), C is a {0,1}-incomplete price, more-

over, C is the cost function of M = (S*, {s1,82}" , {s2,83}"; 1, %, g)

and

12



A direct consequence of Theorem 27 is the characterization of markets of
{0, 1}-securities through the notion of nonwasteful assets and span of the bets
on the unambiguous events, as in the following corollary:

Corollary 29 C is a {0, 1}-incomplete price if and only if C € Hy and Le =
Fe, .

In order to obtain an alternative characterization of {0, 1}- incomplete prices,
now we introduce some useful notation and definitions:

Definition 30 p : 2% — [0,1]is a capacity if,
(i) p(0) = 0and u(S) =1,
(i) A2 B = u(A) > u(B),
Moreover,  is concave if for any A, B € 2°

(AU B) + (AN B) < p(A) + u(B).

Remark 31 Consider a subadditive, positively affinely homogeneous, monotone
and normalized function C : RS — R and the induced set-function pgo on 2° as
we made previously. It is simple to see that pq is a capacity.

Definition 32 The anticore of a capacity p is defined by
acore(n) :={P € A: P(A) < u(A), VA € 25}.

Remark 33 It is well known that any concave capacity i on 2° has the follow-
g representation:
FE) = P(E
W(E) = maxP(E),

for some nonempty, convex and closed set of probabilities K (actually, K =
acore (1)). See, for example, Chateauneuf and Jaffray (1989). But the converse
is not true (examples can be found in Schmeidler (1972) or Huber and Strassen
(1973)).

In a complete market setting a bet on the event A can be priced by the
unique risk neutral probability, denoted by Py, and in this case the price of the
bet on the event A is given by Py (A), i.e., there is no ambiguity concerning the
price of the bet on the event A. On the other hand, if there exists ambiguity
concerning the price of some event A we have implicitly assumed an incomplete
market struture with respective set of multiple risk neutral probabilities O, and
in this case

w(A) = maxP(A),
is the lowest cost associated to a superhedging strategy against the bet on the
event A. Note that u (A)+u (A€) > 1, i.e., due to the pricing rule incompleteness
the sum of the cost of the bets on the events A and A€ is more expensive than
the cost of the riskless bond.
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Definition 34 The outer capacity of u, denoted by p*, is defined by:
Ae€2%— p* (A)=min{u(B): B€E, and AC B},

where £, = {B € 25 : u(B) + p(B°) = 1}.

Remark 35 Given a capacity p on 2%, since p* > p clearly acore (ug) C

acore (pug).

Theorem 36 Let C : RS — R be given, then (i) is equivalent to (ii):
(i) C is a {0, 1}-incomplete price;
(i) C satisfies,
(a) acore (ue) contains a strictly positive probability Py,

(b) acore (pe) = acore (1g),
(¢) For any contingent claim X,

C(X)= max Ep(X).

Peacore(ue)

Furthemore, under (i) and (i7) Fe, . is the set of attanaible claims and
acore (j) is the set @ of risk-neutral probabilities of the underlying market

Example 37 Consider the same function as in Example 17 given by

x3, if x1 + x2 — 223 <0
%(l‘l +.T2), if 1+ 1o — 223 > 0

C(X){

We already proved that C is an incomplete price. Note that for any A # 0,
1 ) 1
e ()€ {51} with o (4) = 5 i A € (for} (s2)),

which implies that £, = {0, S}, hence for any A # 0, we have that p¢ (A) =1
and acore (ug) = A. Since 0g,,y ¢ acore (ue) we obtain that

acore (o) # acore (1g) .
Hence, C is not a {0, 1}-incomplete price.

Now, we study the possibility of incomplete prices to be a Choquet integral,
which is the natural extention of the usual integral for capacities.

Definition 38 Let C : RS — R be given, then C is a Choquet integral if
(a) pe defined by pue (A) = C (A*) for any A € 25 is a capacity,

(b) For any X e R%, C(X) = /Xd,uc where,

0 %)
[Xdne = [lno@x = - 1de+ [ (x = 0
0

— 00
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We will see that the possibility of incomplete prices as Choquet integral is
related to some strong condition on the set of attainable claims, so we present
the following well known definition,

Definition 39 A Riesz subspace of RS is a linear subspace F' of RS such that
X,Y € F implies that XVY € F and X NY € F.

Lemma 40 If an incomplete price C' is a Choquet integral then the induced
capacity po s concave and the subspace F' of attainable claims is a Riesz-space.

Definition 41 A "partition market” is a market without arbitrage opportunities
with only {0, 1}-securities X; := B} where {B;}}_, is a partition of the state
space S.

So, it is natural to say that the corresponding cost function is a cost func-
tion of a "partition market", and by Lemma 9 the mapping C : RS — R is
the cost function of a "partition market" if and only if there exist a list of
events B, ..., B,, € 2% forming a partition of S, and there exists a striclty
positive probability Py on 2% such that Py (B;) = C(B}), for any j € {1,...,m},
and ¥ X € RS

C(X)=max{Ep(X): P(Bj) = uc(Bj),Vje{l,...,m}}.

Definition 42 A {0, 1}-incomplete price is a "partition incomplete price" if its
underlying market is a "partition market”.

So, we obtain the following characterization,

Theorem 43 Let C : R — R be given, then the following assertions are equiv-
alent:

(i) C is an incomplete price which is a Choquet integral;

(ii) C is a "partition incomplete price”;

(i11) There exists a strictly positive probability Py and a partition By, ..., Bj, ..., By,
of S such that VX € RS

C(X) =Y P(B;)max X(s);

seB;

(v) pe is concave, i = pg, there exists at least a strictly positive probability
Py € acore (juc), and ¥ X € RS

C(X)= max FEp(X),

Peacore(pe)

(v) C satisfies,

(a) €. is a Boolean algebra'™,

1TA family £ of subsets of S is called a Boolean algebra if £ contains S, it is closed for
(finite) intersection and complement.
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(b) There exists a strictly positive probability Py belonging to Q
(¢) For any contingent claim X,

we?

C(X)= pmax Ep(X).
%]

In any case, the set of attainable claims is generated by the Py-atoms'® of
the Boolean algebra &, and the set of all risk neutral probabilities is given by

acore (fic).

An immediate corollary follow as:

Corollary 44 An incomplete price C' is a Choquet integral if and only if its
underlying set of attanaible claims is a Riesz space.

We note that the class of incomplete prices that can be written as a Choquet
integral is linked to financial markets where derivative markets (in the sense of
Aliprantis, Brown and Werner (2000)) are complete. A derivative contingent
claim is any contingent claim that has the same payoff in states in which the
payoffs of all securities are the same. A restatement of the result due to Ross
(1976) provided by Aliprantis, Brown and Werner (2000) says that derivative
markets are complete if and only if the vector space of attanaible claims is a
Riesz subspace. Hence, by the previous proposition we have that Choquet in-
complete prices describe the minimum-cost of superreplication in markets where
derivative markets are complete.

Example 45 The most two simple examples of cost functions follows from the
complete market case and the "most incomplete" market case under the exis-
tence of the bond. The first case is the market characterized by a probability
measure P € A such that

Cp(X) := Ep(X) for any claim X,

and in this case we have in fact a standard price rule or a "complete price”,
i.e., any linear function C € H induces a complete markets without arbitrage
opportunities.

The second case, on the other hand, presents as available trade only the
riskless asset 1g. Of course, for any claim X

Crnax(X) = Igleaég(X(s)
which is a very special case of incomplete price.
Moreover, we have the following market space

Fo, =R® and Fo,, = {klg: k € R}.

max

18T,et £ a Boolean algebra of subsets of S and P a probability measure over E, we say that
an event F € £ is a P-atom if P (E) > 0 and for any F' € € such that ' C E, P (F) = P (E)
or P(F) = 0. If P is strictly positive on the finite Boolean algebra &, E is a P-atom iff
P(E)>0andif FC E and F # 0 then F ¢ £.
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One of the most well studied class of markets are the Arrow securities mar-
kets. For these markets strutures the following definition is very natural for our
analysis:

Definition 46 Given a market M = {X;,q;; 0 < j < m} without arbitrage
oportunities, we say that a state s* € S is a Arrow state if {s*} is an unam-
biguous set. We denote by Eqy the union of all Arrow state,

Eo= |J {s}.
{s*}e&
Example 47 Consider the following incomplete price
Ca(X) = 2}; X (s)Q({s}) + Q(Eﬁ)gé%igX(S),
sc ko

where @ (E) € (0,1). Note that the cost of betting on the event E is given by
the following capacity,

B Q(E), E C Eqy
Ko, (E) = {Q(E N Eo) + Q(Eg), otherwise.

One possible underlying market of securities for this incomplete price is the
market of Arrow securities and one bond given by:

M={15, (o) ior, g1 (@0cr i)

were Ey is the set of all Arrow states and qp = Q ({si}). We dub C4 as an
"Arrow incomplete price”.

Example 48 Now, we give an example of a market of {0,1}-securities for
which the corresponding cost function is not a Choquet integral

M= {15,105, 523 Yspossri L1, G2}, where g1, q2 > 0 and ¢1 + g2 < 1}

For the incomplete price C related to this market we obtain a capacity po
where

e ({81582, 831) + e ({s21) = (@1 + @2) + (@1 A g2)
and
pe ({s1,82}) + pe ({82, 83}) = @1 + o,

i.e., po is not concave. Moreover, the set of unambiguous events

Ene = 10,5, {s1,52}, {53,854}, {52,853}, {51,584} }.

is not a Boolean algebra because the event {sa} = {s1,82} N {s2,83} does not
belong to &,
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Example 49 An example of Choquet integral that is not an incomplete price
1s the Choquet integral w.r.t. an epsilon-contaminated concave capacity. For
instance, consider a strictly positive probability Q € A, a level € € (0,1), and
the following capacity:

Note that acore (A) = {(1 —€)Q (A) +eP : P € A}. Consider the function C :
R X - C(X) = /Xd)\. In fact, for any contingent claim X it is true that

C(X)=(1-¢)Eg(X)+emaxX (5).
The set of unambiguous events if given by Ex = {0, S} and by Theorem 43,
C(X)=max X (5),

and, of course, it is possible if and only if ¢ = 1. Also, note that Lo = RS
and Fo = {alg:a €R}. Hence, for any @ € A and ¢ € (0,1) the set
{1-¢e)Q(A)+eP:Pe A} can not be a set of all risk neutral probabilites
of some frictionless market.

5 Appendix

Proof of Lemma 4'%:

That X € F implies that all risk measures agree is obvious. In order to
prove the reverse implication, assume that X ¢ F and P (X) = Q(X) for any
P,Q € Q, i.e., the law of one price is true for some non-attanaible claim.

First, we note that:

C(X)=min{C(Y):Y>XandY € F}.

In fact, by the NAO assumption there exists a strictly positive probabililty P,
such that such that C(Y) = Ep,(Y) for any Y € F. For any n € {1,2,...}
consider the attanaible claim Y such that Ep, (Y") < C(X) + n~!. Hence,
for any s € S

Y (s) < P ({sh) ™ (C(X) +n7") < (C(X) + Dmax By ({s}) " =k
therefore Y” < kS* for any n > 1. Clearly,
CX)=imnf{C(Y): X <Y <kS*and Y € F},

and since {Y € F: X <Y < EkS*} is compact and C is continuous (by Remark
8) we obtain that the min can be substituted to inf in the definition of C.

9For sake of completeness we give a proof of this result. For the case of a general state
space see, for instance, Follmer and Shied (2004), chapter 1.
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Hence, given X € RS\ F there exists Yy € F such that Yy > X and C(X) =
Ep, (Yp). So, we have that Ep, (Yy) > Ep, (X). Now, as it is true that

C(X) zlsgtelng(X),

and we suppose that Ep (X) = Eg(X) for any P,Q € Q, it turns out that
Ep, (X)=C(X), hence

C(X) = EPO (Yb) > EPO (X> = C(X)?

a contradiction. X

Proof of Lemma 13:

First, consider ¥ € Fg and A € Ry, since C is positively homogeneous
we have that C(AY) = AC(Y) and C(A(-=Y)) = AC(=Y), then C'(\Y) +
C(=XY) =0, ie, \Y € Fo. If A < 0, by the definition —Y € F¢ and then
(=N (=Y) € Fg, i.e., \Y € Fg.

Now, if Y, Z € F¢, since C is subadditive

C(Y +2)
C(—(Y +2))

C(Y) +C(Z), and

<
< C(=Y)+C(=2),

hence, adding these two inequalities
0=C0)<CY+2)+C(—(Y+2)) <0,

je. Y +7Z¢cFo. K
Proof of Lemma 14:
Since Ep (X) = C(X) for any X € F and for any P € Q clearly F' C Fe.
Conversely, let X € Fg, since for any P € Q,

Ep(X) < C(X) and Ep (~X) < C(=X),

and
Ep (X)+ Ep (—X) =0=C(X) + C (-X),

we obtain that Ep (X) < C (X) is impossible for any P € Q, i.e., for all X € F¢
the mapping P — ®x (P) := Ep (X) is constant over Q, and by Lemma 4,
XeF. KX

Proof of Theorem 15:

By our assumption, there exists Xo, X1,..., X,, € RS with Xy = S§* and a
strictly positive probability Py on 29such that Ep, (X;) = C(X;), 0 < j < m.
Moreover, YX € R

C(X)= gleaé{Ep(X),

where Q ={P € A: Ep(X;) =C(X;), 0<j<m}.

19



Now, note that no-arbitrage principle implies that C' is a strictly positive
linear form on F'; actually, by Remark 2 there exists a strictly positive proba-
bility Py such that VY € F |, C(Y) = Ep, (Y). By Lemma 14 we know that
F = F¢, hence C is a strictly positive linear form on Fe.

Since Q¢ and Q are nonempty, closed and convex set of probabilities, re-
mains to show that Qc = Q. If P € Q we know that C(Y) = Ep (Y) for
any Y € F, since F = F¢ we obtain that P € Q¢. Now, P € Q¢ says that
C(Y)=Ep(Y) for any Y € Fc. Again, since F' = F¢ entails that

Fo = span (Xo, ..oy Xm)

in particular, C' (X;) = Ep (X;) for any j € {0,1,...,m}, i.e., P € Q.

(id) = (7)

Since S* € F¢, let us consider Xy, Xy, ..., Xin, with Xg = S*, a basis of the
linear subspace F. We intend to show that C' is a cost function with respect
to this family of securities Xy, X1, ..., Xim-

By our assumption the restriction C' |r, of C on the linear subspace F¢
of the Euclidian space R¥ is a strictly positive linear form, hence it admits a
strictly positive linear extension C |r, on R (see, for instance, Gale (1960)).
Clearly, it is true that C |g. (S*) = 1, therefore there exists a striclty positive
probability Py on (S,2%) such that Ep, (X) = C |p. (X), for any X € R®; in
particular, Ep, (X;) = C |p. (X;) = C(X;), 0<j < m. So, the condition 1) of
Lemma 9 is satisfied. Recalling that F' = span (Xo, ..., X;n,), by our construction
Fe is the set of attanaible claims. The proof of (i4) implies (¢) will be completed
if we prove that C' satisfies condition 2) of Lemma 9, or equally, that Q¢ = Q,
where Q is the set of risk neutral probabilities. By definition,

Qc:={PecA: Ep(Y)=C(Y), forany Y € F¢},

wich is nonempty because we saw that there exists a strictly positive probability
PQ € QC.

Since for any j € {0,1,...,m} the security X; is unambiguous, we obtain
that every probability P € Q¢ is a risk-neutral probability for the market
M = (X;,q; == C(X;),0 <j <m)?. Remains to prove that every risk-neutral
probability belongs to Q¢. In fact, let P € Q and Y € Fg, i.e.,

Ep(X;)=C(X;), 0<j<m,

and there exists Ag, A1, ..., Ay, € R such that

20By the existence of the strictly positive probability Py, the financial market M is a market
of securities with no-arbitrage opportunity.
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Since the restriction C' | g, of C on the linear subspace F¢ is a linear mapping,

Ep(Y) = Ep|Y_ NX;| =D NEp(X;) =
7=0 7=0

Y NER(X)) = Y NCX) =0 (Y NX; | =C(Y).
j=0 j=0 j=0

henceforth,
Ep(Y)=C(Y), forany Y € F¢,

this entails that P € Q¢, which completes the proof. X

Proof of Theorem 19:

(=) The fact that C' € Hy is immediate.

It remains to show that Lo = F¢. Suppose that X € Fg, since C is a cost
function we know that there exists a strictly positive probability Py such that
C(X)> Ep, (X),VX € RS and C (X) = Ep, (X),VX € Fc. Hence, if Y > X
it comes that C'(Y) > Ep, (Y) > Ep, (X) = C (X).

Now, suppose that X € L¢ then by definition ¥ > X = C(Y) > C (X).
Suppose that X ¢ Fo = F (Lemma 14), since
C(X)=min{C(Y): ¥ >Xand ¥ € Fo} “E min {C(V):V > X and ¥ € Fo}
there exists Z € Fo such Z > X and C (Z) = C (X), a contradiction.

(<) Since C € H we know that there exists a nonempty, closed and convex
set K C A such that for any X € R,

C(X)= I;lgI}C(Ep (X).

By Theorem 15 and Remark 12 it is enough to show that C is strictly positive
and K = Q¢.

Consider X > 0, since 0 € Fg and Fo = L¢ we obtain that C(X) >
C (0) = 0, therefore C' is strictly positive, so C € H. The inclusion KX C Q¢
is simple: Consider P € K, if P ¢ Q¢ then there exists X € F¢ such that
Ep(X)<C(X)=-C(-X), hence Ep (—X) > C(—X) = maxpex Ep (—X),
a contradiction.

So we need to show that Q¢ C I, or equally that £ & Q¢ is impossible.
Assume that there exists P; € Qp such that P; ¢ K. Then through the classical
strict separation theorem (see, for instance, Dunford and Schwartz (1958)) there
exists a contingent claim X such that

Ep, (Xo) > max Ep (Xo) = C(Xo).

If we prove that there exists Y € Feo, ¥ > Xy such that C (Xy) = C (Y),
this will entail a contradiction, since

By, (Xo) > C(Xo) = C(Y) = Ep, (Y) > Bp, (Xo).
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So it is enough to show that for any contingent claim X, setting
Ex:={YeR%:Y>Xand C(Y)=C(X)},

there exists Y € Fo N Ex.

This result is obvious if X € Fg, so let us assume that X ¢ Fo. First,
since C € ‘H by Remark 12 we know that IC contains at least a strictly positive
probability Fy.

Let us now prove that Fx is bounded from above, otherwise there would exist
a sequence {Yi}, <1, Yi € Ex, Vk > 1 and so € S such that limy, Y}, (so) = +00.
But

imC (Vi) > limEp, (V) = h,gnS;Po () Yi (5)
> Z Py(s) X (s) + lilgn Py (s0) Yi (s0) = o0,

SF#So

contradicting C (Yy) = C (X), Vk > 1.

Let us now show that Fx has a maximal element for the partial preorder
> on RY. Thanks to Zorn’s lemma we just need to prove that every chain
(YA)reo in Ex has an upper bound. Define Y by

Y (s):=supYy(s), Vs €S,
Aed

Ex bounded from above implies that Y € R. It remains to check that C (V) =
C (X), let € > 0 be given, and let s; € S, hence there exists A\; € ® such that
Y (si) < Y, (si) +¢, since (Y)),cp is a chain there exists n > 1 and X e
{M, ..., An} such that Y5 <Y < Y5 +e, therefore C (Y;) < C (V) < C (Y;) +e,
since C (Y3) = C(X) it turns out that C(Y) = C(X). Let now Y be a
maximal element of Ex, the proof will be completed if we show that Yy € Fe.
From the hypothesis Fo = L¢, it is enough to show that Y € L. Let Y7 be an
arbitrary contingent claim such that Y; > Yj, since Yj is a maximal element in
Ex , it comes that Y7 ¢ Ex, but Y7 > X, therefore C (Y1) > C (X) = C (Yo),
so Yy € Lo which completes the proof. K

Proof of Corollary 20:

In fact, it is enough to show that for any C € Hy, Lo = F¢ iff C is strictly
positive and Lo C Fe. Note that, as in the previous proof F C L¢ implies that
C is strictly positive. For the converse, by Remark 12 we know that there exists
a strictly positive probability Py such that C' (X) > Ep, (X) for any contingent
claim X and C'(Y) = Ep, (Y) for any unambiguous asset Y. Let X € Fr and
consider a contigent claim Y > X. Hence,

C<Y) > EPO (Y) > EPO (X) = C(X)>
i.e., C(Y)>C(X),s0 Fe C Lg. K

Proof of Lemma 25:
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We recall that from Lemma 4, X € Fiff Ep (X) = Eg (X), forany P,Q € Q.

(i) = (i) Let B € £,., we need to show that P(B) = Q(B), for any
P,Q € Q. Assume that there exists P;, P, € Q such that P, (B) > P, (B).
Hence,

1=C(B)+C (B )_%SSP(B)+II£1€&}Q{P(B ) > PQ(B)—I—IIFQSSP(B ),
that is, P; (B¢) > maxpeg P (B°), but P, € Q hence the contradiction P (B€) >
P, (B¢). Therefore, B* € F.

(i4) = (i) Let B* € F, hence P (B) = Q (B), for any P,Q € Q and therefore
pe(B€) = Py (B), but S* € F implies also S* — B* € F and then p-(B°) =
Py (B°), and clearly puc(B) + pc(B¢) =1,1d.e, B€ &, . K

Proof of Theorem 27:

(1) = (44) Our assumption says that there exist By, By, ..., By, € 2° with
By = S and a striclty positive probability Py on 2% such thatP, (Bj)=C (Bj) ,
for any j € {0,1,....,m} and ¥ X € R,

C(X) = maxEp(X),
where Q = {P € A: P(B;) =C(B;), 0<j <m}.

Let us to now prove that there exists a strictly positive probability Py be-
longing Q, . From Lemma 4 we know that if B* € F' then P (B) = Py (B) for
any P € Q, hence puo (B) = Py (B). Since by Lemma 25 B € &, if and only if
B* € F, it turns out that Py (B) = pc (B), VB € &,

Now we need to show that Q@ = Q, . Note that by Theorem 15 and Remark
26 we have that O = Qc C QMC. For the other inclusion, taking P € QMC and
B let us show that P (B;) =C (B;) Since B} is an attainable claim (in fact,
it is a basic asset) by Lemma 25 we know that B; € 5%7 hence P € Q“C SO
Q“c c Q.

So Q, . is actually the set of risk-neutral probabilities of the initial market.
Remains to prove that Fg, = = F. In fact, Lemma 25 says that B € &, <
B* € F, hence Fg, = span{B* :Be€ Eﬂc} =span{B*: B* € F} =F.

(74) = (7) Since By = S*, let us consider the finite family of all unambiguous
events By, By, ..., B,,. By assumption there exists a strictly positive probability
Py such that P(B;) =C (BJ*) , 0 < j < m. The proof will be completed if we
show that Q = Q“C and Fe,, =F, where Q and F refer to the previous defined
market of {0, 1}-securities M = (B, B, ..., B} 1, pe (BY) 5 ..., pie (B)). But
this is straightforward by the equality £, = {Bo, By, ..., B }. X

Proof of Theorem 36:

(¢) = (i) From the Definition 9 we have that for any A C S,

e (4) = € (A7) = max P (4),

hence e is an anti-exact capacity and the acore () contains at least one
strictly positive probability, namely Fp.
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Let us now show that

C(X)= max FEp(X), VX RS,

Peacore(ue)

Note that it is enough to show that Q = acore (u¢):

Consider P € acore (ue), hence P (B;) < pio (Bj),0 < j < m. But, in fact,
Bj is unambiguous (Lemma 25) which entails po (B;) + puc (B§) = 1. Also,
P (BJC) < pc (BJC) ,0 <7 <m and then

P(Bj) + P (Bj) =1 = pc (B)) + ne (BS) = 1,

allows us to obtain P (B;) = uc (B;j),0<j <m, i.e, P € Q.
Now, setting P € Q and A C S, since our assumption says that

te (A) = max P (4),
clearly P (A) < pue (A), i.e., P € acore (ue).

For (b) it is enough to show that acore (1g) C acore (1), or else from the
previous idendity Q = acore (ug) that acore (ug) C Q. So let P € acore (pe)
and let B; be chosen. By definition of uf,, one has ug (B;) = pe (B;) therefore
P (Bj) < pg (Bj) implies P (Bj) < pc (Bj); as we notice before B; € &, _,
hence ug (Bj) = pe (B;) and P (B;) < p( ;) implies P (B]‘) < pe (B;)
from P (Bj)+ P (BS) = 1 = puc (Bj) + pe (Bf), it turns out that P (B;) <
pe (Bj)-

(1) = (i) We need to prove that there exist By, Bi,..., B, € 2° with
By = S and a striclty positive probability Py on 2° such that P (Bj)=C (Bj) ,
for any j € {0,1,...,m} and ¥ X € R,

C(X)= rlgleaécEp(X),

where Q = {P € A: P(B;) =C(B;), 0<j <m}.
Note that C' is well defined since acore (ue) # @ (by assumption (a)) and
compact, moreover for any A C S

pe (A)=C(A") = max P(A).

Pecacore(pe)

Clearly By := S € &, and £, is formed with a finite number of events
By, By, ..., By,. Note that for any B € &, and for any P € acore (ug) it is
true that P (B) = uc (B): actually P € acore (C) implies that P (B) < uq (B),
P (B°) < pg (B®) and P (B)+P (B°) = 1 = po (B))+pc (BS), gives the desired
equality (note that its implies that Q D acore (i)). Since, by hypothesis there
exists a strictly positive probability Py € acore (p), it turns out that the first
requirement is satisfied. So the formula

C(X)= glgé{Ep(X>,
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holds for any X € R if and only if Q = acore (uc). Just above we proved
that @ D acore (). By our assumption (b) we only have to show that Q C
acore (pg). Let P € Q and A C S, from the definition of uf, we have that there
exists B € £, such that A C B and pu¢ (A) = pe (B), hence

P(A) < P(B)=C(B)=pc(4),

i.e., P € acore (ug).

Futhermore, under (¢) and (i¢) acore () is the set of risk-neutral probabil-
ities and by Theorem 27 Fg,  is the set of attanaible claims. X

Proof of Lemma 40:

First, we note that from Proposition 3 given by Schmeidler (1986) we have
that if C' is a subadditive Choquet integral with respect to the capacity po then
[ is a concave capacity.

Let now prove that F' is a Riesz space:

Let X,Y € F, then by Lemma 4 we have that for any P € Q, Ep (X) +
Ep(Y) = C(X) + C(Y). Since C is a Choquet Integral with respect to a
concave capacity, it turns out that?!

CX)+CY)>C(XVY)+C(XAY).
Therefore, using the previous equality
Ep(XVY)+Ep(XAY)=Ep(X)+Ep(Y)>C(XVY)+C((XAY).

But Ep(XVY)<C(XVY)and Ep(XAY)<C(XAY) forany P € Q.
Hence, Ep (X VY)=C(XVY)and Ep (X ANY)=C(X AY) for any P € Q
which implies by Lemma 4 that X VY and X AY belongs to F. X

Proof of Theorem 43:

Before the proof of Theorem 43 we need one important lemma:

Lemma 50 2?Let F be a Riesz subspace of R™ containing the unit vector 1gn =
(1,...,1) € R™ then F is a "partition” linear subspace of R™, i.e., up to a per-
mutation:

T E€F iff € = (21,1, s Tjyoees Ty oes Tymay ooy Tom) -

Proof: The proof is by induction on the cardinality #S of S > 1. Clearly
the result is true if #S = 1, now assume that the result is true for #S = k and
let us show that it remains true for #5 =k + 1.

So let F' be a subspace of R**! contaning 1gk+1, and let G be defined by??:

G = {y = (z1,...,2k) € R* . Jzq1 st (y,Tr41) € F}

21Gee, for instance, Huber (1981) pages 260 and 261.

22For sake of completeness we give a direct proof of this result, which in fact has been
obtained independently by Polyrakis (1996, 1999).

23For y = (z1,...,2k) € R* and Zr+1 € R we use the following notation:

(Y, Tht1) = (€1, oo, Tp, Ty 1) € RFFL
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It is straighforward to check that G is a Riesz-subspace of RF containing 1gx,
therefore by the induction hypothesis and up to a permutation y € G is equiv-
alent to y = (21,..., %1, .- &j; o0; Tjy ooy Timy ooy Tpy) Where z; € R, 1 < j < m.
Clearly, if € F then x € G @ H the direct sum of the linear subspaces of RF+1
given by

G = {(y,0)eR"*:yeq}

H = {(0,..,0,z41) € RF*T 1y 4 € R}

Therefore, dim F' < dimG @& H = m + 1. It is also immediate to see that
dim F' > m: in fact, y € G is equivalent to

m
y=2 &V,
j=1

where each V" € R* d.e., V; C {1,...k}, and {V{*,...,V;:} is a basis of G.
Let z; € R be such that (Vf",zj) € F, 1 <j < m;itis immediate to see that
{{Vy*}, ... {V,:}} linearly independent in G implies {{V{*, 21}, ..., {V,%, 2} } lin-
early independent in F', hence dim F' > m.

Two cases have to be examined: o o

1) dim F = m + 1: Clearly since F' C G @ H, this implies that F = G & H
and F' is a "partition" space.

2) dim F' = m: In such a case since {W;‘ = {Vj*,zj} , 1< < m} is linearly
independent in F, {Wf 51<5< m} is a basis of F. Hence, we obtain that

m
xz € F if and only if there exists x;, 1 < 7 < m such that z = ijWJ’»", in
j=1
particular,

m
T =y wiz, (D).
j=1

So, it remains to show that there exists jo € {1,...,m} such that for any = € F

m

it is possible to write x = Z z; V' + zj,. Note that is enough to show that all
j=1

the z;s are equal to zero except z;, = 1. Since 1gr+1 € F' by the above property

m
(T"), we obtain that sz =1
j=1
Now take j # i, j,i € {1,...,m}. Since I is a Riesz space, W}, W} € F
implies that WX AW € F', but WA AW = ((Vj nv;)* 25 A zi) and V;NV; =0,
m
hence by property (I') we obtain that 0 = ijzj = 2 A z;, therefore z; > 0.
j=1
On the other hand, the Riesz space struture implies also that W} VW € F, but
WiVW; = (Igs+1, 2 V 2;), hence by property (I') we obtain that z;Vz; = 2z;+2;.
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Summing up, we have

m

sz = 1, therefore for any j # 4, j,i € {1,...,m}:
j=1
zjNzg = 0and z; Vz =z + 253

this implies that there exists a unique jo € {1,...,m} such that z;, = 1 and for
any j € {1,...,m}\ {jo} it is true that j = 0, the desired result. B

Now we can start the proof of Theorem 43:

(1) = (i1) By Lemma 40 we know that the set of attanaible claims F' is a Riesz
subspace of R containing the riskless bond S*. Therefore, by Lemma 50 we
obtain that F is a "partition" linear subspace of RS, hence C is the cost function
of a "partition" market of {0, 1}-securities without arbitrage opportunities.

(i1) = (i4i) By assumption we have a partition {Bi,..., By, } of the state
space S and a strictly positive probability Py such that Py (B;) = C (Bj*) for
any j € {1,...,m}. Recall that,

Q={PeA:P(Bj)=Py(B;),1<j<m}

and

C(X) :glg}g{Ep (X),

m

hence since Ep (X) = Z Z P ({s}) X (s). Now, denote by Q the risk neutral
j=1s€B;
probability such that for any j € {1,...,m},

Q(Bj)=Q{5€ B;: X (5) =max X (B))}).

pee j=1s€eB;
= Smax{ 3 PUHX(s) = QB max X (By)
Jj= s€B; Jj=1

Which allows us to write,

m

C(X) =3 Po (B max X ().
Jj=1
(#4i) = (i) By our assumption we have that there exists a strictly positive
probability Fy and a partition B, ..., Bj, ..., By, of S and such that V.X € RS

m

C(X) = Z P(B;) ?el%)];X(s).
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Hence,

pe(A)= > Py(By),
ke{j:B;NA£D}

and it is well know that
C(x) = [ Xdpc.

which completes this part of the proof.

Note that we proved that (i) < (i7) < (ii9).

(#4) = (iv) From Theorem 36, it remains to prove that C' is concave and
that pe = pg. Take A C S, since (44) < (i44) , it comes from (é43) that

pe (A) = Z Py (Bj);

ke{j:B;NA#D}

since Py (B;) > 0 and Z Py (Bj) =1, as it is well-known p is a plausibility
function (i.e., the dual of a belief function), hence p is concave.

Remains to show that u¢ < po. From Nehring (1999), we know that peo
is concave implies that £, is a Boolean algebra; let us show that it entails
that pf is concave: Let A;, As be subsets of S, by definition of uf, there exist
B1 D Ay and By D Ay, B; € &, such that ug (A;) = pe (Bi), i = 1,2. Hence,
e (Ar) + pg (A2) = pe (Br) + pe (B2) 2 pe (B U B2) + pe (Bi N By). Since
B1UBy,B1N By € gﬂc’ BiUBy D A1 U Ay and By N By D A1 N Ay, it turns
out that pf (A1) + pé& (A2) > pE (A1 U Ag) + ps (AN As). Let A C S, ug
concave implies that there exists a probability P € acore (ug), but Theorem 36
guarantees that acore (ue) = acore (ug) hence P € acore (ue), therefore:

pe (A) = P(A) < pe (4),

which completes this part of the proof.

(tw) = (v) Note that (a) comes from - concave and the previously quoted
result of Nehring (1999).

(v) = (i4) By hyphotesis, there exists a strictly positive probability Py €
Quc and &, is a Boolean algebra. Let {Bji, ..., B} be the collection of Py-atoms
of the Boolean algebra &, ., hence {Bj, ..., By, } is a partition of S. Of course,
Py(Bj)=C (Bj*) ,forany j € {1,...,m} and Q D Quc. For 0> QMC, note that
if P € Ais such that P (B;) = po (B;) for any j € {1,...,m} thenif B € &,
and B ¢ {Bi, ..., B, } hence there exists A C {1,...,m } such that B = U;jca By,
therefore P (B) = ZP(Bj) = Z“C (Bj) = pe (UjeaB;j) = pe (B). Hence,

JEA JEA
C is a cost function of a "partition market". X
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