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Abstract

We give an estimate of the mean curvature of a complete submanifold lying
inside a closed cylinder B(r) xR in a product Riemannian manifold N ¢ xR’
It follows that a complete hypersurface of given constant mean curvature
lying inside a closed circular cylinder in Fuclidean space cannot be proper
if the circular base is of sufficiently small radius. In particular, any possible
counterexample to Calabi’s conjecture on complete minimal hypersurfaces
cannot be proper. As another application of our method, we derive a result
about the stochastic incompleteness of submanifolds with sufficiently small
mean curvature.

1 Introduction

The Calabi problem in its original form, presented by Calabi [3] and promoted
by Chern [4] about the same time, consisted on two conjectures about Euclidean
minimal hypersurfaces. The first conjecture is that any complete minimal hypersur-
face of R™ must be unbounded. The second and more ambitious conjecture asserted
that any complete non-flat minimal hypersurface in R™ has unbounded projections
in every (n — 2)-dimensional flat subspace.

Both conjectures turned out to be false for immersed surfaces in R3. First Jorge
and Xavier [9] exhibit a non-flat complete minimal surface lying between two parallel

planes. Later on Nadirashvilli [12] constructed a complete minimal surface inside a
round ball in R?.
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It was recently shown by Colding and Minicozzi [5] that both conjectures hold
for embedded minimal surfaces. Their work involves the close relation between
the Calabi conjectures and properness. Recall that an immersed submanifold in
Euclidean space is proper if the pre-image of any compact subset of R™ is compact.
It is a consequence of their general result that a complete embedded minimal disk
in R? must be proper.

The immersed counterexamples to Calabi’s conjectures discussed above are not
proper. The example of Nadirashvilli cannot be proper since from the definition a
proper submanifold must be unbounded. The same conclusion hold for the other
example but now the argument is not so easy, one has to use the strong half-space
theorem due to Hoffman and Meeks [7].

The strong half-space theorem does not hold in R™ for n > 4. In fact, the higher
dimensional catenoids are between parallel hyperplanes. Hence, it is natural to ask
if any possible higher dimensional counterexample to Calabi’s second conjecture
must be non-proper. In the special case of minimal immersion, it follows from the
corollary of our main result that a complete hypersurface of R”, n > 3, with bounded
projection in a two dimensional flat subspace cannot be proper (see Corollary 2.2
below).

As an application of our method, we generalize the results by Markvorsen [10] and
Bessa and Montenegro [2] about stochastic incompleteness of minimal submanifolds
to submanifolds of bounded mean curvature. In this respect, let us recall that
a Riemannian manifold M is said to be stochastically complete if for some (and
therefore, for any) (z,t) € M x (0,+00) it holds that

/ p(z,y,t)dy = 1,
M

where p(z,y, t) is the heat kernel of the Laplacian operator. Otherwise, the manifold
M is said to be stochastically incomplete (for further details about this see, for
instance, [6] or [14]).

An interesting problem in submanifold geometry is to understand stochastic
completeness/incompleteness of submanifolds in terms of their extrinsic geometry.
In [10] Markvorsen derived a mean time exit comparison theorem which implies
that any bounded complete minimal submanifold of a Hadamard manifold N with
sectional curvature Ky < b < 0 is stochastically incomplete. Recently, Bessa and
Montenegro [2] considered minimal submanifolds of product spaces N x R, where
N is a Hadamard manifold with Ky < b < 0, and proved a version of Markvorsen’s
result in this setting. In particular, they showed that complete cylindrically bounded
minimal submanifolds of N x R are stochastically incomplete. Here we extend these
results to complete submanifolds with sufficiently small mean curvature lying inside
a closed cylinder B(r) x R* in a product Riemannian manifold N"~* x R’



2 The results

Part (a) of Theorem 2.1 below extends the main results given in [1] for compact
hypersurfaces. Part (b) generalizes stochastic incompleteness results of [2] and [10]
for minimal submanifolds.

In the following we denote

Vbcot(vbt) if b>0, t<m/2Vb,
Cy(t) = 1/t if b=0,
V—=bcoth(v/—bt) if b<0.

Theorem 2.1 Let ¢: M™ — N"* x R’ be an isometric immersion of a complete
Riemannian manifold M of dimension m > {4+ 1. Let By(r) be the geodesic ball
of N"=¢ centered at p with radius r. Given q € M, assume that the radial sectional
curvature K% along the radial geodesics issuing from p = wn(p(q)) € N"7¢ is
bounded as K34 < b in By(r). Suppose that

©(M) C By(r) x R
for r < min{injy (p), 7/2vb}, where we replace 7/2v/b by 400 if b < 0.

(a) If o: M™ — N"~* x R? is proper, then

sup | H| > (mﬂ; E)c,,(r). (1)
(b) If ,
S]L\l}) |H| < (mw; )Cb(T), (2)

then M 1s stochastically incomplete.

For Euclidean hypersurfaces of constant mean curvature we have the following
consequence.

Corollary 2.2 Let p: M™ — R™ be a complete hypersurface with constant mean
curvature H. If o(M) C Bgz2(r) x R*™™! and |H| < 1/nr, then » cannot be proper.

Observe that the assumption on the bound of the mean curvature cannot be weak-
ened since 1/nr is the mean curvature of the cylinder S*(r) x R"~1.

We point out that Martin and Morales [11] constructed examples of complete
minimal surfaces properly immersed in the interior of a cylinder Bgz(r) x R. By the
above result these surfaces cannot be proper in R3.



3 The proofs

Let ¢: M™ — N™ be an isometric immersion between Riemannian manifolds. Given
a function g € C*°(N) we set f = gop € C®(M). Since

(grad™ £, X) = (grad Vg, X)
for every vector field X € T'M, we obtain
grad Vg = grad™ f 4 (grad Vg)*

according to the decomposition TN = T M &T+M. An easy computation using the
Gauss formula gives the well-known relation (see e.g. [8])

Hess 3/ f(X,Y) = Hess yg(X,Y) + (grad Vg, a( X, Y)) (3)

for all vector fields X,Y € TM, where « stands for the second fundamental form of
¢. In particular, taking traces with respect to an orthonormal frame {ey,... e}
in T'M yields
Apf = Z Hess ng(e;, e;) + (grad g, H). (4)
i=1
where [= Yo alese).
The first main ingredient of our proofs is the Hessian comparison theorem.

Theorem 3.1 Let M™ be a Riemannian manifold and xo,x1 € M be such that there
is a minimizing unit speed geodesic vy joining xo and x1 and let p(x) = dist(xg, x)
be the distance function to xo. Let K., < b be the radial sectional curvatures of M
along . If b > 0 assume p(zy) < 7/2v/b. Then, we have Hess p(z)(v',7") = 0 and

Hess p(x)(X, X) = Cy(p(x))[|1 X ()
where X € T, M is perpendicular to +'(p(x)).

The second main ingredient is the version proved by Pigola-Rigoli-Setti [14,
Theorem 1.9] of the Omori-Yau maximum principle.

Theorem 3.2 Let M™ be a Riemannian manifold and assume that there exists a
non-negative C*-function v satisfying the following requirements:

Y(zr) — +o0 as x — o0

JA >0 such that |grady| < A\/lz off a compact set

3B >0 such that Ay < B\/¢YG(\/¥) off a compact set
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where G is a smooth function on [0, +00) satisfying:

(i) G(0) > 0, (i) G'(t) > 0 on [0, +00),

6
(i17) 1/+4/G(t) & L*(0, +00), (tv) limsup,_,, % < +00. ©)

Then, given a function u € C*(M) with u* = sup,, u < 400 there exists a sequence
{zk }ren € M™ such that

w(zg) >u*—1/k;  |gradu|(xg) < 1/k;  Au(zg) < 1/k.
Observe that a function G satisfying the above conditions is
G(t) = (t +2)*(log(t + 2))*. (7)
Now we are ready to prove Theorem 2.1.
Proof of Theorem 2.1: Define o : N" ¢ x R — [0, +00) by
o(z,y) = pre(y),

where pge(y) = ||y||re is the distance function to the origin in Rf. Since ¢ is proper
and (M) C By(r) x R, then the function ¢ (x) = o o p(x) satisfies ¥(x) — oo as
pu(x) = distp(g, &) — +o00. Off a compact set, we now have

jgrad Map(a)] < Jgrad o ()] = lgrad ® prel = 1 < V().

To compute App we start with bases {0/0pn,0/00s,...,0/00,_s} of TN and
{8/0pge,0/0va,...,0/0v} of TR® (polar coordinates) orthonormal at x € M.
Then, we choose an orthonormal basis {es, ..., e, } for T,M as follows

3 0
e =g —+ Z % g 618/)Rz - ; b”a%

Hence, we have

1
Hess yure 0(p(2))(€;, €;) = Hessge pre(mree;, mree;) Z w—

t=2

where mge denotes the orthogonal projection onto TR?. Here, we are using

n—~_ 0
leil =1 :O‘?+Z@?j+@2+zbi
=2 t=2



that yields S¢_, 0% < 1.
Since ¥ (x) — oo as py(x) = disty(g, &) — +o0, off a compact set we may
assume that

[ Hl(x) = mlH|(x) < \ o) C(/0()
where G(t) is given by (7). Otherwise, sup,, |H| = +oo and there is nothing to
prove. Besides, off a compact set we also have that

ﬁx) < \U@)G@).

Hence, from (4) we have off a compact set that

=u)]
©

Anrtp(e) = Y Hess wupe 0((2)) (s, e0) + (grad Vo (p()),
= @)
< (m+ D\ 9@ G/@).

Therefore, by Theorem 3.2 the Omori-Yau maximum principle holds on M.
Define p: N" ¢ x R® — R by

+ m|H|(z)

p(z,y) = pn(z) = disty(p, 2)
and u: M™ — R by
u(z) = pop(z).

Since p(M) C By(r) x Rf, we have that u* = sup,; u < r < oo, Therefore, by the
maximum principle there is a sequence {zy}reny C M™ such that

w(zg) >u*—1/k;  |gradu|(xy) < 1/k;  Au(zg) < 1/k.
Hence, we have

1

7> Bulw) = 3 Hess wazeplip(wn)) (e e) + (grad ™ plo(wn)), H ) (8)

where {ej,..., e} is an orthonormal basis for T,, M. Start with an orthonormal

basis {0/0pn,0/00s,...,0/00,_4} for TN and standard coordinates {y,...y,} for
R’. Then, choose an orthonormal basis for T,, M as follows

n—~¢ l
0 0 0
€ = Qim—— 1 ) Qijjor Tt ) Cipm—



Using Theorem 3.1, a straightforward computation yields

Hess yyxrep(o(mr))(es, €:) = Hess npn(2(2r))(Trnes, Trnes)
n—~

= ) ajHess xpn(2(x4))(9/00;,0/96;)

=2

n—~{
Z &?jcb(r)
j=2

V4
- (1 —aj — ZQ%) Cy(r)

v

since
n—~0 y4
2 § 2 § 2
j=2 t=1

where 7y denotes the orthogonal projection onto T'N. Therefore,
> Hess vnep(p(@e)) (s, e) = (m =D a2 =3¢ )Gi(r).
i=1 i it

At x, we have

grad V¥ p(p(z1,)) = grad u(ay) + (grad V¥ p(p(zy)))*

and hence
m

0
lgrad u|?(zy) = Z(%,ei) = Za? < 1/K*.

=1

(10)

(11)

Taking into account \gradNXRzp\ = |grad ¥ pn| = 1, from (8) and (10) we obtain

% > (m—;af _ZC?t)Ob(T) —ms}\bp‘]—“‘

it
It follows using (11) that

i +msup|H| = (m— 3 eh)Colr).

2t

+

| =

Observe now that

£ m 14
¢ = chzzt = Z lgrad (y; o ¢)|* < ¢,

(12)



since |grad (y;: o p)|* < |grad RlytP = 1. Thus,

(m—Zci) > (m—1{)

and we have letting £ — 400 in (12) that

msup | H| > (m — ()Cy(r).
M

This concludes the proof of the first part of Theorem 2.1.

For the proof of the second part, we make use of the following characterization
of stochastic completeness given in [13] (see [14, Theorem 3.1]): A Riemannian
manifold M is stochastically complete if and only if for every v € C?*(M) with

*

u* = supu < oo there exists a sequence {z;} such that u(xy) > u* — 1/k and
Au(zy) < 1/k for every k > 1.

Suppose that M is stochastically complete. Define g: N"~¢ x R* — R by

9(z,9) = 9(2) = ulpn(2))

where
1 —cos(vbt) if b>0, t<m/2VD,
op(t) = 12 if b=0,
cosh(v/=bt) if b<0.

Then f = g o ¢ is a smooth bounded function on M. Thus there exists a sequence
of points {x}} in M such that

flzg) > f*—1/k and Af(xg) < 1/k
for k > 1, where f* =sup,, f < ¢p(r) < oo. Similar as before, we have
Hess yxreg(o(zr))(€:, €;) = Hess ng(2(zx))(mrnves, Trvei)

n—_

= ¢y (re)ad + @y (7w Z@%HGSSN/)N( (zx))(0/00;,0/06;)

n—~¢
> ¢y (ri)ai + @y (1) Co(r ZGJ

J=2

¢
= ¢y (ri)ai + ¢4 (ri) Co(rs) (1 Z 't)
=1

= &y(re)Co(re) ( )



since ¢} (t) — ¢3,(t)Cy(t) = 0. Here, we are writing r, = py(2(xy)). Therefore,

1 - —
o Af(xy) = ZHGSS ~xreglei e:) + (grad Vg, )
i=1

> Gy(r)Co(r) (m - Zﬁt) + 0} (ri) (grad V% pyv, 1)

> @y(r) ((m — £)Cy(ry) — msup [H]).
Finally, since limy_.o ¢} (rx) > 0, letting k& — oo we have

sup | > ("0

Cb(r).

Proof of Corollary 2.2: 1If ¢ is proper in R"" from part (a) of Theorem 2.1 we

would have |H| > 1/nr, and that is a contradiction. &
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