A note on the Giulietti-Korchmaros maximal curve
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Abstract. We present a very simple proof of the maximality over F, of the curve
introduced by Giulietti and Korchmaros in [GK] .
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Introduction

Let C be a curve (projective, nonsingular and geometrically irreducible) defined over
a finite field k, and let g(C) denote its genus.
We have the following bound on the cardinality of the set C(k) of k-rational points:

#C(k) < 1+#k+2y/H#k - g(C). (1)

The bound above is the so-called Hasse-Weil upper bound. If the cardinality of the finite
field is a square, then we say that the curve C is mazimal if equality holds in Eq. (1).

Suppose k = Fp2 and C is maximal. From [Ih] we know that

9(C) < q(g—1)/2. (2)

From [RS] we have that the Hermitian curve is the unique maximal curve over F, with

genus g = q(¢ — 1)/2. The Hermitian curve over Fp can be given by:
X9+ X =Yy" (3)

It is well-known that subcovers of maximal curves are also maximal, and we have then a

natural question:

Question: Is any mazimal curve over Fp a subcover of the Hermitian curve ¢



Recently Giulietti and Korchmaros introduced a maximal curve over Fg which is not
a subcover of the corresponding Hermitian curve for ¢ # 2 (the Hermitian curve is here

given by X% 4+ X = Y?+1). Their curve C over Fs is given by (see [CK] and [GGS]):

X4+ X = yatl

¢ +1 (4)
q+1

The proof in [GK] that C given by Eq. (4) is maximal over Fu is based on the fact that

YZ Y = 7N with N =

the curve C lies on a Hermitian surface. In [GGS] we have proved in an elementary way
a generalization of this result of [GK]; i.e., we have proved that for an odd integer n > 3,
the curve C given by Eq. (4) with N := (¢" +1)/(¢ + 1) is maximal over the field Fn .
The proof in [GGS] is based on the fact that the curve y over F . given by

gt +1

Y _y =27V with N =
qg+1

(5)
is a maximal curve over F 2. (see [GS] and [ABQ)).

Here we give an even simpler proof of the maximality of the curve C given by Eq. (4).
This new proof is based on the fact that the Hermitian curve given by Eq. (3) is also
maximal over F . Since the curve y over Fu s given by Eq. (5) with n = 3 is a subcover

of the curve C, we get as a corollary a simpler proof for the maximality of x (see [GS]).

The maximality of the curve

The curve C over F s given by Eq. (4) can also be described by the plane equation:

qu X q+1
s _
ZU = (W) (XT+ X). (6)
It follows easily from Eq. (6) that
29(C) =¢" —2¢° + ¢*. (7)

To prove the maximality of C over F 6 we have to show that the following equality holds:
#C(Fy) =¢° —¢° +¢" + 1. (8)
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There are ¢+ 1 points on C with X = oo or X%+ X = 0; there are (¢* —¢)(¢+1) = ¢*> — ¢

points on C with X € Fp2 and X9+ X # 0; all those ¢* + 1 = (¢ + 1) + (¢* — ¢) points

can be shown to be Fs-rational points on the curve C. Subtracting them from Eq. (8),we

have to prove that there are exactly
- +¢ - =@ +1) (@ —a)

rational points on C with Z € Fs and Z # 0. Hence we have to show that

qu X q+1
<_) (XX e g

#9XeFs| | 5oy

Clearly we have that ( with N := (¢*+1)/(¢+1) ):
Xq2 _X q+1 [
(m) T X) = X X = (X XY,
Since X9 + X is the trace from Fg to Fys , from Eq. (10) we have to show that

B {X €Fo\Fp [(X9+ X)V € Fqs} — ¢ — ¢

To prove this result in Eq. (11) we use that the Hermitian curve H given by
X4 X =Yydt!
is a maximal curve over F s with genus ¢ = ¢(¢ — 1)/2. Hence we know that

#HFp) =" +¢" —q' +1.

(10)

(12)

As before there are (¢* 4 1) rational points on H with X € F,2 or X = co. Subtracting

them from Eq. (12) we get that there are exactly
¢+ —q' —¢=(qg+1) (-
[Fs-rational points on ‘H with X € F6\F,2. We then conclude that it holds:

# {X € Fps\Fpe [(X?+ X) is a (¢ + 1)-power in qu} =q¢ — ¢
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(13)



The proof is now complete since Eq. (11) follows now easily from Eq. (13). Note that
N-(g+1)=¢+1
is the norm exponent in the extension Fy /F,s. We have then proved:

Theorem. The curve C given by Eq. (4) is a mazimal curve over F .

Since the curve y given by Eq. (5) with n = 3 is a subcover of the curve C we get also:

Corollary. The curve x given by Eq. (5) with n = 3 is a maximal curve over F .
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