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1 Introduction

The study of solutions of polynomial equations over finite fields has a long
history in mathematics, going back to C.F. Gauss. In case these polynomials
define a one-dimensional object (i.e., they define a curve or equivalently an
algebraic function field), we have the famous result of A. Weil (see [17]) bounding
the number of such solutions having all coordinates in the finite field. This
bound is given in terms of the cardinality of the finite field and the genus
of the curve, and it is equivalent to the validity of the Riemann Hypothesis
for the associated Congruence Zeta Function. When the genus is large with
respect to the cardinality of the finite field, Thara (see [14]) noticed that Weil’s
bound cannot be reached. This observation led to the consideration of towers
of function fields over a fixed finite field.

The interest on towers was enhanced after Tsfasman-Vladut-Zink showed
(using towers and a construction of linear codes from function fields due to
Goppa) the existence of sequences of codes with limit parameters (transmission
rate and relative distance) above the so-called Gilbert-Varshamov bound (see
116]).

In this paper we present several topics in the theory of towers of function
fields over finite fields. We will omit most proofs, since these are already given
in other papers by the authors. We will give references to these papers when
necessary.

After starting with basic definitions and first properties of towers of function
fields over finite fields, we study the limit of a tower and give several examples in
order to illustrate the concept of towers. In Section 3 we present two interesting
new examples of asymptotically good towers, one of them over the field of car-
dinality g2, the other over the field of cardinality ¢. In the last two sections we
use methods from graph theory to investigate the splitting behaviour of places
in a recursive tower. We obtain a functional equation which gives in many cases
further insight in completely splitting places.

2 The limit of a tower

In this section we discuss some properties of towers of function fields over finite
fields, and we also give some examples. Let IF, be the finite field with ¢ elements.



A function field F' over F, is a finitely generated field extension F/F, of trans-
cendence degree one, with F, algebraically closed in the field F. We denote by
g(F') the genus of the function field F. A tower F over Fy is an infinite sequence
F = (F, C F» C F3 C ---) of function field extensions F,1/F), for all n € N,
satisfying:

a) Each extension F,,11/F, is finite and separable.
b) We have g(F,,) — oo as n — oo.

Let N(F;) denote the number of rational places of F;/F,. We are interested
in the limit A(F) of a tower F over F, i.e., by definition

A(F) := lim N(F)

It is an easy consequence of Hurwitz’s genus formula that the limit above
exists (see [9]). Towers are specially interesting if they have many rational places
with respect to the genera; we then say that the tower F is good over I if its
limit A\(F) satisfies A(F) > 0, otherwise F is said to be bad. It is a non-trivial
problem to find such good towers over finite fields, since in most cases it happens
that either g(F;) increases too fast or N(F;) does not grow fast enough. We
therefore divide the study of the limit A(F) into two limits:

1) The genus v(F) of F over Fi

. g(Fy)
F) := lim .
2) The splitting rate v(F) of F over Fy
N(Fy)

The two limits above do exist (see [12]) and we clearly have:

v(F)

v(F)

In particular, the tower F is good over Fy if and only if v(F) > 0 and y(F) < oo.
Let F' be a function field over F, and let P be a rational place of F' over

Fy; i.e., the degree of the place P satisfies deg P = 1. We say that the place

P splits completely in the finite extension E/F if there are [E : F] places of E

above the place P. Let F = (Fy C F» C F3 C ---) be a tower over F, and let

P be a rational place of the first field Fj in the tower F. We say that the place

P splits completely in the tower if the place P splits completely in the extension

Fy41/F, for all n € N. We denote

0<y(F) <o, 0<v(F)<N(F), and A (F) =

t(F/Fy) = t(F) := #{P a rational place of F; ; P splits completely in F}.



We clearly have v(F) > t(F), for any tower F. Hence if the tower is completely
splitting (i.e., if we have ¢(F) > 0) then v(F) > 0. Let us also denote by F the
limit field of the tower; i.e., let

F = UF”

neN

Complete splitting is a reasonable condition; we have a partial converse of
the statement above (see [11]). If for some value of n € N the field extension
F | F, is Galois, then the condition v(F) > 0 implies that the tower is completely
splitting over F, (i.e., »(F) > 0 implies that t(F/F,) > 0).

Next we consider the genus v(F) of the tower F over the first field Fy. It
is useful to observe that the genus y(F) does not change under constant field
extensions, so we can replace the function fields F;/IF, by the function fields
F;/F, = (F;-F,)/F,, where F, denotes the algebraic closure of the finite field
F,. We clearly have [F, 1 : F,] = [Fp41 : Fy), for each n € N. A place P of
F,=F -Fq is ramified in F,; if there exist fewer than [F},,; : F|] places of
F 41 above the place P. We then define the ramification locus of F over F; by

V(F) := {P place of F; ; P ramifies in F,, for some n € N}.

Let E/F be a separable extension of function fields over the algebraic closure
F,. Let P be a place of the field F' and let Q1,Q2,...,Q, be all places of E
above P. There are natural numbers e(Q;|P) called ramification indices of Q;
over P, for all 1 <1i <r, and the following fundamental equality holds:

”
S e(QilP) = [E: FI.
i=1
The place P is called tame in E/F if the characteristic p does not divide e(Q;|P),
for all 1 <i <r. Otherwise P is called wild. The extension E/F is called tame
if all places P of the field F' are tame places. We call a tower F over I, a tame
tower if the extensions F,11/F; are tame extensions, for all n € N.

Here is a simple sufficient criterion for the finiteness of the genus v(F) of a
tower (see [11]): if the tower F is a tame tower with a finite ramification locus
(i.e., #V(F) < 00), then it has a finite genus v(F) < oo.

The statement above is false in general when F is a wild tower; i.e., when
the tower F is not tame. Before giving some examples F of tame and wild
towers, and before discussing the splitting rate v(F) and the genus v(F) in
these examples, we introduce the concept of recursive towers. We say that a
tower F is recursively given by a polynomial f(X,Y) € F,[X,Y], if F; = F,(z1)
is the rational function field and, for each n € N, the field F},;; is defined by

Fn+1 = Fn(mn-i—l): with f(a:n,a:n+1) =0.
Further we demand that [Fy,4, : F},] = degy f(X,Y) for all n € N. The polyno-
mial f(X,Y) should have balanced degrees; i.e., degy f(X,Y) = degy f(X,Y).
Otherwise the limit A(F) of the tower is equal to zero (see [10]).



An upper bound for the limit A(F) of a tower F over the finite field F, is
the following bound due to Drinfeld-Vladut (see [7]):

AF) <gq-1

We now give some examples of towers:
Example 2.1 (see [12]) Consider the tower F over F4 given recursively by the
polynomial

fXLY) =Y+ (X +1)° +1 € Fy[X,Y].
This is a tame tower with #V(F) = 4 and t(F) = 1 (the place at infinity of
Fy, = Fy(z;) splits completely). Its limit satisfies
MF)=1=V4-1;

i.e., it attains the Drinfeld-Vladut bound.

Example 2.2 (see [9]) Consider the tower F over F 2, defined recursively by

FXLY)=(XT 4+ 1)(YI4Y) - X? € Fpe[X,Y].
This is a wild tower F satisfying

v(F)=¢>—q and y(F)=q.
In particular it attains the Drinfeld-Vladut bound; i.e.,

AMF)=q—-1.

For wild towers it is in general very hard to decide if the genus y(F) is finite
or not. This is the case in Example 2.2 where to show that v(F) = ¢ involves
long and technical computations.

For simplicity we say for example that the tower over F,» in Example 2.2 is
given by the equation

X1

q —
YIHY = gy

Example 2.3 (see [2, 3]) Consider the tower F over F, with ¢ = p? (p an odd
prime number) defined by the following equation

(X +1)(xP~1—1)
Xr-1 '
The tower F is wild, and its ramification locus V (F) is a finite set. Also ¢(F) > p

(the places of Fy = F,(z;) which are the zeros of the polynomial z} —z, — 1 are
completely splitting in the tower F). Nevertheless we have A(F) = 0 for p > 3.

YP Y =




If one considers the tower in Example 2.3 in the case p = 2, one can show
that it is the same tower as in Example 2.2 with ¢ = 2. In fact just consider the
substitutions X — X +1 and Y — Y + 1.

Example 2.4 (see [11]) Consider the tower F over F,, with ¢ = p* and p an
odd prime number, defined recursively by the equation

X?+1
V2= .

2X
It is easy to see that F is a tame tower with v(F) = 2. The hard part here
is to show that v(F) = 2(p — 1). From this we conclude that F attains the
Drinfeld-Vladut bound over the finite field IF,2; i.e., we conclude

AMF)=p—-1.

The proof that v(F) = 2(p — 1) involves the investigation of F,-rationality
of the roots of Deuring’s polynomial

p—1

H(t) = i:( p?l >2tj € F,[t].

Jj=0

The roots of H(t) parametrize supersingular elliptic curves in Legendre’s normal
form.

Now we consider some specific classes of polynomials f(X,Y) € Fy[X,Y]
which lead to good towers over F, in many cases. A tower over F, is a Kummer
tower if it can be defined recursively by an equation as below

Y™ = £(X), with f(X) € Fy(X) and (m,q) = 1.

If m divides (¢—1), each step F,,4+1/F,, in a Kummer tower is cyclic of degree m.
Example 2.4 above is a Kummer tower. A more specific class of towers consists
of towers of Fermat type which are given by

Y™ =a(X +b)™+c, with a,b,c € F,.

The equation above defines a tower if and only if abc # 0 (see [18]). The
difficulty here is to show that the equation remains irreducible in each step
Fy4+1/F, in the tower. In case ab™ + ¢ = 0, this is easily seen, since the place
z1 = 0 of Fy = Fy(z1) is totally ramified in the tower. In case ab™ + ¢ # 0,
no place ramifies totally throughout the tower and the proof that the equation
remains irreducible in each step, is more involved.

Even this simple looking class of towers of Fermat type presents examples
with quite interesting behaviour. Example 2.1 belongs to this class and it attains
the Drinfeld-Vladut bound over Fs. We now give other examples in this class:



Example 2.5 (see [12]) Consider the tower F over Fg defined by the equation

Y2=—-(X+1)>2+1.

We have #V(F) = 3 and t(F) = 1, since the place at infinity of F; = Fo(z1)
splits completely in this tower. We also have

AF)=2=V9-1;
i.e., this tower attains the Drinfeld-Vladut bound.

Example 2.6 Consider the tower F over the prime field F3 defined by the
equation

V2= (X+1)>2-1.

In this tower the place at infinity of F; = F3(z1) splits completely and one can
check that the ramification locus V() is infinite. It is not likely, but if it turns
out that this tower has a finite genus (F), then this would be the first example
of an explicit good tower over a prime field.

Another interesting class of recursive towers is the class of towers of Artin-
Schreier type. These towers can be given by an equation

p(Y) = y(X),

where (YY) € F,[Y] is an additive separable polynomial and where ¢(X) €
F,(X) is a rational function. If the additive polynomial ¢(Y") has all its roots in
the finite field Fy, then each step Fj41/F, is an elementary abelian p-extension
with [Fy41 @ F,] = dege(Y). Ramification in this class of towers is always
wild. Examples 2.2 and 2.3 give towers belonging to this class. Another very
interesting example is the following;:

Example 2.7 (see [13]) Consider the tower F over Fg defined recursively by

X?+X+1
e .
We have t(F) = 6, since the places corresponding to ; = a with a € Fg\F, are

completely splitting in the tower. The hard thing here is to prove that y(F) = 4
and hence

Y24+Y =

t(F) 3
AMF) > —=% = -
P25 "2
This is the first explicit tower F over the finite field Fps, with p a prime
number, satisfying Zink’s bound (see [19]):

2(p” —1)

AF) >
(F) = p+2



It is then natural to look for towers F of Artin-Schreier type, given by
oY) = 9(X) as above, satisfying A(F) > 0. For a fixed additive polynomial
o(Y) € F,[Y] with all roots in I, there are however just a few possibilities for
the rational functions (X) € F,(X) which may lead to good towers over the
finite field F, (see [2]). To illustrate this assertion, consider a recursive tower F
over F, given by an equation

Y? +aY =(X), with a € F; and ¢(X) € F,(X).

If the tower F is a good tower (i.e., if A(F) > 0), then we just have 3 possibilities
for the rational function ¥ (X) € F,(X):

(1) Y(X) = a+ (X +b)?/f(X), with a,b € F; and f(X) a polynomial with
deg f < p.

(2) p(X) = f(X)/(X +b)P, with b € F, and f(X) a polynomial with deg f < p.
(3) ¥(X) =a+1/f(X), with a € F; and f(X) a polynomial with deg f = p.

We believe that case (3) above can be discarded; i.e., case (3) would always
lead to A(F) = 0. The examples already given here (see Examples 2.2 and 2.7)
belong to case (1). The tower given in Example 2.3 satisfies A(F) = 0, since its
rational function

(X +1)(xP~1+1)
p(x) = =
does not belong to any of the three cases above for p # 2. In characteristic p = 2
it belongs to case (1) with a = 0, b = 1, and f(X) = X. A natural problem
here is the determination of the polynomials f(X) with deg f(X) < p leading
to a finite genus v(F) < oo and even better leading to A(F) > 0.

We finish this section with two conjectures:

Conjecture 1 Let F be a recursive tower over a finite field. If v(F) > 0, then
t(F) > 0.

In other words, Conjecture 1 says that recursive towers with a positive split-
ting rate are completely splitting. A refinement of Conjecture 1 would be that
the equality v(F) = t(F) always holds for any recursive tower F over a finite
field.

Conjecture 2 Let F be a recursive tower over a finite field. If v(F) < oo,
then #V (F) < co.

In other words, Conjecture 2 says that recursive towers with a finite genus have
a finite ramification locus.

Both Conjecture 1 and Conjecture 2 are false without the hypothesis that
the tower F is a recursive tower (see [8]). We will give a partial answer to
Conjecture 1 in Section 4 below.



3 Two new non-Galois towers

The aim of this section is to present two new towers, one over finite fields .
with square cardinality and the other over finite fields ;s with cubic cardinality.
The new feature of these two towers of function fields is that each step Fp41/F),
is non-Galois for g # 2.

Example 3.1 (see [5]) Consider the tower F over F,2 defined recursively by
the equation

-1 _ X1-1

Ye X
It is easily seen that ¢(F) = g, since the places of F; =IF,2(z;) which are zeros
of ] + 1 — 1 are completely splitting in the tower F over F 2. The hard part
here is to show that y(F) = ¢/(¢ — 1). Hence we conclude

t(F)
AMF) > —= =q— 1
P =2
i.e., the tower F attains the Drinfeld-Vladut bound over F .. This fact can
also be seen from the fact that our new tower F is a subtower of the tower in

Example 2.2. Indeed denoting by £ the tower over Fy> defined recursively by
Ve

a = —

w4+ W Vi1

and setting

1
S Vel 41 CoWet 41’
one checks easily that these functions X and Y satisfy the equation defining the
tower F; i.e.,

Y—-1 X7-1
Ye X
Being a subtower, we have (see [9])

AMF)>AE)=q—-1, and hence A\(F)=q—1.

One can also go the other way around; i.e., knowing that A(F) = ¢ — 1, one
can deduce that A(£) = ¢ — 1. In order to do this we will need the concept
of a composite tower. Let F = (Fy C F, C --- C F,, C ---) be a tower and
let Ey/F; be a tame function field extension which is linearly disjoint from
Fo41 over Fi for all n € N. Let £ denote the composite tower; i.e., the tower
&= (E, C E> C E35 C---) where the field E,, is the compositum E,, := E - F,,
for all n € N. Under certain hypotheses (see [12]) one has the following genus
formula:

29(Er) —2(8) =2 = [Er : A](29(F) — 2v(F) - 2) +9,



where v(€) is the genus over E; of the tower £, where y(F) is the genus over F}
of the tower F, and where ¢ is the degree of the part of the different Diff (E; /F})
supported above the ramification locus V(F) of the tower F. If one assumes
furthermore that the whole of the different Diff (E;/F1) is supported at places
of E; lying above places of F; belonging to V(F), then we have

in the above genus formula. In this situation, from the classical Hurwitz genus
formula, we conclude:

Y(€) = [Er : Fiy(F).

We now return to the towers £ and F as in Example 3.1. One checks easily
that the tower £ is the composite tower of F with the extension E; = Fi(vy),
where

l]*l _ 1 - .Tl

v =
1 o

From the discussion above we then conclude that

q
() =[Er: Fily(F) =(¢—1)- 1
Also one sees easily that ¢(£) = ¢* — g, since the places of E; = F2(v1) corre-
sponding to the elements of F2\F, are completely splitting in the tower £ over
F,2. Hence

tE) ¢ —q_
A(g)ZW— q =q-1

~—

Example 3.2 (see [6]) Consider the tower F over Fys, with ¢ any prime power,
defined recursively by the equation

1-Y  XI4+X-1

Yq X
Let _
A={acF,; o' =a—-1}
and let . .
Q:{wEFq; H#:a, forsomeaeA}.

One checks easily that

#0 =q(¢g+1) and Q C Fs,

and also that ¢(F) > q(¢ + 1) since the places of Fy = Fys(x;) which are zeros
of (1 —w), for w € Q, are completely splitting in the tower F over Fys. Much
harder here is to show that the genus v(F) is given by



The limit A\(F) then satisfies:
tF) _ ale+l) _ 2(¢°-1)
\F) > = = .
P20 T g m T e

In fact we will show in Section 5 below that the limit of the tower F is equal
to A(F) = 2(¢*> — 1)/(g + 2). This tower F over F s gives in particular a
generalization of a theorem of T.Zink (see [19]) for non-prime values of ¢ (see
also Example 2.7).

4 Graphs and recursive towers

Suppose we are given a tower JF of function fields recursively given by the
polynomial f(X,Y’). Throughout this and the following section we will assume
that degy f(X,Y) = degy f(X,Y), which is not a real restriction according to
the remark before Example 2.1. In this section we will associate to an absolutely
irreducible polynomial f(X,Y) € F,[X, Y] a combinatorial object, a graph, that
will be useful in the description of the places of the function fields in the tower
F. In particular the behaviour of completely splitting places will be clearer in
many cases. For proofs of the results in Sections 4 and 5 we refer to [1].

We first give some standard facts and notations concerning graphs. For more
information about graphs see for example [4]. We define a directed graph T' to
be a triple (V, A, e), where

i) V is a set of elements called vertices,
ii) A is a set of elements called arcs, and
iii) e: A — V x V is a map.

Observe that in the literature a directed graph is sometimes defined as a
tuple (V,A), with A a subset of V' x V. We will not use that definition here,
since we want to allow multiple arcs from one vertex to another. For a € A
write e(a) = (v, w). We say that the arc a connects v with w, and that it starts
at v and it ends in w. Note that the map e need not be injective, allowing the
possibility of multiple arcs. With slight abuse of notation we say that (v,w)
occurs as an arc in I' if there exists an a € A such that e(a) = (v, w).

If it is possible to write V' as a disjoint union of non-empty sets V; and V>
such that no arcs exist connecting a vertex in V; to a vertex in V5 or vice versa,
then we call the graph decomposable. The induced graphs with vertex sets V3
and V5 are called components of T'. Any directed graph can be divided into
indecomposable components.

Assume for the moment that the sets V' and A are finite. We define the
in-degree deg;, v (resp. out-degree deg,,, v) of a vertex v of the graph I" to be

10



the number of arcs of I’ ending in (resp. starting at) v. Given an ordering
U1, 02,. ..,y of the vertex set, we define the adjacency matriz M = (m;;) of the
graph ' = (V, A, e) to be the k x k matrix given by:

m;; := the number of arcs a € A with e(a) = (v;,v;).

Any other ordering of the vertex set gives a matrix that differs from M only
by a conjugation with a permutation matrix. We have the following elementary
lemma connecting in- and out-degrees with the adjacency matrix.

Lemma 4.1 Let T' = (V, A,e) be a directed graph with #V = n < co. Let M
be the adjacency matriz of T' with respect to some ordering vi,vs,...,v; of the
vertices. Then for all 1 < i < k we have

k
degout Uy = § :ml]
j=1
and

k
deg;, v = E mj;.
i=1

Now we come to the definition of the graphs we will use in connection to the
theory of recursive towers. Let f(X,Y) € F,[X,Y] be an absolutely irreducible
polynomial. We denote by F, the algebraic closure of F, and by F a field
satisfying F, C F C F,. Denote by F(z,y) the function field defined by f(z,y) =
0 and let g € F(z,y) be a function and R an F-rational place of F(z,y). If the
function g does not have a pole at the place R, we denote as usual by g(R) the
evaluation of g in R (i.e. the unique element a of IF such that ¢ = @ (mod R)).
If the function g has a pole at the place R we define g(R) := co.

Definition 4.2 We define the graph
L(f,F) == (V,Ae)
as follows:

V:i=FU {0},
A :=Pp(F(z,y)), and

e(R) = (z(R),y(R)), for R € Pp(F(z,y))-

Here Pr(F(z,y)) denotes the set of F-rational places of the function field F(x,y).
Of course the sets V and A in the above definition depend on F and on f(X,Y).
If we want to make this explicit we will write V(f,F) (resp. A(f,F)) instead of
V' (resp. A). Note that the number of arcs of the graph I'(f,F) is by definition

11



the same as the number of F-rational places of the function field F(z,y), while
the number of vertices equals the number of F-rational places of the rational
function field F(x).

For o and 8 in FF, the tuple («, ) occurs as an arc in the graph I'(f,F) only
if f(a,8) = 0. The converse implication need not be true, as can be seen by
taking for example f(X,Y) = X3+ X2+ XY +Y? over the field Fy. In this case
£(0,0) = 0, but there does not exist an arc in the graph I'(f,F3) connecting 0
to 0. Such an arc only appears if we extend the constant field to F4. On the
other hand if we know that F = F,, we have f(a,3) = 0 if and only if there
exists a place R € Pp(F(z,y)) such that (z(R),y(R)) = («, 8).

Example 4.3 In this example we consider the absolutely irreducible polyno-

mial Y3+ (X +1)3+1 € F4[X, Y] (see also Example 2.1). We write Fy = Fa(a),
with a? = a + 1. After some calculations we find that the graph I'(f,F4) looks

as follows:

@ >

Using the ordering 1,a,a?,0,00 of the vertices, we find that the adjacency
matrix M of I'(f,F,) is given by:

1 1.1 0 0

000 10

M=|00 010

000 10

0 00 0 3
We define a path of length n in a graph T' = (V, A, e) to be a sequence of arcs
a1,0az,-..,a, such that for all 1 < ¢ < n — 1 the second coordinate of e(a;) is
equal to the first coordinate of e(a;+1). Corresponding to such a path, we have
the sequence of visited vertices vy, va, ..., vpt1; 1.€., €(a;) = (v;,vi+1). We also

say that ai,as,...,a, is a path from vertex v; to vertex v,y1.

Now we consider a path ay,as,...,a, of length n in the graph I'(f,F) con-
sidered above. An arc a; in this graph is by definition an F-rational place of the
function field F(x,y) (where f(z,y) = 0). The fact that a1,as,...,a, is a path
in this graph implies that y(a;) = z(a;+1) for 1 < i <n — 1. Therefore we have
for the sequence of visited vertices vy, va, ..., Vpt1:

12



fwi,vip1) =0, for 1 <i<n,

where we do allow the possibility that v; is infinity for some values of j. In this
sense a path in the graph T'(f,TF) gives rise to a solution over F of the above
system of equations. Note that different paths may yield the same solution and
that, conversely, any solution with coefficients in Fq U {oo} can be found by
considering an appropriate path in the graph I‘(f,Fq).

Now we return to a tower F over F, recursively defined by a polynomial
f(X,Y) € F,[X,Y]. The function field F}, can be described as Fy(z1, 22, ..., %x)
with the relations f(z;,z;41) =0, for 1 <4 <mn —1. An F,-rational place P
of the function field F,, therefore gives rise to a path of length n —1 in the graph
I'(f,F,). The corresponding sequence of visited vertices is z1(P),...,z,(P).
The number of paths of length n—1 in the graph therefore gives some information
on the number of IF,-rational places of the function field F,,. We will now give
some facts about paths in graphs. The following lemma is well-known in graph
theory (see [4]).

Lemma 4.4 Let T' = (V, A, e) be a directed graph and suppose that the sets A
and V' are finite. Let M be the adjacency matriz of T for some ordering of the
vertices. Then the number of paths from vertex v; to vertex v; of length n is
equal to the ij-th element of the matriz M™.

It is also well-known that given a square matrix M with entries in C, the
growth of the entries of the matrix M™ depends on the largest eigenvalue of M.
Therefore we define

o(M) :=max{|A| ; A € Cis an eigenvalue of M}.

This number is also called the spectral radius of the matrix M. We have the
following lemma.

Lemma 4.5 Let M be a square matriz with entries in C and denote by m;;(n)
the ij-th entry of the matriz M™. Then for any € > 0 we have

R (271 Ol
n—oe (0(M) +€)"

The above lemma follows for example quite easily using the Jordan normal
form of a matrix. If M is the adjacency matrix of a graph I' with finite vertex set
and with finite arc set, and M’ the adjacency matrix of the graph corresponding
to a different choice of the ordering of the vertex set, we have o(M) = o(M’).
Therefore it makes sense to speak of o(T'), the spectral radius of the graph T.
We have the following proposition:

Proposition 4.6 Let I' be a graph with finite arc and vertex set. Then for any
€ > 0 we have:

13



. #{paths in T of length n}
lim =0.
N OETE

We can sharpen the above proposition for the graphs I'(f,F), since for any
vertex v of such a graph we have deg,,,v < degy f(X,Y) and deg;,v <
degyx f(X,Y). Recall that we always assume degy f(X,Y) = degy f(X,Y).
For graphs with this property we have the following proposition:

Proposition 4.7 Let T' = (V, A,e) be an indecomposable directed graph with
finitely many vertices and arcs. Suppose that there exists a natural number m
such that all out-degrees are less than or equal to m. Then we have

o(T) < m.

If o(T) = m and all in- and out-degrees are bounded from above by m, then all
in- and out-degrees are equal to m.

The two propositions above imply the following corollary.

Corollary 4.8 Let f(X,Y) € F,[X,Y] be an absolutely irreducible polynomial
such that m := degy f(X,Y) =degy f(X,Y). Then we have

lim #{paths of length n in T(f,F,)}

n—o00 mn

>0

if and only if there exists an indecomposable component A of I'(f,F,) whose
vertices all have in- and out-degree equal to m.

A graph A as in the corollary above has the property that it is a finite
indecomposable component of the graph I'(f, Fq), since the number of arcs that
occur in A is the maximal possible number.

Using the above results, we can prove a partial answer to Conjecture 1 (see
end of Section 2). We need some preliminaries. Consider a tower F recursively
defined over the field IF, by the polynomial f(X,Y"). We can extend the constant
field to F,. After doing so we can interpret the ramification locus V (F) as a
subset of F, U {co}, hence as a subset of the vertex set of the graph T'(f,F,).
In the same way we can interpret the ramification locus V (G) of the dual tower
G given by the polynomial f(Y,X) (also see [3]), as a subset of the vertex set
of the graph T'(f,F,).

We denote by W (F) the vertex set of the smallest component A of T'(f,F,)
whose vertex set contains V(F) U V(G). In other words: any indecomposable
component of the graph A has at least one element of V(F) or V(G) among
its vertices. The set W(F) C F, U {oo} can be interpreted as a set of places
of the function field F,(x1). One associates to a € W (F) the place that is
the unique zero of the function z; — a if @ # oo and the unique pole of x; if
a = oo. It is easy to see that the set of places we have obtained in this way can
be reinterpreted as a set of (possibly non-rational) places of the function field
Fy =F,(z1). Hence we may view W (F) as a set of places of Fj.

14



Definition 4.9 Let F be a tower over the field F,, then we define

. #{F,-rational places P of F,, above W (F)}
F):= lim .

Using these concepts we obtain a partial answer to Conjecture 1:

Theorem 4.10 Let F = (Fy, F»,...) be a tower over F, recursively given by a
polynomial f(X,Y). Suppose that p(F) = 0. Then t(F) = v(F).

Proof. As usual we define m := degy f = degy, f. Further we denote by
F = (F1,Fs,...) the tower of function fields obtained from F by extending the
constant field of the tower to F,. We first consider the graph I'(f,F,). Recall
that vertices of this graph are elements of F, U {co} and that arcs in this graph
are places of the function field F,(z,y) where f(z,y) = 0. Also recall that any
place of the function field F',, 1 gives rise to a path of length n, namely the path
PNF,(1,22), PNFy(22,23),..., PNFy(zpn, Tns1). We implicitly assume the
relations f(z;,z;+1) = 0 for all 1 < i < n. Conversely given a path a1, ..., a,
of length n in the graph ['(f,F,) we can construct at least one place P of F,, 1
such that P N Fq(.’fi,mi+1) = q; for all 1 < i < n (this follows for example
inductively from [18, Lemma 2.1.3]).

Now suppose we work in a component A of I'(f,F,) such that any vertex
v of A has in- and out-degree m. A necessary and sufficient condition for this
property is that the vertex set of A is disjoint from the set W (F). Clearly
the number of paths of length n starting in a vertex « is m™. Conversely, the
number of places of F,,1; lying above the place P, of F; defined by z; = a is
also m™. We see that paths of length n in A correspond bijectively to places
P of F, 1 such that x;(P) is a vertex of A. Moreover one can show that such
a place P is Fy-rational if and only if its corresponding path in A is defined
over F, (i.e., all arcs P N F,(2;, ;1) are Fy-rational). This means that there
is a bijective correspondence between F,-rational places P of F,;; such that
z1(P) is a vertex of A and paths of length n in the graph ANT(f,F,) (i.e., the
subgraph of A consisting of all vertices and arcs of A defined over Fy).

We are now ready to prove the theorem. By the above observations, we
can count the number of F,-rational places of F,; not lying above W (F) by
counting suitable paths of length n in the graph I'(f,F,). On the other hand,
since we assumed p(F) = 0, the amount of F,-rational places lying above W (F)
do not contribute to v(F) asymptotically. If v(F) = 0, there is nothing to prove.
Hence from now on we suppose that v(F) > 0. By Corollary 4.8, we conclude
that v(F) > 0 if and only if there exists a component of I'(F) with all in- and
out-degrees equal to m. More precisely, writing A for the maximal component
of I'(f,IF,) with the property that any vertex of A has in- and out-degree equal
to m, we have v(F) = # vertices of A. But it is then clear that any place P
of the function field F} with 1 (P) a vertex of A is completely splitting, i.e., we
have v(F) = t(F). O
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5 The functional equation

From now on we assume that the recursive tower F over F, can be defined by
an equation of the form:
e(Y) = (X), with ¢(t) and 9(t) € Fy(t) rational functions.

We still assume that the equation is balanced; i.e., degy(t) = deg(¢). This
condition can now also be expressed as:

We will reformulate the results of the previous section for this special case.
We write

p(t) = with 1 (t) and @2(t) € Fy[t] relatively prime polynomials.

Similarly we write

Y1 (t)
Pa(t)
We saw in Section 4 that finite components of the graph I'(f,F,) are in-

teresting, particularly when all in- and out-degrees are maximal. We have the
following lemma.

P(t) = , with 91 (¢) and 12 (t) € Fy[t] relatively prime polynomials.

Lemma 5.1 Let f(X,Y) = 2(X)p1(Y) — 1 (X)p2(Y) € Fy[X,Y] be an ab-
solutely irreducible polynomial such that degy f(X,Y) = degy f(X,Y) =: m.
Let A be a component of the graph T'(f,IF,) and suppose that any vertex of A
has in- and out-degree equal to m. Then there exists a homogeneous polynomial
H(t,s) € Fy[t,s] and a non-zero constant ¢ such that the following functional
equation is satisfied:

H(p1(T),p2(T)) = c- H(Y1(T),42(T)).

More specifically, writing S for the vertez set of A and setting p(t) 1= p1(t)/p2(t),

one can choose
H(t,s) = [] (t— ¢(a)s),
aeS

with the convention that (t — cos) := s.

We call a homogeneous polynomial H(¢,s) satisfying the equation in the
above lemma, a solution of the functional equation for o(t) and (t).

Now suppose we are given a tower F over F, defined by the equation
p(Y) = ¢(X) as above and write f(X,Y) = ¢2(X)p1(Y) — 91 (X)p2(Y). The
significance of components A of the graph I'(f,IF,) satisfying the assumptions
of Lemma 5.1 has also become apparent in the proof of Theorem 4.10; in fact,
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if one can find such a component, then ¢(F) > 0 (and hence v(F) > 0). More
general, suppose that there exists a finite component A of the graph T'(f,F,)
such that any vertex has maximal in- and out-degree. Denote by F the smallest
extension of F, over which all vertices and arcs of A are defined, and denote by
F’ the tower of function fields obtained from F by extending the constant field
to F. Then we have t(F') > 0.

We have seen that if a tower over F, recursively defined by f(X,Y) = 0,
satisfies p(F) = 0 and v(F) > 0, then the graph I'(f,F,) will have a finite
component with maximal in- and out-degrees. If the polynomial f(X,Y) has
the special form as in Lemma 5.1, we will find a solution of the functional
equation. We will now give some examples.

Example 5.2 Consider, as in Example 2.2, the tower F over Fj > defined re-
cursively by the equation

X
X141

and define f(X,Y) := (X9 ' +1)(Y?+Y) — X7 One can check that the graph
I'(f,F,2) has a finite component satisfying the conditions of Lemma 5.1 with
vertex set S = {a € Fp2 ; a? + o # 0}. In this case the polynomial H(t,s)
mentioned in Lemma 5.1 is

H (t—(a?+a)s) = (t77' - sq_l)q .

a€eS

YI+Y =

In this case one can check Lemma 5.1 directly by showing

(P04 Ty 1= (@ (e,
i.e., we can also choose t~! — 5971 as a solution.

In general if a homogeneous polynomial H (¢, s) is a solution of the functional
equation mentioned in Lemma 5.1 for certain ¢(t) and (t), and one can write
H(t,s) = Hy(t,s)%, then H;(t,s) is also a solution of the functional equation for
the same rational functions. There are other, similar properties. For example,
if Hy(t,s) and H(t,s) are two solutions of the functional equation for ¢(t) and
¥(t), then their product is also a solution. Conversely, if H;(t,s) and Hx(t,s)
are solutions and Hj (¢, s) is a multiple of Hy(¢,s), then H(t,s)/Hx(t, s) is also
a solution. Finally note that trivially a constant polynomial is always a solution.

We give another example to illustrate that the solutions predicted by Lemma
5.1 can be highly non-trivial.

Example 5.3 We now return to the tower 7 defined over FF,> mentioned in
Example 2.4. In this case we have

o(t) = £ and ¥(t) = ttg L
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It is not hard to check that p(F) = 0 for this tower. Since we know that
v(F) > 0, this means that there exists a solution of the functional equation for
o(t) and ¢ (t). This solution involves Deuring’s polynomial H(t). A non-trivial
result in [11] is the following equality:

H(TY =T"'H ((Tz; 1>2> (mod p).

We can interpret this equation as a solution to the functional equation for
t? and (> + 1)/2t. Indeed, define Hy(t,s) = sP"'H(t?/s*) (mod p). Then
H,(t,s) € Fp[t, s] is a homogeneous polynomial of total degree p— 1. The above
equation immediately implies

H,(T? 1) = H,(T? + 1,27),

and indeed there exists a non-trivial solution of the functional equation for ¢
and (#* +1)/2t.

The point of formulating matters in terms of a functional equation, is that
one can sometimes prove a uniqueness result. We illustrate this with the fol-
lowing proposition.

Proposition 5.4 Let ¢(t) € F,[t] be a monic polynomial of degree m and ¢(t) €
F,(t) be a rational function such that

_ u(t)
Ya(t)’

with 1 (t), P2 (t) € Fylt] relatively prime polynomials satisfying

()

1) the polynomial 11 (t) is monic and deg (t) = m,
2) 0 < dega(t) < m.

Then there exists a homogeneous polynomial H(t,s) € Fy[t,s] such that for any
solution Hi(t,s) € F,[t,s] of the functional equation for ¢(t) and v (t) there
exist a € Fy and n € N with Hy(t,s) = a- H(t,s)".

In other words the above proposition states that there exists essentially only
one solution of the functional equation for p(t) and ¢(t) if the assumptions of
Proposition 5.4 hold. We give an example to illustrate the use of Proposition
5.4.

Example 5.5 We consider again the tower JF over F;s in Example 3.2 given
by the equation

1-Y X1+X-1
Ye X )
We have seen that for this tower we have
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2(¢° — 1)
A(F) > )
We will show that equality holds.

Using results in [6] one can show that p(F) = 0 for this tower. As we have
seen in Theorem 4.10 this implies ¢(F) = v(F). Moreover, we have seen that
the completely splitting places in the tower F are described by solutions of the
functional equation for ¢(t) := (1 —t)/t? and ¢(t) := (2 +¢— 1)/t. If we could
show as in Proposition 5.4 that essentially only one solution H (¢, s) exists, we
would be done. All possible completely splitting places P, of Fy (i.e., P, is
defined as the zero of z; — w) would then be given by H(w? + w — 1,w) = 0.
As it is, we cannot apply the proposition directly. However, we can rewrite the
defining equation of the tower F. Define V :=1/X and W :=1/Y. From the
defining equation of the tower we obtain

Ve _yo-t 1

—Vae-1
Hence we can apply Proposition 5.4 with ¢(t) = t¢ — t971 and (t) = (7 —
t9=1 —1)/(—t7"1). We find that for these (t) and v (t) there is essentially only

one solution of the functional equation. One can check that this solution can
be chosen to be H(t,s) = t¢t1 —t. g% + 971, In particular we conclude

2(¢* - 1)
q+2

W _wel =

AF) =

As another illustration of the use of Proposition 5.4, we discuss the following
problem stated in [11].

Given a € Fj: such that H(a*) = 0, with H(t) Deuring’s polynomial in
characteristic p. It is proved in [11] that all roots of H(t*) lie in F,>. We have
remarked in Examples 2.4 and 5.3 that any 8 € F,2 such that 82 = (o +1)/2a
is again a root of the polynomial H(t*). Of course, we can obtain more roots
of H(t*) by iterating this procedure. A natural question is to ask if in this
way one can obtain all roots of H(¢*). For convenience, we define f(X,Y) :=
2XY? — (X? 4+ 1) and I :=T(f,F,2) for the remainder of this section.

Reformulated in graph theoretical means, this question is equivalent to:
What vertices of the graph I' can we reach with paths in I' starting at the
vertex a?

We know (see Example 5.3 and the remarks preceding Example 5.2) that
the graph I' has a component A with vertex set {3 € F,» ; H(8*) = 0} and
that any vertex of A has in- and out-degree 2. Hence by Lemma 5.1 , any
indecomposable component of A gives a solution of the functional equation for
t? and (2 +1)/2t. However, by Proposition 5.4, there exists essentially only one
solution, which implies that A is indecomposable. In general one can show that
in an indecomposable graph with all in- and out-degrees equal to a number m,
one can reach any vertex with paths starting in a certain fixed vertex. Hence
the answer to the above question is affirmative.
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