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1. Introduction: The existence of stable intersections of regular Cantor sets is a fundamental
tool to provide persistent examples of non-hyperbolic C? diffeomorphisms of surfaces, as did
Newhouse ([N]), by means of the concept of thickness of a Cantor set. The thickness is a fractal
invariant, which is continuous and positive in the C? (or even in the C'** 0 < o < 1) topology,
such that, if the product of the thicknesses of two regular Cantor sets is larger than one and
their support intervals intersect is a nontrivial way, then they have stable intersection (see
[PT]). However Ures ([U]) showed that, in the C"! topology, the thickness of regular Cantor sets
is terribly discontinuous. Indeed, generic C''-regular Cantor sets have zero thickness. He also
showed that two regular Cantor sets whose support intervals touch at one point cannot have
extremal stable intersection (in the sense of [M]) in the C'! topology and he used these results
to show that C''-generic first homoclinic bifurcations present full upper density of hyperbolicity
at the initial bifurcation parameter.

However, despite the discontinuity of the thickness in the C* topology, the Hausdorff di-
mension of regular Cantor sets is continuous and positive in the C' topology (and coincides
with the limit capacity). On the other hand, it was showed in [MY] that generic pairs of regular
Cantor sets in the C? (or C''™*) topology whose sum of Hausdorff dimensions is larger than
one have translations which have stable intersection. Moreover, they have translations whose
intersections have stably positive Hausdorff dimensions. This poses a more difficult problem:

is it always possible to destroy intersections of regular Cantor sets by performing arbitrarily



small C! perturbations of them? The situation is particularly delicate when the intersection
between the Cantor sets has positive Hausdorff dimension, which is a typical situation in the

C? topology as seen before. We answer this question in the following

Theorem 1. Given any pair (K, K') of reqular Cantor sets, we can find, arbitrarily close to it
in the C' topology, pairs (K, K') of reqular Cantor sets with K N K' = 0.

We can conclude, as in Theorem I.1 of [M], that, for generic pairs (K, K') of C'-regular
Cantor sets, the arithmetic difference K—K' = {z—y |z € K,y € K'} = {t e R | KN(K'+t) #
0} has empty interior (and so is a Cantor set).

Since stable intersections of Cantor sets are the main known obstructions to density of
hyperbolicity for diffeomorphisms of surfaces, the previous result gives some hope of proving
density of hyperbolicity in the C* topology for diffeomorphisms of surfaces.

The main technical difference between the C! case and the C? (or even C'%) cases is the
lack of bounded distortion of the iterates of ¥ in the C*! case, and this fact will be fundamental
for the proof of the previous result.

I would like to thank Carlos Matheus for helpful comments and suggestions which substan-

tially improved this work.

2. Proofs of the results:
We recall that K is a C*-reqular Cantor set, k > 1, if:

i) there are disjoint compact intervals Iy, Is, ..., I, such that K C I; U---U I, and the

boundary of each [; is contained in K;

ii) there is a C* expanding map ¢ defined in a neighbourhood of I; U I, U - - - U I, such that

¥(1;) is the convex hull of a finite union of some intervals I, satisfying:

ii.1) for each j, 1 < j <r and n sufficiently big, "(K N I;) = K;

ii2) K= N ¢ ™(LULU---UIL).

neN

We say that {1, I, ..., .} is a Markov partition for K and that K is defined by 1.
Given s € [1, k] and another regular Cantor set K, we say that K is close to K in the C*
topology if K has a Markov partition {I;, I, ..., 1.} such that the interval fj has endpoints
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close to the endpoints of I;, for 1 < j <r and K is defined by a C* map 1 which is close to 1
in the C* topology.
Given a C%/%regular Cantor set K, we define the parameter A\(K) = max{|¢/(z)|,z €

I;} > 0, which depends continuously on K in the C'-topology.
7=1

We may associate for each j < r a gap U; C [; of K, which is determined by the com-
binatorics of (K1) in the following way: we take the smallest m; > 1 such that ¢™i([;) is
the convex hull of the union of more than one interval of the Markov partition of K, say of
I, Ul 1 U--- Ul 4, and, if Vj is the gap between [, and I, 1, we set U; := P~ (V;). We
define a parameter a(K) in the following way: given n € N, j < r and J a connected component
of ¢~"(I;), we define a(.J) = |U|/|J|, where U C J is the gap of K such that ¢"(U) = U, and
we define a(K) = inf{a(J); J connected component of v~"(I;), 3n € N, j < r} > 0. Notice
that a(K) depends {:ontinuously on K in the C%/? topology.

In the next lemma we will exploit the lack of bounded distortion in order to produce a very

distorted geometry (with very large gaps) near some subsets of a C'-regular Cantor set.

Lemma 1. Let K be a C?-reqular Cantor set. Let ¢(K) = 2A\(K)/a(K). Then, given € > 0,
let ng = [c(K)loge™/e]. Then, for any § > 0 and for any compact set X C K satisfying

i) 7 |x is injective for 0 < j < ng, where : K — K is the expansive function which defines

K.
i) (X)) NI (X) =0, for 0 <i<j < ng,

we can find a covering of K formed by intervals (J;) of its construction (i.e. intervals which
are connected components of ~"(1;) for some n € N, j < r) which have size smaller than
0 satisfying the following properties: let D be the union of the intervals J; for all i and the
intervals ¥ (J;),1 < j < ng, for the intervals J; which intersect X. There is a Cantor set
K in the e-neighbourhood of K in the C"'-topology with a(K) > a(K) such that all connected
components of D are still intervals of the construction of K and ;N X # 0 = KNJ; has a
gap Vi with |V;| > (1 —¢)|.J|.

Proof: Let A = {i | J;NX # 0}, where {J;} is the convering of K by the connected components
of =N ({J 1), for some large N so that, in particular, |.J;| < 4, for all i.
j=1
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Since X is compact, if N is large enough, we have by the hypothesis of the lemma, ¥7|¢
injective for 0 < j < ng and ¢*(X) NI (X) = for 0 <4 < j < ng, where X := U J;.

We may perform, as in Lemma I1.2.1 of [M], a small change in % in the C’3Z§f}copology in
such a way that the restrictions of ¥ to the intervals v/(J;) with i € A, 0 < j < ny become
affine; we change 1 just in these intervals and in the gaps attached to them.

Now we will make small C'! perturbations on the restriction of ¥ to the intervals ¢’ (.J;) with
i€ A 0<j < ng. We will begin changing v in the intervals /"°~1(.J;), then in the intervals
Y™ ~2(.J;) and so on, in order to make the proposition of a gap in each of these intervals grow in
such a may that the size of each of the two remaining intervals is multiplied by 1 — %, where
A= \K) and a = a(K).

More precisely, if ¢7(J;) = [r,s], i € A, 0 < j < ng is some of these intervals and m is such
that 4™ (.J;) = I, let U C J; such that ¢™(U) = U, and let 4/(U) = (u,v) C [r,s]. Writing
Y|, s](z) = Az + t, we consider the affine map v, given by

5\( —%)_1(x—r)+5\7“+t, if xelr,r+( —%)(u—r)]

1;’[7’,5} (.T) ==

M1 — %)*1@—8)%—5\3—1-15, ifzels—(1—3)(s—wv),s

and we extend ¢ to [r,s] in such a way that 1;|[m} is a C' function. Notice that the image

V((r+(1—-2)(u—r),s—(1—-35)(s—v))) = ¢((u,v)) of the gap remains the same. The size
of the new gap in [r,s]isv—u+3E(s —vt+u—7) <v—u+2(s—r) < (1+)(v—u). In
particular, it is not difficult to see that we may construct such a function ¢ with || — || < e.

Finally, the total proportion of the complement of the new gap V; = U for the modified WY

(indeed ;™ (¥"™(U))) is at most (1 —2£)m0(1—a) < (1— %)%ngfl (1—a) <3 <e Ttis

not difficult to see that after these perturbations we will also have a(K) > a(K) (indeed in the
non-affine part of the dynamics we are only increasing the proportion of some gaps, and in the
affine and local part of the dynamics the proportion of the gaps is preserved), which concludes

the proof of the Lemma. O

Lemma 2. Given a C?-reqular Cantor set K', for a residual set of C*-reqular Cantor sets K,

k
ifk=1(1—HD(K') | +1then N A; =0, where A; = F;(KNK')NP;),1 <j <k and
j=1
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(F;, Py),1 < j <k are distinct elements of {(¢"|r,1);r € N and I is a mazimal interval of the

construction of K where ¢" is injective}.

Proof: It is enough to show that, for generic C%-regular Cantor sets K, given distinct sets

A, =y (KNK')NP;),1 <j <k, where P; is a maximal interval of the construction of K

such that ¢ |p, is injective, we have (k] Yi(KNK' N P;) =0. So, we will, from now on, fix
the branches "/ |p, that we will consiglz;.

Typically, K N K’ does not contain any preperiodic point of ¢ (indeed, there is only a
countable number of them in K and so almost all translations of K’ do not intersect them). In
this case, given a point x € ﬂ A, with . =Y (y;),1 <j<kwithy; e KNK' NP;,Vj <k,
we have that the points y; are all distinct (indeed, if y; = y; with ¢ # j then r; # r;, since A,
and A; are distinct, so x is periodic and the points y;,y; € K N K’ are preperiodic). We may
find disjoint intervals Pj(x) C P; of the construction of K with y; € Pj(x),1 < j < k, and take
e, > 0 and a neighbourhood V, of K in the C! topology such that, for K € V,, if f’-, Ig(x)
and ¢ denote the continuations of the intervals P; 13( ) and of the map v which defines K
respectively, we have ﬁl PI(KNKYNP) N (x—eg,2+6e,) C ﬂ (K NK')N P, i(2)). We

j=
may take a finite covering of the compact set 61 A; by intervals (z; — €4, +€4,), 1 <1 < m.
j=

We denote by V the neighbourhood () V,, of K in the C' topology. We will assume (by
i=1

~ - .k - - m
reducing V, if necessary) that, for any K € V, N ¢ (KN K')NP;) C U (zi — €a;0 i + €1,)s
j=1 i=1
ko - - m ko ~ 2
so MY (KNK)YNP) c UNyY7(KNK')N Pj(x;)). It is enough to show that, for
j=1 i=1j=1
each i < m, there is an open and dense set V; C V such that, for any K € V;, we have

ko - X - X
ﬂl Yri((K N K')N Pj(z;)) = 0. Since the sets ¢" ((K N K') N Pj(x;)) are compact, the above
]:

condition is clearly open, so it is enough to prove that it is dense in V.

Now, since the intervals P:’j(aci), 1 < j < k are disjoint, we may consider families of per-
turbations Ky, .., € V of K defined by maps ¢y, .., which form a family of perturba-
tions of ¢ depending on k small parameters ty,to,- -+, € (—0,0), for some (small) 6 > 0
for which 1;:1]'7,,,7%\1%(%) = 12”‘1% + t;,Vti,ta, -+t € (—6,0) (it is enough to make suit-
able perturbations of ¢ in the disjoint intervals é(xl), 1 < j < k). Since the limit capac-



~ - ko -
ities (box dimensions) of the sets " (K’ N P;) are bounded by HD(K'), [[ v"(K' N FP;)
j=1

has limit capacity bounded by k.HD(K') < k — 1, and so linear projections of it in R*~?
k

have zero Lebesgue measure. Since {(ti,---,t) € RF | N (K' N P) +t;) # 0} =
j=1
k -
{(t,t+s1, - t+sk—1) | (s1,-+ -, sk—1) = Di([] ¥ (K'NP;))}, where Dy is the linear map given
j=1
by Di(z1,- - ,xx) = (x9 — 21,23 — 21, -+ , & — x1), for almost all (¢1,--- , ) the intersection
is empty, which implies the result. O

Lemma 3. Let (K, K’) be a pair of C*-regular Cantor sets and B = {(¢"|7,I);7 € N and I
is a maximal interval of the construction of K where ¥" is injective}. Given any m > 1, the
following holds: for any fized distinct elements (¥ |p,, P;),1 < j < m of B and for any n > 0
there is a C2-reqular Cantor set K at a distance smaller than n from K in the C* topology and

with a(K) > a(K) —n such that () " (K NK'NP;) =0, where 1 is the map which defines K .
=1

1=

Proof: Since the quantity a(K) depends continuously on K in the C%2-topology (and, in
particular, in the C?-topology), Lemma 2 implies that the above statement is true for m > k =
|(1— HD(K")™'|+1. We will argue by backward induction on m: we will show that, if ¢ > 1
and the statement of Lemma 3 is true for every m > ¢ + 1 then it is true for q.

Let (K, K') be a pair of C?-regular Cantor sets, n € (0,1) and (¢"|p,, P;),1 < j < ¢
fixed distinct elements of B. Let X = ﬁ Y(KNK' NP;). Let ¢ = a(K)a(K")n/5A(K")
and let Ny = [2¢(K)loge™!/e], where c](_fl() = 2\(K)/a(K). For each pair (i,7) with 0 <
i < j < Ny, the intersection *(X) N v?(X) can be written as a finite union of intersections
of at least ¢ + 1 sets of the form " (K N K’ N I), where (¢"|;,I) € B. By the induction
hypothesis (applied several times to make a sequence of small perturbations of the first Cantor
set, one for which one of the intersections mentioned above), we may approximate K by a C*-
regular Cantor set K at a distance smaller than 7 /2 from K in the C' topology with a(K ) >
max{a(K) —1/2,a(K)/2} and ¢(K) < 4\(K)/a(K), such that, if X = ﬁ Y (K NK' NPy,
where ¢ is the map which defines K, then the sets ¢/ (X ),0 < j < Ny Jz;rle pairwise disjoint.
So, it ¥ = (0"]p) (X)) = (K N K'n P ﬁQ(wpl)—l(Wk A K’ P,), then the sets

j=



P (Y),0 < j < Ny are pairwise disjoint. Indeed, if " (Y) N7 (Y) # 0, with 0 <4 < j < N,
we would have 0 # ¢ ('(Y)) N9 (7 (Y)) = & (" (Y) N7 (97 (V) = (X)) N (X) = 0,
a contradiction.

So, Y satisfies the hypothesis of Lemma 1 for ¢ (since Ny = [2¢(K)loge™'/e] >
[¢(K)loge™'/e]), and thus the conclusion of Lemma 1 holds: for any § > 0, we can find a
covering of K formed by intervals (J;) of its construction which have size smaller than § satis-
fying the following properties: let D be the union of the intervals .J; for all i and the intervals
W(ji), 1 < j < ng, for the intervals J; which intersect Y. There is a Cantor set K in the
e-neighbourhood of K in the C'-topology with a(K) > a(K) such that all connected compo-
nents of D are still intervals of the construction of K and J; NY # (0 = K N J; has a gap
V; with |V;| > (1 —¢)|.Ji|. Now, we can apply a C' diffeomorphism (1/2)-close to the identity
in the C' topology to K in order to make it disjoint from K’. Indeed, let (J;)® and (J;)®
be the connected components of .J; \ V;. We will make small independent translations of these
intervals (if they do intersect K’) in the following way: if such an interval (J;)®) intersects K',
take an interval J’ of the construction of K’ intersecting it whose size belongs to the interval
([(J)S/a(K"), NE)|(J) D] /a(K")]; the gaps attached to the ends of this interval have size
larger than |(J;)®)| so we can apply a translation of it of size at most A(K')[(J;)®|/a(K")
whose image is contained in one of these gaps. These translations can be performed all to-
gether (for all 4,s) by a diffeomorphism at a C! distance to the identity smaller than 7/2,
since the gaps attached to the intervals (.J;)®) have size at least a(K)|J;| and the size of the
translations is at most A(K')|(J;)®|/a(K') < eA(K")|Ji|/a(K") = a(K)|J;|n/5. If we denote
by K the image of K by this diffeomorphism (which is a regular Cantor set defined by a map
¥ conjugated to ¥ by the diffeomorphism that we applied to K) we will have (K N J;) N K’
empty, Vi, so Y := (KN K' N P) N 52(12”\151)_11;”([( NK'N P;) =0, and, applying 4", we

=

N ¢ . . 3 -
get X = Y (KNK' NP;) =" (Y) =0, and we are done. O

J=1

Proof of Theorem 1. Lemma 3 for m = 1 implies that generically K N K’ = (. It follows
that, for each r € Q, {(K,K') |r ¢ K — K'}= {(K,K') | KN (K’ 4+ r) = 0} is residual, and
thus {(K,K") | (K — K') N Q = 0} is residual. So, generically, for (K, K') pair of C'-regular

Cantor sets, K — K’ has empty interior, and so is a Cantor set. [
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