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Abstract

We give an explicit construction of any simply-connected superconformal surface
¢: M? — R* in Euclidean space in terms of a pair of conjugate minimal surfaces
g,h: M? — R*. That ¢ is superconformal means that its ellipse of curvature is a cir-
cle at any point. We characterize the pairs (g, h) of conjugate minimal surfaces that
give rise to images of holomorphic curves by an inversion in R* and to images of su-
perminimal surfaces in either a sphere S* or a hyperbolic space H* by an stereographic
projection. We also determine the relation between the pairs (g, h) of conjugate min-
imal surfaces associated to a superconformal surface and its image by an inversion.
In particular, this yields a new transformation for minimal surfaces in R%.

1 Introduction
For any surface ¢: M? — R* in Euclidean 4-dimensional space the pointwise inequality
K +|Ky| < [|H[? (1)

holds at every point of M? [15]. Here K denotes the Gaussian curvature of M? and Ky
and H are the normal curvature and the mean curvature vector of ¢, respectively. In fact, a
similar inequality was derived by Guadalupe - Rodriguez [4] for surfaces of any codimension
in space forms of sectional curvature ¢, namely, K + |Ky| < ||H||? + ¢. Moreover, it was
shown that equality holds at p € M? if and only if the ellipse of curvature E(p) of ¢ at p
is a circle.

Recall that the ellipse of curvature of a surface ¢: M? — N* in a 4-dimensional Rie-
mannian manifold at p € M? is the ellipse in the normal space of ¢ at p given by

E(p) = {ao(X,X) : X € T,M and ||X] =1},

where a, is the second fundamental form of ¢ with values in the normal bundle; see [4]
and references therein for several interesting facts on this concept whose study goes back
almost a century to the work of Moore and Wilson [12], [13]. Observe that the property of
E(p) being a circle is invariant under conformal changes of the metric of N*.



Following the terminology in [1] we call a surface ¢: M? — R* superconformal if at
any point the ellipse of curvature is a circle. Thus, the class of superconformal surfaces is
invariant under Moebius transformations of R*. The condition of superconformality shows
up in several interesting geometric situations. For instance, for a compact oriented surface
integration of (1) over M? yields the lower bound [, |[H||> > 27X (M) + |X(T+M)| due to
Wintgen [15] for the Willmore functional of ¢ in terms of the Euler characteristics of the
tangent and normal bundles. Moreover, we have equality if and only if Ky does not change
sign and the surface is superconformal.

In this paper, we provide an explicit construction of any simply connected superconfor-
mal surface in R* that is free of minimal and umbilical points. Start with a simply connected
minimal surface g: M? — R*, oriented by a global conformal diffeomorphism onto either the
complex plane or the unit disk. Then, consider its conjugate minimal surface h: M? — R*,
each of whose components with respect to this global parameter is the harmonic conjugate
of the corresponding component of g (see [6] or [8]). Equivalently, h, = g, o J, where J is
the complex structure on M? compatible with its orientation. Notice that h is determined
by g up to a vector v € R*.

Now, let j+ and J_ be the two possible complex structures on TglM , and consider the
complex structures 7, and J_ on ¢*TR* given by

Jrogi=g.oJ and  Ji|piy = Ju.
Our main result reads as follows.
Theorem 1. Each of the maps ¢ M? — R* and ¢_: M? — R* defined by
or =g+ Jsh (2)

parameterizes, at regular points, a superconformal surface. Moreover, ¢ and ¢_ are con-
formal to g and envelop a common central sphere congruence that has g as its surface of
centers. Conversely, any simply connected superconformal surface that is free of minimal
and umbilical points can be constructed in this way.

By combining the preceding result with the generalized Weierstrass parameterization
of Euclidean minimal surfaces [6],[8] we have a parametric representation of all simply
connected superconformal surfaces in R*.

Recall that the central sphere congruence (or mean curvature sphere congruence) of a
surface in Euclidean space is the family of two-dimensional spheres that are tangent to the
surface and have the same mean curvature vector as the surface at the point of tangency.
Therefore, our result implies the fact already known by Rouxel [14] that superconformal
surfaces ¢: M?* — R* always arise in pairs (¢, ¢_) of dual surfaces that induce conformal
metrics on M? and envelop a common sphere congruence, namely, their common central
sphere congruence. Hence, the pair (¢, ¢_) provides a solution to the higher codimensional
version studied by Ma [9] of the problem, first considered by Blaschke for surfaces in R?, of
finding all such pairs of surfaces; see [5] for details on the latter and related facts.
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We observe that superconformal minimal surfaces in R* are holomorphic curves. Here
and elsewhere, by a surface f: M? — R* being holomorphic we mean that f is complex
with respect to a suitable complex structure of R*. Therefore, one obvious way to produce
examples of nonminimal superconformal surfaces is to take compositions of holomorphic
curves with an inversion in R*. Notice also that an isolated minimal point can always be
removed by an inversion. Hence, locally and from the point of view of conformal geometry,
assuming that the surface is free of minimal points in Theorem 1 is not essential.

Finally, we point out that there is a correspondence between holomorphic curves in CP3
and superconformal surfaces in R*. In fact, Theorem 5 in [1] states that ¢: M? — R* =H
is superconformal if and only if either [¢, 1] or [§, 1] is the twistor projection under Penrose
twistor fibration 7: CP? — HP' = S* of a holomorphic curve in CP?. Here H is the set of
quaternions, HP! the quaternionic projective space, (z,y) € H?\ (0,0) +— [z,y] € HP! the
canonical projection and z € H +— z € H the conjugation in H.

In the next result we determine how the holomorphic representative (see [6] or [8])
G =g+ ih: M? — C* =~ R* +R*

of the minimal surface g: M? — R* associated to an oriented superconformal surface ¢ is
related to the holomorphic representative G = § + ih of the minimal surface §: M? — R*
associated to its composition & = 7 o ¢ with an inversion Z in R* with respect to a sphere
of radius R taken, for simplicity, centered at the origin.

Theorem 2. Assume that ¢ is not the composition of a holomorphic curve with an inver-
sion. Then G = R?T o G, where T: C* — C* is the holomorphic map

Z
(2, 2)

and {(, )): C™ x C™ — C is the linear inner product on C™.

T(Z) =

(3)

For arbitrary m, the holomorphic map Tk := R?*T: C™ — C™ can be regarded as the
inmwversion in C™ with respect to the quadric

Q. ={2eC":(2,2) =k}

with & = R%. Notice that Ty is defined on C™ \ Qp and takes any quadric Qj, diffeomorphi-
cally onto Qpray.

As a byproduct of Theorem 2, we obtain the following remarkable property of the map
T that, in particular, yields a new transformation for minimal surfaces in R*.

Corollary 3. The holomorphic inversion map T' preserves the class of holomorphic curves
G = g+ ih: M? — C* whose real and imaginary parts g and h define conjugate minimal
immersions into R%.



Next we characterize the minimal surfaces that give rise, by means of the construction
of Theorem 1, to the superconformal surfaces that are images of holomorphic curves by an
inversion in R*.

Theorem 4. Let ¢: M? — R* be a superconformal surface parametrized by (2). Then, the
following assertions are equivalent:

(i) The surface ¢ is the composition of a holomorphic curve with an inversion in R%.
(17) The superconformal surface dual to ¢ degenerates to a constant map.

(i17) The minimal surface g is a holomorphic curve in R*.

We point out that Rouxel [14] already observed that all spheres of the central sphere
congruence of a composition of a holomorphic curve with an inversion pass through a fixed
point and that, in this case, the surface of centers is a holomorphic curve. This is essentially
the fact that the first assertion in Theorem 4 implies the remaining two.

In the process of proving Theorem 4, the following interesting duality between holo-
morphic and anti-holomorphic curves f: L? — C? was revealed. In the next statement we
denote by f~ the normal component of the position vector f in R* ~ C?, and by H, and
H_ the sets of holomorphic and anti-holomorphic surfaces in C?, respectively.

Theorem 5. The map between Hy and H_ given by f — f* = fN/2||fN|? is a bijection
such that (f*)* = f. Moreover, the metrics induced by f and f* are conformal.

Another class of superconformal surfaces in R* is that of stereographic projections of
superminimal surfaces in the sphere S*. Recall that a surface ¢g: L? — S* is superminimal
if it is minimal and superconformal; see [7] and the references therein for several character-
izations of this very interesting class of surfaces. From a global point of view, it is worth
mentioning that any minimal immersion of the sphere S? into S* is automatically super-
minimal [4], and that every compact Riemann surface admits a conformal superminimal
immersion into S* [2]. The latter result shows that there exist compact superconformal
surfaces in R* with arbitrary topology.

A further source of superconformal surfaces in R* arises by taking the stereographic
projections onto a ball in R* of superminimal surfaces in the hyperbolic space H*. The
latter were studied in [7] where, in particular, it was proved that there exist complete
embedded simply-connected examples that are not totally geodesic.

Superminimal surfaces in S* and H* can be regarded as the analogues of holomorphic
curves in R*. It is natural to ask for a similar characterization to that of Theorem 4 of
the minimal surfaces that produce, by applying the procedure of Theorem 1, stereographic
projections of superminimal surfaces in a sphere S}, = S*(Res; R) of radius R centered at
Res, or in a hyperbolic space

H;{z = H4(—R65,R) = {X € LS : <X + R€5,X + R65> = —RZ}
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Here we regard R* as the hyperplane through the origin and normal to the unit vector es
in either R® or Lorentzian space LL?, and by the stereographic projection of Hf, onto R* we
mean the map that assigns to each P € H} the point of R* where the line through the
points —2Res and P intersects R*. Our final result is the following.

Theorem 6. Let ¢: M? — R* be a superconformal surface parameterized by (2). Then,
the following assertions are equivalent:

(i) Either ¢ or its dual is the composition of a superminimal surface in a sphere S} (resp.,
H% ) with a stereographic projection of S§ (resp., Hy) onto B(0;2R) C R*.

(ii) Both ¢ and its dual are compositions of superminimal surfaces in a sphere S}, (resp.,
H% ) with a stereographic projection of S§ (resp., Hy) onto B(0;2R) C R™.

(i1i) The holomorphic representative G of g takes values in Qur2 (resp., Q_y4r2).

In order to relate the preceding result to Theorem 4, we observe that holomorphic curves
in R* can be characterized as the minimal surfaces whose holomorphic representatives take
values in the quadric Qg (see Proposition 17 below).

2 The ellipse of curvature

In this section we recall some of the basic properties of the ellipse of curvature of a surface
¢: M? — N*in a four-dimensional Riemannian manifold.

Given an orthonormal basis {Y],Y2} of the tangent space T,M at p € M?, denote
a;j = ay(Y;,Y;) for 1 <4, j < 2. Then, we have for any v = cos Y] + sin Y, that

ag(v,v) = H + cos QQW + sin 209, (4)

where H = %(0411 + @) is the mean curvature vector of ¢ at p. This shows that when v
goes once around the unit tangent circle, the vector ay(v,v) goes twice around an ellipse
centered at H, the ellipse of curvature E(p) of ¢ at p. Clearly, E(p) can degenerate into a
line segment or a point.

It follows from (4) that E(p) is a circle if and only if for some (and hence for any)
orthonormal basis of Tj,) M it holds that

<0412,0411 - 0422> =0 and HOén - 0422H = 2"0412“- (5)

Let {n, (} be an orthonormal basis of the normal space T(j(p)M at p with n = H/||H||.
Take {Y7, Y5} as an orthonormal tangent basis of eigenvectors of the shape operator A with
respect to ¢, and let 1 and —p be the corresponding eigenvalues. Denoting \;; = (4,Y;,Y))
for 1 <i,5 <2 we have

apr = pC+ Am,  aip = Apn and  age = —puC + Agn.
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Hence, condition (5) for E(p) to be a circle is that A\j; = A9y and A3 = p. Summarizing,
E(p) is a circle if and only if the shape operators A, and A have the form

AY: = AY; + Y, Ay = Yy
and (6)

with A\ = ||H||. Notice that in this case p is the radius of F(p). In particular, E(p)
degenerates into a point if and only if 4 = 0, that is, p is an umbilical point. If N* is
a space form, observe that the normal curvature Ky = (R+(Y},Y3)(,n) with respect to
the oriented orthonormal bases {Y1,Y2} and {n,(} of T,M and T df(p)M , respectively, is
K N — 2,[1,2.

It also follows from (5) that the property that E(p) be a circle is invariant under confor-
mal changes of the metric of N*. Therefore, any surface with circular ellipses of curvature
in a (globally) conformally flat 4-dimensional Riemannian manifold (in particular any su-
perminimal surface in S* or H*) gives rise to a superconformal surface in R%.

3 Superconformal surfaces from minimal surfaces

In the two first subsections of this section we prove Theorem 1, starting with the converse
statement. In the last one we characterize dual superconformal surfaces in R* that are
constructed from minimal surfaces in R? by the procedure of Theorem 1.

3.1 Proof of the converse of Theorem 1

Let ¢: M? — R* be a simply connected oriented surface that has nondegenerate circular
ellipses of curvature everywhere and nowhere vanishing mean curvature vector H. Let
{n, ¢} be an orthonormal normal frame with n = H/||H||. By the discussion in the previous
section, there exists an orthonormal tangent frame {Y7, Y5} such that the shape operators
A, and A are given everywhere by (6), with ¢ nowhere vanishing. Thus, we may assume
that g > 0 everywhere. Hereafter, we let M? and T d)LM be oriented by the orthonormal
frames {Y7,Y5} and {n,(}, respectively. Moreover, we always denote by J the complex
structure on M? compatible with its orientation.
We define g: M? — R* by
g=0o+rn, (7)
where r = 1/X. We write
¢ = 9.7 +ak, (8)

where Z € TM, £ is a unit normal vector field to g and a € C*°(M) is such that

12I? + @ = 1. (9)



Since ker(A, — Al) # 0 everywhere because p # 0, we have that a is nowhere vanishing.
Otherwise g,Z would be somewhere normal to ¢, which would imply, by taking tangent
components for X = Z in

0 X = g. X — <V7“, X>77 —rn.X, (10)

that Z € ker(A, — AI), and this is a contradiction. Thus, we may assume that a > 0
everywhere. Extend & to an orthonormal frame {&,d} of T QLM . It follows from (10) that
0=(n,¢.X) = (n,9.X) — (Vr, X), hence the tangent component to g of n is g.Vr. Thus,
we may write

n = g.Vr+ p& + bo (11)

for p,b € C*°(M) satisfying
IVr]? + p* + b = 1. (12)

Lemma 7. The following holds:
(i) p=0,b=%+a and JZ = Vr.
(1) h = —r( satisfies hy = g, o J.

Before proving Lemma 7, let us see how it yields the converse statement of the theorem.

It follows from part (i) that g and h are conjugate minimal surfaces. By (7), (11) and
part (i), we have

op=g—rn=g—rgVr=+tard. (13)

Now,
—Tg*VT = _Tg*(]Z - j:l:(_,rg*Z) — j:l:hT7 (]‘4)

where ht denotes the tangent component to g of the position vector . On the other hand,
if J, and J_ are the complex structures on 7| QLM defined by Ji& = F6, then

+ard = ji(—arf) = AN = TohY, (15)

where h? is the normal component to g of the position vector h. We obtain from (13), (14)
and (15) that ¢ is given by (2).

Proof of Lemma 7: The proof of Lemma 7 will be given in several steps. We start with the
following preliminary facts, where B, denotes the shape operator of g for v € T;M )

Sublemma 8. We have
(BsZ,X) = a(V%6,&) for any X € TM (16)

and
1
Hessr(Z) — ;Z + Be(aVr — pZ) +aVp = 0. (17)



The Codazzi equations for ¢ yields

{ Yi(p) = = (Y1) + pp(Ya) + 20Ty, . { Yi(p) = Ya(A) + pp(Ya) + 2uT'h,

an
Ya(p) = Mp(Ya) — pp(Yr) + 200, Yo(p) = Yi(A) — pp (Y1) + 2ul'Y,
where T, = (Vy.Y;,Y;) and 1 is the normal connection form of ¢ given by ¢(X) = (V%(, 7).

Subtracting each equation of the first system from the corresponding equation of the second
yields

{ Ya(A) + A (Y1) a8)

0
Yi(A) = Ag(Y2) = 0.

1
Differentiating g = ¢ + 1 and using (6) and (18) gives

1
g«Y1 = BB\ W(Yz)ﬁ + i Y + ¢(Y1)C)

1
9:Y2 = =4 (= (Y1)n + po Y + 9(Y2)() -

Therefore, the vector field ¥(Y7)d.Y: — ¥(Y2)¢.Ys + un is normal to g, and since it is
orthogonal to &, it is in the direction of §. Thus, from

Y1 = —po.Y1 + (Y1)
{ GYo = puep.Ys +(Ya)n,
we obtain that (.Y}, ) = 0, which is easily seen to be equivalent to (16). Then,
C.X = ¢.DX + (K, X)¢, (19)

where
DX =VxZ —aB:X and K =Va+ B:Z. (20)

The orthogonality between 1 and ( yields
(Z,Nr) +ap = 0. (21)
Hence,

(VxZ,Vry = X(Z,Vr) —(Z Hessr(X))
= —X(a)p —aX(p) — (Z,Hessr(X))
= —(pVa+aVp+ Hessr(Z), X). (22)

It follows from (19), (20) and (22) that

(G X,n) = (DX, Vr)+ p(K,X) =—(Hessr(Z) + Be(aVr — pZ) + aVp, X). (23)
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On the other hand,

(¢, 0.X) = X(¢, 9) = (&X, g —rn) = (Z,X) + r{¢.X,m), (24)

and thus (17) follows from (23), (24) and the fact that ¢ is normal to ¢.

The next step is to express (6) in terms of g. It is convenient to use the orthonormal
frame

1
X, = —=(Y1+Y,), X
1 \/5(1 2) 2

with respect to which (6) becomes
{ ApXi = (A +p) Xy 1 { AcXy = pXy
an
AWXZ == ()\ - IU)XQ ACXQ = /LXl

1
= %(3/1 —Y3),

Hence,
1:X1 = —(A 4 p) o X1 — ¥(X1)¢

1:Xy = —(A = )Xo — P(X3)¢ (25)
G Xi = —pdu X +(Xi)n, 1<i#j<2,
In view of (10), this is equivalent to
2. Xy = 01(9. X1 — rin) +rp(X1)¢
r2pn, Xy = 02(—guXo +ram) — 11p(X2)¢ (26)
Xy = —pg X+ p(rn X +rim) + 0(Xo)n, 1<i#j <2,

where 6; = (1 +rp), 0 = (1 —rp) and r; = (Vr, X;) for 1 < i < 2.
We have
nX = g QX + (T, X)§ + (P, X)0 (27)

where
QQ = Hessr — pB: — bB;

b
T = Vp + BgV’I“ + —BgZ
a
P =Vb+ B;Vr - Bs27.
a
To proceed we use that the normal connection form ¢ of ¢ can be written as
1
W(X)=——(Z,X) forany X € TM (28)
r

in terms of data related to g. This follows immediately from (17) and (23).



Using (28), the d-component of (26) gives
r?u(P, X)) = —6,bry
21 (P, Xs) = Oobry (29)
r?u(P, X;) = —rubr; + 6(Z,X;), 1<i#j<2.
Replacing the first two equations into the last two yields
r1=—(Z,Xy) and ry=(Z, X;). (30)
Taking the tangent component to g of (26) and using (30) we obtain
r2uQX, — 05X, +r.Z =0
r2uQXs + 0,8Xs +1Z =0

(31)
rDX; +rpuSXs — r?uQXs +ryVr =0
[ 7DXo + ruSX; — r?uQX, — i Vr =0,
where
S =1—(Vr*)Vr. (32)

Finally, computing the £-component of (26) yields
(T, X1) = —b1pr1 — a(Z, X1)
r?u(T, Xo) = Oopro + a(Z, X5) (33)
(K, Xi) = r*u(T, X;) +rppr; — p(Z, Xs), 1<i#5 <2
We now prove:

Sublemma 9. The metrics induced by g and ¢ are conformal. Namely,

TQMQ

a?

<g*X7 g*Y> = <¢*X7 ¢*Y> (34)

From (10) and (27) we have

0ij = (9 Xi, 0:X;) = (X, Xj) — miry — 2r(QX5, X)

QX0 QX,) 1 (T, X)T, X,) + (PX) P, X)) (%)

Taking inner products of the first and second equations in (31) by X5 and — X7, respectively,
and adding them up taking (30) into account, yields

<X1, X2> == O
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We compute from the first two equations in (31), bearing in mind (30), that
r2 QX Xi) = 01 (|| X [|* — i) — 3
r2p{QXz, Xo) = —0a(||[ Xa[* — 73) + i (36)
r{QXy, Xa) = —ryra.
Using (9) and (21), we have
rp?QXAP = O (X1 + ([Vrll? = 2)rT) = 261(r3 + aprirs) + (1 — a?)r}
rip? | QXa* = 03(11 X2 )* + (IVr[* = 2)r3) — 262(r — aprira) + (1 — a?)r? (37)
rt 2 (QX,, QXy) = (0102(1 + p? + b)) — 01 — 0o — a® + 1)riry — ap(61703 — 0y73).
From (30) and (33) we obtain
r?u(T, X,) = —01pr1 —ary and 72u(T, X3) = Oapry — ary.

Thus,
r4u2<T, X1)2 = prQTf + a2r§ + 201apriry

(T, X\ )T, X5) = (a* — 0102p%)r179 + Orapr? — Orapr? (38)
r* (T, Xo)? = 03p°r3 + a’r} — 20,apr 73,
From the first two equations in (29) we get
(P, X,)? = 026%r}
ru? (P, X5)? = 030713 (39)
r P (P, X0)(P, Xa) = —01056°r 7.
Replacing (36), (37), (38) and (39) into (35) we end up with
X0 = r%p® 4+ ]+ g = (| Xl
and (34) follows easily.

It follows from Sublemma 9 and (30) that JZ = Vr. We conclude from (21) that p =0,
hence b = +a by (9) and (12), and the proof of (i) is completed.

We now prove (ii). Replacing the first two equations of (31) into the last two gives

TDX1+SX2+T1Z+T’QV?":0 ( )
40
TDXQ—SX1+TQZ—T1VT:0,
that can be written as
rDX =—-JX — (Vr, X)Z. (41)
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On the other hand, replacing the first two equations of (33) into the last two yields

T<K, X1> = CL<Z, X2>
(42)
T<K, X2> = —a(Z, X1>
Taking (30) into account, the preceding equations reduce to
rBeZ 4+ V(ar) = 0. (43)

From (16) we have
B 1
V€ = =0.BeX + Vx{ = 0. BX — —(a,(Z, X) = (BeZ, X)€),

where a4 denotes the second fundamental form of g. Hence,
—arVx€ +17(BeZ, X)E = arg,Be X + roy(Z, X).
In view of (43) the left-hand-side is V x(—ar€¢). For the right-hand-side we have
arg.BeX +roay(Z,X) = arg.BeX +r(Vxg.Z - 9.VxZ)
= g.(arBeX —rVxZ — X(r)Z) + Vx(rg.Z).
Therefore, we obtain using (41) that
hX = g(arBeX —rVxZ — X(r)Z) = g.(—rDX — X(r)Z) = g.JX. 1

3.2 Proof of the direct statement of Theorem 1

For the proof of the direct statement we need the following general fact.

Proposition 10. Let g: M? — R™2 be a simply connected oriented minimal surface with
complex structure J compatible with the orientation and let h: M? — R""2 be a conjugate

minimal surface such that
he = g. o0 J. (44)

Then r = ||h|| satisfies |Vr|| < 1 everywhere. Moreover, on the complement of the subset of
isolated points of M? where a = \/1 — ||Vr||? vanishes, there exists a smooth unit normal
vector field & to g such that

h = —r(g.Vr+ af).

Furthermore,
(BsJV7r, X) +a(V%6,&) =0 for all § € span{¢}~+ (45)
and .
Be = J(rHessr—S)OJ, (46)

where S is given by (32).
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Proof: Decompose h = ¢, T + hY into tangent and normal components to g. From (44) we
obtain

VyT — By X = JX
(47)

ay(X,T) + VLrN = 0.

It also follows from (44) that the tangent components of the position vector h with respect
to g and h coincide. Since the latter is h,(rVr), we get

9L = h,(rVr) = g.(rJVr),

hence T = rJVr. From ||| = ||T||*> + ||hY||* we get 72 = r2||Vr||? + ||h™]|?, which implies
that ||[Vr|| < 1 holds everywhere. By the real analyticity of g and h the points where the
function a vanishes are isolated. On the complement of the subset of such points we have
|hN]| = ar. Thus, we can write hY = —ar¢ for a unit normal vector field £. Then, using
that Jo B = —B¢o J, for By is traceless, the first equation in (47) reduces to (46), whereas
the span{¢}+-component of the second yields (45). &

Setting d4+ = jig and 7y = ¢, Vr + ad4, we have from Proposition 10 that

G+ =g — TNt

It follows from (10) that 74 is a unit normal vector field to ¢4. Let ¢ be defined by (8)
with Z = —JVr. Then ¢ has unit length and is orthogonal to L. We obtain from (45)
that (19) holds, hence we have (23) with p = 0, and also (24). ;From (46) we get

rHessr(Z) — Z 4+ arB:Vr =0, (48)

which implies, using (23) (with p = 0) and (24), that ¢ is normal to ¢..

Therefore, to complete the proof it suffices to show that there exists an orthonormal
tangent frame { X7, Xo} (with respect to the metric induced by ¢.) satisfying (25). Since
Bs, and B are traceless symmetric 2 x 2 matrices, we have

(Bs, + BeJ)? = ol (49)

for some smooth functions a4. By analyticity, either a4 vanishes identically or it vanishes
only at isolated points. In the first case, a standard argument shows that the complex
structure J = J @ ji on g*TR* is a parallel tensor, hence defines a complex structure on
R* with respect to which ¢ is holomorphic. Then, in this case the conclusion follows from
Theorem 4. Therefore, we may assume in the sequel that a4 is nowhere vanishing, hence
there exists ps € C°°(M) such that ax = —a/r?us. Since Bs, + B¢J = arRy for some
reflection Ry by (49), it follows using (46) that

a

T2

1 1
Bs, = E(Hessr - ;S) - R.. (50)
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Let { X, X5} be the orthonormal basis of eigenvectors of Ry (with respect to the metric
induced by g), with Xi° corresponding to the eigenvalue +1 and X; = JX:. Define

xr=Exe <<
a

We claim that { X, X5} is the desired orthonormal frame. In order to prove (25), it suffices
to show that (26), or equivalently, (29), (31) and (33), holds for X" and X7 .

Since we have (30), because JX = X5 and JZ = Vr, system (29) reduces to its first
two equations. These are in turn equivalent to

rBs, Vr + ——R,Vr + V(ar) = 0,
UEES
which follows from (50). Now, (50) also implies that
@2
TQ =S+ —Ri'
T+

Moreover, from (46) we get (41), hence (31) is satisfied.
From (46) we also obtain (43), and hence (42). Moreover, (46) and (50) imply that

BeVr+ By, Z + ——RuZ =0,
L2

thus (33) is satisfied. Since we now have (36), (37), (38) and (39), then

follows by using that (X", X37) = 0 and || X;[|> = r?u2 /a® for 1 < j < 2.
Finally, that ¢, and ¢_ envelop a common central sphere congruence, with g as the
surface of centers, follows from the facts that for each p € M? we have

o+ (p) + Hi(p)/|1H+(p)|I” = g(p) = ¢—(p) + H_(p)/ || H-(p)|?

and
(¢4):TpM @ span{H, (p)} = (¢-).T,M ® span{H_(p)},
for ((p) is orthogonal to both subspaces. 1

Remarks 11. (1) It follows from the proof that ¢ may fail to be regular only at points
where the function a in Lemma 10 vanishes, that is, at points where the position vector of
h is tangent to g, and at points where the shape operator of g with respect to any normal
direction [ satisfies Bj, 5 = —BgoJ. The latter can be seen as the “holomorphic” points
of g, that is, points where the ellipse of curvature of ¢ is a circle.

(2) If we change the conjugate minimal surface h by h + v for any v € R? then the
corresponding surfaces ¢4 are changed by addition of Jiv. One can check that the latter

14



is just a parameterization of an open subset of the two-dimensional equator in S3(||v||)
orthogonal to v. Moreover, the parameterization is conformal to ¢ and singularities occur
at points where the ellipse of curvature of g is a circle.

(3) Tt follows from Sublemma 9 that the metrics (, ), and (, )_ induced on M? by ¢, and
¢_, respectively, are related by p3 (, )4 = p2(, )—.

(4) For any element of the associated family gy = cos #g+sin 6h of the minimal surface g, we
have a pair (¢, ¢”) of dual superconformal surfaces in R* determined by the pair (gg, hg)
of conjugate minimal surfaces gy and hy = — sin g+ cos h, which also satisfy hg, = gg, 0 J.
Namely, -

L= g0+ Tiho = TLg + Tih,

where B
J?0g, = g.(cosbI —sin0.J), T o g, = g.(sin@I + cosb.J)

and jﬁ|TgL » and j:€|TgL u are given, respectively, by
jfz|TgiM = cosfI —sin 07, jﬁ\TglM = sinf1 + cos0J+.
It is an interesting question whether {¢%} coincides with the associated family of ¢ in the

sense of [10], Corollary 2.7.

3.3 Superconformal surfaces from minimal surfaces in R3

In this subsection we consider the problem of determining when a pair of dual superconfor-
mal surfaces ¢, and ¢_ differ by an inversion in R*.

Proposition 12. Let (¢4, ¢_) be a pair of dual superconformal surfaces constructed from
a minimal surface g: L — R3 C R* by the procedure of Theorem 1. Then, the following
holds:

(i) The maps ¢, and ¢_ differ by a reflection with respect to R3.

(i1) For any inversion T with respect to a sphere centered at a point Py & R?, the maps
TZog, andLo¢_ define dual superconformal surfaces that differ by an inversion with
respect to the sphere T(R3).

Conversely, any pair of dual superconformal surfaces that differ by an inversion in R* arises
as in (i1).

Proof: Tf g: L* — R* is a minimal surface such that g(L?) C R3, then
¢+ =g+ Jh" + (h,N)ey,

where N is a unit normal vector field to ¢ in R3. This proves the first assertion. The second
follows from a well known property of inversions. For the converse, if a pair (¢4, ¢_) of

15



dual superconformal surfaces differ by an inversion in R* with respect to a hypersphere S,
then each element of their common central sphere congruence is orthogonal to S, since it
passes through a pair of inverse points. Then the image of S by an inversion Z with respect
to a point contained in it is a hyperplane R? and any element of the common central sphere
congruence of Z o ¢, and Z o ¢_, being orthogonal to R3, has its center therein. Therefore
T o ¢, and Z o ¢_ are constructed as in Theorem 1 from a minimal surface g: L? — R3.

The following example shows that minimal surfaces in R? give rise to nontrivial examples
of superconformal surfaces in R* by means of the construction in Theorem 1.

Example 13. Consider the catenoid and the helicoid in R?® parameterized, respectively, by

g(u,v) = (coshvcosu,coshvsinu,v) and h(u,v) = (—sinhvsinu, sinh v cos u, —u). Then
the corresponding dual superconformal surfaces given by Theorem 1 are

¢r =

cosh v

4 Proof of Theorem 2

(cosu — usinu, sin u + u cos u, v cosh v — sinh v, £u sinh v).

For the proof of Theorem 2 we need the following well-known fact.

Lemma 14. Let f: M™ — RY be an isometric immersion and let T be an inversion with
respect to a sphere with radius R centered at Py € RN. Then,

<f_P07€>
(f = Po, f— )

is a vector bundle isometry between the normal bundles Tf-M and T7 ;M. Moreover, the

PE=¢ -2

(f = Fo) (51)

shape operators A¢ and Apf are related by

1

A'pgzﬁ

((f = Po, [ = Po)Ae + 2(f = Fo, 1) (52)
In Section 6 we will need the following analogue of Lemma 14 for isometric immersions
f: M™ — L" into Lorentzian space and the “inversion”

R2

I(P):PO_(P—PO,P—PO>

(P_PO)v P#PO

with respect to the hyperbolic space HY ' := HY"'(Py; R) of radius R “centered” at
Py e LN, l.e.,
HY '={PeclL" : (P—-PR,P—-PR)=—-R*}.

Lemma 15. Let f: M™ — L~ be an isometric immersion and let T be an inversion with
respect to HIN ', Then (51) and (52) hold true if we replace R? by —R? in the latter.
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Proof: We provide a proof for the sake of completeness, which also applies for Lemma 14.
An easy computation shows that

- R2
L

where P: f*TLYN — f*TLYN is given by

Pof., (53)

PZ =7 —2(f — Py, Z){f = Po, f — Po)*(f — Fo).

Since P is easily seen to be a vector bundle isometry, it follows from (53) that it restricts to
a vector bundle isometry of TflM onto itself. Denoting by V the derivative in LV, equation
(52) follows by taking tangent components in

P S e iv_o e o =P B
— [ ApeX + VEPE =V .Y = Vx(¢ 2<f_ Pl ) (f = Ry))
_ R _ L

Proof of Theorem 2: Define
(=2 + ) 2@Py—AP¢)  and 7= (A4 7)) V2(A\Py + vPC)

where R?X = A||¢||> +2(¢, n), R*» = 2(¢,() and P is given by (51). Using (52), we obtain
that the shape operators A; and Ag ofp=To¢p= ﬁ¢ are given as in (6) with A and p
replaced, respectively, by

e 1
A= N+ and i = gzlol’n

The pair (g, h) of conjugate minimal surfaces associated to ¢ is

_ X % s - 7Pn — \
§=¢+fﬁ:d)+7z\z+;m and h:-fg:—%. (54)
We have B
RN+ X) =4((¢, ) + (6, m)* + Mo, m18]*) + A2 ¢]|*. (55)
On the other hand, from
Po=n-23ie ad PO -2
we obtain
_ 4 2 2
R(NPy + 7PC) = 2(6, €)C + 206, 1) (1 — Ad) + Mo|2n — 2UET T 55

Il
17



and
R* (0P — APC) = 2(¢, ) (n+ Ad) — (2(¢,m) + A[o]*)¢. (57)
Using that A = 1/r, ¢ = g —rn and h = —r(, we have

1
(6,Q) = =={g,;h), (o:n) ={g;m) —r and [|8]* = llgl|* = 2r(g.n) +r*,
Thus,
- 1
)\2 —2 — 4 h 2 2 h 2\2 ]
#7 = s (g, P+ (gl = A2
Hence, from (54) we get
1._ @ AP0 +7P¢ _ (lgll® = 1Ihl*)g +2(g, h)h
r27 ol B2+ N%) &g, )? + ([lgl)? = [1A]?)?
and ) )
15 29, hg — (lgll” — IA[I")
Rr2 &g, h)?+ ([lgl* — [[R]*)
Therefore,

(9,h) = Fo(g,h),

where F: R"2 x R*""2 — R"2 x R"2 i5 given by

1 (T = VIR + 20, VIV.2U, VW = (U1 = IVIE)V)
FE.V) OV (U — VPP

R2
Then, as a map F: C"™2 — C"*2, we can write I as

L - <<ZaZ>> ~7 Z _ (7Y
R Rz’ "z !

Remark 16. For an inversion 7 with respect to a sphere centered at an arbitrary point
Py € R*, the formula in Theorem 2 becomes § — Py — ih = Tr o (g — Py + ih).
5 Superconformal surfaces and holomorphic curves

The main goal of this section is to prove Theorems 4 and 5. Along the way we establish
some additional facts on holomorphic curves and their compositions with an inversion in
R*. We also look at the Whitney sphere in the light of our results.
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5.1 A characterization of holomorphic curves

In this subsection we prove the following characterization of holomorphic curves that is
interesting on its own right.

Proposition 17. Let g: M? — R* be a simply connected oriented minimal surface whose
holomorphic representative g+ ih: M? — C* takes values in the quadric Qo C C*. Then, g
is holomorphic with respect to some complex structure J on R* and its conjugate minimal
surface is h = Jg.

Proof: By the assumption we have
(9.h)=0 and |g|* = |[]I*. (58)

Differentiating the ﬁrst of equations (58) and using that h, = g¢. o J, we obtain that the

tangent components g” and hT of the position vectors of g and h, respectively, are related by

h' = JgT'. Then, by (58) there exists a complex structure J on T LM such that JgV g = hN.
D1fferent1at1ng (58) twice gives

<ah(X> Y)’9N> = _<O‘Q(X’ Y)>hN> = _<O‘Q(X> Y)> jgN> = <ng(X’ Y)>9N>

and
<O‘h(X> Y)>hN> = <O‘g(X’ Y)agN> = _<O‘g(X> Y)> th> = <jag(X’ Y)’hN>'

Hence, oy, = J o ay. Since conjugate minimal surfaces satisfy a,(X,Y) = ay4(X, JY), it
follows that A
a (X, JY) = Ja,(X,Y).

Thus, the complex structure J = J @ J on ¢*TR?* extends to a complex structure on R*
with respect to which g is holomorphic, and we have that h = Jg. 1

5.2 Minimal surfaces and inversions of holomorphic curves

We now determine the holomorphic representative of the minimal surface associated to the
composition of an inversion with a holomorphic curve. Given an oriented holomorphic curve
f: M? — R* we denote by J the complex structure on T "M determined by the opposite
orientation to that induced by the vector bundle isometry P: T# M — T OfM from the
orientation on T3 s M defined as in the proof of Theorem 1.

Proposition 18. Let f: M? — R* be a holomorphic curve and let I be the inversion in R*
with respect to the sphere of radius R centered at the origin. Then, the holomorphic curve
in C* associated to f =T o f is

- R?
G+ ih =
2[| f12

(SN +id ). (59)
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Proof: Following the proof of Theorem 2 with A = 0, we obtain from (55) that
RY(7* + %) = 4| f™1*.
On the other hand, (56) and (57) now reduce, respectively, to

203 _ N P
R*(APn+vP¢) =2f" —4 G f (60)
and B .
R*(Pn — APC)) = 2(f,¢)n — 2(f,m¢ = —=2J fV. (61)

Then (59) follows from (54), (60) and (61). B

Remark 19. For an inversion Z with respect to a sphere centered at an arbitrary point
Py € R, formula (59) becomes

R2
2||(f — P)

where (f — Py)" is the normal component of the position vector of f with respect to F.

G+ih =P+ NW«f—%PH%ﬂf—%WL

The first assertion in Theorem 5 is a consequence of the following general fact.

Proposition 20. Let f: M™ — C"*? be a holomorphic isometric immersion of a Kaehler
manifold of real dimension 2n. Then F = fN /|| fV||? is anti-holomorphic with respect to the
complex structure J of C"*P if and only if fT € ker 04]%, where 04]% is the span{ fN, JfN}+
component of ay. In particular, this is always the case if the complex codimension is p = 1.

Proof: Denote for simplicity ¢ = f and h = fT. We have
g*Z =7 — Vzh - Oéf(Z, h)

and
9.7 =—-AlZ +V3q.

We conclude that
9:Z = —AlZ —ay(Z,h).

Then .
F.Z = W(HQII%Z —2(g.Z,9)9),
and hence
Igll*F.Z = =||g*(ALZ + a(Z, k) + 2(as(Z, h), 9)g.
Equivalently,
1
I9|*F.Z = —A}Z + W((@f(Z, h),g)g — (ap(Z, h), Jg)Jg) — aF (Z, h).

It is now easy to see that

F,oJ=—JoF, ifand only if hekeroz}. I
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Remark 21. Now that we know that for a holomorphic curve f: M? — R* with respect
to a complex structure J on R* the map f~ /|| fV||? defines an anti-holomorphic curve with
respect to J, it follows that the complex structure J on TflM is the restriction of —J to
TfLM :

5.3 Proof of Theorems 4 and 5

Proof of Theorem 4: If either ¢ or its dual parameterizes the composition of an inversion
with respect to a sphere of radius R centered, say, at the origin, with a holomorphic curve
with respect to a complex structure .J, then the associated minimal surface is g = %,
which is anti-holomorphic with respect to J by the assertion in Theorem 5 already proved.
If either ¢ or its dual only takes the value 0, then the holomorphic representative g+ih of the
associated minimal surface g takes values in Qy, and hence (7i7) follows from Proposition 17.
Conversely, if ¢ is holomorphic with respect to some complex structure J on R* h = Jg
and j+ is the restriction of —7 to T;M, then ¢_ reduces to the constant map ¢_ = 0

and its dual is ¢, = 2¢". Thus, the assertion in Theorem 5 already proved implies that
¢ = ¢, =2g" isasin (). B

Proof of Theorem 5: We already know that f +— f* = f& /2] fV]|> maps H, into H_. Since
f* is the minimal surface associated to f/||f||* by Proposition 18, that f and f* induce
conformal surfaces on L? follows from Theorem 1. Finally, since f* is anti-holomorphic
with respect to J, the fact that f* is the minimal surface associated to f /|| f||* implies that

FILFI? = 2(f)Y. Hence,

2N MY
= RYE 2R E - U

In particular, this implies that the map f — f* is a bijection between H, and H_. 1

S

5.4 The Whitney sphere

The Whitney sphere is the immersion

(z,y,2) € S* (z(1+142),y(1 +iz)) € C?

14 22

of the unit sphere S?(1) into the complex Euclidean plane. Among several interesting
characterizations, the one that concerns this paper is as the only Lagrangean superconformal
surface in C? due to Castro [3].
The Whitney sphere is just the composition Z o f of the holomorphic curve f: C* — C?
given by
f(z) = (2,1/2)

with the inversion Z with respect to the sphere of unit radius centered at the origin.
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By Proposition 18, if we orient S§* and 77, S as described in the paragraph preceding
it, then the pair (g, h) of conjugate minimal surfaces associated to Z o f is given by

1 :
gzifofN and h:%IofN.

An easy computation shows that

1

=1 (1/z.2) and h(z) = (1/2,2).

9(2)

In fact, the construction of Theorem 1 applied to g gives

11
g+j_h:2gN:§Io§f:Iof.

6 Superconformal and superminimal surfaces

In this section we prove Theorem 6 and illustrate our result with the Veronese surface.

6.1 Proof of Theorem 6

First we consider the case of St = S*(Res; R). Regard the stereographic projection of S%
onto R* as the restriction to S} of the inversion Z in R® with respect to the sphere of
radius 2R centered at 2Res;. Now, given a superminimal surface f: M? — S}, we obtain as
in Proposition 18 (see also Remark 19) that the pair (g,h) of conjugate minimal surfaces
associated to Z o f is

20 ¢ N 27 f N
2R (f 2R65) and h— 2R J(f 2R€5)

g = 2Re; + = )
"I = 2Res)N|? [(f — 2Re;)N|[?

where (f — 2Res)" is the normal component of f with respect to 2Res. Thus,
(9:h) =0 and |lg—2Res| = ||A], (62)

and hence g + ih takes values in Qyp2.

Conversely, assume that the pair (g,h) of conjugate minimal surfaces that gives rise
to ¢y and ¢_ satisfies (62). We claim that Z o ¢, is a superminimal surface in S. The
arguments for ¢, and ¢_ being the same, in the sequel we omit the subscript + for simplicity

of notatipn.
Set R =2R, Py = 2Res; and define

vPn — AP¢ _ AP+ 0P¢

(= (N2 + 72172 and 1= (N2 + p2)1/2’
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where P is the vector bundle isometry between T/ M and Ty, ;M given by (51),
Rv=2(¢— Py, () and R*X=\|¢— Po|>+2(¢ — Py, m).

Using Lemma 14, we obtain that the shape operators flﬁ and flg of 7 o ¢ are given as in
(6) with A and u replaced, respectively, by

- e — P2
)\ = ()\2 + I/2)1/2 and Q= H R2 OH

. . 1 1 .
Since (62) holds, using that h = _XC and g — Py =¢ — Py + N we obtain

(6= Po.Q) = (9= Py — y1.C) =0

and

-2 1 1

T(d) — Py, ) = |l¢ = Rl + 2 lg = Poll* = [l — Poll* + 2 2] = llo — Poll*.
Thus, 7 = 0 = A, and hence A = 0, which is equivalent to Z o ¢ being superminimal.

In the case of H}, = H*(—Res; R), let Z: H}, — R* denote the stereographic pro-
jection defined in the introduction. Notice that the image of Hp by Z is the open ball
B(0;2R) C R*, the induced metric on B(0;2R) being the Poincaré hyperbolic metric of
constant sectional curvature —1/R?. Observe also that Z can be regarded as the restriction
to H} of the “inversion” Z on L° with respect to H*(—2Res; 2R) (see Lemma 15). Taking
Lemma 15 into account, the remaining of the proof is entirely similar to that of the spher-
ical case, the conclusion now being that (g, h) is the pair of conjugate minimal surfaces
associated to Z o f, where f: M? — Hj} is a superminimal surface, if and only if

(9,h) =0 and (g+ 2Res, g+ 2Res) = (h, h), (63)

that is, if and only if g + ih takes values in Q_4p2. 1

6.2 The Veronese surface
The Veronese surface f: S? /3= S* C R® given by
1 2 s 1 5 2 2
f(xaya Z) = 2—\/3(2553/, 2552,2:(/2,.1‘ —-v, ﬁ(x + y — 2z ))

is a superminimal surface with constant normal curvature in the sphere. In spherical coor-
dinates (z,y, z) = v/3(sin ¢ cos @, sin @ sin §, cos @), we can write f as

2 1
—3f(<p, 6) = sin® p X + sin 20Xy + —=(1 — 3 cos? p)es,

V3 V3
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where (¢, ) € (0,7) x (0,27) and
X1 =sin26e; + cos26ey, Xy = cosfey + sinfes.

We have 2 of
—— =sin2pX; + 2 20X 3sin 2
\/§3g0 sin 20 X1 + 2cos2¢p 2+\/_81n pes
and 5 9
ﬁﬁ_g = 2sin® p X3 + sin 20Xy,
where

X3 = cos20e; —sin20ey, X4 = —sinfey + cosbes.

Thus, an orthonormal frame {n, (} of TfLSf /3 Is given by

n=—cospXs+sinpX,, 2= (14 cos?p)X; — sin2¢X, — V/3sin pes.

Identifying R* with the tangent space of S(es, 1) C R® at the origin and viewing f as a map
into S(es, 1), the pair (g, h) of conjugate minimal surfaces associated to the stereographic
projection of f onto R* is

(f —2e5)Y J(f — 2e5)N
eV d h=9"2\ =)
2 ™ 20— 2en) VP

where (f —2e5)" denotes the component of the position vector f —2es in the normal bundle
of f (as a map into S(es, 1)). Using that (f —e5)" = 0, we obtain

g =2e5+ 2

1 (n,es)n + (¢, €5)¢ ¢ 1 n
—g=e5— =e5 — and —h=— .
29 =% (n,e5)? + (¢, e5)? ’ (C,es5) 2 (C,es5)
Therefore, we have the conjugate minimal surfaces
2 4
= — (1 +cos® p)X; —2singcos pX,) and h = ——— (cos X3 — sin Xy,
\/gsin%(( ©) X1 @ cos pX3) \/gsin%( X3 2
which induce the complete metric
4(1 + 3 cos®
d$2: ( + o cos QO) (sin2 @d29+d290)

sin® ¢
Amazingly enough, in this case we have a compact superconformal surface generated as in
(2) by a complete unbounded minimal surface.
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