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1. INTRODUCTION

Projective spaces and hyperquadrics are the simplest projective algebraic varieties, and they can be char-
acterized in many ways. The aim of this paper is to provide a new characterization of them in terms of
positivity properties of the tangent bundle (Theorem 1.1).

The first result in this direction was Mori’s proof of the Hartshorne conjecture in [Mor79] (see also Siu
and Yau [SY80]), that characterizes projective spaces as the only manifolds having ample tangent bundle.
Then, in [Wah83], Wahl characterized projective spaces as the only manifolds whose tangent bundles contain
ample invertible subsheaves. Interpolating Mori’s and Wahl’s results, Andreatta and Wísniewski gave the
following characterization:

Theorem [AW01]. Let X be a smooth complex projectiven-dimensional variety. Assume that the tangent
bundleTX contains an ample locally free subsheafE of rankr. ThenX ≃ Pn and eitherE ≃ OPn(1)⊕r

or r = n andE = TPn .

We note that earlier, in [CP98], Campana and Peternell obtained the same result for r ≥ n − 2.
Let E be an ample locally free subsheaf ofTPn of rankp < n. By taking its determinant, we obtain a non-

zero section inH0(Pn,∧pTPn ⊗OPn(−p)). On the other hand, most sections inH0(Pn,∧pTPn ⊗OPn(−p))
do not come from ample locally free subsheaves ofTPn .

This motivates the following characterization of projective spaces and hyperquadrics, which was con-
jectured by Beauville in [Bea00]. HereQp denotes a smooth quadric hypersurface inPp+1, andOQp

(1)

denotes the restriction ofOPp+1(1) to Qp. Whenp = 1, (Q1, OQ1
(1)) is just(P1, OP1(2)).

Theorem 1.1. Let X be a smooth complex projectiven-dimensional variety andL an ample line bundle
on X. If H0(X,∧pTX ⊗ L −p) 6= 0 for some positive integerp, then either(X, L ) ≃ (Pn, OPn(1)), or
p = n and(X, L ) ≃ (Qp, OQp

(1)).

The statement of this theorem can be interpreted in the following way. LetX be a smooth complex
projectiven-dimensional variety andL an ample line bundle onX. Consider the sheafTL := TX ⊗L −1.
Then Wahl’s theorem [Wah83] says that ifH0(X, TL ) 6= 0 thenX ≃ Pn. Theorem 1.1 generalizes this
statement to the case when one only assumes thatH0(X,∧pTL ) 6= 0 for some0 < p ≤ n.

In order to prove Theorem 1.1, first notice thatX is uniruled by [Miy87, Corollary 8.6]. Next observe that
if the Picard number ofX is 1, then it is necessarily a Fano variety. If the Picard number is larger than1, then
we fix a minimal covering familyH of rational curves onX, and follow the strategy in [AW01] of looking
at theH-rationally connected quotientπ : X◦ → Y ◦ of X (see Section 2 for definitions). We show that any
non-zero sections ∈ H0(X,∧pTX⊗L −p) restricts to a non-zero sections◦ ∈ H0(X◦,∧pTX◦/Y ◦⊗L −p),
except in the very special case whenp = 2 andX ≃ Q2. This is achieved in Section 5. Afterwards we need
to deal with two cases: the case whenX is a Fano manifold with Picard number1, and the case in which
theH-rationally connected quotientπ : X◦ → Y ◦ is either a projective space bundle or a quadric bundle,
andH0(X◦,∧pTX◦/Y ◦ ⊗ L −p) 6= 0.

WhenX is a Fano manifold with Picard numberρ(X) = 1, the result follows from the following.
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Theorem 1.2(= Theorem 6.3).LetX be a smoothn-dimensional complex projective variety withρ(X) =

1, L an ample line bundle onX, and p a positive integer. IfH0(X, T⊗p
X ⊗ L −p) 6= 0, then either

(X, L ) ≃ (Pn, OPn(1)), or p = n ≥ 3 and(X, L ) ≃ (Qp, OQp
(1)).

The paper is organized as follows. In Section 2 we gather old and new results about minimal covering
families of rational curves and their rationally connected quotients. In Section 3 we show that the relative
anticanonical bundle of a generically smooth surjective morphism from a normal projectiveQ-Gorenstein
variety onto a smooth curve is never ample. This will be used to treat the case when theH-rationally
connected quotientπ : X◦ → Y ◦ is a quadric bundle. In Section 4, we show thatp-derivations can be
lifted to the normalization. This technical result will be used in the following section, which is the technical
core of the paper. In Section 5, we study the behavior of non-zero global sections of bundles of the form
∧pTX ⊗ M with respect to fibrationsX → Y . We also prove some general vanishing results, such as the
following.

Theorem 1.3(= Corollary 5.5). LetX be a smooth complex projective variety andL an ample line bundle
on X. If H0(X,∧pTX ⊗ L −p−1−k) 6= 0 for integersp ≥ 1 and k ≥ 0, thenk = 0 and (X, L ) ≃
(Pp, OPp(1)).

Finally, in Section 6 we prove Theorem 1.2 and put things together to prove Theorem 1.1.

Notation and definitions.Throughout the present article we work over the field of complex numbersunless
otherwise noted. By a vector bundle we mean a locally free sheaf and by a line bundle an invertible sheaf.
If X is a variety andx ∈ X, thenκ(x) denotes the residue fieldOX,x

/
mX,x. Given a varietyX, we denote

by ρ(X) the Picard number ofX. If E is a vector bundle over a varietyX, we denote byE ∗ its dual vector
bundle, and byP(E ) the Grothendieck projectivizationProjX(Sym(E )). For a morphismf : X → T , the
fiber off overt ∈ T is denoted byXt.
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2. MINIMAL RATIONAL CURVES ON UNIRULED VARIETIES

In this section we gather some properties of minimal covering families of rationalcurves and their corre-
sponding rationally connected quotients. For more details see [Kol96], [Deb01], or [AK03].

LetX be a smooth complex projective uniruled variety andH an irreducible component ofRatCurvesn(X).
Recall that only general points inH are in 1:1-correpondence with the associated curves inX.

We say thatH is acovering family of rational curves onX if the corresponding universal family domi-
natesX. A covering familyH of rational curves onX is calledunsplit if it is proper. It is calledminimal if,
for a general pointx ∈ X, the subfamily ofH parametrizing curves throughx is proper. AsX is uniruled,
a minimal covering family of rational curves onX always exists. One can take, for instance, among all
covering families of rational curves onX one whose members have minimal degree with respect to a fixed
ample line bundle.

Fix a minimal covering familyH of rational curves onX. Let C be a rational curve corresponding to a
general point inH, with normalization morphismf : P1 → C ⊂ X. We denote by[C] or [f ] the point in
H corresponding toC. We denote byf∗T+

X the subbundle off∗TX defined by

f∗T+
X = im

[
H0

(
P1, f∗TX(−1)

)
⊗ OP1(1) → f∗TX

]
→֒ f∗TX .

By [Kol96, IV.2.9], if [f ] is a general member ofH, thenf∗TX ≃ OP1(2)⊕OP1(1)⊕d ⊕O
⊕(n−d−1)
P1 , where

d = deg(f∗TX) − 2 ≥ 0.
Given a pointx ∈ X, we denote byHx the normalization of the subscheme ofH parametrizing rational

curves passing throughx. By [Kol96, II.1.7, II.2.16], if x ∈ X is a general point, thenHx is a smooth
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projective variety of dimensiond = deg(f∗TX) − 2. We remark that a rational curve that is smooth atx is
parametrized by at most one element ofHx.

Let H1, . . . , Hk be minimal covering families of rational curves onX. For eachi, let H i denote the clo-
sure ofHi in Chow(X). We define the following equivalence relation onX, which we call(H1, . . . , Hk)-
equivalence. Two pointsx, y ∈ X are (H1, . . . , Hk)-equivalent if they can be connected by a chain of
1-cycles fromH1 ∪ · · · ∪Hk. By [Cam92] (see also [Kol96, IV.4.16]), there exists a proper surjective mor-
phismπ◦ : X◦ → Y ◦ from a dense open subset ofX onto a normal variety whose fibers are(H1, . . . , Hk)-
equivalence classes. We call this map the(H1, . . . , Hk)-rationally connected quotient ofX. WhenY ◦ is a
point we say thatX is (H1, . . . , Hk)-rationally connected.

Remark 2.1. By [Kol96, IV.4.16], there is a universal constantc, depending only on the dimension ofX,
with the following property. IfH1, . . . , Hk are minimal covering families of rational curves onX, and
x, y ∈ X are general points on a general(H1, . . . , Hk)-equivalence class, thenx andy can be connected by
a chain of at mostc rational cycles fromH1 ∪ · · · ∪ Hk.

The next two results are special features of the(H1, . . . , Hk)-rationally connected quotient ofX when
the familiesH1, . . . , Hk are unsplit. The first one says thatπ◦ can be extended in codimension1 to an
equidimensional proper morphism with integral fibers, but possibly allowingsingular fibers. The second
one describes the general fiber of theH-rationally connected quotient ofX whenH is unsplit andHx is
irreducible for generalx ∈ X.

Lemma 2.2. Let X be a smooth complex projective variety andH1, . . . , Hk unsplit covering families of
rational curves onX. Then there is an open subsetX◦ of X, with codimX(X \X◦) ≥ 2, a smooth variety
Y ◦, and a proper surjective equidimensional morphism with irreducible and reduced fibersπ◦ : X◦ → Y ◦

which is the(H1, . . . , Hk)-rationally connected quotient ofX.

Proof. The fact that the(H1, . . . , Hk)-rationally connected quotient ofX can be extended in codimension
1 to an equidimensional proper morphism follows from the proof of [BCD07,Proposition 1]. This holds
even in the more general context of quasi-unsplit covering families onQ-factorial varieties. In [BCD07,
Proposition 1] this is established for a single quasi-unsplit family, but the sameproof works for finitely
many quasi-unsplit families. For convenience we review the construction ofthat extension.

Let π◦ : X◦ → Y ◦ be the(H1, . . . , Hk)-rationally connected quotient ofX. By shrinkingY ◦ if nec-
essary, we may assume thatπ◦ is smooth. LetY → Chow(X) be the normalization of the closure of the
image ofY ◦ in Chow(X), and letU ⊂ Y × X be the restriction of the universal family toY . Denote by
p : U → Y andq : U → X the induced natural morphisms. Notice thatq : U → X is birational.

Let 0 ∈ Y and setU0 = p−1(0). Thenq(U0) is contained in an(H1, . . . , Hk)-equivalence class. This
follows from taking limits of chains of rational curves from the familiesH1, . . . , Hk (see Remark 2.1),
observing the assumption that theHi’s are unsplit, and the fact that the image of a general fiber ofp in X is
an(H1, . . . , Hk)-equivalence class.

Let E be the exceptional locus ofq. SinceX is smooth,E has pure codimension1 in U . SetS =
q(E) ⊂ X. This is a set of codimension at least2 in X. We shall show thatS is closed with respect to
(H1, . . . , Hk)-equivalence. From that it will follow that the morphismp|U\E : U \E → Y \ p(E) is proper
and induces a proper equidimensional morphismX \ S → Y \ p(E) extendingπ◦. Let L be an effective
ample divisor onY . Then there exists an effectiveq-exceptional divisorF on U and an effective divisor
D on X such thatp∗L + F = q∗D. First we claim thatsuppF = E. Indeed, letC ⊂ E be any curve
contracted byq. ThenC is not contracted byp sinceU ⊂ Y × X. HenceF · C = q∗D · C − p∗L · C < 0,
and soC ⊂ supp F . This proves the claim. Notice that the general fiber ofp does not meetE. Therefore,
for any curveC ⊂ U contained in a general fiber ofp, we haveq∗D · C = 0. This shows in particular
thatD · ℓ = 0 for any curveℓ from any of the familiesH1, . . . , Hk. If ℓ̃ ⊂ U is mapped ontoℓ by q, then
F · ℓ̃ = q∗D · ℓ̃− p∗L · ℓ̃ ≤ 0. Hence either̃ℓ is contained inE = supp F or it is disjoint from it. Therefore,
if ℓ is a curve from any of the familiesH1, . . . , Hk, then eitherℓ ⊂ S or ℓ ∩ S = ∅. In other words,S is
closed with respect to(H1, . . . , Hk)-equivalence.

ReplaceX◦ with X \S andY ◦ with Y \p(E), obtaining a proper equidimensional morphismπ◦ : X◦ →
Y ◦ with codim(X \ X◦) ≥ 2. SinceY is normal, we may also replaceY ◦ with its smooth locus and we
still have the conditioncodim(X \ X◦) ≥ 2.
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The locusB of Y ◦ over whichπ◦ has multiple fibers has codimension at least2 in Y ◦. To see this,
compactifyY ◦ to a smooth projective varietȳY and take a resolution̄π : X̄ → Ȳ of the indeterminacies of
X 99K Ȳ with X̄ smooth and projective. Let̄C ⊂ Ȳ be a smooth projective curve obtained by intersecting
dim Ȳ − 1 general very ample divisors on̄Y . Let π̄C̄ : X̄C̄ → C̄ be the corresponding morphism. ThenX̄C̄

is smooth projective and the general fiber ofπ̄ is rationally connected. HencēπC̄ has a section by [GHS03],
and thus it cannot contain multiple fibers. Now, replaceY ◦ with Y ◦ \B to obtain an equidimensional proper
morphism with no multiple fibers.

Let F be a general fiber ofπ◦. For eachi, denote byHj
i , 1 ≤ j ≤ ni, the unsplit covering families of

rational curves onF whose general members correspond to rational curves onX from the familyHi. Let
[Hj

i ] denote the class of a member ofHj
i in N1(F ) andH := {[Hj

i ] | i = 1, . . . , k, j = 1, . . . , ni}. Then
by [Kol96, IV.3.13.3],N1(F ) is generated byH.

Finally we shall show that the locusB′ of Y ◦ over which the fibers ofπ◦ are not integral has codimension
at least2 in Y ◦. Let C ⊂ Y ◦ be a smooth curve obtained by intersectingdimY ◦ − 1 general very ample
divisors onY ◦. Let πC : XC → C be the corresponding morphism. ThenXC is smooth. We denote the
image of the classes[Hj

i ]’s in N1(XC) and their collectionH by the same symbols. By taking limits of
chains of rational curves from the familiesH1, . . . , Hk and applying [Kol96, IV.3.13.3] (see Remark 2.1),
we see that any curve contained in any fiber ofπC is numerically proportional inN1(XC) to a linear
combination of the[Hj

i ]’s. HenceN1(XC/C) is generated byH. Therefore, all fibers ofπC are irreducible.
Indeed, ifF ′

0 is an irreducible component of a reducible fiberF0, thenF ′
0 is a Cartier divisor onXC , and

F ′
0 · [H

j
i ] = 0 for everyHj

i . On the other hand, there is a curveℓ ⊂ F0 such thatF ′
0 · ℓ > 0, contradicting

the fact thatN1(XC/C) is generated byH. Since there are no multiple fibers, the fibers are also reduced.
Finally, we replaceY ◦ with Y ◦ \ B′ and obtain a morphism with the required properties. �

Proposition 2.3. LetX be a smooth complex projective variety andH an unsplit covering family of rational
curves onX. Assume thatHx is irreducible for generalx ∈ X. Let π◦ : X◦ → Y ◦ be theH-rationally
connected quotient ofX. Then the general fiber ofπ◦ is a Fano manifold with Picard number1.

Proof. Let Xt be a general fiber ofπ◦, and supposeρ(Xt) 6= 1. Denote by[H] the class of the members
of H in N1(X). By [Kol96, IV.3.13.3], every proper curve onXt is numerically proportional to[H] in
N1(X). There exists an irreducible componentHt of HXt

= {[C] ∈ H | C ⊂ Xt} which is an unsplit
covering family of rational curves onXt. SinceHx is irreducible for generalx ∈ X, such a componentHt

is unique. Sinceρ(Xt) 6= 1, Xt is notHt-rationally connected by [Kol96, IV.3.13.3]. Letσt : X◦
t → Z◦

t

be the (nontrivial)Ht-rationally connected quotient ofXt. Notice that for everyz ∈ Z◦
t there is a curve

Cz ⊂ Xt numerically proportional to[H] in N1(X), meeting the fiber ofσt over z, but not contained in
it. SinceHt is unique, there is a dense open subsetX ′ of X and a fibrationσ : X ′ → Z ′ whose fibers are
fibers ofσt for somet ∈ Y ◦. Moreover, there is a curveC ⊂ X numerically proportional to[H] in N1(X),
meetingX ′, and not contracted byσ. But this is impossible. Indeed, letL′ be an effective divisor onZ ′

meeting but not containing the image ofC by σ. Let L be the closure ofσ−1(L′) in X. ThenL · C > 0
while L · ℓ = 0 for any curveℓ parametrized byH lying on a fiber ofσ. �

Remark 2.4. The statement of Proposition2.3 does not hold in general if we do not assume thatHx is
irreducible for generalx ∈ X. Indeed, one may takeπ◦ : X◦ → Y ◦ to be a suitable family of quadric
surfaces inP3 andH to be the family of lines on the fibers ofπ◦.

Definition 2.5. Let X be a smooth complex projective variety, andH a minimal covering family of rational
curves onX. Let x ∈ X be a general point. Define the tangent mapτx : Hx 99K P(TxX∗) by sending a
curve that is smooth atx to its tangent direction atx. DefineCx to be the image ofτx in P(TxX∗). This is
called thevariety of minimal rational tangentsatx associated to the minimal familyH.

The mapτx : Hx → Cx is in fact the normalization morphism by [Keb02] and [HM04]. Ifτx is an
immersion at every point ofHx, then all curves parametrized byHx are smooth atx by [Kol96, V.3.6] and
[Ara06, Proposition 2.7], and, as a consequence, there is a one-to-one corresponcence between points ofHx

and the associated curves onX. The varietyCx comes with a natural projective embedding intoP(TxX∗).
This embedding encodes important geometric properties ofX. The following result was proved in [Ara06]
and gives a structure theorem for varieties whose variety of minimal rational tangents is linear.
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Theorem 2.6 [Ara06]. Let X be a smooth complex projective variety,H a minimal covering family of
rational curves onX, andCx ⊂ P(TxX∗) the corresponding variety of minimal rational tangents atx ∈ X.
Suppose that for a generalx ∈ X, Cx is ad-dimensional linear subspace ofP(TxX∗).

Then there exists an open subsetX◦ ⊂ X and aPd+1-bundleϕ◦ : X◦ → T ◦ over a smooth base with
the property that every rational curve parametrized byH and meetingX◦ is a line on a fiber ofϕ◦. In
particular, ϕ◦ : X◦ → T ◦ is theH-rationally connected quotient ofX. If H is unsplit, then we may take
X◦ such thatcodim(X \ X◦) ≥ 2.

Proposition 2.7. Let X be a smooth complex projective variety,H a minimal covering family of rational
curves onX, andπ◦ : X◦ → Y ◦ theH-rationally connected quotient ofX. Suppose that the tangent bundle
TX contains a subsheafD such thatf∗D is an ample vector bundle for a general member[f ] ∈ H. Thenπ◦

is a projective space bundle and the inclusionD |X◦ →֒ TX◦ factors through an inclusionD |X◦ →֒ TX◦/Y ◦ .

Proof. Let Cx ⊂ P(TxX∗) be the variety of minimal rational tangents associated toH at a general point
x ∈ X. By [Ara06, Proposition 4.1],Cx is a union of linear subspaces ofP(TxX∗) containingP(D∗⊗κ(x)).
In [Ara06, Proposition 4.1]D is assumed to be ample, but the proof only uses the fact thatf∗D is a subsheaf
of f∗T+

X for general[f ] ∈ H.
We shall prove thatHx is irreducible, and thusCx is a linear subspace ofP(TxX∗).
For a generalx ∈ X, denote byH i

x, 1 ≤ i ≤ k, the irreducible components ofHx, and byCi
x the image

of τx|Hi
x
. Recall thatHx is smooth and hence theH i

x are disjoint. Furthermore, eachCi
x is ad-dimensional

linear subspace ofP(TxX∗) containingP(D∗⊗κ(x)). Thusτx is an immersion at every point ofHx, hence
all curves parametrized byHx are smooth atx, and there is a one-to-one corresponcence between points of
Hx and the associated curves onX. We shall produce a curvel throughx such that, for everyi ∈ {1, . . . , k},
there exists an element inH i

x parametrizingl. Since there is a one-to-one corresponcence between points of
Hx and the associated curves onX, there exists a unique point inHx parametrizingl, yielding thatHx is
irreducible.

For eachi ∈ {1, . . . , k}, setYi = locus(H i
x), and letηi : Ỹi → Yi be the normalization morphism. Since

f∗D is ample for general[f ] ∈ H, one has an injectionD |Y ◦

i
→֒ TY ◦

i
over the smooth locusY ◦

i of Yi. By

[Ara06, Lemma 3.3],̃Yi ≃ Pd+1. Under this isomorphism, the rational curves onYi parametrized byH i
x

come from the lines onPd+1 passing through a fixed pointxi ∈ Ỹi. By [Ara06, Lemma 4.5], the restricted
mapD |Yi

→֒ TX |Yi
induces an injection of sheavesDi := η∗i D |Yi

→֒ TPd+1 . Furthermore,Di|l is ample for
a general linel ⊂ Pd+1. This implies that there is a lineli ⊂ Pd+1 throughxi and an injectionTli →֒ Di|li .
If Di is not ample, the existence of suchli follows from [OSS80, Theorem 3.2.1]. IfDi is ample, it follows
by the same argument as in [Ara06, Section 4, pages 946–947].

Fix i0 ∈ {1, . . . , k}. Let li0 ⊂ Pd+1 be a line throughxi0 with Tli0
→֒ Di0 |li0 an injection of sheaves.

Setl = ni0(li0). Thenl is smooth atx and over its smooth locusl◦ one has an injectionTl◦ →֒ D |l◦ . Hence
l ⊂ Yi for everyi, and thus, for everyi ∈ {1, . . . , k}, l is the image of a line throughxi in Ỹi ≃ Pd+1, and
hence there exists an element inH i

x parametrizingl. This shows thatHx is irreducible as we noted above.
Now we apply Theorem 2.6 to conclude thatπ◦ is a projective space bundle. Moreover, for a general

point x ∈ X◦, the stalkDx is contained in(TX◦/Y ◦)x. Since the cokernel ofTX◦/Y ◦ →֒ TX◦ is torsion
free, we conclude that there is an inclusionD |X◦ →֒ TX◦/Y ◦ factoringD |X◦ →֒ TX◦ . �

3. THE RELATIVE ANTICANONICAL BUNDLE OF A FIBRATION

In this section we prove that the relative anticanonical bundle of a generically smooth surjective morphism
from a normal projectiveQ-Gorenstein variety onto a smooth curve cannot be ample. In fact, we prove the
following more general result. Note that a similar theorem was proved in [Miy93, Theorem 2].

Theorem 3.1. Let X be a normal projective variety,f : X → C a surjective morphism onto a smooth
curve, and∆ ⊆ X a Weil divisor such that(X, ∆) is log canonical over the generic point ofC. Then
−(KX/C + ∆) is not ample.

Proof. Let X
g
→ C̃

σ
→ C be the Stein factorization off . ThenKC̃ = σ∗KC + Rσ whereRσ is the

ramification divisor ofσ and so−(KX/C̃ + ∆) = −(KX/C + ∆) + g∗Rσ. Notice thatRσ is effective and
hence if−(KX/C + ∆) is ample, then so is−(KX/C̃ + ∆).
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Thus, in order to prove the statement, we may assume thatf has connected fibers. Let us now assume to
the contrary that−(KX/C + ∆) is ample. Letπ : X̃ → X be a log resolution of singularities of(X, ∆), A
an ample divisor onC, andm ≫ 0 such thatD = −m(KX/C + ∆) − f∗A is very ample. Then

KX̃ + π−1
∗ ∆ ∼Q π∗(KX + ∆) + E+ − E−,

whereE+ and E− are effectiveπ-exceptional divisors with no common components and such that the
support ofπ−1

∗ ∆ + E+ + E− is an snc divisor. By the log canonical assumption,E− can be decomposed as
E− = E + F where⌈E⌉ is reduced andE− agrees withE over the generic point ofC. Setf̃ = f ◦ π and
let D̃ ∈ |π∗D| be a general member. Setting∆̃ = π−1

∗ ∆+ 1
mD̃ +E, we obtain that(X̃, ∆̃) is log canonical

and that

(3.1.1) KX̃ + ∆̃ + F ∼Q f̃∗KC + E+ −
1

m
f̃∗A.

Furthermore, sinceE+ is π-exceptional,π∗OX̃(lE+) is an ideal sheaf inOX for any l ∈ Z (see for
instance [Deb01, Lemma 7.11]). Then for anyl ∈ N sufficiently divisible,

f̃∗OX̃(lm(KX̃/C + ∆̃))
ι
→֒ f̃∗OX̃(lm(KX̃/C + ∆̃ + F )) ≃

≃ f̃∗OX̃(l(mE+ − f̃∗A)) ≃ f̃∗OX̃(lmE+) ⊗ OC(−lA) ⊆ OC(−lA).

Finally, observe that

• f̃∗OX̃(lm(KX̃/C + ∆̃ + F )) is nonzero by (3.1.1) and becauseE+ is effective,

• f̃∗OX̃(lm(KX̃/C + ∆̃)) is semi-positive by [Cam04, Thm. 4.13], and
• ι is an isomorphism over a nonempty open subset ofC.

Therefore,f̃∗OX̃(lm(KX̃/C + ∆̃)) is a non-zero semi-positive sheaf contained inOC(−lA), but that con-
tradicts the fact thatA is ample. �

4. LIFTING p-DERIVATIONS TO THE NORMALIZATION

In this section we show thatp-derivations (see definition 4.4 below) can be lifted to the normalization.
This is a generalization of Seidenberg’s theorem in [Sei66]. The proofsin this section follow closely the
proof of Theorem 2.1.1 in [K̈al06] and we also use the following result from [Käl06].

Lemma 4.1 [Käl06, Lemma 2.1.2].Let (A, m, k) be a local Noetherian domain and∂ a derivation ofA.
Let ν be a discrete valuation on the fraction fieldK(A) with center inA. Then there exists ac ∈ Z such

thatν
(

∂(x)
x

)
≥ c for anyx ∈ K(A) \ {0}.

Definition 4.2. Let R be a ring,A an R-algebra andM an A-module. Denote byΩA/R the module of
relative differentials ofA overR. Given a positive integerp, we denote byΩp

A/R thep-th wedge power of

ΩA/R. A p-derivation ofA overR with values inM is anA-linear map∂ : Ωp
A/R → M . Such a map∂

induces a skew symmetric mapK(A)⊕p → M ⊗A K(A), whereK(A) denotes the fraction field ofA. We
use the same symbol∂ to denote this induced map. WhenM = A andR is clear from the context, we call
∂ simply ap-derivation ofA.

Lemma 4.3. Let (A, m, k) be a local Noetherian domain,p a positive integer, and∂ a p-derivation ofA.
Letν be a discrete valuation on the fraction fieldK(A) with center inA. Then there existsc ∈ Z such that

ν
(

∂(x1,...,xp)
x1···xp

)
≥ c for anyx1, . . . , xp ∈ K(A) \ {0}.

Proof. We use induction onp. If p = 1, this is Lemma 4.1. Suppose now thatp ≥ 2 and let(A, m, k) be a
local Noetherian domain,∂ a p-derivation ofA, andν a discrete valuation on the fraction fieldK(A) with
center inA. Let m1, . . . , mr be generators of the maximal idealm.

Using the formula
∂(x1,1x1,2, . . . , xp,1xp,2)

x1,1x1,2 · · ·xp,1xp,2
=

∑ ∂(x1,i1 , . . . , xp,ip)

x1,i1 · · ·xp,ip

,
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we get

ν

(
∂(x1,1x1,2, . . . , xp,1xp,2)

x1,1x1,2 · · ·xp,1xp,2

)
≥ min

{
ν

(
∂(x1,i1 , . . . , xp,ip)

x1,i1 · · ·xp,ip

)}

for x1,1, x1,2, . . . , xp,1, xp,2 ∈ A \ {0}. Further observe that

∂(x−1
1 , x2, . . . , xp)

x−1
1 x2 · · ·xp

= −
∂(x1, . . . , xp)

x1 · · ·xp
.

Also, if a ∈ A, thena may be written as a sum of productsmi1 · · ·miku with u ∈ A \ m. Therefore we
only have to check that the required inequality holds forx1, . . . , xp ∈ {m1, . . . , mr} ∪ (A \ m).

If x1, . . . , xp ∈ A \ m then

ν

(
∂(x1, . . . , xp)

x1 · · ·xp

)
= ν(∂(x1, . . . , xp)) ≥ 0.

Suppose now that at least one of thexi’s is in m. For simplicity we assume thatx1, . . . , xl ∈ A \ m and
xl+1, . . . , xp ∈ {m1, . . . , mr}, 0 ≤ l < p. We may view∂(·, · · · , ·, xl+1, . . . , xp) as anl-derivation ofA.
The result then follows by induction. �

Definition 4.4. Let S be a scheme,X a scheme overS, andL a line bundle onX. Denote byΩX/S the
sheaf of relative differentials ofX overS, and byΩp

X/S its p-th wedge power forp ∈ N. A p-derivation of

X overS with values inL is a morphism of sheaves∂ : Ωp
X/S → L . WhenS is the spectrum of a field

andL is clear from the context, we dropS andL from the notation and call∂ simply ap-derivation onX.

Proposition 4.5. LetX be a Noetherian integral scheme over a fieldk of characteristic zero andη : X̃ → X
its normalization. LetL be a line bundle onX, p a positive integer, and∂ a p-derivation with values inL .
Then∂ extends to a uniquep-derivation∂̄ on X̃ with values inη∗L .

Proof. The uniqueness of̄∂ is clear sinceL is torsion free andη is birational. The existence of the lifting
can be established locally. So we may assume thatX is the spectrum of an integralk-algebraA, L is
trivial, and∂ is ap-derivation ofA. LetA′ denote the integral closure ofA in its fraction fieldK(A). There
exists a unique extension of∂ to ap-derivation ofK(A), which we also denote by∂. We must prove that
∂(A′, . . . , A′) ⊂ A′.

First we reduce the problem to the case whenA is a1-dimensional local ring andA′ is a DVR. SinceA′

is integrally closed inK(A), A′ is the intersection of its localizations at primes of height one [Mat80, 2.
Theorem 38]. Letp′ be a prime of height one ofA′, and setp = p′∩A. Notice that∂(Ap, . . . , Ap) ⊂ Ap, and
the result follows if we prove that∂(A′

p′
, . . . , A′

p′
) ⊂ A′

p′
. Hence we may assume thatA is a1-dimensional

local ring andA′ is a DVR. Denote bym andm′ the maximal ideals ofA andA′ respectively.
Next we further reduce the problem to the case whenA and A′ are complete local rings. Let̄R be

the completion ofA′ with respect to them′-adic topology. LetĀ be the completion ofA with respect to
the m-adic topology. SincēA is 1-dimensional, there is an inclusion of local rings̄A ⊂ R̄. Let ν be a
discrete valuation ofK(A′) whose valuation ring isA′. By Lemma 4.3,∂ is a continuousp-derivation of
R with values inK(A′). Hence it has a unique extension to a continuousp-derivation∂̄ of K(R̄). Notice
that the condition∂(A, . . . , A) ⊂ A implies that∂(Ā, . . . , Ā) ⊂ Ā by the Artin-Rees Lemma. Since
K(A) ∩ R̄ = A′, the result then follows if we prove that∂(R̄, . . . , R̄) ⊂ R̄. Therefore we may assume that
A andA′ are complete1-dimensional local rings.

Now we use induction onp. If p = 1, this is Seidenberg’s theorem [Sei66], so we may assume thatp ≥ 2.
Let kA be a coefficient field inA, andkA′ a coefficient field inA′ containingkA [Eis95, Theorem 7.8]. The
extensionkA′ |kA is finite. Lett ∈ m′ be a uniformizing parameter. It suffices to show that∂(x1, . . . , xp) ∈
A′ for x1, . . . , xp ∈ kA′ ∪ {t}. Since∂ is skew symmetric andp ≥ 2, we have∂(t, . . . , t) = 0. So we may
assume thatx1 ∈ kA′ . SincekA′ |kA is finite and separable, there existsP (X) =

∑
aiX

i ∈ kA[X] such
thatP (x1) = 0 andP ′(x1) 6= 0. Thus

0 = ∂(P (x1), x2, . . . , xp) = P ′(x1)∂(x1, . . . , xp) +
∑

∂(ai, x2, . . . , xp)x
i
1.

Finally,∂(ai, , . . . , ) may be viewed as ap−1 derivation ofA and so∂(x1, . . . , xp) ∈ A′ by the induction
hypothesis. �
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5. SECTIONS OF∧pTX ⊗ M

The following lemma will be used several times in this section.

Lemma 5.1. LetY be a smooth variety,π : X → Y a smooth morphism,M a line bundle onX, andp ≥ 2
an integer. Suppose that for a general fiber,F , of π, H0(F,∧iTF ⊗ M |F ) = 0 for 0 ≤ i ≤ p − 2. Then
there exists an exact sequence:

0 → H0(X,∧pTX/Y ⊗ M ) → H0(X,∧pTX ⊗ M ) → H0(X,∧p−1TX/Y ⊗ π∗TY ⊗ M ).

Proof. The short exact sequence

0 → TX/Y → TX → π∗TY → 0

yields a filtration∧pTX ⊗ M = F0 ⊇ F1 ⊇ F2 ⊇ · · · ⊇ Fp ⊇ Fp+1 = 0 such that

Fi/Fi+1 ≃ ∧iTX/Y ⊗ π∗ ∧p−i TY ⊗ M

for eachi. In particular, one has the short exact sequence,

(5.1.1) 0 → ∧pTX/Y ⊗ M → Fp−1 → ∧p−1TX/Y ⊗ π∗TY ⊗ M → 0.

The assumption thatH0(F,∧iTF ⊗ M |F ) = 0 for 0 ≤ i ≤ p − 2 for a general fiber ofπ implies that
H0(X, Fi/Fi+1) = 0 for 0 ≤ i ≤ p − 2, thusH0(X,∧pTX ⊗ M ) = H0(X, F0) = · · · = H0(X, Fp−1)
and the result follows from (5.1.1). �

The condition thatH0(F,∧iTF ⊗M |F ) = 0 for 0 ≤ i ≤ p−2 andF a general fiber ofπ is easily verified
whenπ is a projective space bundle andM |F is sufficiently negative. In this case we get the following.

Lemma 5.2. Let Y be a smooth projective variety of dimension≥ 1, E an ample vector bundle of rank
r + 1 ≥ 2 and N a nef line bundle onY . Consider the projective bundleπ : X = P(E ) → Y with
tautological line bundleOP(E )(1). Letp, q ∈ N and assume thatp ≥ 2. Then

(5.2.1) H0(X,∧pTX/Y ⊗ OP(E )(−p − q) ⊗ π∗
N

−1) = 0.

Proof. First observe, that ifp > r then the statement is trivially true, so we will assume thatp ≤ r. Let
i ∈ N, i < p. After twisting byOP(E )(−p − q) ⊗ π∗N −1, the short exact sequence

0 → ∧p−i−1TX/Y → ∧p−i (π∗
E

∗(1)) → ∧p−iTX/Y → 0

yields the exact sequence

(5.2.2) · · · → H i(X,∧p−i(π∗
E

∗)(−i − q) ⊗ π∗
N

−1) → H i(X,∧p−iTX/Y (−p − q) ⊗ π∗
N

−1) →

→ H i+1(X,∧p−i−1TX/Y (−p − q) ⊗ π∗
N

−1) → . . .

Sincei < p ≤ r andRjπ∗OP(E )(l) = 0 for 0 < j < r and for anyl ∈ Z, the Leray spectral sequence
implies that

H i(X,∧p−i(π∗
E

∗)(−i − q) ⊗ π∗
N

−1) = H i(Y,∧p−i
E

∗ ⊗ N
−1 ⊗ π∗OP(E )(−i − q)).

The sheafπ∗OP(E )(−i − q) is zero unlessi = q = 0, in which case it is isomorphic toOY . Furthemore,
H0(Y,∧pE ∗ ⊗ N −1) = 0 sinceE is ample andN is nef, and hence

H i(X,∧p−i(π∗
E

∗)(−i − q) ⊗ π∗
N

−1) = 0

for 0 ≤ i ≤ p − 1. Therefore, by (5.2.2), one has a series of injections,

H0(X,∧pTX/Y (−p − q) ⊗ π∗
N

−1) →֒ H1(X,∧p−1TX/Y (−p − q) ⊗ π∗
N

−1) →֒ . . .

· · · →֒ H i(X,∧p−iTX/Y (−p − q) ⊗ π∗
N

−1) →֒ · · · →֒ Hp(X, OP(E )(−p − q) ⊗ π∗
N

−1).

By the Kodaira vanishing theoremHp(X, OP(E )(−p−q)⊗π∗N −1) = 0, and the statement follows.�

Corollary 5.3. Let Y be a smooth projective variety of dimension≥ 1 andE an ample vector bundle of
rank r + 1 ≥ 2 on Y . Consider the projective bundleπ : X = P(E ) → Y with tautological line bundle
OP(E )(1). Suppose thatH0(X,∧pTX ⊗ OP(E )(−p − q) ⊗ π∗N −1) 6= 0 for some integersp ≥ 2, q ≥ 0,
and some nef line bundleN onY . ThenY ≃ P1, E ≃ OP1(1) ⊕ OP1(1), p = 2, q = 0, andN ≃ OP1 .
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Proof. Let F ≃ Pr denote a general fiber ofπ and setM = OP(E )(−p − q) ⊗ π∗N −1. Then by Bott’s
formulaH0(F,∧iTF ⊗ M |F ) = 0 for every0 ≤ i ≤ p − 2. Then Lemma 5.1 and Lemma 5.2 imply that
H0(X,∧p−1TX/Y ⊗π∗(TY ⊗N −1)⊗OP(E )(−p−q)) 6= 0. By Bott’s formula againH0(F,∧p−1TF (−p−
q)) 6= 0 implies thatq = 0 andr = p − 1. Therefore we have

0 6= H0(X,∧rTX/Y ⊗ π∗(TY ⊗ N
−1) ⊗ OP(E )(−r − 1)) =

H0(X, π∗
(
TY ⊗ det E

∗ ⊗ N
−1

)
) ≃ H0(Y, π∗π

∗
(
TY ⊗ det E

∗ ⊗ N
−1

)
) ≃

H0(Y, TY ⊗
(
det E ⊗ N︸ ︷︷ ︸

ample

)−1
).

Now Wahl’s theorem [Wah83] yields thatY ≃ Pm for somem > 0. Then we immediately obtain that
deg(det E ⊗ N ) ≤ 2. SinceE is ample on a projective space,

2 ≤ r + 1 = rkE ≤ deg E ≤ deg(det E ⊗ N ) − deg N ≤ 2 − deg N ≤ 2.

Therefore all of these inequalities must be equalities and we have thatr + 1 = p = 2, q = 0 andN ≃ OY .
Furthermore, this implies that thenOPm(2) ≃ det E →֒ TPm and hencem = 1. �

Proposition 5.4. LetX be a smooth projective variety,H ⊂ RatCurvesn(X) a minimal covering family of
rational curves onX, L an ample line bundle onX, andM a nef line bundle onX such thatc1(M )·C > 0
for every [C] ∈ H. Suppose thatH0(X,∧pTX ⊗ L −p ⊗ M−1) 6= 0 for some integerp ≥ 1. Then
(X, L , M ) ≃ (Pp, OPp(1), OPp(1)).

Proof. Let [f ] ∈ H be a general member and writef∗TX ≃ OP1(2)⊕OP1(1)⊕d⊕O
⊕n−d−1
P1 . The condition

that bothf∗L andf∗M are ample and thatH0(X,∧pTX ⊗ L −p ⊗ M−1) 6= 0 implies thatf∗L ≃
OP1(1) ≃ f∗M , and thusH is unsplit. A non-zero sections ∈ H0(X,∧pTX ⊗ L −p ⊗ M−1) and the
contraction

Cθ : ∧pTX ⊗ L
−p ⊗ M

−1 → ∧p−1TX ⊗ L
−p ⊗ M

−1

induced by a differential formθ ∈ ΩX , gives rise to a non-zero map

ΩX → ∧p−1TX ⊗ L
−p ⊗ M

−1

θ 7→ Cθ(s),

the dual of which is the non-zero map

(5.4.1) ϕ : Ωp−1
X ⊗ L

p ⊗ M → TX .

The sheaff∗(Ωp−1
X ⊗L p⊗M ) is ample. Thus, by Proposition 2.7 and Theorem 2.6, there is an open subset

X◦ ⊂ X, with codimX(X \ X◦) ≥ 2, a smooth varietyY ◦, and aPd+1-bundleπ◦ : X◦ → Y ◦ such that
any rational curve fromH meetingX◦ is a line on a fiber ofπ◦. Moreover, the restriction ofs to X◦ lies in
H0(X◦,∧pTX◦/Y ◦ ⊗ L |−p

X◦ ⊗ M |−1
X◦), and its restriction to a general fiberF yields a non-zero section in

H0(F,∧pTF ⊗ L |−p
F ⊗ M |−1

F ). On the other hand, by Bott’s formula,H0(Pd+1,∧pTPd+1(−p − 1)) = 0
unlessp = d + 1.

Supposedim(Y ◦) > 0. SincecodimX(X \ X◦) ≥ 2, Y ◦ contains a complete curve through a general
point. Letg : B → Y ◦ be the normalization of a complete curve passing through a general point ofY ◦. Set
XB := X◦ ×Y ◦ B, and denote byLXB

andMXB
the pullbacks ofL andM to XB respectively. Then

XB → B is aPp-bundle, and the sections induces a non-zero section inH0(XB,∧pTXB/B⊗L
−p
XB

⊗M
−1
XB

).
But this is impossible by Corollary 5.3. Thusdim(Y ◦) = 0 andX ≃ Pp. �

Corollary 5.5. LetX be a smooth projective variety andL an ample line bundle onX. If H0(X,∧pTX ⊗
L −p−1−k) 6= 0 for integersp ≥ 1 andk ≥ 0, thenk = 0 and(X, L ) ≃ (Pp, OPp(1)).

Proof. Note thatX is uniruled by [Miy87]. The result follows easily from Proposition 5.4. �

Here is how we are going to apply these results under the assumptions of Theorem 1.1. Suppose that
H0(X,∧pTX ⊗ L −p) 6= 0 for some ample line bundleL on X and integerp ≥ 2. ThenX is uniruled
by [Miy87] and we fix a minimal covering familyH of rational curves onX. Let π : X◦ → Y ◦ be
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the H-rational quotient ofX. By shrinkingY ◦ if necessary, we may assume thatY ◦ andπ are smooth.
Corollary 5.5 provides the vanishing required to apply Lemma 5.1 toπ : X◦ → Y ◦, yielding the following.

Lemma 5.6. Let Y be a smooth variety,π : X → Y a smooth morphism with connected fibers, andL a
line bundle onX. LetF be a general fiber ofπ. Suppose thatF is projective and that the restrictionL |F
is ample. IfH0(X,∧pTX ⊗ L −p) 6= 0 for some integerp ≥ 2, then either(F, L |F ) ≃ (Pp−1, OPp−1(1))
andH0(X,∧p−1TX/Y ⊗ π∗TY ⊗ L −p) 6= 0, or dim(F ) ≥ p andH0(X,∧pTX/Y ⊗ L −p) 6= 0.

Proof. Corollary 5.5 implies thatH0(F,∧iTF ⊗ L |−p
F ) = 0 for 0 ≤ i ≤ p − 2. So we may apply

Lemma 5.1 withM = L −p to conclude that eitherH0(X,∧p−1TX/Y ⊗π∗TY ⊗L −p) 6= 0, ordimF ≥ p

andH0(X,∧pTX/Y ⊗L −p) 6= 0. In the first case we haveH0(F,∧p−1TF ⊗L |−p
F ) 6= 0, and Corollary 5.5

implies that(F, L |F ) ≃ (Pp−1, OPp−1(1)) and so the desired statement follows. �

Let X, H, andπ : X◦ → Y ◦ be as in the above discussion. If we are under the first case of Lemma 5.6,
then Theorem 2.6 implies that thePp−1-bundleπ : X◦ → Y ◦ can be extended in codimension1. Next we
show that in this case we must haveX ≃ Q2.

Lemma 5.7. Let X be a smooth projective variety andL an ample line bundle onX. LetX◦ ⊂ X be an
open subset whose complement has codimension at least2 in X. Letπ : X◦ → Y ◦ be a smooth projective
morphism with connected fibers onto a smooth quasi-projective variety. IfH0(X◦,∧p−1TX◦/Y ◦ ⊗π∗TY ◦ ⊗

L |−p
X◦) 6= 0 for some integerp ≥ 2, thenp = 2, X◦ = X ≃ Q2, andY ◦ ≃ P1.

Proof. Suppose that for somep ≥ 2 there is a non-zero section

s ∈ H0(X◦,∧p−1TX◦/Y ◦ ⊗ π∗TY ◦ ⊗ L |−p
X◦) 6= 0.

By Corollary 5.5, the fibers ofπ are isomorphic toPp−1, and the restriction ofL to each fiber is isomorphic
toOPp−1(1). Sinceπ has relative dimensionp−1, there exists an inclusion∧p−1TX◦/Y ◦⊗π∗TY ◦ ⊆ ∧pTX◦ ,

and thuss, as in (5.4.1), yields a mapϕ : Ωp−1
X◦ ⊗ L |pX◦ → TX◦ of rank p at the generic point. Since

codimX(X \ X◦) ≥ 2, s extends to a sectioñs ∈ H0(X,∧pTX ⊗ L −p). Denote by

ϕ̃ : Ωp−1
X ⊗ L

p → TX

the associated map, which has rankp at the generic point.
Let E = π∗L . By [Fuj75, Corollary 5.4],X◦ ≃ P(E ) over Y ◦ and then∧p−1TX◦/Y ◦ ⊗ L −p ≃

π∗(det E ∗), ands is the pullback of a global sectionsY ◦ ∈ H0(Y ◦, TY ◦ ⊗ det E ∗). This implies that the
distributionD defined bys is integrable. Moreover, its leaves are the pullbacks of the leaves of the foliation
F ◦ defined by the mapdet E →֒ TY ◦ associated tosY ◦ .

SincecodimX(X \ X◦) ≥ 2, we can find complete curves sweeping out a dense open subset ofY ◦. Let
C be a general complete curve onY ◦. CompactifyY ◦ to a smooth varietyY , and letF be an invertible sub-
sheaf ofTY extendingF ◦. ThenF |C = det E |C is ample. By [BM01, Theorem 0.1] (see also [KSCT07,
Theorem 1]), the leaf of the foliationF through any point ofC is rational. We conclude that the leaves of
F ◦ are (possibly noncomplete) rational curves. Thus the closures of the leaves of the distributioñD defined
by ϕ̃ are algebraic.

Let F ⊂ X be the closure of a leaf of̃D that meetsX◦ and letη : F̃ → F be its normalization.
Then there exists a morphism̃F → B onto a smooth rational curve. The general fiber of this morphism is
isomorphic toPp−1 and the restriction ofL to the general fiber is isomorphic toOPp−1(1). The fibers are
thus generically reduced and finally reduced since fibers satisfy Serre’s conditionS1. By [Fuj75, Corollary
5.4], F̃ → B is aPp−1-bundle and, in particular,̃F is smooth.

The sectioñs ∈ H0(X,∧pTX ⊗ L −p) defines a non-zero mapΩp
X → L −p. SinceF is the closure of a

leaf of D̃ andL |F is torsion free, the restriction of this map toF factors through a mapΩp
F → L |−p

F . By
Lemma 4.5, this map extends to a mapΩp

eF
→ η∗L |−p

F . Corollary 5.3 then implies thatp = 2 andF̃ ≃ Q2.

Moreoverη∗L |F ≃ OQ2
(1). In particular,π : X◦ → Y ◦ is aP1-bundle. Denote byH the unsplit covering

family of rational onX whose general member corresponds to a fiber ofπ.
We claim that the general leaf ofF ◦ is a complete rational curve. From this it follows that the general

leaf ofD̃ is compact, and contained inX◦. Let F̃ denote the normalization of the closure of a general leaf of
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D̃ . SinceF̃ ≃ Q2 andη∗L |F ≃ OQ2
(1), X admits an unsplit covering familyH ′ of rational curves whose

general member corresponds to a ruling ofF̃ ≃ Q2 that is not contracted byπ. Sincecodim(X \X◦) ≥ 2,
the general member ofH ′ corresponds to a complete rational curve contained inX◦. Its image inY ◦ is a
complete leaf ofF ◦. As we noted above, this implies thatF = F̃ ≃ Q2. Notice that the sectioñs does not
vanish anywhere on a general leafF ≃ Q2 of F ◦.

Let ϕ : X ′ → Z ′ be the(H, H ′)-rationally connected quotient ofX. Then the general fiber ofϕ is a
leaf F ≃ Q2 of F ◦. By Lemma 2.2, we may assume thatcodimX(X \ X ′) ≥ 2, Z ′ is smooth, andϕ is a
proper surjective equidimensional morphism with irreducible and reducedfibers. Thereforeϕ : X ′ → Z ′ is
a quadric bundle by [Fuj75, Corollary 5.5]. Since the familiesH andH ′ are distinct,ϕ is in fact a smooth
quadric bundle.

We claim that in factX = F and Z ′ is a point. Suppose otherwise, and letg : C → Z ′ be the
normalization of a complete curve passing through a general point ofZ ′. SetXC = X ′ ×Z′ C, denote by
ϕC : XC → C the corresponding (smooth) quadric bundle, and writeLXC

for the pullback ofL to XC .
The sectioñs induces a non-zero section inH0(XC , ω−1

XC/C ⊗ L
−2
XC

) that does not vanish anywhere on a

general fiber ofπC . Thusω−1
XC/C is ample, contradicting Proposition 3.1. �

6. PROOF OFTHEOREM 1.1

In order to prove the main theorem, we shall reduce it to the case whenX has Picard numberρ(X) = 1.
To treat that case, we will recall some facts about slopes of vector bundles that will be used later.

Definition 6.1. Let X be ann-dimensional projective variety andH an ample line bundle onX. Let E

be a torsion free sheaf onX. We define the slope ofE with respect toH to beµ
H

(E ) = c1(E )·c1(H )n−1

rk(E ) .
We say that a vector bundleF on X is µ

H
-semistableif for any torsion free subsheafE of F we have

µ
H

(E ) ≤ µ
H

(F ). Given a vector bundleF onX, there exists a filtration ofF by torsion free subsheaves

0 = E0 ( E1 ( . . . ( Ek = F ,

with µ
H

-semistable quotientsQi = Ei/Ei−1, and such thatµ
H

(Q1) > µ
H

(Q2) > . . . > µ
H

(Qk). This is
called theHarder-Narasimhan filtrationof F (see [MR82], [HN75, 1.3.9]).

Lemma 6.2. Let X be a projective variety andH an ample line bundle onX. LetF be a vector bundle
onX, p a positive integer, andN an invertible subsheaf ofF⊗p. ThenF contains a torsion free subsheaf

E such thatµ
H

(E ) ≥
µ

H
(N )

p .

Proof. Consider the Harder-Narasimhan filtration ofF :

0 = E0 ( E1 ( . . . ( Er = F ,

with Qi = Ei/Ei−1, µ
H

-semistable for1 ≤ i ≤ r, andµ
H

(Q1) > µ
H

(Q2) > . . . > µ
H

(Qk). For each
1 ≤ i ≤ r there exists a filtration

E
⊗p
i−1 = Gi,0 ( Gi,1 ( . . . ( Gi,p = E

⊗p
i ,

with quotientsGi,j/Gi,j−1 ≃ E
⊗p−j
i−1 ⊗Q⊗j

i . From the filtrations described above, we see that the inclusion

N →֒ F⊗p induces an inclusionN →֒ Q⊗i1
1 ⊗ . . . ⊗ Q⊗ik

k , for suitable non-negative integersij ’s such
that

∑
ij = p. Since eachQi is µ

H
-semistable, so is the tensor productQ⊗i1

1 ⊗ . . . ⊗ Q⊗ik
k (see [HL97,

Theorem 3.1.4]). Hence

µ
H

(N ) ≤ µ
H

(Q⊗i1
1 ⊗ . . . ⊗Q⊗ik

k ) =
∑

ijµH
(Qj) ≤ pµ

H
(Q1),

andE = E1 = Q1 is the required subsheaf ofF . �

Now we can prove our main theorems.

Theorem 6.3. LetX be a smoothn-dimensional projective variety withρ(X) = 1, L an ample line bundle
onX, andp a positive integer. Suppose thatH0(X, T⊗p

X ⊗L −p) 6= 0. Then either(X, L ) ≃ (Pn, OPn(1)),
or p = n ≥ 3 and(X, L ) ≃ (Qp, OQp

(1)).
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Proof. First notice thatX is uniruled by [Miy87], and hence a Fano manifold withρ(X) = 1. The result is
clear if dimX = 1, so we assume thatn ≥ 2. Fix a minimal covering familyH of rational curves onX.

By Lemma 6.2,TX contains a torsion free subsheafE such thatµ
L

(E ) ≥
µ

L
(L p)

p = µ
L

(L ). This implies

that deg f∗E

rk E
≥ deg f∗L for a general member[f ] ∈ H. If r = rk(E ) = 1, thenE is ample and we are done

by Wahl’s theorem. Otherwise, asf∗E is a subsheaf off∗TX ≃ OP1(2)⊕OP1(1)⊕d⊕O
⊕(n−d−1)
P1 , we must

havedeg f∗L = 1 and eitherf∗E is ample, orf∗E ≃ OP1(2)⊕OP1(1)⊕r−2 ⊕OP1 for a general[f ] ∈ H.
If f∗E is ample, thenX ≃ Pn by Proposition 2.7, using the fact thatρ(X) = 1. If f∗E is not ample, then
OP1(2) ⊂ f∗E for general[f ] ∈ H, and soCx ⊂ P(E ∗ ⊗ κ(x)) for a generalx ∈ X. Thus by [Ara06, 2.6]
(f∗T+

X )o ⊂ (f∗E )o for a generalo ∈ P1 and a general[f ] ∈ H. Sincef∗T+
X is a subbundle off∗TX , we

have an inclusion of sheavesf∗T+
X →֒ f∗E , and thusdet(f∗E ) = f∗ω−1

X . Sinceρ(X) = 1, this implies
thatdetE ∗∗ = ω−1

X , and thus0 6= h0(X,∧rTX ⊗ ωX) = hn−r(X, OX). The latter is zero unlessn = r

sinceX is a Fano manifold. Ifn = r, then we must haveω−1
X ≃ L ⊗n. HenceX ≃ Qn by [KO73]. �

Proof of Theorem 1.1.Let X be a smooth projective variety andL an ample line bundle onX such that
H0(X,∧pTX ⊗ L −p) 6= 0. By Theorem 6.3, we may assume thatρ(X) ≥ 2. We may also assume that
p ≥ 2 as the casep = 1 is just Wahl’s theorem. We shall proceed by induction onn.

Notice thatX is uniruled by [Miy87]. LetH ⊂ RatCurvesn(X) be a minimal covering family of
rational curves onX, and [f ] ∈ H a general member. By analyzing the degree of the vector bundle
f∗(∧pTX ⊗ L −p), we conclude thatf∗L ≃ OP1(1), and thusH is unsplit. Letπ◦ : X◦ → Y ◦ be the
H-rational quotient ofX. By shrinkingY ◦ if necessary, we may assume thatπ◦ is smooth. Sinceρ(X) ≥ 2,
we must havedimY ◦ ≥ 1 by [Kol96, IV.3.13.3].

Let F be a general fiber ofπ◦ and setk = dim F . By Lemma 5.6, either

• k = p− 1, (F, L |F ) ≃ (Pp−1, OPp−1(1)), andH0(X◦,∧p−1TX◦/Y ◦ ⊗π∗TY ◦ ⊗L −p) 6= 0, or
• k ≥ p andH0(X◦,∧pTX◦/Y ◦ ⊗ L −p) 6= 0.

In the first caseπ : X◦ → Y ◦ is a Pp−1-bundle and we may assume thatcodimX(X \ X◦) ≥ 2 by
Theorem 2.6. Then we apply Lemma 5.7 and conclude thatX ≃ Q2.

In the second case, the induction hypothesis implies that either(F, L |F ) ≃ (Pk, OPk(1)), or k = p and
(F, L |F ) ≃ (Qp, OQp

(1)). If F ≃ Pk, again by Theorem 2.6,π : X◦ → Y ◦ is aPk-bundle, and we may
assume thatcodimX(X \ X◦) ≥ 2. As in the end of the proof of Proposition 5.4, we reach a contradiction
by applying Corollary 5.3 toX◦ ×Y ◦ B → B, whereB → Y ◦ is the normalization of a complete curve
passing through a general point ofY ◦.

Suppose now thatF ≃ Qp. Then, by Lemma 2.2 and [Fuj75, Corollary 5.5],π◦ can be extended to a
quadric bundleπ : X ′ → Y ′ with irreducible and reduced fibers, whereX ′ is an open subset ofX with
codimX(X \ X ′) ≥ 2, andY ′ is smooth. Denote byX ′′ the open subset ofX ′ whereπ is smooth. Notice
thatcodimX′(X ′\X ′′) ≥ 2. A non-zero global section of∧pTX⊗L −p restricts to a non-zero global section
of ∧pTX′′/Y ′ ⊗ L |−p

X′′ , which, in turn, extends to a non-zero global sections ∈ H0(X ′, ω−1
X′/Y ′

⊗ L |−p
X′ )

sinceX ′ is smooth. The sections does not vanish anywhere on a general fiber ofπ.
Let g : C → Y ′ be the normalization of a complete curve passing through a general point ofY ′. Set

XC = X ′ ×Y ′ C, denote byπC : XC → C the corresponding quadric bundle, and writeLXC
for the

pullback ofL toXC . The general fiber ofπC is smooth. Now notice thatXC is a local complete intersection
variety, and nonsingular in codimension one, since the fibers ofπ are reduced. In particular,XC is a normal
Gorenstein variety, and the morphismπC is generically smooth. The sections induces a non-zero section in
H0(XC , ω−1

XC/C ⊗ L
−p
XC

) that does not vanish anywhere on the general fiber ofπC . Thusω−1
XC/C is ample,

contradicting Proposition 3.1. �
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[KSCT07] S. KEBEKUS, L. SOLÁ CONDE, AND M. TOMA: Rationally connected foliations after Bogomolov and McQuillan, J.

Algebraic Geom.16 (2007), no. 1, 65–81.MR2257320
[KO73] S. KOBAYASHI AND T. OCHIAI : Characterizations of complex projective spaces and hyperquadrics, J. Math. Kyoto

Univ. 13 (1973), 31–47.
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