Frobenius theorem for foliations
on singular varieties

by D. Cerveau & A. Lins Neto!

Abstract. We generalize Frobenius singular theorem due to Malgrange, for a large class
of codimension one holomorphic foliations on singular analytic subsets of CV. As a con-
sequence we obtain the following : let M be a smooth complete intersection sub-variety of
PN, where dim(M) > 3. Then the singular set of any codimension one foliation on M
has at least one component of codimension two.
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1. INTRODUCTION AND STATEMENT OF RESULTS

In 1976 B. Malgrange proved the following result (cf. [M]) :
Malgrange’s Theorem. Let w be a germ at 0 € CV of a holomorphic integrable
1-form. Suppose that the singular set of w has complex codimension greater than
or equal to three. Then there exist germs of holomorphic functions f and g, where
9(0) # 0, such that w = g.df.

In other words, if we take representatives of the germs w and f in a neighborhood
U of 0 € CV, then f is a first integral of the codimension one foliation on U defined
by the differential equation w = 0. In this paper we generalize this result, in certain
cases, for germs of foliations in a germ of an analytic subset of CV. Before stating
our main result, we need a definition.

Let X be a germ at 0 € CV of an irreducible analytic set of complex dimension
n > 2, with singular set sing(X). Let X* = X \ sing(X). Consider an open
neighborhood B of 0 € C¥ such that X, sing(X) and X* have representatives,
wich will be denoted by Xp, sing(Xg) and X5 := Xp \ sing(Xp), respectively. If
B is small enough then X5 is a smooth connected manifold of complex dimension
n. In this case, we define a singular complex codimension one foliation on X} as
usual (cf. [LN-BS]). The singular set of a foliation F on a complex manifold M
will be denoted by sing(F). We observe that it is always possible to suppose that

1This research was partially supported by Pronex.
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codpr(sing(F)) > 2, in the sense that there exists a foliation G on M such that
codp(sing(G)) > 2 and G = F on M \ sing(F) (cf. [LN-BS]).

Definition 1.0.1. A germ F, of codimension one holomorphic foliation on X*, is
defined by the following data :

(a). There exists an open neighborhood B of 0 € CN as above and a codimension
one foliation Fp on X3.
(b). If 0 C U C B is an open set such that X[, is connected then there exists a
codimension one foliation Fy on X, such that .’FB|X;«] =Fu.
The germ F is the collection {Fytocucn. The singular set of F is the
germ of analytic subset of X* defined by the collection {sing(Fu)}ocucn-

For example, let w be a germ at 0 € C of holomorphic 1-form such that w|x« % 0
and wAdw|x= = 0. If codx~(sing(w|x~)) > 2 then it defines a germ of codimension
one foliation on X*. This germ will be denoted by F,,.

We would like to observe that when codx«(sing(w|x+)) > 1 then there exists
a germ of foliation F, with codx~(sing(F)) > 2, such that F|x«\sing(w) coincides
with the foliation induced by w on X* \ sing(w) (cf. [LN-BS]). This is the case of
example 1.1 after the statement of the main theorem.

Definition 1.0.2. Let X be an irreducible germ of analytic set at 0 € CN with
dimension n < N. We say that X is k-regular, 0 < k < n, if there exists a neigh-
borhood U of 0 € CN and representatives Xy, sing(Xy) and X}y of X, sing(X)
and X*, respectively, such that : For any germ of holomorphic k-form n on X;
there exists a holomorphic k-form 68 on U such that 0|X5 =1.

Main Theorem. Let X be a germ of irreducible analytic set at 0 € CV, of
dimension n, 3 < n < N, and F be a germ of holomorphic codimension one
foliation on X*. Suppose that :

(a) HY(X*,0) =0.

(b) X is k-regular for k =0,1.

(¢) F is defined by a holomorphic (germ of) 1-form w on X* such that

codx«(sing(w)) > 3.

(d) dim(sing(X)) < dim(X) — 3.
Then there exist germs of analytic functions f and g at 0 € CN such that g(0) # 0
and w = g.df|x~. In other words, f|x+ is a first integral of F.

In the appendix, we will see that hypothesis (a) and (b) of the main theorem
are fulfilled when X is a complete intersection and dimc(sing(X)) < dimc(X) —3.
This implies the following :

Corollary 1. Let X be a germ of irreducible analytic set at 0 € CN, of dimension
3 <n < N, and F be a germ of holomorphic codimension one foliation on X*.
Suppose that :

(a) X is a complete intersection.

(b) dimc(sing(X)) < dim(X) — 3.

(¢) F is defined by a holomorphic (germ of) 1-form w on X* such that

codx~(sing(w)) > 3.

Then F has a holomorphic first integral.



Another fact that will proved in the appendix is that when X is a com-
plete intersection with an isolated singularity at 0 € CV and dim(X) > 4 then
H'(X*,0*) = 1. This implies hypothesis (c) of the main theorem and we get the
following consequence :

Corollary 2. Let X be a germ of irreducible analytic set at 0 € CN, of dimension
4 < n < N, and F be a germ of holomorphic codimension one foliation on X*.
Suppose that X is a complete intersection with an isolated singularity at 0 € CN
and that codx~(sing(F)) > 3. Then F has a holomorphic first integral.

As an application, we obtain a generalization of a result due to F. Touzet (private
communication) : if n > 3 and M" is a smooth hypersurface of P"*! then there is
no non-singular holomorphic codimension one foliation on M.

Corollary 3. Let M™ be a smooth algebraic submanifold of PN with dimension
n > 3 and G be a codimension one holomorphic foliation on M. If M is a complete
intersection then sing(G) has at least one component of codimension two in M.

The proof can be done as follows : let X C CN*! be the cone over M and
7m: CN+1 5 PN be the natural projection. Note that X is a complete intersection
of dimension > 4. Suppose by contradiction that M admits a foliation F such
that cod(sing(F)) > 3. Consider the foliation G = 7n*(F) on X*. Its singular
set has codimension > 3 and dim(X) > 4, and so by corollary 2 it has a non-
constant holomorphic first integral. In particular, it has a finite number of leaves
accumulating at the origin. On the other hand, all leaves of G must accumulate at
the origin, because G = 7*(F), a contradicition.

We observe that corollary 3 was already known for M = P™, n > 3 (cf. [LN]).
It was used in [LN] to prove that codimension one foliations on P", n > 3, have no
non trivial minimal sets.

Example 1.1. An ezample without holomorphic first integral. Let X be the quadric
in C* given as
X ={(z,y,2,t); xy = 2t} .

In this case, sing(X) = {0} and X* = X\ {0}. Let IT: C*\ {0} — P3 be the natural
projection. It is known that II(X*) ~ P! x P. Moreover, 7 := II|%: X* — P! x P!
is a submersion. Let G be the non-singular foliation on P! x P! whose leaves
are the rules P! x {pt}. Then F := 7*(G) is a non-singular codimension one
foliation on X*. Note that any leaf of F is a 2-plane passing through 0. This
implies that the germ of F at 0 € X has no holomorphic first integral, because a
foliation with a holomorphic first integral has only a finite number of leaves through
0 € X. We would like to remark that X satisfies hypothesis (a), (b) and (d) of
the main theorem (see the apendix), but F do not satisfy (¢). In fact, F has the
merophorphic first integral z/x = y/t on X*. In this way, F can be defined in the
set Uy = {(z,y,2,t) € X*; 2 # 0orz # 0} by the 1-form w; = zdx — zdz and in
the set Uy = {(z,y,2,t); y # 0ort # 0} by the 1-form w; = tdy — ydt. In the
intersection U; N Uy we have wy = g19.wy, where gio = 22/t2 = 22 /32,

Example 1.2. An example in which the conclusion of the main theorem is true,
but which do not satisfy hypothesis (b). Let ¢: C3 — C° be defined by

d)(xvyvz) = (132, y27227$y’1‘2ay271‘3vy3733) .
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As the reader can check, ¢|cs\(oy: C*\ {0} — C?\ {0} is an immersion. Therefore,
X := ¢(C?) has an isolated singularity at 0 € C° and X* = X \ {0}. Since X* is
biholomorphic to C3 \ {0}, we have H1(X*,O) = 0 and H'(X*,O*) = 1. Hence,
X satisfies hypothesis (a) and (d) of the main theorem. If F is a foliation on X*
then it is defined by a holomorphic 1-form on X* and the conclusion of the main
theorem is true : if F has no singularities on X* then it has a holomorphic first
integral, by Malgrange’s theorem. However, X do not satisfy hypothesis (b) of the
main theorem : the function f € O(X*) defined by f = xo0¢~!: X* — C has no
holomorphic extension to a neighborhood of 0 € C°.

Example 1.3. An example of singular variety which is not a complete intersection
and which admits foliations without meromorphic first integral. Let T C P™ be a
complex tori of dimension > 2 and G be a codimension one foliation on T' without
singularities and with dense leaves. Let m: C"*1\ {0} — P" be the natural pro-
jection. Set X* = 7~ }(T) and F = 7*(G). In this case, X = X* U {0} has an
isolated singularity at 0 € C™*!. Each leaf of F is dense in X*, and so it has no
meromorphic first integral.

Let us state some problems which arise naturally from the above results and
examples. The first one concerns the quadric of example 1.1.

Problem 1. Let X be the quadric (zy — 2t = 0) C C* and G be a germ at 0 € C*
of non-singular codimension one foliation on X*. Suppose that G is not defined by
a holomorphic 1-form as in (c) of the main theorem. Does there exists a germ of
automorphism ¢: (X,0) — (X, 0) such that G = ¢*(F), where F is the foliation of
example 1.1 7

Example 1.2 motivates the following :

Problem 2. Can we substitute hypothesis (b) of the main theorem by another
more general, in such a way that the result applies in the case of example 1.2 7

As mentioned before the fact that the singular set of a codimension one foliation
F on P n > 3, has at least one codimension two irreducible component was used
in [LN] to prove that F has no non-trivial minimal set. Corollary 3 motivates the
following :

Problem 3. Let M C PV be a smooth complete intersection of dimension n > 3. Is
it possible that M admits a codimension one foliation F with a non-trivial minimal
set 7

This work will be organized as follows. In §2 we will state some basic results
that will be used in the proof of the main theorem, specially the construction
of the Godbillon-Vey sequence associated to an integrable 1-form w such that
cod(sing(w)) > 3. The main theorem will be proved in §3.

We would like to mention that the problem of extending Malgrange’s theorem
for singular germs was posed to us by R. Moussu. He told us that the problem was
posed to him by H. Hauser. We would like to acknowledge them and also A. Dimca
for some helpfull suggestions.

2. BASIC RESULTS

2.1. Godbillon-Vey sequences. One of the tools that will be used in the proof
of the main theorem is the so called ”Godbillon-Vey sequence” associated to a
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foliation (cf. [Go]). Let M be a holomorphic manifold of dimension n > 2 and w
be a holomorphic integrable 1-form on M.

Definition 2.1.1. A holomorphic Godbillon-Vey sequence (briefly h.g.v.s.) for w,
is a sequence (wi)k>o of holomorphic 1-forms on M such that wg = w and the
formal 1-form Q on (C,0) x M defined by the power series

Q:=dt + Z F Wi
§=0
is formally integrable, that is
QAdQL=0

It is not dificult to prove that the above relation is equivalent to

k
(1) dwk:wo/\wk+1+z (j) Wi A Wikt1—j 5 Vk>0.
j=1

By using (1), it can be proved by induction on k > 0, that a sufficient condition
for the existence of a h.g.v.s. for w is that it satisfies the 2-division property, which
is defined below :
{-division property (briefly ¢-d.p.). We say that w satisfies the ¢-d.p., if for any
© € Qf(M) such that w A © = 0 then there exists a n € Q~1(M) such that
© =wAn (cf. [M] and [Mo]).

For instance, if w satisfies the 2-d.p., the first three steps of the h.g.v.s. can be
obtained as follows

woNdwg = 0 = dwy = woAw1 — dwoAwi—woNdwi =0 — woNdw; =0 —

= dw; =woNwy — dwo/\LUQ—wo/\dLUQZO — wo/\(dw2—w1/\w2) —
2 2
= dwy =wo Aw3z+ w1 Awy =wg Aws + 1 w1 N\ wg + 9 w2 Nwy = ...

Remark 2.1.1. If cody(sing(w)) > 2 then w satisifies the 1-d.p., that is, if © €
QY (M) is such that w A © = 0 then there exists g € O(M) such that © = g.w.

In the next result we give a sufficient condition for w to satisfy the 2-d.p..

Lemma 2.1.1. Let M be a complex manifold of dimension n > 3 and w be a
holomorphic 1-form on M. Assume that cody(sing(w)) > 3 and H*(M,0) = 0.
Then w satisfies the 2-division property.

Proof. Let © € Q?(M) be such that © A w = 0. Since cody(sing(w)) > 3, the
2-d.p. is true locally on M (cf. [M]). It follows that there exists a Leray covering
U = (Uj)jes of M and a collection (n;) e, n; € Q' (Uj), such that Oy, = n;Awly,,
for all j € J. If U;; :=U; NU; # 0, then

(nj —mi) Awly,; =0 = nj —mi = gij -wl|v,,; »

where g;; € O(U;;). Note that the collection (g;)u,, 20 can be considered as an
aditive cocycle in C'(U, O). Since H'(M, O) = 0, there exists (f;)jes € CO(U,O)
such that g;; = f; — fi; on U;; # 0. Hence there exists n € Q!'(M) such that
nlu; :=nj — fjw|u,. This form satisfies © = n A w. d



Now, let X be a germ of irreducible analytic set at 0 € CV, of dimension n,
3 <n < N, such that H*(X*,0) = 0. Let w be a germ of holomorphic integrable
1-form on X* with codx-(sing(w)) > 3. In this case, if we take a ball B ¢ CV
with small radius then we can assume that :
(I). X, sing(X) and X* have representatives on B, say Xp, sing(Xp) and
X5 = Xp \ sing(Xp), respectively, where X5, is a connected complex manifold
with dimension n > 3.
(IT). w has a representative wp € Q' (X}) such that codxs (sing(wp)) > 3.
(II1). H'(X§%,0) = 0.

Since B will be fixed from now on, for simplicity we will use the old notations :
Xp =X, X5 =X"* sing(Xp) = sing(X), wp = w.

As a consequence of lemma 2.1.1, we have the following :

Corollary 2.1.1. In the above situation there exists a h.g.v.s. for w, say (wg)k>0,
where wy = w.

2.2. Resolution of X and h.g.v.s. Let B C CV, X, sing(X), X* and the h.g.v.s.
(wj)j>0 of wy = w be as in section 2.1. In this section we will suppose that X is
0 and 1-regular. In particular, we can take the ball B in such a way that, for any
j > 0 there exists a holomorphic 1-form n; on B such that n;|x+ = w;.

Consider a resolution of (B, X) by blowing-ups IT: B — B (cf. []). The complex
manifold B and the holomorphic map II are obtained in such a way that :

(A). The strict transform X of X by I is a connected smooth complex submanifold
of B of complex dimension n = dim(X). Set 7 :=1|g: X — X.

(B). E := II"!(sing(X)) N X is a connected codimension one analytic subset of
X. Moreover, F is a normal crossing sub-variety of X , which means that for any
p € F there exists a neighborhood V of p in X such that V N E is bimeromorphic
to an union of at most n pieces of (n — 1)-planes in general position.

(C). The maps I3, 5 B\ E — B\ sing(X) and T \g: X\ E — X* are bimero-
morphisms.

Let X* ;=111 (X*) = X\ E. If we set 7j; := I1*(;), j > 0, then #; € Q'(B) and
fj| g+« = ™ (wj), so that 7*(w;) can be extended to a holomorphic 1-form @; := 7;| ¢
on X, for all j > 0. Set @ = &.

We can assume that the blowing-up process begins by a blowing-up at 0 € CV.
In this case, II7!(0) has codimension one in B. This implies that :

(D). The analytic set D := II"1(0) N X C E has codimension one in X, is a
normal crossing codimension one sub-variety of X and is connected (because X is
irreducible).

Remark 2.2.1. The sequence (&;);>0 s a h.g.v.s. for & = &y.
Lemma 2.2.1. For any k > 0 we have &g|p = 0.

Proof. Let p be a smooth point of D. Since dim(D) = n — 1 = dim(X) — 1,
we can find a local coordinate system [U, (u,z,v) € C*~! x C x C¥~"] such that
UNX=w=0)and UND = (z=0)N (v ="0). In this coordinate system we can
write II|y = (X1, ..., Xn), where X;: U — C and X (u,0,0) = 0. This implies that
N-—n
X;(u,z,v) = z.A;(u,z,v) + Z v;. By (u, z,v) .

i=1



It follows that

N—n
II*(dz;) = Aj.dz + z.dA; + Y Bydv; +v;.dBy; = II*(dz;)|pov =0 .
=1
Hence, &k|pruv = II*(nk) | pnu = 0. =

Remark 2.2.2. Note that the foliation *(F,), which in principle is defined only

on X*, can be extended to the foliation Fg on X.

On the other hand, in general the singular set of @ has components of codimen-
sion one. After dividing @ by the local equations of the codimension one irreducible
components of sing(@), we obtain a foliation F , which will be called the strict trans-
form of ©*(F,).

Lemma 2.2.2. Any irreducible component of D is invariant for the strict transform

F.

Proof. Let p be a smooth point of D and [U, (u,z,v) € C"~! x C x CN~"] be a
coordinate system around p as in the proof of lemma 2.2.1. We can write &| g, =
2! wy, where wy € QY(X NU) is integrable, £ > 0 and cod(sing(wy)) > 2. The
foliation F is defined on X N U by the form wy. If £ = 0 then the result follows
from lemma 2.2.1. If £ > 1, then it follows from d& = & A @7 that

02V de Awy + 2dwy = twp AN = dzAwy = 2.0,

where § = (=Y (wy A @1 — dwy) € Q%(U). This implies that (z = 0) = DNU is

invariant for F. O

3. PROOF OF THE MAIN THEOREM

3.1. Formal first integrals in the resolution. Let II: (B,X) — (B, X) be a
resolution of X, satisfying properties (A), (B), (C) and (D) of the last section.
Consider also the h.g.v.s. (@k)r>0 of & and the formal integrable 1-form

~ O 4
(2) Q:dt+w+zﬁ&j
j=1

Recall that @j|p = 0, where D = X N1I-1(0). By doing more blowing-ups along
the normal crossings of E = IT~!(sing(X)) N X, we can assume that
(E). All irreducible components of E are smooth. In particular, all irreducible
components of D are smooth.

The aim of this section is to prove that F has a ”formal” first integral. This

fgrmal first integral will be a global section of the formal (or m-adic) completion of
X along D (cf. [B-S] and [Mi]).

Definition 3.1.1. Let M be a complex manifold andY C M be an analytic subset
of M. Let T C Oy be the sheaf of ideals defining Y. The formal completion of M
in'Y, denoted by Oy (see [B-S]), is the sheaf of ideals defined by

Oy = (timOnm /Ty
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Similarly, when M is a sheaf of Opr-modules, we define

My = (tim M/T". M)y

Note that QI;/ is a sheaf of modules over Oy. A global section of Oy (resp. Q’;)
will be called a formal function (resp. k-form) along Y.

Remark 3.1.1. Since Oy ~ (Op /)|y, we have a natural projection Oy 5 Oy,
called the restriction to Y. Given a formal function f along Y we will use the
notation r(f) = f|y Note that, if Y is compact then f|y s a constant.
Notation. Let A be an integral domain and k& > 1. We use the notation
Al[2]] := Al[z1, ..., z&]] for the set of complex formal power series F in k variables
with coefficients in A of the form :

F:Zagz”,ac,eA,

where z = (z1,...,2), 0 = (01,..,0k), 05 > 0,1 < j < k, and 27 = 27"..27%.
Remark that A[[z]] is also an integral domain, with the operations of sum and
multiplication of formal power series.

Suppose that Y is a codimension k smooth submanifold of M and dimc(M) =
n > k+1. Let [W,(u,2) € C" % x C¥] be a holomorphic coordinate system such
that U := Y NW = (z = 0) is non-empty and connected. We have the following
interpretation for a formal function along U C Y, say f : f | can be thought as a
formal power series in O(U)][[z]] of the form S = f(u,z) = 3, fu.o(u) 27, where
fue € OU) for all 0.

Notation. Given a coordinate system [W, (u,z)], U =Y NW = (z = 0) and the
series S, as above, we will call S a representative of f over U.

Note that, flu = f(u,0) = fy5(u) € OU), where 0 = (0,...,0) € Z*. If
Yo fuo(u) 27 € O(U){z}, that is the series converges, then it represents a holo-
morphic function in a neighborhood of U in M. In this case, we will say that f
converges over U.

Similarly, if 7 is a formal 1-form along Y, then

k
=Y Gpduj+ > hidz, g5, hi € OW)|[2]], Vi, j -

j=1 i=1

Observe that € can be thought as a formal 1-form (on X x C) along X x {0}.
The aim of this section is to prove the following :

Theorem 3.1. There exist formal functions f and § along D C X such_that

O =g.df, glp =1 and f|p = 0. In particular, f is a formal first integral of F.

Proof. Let D = Ui_; D; be the decomposition of D into smooth irreducible com-

ponents. Fix an irreducible component D, and a coordinate system of X , say

(W, (u,2) € C*1 x C] such that U := D, "W = (z = 0), is connected and non-

empty.

Lemma 3.1.1. Let h(t) = > ;5 a; ti € C[[t] \ {0}. Then there exists a unique

formal power series F* € (’)( )Mz, ],

(u, z,t) Z fij(u z'.tj

4,520
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such that Ff.ﬁ = dF" and F"(u,0,t) = h(t). In particular, F" is a formal first
integral of ).
Proof. Recall that ©x|p = 0 for all 7 > 0. This implies that & can be written in
the coordinate system [W, (u, z)] as
n—1
o = Ag(u, 2)dz + Z 2.Byi(u, 2) du; ,
i=1
where Ay, By, € O(W). In a neighborhood Wi = U X (|z| < €) of U in W, we
can represent the Ay/; and By, by power series in O(U){z}. By doing that and
adding the forms tk—lzdjk to obtain Q, it is not difficult to see that we can write :
_ n—1
Q=dt+ G(u,z,t)dz + Z z.H;(u, z,t) du; ,

i=1

where G, H; € O(U)[[z,t]]. Note that F,.Q = dF is equivalent to

(3) F,=GF,and F,, =2z.H;.F; , i=1,..n—1.

Uniqueness. Suppose that F(u,z,t) = Z”>o fij(u) 2.7 is a solution of the
problem. If we set fi(u,t) = >, fi;j(u)t’ 7 € O(U)[[t], then we can write F as
an element of (O(U)[[t])[[z]] : F(u,z2,t) = Zl fi(u,t) zt. Note that fo(u,t) =

F(u,0,t) = h(t). Similarly, we can write G(u, z,t) = >_. g;(u,t) 2*. Therefore, the
first relation in (3), F, = G.F}, gives

ofi
0 (k4 1) fira(unt) = Y 050,82 w,t) , k20,
i+j=k
where %%(u, t) =3, (G +1)fij+1(u)t/ € O(U)[[t]]. This, of course, implies that F

is unique. Note that (4) implies that, if K € O(U)|[z, t]] satisfies K, = G.K; and
K(u,0,t) =0 then K = 0.

Existence. Relation (4) allows us to find, by induction on k > 0, the coefficients
fi € O(U)[[t]] of F € (OWU)[[e)][z]] = OU)][[2,1]] in such a way that F, = G.F}.
It remains to prove that F' satisfies the others relations in (3). Let O := F.Q.
Remark that © is integrable. On the other hand, we can write

© = Fudt+ F.Gdz+ Y 2.F.Hydu; =dF +>»_ K;du,
where K; = z.H;.F;—F,,. We want to prove that K; =0 foralli=1,...,n—1. The

reader can check that the coefficient of dz A dt A du; in © AdO is F,.K;; — F;. K.
Since © A dO = 0, we get

0= Fz-Kit — Ft-Kiz = Ft (GKM — Kzz) =0 = Kiz = GKM s
because F; #Z 0. On the other hand, we have

Ki(u,0,t) = —Fy, (u,0,t) = _3(2. (F(u,0,t)) = _agzit)

This implies that K; = 0. U

=0.
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Notations. Set Y; = D, x {0} C X xC,1<¢<r. We will denote by Fy the

solution given by lemma 3.1.1, for which Fy(u, 0,¢) = t. Note that Fiy € T'(U, Oy, ).
Let {[ 4 (u,2)]} jes be a collection of coordinate systems on X such that for

all Uj := W, N Dy = (2; = 0) # 0 is connected and Ujc; U; = Dy;. We will set

Uij = UZ‘ n Uj.

Corollary 3.1.1. If U;; # () then the sections Fy, and FUJ. coincide over Uy;. In

particular, there exist formal functions Fy and Gy along Yy such that Q= G.dE,,
Ge|y2 =1 and Fg|yz =0,1<¢<r.

Proof. The fact that Fy, and Fy, coincide over U;; follows from the uniqueness in
lemma 3.1.1. We leave the details of its proof for the reader. It implies that there
exists Fg S Of@ such that F4|Uj = Fy, for all j € J. Recall that the formal power
series Fy, satisfies

OFy
8253 Q= dFy, .
Since Fy, (u,0,t) =t we get (u 0,t) =1, and so aat (u,0,0) = 1. It follows
that gt' is an unit of the ring O(Uj)|[[z,t]]. Therefore we can define Gy, :=
(BFU )=t € O(U;)|[z1]], so that Q = Guy,.dFy, for all j € J. Of course, the first
part of the lemma implies that the sections Gy, and Gy, coincide over U;; # 0.
Hence, there exists Gy € I'(Yy, Oy, ) such that Q = G,.dF}. O

Recall that @ = Q|(t=0). If we set f, := F‘g|(t=0) and g, := ég|(t=0), then
Corollary 3.1.1 implies the following :

Remark 3.1.2. For all £ € {1,...,7} there exist feo, 90 € Of?z such that & = §.dfy,
f4|D£ =0 and §¢|p, = 1. In particular, fg is a formal first integral of F along Dy.

Now we consider a point p € sing(D) which is a normal crossing of two irreducible
components of D, say D,, and D,, m # n. In this case, we can find a local
coordinate system around p, [W, (u, zm, 2n) € C"2 x C?], such that u(p) = 0 €
C" 2, 2y (p) = 2n(p) =0 € C, Uy := (2im = 2, = 0) and U; := D;NW = (z; = 0)
are connected, for j = m, n.

With the above conventions, we can consider, in a natural way, O(Up,)|[[zn,t]]
and O(Up)[[zm,t]] as sub-rings of O(Unn)[[Zm, 2n,t]]. Let Fp(u, 2m, 2n,t) =
Fu,, (Uy Zm, 2n,t) € OUm)[[2n,t]] and F,(u,2zm,zn,t) = Fy, (u,zm,2n,t) €
O(U,)[[zm,t]] be as in corollary 3.1.1. As the reader can check, the uniqueness
in lemma 3.1.1 implies the following :

Remark 3.1.3. The formal power series F,, and F, coincide, when we consider
them as elements of O(Upmn)[[Zm, 2n,t]]. In particular, there exists a formal func-
tion along Y,, UY,, say an, such that an coincides with Fm over Y, and with
Fn over Y,,.

Let us finish the proof of theorem 3.1. Remark 3.1.3 implies that there exist
a formal function along D x {0} € X x C, say F, such that F' coincides with
Ey over Yy, for all £ € {1,...,7}. On the other hand, we have seen in corollary
3.1.1 that Q = G.dF, over Yy, where Gy = (9F,/dt)~1, for all £. This implies
that Q = G.dF, where G = (9F/dt)~'. Note that, by construction, we have
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G|D><{O} =1 and F|D><{O} = 0. If we set f := F|(t —oy and § := G| ¢—0), then we get
& = §.df, as in remark 3.1.2. This finishes the proof of theorem 3.1. (]

3.2. Convergence of formal first integrals. Let f and § be as in theorem 3.1,
so that @ = gdf, f|D =0and §|p = 1. The aim of this section is to give conditions
for the convergence of f and g.

Let & be a formal function along D C X. Given p € Dy, 1 < £ < r, consider a
representative h(u, z) = > iso hi(w) 21 € OU)[[2]] of h over U, where p € U C Dy.
We say that h converges over U, if for every u € U the series > iso hi(w) 2 e
C[[z]] converges. In this case, the power series defines a holomorphic function on a
neighborhood of U in X. Conversely, a holomorphic function in a neighborhood of
U in X can be expanded as a power series in O(U)[[z]] and defines a section of O,
over U. This implies that the definition is independent of the coordinate system
used to express the power series.

We say that h converges, if for any p € D and any irreducible component D, of
D such that p € Dy, there exist a neighborhood U of p in D, and a representative
of h over U that converges. After this discussion, we have the following :

Remark 3.2.1. If h converges then there exists a holomorphic function h on a
neighborhood of D in X such that the section defined by h on I'(D,Op) coincides
with h.

Given p € D, we will denote by O (resp. Op) the ring of formal functions
along {p} € X (resp. germs at p of holomorphic functions on X). Recall that
O and O, are Noetherian rings. Note that, glven a formal function h along D,
p € D and a formal power series that represents i over some neighborhood of p
in D, say h(u,z) = > hi(u) 27, then it can expanded as a formal power series in

(u — u(p), z), so defining an element h, € O,. We will call h, the germ of h at p.

Lemma 3.2.1. Letf be the formal first integral of F given by theorem 3.1. Suppose
that there is p € D such that the germ f, € O, converges. Then f converges.

Proof. Let A = {q € D| the germ fq converges } # (). We will prove that A is
open and closed in D. Since D is connected, this will imply that A = D and the
lemma.

I. A is open in D. Let ¢ € A. Suppose that ¢ € Dy, 1 < ¢ < r. Since fq
converges, we can find a coordinate system [W, (u, z)] such that u(q) =0 € C*!
2(q) =0 € C, g e WND,; = (z =0) is connected and f, can be represented by
a convergent series f (u,2) = Zioj Qg u’ 2. Suppose that the series converges in
the set V' := {(u, ) | max(||u||,|z]) < p} € W. In this case, for all j > 1, the series
fi(u) = >, aoju’ converges in the set U := {(u,0) | ||u|| < p} C Dy. Hence,
the series f(u,z) = > filw) 2 € O(U){z}, so that f converges over U and f,
converges for every € U. This implies that A is open in D,. Since the argument
is true for every £ such that ¢ € Dy, it follows that A is open in D.

II. If AND, # () then A D D,. Since cod (szng(}')) > 2, we get codp, (sing(F)) >
1. It follows that the set B, = Dy \ sing(F) is open, connected and dense in Dy.

Claim 3.2.1. If By is as above then A D By.
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Proof. First of all, AN By is a non-empty open subset of Dy, because By is open and
dense in Dy. Fix g € By. Since q ¢ sing(F) and Dy is invariant for F (lemma 2.2.2),
we can find a coordinate system [W, (u, z)] such that ¢ € U := W N D, = (2 =0)
is connected and F |w is defined by dz = 0. It follows that d f Adz = 0, and so
f can be represented over U by a power series of the form Z;io aj.z? € Cz]].
This implies that : ANU #0 <= A D U. Hence, AN By is closed in By and
A D By. O

Now, fix g € smg(}:) N Dy and let us prove that ¢ € A. At this point, we will
use the following result (cf. [M-M]) :

Theorem 3.2.1. Let n be a germ of holomorphic integrable 1-form at 0 € C™, with
1(0) = 0 and codcn (sing(n)) > 2. If n has a non-constant formal first integral then
1 has a non-constant holomorphic first integral. Moreover, the holomorphic first
integral, say g € Oy, can be choosen in such a way that g(0) = 0 and it is not a
power in Oy, that is g # g%, £ > 2. In this case, any formal first integral f of 1 is
of the form f = (o g, where ¢ € C[[t]] (power series in one variable).

Theorem 3.2.1 is consequence of Theorem A, page 472 in [M-M]. Given ¢ €
Dyn sing(]}), write the germ of @ at q as : @, = k.n, where k € O, n is integrable
and cod(sing(n)) > 2. The germ f, is a non-constant formal first integral of 7).
Hence, by theorem 3.2.1, F has a non-constant holomorphic first integral, say
gq € Oy, with g4(0) = 0, and such that fq = ( o g4, where ¢ € CJ[[t]]. Note that
¢(0) = 0, because g,(q) = f,(q) = 0. Since D, is invariant for F we must have
9q|D,, = 0, where Dy, denotes the germ of Dy at q.

Consider a representative g of g, in some polydisk A around ¢q. Note that
glanp, = 0. The polydisk A is given in some coordinate [A, (u,2)] as (JJu]| <
elz] <€) and U= ANDy = (z=0). Let f(u,2) =35, fi(u) 27 € O[]
be a representative of f over U. We can also consider g € O(A) as an element of
O(U)][[z]]. Since g|y = 0, we can compose the series ¢ € C[[t]] and g € O(U)][[7]],
so that we can consider ¢ o g € O(U)[[z]]. Note that ¢ o g € O(U)[[z] and f
coincide as elements of O(U)[[z]], because f, = ¢ o g, Since B, NU # () and
A D By, there exists (u,,0) € U such that the power series f(uo,z) is convergent.
It follows that the series ¢ € C[[t]] is convergent, because g(uo, z), f(uo, z) € C{z}
and € o g(uo, 2) = f(uo,z). Hence, f € O(U){z}, which implies that ¢ € A.

Note, that IT implies that A is the union irreducible components of D, and so it
is closed in D. This finishes the proof of lemma 3.2.1. O

Corollary 3.2.1. Under the hypothesis of lemma 3.2.1, § converges. Moreover,
there exist a ball By C B around 0 € CV and f,g € O(By) such that f(0) = 0,
9(0) =1 and w = g.df on X* N By.

Proof. Fix ¢ € D. Since df converges and @, = gq.dfq € Qé, it follows that
Jq € O4. This implies that § converges. Therefore, we can consider f and § as
holomorphic functions defined in a neighborhood V of D in X. We can suppose
that V = 7(B; N X), where B; C B is a ball around 0 € CV. Since 7: X* — X\ E
is a biholomorphism, these functions induce holomorphic functions f1,g1 € O(V*),
satisfying w|y« = g1.dfi, where V* = 7= 1(V \ E). Now, f; and g; can be extended



13

to holomorphic functions f, g € O(By), because X is O-regular, and this proves the
corollary. 0O

3.3. End of the proof of the main theorem. The idea is to prove that there
exists ¢ € C[[t]] such that ¢ o f converges. The composition ¢ o f is defined in such
a way that, if ((t) = >_,5¢a:t’ and flu,z) = i1 filu )27 is a representative of
f over some open set U C Dy, 1 < £ < r, then (o f is represented over U by the
formal power series in z, S(u,z) = (o 2321 fi(uw) z7. This series is well defined

because f | = 0. The next result imples the main theorem :

landCOf

Lemma 3.3.1. There exists ( € C[[t]] such that ¢(0) = =
f and g defined

0,
converges. In particular, there exist holomorphic functions f
in a neighborhood of D in X such that @ = gdf.

¢'(0)

©
¢
Proof. Let us suppose for a moment that there exists ¢ € C[[t]] as in the conclusion
of the lemma. Since w = g.df, we have
f=Cof = df=(ofdf = df=hdf,

Wherejz = (¢'o f)~" and h|p = 1. This implies @ = §.df, where § = §.h. Since &
and df are convergent, so is §. Moreover, §|p = 1. Let us prove the existence of (.

Let D; be an irreducible component of D and p € D; be fixed. Let [W, (u, 2)]
be a coordinate system around p such that p € U := W N D, = (z = 0) and
f has a representative f(u,z) € O(U)[[z]] over U. Since f(u,0) = 0, we get
flu,2) = 2" fy(u, 2), K(U) > 1, fr € OU)|[2]] and fy(u,0) Z 0.
Remark 3.3.1. The integer k(U) depends only of the irreducible component D;.
It will be called the multiplicity of f at D; and will be denoted by k;.

We leave the proof of the above remark for the reader. Since O is a noetherian
ring, the germ fp € O of f at p can be decomposed as

fp = ki pma  pme
where m; > 1, ﬁj(p) =0 and ﬁj is irreducible in O forall j=1,...,s

Claim 3.3.1. For each j € {1,...,s} there exist h; € O, and v; € Op such that
0;(p) # 0 and h = vJ hj. In particular, each h; is invariant for F. Moreover, we
can write f, = &.2" .hml...h’S"S, where & € O, and &(0) # 0.

Notation. The germs (2 = 0), (h1 = 0),..., (hs = 0) will be called the separatrices
of F through p. The integer m; > 1 will be called the multiplicity of the separatrix
(hj=0),1<j<s.

Proof. Tt follows from theorem 3.2.1 that the germ of F at p has a first integral
g € O, such that f, = po g, where u € C[[t]] and (0) = 0. We can set u(t) =
t™.3(t), where m > 1, 8 € CJ[t]] and 8(0) # 0. It follows that fp = 4.9™, where
4=pPogc Op and 4(0) # 0. If we write the decomposition of g into irreducible

factors in O, as g = z¢.h4" ..k then we get

fp = 2R M = Amopmet pmh gt — =

and we can suppose that ﬁj = 0;.hj, where 9; € Op and 0;(0) = 1, for all j =
1,...,s. In this case we get, k; = m.£ and m; = m.{;, for all j = 1,...,s, and
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fp = @.zF R A where & = ©7"...0™s. The fact that @&.zF.h7™ .. A7 is a
formal first integral for F implies that each h; is invariant for 7. We leave the
proof of this last assertion for the reader. ([

Let S = (h = 0) be a germ of separatrix of F at p, where h € O, is irreducible.
We have two possibilities : either S is contained in some irreducible component of
E, or not.

Claim 3.3.2. Let m be the multiplicity of h in fp. If m > 2 then S is contained
in some irreducible component C of E. In this case, C is invariant for F.

Proof. 1t follows from claim 3.3.1 that we can write fp = hm.dg, where é € Op. We
have R . R R
= Gp-dfp = Gp-d(K".0) = K™ ' §,.(m.¢.dh + h.do) .

Hence, h leldes all coefficients of @, and (h = 0) C sing(®). Since
codx+(sing(F)) > 3 and & represents F on X \ E, any irreducible component
of sing(®) which cuts X \ E has codimension > 3. This implies that (h = 0) C
because (h = 0) has codimension one. Since h is irreducible in O,, it follows that
(h = 0) must be contained in some irreducible component of F, say C. This com-
ponent C' contains a non-empty open subset (in C') which is invariant for F and
this implies that it is invariant for F. O

Lemma 3.3.2. Suppose that there exists p € D and a separatriz 0f.7:' through p,
say (h1 = 0), with multiplicity one. Then the conclusions of lemma 3.8.1 are true.

Proof. In this case, the germ fp € Op can be written as fp = &.hy.hy?.. A", where
& is an unit in Op. It follows from theorem 3.2.1 that .7-'p has a first integral g € O,
such that g(p) = 0 and f, = 8o g, where § € C[[t]]. Clearly 3(0) = 0. Let us
prove that 3(0) # 0. Set B(t) = t*.u(t), where £ > 1, u € C[[t]] and u(0) # 0. Let
g=g7"...95" be the decomposition of g into irreducible factors. Then
G.hy W2 W™ = Bog=g'.pog=pog.gim.. gﬁ”k .

Since & and p o g are units in Op, it follows that there is j € {1,...,k} such that
gf'"j and h; differ by an unit in O, so that £.n; = 1. Therefore, £ = n; = 1, which
implies that 3'(0) # 0.

Since (/(0) # 0 there exists ¢ € C[[t]] such that { o 8(t) = ¢. It follows that g =
Co fp = ((of)p. This implies that there exists p € D such that (o f)p converges.

Hence, ¢ o f satisfies the hypothesis of lemma 3.2.1, and so it converges. O
The next result will imply lemma 3.3.1 and the main theorem.

Lemma 3.3.3. There ezists p € D and a separatriz of F through p with multiplicity
one.

Proof. The proof will be by contradiction. Suppose by contradiction that F has
no separatrix of multiplicity one. Let H be a f-plane of CV, where { = N —n + 2,
such that 0 € H. Denote by H be the strict transform of H N X by II

We can assume that H N E = HN D. If sing(X) = {0} then D = F and
the assertion is trivially true. Suppose that sing(X) # {0}. In this case, the
closure of E\ D in B is the strict transform of sing(X) by II. Recall that the
first blowing-up in the process was a blowing-up at 0 € B ¢ C¥. Denote it by
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I, : (B;,PY~1) — (B,0). Let C and H; be the strict transforms of sing(X) and
H respectively by II;. Since dim(Hy) = N—n+2, dim(C) = dim(sing(X)) <n—3
and (N —n+2)+ (n—3) =N —1 < dim(By), if we choose H in such a way that
H; is transverse to all strata of C' then C' N Hy; = (). This, of course, implies the
assertion.

In the above situation, we have X N H = (X* N H) U {0}. It follows from
the theory of transversality that we can choose H in such a way that it cuts X*
transversely, so that any irreducible component of X N H has an isolated singularity
at 0 € CV and has dimension 2 = (N —n +2) +n — N.

Let S C X be an irreducible component of the strict transform of H N X by II
(dim(S) = 2). Since HN E = H N D and all separatrices F have multiplicity > 2,
it follows from claim 3.3.2 that, if p € SN D and h is a separatrix of F through
p then (h = 0) C D. Note that S* := S\ D is smooth of dimension 2, so that
sing(S) C D. After new blowing-ups involving only points or curves contained in
SN D, we can assume that :

(F). S is smooth and cuts transversely all the irreducible components D;, 1 < j <.
We can assume also that for each j € {1,...,7} the curve SN D; is smooth and cuts
tranversely D; N D;, for all 1 # j.

Let D,NS = U;ff: 1 C¢; be the decomposition of D, N S into irreducible compo-
nents. Denote by [Cy;] the class in H? (S) of the divisor Cy;. Let L € H%(S) be
defined by

T S

(5) L= kelCyl:=> ko [Cyl.

=1 j=1

In (5) we set k, = kg if 0 = (£j). Since SN D is contracted to a point by II,
it follows that L? < 0, because the intersection matrix ([C,].[C,])s, is negative
defined (cf. [Lal).

Let i: S — X be the inclusion map and G = i*(F) be the induced foliation.
It follows from (F) that the singularities of G are the corners Cy; N Cpyy # 0,
where ¢ # m. Moreover, the Camacho-Sad index (cf. [C-S] or [Su]) of G at a
point p € Cy; N Cp,; with respect to Cyj, denoted by CS(G,Cyj,p), is —km/ks.
This follows from the fact that F has a first integral of the form zf,{ﬂ.zé” in a
neighborhood of the point, where (z; = 0) and (z,, = 0) are local equations of Dy
and D,,, respectively (see theorem 3.2.1). It follows from Camacho-Sad theorem

(cf. [C-S] or [Su]) that

1
(6) (G =) CS@G.Cop)=— D hulko=—7D kulC,)[C,]
peCs pEC;ﬂC“ 7 pto

On the other hand, (5) and (6) imply that

L= kK[C+ > kuko [CulICs] =0,
o n#o

a contradiction. This contradiction implies lemma 3.3.3 and the main theorem. [
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4. APPENDIX.

In this appendix X will be an irreducible complete intersection germ at 0 € CV
of analytic set. In this case, the generating ideal of X has generators fi, ..., fr € On
such that dimc(X) 4+ k = N. From now on we will fix these generators. Let B be
a ball around 0 € CV such that fi, ..., fr have representatives, which by simplicity
we will denote by the same letters. The ball B will be taken small in such a
way that (fi = ... = fr = 0) is irreducible in B. For simplicity, we will denote
X=(fi=..=fr=0). We will set sing(X) = {p € B|df1(p) A ... Ndf(p) = 0}
and X* = X \ sing(X). We will suppose that sing(X) # 0. Note that X* is a
holomorphic sub-manifold of complex dimension n = N — k of B \ sing(X).

With these conventions in mind, we will prove the following results :

Proposition 4.0.1. Suppose that dim(sing(X)) < dim(X) — 2. Then any holo-
morphic function g € O(X*) can be extented to a holomorphic function § € O(B).
In particular, the germ of X at 0 € CV is O-reqular.

Proposition 4.0.2. Suppose that dim(sing(X)) < dim(X) — 3. Then any holo-
morphic 1-form w € QY(X*) can be extended to a holomorphic 1-form & € Q(B).
In particular, the germ of X at 0 € CV is I-reqular.

Proposition 4.0.3. If dim(sing(X)) < dim(X) — 3 then H*(X*,0) = 0.

In the next result, we will consider the case of a complete intersection X =
(fi = ... = fr = 0) C B, with an isolated singularity at 0 € CV. In this case,
X*=X\{0}.

Proposition 4.0.4. Suppose that sing(X) = {0} and dimc(X) > 4. If the ball B
is small enough then H(X*, O*) = 1.

Next we state some facts that will be used in the proof of the above results. The
first one is the following (cf. [G-R] page 133) :

Theorem 4.0.1. Let Z be an analytic subset of a Stein manifold M with dim(M) =
N. If dim(Z) < N — £ —2 then H (M \ Z,0) =0 for 1 <j < /.

The second one, is a consequence of De Rham-Saito division theorem (cf. [D-R]
and [S]) and the fact that X = (f1 = ... = fr = 0) C B is a complete intersection.
Let U be a Stein open subset of B\ sing(X) and V = X*NU # . Let e; € O(B)*
be defined as e; = (0, ...,0,1,0, ...,0), where the 1 appears in the 4t position. Set

k
(7) F=>Yfj.e; e A'(O*B)) .
j=1
Theorem 4.0.2. If G € AV (O(U)¥) is such that G N\F =0 and1<j<k-1
then there exists H'~1 € A=Y (O(U)*) such that G = HI=' A F.

The third is also a consequence of the fact that X is a complete intersection and
that sing(X) = {q € X |df1(¢) A ... Ndfx(q) = 0}.

Remark 4.0.2. Let U be a Stein open subset of B\ sing(X) andV =XNU C X*.
If h € O(U) is such that hly = 0 then there exist hq,...,hx € O(U) such that

k
h=> h;. filu.
Jj=1
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Fix a Leray covering U = (U;),cs of B\ sing(X).

Definition 4.0.1. Let X = {E, :=es, A .. Neg, |1 < 01 < ... < 0p < k}. An
C-vector of s-cochains in U is an element G5 =" ¢ goEs, where g, € C*(U,0)
for all o € Xf. Its coboundary, defined by 6G* = Y 0 090Es, is an L-vector of
(s + 1)-cochains. The set of £-vectors of s-cochains in U will be denoted by AL(U).
In the case £ =0 we set AoO(U) = C*(U, O).

The following consequence of theorem 4.0.2 will be usefull :

Lemma 4.0.4. Fiz s,{ integers with s > 1 and 1 < £ < k — 1. Assume that
HI(B\ sing(X),0) = 0 for 1 < j < s+ £. Let G € A(U) be be such that
§GYNF = 0. Then there evist H=' € A“"Y(U) and H!_, € A (U) such that
G'=H!"YANF+0H! .

Proof. Note that §G{ A F = 0 and theorem 4.0.2 imply that there exists Gﬁﬂ €
Aﬁﬂrl(b{) such that

SGL =G INF = G IANF=0.

When ¢ = 1, the last relation implies that 6G9,; = 0, and so G9,; = 6H? for some
H? € C*(U,0), because H*T1(U,0) = 0. In this case, we get
§(GL-H'F)=0 = G.=H’F+4éH! ,,
where H. | € Al_,(U), because H*(U,O) = 0.
When ¢ > 1, we get by induction that for all j € {0,...,£ — 1} there exists

G§+e—j € A§+e_j (U) such that
. , ,
(8) G, =G, NF = 6GI, ANF=0.

If we do j = 0 in the second relation in (8) we get
5G(S)+€ =0 = G(S)H = 5Hg+£71 )

because H*T*(U, O) = 0. Hence,

8(Giyp 1 —HYy \AF)=0 = Gi,  =H), ANF+0H} , ,,
because H*™*~1(U,0) = 0. It follows that

0G24 5= (H)py 1 NF+30H; y ) N\F=0H; , ;AF =

§(Glyo—Hiy o ANF)=0 = G2 o=H}y s NF+6H}, 4

and by induction that there exists H‘~* € A{~1() such that
W O(GE-HSIANF) =0 = GL=H!'AF+0HE

where H:! | € AS_,(U). O

Proof of proposition 4.0.1 Observe first that dim(X) = N — k, and so
dim(sing(X)) < N—k—2. It follows from theorem 4.0.1 that H7(B\sing(X),0) =
0for1<j<k.

Fix a holomorphic function g € O(X*) and let us prove that it can be extended
to a holomorphic function g € O(B).

Let U = (U;) be a Leray covering of B \ sing(X). Define V; = U; N X* and
V = (V;). We will use the notations U;; = U; N U; and V;; = V; NV;.
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For each j let g; € O(

g; = 0. Since (g; — g;)

U;) be an extension of gly, to U;. If V; = () we define
1-cochains g1, ..., g%, g} = (9ij)u;#0, 7 = 1,..., k, such that

J
; = 0, it follows from remark 4.0.2 that there exist

k
(9) 9= 9= 9ijfr-
r=1
Let F be as in (7). Consider the (k — 1)-vector of 1-cochains G¥~! defined by
k
(GE i =D ()" gler A Nep A Aey
r=1

and the k-vector of 0-cochains G§ defined by (G§); = gje1 A ... Aeg. Then (9) is
equivalent to

SGEF=GY'AF — 606GV 'AF=0.
Since HY(B \ sing(X),0) =0 for 1 < j < k, we get from lemma 4.0.4 that there
exist HY 2 € A¥2(U) and HY ™' € AL~ (U) such that G¥ ' = HF 2 AF+6HE 1,
which implies
(10) S(GE—HF PAF)=0

If we set
k
(HE ;=Y (1) "hiet A e Aép A Aeg, b € O(U;)
r=1

then (10) is equivalent to

k k
9 —gi=» (W —h)).f, = 3§eOB\sing(X))st. glu, =g;— > hj.fr .

r=1 r=1
The function § extends g to X \ sing(X). Since cod(sing(X)) > 2, it follows from
Hartogs’ theorem that g can be extended to B. O

Proof of proposition 4.0.3 It follows from theorem 4.0.1 that H’(B \
sing(X),0) = 0 for 1 < j < k4 1, because dim(sing(X)) < N -k —3 =
N—-(k+1)—2.

Let U = (U;)jes be a Leray covering of B\ sing(X) and V = (V});cs be defined
by V; = U; N X*. Since V is a Leray covering of X* it is sufficient to prove that
H(V,0) =0.

Fix g1 = (9ij)vi;#0 € ZY(V,0). We want to prove that g; = dhg, where hy =
(hj); € C°(V,0). Extend each g;; to gi; € O(Uy;), thus obtaining g1 = (i;)v,, ., €
Cl(u,O) Set 5@1 = (gijZ)U,;jﬁé(Da where gijg = gij + gjg + géi- If Wﬂ 7& (Z) then
Gijelvie = 9ij + gje + ges = 0. It follows from remark 4.0.2 that

Y4
(11) Gijk = Y Gk -fr

r=1

where g;; € O(Uijx). Let GE=! € AS=H(U) be defined by

k
(G5 Nije=>_ (1) giper A Nép A Ney

r=1
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Then (11) is equivalent to
(12) SgreiN...Ney=Gi 'ANF — G 'AF=0,

where F' is as in (7). Therefore, lemma 4.0.4 implies that there exist H§_2 €
AE=2(U) and HF! € A*=1(U) such that

Gy '=HY "AF+6H™ = diesAN..Aey=6HI'NF =

S(GreiNNepy—HF PAF)=0 = gietA..Nepy=HF ' ANF4+0H) ,
where HY = hoey A ... Aeg, ho = (h;); € CO(U, O). Since F|x~ = 0, it follows that

9ij — (hj — hi)lvi; = [Gij — (hj — h)l lv,; =0,

if Vi; # 0. Hence H(X*,0) = 0. O
Proof of proposition 4.0.2 Recall that X = (f; = ... = fr = 0) C B. For
1<l <k set Xg=(fi =..=f=0)and X; = X, \ sing(X,). Note that

sing(Xe) = {p € X¢ | df1(p)A...Adfe¢(p) = 0} and that X, is a complete intersection
of dimension N — £. We set also, X3 = B\ sing(X). In this way, we have B \
sing(X) = X¢ D X7 D ... D X; = X*. Note that H(X3,0) = 0 (see theorem
4.0.1). We need a lemma.

Lemma 4.0.5. For all 1 < ¢ < k we have dim(sing(X,)) < dim(X;) —3. In
particular, H*(X;,0) =0 for all 0 < j < k.

Proof. For £ = k this is the hypothesis. Let 1 < £ < k. If we set W = (fp41 = ... =
fr = 0) then dim(W) = N — (k — £). On the other hand,

Wnsing(Xe) = (fi=...= fr=0)N(dfv A ... Ndfe = 0) C sing(X) .
This implies that
dim(W N sing(X,)) < dim(sing(X)) < dim(X)—-3=N—-k—3.
On the other hand, we have
dim(Wnsing(Xe)) > dim(W)+dim(sing(X,))—N = dim(sing(X,))—k+{ =
dim(sing(X¢)) < N—£0—3=dim(Xy) —3.
O
Fix w* € QY(X*). Let U = (U;) be a Leray covering of B\ sing(X). Set
V; =U;NX* and V = (V;). Since U; is Stein, we can extend w*|y, to w; € Q1(Uj;).

Assertion 4.0.1. We can find the extensions w; of w*|v, in such a way that, if
Uij 7& @ then

k
(13) Wi —w; = Z fr.ai; where oj; € QN U;;) -

r=1

Proof. Since w; — wj |y;; = 0, we can write

k k

wj — w; = Z 9ij-dfr + Z fr.af; where g;; € O(U;;) and o € Ql(Uij) .
r=1 r=1

Let g" € C'(V,0) be defined by g" = (g7;|v,;)v;, 0. We assert that g" € Z'(V, ),

for all r € {1, ..., k}.
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Let us prove the assertion for r = 1. Fix p € Vjj; # 0. Then w;(p) — w;(p) =

Sr 1 g% (p)-df-(p). Since dfi(p) A ... Adfi(p) # 0, we get
(wj(p) = wi(p)) Adfa(p) A ... Adfe(p) = gi;(p)-dfr(p) A ... Ndfi(p) =
= 9i;(p) + 95¢(p) + 95 (0) =0, if = dg"=0.
In a similar way, we get 6g" = 0 for all r > 2. Since H'(X*,0) = 0, for all
r = 1,..,k, there exists h" = (h})y,»p € CO%(V, 0) such that g" = §h". Extend
;€ (’)( i) to h’" € O(U;) (if V; = 0 set iL; = 0). Define @; = w; — Zle ﬁ;.dfr.
For p € Vi; # 0 we have
k

@;(p) — @i(p) = > (g5;(p) — W (p) + I (p))-df-(p) =0 .

r=1
This implies that all coeflicients of @; —&; vanish on V;;. Hence, there exist 1-forms
;€ Q' (U;;) such that

k
w; = Z fr-&Zj O
r=1

Assertion 4.0.2. Let 1 < ¢ < k. Suppose that there exists wj € Ql(XZ‘) such that
wi|x+ = w*. Then there exists w;_, € V' (X[_,) such that wj_,|x; = wj.

Proof. Let we be as in the hypothesis. It follows from assertion 4.0.1 that there
exist w; € QN(U;) and of; € Q1(Uj;) (Uij # 0) such that

Write afj = Ziv 1 @jj dzs, where aj; € O(Uy;). If p € Uiy N X4, then

N
(14) wj(p) — wi(p) = fo(p)-as; p). Y ai;(p)da .

s=1
It follows from (14) that, if U;; N X7 # 0 then af;(p) + af,.(p) + a7;(p) = 0, which
implies that (aj;|v,;nx;)vi;nx;20 € Z1 (L{ﬂ XZ*,O)
Since H(X; ,,0) = 0, for all s = 1,..., N, there exists ¢ := (¢} u;nx;  #0 €
Co%(U N X},0) such that af unxy = ¢ —cf
Extend cj to hj € O( j) and define n; € Ql( U;) by nj = 320, h§ dzs. Set

Oj =wj — feny .
The reader can check that, if p € X ; then
@j(p) —@i(p) =0 = 3Sw;; € Q' (X; )
such that we 1|U]le ) LDj|U]ﬂXZ,* 1 O

The last assertion implies that there exists wi € Q(B \ sing(X)) such that
wi|x+~ = w*. Finally, Hartogs theorem implies that w{ can be extended to a 1-form
w € QY(B), whose restriction to X* coincides with w*. O

Proof of proposition 4.0.4 Let X = (fi = ... = f; = 0) C B be a complete
intersection with an isolated singularity at 0 € B C CV and dim(X) > 4. We take
the ball B with small radius, in such a way that :
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(i). For any smaller ball B, := {2z € CV; [|z|| < r} C B then the sphere S, = 0B,
is transversal to X. This implies that N, := S,. N X is a real smooth compact
submanifold of CV of dimg N, = 2dim¢(X) — 1.
(ii). X* has a conical structure, that is, it is homeomorphic to N, x R.

We want to prove that H'(X*,O*) = 1. As we have seen, H!(X*,0) = 0. It
follows from the exact sequence

0=HY (X", 0) - H\(X*,0%) 5 H2(M,Z) — ...

that it is sufficient to prove that 6* = 0. In fact, we will prove that X* is sim-
ply connected and that H?(X*,Z) is finite. Let us prove that this implies that
HY(X*,0%) =1.

Since 6* is injective, we get that H'(X*, O*) is finite. Let r = #(H(X*, 0%)).
Fix a Leray covering ,V = (Vj);, of X* and let g = (gij)v,,; 20 be a multiplicative
cocycle. We can assume that g;; = 1. This implies that if V;; # (0 then g;; is a
constant, a r*"-root of the unity. Therefore, g is a cocycle in H'(V, S!), where
S C C is the unit circle, considered as a multiplicative group. But, IT (X*) = 1
implies that H'(X*,S!) = 1. Hence, g ~ 1.

It follows from (ii) that X* has the same homotopy type of N,.. Therefore, it
is sufficient to prove that II;(N,) = 1 and H?(N,,Z) is finite. For the proof that
H?(N,,Z) is finite, it is sufficient to prove that 83(N,) = 0, so that we will prove
that Hy(N,,Z) = 0, which implies B2(N,.) = 0.

Given € = (ey, ..., €), define

F..=(fi=e, 0 fe=e)NB,, Fo= F\S,and N.:=F.NS, .

Since X cuts S, transversely at N,, it follows that, if ||| := |e1| + ... + |ex| is
small then N, is homeomorphic to N,. On the other hand, the following facts are
known :

(iii). If min{|ei], ..., |ex|} > 0 and ||¢|| is small then F is smooth and so a Stein
manifold. This fact implies that :

(iv). The inclusion N, - F. induces isomorphisms

L (N,) & I (F.) ,if dime(F.) > 3
and .
Hy(N.,7) % Hy(F.,7) ,if dimc(F.) >4 .
(v). (Milnor-Hamm). F. has the homotopy type of a finite cell complex of real
dimension dim¢(X) and is dimc(X) — 1 connected (cf. [L] pg. 72-73).
Since dimc(Fe) = dimc(X) > 4, we get from (iv) that
IT; (N.) ~ 111 (F¢) and Hy(Ne,Z) ~ Ho(Fe,Z)

and from (v) that IT; (F.) = 1 and Hy(F¢,Z) = 0, which finishes the proof of the
proposition. [l
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