ON CURVES OVER FINITE FIELDS

ARNALDO GARCIA!

1 Introduction

These notes reflect very closely the lectures given by the author at a “European School
on Algebraic Geometry and Information Theory”, held at C.I.LR.M. — Luminy - France in
May 2003. They are intended as an invitation to the subject of curves over finite fields.
At several points we have sacrificed rigorness (without mention) in favour of clarity or
simplicity. Assuming to start with a very deep theorem of André Weil (equivalent to
the validity of Riemann’s Hypothesis for the situation of zeta functions associated to
nonsingular projective curves over finite fields) we then prove several interesting related
results with elementary methods (bounds of Serre, Thara, Stohr-Voloch, Drinfeld-Vladut,
etc...), and we give also several examples illustrating those results.

These notes are organized as follows: Section 2 contains several bounds on the number
of rational points of curves over finite fields (see Theorems 2.2, 2.3, 2.14 and 2.17) and
examples of curves attaining those bounds. Specially interesting here are the curves
attaining Weil’s bound, the so-called maximal curves; for these curves there is a genus
bound due to Ihara (see Proposition 2.8) which originated two basic problems on maximal
curves: the genus spectrum problem (see Theorem 2.11) and the classification problem
(see Theorems 2.10 and 2.12). For the classification problem a very important tool is
the Stohr-Voloch theory of Frobenius — orders of morphisms of curves over finite fields,
and this theory is illustrated here just for projective plane curves (see Theorem 2.17).
Section 3 contains two simple and related methods for the construction of curves with
many rational points with respect to the genus (called good curves). Both constructions
lead to projective curves that are Kummer covers of the projective line (or of another
curve), and we also present a “recipe” due to Hasse for the genus calculation for such
covers. Several examples illustrating both constructions are also presented.

Section 4 explains the basic facts on the asymptotic behaviour of curves and also of
linear codes over finite fields. The relation between the two asymptotics (of curves and of
codes) is a result due to Tsfasman-Vladut-Zink and this result represents an improvement
on the so-called Gilbert-Varshamov bound. We also prove here an asymptotic bound due
to Drinfeld-Vladut (see Proposition 4.3) which is obtained as an application of a method

!The author was partially supported by PRONEX # 662408/1996-3 (CNPq-Brazil).



of Serre (see Theorem 4.1). This motivates the definition of towers of curves over finite
fields which is the subject of Section 5. After introducing the concepts of ramification
locus and splitting locus, we explain their significance when the tower is a tame tower (see
Theorem 5.1). We then define recursive towers and we give several examples illustrating
applications of Theorem 5.1. Wild towers are much harder to deal with than tame towers,
and we give at the end of these notes two very interesting examples of wild towers (see
Examples 5.8 and 5.9). Example 5.9 is specially interesting since it is over finite fields with
cubic cardinalities, and it gives in particular a generalization of a famous lower bound,
on the asymptotics of curves, due to T. Zink.

2 Bounds for the number of rational points
Let f(X,Y) € Fy[X,Y] be an absolutely irreducible polynomial (i.e., f(X,Y) is also
irreducible over [, the algebraic closure of the finite field IF;). The associated affine plane

curve C is defined by L
C:={(a,b) €eFy xF,; f(a,b) =0}

and we denote by C(F,) the set of rational points; i.e.,

C(F,) ={(a,b) €C; a,beF,}.

Goal. Study the cardinality #C(FF,) with respect to the genus g(C).

The genus ¢g(C) of a plane curve C satisfies
9(C) < (d—-1)(d-2)/2,
where d := deg f(X,Y) is the degree of the irreducible polynomial defining the curve C.

The next lemma gives a simple criterion for absolute irreducibility.

Lemma 2.1. (See [27]). Let f(X,Y) € F,[X,Y] be a polynomial of the following type
f(X,)Y)=a0-Y"+a(X) - Y" '+ 4 a,1(X) Y +a,(X)

with ag € F; and with a1(X), ..., an-1(X), an(X) € Fy[X].
Suppose that ged(n,dega, (X)) =1 and that

degan(X) _ degai(X)
n 7

,  foreach 1<i<n-—1,

then the polynomial f(X,Y) is absolutely irreducible.



We are going to deal with more general algebraic curves, not just an affine plane
curve. Given n — 1 polynomials fi(X1,...,X,), fo(X1, ..., Xn), -+, fuo1 (X, ..., X)) in
the polynomial ring F,[X7, ..., X,], they in general define an affine algebraic curve C as

C :={(a1,as,...,a,) EFZ; filai,...,a,)=0forall j=1,2,...,n—1}

and its set C(F,) of rational points as C(F,) := {(a1,...,a,) € C; ay,aq,...,a, € F,}.

A point P of a curve C is called nonsingular if there exists a tangent line to the curve
C at the point P. For example if P = (a,b) € F, x F, is a point of the plane curve
associated to the polynomial f(X,Y) € F,[X,Y] (i.e., if we have f(a,b) = 0), then the
point P is called nonsingular when

fx(a,b) #0 or  fy(a,b) #0,

where fx and fy denote the partial derivatives. The curve C is called nonsingular if every
point P € C is a nonsingular point. Also, we will deal with projective curves here rather
than with affine curves. For example, if C is the plane curve associated to the polynomial
f(X,Y)in F,[X,Y] with d := deg f(X,Y), then we define

XY

F(X,Y,Z):Zd-f<7,2> and C:={(a:b:c) € PF,); F(a,b,c)=0}.

The curve C is a projective model for the affine curve C associated to f(X,Y). If the

projective plane curve C is nonsingular, then we have the equality g(C) = (d—1)(d—2)/2.
A point (a: b: ¢) of C is said to be at infinity when ¢ = 0.

The next theorem is due to A. Weil and it is the main result in this theory:

Theorem 2.2. (See [34] and [30],Theor.V.2.3). Let C be a projective and nonsingular,
absolutely irreducible curve defined over the finite field ¥, with q elements. Then we have

4C(F,) < 1+q+247-9(C).

Theorem 2.2 is a very deep result. It was proved in the particular case of elliptic
curves (i.e., the case g(C) = 1) by H. Hasse and in the general case by A. Weil (see [34]).
Theorem 2.2 says that the zeros of a certain “Congruence Zeta Function” (associated to
the curve by E. Artin in analogy with Dedekind’s Zeta Function for quadratic number
fields) all lie on the critical line Re(s) = 1/2. We can rewrite Theorem 2.2 as follows



Theorem 2.3. (See [34] and [30], Cor.V.1.16). Let C be a projective and nonsingular,
absolutely irreducible algebraic curve defined over F, and let g :== g(C) denote its genus.
Then there exist algebraic integers ay, aa, .. ., azy € C with absolute value |a;| = /g, for
1 < j5 <2g, such that

29
#C(Fy) = q+1-) o
j=1

Clearly, the bound in Theorem 2.2 follows from the equality in Theorem 2.3 by taking
a; = —,/q, for all values of j with 1 < j < 2g. We now define

Definition 2.4. Let ¢ = ¢* be a square. We say that the curve C is F,-mazimal if it
attains the bound in Theorem 2.2; i.e., if it holds that

#C(F,) = +1+20-¢(C).
Example 2.5. (Hermitian curve over Fj2). Consider the projective plane curve C defined
over the finite field Fy2 by the affine equation
fX,Y)=Y'+Y - X c Fp[X,Y].

We have g(C) = ¢(¢ — 1)/2; indeed, the curve C is a nonsingular plane curve with degree
d satisfying d = ¢ + 1. The number of F -rational points (with ¢ = ¢?) is given by

#C(F,) :1+e3:1+£2+2zz-€(f2—1)

i.e., the curve C is Fj2-maximal. Indeed, the associated homogeneous polynomial is

F(X,)Y,Z)=Y'Z +Y 7' — X"

and the point (0: 1 : 0_) is the unique point at infinity on the curve C. The affine points
are the points (a,b) € F, x F, such that

bZ + bh— al-{—l‘

Observing that a®*! is the norm for the extension Fy /F, and that b° + b is the trace for
Fy2 /F,, we conclude that

#C(Fg2> =140, ]



The next proposition, due to J.P. Serre, enables one to construct other [F,-maximal
curves from known ones.

Proposition 2.6. (See [26]). Let ¢: C — Cy be a surjective morphism defined over a
finite field F, (i.e., both curves C and Cy, and also the map ¢ are all defined over the
finite field F,) and suppose that the curve C is F,-mazimal. Then the curve Cy is also
F,-mazimal.

Example 2.7. Let C; be the curve defined over F,2 by the following equation
fX,Y)=Y"+Y — X™  with m a divisor of £+ 1.

This curve C; is Fp2-maximal. Indeed, this follows from Proposition 2.6 since we have the
following surjective morphism (with n := (¢ 4+ 1)/m)

Q: C—C
(a,b) — (a™, b),

where the curve C is the one given in Example 2.5.
The genus of C; satisfies (see Example 3.1 in Section 3)

g(C) = —-1)(m—-1)/2.

One can check directly that the curve C; is F -maximal with ¢ = ¢2. Indeed, let us denote
by H the multiplicative subgroup of F}, with order |[H| = (¢ — 1) - m. We then have:

a € HU{0} implies that o™ € F,. (1)

Since b* + b = a™ for an affine point (a,b) € C; and since b* + b is the trace for the
extension Fy2 /IFy, we get from the assertion in (1) that

#C1(Fr) > 14+[14+m(f—1)]- 2.
But we also have that

1+[1+m(l—1)]-4 = 1+62+20-((—1)(m—1)/2. O

Let C be an absolutely irreducible algebraic curve (projective and nonsingular) of genus
g defined over the finite field F, and let

a; € C with |oy| = /g for j=1,2,...,2g,



be the algebraic integers mentioned in the statement of Theorem 2.3. Then for each n € N
we have (see [30], Cor.V.1.16)

29
#C(Fp) =q"+1-> af. (2)
j=1

Proposition 2.8. (See [23]). Let C be a projective, nonsingular and absolutely irreducible,
algebraic curve defined over F, with ¢ = (2. If C is a F,~-mazimal curve, then

9(C) < €(t-1)/2.

Proof. If C is Fj2-maximal, then
aj =—{, foreach j=1,2,...,2¢.

Hence af = (2, for each j = 1,2,...,2g.
Clearly we have that
#C(Fp2) > #C(F,).
Using now the equality in (2) for n =1 and n = 2, we conclude that
1+ —2g-02 > 1402 +2g-,
and hence that 2¢(C) < ¢(¢ —1). O

Remark 2.9. Proposition 2.8 says that the genus of a Fy2-maximal curve C satisfies
9(C) <Lt —1)/2.

The bound above is sharp. The Hermitian curve given in Example 2.5 is [Fj2-maximal
with genus g(C) = ¢(¢ —1)/2.

The following result is the starting point for the classification problem of maximal
curves over finite fields.

Theorem 2.10. (See [28]). Let C be a mazimal curve over Fp with genus satisfying
g(C) = ¢t —1)/2. Then the curve C is isomorphic over the field Fp with the projetive
curve given by the affine equation

fX,Y)=Y'+Y - X c Fp[X,Y].



Not every natural number g with g < ¢(¢ — 1)/2 is the genus of a Fe-maximal curve.
Indeed we have the following very interesting result:

Theorem 2.11. (See [8]). Let C be a mazimal curve over the finite field Fp with genus
satisfying g(C) # £(¢ — 1)/2. Then we have

(¢ - 1)
YR

9(C) <

According to Theorem 2.11 the second possible biggest genus g, of a Fjp2-maximal
curve is given by
)l —2)/4 ifliseven
TV 0124 i s odd,

In case /¢ is odd we have that the equation
Y4 Y = XED2 over T (3)

defines a Fz-maximal curve C; of genus g = (¢ —1)?/4. In case / is even (i.e., £ is a power
of p = 2) we have that the equation

Y24y Y24 Y = X over Fpe (4)

defines a Fjp2-maximal curve Cy of genus g = ¢(¢ — 2)/4. The curve C; given by Eq.(3)
above was already considered in Example 2.7. The curve Cy given by Eq.(4) above is also
a quotient of the Hermitian curve C over Fp2 given in Example 2.5. In fact consider the
map ¢ below

p: C—Cy
(a,b) — (a,b* +b).

It is straighforward to check that if the point (a,b) satisfies b + b = a**!, then the point
(a,b*+b) satisfies Equation (4) above. It then follows from Proposition 2.6 that the curve
Cy is also Fp2-maximal. Here again we have uniqueness:

Theorem 2.12. (See [9], [1] and [25]). Let C be a mazimal curve over Fp with the second
biggest genus go := [({ — 1)2/4]. Then the curve C is isomorphic over Fyz either to the
curve Cy given by Eq.(3) if £ is odd, or to the curve Cy given by Eq.(4) if £ is even.

Remark 2.13. Besides the action of Frobenius on the Jacobian Variety of a maximal
curve (which is the main tool in proving Theorem 2.10), the other important ingredient
in the proof of Theorem 2.12 is the theory due to Stohr-Voloch of Frobenius — orders of
morphisms of curves over finite fields (see [31]).
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We are now going to explain an improvement of Theorem 2.2 due to J.P. Serre. For
an algebraic curve of genus g defined over the finite field Iy, we denote by oy, aa, ..., ay,
the algebraic integers with |a;| = /g mentioned in the statement of Theorem 2.3. It is
possible to show that (see [30], Theor.V.1.15)

29
[ = ayt) € Z[t]
j=1
and that one can rearrange oy, as, ..., g, so that
ag4;=0a; foreach j7=1,2,...,9,

where @; denotes the complex conjugate of a; € C.

Theorem 2.14. (See [29]). Let C be a projective, nonsingular and absolutely irreducible,
algebraic curve defined over F,. Then we have

#C(Fy) < 14+q+[2v4q)-9(C),
where [2,/q] denotes the integer part of 2,/q.

Proof. We fix an ordering of ai, as, ..., ay, satisfying
ag4; =0a; foreach j7=1,2,...,¢
Since a; - @; = q we then have
agrj=0a;=qf/o; for j=1,2...,9
Setting 3; = o +@; + [2,/g] + 1, for each j = 1,2,..., g, we see that
BjeR and (; > 0.

Since «; is an algebraic integer, we have that (3; is also an algebraic integer, for each
Jj=1,2,...,g. Consider now the number field F generated by ay, ..., ayy; i.e., consider

E = Q(Oél, ce ,O[gg).

The extension E/Q is Galois since E is the splitting field over Q of the polynomial
29
[1(1 —a;t) € Z[t]. Hence if o belongs to the Galois group; i.e., if o € Aut(E/Q), then o
j=1

induces a permutation of the set {a,...,as}. Suppose that o(c;) = ;. Then
- ol 4 __
o(a) =o(q/ou) = o (cs) = a_j = ;-



Hence we have o(f;) = (; and the automorphism ¢ also induces a permutation of the

9
set {01,...,04}. The element | [] ﬁj> is then left fixed by all automorphisms o of
j=1

g
Aut(E/Q), and hence (H @-) € Q. Since each f; (for j =1,2,...,g) is an algebraic
j=1

g
integer, we conclude that | [[ 8; | € Z. Since 3; > 0, we have that (
Jj=1 J

g
ﬂj> > 1. From
=1

the inequality below relating arithmetic and geometric mean
1 g g 1/g
L) = (110)
9 \i= j=1

(aj+§j+[2\/c_7]+1) > g

we then get

M-

1

J
and hence that

2g
Yo > —g-[2/4.
j=1

The inequality above and Theorem 2.3 finish the proof of Theorem 2.14. O

Exercise. Using similar arguments as in the proof of Theorem 2.14 with

Bj =—(a;+a;)+[24/q +1, forj=1,2,...,g,

show that the following lower bound holds:
#C(Fy) > 1+q— 24 9(C).

Example 2.15. (Klein quartic). Consider the case
g=8 and ¢(C)=23.
In this case the bound in Theorem 2.14 is
#C(Fg) < 24.
Consider the projective curve C over Fg given by the affine equation

fX,Y)=Y?+ XY + X € Fg[X,Y].
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The projective plane curve C is nonsingular and hence

oC) = (d—1)2(d—2) _ (4—1)2(4—2) .

The points at infinity on the curve C are

Q1=(1:0:0) and @Q3=(0:1:0),

and the point Q3 = (0: 0 : 1) is the other point (a : b : ¢) on C satisfying a-b-c=0. We
want to show that

#C(Fs) = 24;

i.e., the curve C above attains Serre’s bound over the finite field with 8 elements. We have
the points @1, Q2 and Q3 above, and we still need to find 21 points (a : b : 1) on C(Fs);
i.e., we still need to find 21 points (a,b) € F§ x F§ such that it holds

¥ +a®b+a=0.
Multiplying the equality above by a® we get (since a” = 1 and a° = a?)
w+w+1=0 with w=a?.

The three solutions of w® +w + 1 = 0 are elements of Fg, and to each a € Fj and each
w € F} satisfying w® +w + 1 = 0, one defines b := w/a?. This then gives us the 21 points
(a,b) belonging to the set C(Fg). O

Exercise: Let C be a curve (projective and nonsingular) of genus g attaining Serre’s
bound over the finite field IFy; i.e., we have the equality

#C(Fy) =1+q+ 124 g

a) With notation as in the proof of Theorem 2.14, show that
Bj =1, foreach j=1,2,...,¢.

Hint. Use that the inequality relating arithmetic and geometric mean is an equality if
and only if we have that 8, = 3y = --- = ;.

b) Setting v := [2,/q], show that

ol +a; = y*—2q, foreachi=1,2,...,9.

c) With similar arguments as the ones used in the proof of Proposition 2.8, show that
¢ —q
T Yty -2g
10



d) Show that

29
[ =a5t) = (144t +qt?).

Jj=1

We are now going to introduce another method for counting and bounding the number
of rational points on curves (projective, nonsingular and absolutely irreducible) over finite
fields. This method is due to Stéhr and Voloch (see [31]), and it gives in particular also
a proof of Theorem 2.2. This theory of Stohr and Voloch is similar to Weierstrass Point
Theory and here we are going to illustrate it just for the case of nonsingular projective
plane curves. Let then C be a nonsingular projective plane curve with degree equal
to d (i.e., the genus is ¢(C) = (d — 1)(d — 2)/2), and let F(X,Y,Z) € F,[X,Y, Z] be
the corresponding homogeneous polynomial of degree equal to d. For a projective point
P=(a:b:c) e PF,) belonging to the curve C; i.e., for a point P = (a : b: ¢) such that
F(a,b,c) =0, we denote by Tp(C) the tangent line to C at P which is the line defined by
the following linear equation

Fx(a,b,¢)- X + Fy(a,b,c) - Y + Fz(a,b,c) - Z =0,

where Fx, Fy and F; denote the partial derivatives. For a point P = (a : b: ¢) € P*(F,)

we denote by
Fr(P) = (a?:b%: 7).

Because the equation F(X,Y,Z) defining the curve C has coefficients in the finite field
[F,, it is clear that P € C implies that F'r(P) € C.

Roughly speaking the method of Stohr and Voloch instead of counting I, -rational
points; i.e., instead of investigating the cardinality of the set

{PeC; Fr(P) =P},
it investigates the cardinality of the following possibly bigger set
{PeC; Fr(P) eTp(C)}. (5)

We must avoid the situation where the set given in (5) above is not a finite set; i.e.,
we must avoid the situation where it holds that the set given in (5) is the whole curve C.

Example 2.16. Let C be the Hermitian curve over F,2 introduced in Example 2.5; i.e.,
the corresponding homogeneous polynomial F'(X,Y, Z) is given by

F(X,)Y,Z)=Y'Z +YZ' - X" ¢ Fp[X,Y, Z].
In this case we have that the set given in (5) is the whole curve C; i.e.,

C={PeC; Fr(P)eTp(C)}.

11



Indeed at an affine point P = (a : b : 1) belonging to the curve C we have that the
tangent line Tp(C) has the following linear equation

Y —d X +vZ=0.

Also we have Fr(P) = (a* : b : 1) and we have to check that the following equality
holds
b —at-a” + b =0.

The equality above follows from b + b = a**! by raising it to the /-th power. O

Theorem 2.17. (See [31]). Suppose that f(X,Y) € F,[X,Y] is an absolutely irreducible
polynomial of degree d which defines a nonsingular projective plane curve C over the finite
field F,. Suppose moreover that

(X = X fx(X,Y) + (Y = YO fy(X.Y) £ 0 mod f(X,Y).

Then

4C(F) < 5 d-(d+q—1),

N

Remark 2.18. The hypothesis
(X - Xq)fX(Xa Y) + (Y - Yq)fY(X7 Y) ?_é 0 mod f(Xa Y)

is equivalent to the hypothesis that the set {P € C; Fr(P) € Tp(C)} is not the whole
curve C. Here if P = (a: b: ¢) then Fr(P) = (a?: b7 : 7).

Proof of Theorem 2.17. We will need some simple properties of intersection numbers
of plane projective curves (see [10], Ch.III). For an affine point (a,b) € F, x F, and for
two relatively prime polynomials f(X,Y) and h(X,Y’), the symbol I(P; f N h) denotes
the intersection number at the point P of the curve given by f = 0 with the one given by
the equation h = 0. It satisfies the following two properties:

Property a) I(P; fNh) >0 if and only if f(P) = h(P)=0.

Property b) I(P; fNh)> 2 if we have Tp(f) = Tp(h); i.e., if we have that the curves
given by f =0 and h = 0 have the same tangent line at P.

Let now f(X,Y) € F,[X,Y] be as in the statement of Theorem 2.17, and set
h(X7 Y) = (X - Xq)fX(X> Y) + (Y - Yq)fY(X7 Y)

Since f(X,Y) is irreducible and A # 0 mod f, we have that f(X,Y) and h(X,Y) are
relatively prime polynomials. Also clearly

degh(X,Y)<q+d—1, withd=degf(X,Y).
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If P=(a,b) € F, x F, is a rational point on the curve C (i.e., we have f(a,b) = 0) then
we also have that h(P) = h(a,b) = 0. We are going to show that the curves f = 0 and
h = 0 have the same tangent line at the point P; i.e., we are going to show that

fx(a,b) = hx(a,b) and fy(a,b) = hy(a,b).
From this and from Property b) above we conclude
I(P; fNnh)>2 for each rational point P € C(F,).

Indeed we have
hx(X,Y) = (X = X)) fxx + (Y =Y fxy + fx

hy(X,Y)= (X =X fxy + Y =Y fyy + fv
and hence for a point (a,b) € F, x F, we have
hX(a’a b) - fx((l, b) and hY(a7 b) = fy((l, b)
Now we conclude that

1
#C(E,) < 3 ZPjHP; foh),

where P runs over all points of the curve C.
From Bezout’s Theorem (see [10], Ch.V) we know

Y I(P; fnh)=degf-degh<d-(g+d—1).
P

This finishes the proof of Theorem 2.17. O

Example 2.19. Consider the projective curve C over F5 given by the affine equation
fX,Y)=X*+Y* -2 F]X,Y].

The projective curve C is nonsingular and hence ¢(C) = 3. Any point (a,b) € F: x F}

belongs to the curve C and it is easy to check that

#C(IF},):4.4:16:%.4.(4+5_1>;

i.e., the curve C attains the bound in Theorem 2.17. We leave to the reader to check that
the hypothesis of Theorem 2.17 are satisfied in our case. (I
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Example 2.20. Consider the projective curve C over F3 given by the affine equation
f(X,Y)=w X"+ Y +w e F[X,Y],

where w € Fi3 satisfies w? +w + 1 = 0. The set of rational points over F;5 on the affine
part of the curve C is the union of the following two sets:

{(a,b) ; a*=b*=1} and {(a,b); a* =w and b* = w?}.

Hence we have 1
#C(Fig) =16 4+16 = 5 - 4- (4+ 13 - 1);

i.e., the curve C attains the bound in Theorem 2.17. We leave again to the reader to check
that the hypothesis of Theorem 2.17 are satisfied also in this case. O

The following proposition substitutes the hypothesis in Theorem 2.17
h(Xa Y) = (X - Xq)fX(X7 Y) + (Y - Yq)fY(X7 Y) 7_é 0 mod f(Xa Y)a
by the more natural hypothesis below:

fxx vy —2fxy - fx-fyr + frv - fx Z0mod f.

Proposition 2.21. Let h(X,Y) be the polynomial defined above. If h(X,Y) =0 mod f(X,Y),

then we also have that

fxx vy —2fxy - fx-fy+ fry - fx =0 mod f.

Proof. For two polynomials g;(X,Y) and ¢g5(X,Y") we will write g; = go if we have that
the polynomial f(X,Y’) divides the difference (g, — g1).
The hypothesis h = 0 means that

(X = XNfx=—(Y =Y fy.
We then have also

(X =X (fxx - fy —2fxy - fx -y + fry - [3)
= [ (X=X fxx +2(X = XY =Y - fxy + (Y =Y9)?- fyy].

Hence it is enough to show that
(X =X fxx +2(X = XO)Y =YY fxy + (Y =Y9*: fyy =0.
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Again from the hypothesis h = 0 we have that
(X =XNfx+ Y =Y9fy=f-g, forsome polynomial g.

Taking partial derivative with respect to the variable X of the equality above and multi-
plying afterwards by (X — X9), we get

(X =X fxx + (X = XY =Y fxy = (X - X9 (9 - 1) fx.
Similarly taking partial derivative with respect to the variable Y and multiplying after-
wards by (Y — YY), we get

YV =Y fyy + (X = XY =Y fxy = YV -Y)(g-1) fr.
Summing up the last two congruences we then get

(X =X fxx +2(X = XY =Y fxy + Y =Y9* fyy =0,
since we have that h(X,Y) = (X — X9 fx + (Y — Y9 fy = 0 by the hypothesis. O

We return now to maximal curves over Fy2. The results already presented here (spe-
cially Prop. 2.8 and Theorem 2.10) lead to two natural problems on maximal curves:

Genus Spectrum. Asks for the determination of the set of genus of maximal curves
over Fp2; i.e., the determination of the set

A(?) = {g(C) ; C is Fp2-mazimal}.

Classification. For an element g € A(¢%) one asks for the determination of all mazimal
curves C over Fp (up to isomorphisms) with genus g(C) = g.

The main tool for the genus spectrum problem is Proposition 2.6 (see [17] and also [5]).
The main tool for the classification problem is Stohr-Voloch theory of Frobenius-orders
of morphisms of curves over finite fields (see [31]). A very particular case of this general
theory is given here in Theorem 2.17. Another interesting question on maximal curves is
the following (compare with Prop. 2.6):

Question. Let Cy be a Fp-mazimal curve. Does there exist a surjective morphism
defined over the finite field IFyp2
©: C — Cy,

where the curve C is the Hermitian curve over Fp presented in Example 2.57

An interesting result connected to the question above is that every maximal curve
over Fyp2 is contained in a Hermitian Variety of degree (¢ + 1) (see [24]). Another very
interesting paper, leading to the construction of many maximal curves, is due to van der
Geer and van der Vlugt (see [19]).
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3 Some constructions of good curves

The constructions we are going to present here lead to Kummer covers of the projective
line (or fibre products of such covers) and we are going to need the following recipe due
to Hasse for the determination of the genus (see [22] or [30], SectionlII.7):

Recipe. Let C be the nonsingular projective model of the curve given by the equation

below
Y™ = f(X) with f(X) € Fo(X),

where m € N satisfies ged(m, q) = 1. Write the rational function f(X) as
_9Xx)
f(X) = with g(X), h(X) € Fq[X]

and with g(X) and h(X) relatively prime polynomials. For an element o € F, define
m(a) := mult(a ; g-h) and d(a) := ged(m, m(a)),

where mult(c ; ¢ - h) means the multiplicity of the element « as a root of the product
polynomial g(X) - h(X). For a = oo we also define

m(oo) :=|degg — degh| and d(o0) := ged(m, m(c0)).

Then the genus ¢g(C) of the curve C is given by

29(C) =2 = —2m+» (m—d(a)),

where the sum is over the elements a € F, U {oo}. The sum above is actually a finite
sum: either a = oo or the element a € F, is a root of the product g(X) - h(X).

Example 3.1. We show here that the genus ¢(C;) of the curve C; in Example 2.7 satisfies

g(C) = —-1)(m—-1)/2.

Interchanging the variables X and Y, the curve C; is then given by (here m divides ¢+ 1
and hence ged(m, () =1) :
Y™ = X'+ X over Fe.

At the elements o € F, such that of + a = 0, we have m(a) = 1 and d(a) = 1. For the
element o = 0o, we have m(co) = ¢ and d(o0) = ged(m, ¢) = 1. Using the recipe above
we then get

29(C1) —2 = —2m+(¢{+1)(m—1), and hence ¢(C;)=(¢—1)(m—1)/2. O
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Exercise. Show that the genus of the curve Cy given by (see Eq.(4)):
YA = X2 L XYY 4o+ X2+ X, with £ a power of 2,

satisfies g(Cp) = (¢ — 2)¢/4.

Exercise. Consider the projective plane curve C over Fp given by the following affine
equation (here ¢ is an odd prime power):

FX,Y) = XED2 L y®D2 1 e Fp(X,Y].
One can check that the curve C is nonsingular and hence that

/(€)= (d—1)2(d—2) _ (7—1)2(7—2) _ (6—1{8(4—3)‘

Prove the genus formula above using the recipe given in the beggining of Section 3.

Remark. The curve C in the above exercise is a maximal curve over Fy2. It can be shown
(see [6]) that it is the unique maximal curve over Fj,2 having genus g = (¢ — 1)(¢ — 3)/8
that possesses a nonsingular projective plane model over the finite field .

Exercise. Consider the projective plane curve C given by the following affine equation
fX,)Y)= X4 vH 1 e Fe[X,Y].
Prove that the curve C is Fyz-maximal with genus ¢(C) = £(¢ — 1)/2.

Remark. It follows from Theorem 2.10 that the projective plane curve C in the exer-
cise above is [Fy2-isomorphic to the Hermitian curve of Example 2.5. Indeed choose two
elements «, # € 2 such that

ol +a=p"" =1

Set

1
X ==
YT Y - BX

One can show easily that if the variables X and Y satisfy

and Y] :=0XX;—a.

XZJrl + YEJrl 1= 07

then the functions X; and Y] defined above satisfy

Yi+Y - X =o. O
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Method of Construction. We are going to consider Kummer covers of the projective
line over the finite field [Fy; i.e., projective curves given by an affine equation of the type:

Y™ = f(X) € F (X), with m a divisor of (¢ — 1).

The idea behind the method is to construct suitable rational functions f(X) with “few
zeros and poles” such that f(a) =1 for “many elements” « in F,.

Construction 1. (See [20]). Let R(X) € F,[X] be a polynomial having all roots in the
finite field I, and split it as below

R(X) = g(X) — h(X) with g(X), h(X) € Fy[X].
For a divisor m of (¢— 1) one considers the projective curve C given by the affine equation

m_ 9X)
=3

<

e If a € F, is such that R(a) = 0 and g(a) # 0, then g(a)/h(a) =1 and hence we have

#C(Fy) > m-#{a; R(a)=0and g(a) # 0}.

e The genus ¢g(C) is obtained with the recipe given in the beggining of this section. In
order to obtain a curve C of small genus one needs the following property :
Desired property: The product g(X) - h(X) is highly inseparable .

In other words, in order to get a curve C of small genus one needs that the product
polynomial g(X) - h(X) has just a few number of distinct roots. This assertion follows
directly from the recipe for the genus of Kummer covers.

Example 3.2. Consider the polynomial R(X) = X0 + X € Fi4[X]. We split it as
R(X) = g(X) — h(X) with g(X) = X' + X? and h(X) = X* + X,
and we then consider the projective curve C given by

yi5 _ (x® +X)2.
(X2+X)
The rational function g(X)/h(X) has a simple zero at the elements a € Fy, it has a
double zero at the elements o € Fg \ Fy and it has a pole of order 14 at & = co. In any
case we have that

d(a) = ged(15,m(a)) = 1.
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Hence the recipe for the genus gives
2g(C) —2=15(—2)4+9- (15 — 1) and hence that g(C) = 49.
For the Fig-rational points we have
#C(F1g) > 15- (16 — 2) = 210.
Adding the points (0,0) and (1,0), and also the point at infinity, we get

#C(F16) = 213. O

Remark. To check that the curve constructed is a good curve (i.e., it has many rational
points with respect to its genus) one should look at the tables of curves over finite fields
in [18]. For a fixed pair ¢ and ¢ the information on this table is given as

A< N<B.

This means that B is the best upper bound known for the number IV of IF-rational points
on curves over [F, having genus = g, and that one knows the existence of a curve C over
[F, of genus g with #C(FF,) > A. For example looking at the table in [18] for ¢ = 16 and
g = 49, one finds there the information A = 213. This information is provided by the
projective curve C considered in Example 3.2 above.

Construction 2. (See [12] and [11]). This construction is a variant of Construction 1.
We start again with a polynomial R(X) € IF,[X] having all roots in the finite field F,. For
a polynomial ¢(X) € F,[X] which is not a multiple of R(X), we perform the euclidean
algorithm; i.e., we have

9(X) = t(X) - R(X) + h(X)

where t(X), h(X) € F,[X] and deg h(X) < deg R(X).
We then consider the curve C (projective and nonsingular) having the following affine
plane equation :

X
ym = % with m a divisor of (¢ — 1).
If a € F, is such that R(«) = 0 and g(«) # 0, then we have % =1 and hence

#C(F,) = m-#{a; R(a)=0and g(a) # 0}.

One difficulty here is to choose the pair of polynomials R(X) and g(X) in F,[X]
leading to a product g(X) - h(X) which is “highly inseparable”.
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Example 3.3. Consider the polynomial R(X) below

_X16+X

BX) =%

= X2+ X7+ X0+ X? +1 € F[X].

The roots of R(X) are the elements a € F16\F4. For the polynomial g(X) = (X34 X?+1)*
we get from the euclidean algorithm

g(X)=R(X)+ X3 (X +1)*(X*+ X +1).

Note that the remainder h(X) = X3(X +1)3(X?3+ X + 1) is highly inseparable. We then
consider the projective curve C over [Fi4 given by the affine equation

(X’ + x>+ 1)

Y? = :
X3(X+13(X3+X+1)

This curve C defined over Fy4 satisfies the equalities g(C) = 4 and #C(Fy5) = 45.
Indeed, we have in our situation

#{a; R(a) =0 and g(a) # 0} = 12, and hence #C(F5) > 3.12 = 36.

We still need to find 9 rational points on C(Fi6) and they should have first coordinate
a€Fyora=o00 IfaecFy\F, (e, if a?+a+1=0) then a® =1 and
(X3 +X2+1)4
(a) = a
X3(X+13(X3+ X +1)

Since the equation Y? = « has no solution in the finite field Fy¢ if o € Fy \ Fy, we have
to look for rational points on C(Fy4) with first coordinate o« € Fy or a = co. One can
show that in each case (o = 0, 1 or co) there are 3 rational points on C(F6) with first
coordinate equal to the element a. Hence

#C(F16) = 36 + 3.3 = 45.

Substituting Z := XY (X +1)/(X3 4+ X2 + 1) we see easily that the curve C can also
be given by the affine equation in X and Z below

3 X+ X241
X3+ X410

The zeros of the product (X3 + X?+1)- (X3 + X +1) are exactly the elements o € Fg\ Fo
and they are simple zeros. The recipe then gives

2¢(C)—2 = 3-(—2)+6-(3—1) and hence that g(C) = 4. O
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Example 3.4. Consider the curve C over Fy5 given by the following equation
Y8 =X(X -1)>3X +2).
This curve C satisfies
g(C) =7 and #C(Fy5) = 84.

The point here is to explain that the equation for the curve C above is obtained from our
method. Let R(X) = (X?+2)-(X?—2)- (X?+2X —2)-(X?—2X —2) in the polynomial
ring Fo5[X]. Note that R(X) is a product of four irreducible polynomials of degree 2 over
the finite field F5. Considering g(X) = X3(X + 2)3(X — 1)? we then get

g(X)=t(X) -R(X)+1, witht(X)=(X+1)(X —2)*X*+2X?-2).

So we are lead by our construction to consider the equation Y24 = X3(X +2)%(X —1)? and,
taking the 3" root of it,we arrive at the equation in the beggining of Example 3.4. O

In order to produce other examples of curves with many rational points, one should
also consider fibre products of curves obtained from the constructions above (see Section
6 in [11]). Let again R(X) € F,[X] be a polynomial having all roots in the finite field F,,.
For two polynomials g;(X) and go(X) in F,[X], each one of them not divisible by R(X),
we perform the euclidean algorithm:

g1(X) =t1(X) - R(X) + hy(X) with deghy < degR,
G2(X) = t2(X) - R(X) + ho(X) with deghy < deg R.

We then get a curve C; over F, given by

my _ 91(X)
! hi(X)

with m; a divisor of (¢ — 1),

and a curve C, over [, given by

me 92(X)
2 hy(X)

with my a divisor of (¢ — 1).

We denote by C the curve which is the fibre product of the curves C; and Cy above.
Similarly we get here that the set C(F,) of F,-rational points on the curve C satisfies:

#C(Fy) = my-my-#{a; R(a)=0and (g1 -g:)(c) # 0}.

The genus ¢(C) is obtained by generalizing the recipe given in the beggining of this
section.
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Example 3.5. Let C be the fibre product of the curves over F4 given by

X2+ X +1)2 (X3 4+ X +1)?

Y5 = (X4 + X)? and by ¥§ = .
v =T+ X)) and by ¥y = T e e 1y

This curve C satisfies
g(C) =34 and #C(Fy6) = 183.

The two equations defining the fibre product curve C are obtained by considering R(X) =
(X' + X)/(X*+ X), 1(X) = (X*+ X)3 and g2(X) = (X?+ X +1)%- (X3 + X +1)2

In our case we have

#{a; R(a) =0 and (g1 - g2)(c) # 0} = 12

and hence #C(F,) > my-my-12=15-3-12 = 180.
We have 3 other rational points corresponding to X = a with a =0, 1 or co. (Il

Remark. The best result for the pair ¢ = 16 and g = 34 (before the curve given in
Example 3.5) was a curve with 161 rational points over Fi¢ with genus 34.

Remark. The constructions presented here give rise to curves of Kummer type, in
particular each ramification is tame. One can also give constructions leading to curves of
Artin-Schreier type, and here each ramification is wild. One has also a recipe due to Hasse
for the determination of the genus of Artin-Schreier covers of the projective line (see [22]
and [30], SectionlIl.7). A very interesting construction of curves of Artin-Schreier type is
given in [19], where many new interesting examples of maximal curves are presented.

4 Asymptotic results on curves and on codes

In this section we are going to explain the asymptotics on curves over a fixed finite field
and also the asymptotics on codes over a fixed finite field, and relate them to each other.

Asymptotics on curves. Let IF, be a fixed finite field. We denote by

Ny(9) = mcax #C(F,),
where C runs over the curves defined over F, whose genus satisfies g(C) = ¢g. The asymp-
totics of curves over the fixed field IF, with ¢ elements, with genus ¢ tending to infinity, is

described by the quantity A(g) below

A(q) = lim sup Ny(g)/g.

g—0o0
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It follows from Theorem 2.2 that
Ag) < 2./q.
Thara was the first one to observe that the bound above for the quantity A(q) can be

improved significantly. He showed that A(q) < 1/2¢. Based on Ihara’s ideas, Drinfeld and
Vladut (see [7]) proved the following bound (see Proposition 4.3 here):

A(q) < \/q — 1, for any prime power gq.

The bound of Drinfeld-Vladut above is sharp since it is attained whenever q is a square;
i.e., we have the following equality

A(f*) = ¢ — 1, for any prime power /.

The equality above was proved firstly by Thara in [23] (see also [32]) and his proof involves
the consideration of the theory of modular curves. A more elementary proof of this
equality can be seen in [13] (see also Example 5.2 here).

As for lower bounds on the quantity A(g) we mention a result of T. Zink (see [33]):

2(p* — 1)

A(p3) >
(r°) > P

, with p any prime number.
The proof of T. Zink involves degeneration of modular surfaces (a la Shimura), and

a much more elementary proof can be seen in [4]. In [4] we have also a generalization of
the result of Zink; i.e., we have the lower bound

2(¢* - 1)

A(g®) >
(¢°) > !

, with ¢ any prime power.

The advantage of the proofs in [13] and in [4] is that the infinite sequence of curves,
respectively their genera and their rational points, are all explicitely given by equations,
respectively by their formulas and by their coordinates. This makes them more suitable
for applications in Coding Theory and Cryptography.

Asymptotics on codes. A linear code C' over the finite field I, is just a linear subspace
of Fy. Given a vector v = (vy, vy, ..., v,) in Fy we define its weight wt(v) as below

wt(v) :=#{i; 1 <i<nandv; #0}.
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For a linear code C' in ;' we have 3 basic parameters:

e n =n(C) is called the length of C; it is the dimension of the ambient space F of
the linear code C.

k = k(C) is called the dimension of C; it is the dimension of the linear code C as a
IF,-vector space, that is, we have k(C') := dimg, (C).

d = d(C) is called the mimimum distance of C} it is the minimal weight of a nonzero
codeword, that is, we have d(C) := min{wt(v) ; v € C'\ {0}}.

We have also two relative parameters:
e R = R(C) is called the transmission rate of Cj it is given by R(C) := k(C)/n(C).
e § =§(C) is called the relative distance of C} it is given by 6(C') := d(C)/n(C).
We then consider the map ¢ below

¢: {F linear codes} — [0,1] x [0, 1]
C — (0(0), R(C)).

We are interested in the accumulation points of the image I'my of the map ¢ above.
We define, for a fixed value of § with 0 < < 1:

ay(d) :==max{R ; (4, R) is an accumulation point of Ime}.

The function a,: [0,1] — [0, 1] defined above controls the asymptotics of linear codes over
the finite field IF,. It satisfies the following bound:

Gilbert-Varshamov bound. (See [30], Prop.VI1.2.3). Let 0 < § <1 — ¢!, then
ag(0) = 1— Hy(d),
where H,(6) = dlog,(q—1) —dlog,d — (1—09)log,(1—6) is the so-called entropy function.

Relation between the asymptotics. This relation was established by Tsfasman-

Vladut-Zink via Goppa’s construction of linear codes from algebraic curves over finite
fields (see [32]). If F, is a finite field such that A(g) > 1, then for each real number ¢
satisfying 0 < 6 <1 — A(q)™!, we have the inequality

0,(6) > 1- A =4
The lower bound above on the function o, (d) caused a big sensation among the coding

theorists, since it represents (for ¢ a square with ¢ > 49) an improvement on the Gilbert-
Varshamov bound for values of § in a certain small interval.
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Our aim now is to present a proof of the Drinfeld-Vladut bound:
A(q) < /q—1, for any prime power q.

This bound will be obtained here using a method due to Serre (the so-called Explicit
Formulas). It will be convenient to introduce the following notation:

N, = #C(F,),

where C is a curve (projective and nonsingular) defined over the finite field F, and r € N.
In the proof of Proposition 2.8 we have used the simple fact that Ny > Nj; the method
of Serre below uses that N, > N; for any » € N.
We will consider nonzero polynomials W(¢) with positive real coefficients. We write

m

U(t) =) ot €RJY

r=1

where ¢, € R and ¢, > 0. Since ¥(t) is nonzero we have ¢, > 0 for some index 7.
To such a polynomial ¥(¢) € R[t] we associate the rational function f(t) € R()

f@) =1+0()+ T ).

Clearly we have
f(y) €R, for each v € C with |y| = 1.

Theorem 4.1. (Explicit Formulas). Let ¥(t) € R[t] be a nonzero polynomial with positive
coefficients, and let f(t) = 1+ ¥(t) + V() € R(t) be the associated rational function.
Suppose that

f(y) >0 for each v € C with |y| = 1.

Then for a curve C defined over F, we have

9(C) U(q"/?)

1.
T (g

#C(Fy) <

Proof. We denote by (see Theorem 2.3)

Qy, g, ..., Qg Qgiq, ..., Qg
the algebraic integers with |a;| = /g, and we again order them so that

agyj =y, foreach j =1,2,...,¢.

25



For r € N, we have the equality (see Eq.(2))

g

N, = 1—|—qT—Z(0z§+5§).

=1
Multiplying this equality by ¢~ /2, we obtain
g
No-qg =g g =Y (g VY A+ (@)
=1

If we denote 7; := a; - ¢ /2, we have |y;] = 1 and 7; = 7, '; hence we have

g

N, - q—r/2 _ q—r/Z + qr/2 _ Z(,y]r + ,)/]—7")
=1

Denoting ¥(t) = >_ ¢, - t" and multiplying the equality above by the coefficient ¢,, and
r=1

summing up for r =1,2,...,m, we get

SN e g =g ) U@ g - F),
r=1 '

Jj=1

where f(t) is the associated rational function.

Adding N; - ¥(g~/?) to both sides of the last equality, we can rewrite it as follows
Ny -U(q %) =T(q )+ ¥(¢"*) + g - R,

where R is defined as below

m

Ri=3 )+ ) (Ne = Nier- g7/

j=1 r=1

Since we have ¢, > 0, N, > N; and also f(v;) > 0 for each j = 1,2,..., g, we have
that R > 0 and hence that

g U (q?)
N, = #C(F,) < =T

1. O
— U(gY?) -
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Example 4.2. For a natural number e € N define
g :=2° and q:= 2%
Consider the projective curve C over F, associated to the polynomial f(X,Y") below
fX)Y)=Y1-Y - X?. (X?-X) eF,[X,Y].
It can be easily seen that the curve C has just one point at infinity, and moreover
#C(F,) =1+
The genus of this curve C satisfies

1/2
g(C)ZqO~(q—1)=%'(q—1)-

Let us denote by go := qo - (¢ — 1). It follows from Theorem 4.1 that
#CO(]Fq) S 1 + q27

for any curve Cy over F, with genus go. Indeed, consider the polynomial

1 1
Uo(t) = —= -t + = - 12

N

For a complex number v = € = cosf + isen 6 with |y| = 1, and using the following
cosine equality cos 20 = 2cos? 6 — 1, we have

0

f(y) = (% +cos€)2 >0,

where f(t) := 1+ Uo(t) + Po(¢t!) is the associated rational function.
The assertion now follows from the equality

9o Wo(q?)
Wo(qg=1/2) * Wo(q~1/2)

+1=1+¢~ O

_|_

Exercise. Let C be the curve over the finite field IF, given in Example 4.2 above. With
notations as in the proof of Theorem 4.1, show that:

a) No =Ny and f(vy;) =0 foreach j =1,2,...,¢.
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2
b) Using that f(v;) = <L + cos Hj) , conclude that

V2
1 o1 .
Vi = —ﬁiz-ﬁ, foreach j =1,2,...,9.
c) Conclude then that
29
[ = ajt) = (1 + 2qot + ¢£*)°.
j=1

We are now going to use Theorem 4.1 to derive the following bound (due to Drinfeld
and Vladut) on the asymptotics of curves over a fixed finite field F, with ¢ elements:

Proposition 4.3. (See [7]). The quantity A(q) satisfies the so-called Drinfeld-Viadut

bound; i.e., we have
Alg) = va—-1.

Proof. For each m € N we consider the polynomial

%Aw=§5(L—%>ireRm

r=1

Note that deg ¥,,(t) = m — 1, and also that for ¢t # 1 we have

wm@):(thQ-(ﬂ;;1+1—t>.

Indeed the equality above is equivalent to the validity of the equality below (and this
validity can be checked by compairing the coefficients of terms with the same degrees):

@—UWES(L—%)wrl:;%wm—t+(y—%).

r=1

Then we have for the associated rational function f,,(t) € R(¢):

Fu®) =1+ T (8) + Ty (t71)

t tm—1
=1 : 1—t
EREE ( mo )

t! tm—1 .
<t-1—1>2'< m “‘t>

ot " -1 tt -1
S t-12 m (=1 —1)2 m

_|_
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We have clearly the equalities below

t t1 -1

(t—12 (' =12 (-1t -1)

and hence we conclude that

oo (et
Jnll) = T =

If v € C with v # 1 and |y| = 1, then (y — 1)(y~! — 1) is a positive real number. Also
YT < AT =1 =2,

and this shows that f,,(y) > 0 for each 7 € C with |y| = 1. We then conclude from
Theorem 4.1 that (for each m € N):

No(g) _ 1 1 (\Pm(ql/2)) +1).

g lI&n(q—l/z)JrE Wy (g~1/2

From the following equality

U, (t) = (t—t1)2 : (tmn:1+1—t>,

we get that the limit below holds true

1
lim U, (¢ V%) = :
m—00 \/a -1

Given a real number £ > 0, we then fix a natural number n = n(e) such that

U, (V) < Jg—1+¢/2.

For each £ > 0, having fixed n = n(e) as above, we can choose gy = go(g) such that

1 ( U, (q"?)

F1) < ifg>
g \Tn(g?) 2 9=%

Hence for each real number € > 0, there exists gy = go(e) such that

Na(9)
g

€ €
< (\/a—1+§)+§:\/a—1+6
holds for every choice of g satisfying g > go. This then implies that

N,
limsup%ﬁﬂ—l. O

g—o0
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5 Towers of curves over finite fields

As we have done already, we will use simply the word curve to mean an algebraic curve,
projective and nonsingular, defined and absolutely irreducible over a finite field F, with
q elements. A tower F over IF, is just an infinite sequence

F= (...cn“ﬁ:lcn,lﬁmﬁcgﬁcl)

of curves C, and surjective maps ¢, : C,+1 — C,, both the curves and the maps are all
defined over F,, such that ¢(C,) — oo as n — co. We will always assume that all the maps
¢“n: Cpny1 — C, are separable. Then the assumption that g(C,) — oo can be replaced by
the assumption that there exists n € N with ¢(C,) > 2.

The limit \(F) of the tower exists; i.e., the following limit does exist (see [14]):

AF) i= lim 4#€,(F,)/g(C,).
We have clearly
AF) < A(g), for any tower F over F,.

Let m: C — C; be a surjective and separable map of curves C and C; defined over an
algebraically closed field £ (in what follows the field k£ will be taken as F, the algebraic
closure of the finite field F;). For a point P € C;(k) on the curve C; we denote by

ﬂ'il(P) = {Qh Q27 SRR QT} g C(k)
the set of points of C having image under the map 7 equal to P. For each j =1,2,... 7,
we have natural numbers e(Q);|P), called the ramification index of ); over P, such that

T

Z e(Q;|P) = deg.

j=1

The point P is called unramified for the map 7 if we have r = deg 7; i.e., P is unramified
if 771(P) has exactly deg 7 elements. The points P on the curve C; such that

#m Y P) < degT

are called ramified points for the morphism 7. The number of ramified points for the
morphism 7 is always finite. We denote by V(7) the ramification locus for the map ;
ie.,

V(r) :={P € Cy(k); #n ' (P) < degr}.
For a tower F = (...C, e Cpo1 — -+ % Cy it C,) of curves over the finite field F,, and
denoting for each n € N

T, 2280109020"'090”*120”_»61
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the composite morphism, we define the ramification locus V (F) of the tower by

V(F) = V(m).

In other words, a point P € Ci(k) with k = F, belongs to V(F) if and only if there
exists n € N and a point P belonging to the curve C, such that

T(P) = P and #¢,;}(P) < degpn,

where ¢,,: C,11 — C, is the map appearing in the definition of the tower F.

For a morphism 7: C — C; and a point P € V (), the point P is said to be tame if
the characteristic p = char(F,) does not divide the ramification index e(Q;|P), for each
j=1,2,...,r. The point P is said to be wild, otherwise. The morphism 7: C — C; is
called tame if every point P € V() is a tame point. A tower F of curves over the finite
field IF, is called tame if each morphism (for n € N) ¢,,: C,41 — C, in the definition of
the tower F is a tame morphism.

For a tower of curves F over F, we let again m,: C,, - C; denote the composite
morphism as before. For a point P € C;(F,), which is F,-rational and which does not
belong to V(m,), we have #m, !(P) = degm,. The rational point P on the first curve C;
is said to be m,-split if P ¢ V(m,) and if 7, *(P) consists of F,-rational points on C,; i.e.,
the point P is m,-split if we have

P ¢ V(r,) and m,'(P) C C,(F,).
For a tower F over F, we define the splitting locus S(F) as below
S(F) :={P e C(F,); Pism,-split, VneN}

The ramification locus V(F) and the splitting locus S(F) of a tower F of curves over
a finite field are specially interesting for tame towers.

Theorem 5.1. Let F be a tame tower of curves over Fy. Suppose that
a) The ramification locus V(F) is a finite set.
b) The splitting locus S(F) is a nonempty set.
Then the limit \(F) satisfies

2. #S(F)
MNF) 2 5 ey o v

Proof. The result follows easily from Hurwitz genus formula (see [16]). O

In order to give some examples illustrating Theorem 5.1 we will introduce now the con-
cept of recursive towers. Let f(X,Y) € F,[X,Y] be an absolutely irreducible polynomial
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with coefficients in the finite field F, (i.e., the polynomial f(X,Y’) remains irreducible
over the algebraic closure F,). We say that the tower F is recursively defined by the
polynomial f(X,Y) if:

e The first curve C; is the projective line P! with affine coordinate X;.

e The second curve C; is the nonsingular projective model for the affine plane curve
given by f(X1, Xs) = 0.

e The third curve Cs is the nonsingular projective model for the affine space curve
given by f(X1, Xo) = f(X2, X5) = 0.

e The fourth curve C4 is the nonsingular projective model for the curve in the 4-
dimensional affine space given by f(X;, Xs) = f(X2, X3) = f(X3,Xy) = 0.

e and soon ...

Example 5.2. Consider the tower F over the finite field F, with ¢ = ¢?, defined recur-
sively by the equation

XZ
14+ X6

One can show (see [14]) that its limit over [y satisfies

fX,Y)=Y"'4+Y -

ANF)=4—1;

i.e., the tower F attains the Drinfeld-Vladut bound over the finite field with ¢2 elements.
This gives a more elementary proof of the equality

A(0*) = ¢ — 1, for any prime power .
The determination of the limit
MF)=(-1

in Example 5.2 is quite involved. One cannot use here Theorem 5.1, since each ramification
occuring in the tower in Example 5.2 is wild. (I

One has the following result due to J.P. Serre (proved using Class Field Theory):
A(q) > 0, for any prime power gq.

The next example gives an elementary proof (for ¢ nonprime) of this result.

32



Example 5.3. (See [16]). Let ¢ be a power of a prime number p and suppose that g # p.
Consider the tower F over the finite field F, given recursively by

fFXY)=Y"—(X+1)™+1, withm=——.

The limit of this tower satisfies

2
AF) > — > 0.

Proof. It follows from the theory of Kummer extensions (see [30], SectionlII.7) that the
point at infinity on C; = P! is splitting in the tower F; i.e., the set S(F) is nonempty and
hence #S(F) > 1. The ramification locus satisfies

V(F) C{P eC(F,) ; Xi(P)eF,}
and hence #V (F) < q. It then follows from Theorem 5.1 that

245(F) 2
NF) 2 o 23 2 %

The particular case where ¢ = 4 is very interesting. In this particular case the tower F is
recursively given over [y by the equation

fX,)Y)=Y>— (X +1)*+1 € FyX,Y],

and its limit satisfies A\(F) > 2/(4 —2) = 1. We also have A(4) < v/4—1 =1, and hence
the tower in Example 5.3 with ¢ = 4 attains the Drinfeld-Vladut bound over Fy. (Il

Example 5.4. Let p be an odd prime number and let ¢ = p®. Consider the tower F of
curves over [F, given recursively by the equation

X241

fXY) =Y = =

The limit of this tower satisfies
MF)=p—-1

i.e., the tower F attains the Drinfeld-Vladut bound over the finite field with p? elements.

Proof. It is easy to see that the ramification locus V' (F) of the tower is

V(F)={P€(C; Xi(P)=0,00,£1 or £}
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where ¢ € F 2 satisfies i = —1. Hence
#V(F) =6.
Because p is an odd prime number, the tower F is a tame tower. If we can show that

#S(F) =2(p - 1),
then it follows from Theorem 5.1 that

2-2(p—1)

i.e., the tower F attains the Drinfeld-Vladut bound. The hard part here is to show
#S(F) =2(p—1).

The determination of the splitting locus S(F) involves the investigation of the rationality
in the finite field F2 of the roots of the following polynomial H(X), the so-called Deuring
polynomial (see [15]):

(p—1)/2 p—1 2 .
H(X):= ) (;) - X7 e F,[X]. O
j=0

Example 5.5. (See [16]). For ¢ = ¢* consider the tower F over F, given recursively by
fFXY) =Y (X + 1) -1

Similarly to Example 5.3 we have here that the point at infinity of C; = P! is splitting
over Fy2 in the tower F, and hence the splitting locus satisfies

#S(F) 2 1;
we also have here that #V (F) < ¢ and, more concretely, the ramification locus satisfies
V(F) C{P € ; X1(P) € F.}.
It now follows from Theorem 5.1 that the limit of F over the finite field Fj2 satisfies:

2 S(F) 2
M)z v m 12—

The case when ¢ = 3 is particularly interesting. In this case we get a tower F of curves
over the finite field Fg given by f(X,Y) =Y? 4+ (X +1)*> — 1 € Fy[X, Y], which attains
the Drinfeld-Vladut bound. O
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Remark. Not every polynomial ¢g(X,Y) € F,[X,Y] defines recursively a tower F of
curves over the finite field F,. For example, let m be a divisor of (¢ — 1) and consider the
polynomial

gX,)Y)=Y"-X"-1€eF,[X,Y].

One starts to go upwards in the “possible tower” defined by the polynomial g(X,Y’) above
(where p denotes the characteristic):

XP=X"41;, XP=XP+1=X"+2
XP=XP+1=X"+3and X7 = X7+ 1= X" +p= X"

The equality X%, = X{* shows that the polynomial g(X,Y) = Y™ — X™ — 1 does

not define recursively a tower of curves. One can show that (see [35]) the polynomial
JX,Y)=Y"4+a(X +b)" +ceFX,Y],

with m and q relatively prime, defines a tower of curves over IF, if and only if a-b- ¢ # 0.
If we have the condition that a,b, c € F} satisfy the equality

a-b"+c=0,

then it is very easy to see that the polynomial f(X,Y’) € F,[X, Y] as above defines indeed
a tower of curves over F,. This is so since the point X; = 0 of the first curve C; = P! is
totally ramified in the tower.

Example 5.6. (See [15]). Let ¢ be a power of a prime number p and suppose that p is
odd. Let 3 € F, with 3? # 1. Consider the tower F over the finite field F, given by

e XX+
f(X,Y)—Y _X—_f_l.

The two points P of C; = P! with X;(P) = £ are splitting in the tower over F,. Indeed
we have the equalities below

BB+5) _ g BB+ 5

p+1 —B+1
Since p is assumed to be an odd prime number, then the tower F here is a tame tower.

If the finite field F, is chosen so that the ramification locus V(F) is a finite set, then it
follows from Theorem 5.1 that the limit over [F, satisfies

2. 4S(F) "
)2 v m =2 2 T =2

This is the case if we choose ¢ = 9. In this case we get #V (F) = 8 and hence we also get
that its limit satisfies A\(F) > 4/(8 —2) = 2/3. O
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Tame towers are easier since we have at least the criteria in Theorem 5.1 ensuring that
the limit A(F) is a positive number. Wild towers F with S(F) nonempty and with V (F)
finite, can have limit A(F) equal to zero.

For example consider the tower F, over [Fy, with ¢ = p? and p a prime number, given
by
(X +1)(XP1—1)

Xr—1 '

There are at least p points of C; = P! which are splitting in the tower over F,»; we have

FX,Y)=Y?—Y —

S(Fo) 2{P €l ; (XY —X1—1)(P)=0} and hence #S(Fy) > p.
One can check that the ramification locus V' (Fy) is a finite set; indeed we have
V(fo) = {P €Cy; Xl(P) € Fp or XI(P) = oo}

In case p = 2 the tower Fy is the same as the tower in Example 5.2 with ¢ = 2, and
hence it attains the Drinfeld-Vladut bound over F,. In case p > 3, the limit of the tower
Fo satisfies A\(Fp) = 0, for each prime p > 3. This result that A\(Fy) = 0 is obtained in [2]
from the following result on the classification of recursive Artin-Schreier towers: Let F, be
the finite field with ¢ elements and denote by p = char(F,). Let p(Y) =Y?+aY € F, [Y]
be a separable additive polynomial (i.e., a # 0) with all roots in the finite field F,.
Suppose that F is a recursive tower defined over F, by an equation

FX,Y) = oY) = ¢(X) with $(X) € Fy(X).

If the tower F is good over F; i.e., if the limit over F, satisfies A(F) > 0, then the rational
function ¢(X) has degree equal to p and it is of one of the following three types:

Type A. (X)) =c+ (X —b)?/1p1(X), with elements b, ¢ € F, and with 1;(X) € F,[X]
a polynomial satisfying deg(11(X)) < p and v (b) # 0.

Type B. ¢(X) = ¢o(X)/(X — b)P, with b € F, and with 1(X) € F,[X] a polynomial
satisfying deg(¢o(X)) < p and ¢y (b) # 0.

Type C. ¢(X) = c+ 1/1(X), with ¢ € F, and with ¢;(X) € F,;[X] a polynomial
satisfying deg(¢1 (X)) = p.

All known good towers given recursively by f(X,Y) = ¢(Y) — ¢(X) as above, are
towers of Type A (see Example 5.2).

The rational function ¢(X) = (X +1)(X?~'—1)/X?~! in the definition of the tower F
above is not of Type A, B or C if the characteristic p satisfies p # 2, and hence A\(Fy) = 0.

36



Example 5.7. Consider the tower F; over Fg given recursively by (see [21])

X +1)?

f(X,Y):Y2+Y+( ~ L

This is a tower of Type A and its limit over the finite field with 8 elements satisfies

2.(22-1) 3
A = é+2):§'

We have that the splitting locus is given by
S(F1) ={P € ; Xqi(P) e Fg\Fy}
and that the ramification locus satisfies
V(F1)={P €C; Xi(P)eFyor X;(P) =00}

The hard point here is to show that the limit genus v(F;) is finite and equal to 4; i.e,
the hard part is to show that the following equality holds

g(Cn)

Fi) =1 =4
7(F1) = lim degn, b
where 7, : C,, — C; is the composite morphism. O

We now present two new towers of curves. One tower is over finite fields Fp with
square cardinalities and it attains the Drinfeld-Vladut bound; the other tower is over
finite fields Fys with cubic cardinalities and it gives in particular a generalization of the
bound of Zink. The new feature of both towers above is that the maps ¢, : C,11 — C,
are non-Galois maps, if the characteristic is odd.

Example 5.8. (See [3]). Consider the tower JF, over F, with ¢ = ¢? given recursively by

Y-1 X‘-1

f(X7Y>: vy X

We have here that the splitting locus is given by
S(F)={PeC; (X{+X;—1)(P)=0}
and that the ramification locus satisfies

V(Fe) ={P € ; X1(P)=0,1 or co}.
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The hard part here is to show that the limit genus v(F>) is finite; i.e., the hard part
is to show the equality below

o 9(C) L
V(F2) = nh—>nc}o degm, (-1

We then conclude that the limit A\(F;) over the finite field Fjp2 satisfies
MF) =L—-1,

i.e., it attains the Drinfeld-Vladut bound. This tower J, of Example 5.8 is a subtower of
the tower F of Example 5.2. Indeed using the equation

Vf
14 Vit

and defining X := (1 + V1)l and Y := (1 + W)~ one checks easily that those
functions X and Y defined above satisfy the equation

Wi+ W =

Y-1 X‘—1
e o X
This gives another proof that A(Fy) = ¢ — 1 (see [14]). O

Example 5.9. (See [4]). Consider the tower F3 over F, with ¢ = ¢* given recursively by

1-Y X4+X-1
Yyt X '

We have here that the ramification locus satisfies

f(X)Y) =

V(Fs)={PecC; (X{+X1—1)(P) =0 or Xi(P) =0,1,00}, and hence #V (F3) = £ + 3.

Denoting by Sy = {a € F, ; a/t! = a — 1}, we have that S, is contained in F, and
that
X+ X -1
X1
and hence the cardinality of the splitting locus satisfies #S(F3) > €. (£ + 1).
Again the hard matter here is to show the equality below
9(Cy) ¢ l+2

=i =
V() b0 degm, {(—1 2

S(F3) D{P e ; (P) = a with a € Sy},

We then conclude that the limit A\(F3) over the finite field Fys satisfies

20 — 1)

>
A(Fs) = (42
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The inequality above implies that

2002 — 1)

AR > —— -
(£) C+2

, for any prime power /.

This generalizes a result of Zink (see [33]) which corresponds to the particular case

when /£ is a prime number.

The tower F3 given here in Example 5.9 in the particular case when ¢ = 2, is the same

as the tower F; given in Example 5.7. Indeed just perform the substitutions

1 1
XHY and Yr—>?. O
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