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Abstract

We study the local and global well-posedness of the initial-value
problem for the nonlinear Schrédinger-Boussinesq System. Local exis-
tence results are proved for the three initial data in Sobolev spaces of
negative indices. Global results are proved using the arguments of Col-
liander Holmer and Tzirakis (2006 Arxiv preprint math.AP/0603595).

1 Introduction

In this paper we consider the initial value problem (IVP) for the Schrédinger-
Boussinesq system (hereafter referred to as the SB-system)

U + Upy = VU,
Vit — VUzg + Vgzzes = (|u’2)xxa (1)
u(0,2) = ug(x); v(0,2) =vo(x); ve(0,2) = (v1)z(2),

where z € R and ¢ > 0.

Here u and v are respectively a complex valued and a real valued func-
tion defined in space-time R?. The SB-system is considered as a model of
interactions between short and intermediate long waves, which is derived
in describing the dynamics of Langmuir soliton formation and interaction
in a plasma [20] and diatomic lattice system [23]. The short wave term
u(xz,t) : R x R — C is described by a Schrodinger type equation with a
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potential v(z,t) : R x R — R satisfying some sort of Boussinesq equation
and representing the intermediate long wave.

The nonlinear Schrodinger (NLS) equation models a wide range of phys-
ical phenomena including self-focusing of optical beams in nonlinear media,
propagation of Langmuir waves in plasmas, etc. For an introduction in this
topic, we refer the reader to [18]. Boussinesq equation as a model of long
waves was originally derived by Boussinesq [5] in his study of nonlinear, dis-
persive wave propagation. We should remark that it was the first equation
proposed in the literature to describe this kind of physical phenomena. This
equation was also used by Zakharov [25] as a model of nonlinear string and
by Falk et al [8] in their study of shape-memory alloys.

Our principal aim here is to study the well-posedness of the Cauchy
problem for the SB-system (1). We refer to the expression “local well-
posedness” in the sense of Hadamard, that is, the solution uniquely exists
in a certain time interval (unique existence), the solution has the same reg-
ularity as the initial data in a certain time interval (persistence), and the
solution varies continuously depending upon the initial data (continuous de-
pendence). Global well-posedness requires that the same properties hold for
all time ¢ > 0. Natural spaces for the initial data are the classical Sobolev
spaces H*(R), s € R, which are defined as the completion of the Schwartz
class S(R) with respect to the norm

Il s my = (1 + 52)8/2ﬂ|L2(R)-

Concerning the local well-posedness question, some results has been ob-
tained for the SB-system (1). Linares and Navas [17] proved that (1) is
locally well-posedness for initial data ug € L*(R), vo € L*(R), v; = h,
with h € H '(R) and ug € H'(R), vg € H'(R), v; = h, with h € L?(R).
Moreover, by using some conservations laws, in the latter case the solutions
can be extended globally. Yongqian [24] established a similar result when
up € H*(R), v € H*(R), v1 = hgy with h € H*(R) for s > 0 and assuming
s > 1 these solutions are global.

Since scaling argument cannot be applied to the Boussinesq-type equa-
tions to obtain a critical notion it is not clear what is the lower Sobolev
index s for which one has local (or maybe global) well-posedness. To obtain
some idea on which spaces we should expect well-posedness, we recall some
results concerning the Schrodinger and Boussinesq equations.

For the single cubic nonlinear Schrédinger (NLS) equation

Uy + Ugy + |u]2u =0,



Y. Tsutsumi [22] established local and global well-posedness for data in
L?(R). Moreover, by using the scaling and Galilean invariance with the spe-
cial soliton solutions, it was proved by Kenig, Ponce and Vega [15] that the
focusing cubic (NLS) equation is not locally-well posed below L?(R). This
ill-posed result is in the sense that the data-solution map is not uniformly
continuous. Recently, Christ, Colliander and Tao [7] have obtained similar
results for defocusing (NLS) equations. For the case of quadratics NLS

iup + Ugg +u? = 0 (2)
iy + Ugy + T2 = 0, (3)
Ut + Uge +utt = 0 (4)

where u denotes the complex conjugate of u, Kenig, Ponce and Vega [14]
have proved local well-posedness for data in H*(R) with s > —3/4 for (2)-
(3) and s > —1/4 for (4). This result is sharp, in the sense that we cannot
lower these Sobolev indices using the techniques of [14].

On the other hand, in the case of the Boussinesq equation

{ Vit — Vzz + Vzgza + (f(v)>:nx =0, zeR,t>0, (5)
v(0) = ¢; v:(0) = 9.

Bona and Sachs [3], using Kato’s abstract theory for quasilinear evo-
lution equation, showed local well-posedness for f € C° and initial data
¢ € H*P(R), v € H*(R) with s > 1. Tsutsumi and Matahashi [21]
established a similar result when f(u) = |u[P~!u, p > 1 and ¢ € H(R),
Y = Xz With x € H'(R). These results were improved by Linares [16] who
proved that (5) is locally well-posedness when f(u) = |[u[P7lu, 1 < p < 5,
¢ € L*(R), v = h, with h € H7'(R) and f(u) = |[ulP~tu, 1 < p < 5,
¢ € HY(R), ¢ = h, with h € L?(R). Moreover, assuming smallness in the
initial data, it was proved that these solutions can be extended globally in
H'(R). The main tool used in [16] was the Strichartz estimates satisfied
by solutions of the linear problem. Finally, using the techniques of [14],
Farah [10] proved local well-posedness for f = u?, ¢ € H*(R), ¢ = h, with
h € H}(R) and s > —1/4. Again, this last result is sharp in the same
sense as above.

The local well-posedness for single dispersive equations with quadratic
nonlinearities has been extensively studied in Sobolev spaces with nega-
tive indices. The proof of these results are based in the Fourier restriction



norm approach introduced by Bourgain [4] in his study of the nonlinear
Schrédinger equation iug + gy + ululP~2 = 0, with p > 3 (NLS) and the
Korteweg-de Vries equation u; + tygs + uzu = 0 (KdV). This method was
further developed by Kenig, Ponce and Vega in [13] for the KdV equation
and [14] for the quadratics NLS du; + gy + u? = 0, iup + Ugy + utt = 0,
where @ denotes the complex conjugate of u, in one spatial dimension and
in spatially continuous and periodic case.

The original Bourgain method makes extensive use of the Strichartz in-
equalities in order to derive the bilinear estimates corresponding to the non-
linearity. On the other hand, Kenig, Ponce and Vega simplified Bourgain’s
proof and improved the bilinear estimates using only elementary techniques,
such as Cauchy-Schwarz inequality and simple calculus inequalities.

Both arguments also use some arithmetic facts involving the symbol of
the linearized equation. For example, the algebraic relation for quadratic
NLS iu; + tgy + u? = 0 is given by

2061(6 — &) < Im =€+ |(r —71) = (€~ &)* + | — €dl. (6)

Then splitting the domain of integration in the sets where each term
of the right side of (6) is the biggest one, Kenig, Ponce and Vega made
some cancellation in the symbol in order to use their calculus inequalities
(see Lemma 3.1) and a clever change of variables to established their crucial
estimates.

This same kind of technique was used for the Boussinesq equation. How-
ever, we do not have good cancellations on the Boussinesq symbol. To
overcome this difficulty, we observe that the dispersion in the Boussinesq
case is given by the symbol /£2 + £* and this is in some sense related with
the Schrodinger symbol (see Lemma 3.2 below). Therefore, we can modify
the symbols and work only with the algebraic relations for the Schrodinger
equation already used in Kenig, Ponce and Vega [14] in order to derive our
relevant bilinear estimates.

Taking into account the sharp local well-posedness results obtained for
the quadratic (NLS) and Boussinesq equations it is natural to ask whether
the SB-system is, at least, locally well-posed for initial data (ug,vg,v1) €
H*(R) x H*(R) x H*"Y(R) with s > —1/4. Here we answer affirmatively
this question. Indeed, we obtain local well-posedness for weak initial data
(ug,vo,v1) € H¥(R) x H*(R) x H*~}(R) for various values of k and s. The
scheme of proof used to obtain our results is in the same spirit as the one
implemented by Ginibre, Y. Tsutsumi and Velo [11] to establish their results



for the Zakharov system

Ut + Upr = VU,
OVt — Vg = (’u‘Q)mxv (7)
u(0,z) = ug(z); v(0,2) = vo(x); vr(0,2) = vy,

where x € R and ¢ > 0.

In [1] it was shown that by a limiting procedure, as o — 0, the solution
uy to (7) converges in a certain sense to the unique solution for cubic (NLS).
Hence it is natural to expect that the system (7) is well-posed for ug € L?(R).
In fact, for the case o = 1, in [11] it is shown that (7) is local well-posedness
for (ug,vo,v1) € L*(R) x H™/2(R) x H3/2(R). Moreover, Holmer [12]
shows that the one-dimensional local theory of [11] is effectively sharp, in
the sense that for (k,s) outside the range given in [11], there exists ill-
posedness results for the Zakharov system (7). In particular, we cannot
have local well-posedness for the initial data in Sobolev spaces of negative
index.

Note that the system (7) is quite similar to the SB-system. In fact,
taking ¢ = 1 and adding v,,., on the left hand side of the second equation
of (7) we obtain (1). In other words, the intermediate long wave in (7) is
described by a wave equation instead of a Boussinesq equation.

Despite such similarity, there are strong differences in the local theory.
According to Theorem 1.1 stated below, it is possible to prove that the
system (1) is locally well-posed for initial data (ug, vo,v1) € H*(R)x H*(R) x
H*"1(R) with s > —1/4, which is not the case for the system (7). Therefore,
in the sense of the local theory, we can say that the SB-system (1) is better
behaved than the Zakharov system (7). This is due basically to the fact
that (1) has more dispersion then (7).

To describe our results we define next the X f,b and X fb spaces re-
lated respectively to the Schrodinger and Boussinesq equatic;ns. For the
first equation, this spaces were introduced in [4]. In the case of Boussi-
nesq equation, the X fb with b = %, were first defined by Fang and Gril-
lakis [9] for the Boussinesqg-type equations in the periodic case. Using these
spaces and following Bourgain’s argument introduced in [4] they proved local
well-posedness for (1) with the spatial variable in the unit circle assuming
up € H*, uy € H-27 with 0 < s < 1 and | f(u)| < clufP, with 1 < p < 3=3%
ifO§s<%and1<p<ooif%§s§1. Moreover, if ug € H', u; € H™!
and f(u) = Mu|? tu — |u[P~tu, with 1 < ¢ < p and X € R then the solution
is global.

Next we give the precise definition of the X fb and X fb spaces in the
continuous case. ’ 7




Definition 1.1 For s,b € R, XSSb denotes the completion of the Schwartz
class S(R?) with respect to the norm

e
1l xs, = (T +€2)"(€) Fll 2,
where ~ denotes the time-space Fourier transform and (a) =1+ |al.

Definition 1.2 For s,b € R, XSBb denotes the completion of the Schwartz
class S(R?) with respect to the norm

1Elx, = Il = 5(€))*€)*Fll 2,

where v(§) = /&2 + &L

We will also need the localized X 5 p and X fb spaces defined as follows

Definition 1.3 For s,b € R and T > 0, Xf’bT (resp. Xfl;T) denotes the
space endowed with the norm

lull s = it {llwlls, : w(t) = u(t) on [0.T]}

s,b
(resp. with be instead of ng)
Now state the main results of this paper.

Theorem 1.1 Let 1/4 < a < 1/2 <b. Then, there exists ¢ > 0, depending
only on a,b, k,s, such that

() Nwollxs < cllulxs, lvlixs, -
holds for |k| — s < a.
(i) Nwuzlxs_ < clulxg, lluallxs, -

holds for

e s—k<a,ifs>0andk >0;
o s+2|k| <a, 2kl <a,ifs>0and k <0;
o s+2lk| <1/2,2|k| <a, if s<0 and k <0.



Theorem 1.2 Let k > —1/4. Then for any (ug, vo,v1) € H¥(R) x H*(R) x
H*"Y(R) provided

(i) k| —1/2<s<1/242k for k <0,
(ii) k—1/2<s<1/2+4k fork >0,

there exist T = T(||uol| gx, ||vollzs, |villgs—1), b > 1/2 and a unique solution
(u,v) of the IVP (1), satisfying

ue C([0,T) : H*(R)) N X,i’bT and v € C([0,T] : H*(R)) N XféT.

Moreover, the map (ug, vy, v1) — (u(t),v(t)) is locally Lipschitz from H*(R)x
H*(R) x H"Y(R) into C([0,T] : H*(R) x H*(R)).

Next we obtain bilinear estimates for the case s = 0 and b,b; < 1/2.
These estimates will be useful to establish global solutions.

Theorem 1.3 Let a,a;,b,by > 1/4, then there exists ¢ > 0 depending only
on a,ai,b,by such that

() Nl <ellullxg, Iolxg,
(@) Nutalixp | <clullxs, Iluallxg, -
These are the essential tools to prove the following global result.

Theorem 1.4 The SB-system (1) is globally well-posed for (ug,vp,v1) €
L?*(R) x L?(R) x H~Y(R) and the solution (u,v) satisfies for all t > 0

n Ui 2
o)l 22 + [[(=A) 20, (t) | g1 S @20l max (oo, v1]ss, [[uol 12}

The argument used to prove this result follows the ideas introduced by
Colliander, Holmer, Tzirakis [6] to deal with the Zakharov system. The
intuition for this Theorem comes from the fact that the nonlinearity for the
second equation of the SB-system (1) depends only on the first equation.
Therefore, noting that the bilinear estimates given in Theorem 1.2 hold for
a,ai,b,by < 1/2, it is possible to show that the time existence depends only
on the |Jug|r2. But since this norm is conserved by the flow, we obtain a
global solution.

The plan of this paper is as follows: in Section 2, we prove some esti-
mates for the integral equation in the X f , and X fb space introduced above.
Bilinear estimates are proved in Section 3. Finally, the local and global
well-posedness results are treated in Sections 4 and 5, respectively.



2 Preliminary Results

First, we remark that for any positive numbers a and b, the notation
a < b means that there exists a positive constant 6 such that a < 6b. Also,
we denote a ~ b when, a < band b < a.

Consider the free Schrodinger equation

g + Ugy = 0 (8)

the solution for initial data u(0) = ug

where

On the other hand, for the linear Boussinesq equation
Vit — Vgg + Vagza = 0 (10)

it is well known that the solution for initial data v(0) = vy and v(0) =
(v1)z, is given by

u(t) = Ve(t)vo + Vs(t) (v1)e (11)
where
CHVETE | it/ 4t v
Ve(tro = ( ; % 5))
_ o+ _ it /24 v
Vs(t)(vl)x = ( 22\/@ (Ul)x(£)> .

By Duhamel’s Principle the solution of system (NLB) is equivalent to

w(t) =U(t)ug — i /0 Ut —t')(vu)(t')dt’
(12)

t
v(t) =Ve(t)vo + Vs(t)(01)z + /0 Vit =) (Jul)aa (t')dt'.



Let 6 be a cutoff function satisfying # € C°(R), 0 < § < 1,0 =1 in
[—1,1], supp(#) C [-2,2] and for 0 < T' < 1 define 07(t) = 6(t/T). In fact,
to work in the X 517 and X fb we consider another versions of (12), that is

u(t) =0(t)U (t)ug — i07(t) /0 Ut —t")(vu)(t)dt

. (13)
vu(t) =0(t) (Ve(t)vo + Vi(t)(v1)2) + 0r(t) /0 Vit = 1) (|uf?)za(t')dt’
and
w(t) =07 (t)U (t)ug — i6r(t) / t Ut —t")(vu)(t')dt’
0 (14)

v(t) =0r(t) (Ve(t)vo + Vs(t)(v1)z) + 01 (1) /0 Vit =) (Jul*)au (t')dt'.

We use equation (13) (resp. (14)) to study the local (resp. global) well-
posedness problem associated to the SB-system (1).

Note that the integral equations (13) and (14) are defined for all (¢, z) €
R2. Moreover if (u, v) is a solution of (13) or (14) than (@, ) = (ulp77, v|jo.17)
will be a solution of (12) in [0, 7.

Before proceeding to the group and integral estimates for (13) we intro-
duce the norm

lvo, v1l[3se = [lvollze + l[oal[Fe-s-

For simplicity we denote B? by 9B and, for functions of ¢, we use the
shorthand
()15 = [l 1 Fre + [(=2) 2ot [ Fros-

The following lemmas are standard in this context. The difference here
is on the exponent of T that appears in the group estimates. This exponent
together with the growth control of the solution norm ||v||sg will be important
for the proof of Theorem 1.4 in L2

Lemma 2.1 (Group estimates) Let 0 < T < 1.

(a) Linear Schrédinger equation

(i) \U@)uollc:mrsy = lluollms-
(ii) If 0 < by <1, then

|6r@U Euollxs, STV ol



(b) Linear Boussinesq equation

(i) IVe()vo + Vs(t) (v1)zllo:ms)y < lvollas + [[vi]l grs—1.
(i) [|Ve(t)vo + Vs(t)(v1)zllom:ss) = [lvo, vil|ss.
(iii) If 0 < b < 1, then

167(t) (Ve(t)vo + Va() (v1)a) ll x5, < T2 (llvoll s + ot llgrs-1) -

Remark 2.1 We should notice that the first inequality of item (a) and the
second one of item (b) do not have an implicit constant multiplying the right
hand side. This will be important in the proof of the global result in L? stated
in Theorem 1.4, since we will make use of an iterated argument to control
the growth of the solution norm.

Proof.

(a)

The first inequality comes from the fact that S(-) is a unitary group.
The second one with 0 < b; < 1/2 can be found, for instance, in [6]
Lemma 2.1(a). The case 1/2 < by < 1 can be proved using the same
arguments as the one used in the previous case. Since in (b) we apply
these same arguments in the context of the Boussinesq equation, we
omit the proof of (i7).

By the definitions of V,(-) and V;(-) it is easy to see that for all t € R

IVe()vollrs < [lvollms and [[Vi(t)(v1)el|mrs < [or]l -

Let f(t,x) be a solution of the linear Boussinesq equation

Jio — fow + fooza =0,
{ f(0,2) = vy, fi(0,2) = (v1)q. (15)

Let J® = F~1(14|¢[?)%/2F, for s € R. Applying the operators (—A)~!
and J~! to the equation (15), multiplying by J~!f; and finally inte-

grating with respect to z, we obtain (after an integration by parts)
the following

d _
I 4 1 (=2) 72 Fulf p =0
which implies for all t € R

[Ve(t)vo + Vs () (v1)zllss = [lvo, vi|ss-

10



Now we turn to the proof of the third assertion in (b). A simple
computation shows that

(O7(t) (Ve(t)vo + Vs(t)(v1)2))™ (7, €) =

—

9T(T;7(§)) <1?o(§)+ Z&j(lf()f)) n 9T(TJ;’V(§)) (%(E) B ifﬁ(é))

Thus, setting hy(€) = (&) + ifj(lg()f) and ha(&) = p(€) — OO e
have
167 (Ve(t)vo + Va(8) (01)a) Ik, , <

< PO (1l 200 [E ar ) ag

— 2
HT(T;’Y(S))‘ dT) de.

2 ()2 (fj;ow ey

Since [|7| = y(&)| < min {7 —y(&)[, [T +7(£)[} we have

167 (Ve(t)o + Vi@ (w)a)lx,, < (IhnllFs + h2lfre) 10713

~Y
2
< (ol + llvtllze—)* 167113, -

To complete the proof we note that (since 0 <7 < 1)
107llp < N0l L2 + 1671l

T2 64l + T2 615

T2 03]

AN N

Next we estimate the integral parts of (13).

Lemma 2.2 (Integral estimates) Let 0 < T < 1.
(a) Nonhomogeneous linear Schridinger equation

(i) If 0 < a; < 1/2 then

1/2—
STV ol s

/t Ut —t")z(t")at
0

c([0,1):H?)

11



(i) If 0 <a; <1/2,0<by and a1 + by <1 then

Or(t) /Ot Ut —t)z(t")at

< l—a1—b;
s ST ||Z||X5577a1
5,b1

(b) Nonhomogeneous linear Boussinesq equation

(1) If 0 < a < 1/2 then

(i) If0<a<1/2,0<banda+b<1 then

STV 2l gz .
C([0,T):B°) sma

t
/ Vs(t — ') 2pe () dt’
0

< ml—a—b
XSBb NT ||Z||X£7a'

Or(t) /Ot Vit — ) zpe (t))dt

Proof.

(a) Again we refer the reader to [6] Lemma 2.2(a). Since in (b) we apply
these same arguments in the context of the Boussinesq equation, we
omit the proof of this item.

(b) We know that (see [6] inequality (2.13))

TV fl o (16)
Lge

or(t) /0 £t

First, we will prove that

(I HeT(t) SVt = 1) 2 ()t

Lo g S T1/2_“||z||X‘5_a.
t

(1) [ () (=2)"Y20, f§ Vilt = )z0a(t)

< m1/2—a
o ST elp.

€12

To prove (I), we observe that supgeR@ < 00. Therefore, using
Y
Minkowski inequality and (16) we obtain

or(t) /0 Vil — )z ()

L Hs

12
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t
o) [ @O0 g2y 0, ey
0

_l’_

2
Lell oo

t
Or(t) [ e O+ gy (¢, )t
0

2
Lell oo

S (H (4 7€) €2 &)l
+l¢r —v(£>>“<£>sz<n§>}|%> |
Since ||7| = y(§)| < min{|T — ()|, |t +v(§)|} and a > 0 we obtain

inequality (7).
To prove (I1) we note that

07 (t)(—A)/20, / t Vit — t') 200 (t')dt!
0

LeeHs—1

= HH|£1(1+|§|2)(s1)/29T(t)/0 W7(5)|§|22A(”)(t/,§)dt’

2
Lellpee

Therefore the same arguments used to prove inequality (I) yield (I7).

Now, we need to prove the continuity statements. We will prove only
for inequality (I), since for (I7) it can be obtained applying analogous
arguments.

By an ¢/3 argument, it is sufficient to establish this statement for z
belonging to the dense class S(R?) € XP_,. A simple calculation
shows

t t
&e/ Vit — ) 2g(t)dt’ :/ Vot — ) zge (t)dt' .
0 0

Moreover, with essentially the same proof given above, inequality (1)
holds for V(¢ — ') and HzmHXsB , instead of Vs(t — t') and ||Z||XSB r
respectively. Therefore, by the fundamental Theorem of calculus we
have for t1,t2 € [0,T]

t1

to
Vi(ty — ') zge(t))dt — / Vi(ty — ') 2ge () dt’
0

0 Hs

13



</ Vet — ') zpe(t )dt’> dt'HS

) || 07 (t / Vo(t — ) zge () dt

< (2= t)llzmalln

S (t2—t1)

L HS

which proves the continuity.

It remains to prove the second assertion. We will use an argument
due to [11]. We have for a,b € R such that 0 < a < 1/2, 0 < b and
a+b <1 (see [11] inequality (3.11))

< T gl (17)
Hy

or(t) /O o(¥)dt’

A simple calculation shows that

<%~ /\f ) eaalt >w)Nm@@>=

) t ) t
— _® <0T(t) / hl(t’,f)dt’> L emitr(©) <9T(t) / hg(t’,f)dt’>
0 0
= OO (1 €) — e Ou) O (1),

HIOEP ()

O[22 (¢, 6)

where hy (', &) = 2iv(§)

2i7(€) and hall’, ) =

Therefore

~

<0T(t) /0 t Vi(t — t’)zm(t’)dt’> (1,6) =

wi(1T = 7(£),§) — w27 +7(£), §)-

Now using the definition of X fb we have

2
<

B
Xs,b

or(t) /0 Vet — )z ()

14



IN

+00 “+o0o
/ / (I + (6] — 1) (E) i (, £) Pdrde

+o00 +oo
" / / (I = %(©)] — ) (€) |walr, €) Pdrde
M.

Since y(§) > 0 for all £ € R, we have
max{[|7 + ()] = v, [I7 = (] = (I} < [7]-

2
Thus, applying (17) and the fact that supgcg ﬁ < 00 we obtain

v(€)

2

ee 25, N@) (|2
S T
Mo Y[ O,
j=1

—00

2 o
TS [
j=17 7%

e (H (r =1 Fn. &) s

N

F e+ s )-

Since ||7| = y(&)| < min{|7 —v(&)|,|T +v(£)|} and a > 0 we obtain
the desired inequality.

|

The next lemma says that, for b > 1/2, X Eb and X fb are embedded in

C(R : H®). For the spaces associated to the Sch}édinger équation this result

is well known in the literature, so we will prove this inclusion only for the
X fb spaces.

Lemma 2.3 Let b > % There exists ¢ > 0, depending only on b, such that
lullom:ms) < C||U||be-

Proof. First we prove that be C L*(R: H?). Let u = uj 4+ ug, where
U1 = UX{r<0}, U2 = UX{r>0} and xa denotes the characteristic function of
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the set A. Then for all t € R

. .
(em(ﬁ)(ul)Au)) @) (t, ) ‘
Hs
Vi) O .
— H/ ( zt7 5) ul)/\(g;)> ) (T, :E)eltTdT
. Vo \ N®
[ (re)™) e

Using Cauchy-Schwarz inequality we obtain

@l < (7202) 7 (172 10+ 1@ il &) 2drae)
On the hand, by the same arguments
+oo, \—op\ /2 [ ptoo oo %/ ¢\ 25| 2 1/2
lua(®)llms < (J24072) 7 (J12 J3tr = 7€) ()|l ) Pardg)

Now, by the fact that b > 1/2, |7+ ~v(&)| = ||7| — v(§)| for 7 < 0 and
[T =yl = 7] = v(&)] for 7 > 0 we have

lur(@)as =

HS

IN

dr.
HS

1wl oo (r:Frsy < CHufob'
It remains to show continuity. Let ¢, € R then

lur () = wr ()| s =

+oo . VIR AT . iy
H/ <(€Zt’Y(£)(ul)/\(x)> ( >> (T,:C)(@ZtT _ it \dr

Letting t' — t, two applications of the Dominated convergence theorem
give that the right hand side of (18) goes to zero. Therefore, u; € C(R: H®).
It is clear that the same argument applies to ue, which conclude the proof.

|

We finish this section with the following standard Bourgain-Strichartz
estimates. In the following, we denote by a+ a number slightly larger the a.

(18)
Ho

Lemma 2.4 Let Xsb denote the space with norm

IFllgs, = 47— €)%€)°Fl 2.

Therefore

lullzg, < cminllullys, -

lullxs, . 1

0,1/4+
where a+ means that there exists € > 0 such that a+ = a + ¢.

16



Proof. This estimate is easily obtained by interpolating between

o HUHLi,t < cmin{\\u\|X(il/2+, ]\u\\x51/2+} (Strichartz inequality. See, for

example, Lemma 2.4 in [11] ).

o llulz, = llullxs, = lullgs, (by definition).

3 Bilinear estimates

Before proceeding to the proof of Theorem 1.1, we state some elementary
calculus inequalities that will be useful later.

Lemma 3.1 Forp,q >0 and r = min{p,q,p+q— 1} withp+q > 1, there
exists ¢ > 0 such that

+oo dx c
/_Oo (x — a)P(x — ()4 = (o —B)r” (19)

Moreover, let C > 0. For ag,a; € R, |ag] > C > 0 and ¢ > 1/2, there exists

c > 0 such that N

o0 d

/ 33 <ec. (20)
oo (ag+ ar1x + asx?)?

Proof. See Lemma 4.2 in [11] and Lemma 2.5 in [2].

[ |
Lemma 3.2 There exists ¢ > 0 such that
1 1+ |z —y|
- < sup <ec (21)
¢ zy>0 1+ |x— Y2+

Proof. Sincey < \/y? +y < y+1/2 for all y > 0 a simple computation
shows the desired inequalities.
[ |

Remark 3.1 In view of the previous lemma we have an equivalent way to
estimate the be—norm, that is

lull s, ~ (7] — €)7€)"a(r, Ol 2

17



This equivalence will be tmportant in the proof of Theorem 1.1. As we said
in the introduction, the Boussinesq symbol v/£% + &4 does not have good can-
cellations to make use of Lemma 3.1. Therefore, we modify the symbols as
above and work only with the algebraic relations for the Schréidinger equa-
tion.

Now we are in position to prove the bilinear estimates stated in Theorem
1.1

Proof of Theorem 1.1

(i) For u € X,f’b and v € be we define f(7,&) = (1 + 2)2(&)*u(T, €) and
g(1,€) = (7| — v(£))2(€)*v(r,€). By duality the desired inequality is
equivalent to

W(f0,0)| < ellfllz llgllze 19llze (22)

where

_ (OF g, &) f(12,£2)(7,€) A dr
W00 = [ e oo e

and

=&, m=T7—1, (23)

c=7+&, o1=nl—-7&), c2=7n+E&.

In view of Remark 3.1, we know that (|71|—v(&1)) ~ (|71|—&3). There-
fore splitting the domain of integration into the regions {(§, 7, &1, 71) €
R*: 7 <0} and {(¢, 7,61, 71) € R* : 7q > 0}, it is sufficient to prove
inequality (22) with W1(f, g, ) and Wa(f, g, ¢) instead of W(f, g, @),
where

_ (©F  g(m,&)f(12,£)0(7,€)
Wl(fagv¢)—/R4 EMENE {0y (ri £ o) d¢drdéidr

and

_ F  g(r1,6) f(72,&)0(7,€) —dérdr
Wz(ﬂg,@—/w EV G (oya(r =)o) dedrde dm .

18



Let us first treat the inequality (22) with Wi(f, g, ). In this case we
will make use of the following algebraic relation

—(r+)+(n+D+H((T-m)+(E-&)) =266 -6 (29)
By symmetry we can restrict ourselves to the set
A={(&ma,n) eR (T —n)+ (€ - &) < Im+ &)
First we split A into three pieces

Al = {(57775177-1) S A: |§1| S 10}7
Ay = {(§7m,&,m) € A:|6] > 10 and |26 — &| > [&1]/2},
Az = {(7.&,m) € A &) > 10 and [§1 — & > [&1]/2}-

We have A = A1 U Ay U As. Indeed
1261 — &+ 161 — & > (261 = &) — (&1 = | = [&1l-

Next we divide A3 into two parts

A1 = {(&n&,m) €Az I+ &) <|r+ &,
Az = {(&,7,&,m) € Az [T+ & < |m + &I}

We can now define the sets R;, ¢ = 1,2, as follows

Ri=A1UAU A371 and Ry = A372.

In what follows xr denotes the characteristic function of the set R. In
view of Cauchy-Schwarz and Holder inequalities it is easy to see that

Wi? < HfH%z lgllzz Nlgl7:

% Qk // XR1d£1d7_l
(€1)25(£2) 2k (11 + £2) 20 (o) 20 1,00

fH 2 HgHLz 78

%dng
X (€)% T1+§2 % // (&) 2k )2

19
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Noting that (€)% < (&) (&) for k > 0 and (&) 728 < (&)2kl(¢) 2+
for k < 0, we have

2k
<£1><2i><£2>2k < <§1>2‘k|_28- (25)

Therefore in view of Lemma 3.1 it suffices to get bounds for

B 1 <£l>2\k\—25d§l
Ji(€,T) = <a>2a/<7+§2+2§%—2§§1>2b on S,

<§1>2\k\—2s d¢
e = e [ a e o

In region A; we have (&)2F=25 < 1 and since a > 0, b > 1/2 we
obtain
nens [ aasu
€1]<10

In region Asg, by the change of variables n = 7 + &2 + 262 — 2£¢; and
the condition |2&; — &| > |£1]/2 we have

e $ = / Dl d
IS ~ O')Za 2§1 n
1 2|k| 28 1

since a >0, |k| —s<1/2and b > 1/2.

Now, by the definition of region As; and the algebraic relation (24)
we have

€)? Slalf Sléé =91 < (o).

Therefore by Lemma 3.1

<§ >2\k\72374a
Jl(é.v’r) S / <7_ + 521_’_ 2{% _ 2§§1>2bd£1

1
/ e tag s st

since a > 0, |k| —s <2a and b > 1/2.
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Next we estimate Jo(§1,71). Making the change of variables, n =
1 — &2 + 2€£, using the restriction in the region A3z 2, we have

[l S —m) + (€= &)* [ +|7+ & S {n+&).
Moreover, in Az o

E? S e - 9IS (n+&).

Therefore, since |£1| > 10 we have

§1’2k23/ dn
Benn) < B _dn
0T S T f e TElE

‘51’2%\—25—1

<1
(1) + €2)2b+2a—1 ~

in view of @ > 0, |[k| —s <1/2 and b > 1/2.

Now we turn to the proof of inequality (22) with Wa(f,g,¢). In the
following estimates we will make use of the algebraic relation

~(TH+ )+ (n -+ ((r—m) + (€~ &)*) =266 (26)

First we split R? into four sets

Bi = {(7.&,n)eR |G| <10},

By = {(&m&,n) €R :|&] > 10 and [¢] < 1},

By = {(&m&,m) €RY:[a] = 10,1 = 1 and [¢] = |&1/2},
By = {(&m&,n) eR 1 [&] > 10,]¢) > 1 and [¢] < [&]/2).

Next we separate By into three parts

Bi1 = {(&7.6,71) €By:|m — &), |(r — 1) + (€ —&)?| < |7+ &2},
Bip = {(&n&,m) €By: It + & |(r—m)+ (- &)° < |m — €},
Byz = {(&n&,m)€By:m =&l Ir+ & <|(r—m) + (€= &)%)

We can now define the sets S;, ¢ = 1,2, 3, as follows

S1 = B;UB3U B471, Sy = By U B4,2 and S3 = B473.
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Using the Cauchy-Schwarz and Holder inequalities and duality it is
easy to see that

Waf? < Hinz lgllZz Ngl:

Qk XSldé-ldTl
o) // (&1)25(&2) %k (11 — €1)% (o) ||

+||fHL2 HgHLz lolZ:

oo
[

y // X5, (& dede
<51 25 7.1 51 2b 52 2k >2b .
+||f||L2 HgHLz ||¢||Lz
y // Xz, (&1 + &) V2R dg dmy
2b (&1)25 (1) — 51 2b< )2a .
£2,72

where o, 09, £, T2 are given in (23) and

Sa C { (2,7m2,&1,71) €ERY: [&1] > 10,]6 + &] > 1, & +§2! <l|&l/2 }
0= and |11 — &, [(11 + 72) + (& +€2) | < |2+ &3

Noting that (&1 + &) < (61)%F(&)?* for k > 0 and (&)~ <
<€1>2|k‘<51 + 52)_% for k < 0, we have

(&1 +52>22]1 < (g))2Mkl=2s,

(€1)%5(62)

Therefore in view of Lemma 3.1 and (25) it suffices to get bounds for

1 (€1)?M—25de,
mien = o | e e

_(&)Aks dg
K(&m) = (r1 — £2)2b / (11 — €2 + 2¢£y)20 on S

_ 1 (€1)2M2dg 3
W) = o | ey snam 0

on Sl,

In region B; we have (£)%%1=2% < 1 and since @ > 0, b > 1/2 we

obtain
Ki(€7) 5/ de < 1.
|£1]<10
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In region Bs the change of variables n = 74+£2—2£¢; and the condition
€ = 1€1]/2 imply

2|k|—2s
Ki(¢,7) < (U;a / {&1) dn

e
2/k|—2s—1 1
s & o | i S

since a >0, |k| —s<1/2and b > 1/2.

Now, by definition of region Bys; and the algebraic relation (26) we
have

(&) S el S 168l < (o)

Therefore the change of variables n = 7 + &2 — 2££; and the condition
|€] > 1 we have

1 <£1>2|k|725
K67 S o | gm0

<O,>2|k|—25—2a 1 -
a g

since a > 0, |k| —s <aand b > 1/2.

N

Next we estimate Ko(&1,71). Making the change of variables, n =
71 — &2 4+ 2¢€1 and using the restriction in the region Bs, we have

Inl < |m =& + €6 S Im = &+ &)

Therefore,

Ky(&1,m1)

A

|1 |2 IKI=28 / dn
(1= €% Jipi<im—en)+len) 161>
‘§1|2\k\—25—2a |€1|2|k|—2s—1

S
(1 — )20 T (7 — 2)2bi2a1

since a > 0, |k| — s <min{l1/2,a} and b > 1/2.

In the region By o, from the algebraic relation (26) we obtain

(&) S el S 1&gl S (m —€D).
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(if)

Moreover, making the change of variables, n = 71 — £} + 2£&;, using
the restriction in the region By 2 and (26), we obtain

Il < (r — &)

Therefore,

<§1>2|k\723 dn
K S T Taw [€1[(m)2a
2(&1,71) < (1 — €Y /77|<<T1 ¢2y [€al(n)?®

|€1 |2|k:|—2s—1

<7_1 _ €%>2b+2a71 ~

since a >0, |k| —s<1/2and b > 1/2.

Finally, we estimate K3(§2,72). In the region By3 we have by the
algebraic relation (26) that

(1) Sl Sl +&)| S (o2).

Therefore in view of Lemma 3.1 we have

K3(&2,m2) S <02>2|k|—2s—2b/

S 1

1
(1o + &2 + 262 + 26,6

since a > 1/4, |k| —s < band b > 1/2.

For u; € Xlib and ug € X,f’b we define f(7,€) = (1 + &2)%(&)*auy (1, &)
and g(7,€) = (1 + £2)2(E)F Uy (7, €). By duality the desired inequality
is equivalent to

12(£,9.0)] < ellflliz Nz llolze (27)

where

_ (€)°  h(r1,&) f(m2,&)9(T,€) A dr
Z(f,gjcﬁ)—/Rzl ER G (0)lon) (o) dédrdédm

and

h(t1,&1) = g(—m1, &), &=6-&, o=T17—11,

o=|r|=9(§), o1=n1-&, =n+&.
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Therefore applying Lemma 3.2 and splitting the domain of integration
according to the sign of 7 it is sufficient to prove inequality (27) with
Z1(f,9,¢) and Z5(f,g,¢) instead of Z(f, g, ), where

(6 h(11,81)f(12,8)0(T, )

29 = [ EOFGIE (r 4 @)l bogp edrdrdn
and
_ (&) h(r,&)f(12,8)9(T,€)
ZQ(f’g"b)‘/w EVF @ (7 — EBjalg, by dTdrdm

Remark 3.2 Note that Z1(f, g, ®) is not equal to Wa(f, g, ) since the
powers of the terms (§) and (1) are different.

First we treat the inequality (27) with Z1(f, g, ¢). In this case we will
make use of the following algebraic relation

—(T+ )+ (m =) + (T —m) + (€ - &)%) = —26¢. (28)
We split R* into five pieces

Ay = {(&7,&,7) € R |€] <10 and |€;] < 100},
Ay = {(&71,6,m) € R : |¢] <10 and |&] > 100},
As = {(&7&,m) €R gl > 10 and [|&1] < 1or [&] < 1]},
A4 — { (5,7,51,T1)€R4:|§|210,|§1‘21,|§2|21 }
and [|&1] > 2|8 or [&o] > 2|61]] |

A {(&T;{1J1)€R41!5\210,\&217152121}
° and [&1]/2 < [&| <2[&] [

Next we separate As into three parts

Asp = {(En&,m)€ds:In—&LIT—7)+(E—&) < |+ &%},
Asp = {(En&,m) €A T+ (T —m) + (€= &)? < | — &1},
Asz = {(fa7a51,71)€A51|71—§%|7|T+f2|§|(T_71)+(f—§1)2|}'
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Therefore by the same argument as the one used in the proof of () it
suffices to get bounds for

1 g —2k g —2k 5 QSdf
Lo = <T+52)2a/< 127 +<§22>— 2§<§1>>2b "o T
1 f —2k 5 —2k g 25d§
Lz(gl’ 7_1) - <Ul>2b / < zj—l _<§%2>—"_ 2§<§1>>2a o ‘/2’
_ 1 (€1) "% () PR (€)**dey ~
La(Gz,m) = (o) 2 / (1o + & + 28 +266)% s
where
Vi=A3U Ay UA5,1, Vo= A1 U Ay UA572
and

B (&2,72,&1,711) € RY: & + & > 10,]&] > 1,
Vs C 2| > 1,1&1]/2 < |&2| < 2/
and |11 — &2, |(11 + 72) + (&1 + &2)?] < |2 + &)

First we estimate L1(&,7). In the regions Az or A4 it is easy to see
that max{|&1|, |2|} ~ [€], therefore

(&) &) RO S (g™
where

Cf s+2k], k<0
7("3)_{ s—k,  ifk>0.

Remark 3.3 Note that € = N + 1 and & = N belong to As, for all
N > 100. In all of this cases |§2| = 1. Therefore, we cannot expect,

in general, that both |&1| and |&2| are equivalent to |€|. Because of this
fact we define y(k) = s — k, for k> 0.

Then, making the change of variables n = 7 + £? — 2£€1, we have

(&> dn
L6 S g | o S

since a > 0, b > 1/2, and (k) < 1/2, that is, s —k < 1/2,if k > 0
and s+ 2/k| <1/2,if k£ <0.
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In region Ay we have

(&) &) TRE)® S (@) R (29)
where
0, if s <0,k>0
(5.) = 2[k|, ifs<0,k<0
TE=Y 52k, ifs>0k>0

s+2|k|, ifs>0k<O0.

Moreover, the restriction in the region As 1, the condition |{| > 10 and
the algebraic relation (28) give us

(&) S lal S 1&gl S (r+€%).

Therefore

27(s,k)—2ad
nen s f <§1>|§!<77>2” :

1 dn
< <1
~ |§|/<77>2*’N

ifa>0,b>1/2and (s, k) <a, that is, 2|k| < a,if s <0,k <0 and
s—2k <a,if s > 0.

Next we estimate Lo (€1, 71). Inregion Ay we have (£1)72F (&) 72k (£)2s <
1 and since a, b > 0, we obtain

La(&1,m1) S / d¢ S 1.

|€]<10

In region Ag, we have [£1] ~ |£2], therefore

(&) TR (&) TRE® < (@)™,

where

0, ifk>0
9(’“)—{ ok|, if k< 0.

Making the change of variables, n = 71 — &7 +2£€1, using the restriction
in the region As, we have

nl S Im = &2+ [¢6] S Im — €21+ [l
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Therefore,

(&1)2%) dn
Ly(&1,m1) < / T

(11 = ED2 Jinigim—e2y4ie [Eal(m)2e

‘51’29(@72(1 ‘61’20(1@71

<

(n =% " (- T

sincea > 0,b > 1/2and §(k) < min{1/2,a}, thatis, |k| < min{l1/4,a/2},
if k£ <0.

Now we turn to the region As 2. From (28) and the condition |£| > 10
we have

(&) Slal S16é S — &)

and
Il S Im = &1+ 166 S (= €D).

Therefore, making the change of variables, n = 71 — &2 + 2£&;, and
using (29), we obtain

(€)1 il
Lyé,m) S o €1 (m)2e
2(&1,71) (r _§%>2b /175<T1§%> ’§1|<77>2a

<§1>2y(s,k)—1
<7—1 _ §%>2b+2a—1 ’S 1

since @ > 0, b > 1/2 and (s, k) < 1/2.

Finally, we bound L3(&2,72). Again, we use (28) so, in the region As 3
we have (£1) < (092). From Lemma 3.1 it follows that

_ 1
La(€a,m2) S {o2)70P 2b/ (T2 + &5 + 263 + 26,&2)% e

< 1

since @ > 1/4, b > 1/2 and (s, k) < b.

Now we turn to the proof of inequality (27) with Zs(f, g, ¢). First we
making the change of variables 7o = 7 — 71, & = £ — &1 to obtain

(€)°
4 (€ — &)k (&)
y h(T —712,& — 2) f(72,62)p(7, §)
(T —&2)((1 —12) — (£ — &)H)¥(m2 + £3)

Z2(f.9.9) = /R

s dEdrdgsdr
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then changing the variables (§, 7, &2, 72) — —(&, T, &2, T2) We can rewrite

Z2(f797 Qb) as

_ (£)°
nlhed) = /R4 (€ — &)k (&P

" k(T — 712, & — &)l(12, &2)¥(T,§)
(T+&)U1 =12+ (£ = &)H)(m — )"

dédrdésdr

where

k(av b) = h(_aa _b)v l((l, b) = f(_aa _b) and %ﬁ(a» b) = ¢(—CL, _b)
But this is exactly Zi(f,g,¢) with &1, h, f, ¢ replaced respectively by
£€,1,k, 1. Since the L?-norm is preserved under the reflection opera-
tion the result follows from the estimate for Z1(f, g, ¢).

[
Now we turn to the proof of the bilinear estimates with b < 1/2 and
s =0.

Proof of Theorem 1.3

(i) For u € Xg:bl and v € X(fb we define f(7,€) = (1 + €2)12(r, €) and
g(1,8) = (|I7| —v(6))0(7, ). By duality the desired inequality is equiv-
alent to

IR(,9.0)| < ellFllzz lgllzz Nlzz (30)

where

g(11,&) f (12, £2) (7,
2)%

R(fagvd)) :/R4 <0'>a1<0'1> < IE )ddedfldTl

and

Se=E8—&, =TT, (31)

c=7+&, o1=nl—-7&), c2=m+&.

Without loss of generality we can suppose that f, g, ¢ are real valued
and non-negative. Therefore, by Lemma 3.2 we have

g(11,€1) f (12, &) (7, )
R(f,9,6) < /R4 (09 (1 1 9 (o)P dédrdédm

9(11,&) f (12, &) d(7,€)
+ L o o dedrderdn
= R++R_.
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Applying Plancherel’s identity and Holder’s inequality we obtain
9(r.6) ) ( f(r,8) )N( 3(r,8) )“
= déd
re- |, <<Ti£2> rrep) \Trem)

(e )N H(ﬂf;)w

Now, the fact that a;,b,b; > 1/4 together with Lemma 2.4 yields the
result.

H Ti@

3 3
L:L',t Lw,t

For u; € Xégbl and ug € Xg)gbl we define f(7,€) = (r + )07 (1,€)
and g(7,&) = (1 + E)0Uy(r,€). By duality the desired inequality is
equivalent to

15(7,9.0) < ellfllzz_llolzz 16llzz (32)

where where

IE )dgdnzgldn

B 5(7-2’52) (7’1,51)@5
S(f,g,d>)—/R4 (0)a(o1)b (o2)

52251—5’ T2 =T1—T,
o=|1=7(&), o1=n+E&, cr=1+E&.

We note that the estimate above is similar to that in item (7).

and

4 Local Well-posedness

Proof of Theorem 1.2. The proof proceeds by a standard contraction
principle method applied to the integral equations associated to the IVP
(1). Given (ug,vo,v1) € HF¥(R) x H*(R) x H*~'(R) and 0 < T < 1 we define
the integral operators

I3 (u, v)(t) =0(t)U (t)ug — 07 () /0 U(t —t')(vu)(t")dt’
7 (u, v)(t) =0(t) (Vc(t)voﬂfs(t)(vl)z)+9T(t)/0 Vi(t =) (|uf*)oe (¢')dt'.

(33)
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Our goal is to use the Picard fixed point theorem to find a solution of

(,U) = U

Let k, s satisfy the conditions (i) — (i) of Theorem 1.2. It is easy to
see that we can find ¢ > 0 small enough such that for b = 1/2 4+ ¢ and
a =1/2—2¢, Theorem 1.1 holds. Therefore using Lemmas 2.1-2.2, Theorem
1.1 and 0 < T < 1, we have

75 (w0l g, < e luoll e + T luvllxs
< cluoll i + T Jull s, 0] xs,
ICRCu,v)llys, < cllvo,vnllge + T ual x5

< cllvo, vrllms + T |lullys, -
Similarly,
S S
105, 0) = Tz w)llxg, < e T° (lullyg, o= wlxs,
+ = 2llx, lwllxs, )

B B
IP8(u,v) = T2(z w)llxn, < e T° (lull g, + 12l xg, )

X lu— z”x,ib :
We define
Xiylds) = {uexPyilullys, < ds},
XB(dp) = {U € Xl lvllxs, < dB},
where dg = 2¢||ug|| g= and dp = 2¢||vo, v1||sss.

Consider X,ib(ds) X be(dB) endowed with the sum norm. Then choos-
ing

1 1 dp 1 1
T < —mi — 4
0< —4“““{ch’cdg’c(ds+dB)’2cdS} (34)

we have that (I'3,TF) : X7, (ds) x X5, (dp) — Xj,(ds) x X5, (dp) is a
contraction mapping and we obtain a unique fixed point which solves the
integral equation (33) for any T that satisfies (34).
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Remark 4.1 Note that the choice of suitable values of a,b is essential for
our argument. In fact, since 1 — (a +b) =€ > 0, the factor T can be used
directly to obtain a contraction factor for T sufficient small.

Moreover, by Lemma 2.3, we have that @ = uljg 7 € C([0,7] : Hs)ﬂXli’bT
and ¥ = v|p7) € C([0,T] : H°) N Xfl;T is a solution of (12) in [0, 7.

Using an argument due to Bekiranov, Ogawa and Ponce [2] one can prove
that the solution (u,v) of (12) obtained above is unique in the whole space
X;j’;[ X XSBI;T. Finally, we remark that since we established the existence of
a solution ioy a contraction argument, the proof that the map (ug, v, v1) —

(u(t),v(t)) is locally Lipschitz follows easily.
|

5 Global Well-posedness

Proof of Theorem 1.4. Let (ug,vo,v1) € L*(R) x L?(R) x H1(R) and
0 < T < 1. Based on the integral formulation (14), we define the integral
operators

G5 (u,v)(t) =0(t)Ur(t)ug — i07(t) /0 Ut —t')(vu)(t")dt’

‘ (35)
G (u, ) () =07(t) (Ve(t)vo + Vs(t)(v1)s) + 9T(t)/ Vi(t =) (|uf*) oo (¢')dt'.
0
Therefore, applying Lemmas 2.1-2.2 and Theorem 1.3, we obtain
G5 0)lxg, < T ol gz + T v s
1/2—b 1—(a1+b
< gl e g, g,
IGZ (u,0) | x5, < T2 vg, o1l + T~ |luat]| 5
< T2 fvg, v + T uf[3es
0,b1
and also
S S 1— b
IG5, v) = Gz w)llxs, < e (Jlulls, o —wllp,
+ = llxg, lwllxg, ). -

|GF (. v) = GG, w)lxp, < T~ (lull s, + 2, )

X llu=zlxg, -
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We define
X§y(d) = {we X, tlulgg, <di},
xpd) = {vexf:lvlxg, <d},
where dy = 2¢TY/270 |Jug| 12 and d = 2¢TY %70 ||vg, v1 || .

For (G5, GB) to be a contraction in X(*fbl (dq) x Xé?b(d) it needs to satisfy

di /2 + T @t g d < dy < 732 (@4040) 150 0l < 1, (38)
df2+ T AT < d & T30 g |12, < [lvg, vi s, (39)
2T @t g < 1/2 & T3/2(@tb400) 10015 < 1, (40)
2eT () g < 1/2 & T2 (@+2b0) |y, < 1. (41)

Therefore, we conclude that there exists a solution (u,v) € Xj by X X5,
satisfying

lullxs, < 2¢T/2 7" ug|| 2 and lvlixp, < 2T vg, o1 | . (42)

On the other hand, applying Lemmas 2.1-2.2 we have that, in fact,
(u,v) € C([0,T] : L?) x C([0,T] : L?). Moreover, since the L%norm of
u is conserved by the flow we have ||u(T")||z2 = ||uol| z2-

Now, we need to control the growth of ||v(¢)|ss in each time step. If, for
allt >0, [|[v(t)]|s < [Juoll32 we can repeat the local well-posedness argument
and extend the solution globally in time. Thus, without loss of generality,
we suppose that after some number of iterations we reach a time t* > 0
where [[v(t*)]|ss > [[uo7.-

Hence, since 0 < T' < 1, condition (39) is automatically satisfied and
conditions (38)-(41) imply that we can select a time increment of size

e\ (1= 1/(3/2—(a1+b1+b
T ot o2, (43)
Therefore, applying Lemmas 2.1(b)-2.2(b) to v = GZ(u,v) we have

lo(#* + 1)l < o) o + T2 2D Jug| 7.
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Thus, we can carry out m iterations on time intervals, each of length
(43), before the quantity ||v(¢)||s doubles, where m is given by

mT2 2D o7, ~ o(t)]| o

The total time of existence we obtain after these m iterations is

[o(t) s
Tl/?*(d‘l’?bl)”uoniz

[o(*) |
1/2—(a+2b1))/(3/2—(a1+b1+b

AT =mT

~

lo(t*) |

Taking a, b, a1, by such that

Muol2,

a+2b1 - 1/2
(3/2— (a1 + b1 +b)) B

(for instance, a = b = a1 = by = 1/3), we have that AT depends only on
||luo||z2, which is conserved by the flow. Hence we can repeat this entire
argument and extend the solution (u,v) globally in time.

Moreover, since in each step of time AT the size of [[v(t)[|es Will at most
double it is easy to see that, for all T > 0

[o(T) | < exp ((In2)[|uo72T) max {||vo, v1 ||, [uo | 2 }- (44)

|
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