ON THE CONTROLLABILITY AND STABILIZATION OF THE
LINEARIZED BENJAMIN-ONO EQUATION!
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ABSTRACT. In this work we are interested in the study of controllability and
stabilization of the linearized Benjamin-Ono equation with periodic boundary
conditions, which is a generic model for the study of weakly nonlinear waves
with nonlocal dispersion. It is well known that the Benjamin-Ono equation has
infinite number of conserved quantities, thus we consider only controls acting
in the equation such that the volume of the solution is conserved. We study
also the stabilization with a feedback law which gives us an exponential decay
of the solutions.

37L50,93B05,93C20,93D15 exact controllability, stabilization, Benjamin-Ono equa-
tion, dispersive equation

1. INTRODUCTION

In this work, we consider the linearized Benjamin-Ono (BO) equation in the
periodic setting, that is,

(1) U + Huivw = 07 T e (_L7L)7 t> 07
where H is the Hilbert transform, defined by
L p—
@ HN@ =PV [ ot TEZ 0 1) .
. 2L

The Benjamin-Ono equation,
(3) Up + Hugy + uuy =0,

is an integro-differential equation that serves as a generic model for the study of
weakly nonlinear long waves incorporating the lowest-order effects of nonlinearity
and nonlocal dispersion. In particular, the propagation of internal waves in strati-
fied fluids of great depth is described by the BO equation (see [3], [18]) and turns
out to be important in other physical situations as well (see [9], [11], [16]). Among
noticeable properties of this equation we can mention that it defines a Hamilton-
ian system, can be solved by an analogue of the inverse scattering method (see
[2]), admits (multi)soliton solutions (see [6]) and satisfies infinitely many conserved
quantities (see [6]), for instance, we have that

(4) /L u(z,t) der = /L uo(z)dz, Yit>0.

—L —L
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Regarding the initial value problem (IVP) associated to the BO equation (3) the
periodic and real line settings have been considered. In the periodic case the only
result available in the literature is due to Abdelouhab, Bona, Felland and Saut [1].
They obtained a local result for data in H*(T), s > 3/2. On the other hand, the
situation in the real line has been extensively studied. In this case, the Hilbert

transform is defined via the Fourier transform as 77(?) = —i sgn(§) f. In addition
to the previously mentioned work (1]), Iério [10], Ponce [21] and more recently
Koch and Tzvetkov [15], Kenig and Koenig [13] and Tao [25] have contributed with
interesting local and global results for the IVP associated to (3). The best known
result till now is due to Tao. He proved local and global well-posedness for data in
HY(R).

At this point we should mention that even though the BO equation and the
Korteweg-de Vries (KdV) equation,

(5) Up + Ugge + Uy = 0,

are models for the propagation of waves in the water waves theory, the former
one describes the propagation of the wave interphase of two fluids with different
densities in deep water meanwhile the second one models the propagation of surface
waves on shallow water, the nonlocal character of the dispersion of the BO equation
in contrast with the local one of the KdV equation make a huge difference in their
analysis. For instance, the methods developed to establish sharp local and global
results for the KdV equation (see Kenig, Ponce and Vega [14] and Bourgain [5])
and other nonlinear dispersive equations fail in the BO equation case.
We will consider the non-homogeneous problem

ug + Hugy = Gh, € (0,2m), t>0
u(0,t) = u(2m,t), t>0

6
(6) g (0,8) = uy(2m,t), t>0

u(:c,O) = UO(.'E), T e (07 277)7
where

27
) Gn(z,) = 9(0) (1(e.0) = [ ot dn).
0
for g(z) a smooth function defined in [0, 27], satisfying
27
®) 2elg) = [ gla)do =1
0
We can see that the solution of (6) verifies
27 27

9) / u(z,t)dr = / uo(z)dz, Vt>0.

0 0

We consider H,(0,27), s > 0, the space of 27-periodic functions in H*(0, 27),
therefore we have that the Fourier basis

(10) ¢k(m) = \/%_Weikw7 ke ZJ

is an orthonormal basis of L?(0,27) and v € H3(0,2) if and only if for

(@) =) vidn(x),

kEZ
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we have that
Z(l + |k])2* ok | < oo.
kEZ

Thus we define the norm in H;(0,27) as:

(11) [[olls = (Z(l + |k|)2s|vkl2> :

kEZ
The control problem we will address here is the following: Given wg,u1 €
H3(0,27) such that [uo] = [u1], the problem is to find an external force Gh €
L*(0,T; H3(0,27)), such that the solution of (6) satisfies u(x,T) = ui(x), for all
z € (0,2m).
In this work we give a positive answer to this problem. More precisely, we show
the following result.

Theorem 1.1. Let T > 0 and s > 0. Then for each uo,u1 € H;(0,27), such that
[uo] = [u1], there exists a function h € L*(0,T; H3(0,2m)), such that the solution
u € C([0,T]; Hy(0,2m)) of (6) satisfies

u(z,T) =ui(z), =z € (0,27).

Moreover, there exists a positive constant v > 0 such that

(12) ||h||L2(o,T;H; (02m) SV <||U0| Hz(0,27) + ||“1||H;(0,27r)) .

We notice that the controllability results have been intensively studied in the last
decade, in particular some results related to the KdV equation have been obtained,
we refer to the works of Russell and Zhang [23] and [24], Rosier [22] and the work
of Micu [17] for the linearized BBM equation.

To establish our control result we will make use of Ingham’s inequality, since the
asymptotic gap of the eigenvalues of the Benjamin-Ono equation is infinity. This
allows us to obtain a control result for any time 7" > 0.

Another interesting problem is the study of the stabilization. In particular, we
will study the stabilization of the model one (1) with a feedback law. As in the
case of the controllability, the stabilization has been widely studied in the last few
years. For instance, for the KdV equation we refer to the works of Russell and
Zhang [23] and [24] for the periodic case with a feedback law and the work of Perla,
Vasconcellos and Zuazua [20] for the case of a linear localized damping in a bounded
domain.

In this work we will study the linearized Benjamin-Ono equation, with a linear
feedback and periodic boundary conditions, that is,
up + Huge = —pGu, =z € (0,27),t>0

w(0,t) =wu(2m,t), t>0
uz(0,8) = wugx(2m,¢t), t>0
’U.(.’L',O) = UO(x)a S (07277)7

where g(z) is a nonnegative function in (0,27) and u > 0.

(13)

In this case we can define the energy of the system as

(14) B(t) = /0 e, ) de.
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Multiplying (13) by « and integrating by parts we can easily obtain
(15)

B0 = [ "z, ) Gu(@ ) dz = / " 9(@) [u(e, ) - / " gw)uly, t)dy

which implies that the energy is a decreasing function. Thus it is natural to ask
whether the associated energy decays exponentially. Here we give an affirmative
answer to this question. More precisely,

2
dx <0,

Theorem 1.2. Letug € L?(0,27), then there exist constants M,y > 0, independent
of uo, such that the unique solution u of (13) satisfies

(16) llu(,t) = [ulll 20,2y < Me™ ™ Iluo — [uo]ll20,2my > VY ¢ > 0.

We note that both in control and stabilization results, the support of g could
be a small interval (a,b) CC (0,27). Thus we are acting only a small part of the
domain and moreover, since the control and the dissipation has the particular form
Gh, the solution of (6), (13) and (17) preserves the media of the solution, that is

27 27
/ u(z,t) dx z/ uo(z) dz, Vte (0,T).
0 0

We shall mention that we have restricted our analysis to the linear problem due
to the difficulty to control the nonlinear terms in low regularity periodic Sobolev
spaces. More precisely, smoothing effects are not known in this case to overcome the
loss of derivatives introduced by the nonlinear term. However, if we do not require
to have an exact controllability result in its maximum strength we can obtain the
next result whose proof follows the same lines as in [24].

Proposition 1.1. Let T > 0,s > 0 and assuming that
lg(z)| > B >0, Vzel0,2n],
then for each ug,u; € H;‘H (0,27), such that [uo] = [u1], there exists a function

h € L*(0,T;H;(0,2m)), such that the solution u € C([0,T]; H5t(0,2m)) of the
nonlinear BO problem

ut + Hgy +uu, =Gh, z€(0,27),t>0

(17) u(0,t) =wu(2m,t), t>0
ug(0,8) = wux(2m,t), t>0
u(z,0) =wo(z), =€ (0,2n),
satisfies

u(z,T) =ui(z), =€ (0,2m).

We note that the exact controllability for the nonlinear BO equation is a really
interesting problem and it may be possible to use the approaches introduced in
[15],[25] to obtain new results in those spaces.

The two-point initial-boundary value problem for this equation is out of question
in its actual form (3) since the nonlocal operator is not well defined in this setting.
Still it would be interesting to model this physical situation. Recently, Colliander
and Kenig [8] have studied the initial-boundary value problem in the half-line (see
also [4]). They have introduced a very promising method to study nonlinear dis-
persive models in this setting. Again it is not clear whether this problem can be
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put forward for the BO equation in (3). But it is clear that the physical situation
is extremely interesting. In these settings we believe that the problems concerning
control and stabilization are more reliable and therefore new models describing the
above physical situation will be very helpful.

This note is organized as follows, in Section 2 we will list a series of results needed
for the proof of our main result. The results regarding control will be proved in
Section 3. Finally, in Section 4 we will prove the stabilization result.

2. SOME PRELIMINARY RESULTS

In this section we will recall some results on the linearized Benjamin-Ono equa-
tion. Firstly we recall some basic properties of the Hilbert Transform.

Proposition 2.1. Let f,g € L>(—L,L). Then we have that

(18) /fgd:z: = / H(f)H(g) dz,
(19 / A de = /%

(20) JH() +H(Ng) = H(H() ~ fo
(21) <m>=zzwlnwW#

kEZL

where fy is the kth Fourier coefficient of f defined by the formula

1t izhr /L
fr = E/_Lf(w)e dz.

Now, we will study the existence and regularity of the solutions for the linearized
Benjamin-Ono equation. In order to study the controllability, we need to study the
homogeneous and the non-homogeneous system, thus we have the following.

Proposition 2.2. The operator Ap = —H(ps.) on D(A) = H? generates a
strongly continuous unitary group {S(t)}ier on L*(0,2m).

Proof. Observe that if ¢ € D(A), then

— E Cne’an

nez
therefore
One = Z — n2c, e
nezZ
and thus
Hpes) = =) isgn(n) n’c,e™ = (Hp)ss

nezZ
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Let ¢,1 € D(A), then
27

2
Aoy = — | H(peo) do = / (2o D da
0 0

2m —or
= _/ P2 H(Yz) dz + ‘pw,H"Mi;i
0

27 - —1z=27
= (¢, Hipga) = —(p, AY),

this implies that A is skew-adjoint. Moreover, since

(Ap,p) = —(p, Ap),
we have that
(Ap, ) = 0.

Therefore A generates a unitary group of isometries {S(¢)}ter (see [7], Th.3.2.3),
and the proof is completed.

Thus, from classical results of semigroup theory, we have the following result for
the homogeneous and non-homogeneous equation.

We first consider the homogeneous case,

o1+ Hppe =0, =z € (0,2m), t >0,
¢(0,t) = p(2m,t), t>0

vz(0,t) = @, (2m,t), t>0

o(z,0) = po(x), =€ (0,2m).

For this problem we have.

(23)

Lemma 2.1. Let g € L2(0,27). Then there exists a unique solution ¢ € C(R, L?(0,27))
of (23). If wo € H3(0,27), then ¢ € C*(R, L*(0,2x)) N C(R, H2 (0, 27)).
Moreover, if ¢ € H;(0,2m), then there exists a unique solution of (23) such that
¢ € C(R,H;(0,2m)).
For the non-homogeneous problem we have.

Lemma 2.2. Let @o € H5(0,27) and h € L*(0,T; H3(0,2m)), with s > 0. Then
there exists a unique solution ¢ € C([0,T], H;(0,2)) of (6).

The proof of the above results is obtained from classical results on the semigroup
theory, we refer to the books by Cazenave and Haraux [7] or Pazy [19] for details.

Remark 2.1. Let h € L?(0,T; H5(0,2n)), then if g is a smooth function, we have
that Gh € L*(0,T; H3(0,2m)). In fact,

T
1980 riz 0y = | 1GHC 0

Z/OT () (h(-,t)—/:ﬁg(y)h(yat) dy)

2
dt < 0.

Hz(0,2m)
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To study the stabilization with a feedback law, we consider the system

ut + Huze = —pGu, (z,t) € (0,27) x (0,00)
(24) u(0,t) = w(2m,t), t>0
ug(0,8) = wux(2m,t), t>0
U(SL', 0) = Uo(ZU), T e (07 27T)a

for a positive constant g and g a nonnegative smooth function. In particular we
are interested in the case where the support of g is contained in a small interval of
(0, 2m).

Thus, we have the following result of existence and regularity for this model.

Lemma 2.3. Let ugp € H(0,27), then the problem (24) has a unique solution
u € C((0,00); H2(0,2m)) N C*((0, 00); L*(0,2)). Moreover, if ug € L*(0,2m), we
have that u € C((0,00); L?(0, 27)).

Proof. We can note that the operator A = —Hu,, generates a strongly continuous

semigroup, and since the map h — Gh is a bounded perturbation of A, we have
that the operator A — uGh generates a strongly continuous semigroup.

Our main tool is the so-called Ingham’s inequality, we recall this result (see [12]).

Theorem 2.1. Let {A\,}52_ be a strictly increasing sequence of real numbers

and I be a bounded interval. Consider the sums of the form

(25) ft) = f: bpernt  tel.

n=-—oo
Assume that there exists 1 > 0 such that the “gap condition”
(26) A1 — A >, Vnez,

holds, then there exist constants c1,co > 0, such that for every bounded interval I
of length |I| > 27 /v

(27) a > bl < / FORdE<es 3 [bal?.

n=—0oo n=—oo

Remark 2.2. In the above theorem we can replace the gap condition by a more
general condition called “asymptotic gap condition”, that is,

(28) limsup [Apt1 — An| > 7.

n—oo

We will also recall some useful results on Riesz basis. In what follows H is a
Hilbert space.

Definition 2.1. A sequence {zn}, C H is called complete if given x € H such that
(,z,) =0, Vn,

then x = 0.

Remark 2.3. The following statements are equivalent:

(1) {xn}n is complete in H.
(2) span{z, : n} is dense in H.
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Definition 2.2. We say that the basis {zn}n and {yn}n are equivalent if and
only if we have that the series Z CnZyn converges if and only if the series Z CnYn

n n
CONVETGES.

Definition 2.3. A basis {,}n of H is a Riesz basis if and only if it is equivalent
to an orthonormal basis of H.

Theorem 2.2. The following statements are equivalent:

(1) {zn}n is a Riesz basis.
(2) {xn}n is complete and there exists an inner product in H, denoted by (-,-),
equivalent to the inner product of H such that

(@i, 25) = 6.
(3) {xn}n is complete and there exist two positive constants A and B, such that
n 2
AZ|cn|2 < chwk §BZ|cn|2
n k=1 n

for alln € N and any c1,...,c, scalars.

Definition 2.4. We say that the sequence {x,}, is minimal in H if each element
of the sequence lies outside the closed linear span of the others.

Definition 2.5. We say that the sequences {zn}n and {yn}n are biorthogonal if
(@s,y5) = 6i5, Vi, J.
Now we have the following results.
Proposition 2.3. Let {z,}, be a sequence in H. Then {xy}, is biorthogonal iff
it is minimal.

Proposition 2.4. Let {x,}, be a minimal sequence in H. Then {xy}, is complete
in H iff the biorthogonal sequence is uniquely determined.

3. PROOF OF THE CONTROL RESULTS

To prove our control results, we will need to establish some technical results
useful in the proof. We first notice that, without loss of generality one can consider
the case ugp = 0. In fact, let uo,us € HJ(0,2m), such that [uo] = [u1], then if
f = Gh is the control which leads the solution from initial data zero to the final
state u1 — S(T)ug, where S(t) is the group generated by the differential operator
corresponding to the linearized BO equation, then we have that this control leads
the solution from ug to the final state u;.

Lemma 3.1. Letu; € H3(0,2m) with [u1] = 0. Then, there exists h € L*(0,T; H5(0, 2)),
such that the solution of (6), with initial data ug = 0, satisfies u(T) = uy if and
only if

T
(29) ‘/0 <gh('at)a¢('it)>H;x(H;)’ dt — <u15¢0>H;><(H;)’ = 0;
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for any @o € (H;(0,2m))’, the dual space of H}(0,27), where ¢ is the solution of
the adjoint system with data g,

ot +Hpez =0, z € (0,27), t >0,
»(0,t) = p(2m,t), t>0

¢ (0,t) = pu(2m,t), t>0

o(z,T) = po(z), =€ (0,2r).

(30)

Proof. Let ¢y and h be smooth functions and ¢ be the solution of the adjoint
system (30) with final data ¢o. Then, multiplying (6) by ¢ and integrating, we
obtain

(31)

T 27 T 27
/ Gh o dzdt = / / (ug + Hugy) @ dadt
o Jo

2w 2w 27
/ / uP, dxdt+/ up|i= d:c—/ / Uge Hep dadt
—/ w7 de = [ uop0) de = [ Dz
0 0 0

that is

T 27 27
(32) / Ohp dodt = / w(T)F, dx,
0 0 0

for all smooth data. Therefore by using density arguments we conclude the proof.

It is well known that the existence of biorthogonal basis implies the existence of
a control. Next result describes this relationship.

Lemma 3.2. Let
=Y cmom(x) € Hy(0,2m),

mEZ

be a function such that [u1] = 0 (that is co = 0), then we have that (6) is exactly
controllable to uy, that is, u(z,T) = u1(z), = € (0,27), if and only if there exists
h e L*(0,T; HE(0,2m)) such that

T r2m
(33) / Gh(z, 1)@, (z)e*9Mmn* (T gudt = ¢, Vn € Z.
o Jo

Proof. It is enough to consider yo(z) = ¢ (). Since (z,T) = ¢y (x)e~ (T,
where )\, = isgn(n)n?, the identity (29) in Lemma 3.1 implies that

T 2 2
|| ohatig,@er T dadt = [ 5,63 endm() de = e
o Jo 0 meEZ
Next we will prove the control result.

Proof of Theorem 1.1. First, we will show that {e**t}, <z is a Riesz basis for
its closed span P in L2(0,7T). In fact, due to the asymptotic gap of the family of
eigenvalues, that is

(34) aim Ant1 = An| = [sgn(n +1)(n + 1)? — sgn(n)n?| = oo,
n|—oo
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from the Ingham’s inequality we have that the family is complete in P and there
exist positive constants A, B such that

(35) A feal? < / Yeve Mt < BY Jeaf
I

nezZ neEZ neZ

and therefore {e'*»t}, cz is a Riesz basis of P.
Therefore we have the existence of a biorthogonal basis due to the minimality of
the set. Thus, there exists a dual basis {g, }» (which is unique), such that

T .
/ gme ™Mt dt = 5.
0
Hence, if we consider the function

(36) h=2 " hudnGén,
n
for suitable h,,, it will follow that

T 2w T 2w
/ / Ghope™* T dgdt = hn / (Tt g / 6:G(Gb,,) dzdt
0o Jo = 0 0
27
= hi G (Gor) da
027r
~te [ 1G0uf? do
0
= hk||g¢k||%2(o,27r)-
We will show that
(37) 1G8%1I72(0,20) > @ > 0, Yk #0.
Assuming this, we deduce from Lemma 3.2 applied to
ui(z) = chqﬁn(z) € H,(0,2m),
neZ
that it is enough to consider hy satisfying

(38) ck = hillGkl2(0,2,)5 Yk #0.
Next we prove h € L*(0,T; H5(0,27)) and inequality (37).
It is easy to see that

(39)
2w . 2 . 2
Brn="11Gbnll%2(02m) :/ 9(z) (e’” —/ g(y)e”‘ydy) dz >0, VneZL"
0 0
Since )
i f.= [ loa) do£0,
|n|—o0 0
we deduce that there exists a positive constant 3 such that
(40) Bn>B>0, VYnelZ*

Next we show that the function h defined in (36) and (38) is in L*(0, T'; H5(0, 2)).
We proceed as in [24]. Assuming

(41) Gép = Z A Pms

mEZ
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the definition (36) implies that

(42) h=>">" hnlnlmnbm = Y Z qnamn¢m

neZ mez nEZmEZ
Then
2
||h||2L2(o,T;H;(0,27r)) = / Z Z —Qn )@mnPm dt
neZ mEZ HE(0, 27‘.)
(43) mEZ neZ 2
S C Z (]. + |m|)2s Z B_namn
meEZ neZ
c
< cz . z 1+ [m))?* |amn]|” -
neZ MEZ
Setting
z) =) grdr(@)
kEZ
it follows that
|amn| = |(g¢n7 ¢m)L2(0,27r)|
= |(g¢n> ¢m)L2(0,27r) - (¢n>g)L2(0,27r) (¢m:g)L2(0,27r)|
= Z 9k (¢k¢n; ¢m)L2 (0,27) — 9ngm
kEZ
(44) 1
= %Qk (¢k¢n7 ¢m)L2(0,27r) — 9ngm
1
= %gm—n — gngm
1
< o |gm—n| + |gn| |gm]-
Therefore, there exists a positive constant ¢; such that
(45)
S+ ) famal” < er 300+ ) (lgmonl + l9al l9m]”)
meEZ meEZ
; 2 2 2
<er Y+ m)* |gm-nl” +c1lgal® D (1 + M) |gm
meEZ ) m€Z2 )
< ea(L+[nl)?* S (1 + (KD [gil® + e lgnl? g2
kEZ

<o ((1+ 10D + Igal*) llgll3
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Thus, from (43) and (45) we obtain that

2
1211720, T;H3(0,20)) = CZ > (14 mD)** |amal”

nez 'Bn mEZ

<y —\ (L 1) + lgal?) gl
CCg

(46) <% 012 3 enl (@+mh? +1ga1°)
neZ

CC3 2 2 2

< G ol (||u1||s+2|cn| |gn|>

nez

2
< Il ( +max|gn|)||u1||s.

Therefore, considering

v=lol? (5 + maxloal*).

we conclude the proof.
Now, we will give an sketch of the proof of Proposition 1.1.

Proof of Proposition 1.1

In what follows we will give a sketch of the proof of Proposition 1.1, which is
similar to the one given in [24, Theo. 1.1].

Let ug,u1 € H1§+1(0,27r), verifying [ug] = [u1], then from the controllability
result, there exists hy € L2(0,T; HI*’;H(O, 2m)), such that the solution of (6) verifies

Moreover, we can see that u € C([0,T]; H3t*(0,27)), therefore we have that the
nonlinear term wu, verifies that

wu, € L?(0,T; H3(0,27)),

then, adding this term to the equation we have that u verifies (47) and
ut + Hugy + uuy = Ghy +uu,, =z € (0,2m), t>0
u(0,t) = u(2m,t), t>0
ug(0,8) = ugy(2m,t), t>0
u(z,0) = uo(z), =z € (0,2m).

Thus, it is enough to prove that there exists hy € L?(0,T; H5(0,2n)) such that
(49) uuy = Gha,

or equivalently

(50) u(z, Ous (2, 1) = g(z) (h2<w,t) -/ h2<y,t)g<y,t)dy) ,

and since |g(z)| > 8 > 0 in (0,27), we can write (50) as
1 2

@u(m,t)uw(w,t)=h2($,t)— ; ha(y,t)g(y,t)dy.

(48)

2

(51)
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Now, we will study the existence of hy. We define the space Y, as the space
H;(0,27) endowed with the norm
1
lolly, = (gv,0) ;-

For each v € Y] we define the map

Gy G =vw) - [ v

Then, as in [24], it is easy to prove that

(1) Gj is a Fredholm operator.
(2) G*=G.

(3) N (G) = ({1}).
(4) G has a bounded inverse considered as an operator from YS\N ((NJ) to G.
Then, since for every t € (0,7')

2
(““‘”,1) = [t tuaty, = 0
g Yy 0

Uy

we have that _ N N
€ N(G)* = N(G*)* = R(G),

then for each ¢ € (0,7") there exists a function hs(-,t) verifying
u(-, t)ua(-)
9(-)
and since the inverse of G has a bounded inverse, we obtain that
hy € L*(0,T; H3(0,2m)),

thus, considering the control function h = h; + he, we complete the proof.

= éhQ('at);

4. PROOF OF THE STABILIZATION RESULT

Now we will prove Theorem 1.2 regarding stabilization.
Let T > 0 and ug € L?(0, 27) such that [uo] = 0. Then we consider the problems

wi +Hwyy =Gh, z€(0,2m),t>0
w(0,t) =w(2m,t), t>0

(52) wy(0.4) =wy(2m, ), >0
w(z,0) =0, ze€(0,2m),
such that
(53) w(z,T) =u(z,T), =z € (0,2n),
and
us + Hugy = —pGu, =z € (0,27),t>0
(54) u(0,t) =wu(2m,t), t>0

uz(0,t) =wux(2m,t), t>0
u(z,0) =wo(x), =z € (0,2m).
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We will assume that
uo € H(0,2m),
then we have that the solutions
u,w € C([0,T); H2(0,2m)) N C*(0,T; L?(0,2))

and
h € L*(0,T; H,(0, 2)).

Then, multiplying the first equation in (54) by u and integrating with respect to
z it follows that

1d 2w 2w
(55) —— (/ |u(x,t)|2da:) =—pu Gu(z,t)u(z,t) dz,
24dt \ J, o

that is,

1 2w 1 2w T 2w
(56) 5/0 |u(:c,T)|2d:c—§/0 luo ()2 do = _“/o /0 Gu(z, )Ti(z, 1) dadt.

On the other hand,
(57)

T 2w T 2w
/ Ghu dxdt = / / (wy + Hwyy)u dxdt
o Jo

2m 27 T p27
/ / wug dxdt +/ wi|=Y da +/ Hwg,u drdt
o Jo

2 T 2
/ / w(Hugy + pGu) drdt + / |u(T)|? dzdt + / Huw,, T dodt
0 0

2m
:/ / wuGu da:dt+/ |u(T)|* dz.
o Jo 0

Thus
(58)

27 2
/0 (TP dz = / / (h=pw) Tt dardt < [1h = 0l 2 02 000 192012 0,29 (0.2

We also have that

(59) ||h||L2(0,T;L2(0,27r)) <v ||U(':T)||L2(o,27r) )
and
(60) ||w||L2(0,T;L2(0,21r)) <w ||u('aT)||L2(O,2ﬂ') .

Using (59) and (60) we deduce easily that there exists a positive constant C > 0,
such that,

(61) llh — /"’u”L2(0,T;L2(0,27r)) < Cllu(:, T)||L2(0,27r) :
Now, from (58) and (61) we have that

(62) ||“('aT)||L2(0,27r) <C ||g“||L2((0,T)><(0,27r)) .
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Note that
(63)

T 2T 2
6l om0z = [ ] [o@ (@~ [ st tay )
0 0 0

= /OT /027r g(z)? (u(m,t) — /O%g(y)u(y,t)dy) ‘2 dadt

< lglloo 9(z) || u(z,t) — 9(y)u(y, t)dy 2
v

dzdt
:”g”oo// Gu(z, t)u(z,t) dodt.
0 0

2
dxdt

Combining (58) and (63) yields

T pr27
(64) (-, T) R 202my < C gl / [ Guta (e, da.
Thus, using(56) and (63) we obtain that

65)  lulT)2502m — Mol a0.2m) < —A(Cllglloe) ™ 1uls T2 20 2y -
that is,

(66) (14 1(Cllglloo) ) luC T 72(0,9m) < ol Z2(0,2x) »
or equivalently

2 Cligllos 2
(67) s T)lIzz2(0,2m) < Cllollw + 1 lluollz2 (0,21 -

Since the last inequality is valid for every time 7' > 0, we conclude that there
exist constants M,y > 0 such that

(68) e Dlg0m) < Me o llpaoamy s Ve > 0.
Now, due to the density of H2(0,2x) in L*(0,2m) the proof is complete.
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