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1. INTRODUCTION

1.1. (Our main result and its application) Let X Up Y be the union of
two general connected, smooth, nonrational curves X and Y intersecting
transversally at a point P. Assume that P is a general point of X or of Y.
Our main result is Theorem 5.1, which, in a simplified version, says:

Let Q € X. Then Q is the limit of special Weierstrass points on a family
of smooth curves degenerating to X Up Y if and only if Q # P and either of
the following conditions hold: @ is a special ramification point of the linear
system |Kx + (gy + 1)P|, or Q is a ramification point of the linear system
|[Kx + (gv + 14 j)P| for j = £1 and P is a Weierstrass point of Y.

Above, gy stands for the genus of Y and K x for a canonical divisor of X.

As an application, we use Theorem 5.1 to recover, in a unified and con-
ceptually simpler way, computations made by Diaz and Cukierman of the
divisor classes of curves with special Weierstrass points in the moduli spaces
of stable curves; see Theorem 9.2.

1.2. (Motivation) In order to understand how the above result fits in the
literature on the subject, we must recall that in the last two decades several
papers on limits of Weierstrass points and linear series on stable curves
appeared, from the pioneering [7], [8] and [18] to the more recent [10], [12]
and [25]. The investigations about these topics were initially aimed to prove
existence theorems (about, e.g., distinguished linear series on smooth curves)
or to do enumerative geometry, in the sense of [23], on the moduli space of
genus-g stable curves, Mg. For instance, in the beginning of the eighties,
Harris and Mumford [18] proved that the moduli space M, is of general type
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for g odd and g > 23, doing computations on Picgn (M), the Picard group
of the moduli functor of genus-g stable curves.

The same techniques were successfully used by Diaz [6], for g > 3, to
compute the class E, 1 (there named D,_1) of the closure of the locus of
smooth curves having an exceptional (here called special) Weierstrass point
of type g — 1; see Subsection 8.1 for the precise definition of E, 1. A
Weierstrass point ) on a smooth curve of genus g is said to be of type g — 1
if dim |(g —1)Q| > 1, and of type g+ 1 if dim|(g+1)Q| > 2. Diaz computed
the class Egy,l by intersecting it with certain test curves entirely contained
in the boundary of M,. This way he got relations among the coefficients of
the expression of Eg,_l in terms of the basis for Pinun(Mg> formed by the

tautological class A and the boundary classes do, . . ., d[4/2]. These test curves
were induced by one-parameter families F; — X; of curves given as follows:
start with a general smooth curve X; of genus g —1, foreachi=1,...,9—1,

and a general smooth pointed curve (Y;, B;) of genus ; then the fiber (F;)p
over P € X, is X; Up Y;, the point B; € Y; being identified with P € Xj.
This can be seen as a curve in Mg via a nonconstant map v;: X; — Mg.

The crux of Diaz’s method was to evaluate in v E,4,—1, which amounts
to knowing, with multiplicities, for how many pairs (P, Q) with P € X; and
Q € X;UpY; there is a family of smooth curves degenerating to X; Up Y;
with Weierstrass points of type g — 1 converging to ). This was done in
[6] by using the theory of admissible coverings introduced and developed in
[18]. So half of our Theorem 5.1 is in [6].

After Diaz’s work, it was natural to ask what the limits of special Weier-
strass points of type g + 1 are, the other half of Theorem 5.1. In fact, soon
afterwards, Cukierman [3] computed the class E, 1 of the closure of the locus
of smooth curves having a Weierstrass point of type g+ 1; again, see Subsec-
tion 8.1 for a precise definition. However, his method was not based on test
curves, but on a Hurwitz formula with singularities. (He used Diaz’s result
as well.) Also, the theory of admissible coverings could not be effectively
used, as the condition defining E%l is not about the existence of a pencil,
but of a net. Of course, once we have an expression for E, 1 in terms of the
generators of Picgn (M), we can evaluate it along the ;. But we cannot
infer what the limits of Weierstrass points of type g+ 1 on X; Up Y; are just
from their number.

Our Theorem 5.1 fills this gap. To show the “only if” part of it is not
hard. To show the “if” part we use limit linear series on two-parameter
families of curves, instead of admissible coverings.

1.3. (Application) Our Theorem 5.1 can be used to compute the classes
E, 1 and E, in a unified and conceptually simpler way. Also, there occur
no multiplicity issues, an usual nuisance of the method of test curves.

In brief, here is how. First of all, we consider another divisor class on Mg,
the class Wg of the closure of the locus of smooth curves having a special
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Weierstrass point, either of type g — 1 or of type g + 1; see Subsection 8.1
for a more precise definition. It turns out that Wg is much easier to com-
pute. An expression for it, in terms of the basis for Pinun(Mg) mentioned
above, appeared already in [15], but multiplicity issues exist there, due to
the method of test curves.

Here we compute Wg directly, in Theorem 8.4, by intersecting Wg with
a general curve in Mg. No multiplicity issues arise. Of crucial importance
in this computation is Theorem 6.1, which, in a way, describes the limits of
Weierstrass points on a general irreducible uninodal curve. This description
is much finer than that found in [6], Thm. A2.1, p. 60, for instance. For the
proof of Theorem 6.1 we use the theory of limit linear series for curves that
are not of compact type, developed in [10].

Then we show that SW, = Eg,_l JngJ. This follows from our Proposi-
tion 9.1. This is something to be expected, from a purely set-theoretic point
of view, but nevertheless, because of multiplicity issues, is not immediate
and had to be proven.

Now we use the test curves given by the ;. Having the expression for
SW , allows us to compute S x, Vi SW 4, which gives us the sum

/ By 1 + / 7B
X,; Xi

for each i = 1,...,[g/2]. For each j = —1,1, let e;; denote the number of
pairs (P,Q) with P € X; and @ € X; Up Y; such that there is a family of
smooth curves degenerating to X; Up Y; with special Weierstrass points of
type g+ j converging to Q. Theorem 5.1 tells us what these pairs are. Their
number, e; ;, is computed in [4], Thm. 5.6. And

(1) / _ﬁEg,j > €

i

In principle, the inequality may be strict because of multiplicity issues. How-
ever, it turns out that

/ Vi SWg=e_1i+ e

Thus equality holds in (1). From this equality, for each j = —1,1 and each
i=1,...,]9/2], the classes E, 1 and E 1 may be computed, as in [6]; see
Theorem 9.2 for more details.

1.4. (Layout) In Section 2, we present a few preliminaries on ramification
schemes, deformations of curves and limit linear series. In Section 3, we
introduce twists; understanding them is important for studying limit linear
series on families whose total space is not regular. In Section 4, we present a
few needed results on smoothings of nodal curves and linear series on general
smooth curves. In Section 5, we prove our main theorem, Theorem 5.1. In
Section 6, we describe the Weierstrass divisors and limit Weierstrass points
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associated to smoothings of general singular stable curves. In Section 7,
we recall some facts about the construction of Mg and about its associated
Picard groups, and introduce the tautological class A and the boundary
classes &; in Picgyn (M ). In Section 8, we define SW,, E, 1 and E, 1, and
find the expression for SW, in terms of A and the §;. Finally, in Section 9,
we apply Theorem 5.1 to find the expressions for Eg’,l and F%l in terms
of X and the ¢;; see Theorem 9.2.

1.5. (Notation) Given a Noetherian scheme X, a coherent sheaf F on X,
and a Cartier divisor D of X, let F(D) := F @ Ox (D). If D is effective,
there is a natural map F — F(D), which is injective if D does not contain
any associated point of F; in this case, we will view F as a subsheaf of F(D)
via the map.

1.6. (Acknowledgments) We wish to thank Nivaldo Medeiros for discussions
on related topics and the Referee, who led us to important corrections and a
thorough revision of our first version for this article. Also, we acknowledge
the use of CoCoA[2] for some of the computations.

2. PRELIMINARIES

2.1. (Ramification points) A (nodal) curve is a connected, reduced, projec-
tive scheme of dimension 1 over C whose only singularities are nodes, i.e.
ordinary double points. The canonical sheaf, or dualizing sheaf of a curve C'
will be denoted We. By the hypothesis on the singularities of C', the sheaf
W is a line bundle. The (arithmetic) genus of C, i.e. h%(C,W¢), will be
denoted gc¢.

Let C be a smooth curve, and V a linear system of dimension r + 1 of
sections of a line bundle L on C| for an integer » > 0. We say that r is the
rank of V. For each P € C and each nonnegative integer a, let V(—aP) C V
be the linear subsystem of sections of V' vanishing at P with multiplicity
at least a. We call P a ramification point of V if dimV(—(r + 1)P) > 1;
otherwise we call P an ordinary point of V. A ramification point P of V
is said to be special of type r if dim V(—rP) > 2, and special of type r + 2
it dimV(—(r 4+ 2)P) > 1. A special ramification point of V is a special
ramification point of type r or r + 2. A nonspecial ramification point is also
called a simple ramification point.

The orders of vanishing at P of the sections of L in V' can be ordered
increasingly. We call this increasing sequence the order sequence of V' at P.
The order sequence is 0,1,...,r if and only if P is an ordinary point of V.
The point P is a special ramification point of type r + 2 if and only if the
largest order is at least r + 2, and of type r if and only if the largest two
orders are at least r.

We say that P € C is ordinary (resp. a Weierstrass point) if P is an
ordinary point (resp. a ramification point) of the canonical system, i.e. the
complete system of sections of W¢.
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2.2. (Ramification schemes) Let p: C — S be a smooth, projective map of
schemes whose fibers are curves. For each integer ¢ > 0, and each invert-
ible sheaf £ on C, let J;(E) denote the relative sheaf of jets, or principal
parts, of order ¢ of £. The sheaf J;(E) is locally free of rank ¢ + 1. Also,
there is a natural evaluation map, e;: p*p.L — J;;(/Q), which locally, after
trivializations are taken, is represented by a Wronskian matrix of functions
and their derivatives up to order ¢. The map e; is functorial on £, that is, a
map ¢: L — L between invertible sheaves £’ and £ on C induces a natural
commutative diagram of maps of the form:

prp L —— JiL)

p*p*wl w;l
P oL —— Ji(L).

There is a natural identification JS(E) = L. Furthermore, for each integer
1 > 0 there is a natural exact sequence of the form:

(2) 0> wWPeL — J(L) —— Ji7YL) =0,

where W, is the relative dualizing sheaf of p. The truncation maps r; are
compatible with the evaluation maps, that is, e;_; = r; o e; for each ¢ > 0.
Also, the truncation sequence (2) is functorial on £, that is, amap ¢: £’ — L

between invertible sheaves £’ and £ on C induces a natural commutative
diagram of exact sequences of the form:

0 — WL — Ji(L) —— J7Y (L) —— 0

wl wl
0 — WL — Ji(L) —— JiY (L) —— 0.

Sheaves satisfying the same properties as the Jz,(ﬁ) above can be con-
structed if p is only a flat, projective map whose fibers are (nodal) curves.
In addition, they coincide on the smooth locus of p with the corresponding
sheaves of jets. Those sheaves appeared in [9], [14], [19] and [20]. We will
use the same notation, JZ,(E), for those sheaves.

So, more generally, let p: C — S be a flat, projective map whose fibers
are curves of genus g. We call p a family of curves. Let £ be an invertible
sheaf on C, and v: V — p,. L any map from a locally free sheaf V of constant
positive rank, say r + 1 for a certain integer » > 0. For each integer ¢ > 0,
consider the natural evaluation map,

wp 1 ptV —=— prp. L —— Ji(L).
We call the degeneracy scheme of u,;, for j = —1, 1, the special ramification
scheme of type r + 1+ j of (V, L), and denote it by VE;(V, £). We call the
degeneracy scheme of w,. the ramification scheme of (V, L), and denote it by
W, L).
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If S := Spec(C), the curve C is smooth, and v is injective, then the support
of the scheme W (V, £) is the set of ramification points of the linear system
HO(S,v(V)) € H°(C, L) of sections of L. Also, the support of VE;(V, L)
is the set of special ramification points of type r + 1 4 j of the same linear
system, for j = —1, 1.

The map u, is a map of locally free sheaves of the same rank r+1. Taking
determinants, u, induces a Wronskian section w, of the invertible sheaf

r+1 r+1 v
wi= A scye( \rv) .

Using the truncation sequences (2), we get

1 r+1
Wgwf( 3 ) @ Lol g ( /\p*v)\/.

Locally, after trivializations are taken, w, corresponds to a Wronskian deter-
minant of a sequence of r 4+ 1 functions. Its zero scheme is the ramification
scheme of (V, £).

The formation of the ramification scheme is functorial in the following
sense: Suppose there are an invertible sheaf £’ on C, a locally free sheaf V'
of rank 7 + 1 on S, a map ¢: £ — L, and a commutative diagram of maps
of the form:

V! ;’) p L

A

y —~2 P L.
Due to the functorial nature of the evaluation maps of jets, the above dia-
gram induces another commutative diagram of maps, where all the sheaves
are locally free of rank r + 1:

PV e
ol
Py —— Ji(L).
We may take determinants above, using the truncation sequences (2) and

their functoriality for ¢ = 1,...,r. Let V' C S be the degeneration scheme
of p, and Y C C that of . (So Im(¢)) = Zy ¢ ® L.) Then

|3

(3) IW//CI;TJC1 =T, (vycZwye,
where W := W(V, L) and W' := W', L).

By differentiation, the section w, induces a global section w;, of the rank-2
locally free sheaf J,(W). We will call the zero scheme of this section the
special ramification scheme of (V, L), and denote it by V.SW(V, £). Notice
that the irreducible components of the ramification scheme have codimen-
sion at most 1 in C, while those of the special ramification schemes have
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codimension at most 2. Also, a local analysis of the matrices representing
the maps u; shows that, set-theoretically,

VSW(WV,L)=VE_,(V,L) | VEi(V.L).

Let T be an S-scheme, and let pp: Cr — T denote the induced family by
base extension. For each coherent sheaf F on S (resp. C), let Fr denote its
pullback to T' (resp. Cr.) Then v induces a map

vr: VT - (p*[f)T - pT*'CTa

and the (special) ramification scheme(s) of (V, £) pull back to the (special)
ramification scheme(s) of (Vp,Lr). Furthermore, if Y C Cr is a T-flat
closed subscheme whose fibers over T are subcurves of the fibers of p, then
the (special) ramification scheme(s) of (V, £) coincide on Y — (Y NCr — )
with the corresponding (special) ramification scheme(s) of (Vr, Lr|y).

In case L is the relative dualizing sheaf of p, and V = p, L, the ramification
schemes and special ramification schemes are called Weierstrass schemes and
special Weierstrass schemes. In addition, we set

W(p) =WV, L), VSW(p)=VSWWV,L),
and VE;(p) :=VE;(V, L) for j = —1,1.

2.3. (Smoothings) Let C be a curve. A smoothing of C' consists of two data:
a flat, projective map p: C — S to S := Spec(C[[t]]) with smooth generic
fiber, and an isomorphism between the special fiber and C. We will usually
identify the special fiber of p with C, “forgetting” the isomorphism. The
smoothing is called regular if the total space C is a regular scheme.

Let p: C — S be a smoothing of C. Since the general fiber is smooth,
for each node P of C, there are a nonnegative integer k and a C[[t]]-algebra
isomorphism

~ . Clt,zy
(4‘) OC,P - M
We call k the singularity type of P in C, and set k(P) := k. Notice that
k(P) =0 if and only if C is regular at P.

If E C C is a subcurve, then E is not necessarily a Cartier divisor of
C. However, let mg be the least common multiple of the k(P) + 1 for all
P € ENC — E. Then there is a natural effective Cartier divisor on C whose
associated 1-cycle is mp[FE]; denote this divisor by EP.

The divisor EP is constructed as the schematic closure of the Cartier
divisor with local equations 1 on C — E and t™® on C — C' — E. We need
to check that EP is indeed a divisor at a node P € ENC — E. Fix an
isomorphism of the form (4). Suppose E is defined by the ideal (¢,z) in
@C’P. Let I C (7)\(3,}9 be the ideal defining EP at P. jFrom the construction
of EP, we have I, = t™#(O¢ p),. On the other hand, the unique associated

prime of I is (z,t). So I = I, N (5@719. Now, if g € Iy N (/9\(2713 then there are
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an integer £ > 0 and h € @c,p such that y‘g = t™#h. Set n := mg/(k+ 1).
We may choose £ > n. So y*~"g = z™h. But z,y form a regular sequence in
@QP. So g € (z™). Conversely, ™ = t"™= /y™. Thus I = (z"), showing that
E? is indeed a divisor at P, for each P € ENC — E, and hence a divisor
everywhere.

Notice that F itself is a Cartier divisor of C if and only if mg = 1.

2.4. (Smoothings of semistable curves) Let C be a curve and p: C — S a
smoothing of C.

For each integer d > 0, let S — S be the map defined by taking ¢ to t¢,
and let pg: C4 — S be the smoothing induced by base change. The special
fiber of py is equal to that of p. But, for a node P € C, if k is the singularity
type of P in C, then (k + 1)d — 1 is the singularity type of P in Cy.

Suppose C' has genus at least 2. Suppose as well that C' is semistable,
that is, each smooth rational component E of C intersects C' — E in at least
two points. Those E that intersect C' — E in exactly two points are called
ezxceptional. Let C*® be the nodal curve obtained by collapsing to a point
each and every exceptional component of C. We call C* the stable model of
C. The fibers of the map C — C* are either points or maximal chains of
exceptional components. A chain of exceptional components is a connected
union of exceptional components. It is possible to order the exceptional
components E1, ..., E, of a chain in such a way that

#ElmEQ:#EQQESZ"':#ET—lmEr:17

whence the name “chain.” There is just another way of doing so, the reverse
ordering F,,...,FE;. The nodes Fp,..., P, of C in the chain can also be
ordered in a compatible, sequential way, with Py € E; and P, € E,, and
P,eE,NE;1 fori=1,...,r — 1.

There are a smoothing p°: C°* — S of C* and an S-map b: C — C® that
blows down (collapses) all exceptional components of C. In fact, just let

C* := Proj ( P, w;@i)),

i>0

where W, is the relative dualizing sheaf of p. However, the singularity types
of C® are bigger than those of C: if P € C° is a node such that b=1(P) is
a chain of r exceptional components, and ko, k1, ...,k are the singularity
types in C of the nodes of C' on that chain, then the singularity type of P in
Csis k()+k1+"'+kr+’l".

In certain circumstances, it might be interesting to avoid blowing down
some of the exceptional components of C' in a construction as above. This
is possible after base change. With a base change we may produce sections
3; C C of p through its smooth locus intersecting the components we do not
want to blow down. Then just do the above construction with W, replaced
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So, given a node P of C, and positive integers my, ..., my,, it is possible,
with base changes, blowups and blowdowns, to find an integer d > 0, a
smoothing p: C — S of a semistable curve C, and an S-map b: C — Cq such
that p = b o pg and:

(1) bis an isomorphism off P.
(2) b1(P) is a chain of n exceptional components of the special fiber C

of p.
(3) The singularity types in C of the nodes Py, ..., P, of C on the chain
b=1(P), ordered in a sequential way, are fmg — 1, ..., fm,, — 1 for a

certain integer ¢ > 0. (In fact,
Lmo + - +my) = (k+1)d,
where k is the singularity type of P in C.)

2.5. (Limit linear series) Let C be a curve, and p: C — S a smoothing of
C. Denote by C, the general fiber of p.

Let £ be an invertible sheaf on C. Since p is flat, H°(C, L) is a torsion-free
C[[t]]-module, whence free. Let V C H°(C, L) be a C[[t]]-submodule. Then
also V is free, say of rank r + 1, for a certain integer » > 0. Assume V
is saturated, i.e. V : (t) = V. Letting V. be the subspace of H°(C., L|c,)
generated by V, we have that V is saturated if and only if V = V,NHY(C, L).
In our applications we will actually have V = H°(C, L), so saturated.

Let R C C be the ramification scheme of (V ® Og, L), as defined in
Subsection 2.2. Since C, is smooth, R is indeed a divisor. But R may
not intersect C properly, as R may contain in its support a component of
C. Nevertheless, let R := RNC,. Then R intersects C properly. The
intersection, OR := RN C, is called the limit ramification scheme.

In [10] it is shown how to compute the 0-cycle [0R] associated to R when
p is regular. We review this below.

Let C4,...,C), be the irreducible components of C'. Since C' is connected,
for each ¢ = 1,...,n there is an invertible sheaf £; on C of the form

Li=L®0c(Y,, aimCh), aim €L,

such that the restriction map
(5) HO(C,ﬁi) —>HO(Ci,£i|Ci)

has kernel tH?(C, £;). (The divisors C?, are as explained in Subsection 2.3.)
There is a natural identification £;|c, = L|c,. Using it, set

Vi:=HC, L) NV, C H°(C,, L

c.)

Then also V; is saturated and free of rank r 4+ 1. (In fact, V. = Vi.) Let
Vi C H°(C;, Li|c,) be the image of V; under (5). Since V; is saturated, and
(5) has kernel tH°(C, L;), the dimension of V; is r + 1. We call (V;, Li|c,)
a limit linear system on Cj.
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Let R; C C; be the ramification scheme of (V;, Li|c,), as defined in Sub-
section 2.2. Put R} := R; — R; N C — C;. Then

(6) [OR] —[R}] —---—[R]] is effective and supported on the nodes of C.

Furthermore, if p is regular, then
n
(7) PRI =Y [R]+>_. > (r+1)(r—,)[Pl,
i=1 i<j PeEC;NC,
where ¢; ; :=a; ; + a;j; — a;; — a; ; for each distinct 4,5 =1,...,n.

When £ = W, the relative dualizing sheaf of p, and V = H°(C,w,),
the limit ramification scheme is called the limit Weierstrass scheme, and
denoted 0W,; also, a limit linear system is called a limit canonical system.

Let P be a nonsingular point of C, and I" C C a section of p intersecting
C at P. Say, P € C;. Let P, be the rational point of C, cut out by I'. Then
the behavior of (V,,L|c,) at P, is partially captured by that of (V;, L;|c,)
at P. For instance, we have semicontinuity:

dime Vi(—aP) > dimg()) Vi(—aPy) for each a =0,1,. ...

In fact, let m := dimg()) Vi(—aP). Since Vi = Vi,, we may choose a
C[[t]]-basis o1, . .., 0y of V;NVi(—aPy). The images &; in V; vanish at P with

multiplicity at least a as well. If there is a nonzero m-tuple (c1,...,¢y,) € C™
such that ci17 4+ -+ 4+ ¢,0m = 0, then
(8) Cc101 + -+ cpmom = to

for some o € V;, because (5) has kernel tH(C,L;) and V; is saturated.
Because of (8), also 0 € V; NV, (—aP,), and hence o = byoy + -+ + bpopm,
for certain b; € C[[t]]. Plugging this expression in (8), we get a nontrivial
relation for the sections o;, an absurd.

In particular, if P, is a special ramification point of type r 4+ j of Vi,
for j = —1 or j = 1, then so is P with respect to V;. When £ = W and
V = H°(C,W) we say that P is the limit of a special Weierstrass point of
type g + j along p.

3. TwisTs

3.1. (Twists) Let C be a curve, and p: C — S a smoothing of C. Let Y C C

be a nonempty, proper subcurve of C'. Set I}(,O )= O¢, and for each positive
integer 4, define

) . I(i—l) ly
7)o (2 — By
Y oty (torsion)

We call Il(f) the i-th twist by Y of p. Clearly, Zl(,l) is simply the sheaf of
ideals Zy/c of Y in C. Also, by construction, Ig) 2 Z}(,i_l)Zy/C.

Let Ay :=Y NC —Y. The subcurve Y may fail to be a Cartier divisor
of C only at Ay; in fact, only at the singular points of C in Ay. Away
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from Ay, we have that I}(,i) is the sheaf of ideals of a Cartier divisor. More
precisely, Ig) = I}i,/c away from Ay . Indeed, this is true for i = 1, and, by
induction, if Il(/i_l) = Igé away from Ay, then Il(/i_l) |y has no torsion on
Y — Ay, and hence Ig) = Igil)l'y/c = I)i//c away from Ay.

Proposition 3.2. Let C be a curve, and p: C — S a smoothing of C. Let
Y C C be a nonempty proper subcurve. LetY¢ :=C —Y and Ay :=YNY*.

Let i be a nonnegative integer. Let Ig) and I§f+1) denote the i-th twist and
the (i + 1)-th twist by Y of p. Then the defining exzact sequence,

(1)
07y g0 Tylly
Y Y (torsion) ’

induces, upon restriction to C, a natural exact sequence

I(H_l) . ; I(l)
(9) O—>Y7.|Y—>Z§/)|C—>Y7.|Y—>O.
(torsion) (torsion)

Furthermore, for each P € Ay, let kp be its singularity type in C, and qp
the quotient of the Euclidean division of i by kp +1. Then

Fasany ve I(i)‘y N
m:(%/c(— 3 (qp+1)P) and mzoy( 3 qu)_

PeAy PeAy

Proof. Let P € Ay, and let k be its singularity type in C. Recall that we
have an isomorphism (4). Under this isomorphism, :/Z\-y/cﬁ p can be seen as
the ideal (y,t). We claim that fyp is the ideal (y?+1,49") where ¢ and r
are the quotient and the remainder of the Euclidean division of i by k£ + 1.

Indeed, this description of i@P holds for ¢ = 1. Suppose by induction
that it holds for a certain i > 0. To describe ZAT%JISD, we need to describe the
torsion of

(y?+h, yat")
(ya+? yatler yatig, yagr+1)

Since r < k, we have zy?t!t = t*#="y9¢"+t1. Thus the class of y?*! is torsion
in M. So the torsion submodule of M contains at least the classes of y*!
and y?t"t!. Notice that, when r = k,

(yrT ity = (yith) = (yiT, ).

So we need only prove now that
(o, yut")
(yatt, yatr+t)

is torsion-free. Indeed, the above module is generated by the class of y9t".
Suppose by contradiction that z‘y?t" € (y?+!, y? 1) for a certain integer
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¢ > 0. Since 667]3 is a domain, z/t" € (y,t"*!), and hence, since r < k, we
have z‘t* € (y). But

(y) ()7
and thus zt* ¢ (y), a contradiction.

Now, the inclusion I)(,i) — Q¢ is an isomorphism away from Y, and hence
its restriction to Y¢, the homomorphism Z)(;)h/c — QOye, is injective away
from Ay. Its image is then isomorphic to I}(/i)h/c modulo torsion. It is the
sheaf of ideals of a subscheme of Y supported on Ay. At our chosen P,
using our description for fx(f;)P, we see that this subscheme has multiplicity
q if r =0, and g + 1 otherwise.

An analogous description holds for I§f+1) |y« modulo torsion. From it we
get the first isomorphism,

I}(/Z"Fl) |YC

(torsion) = Oye ( - Z (ar + 1)P>'

PeAy
Let us prove now the existence of the exact sequence (9). Using the

defining sequence of Igﬂ)

, it is enough to show that the induced map
I$+1)|C — I)(/i) |c factors through an injection as in (9). This is easily seen
away from Ay. At P € Ay, using our description for the modules f)(/] 337 we
need only observe that

(10) L (yq+1’yqtr+1) . (yq-&-l,yqtr) B (yq-&-l’yqtr—kl)
(yatle,yatr+2) o (yatit,yatr+t) | (yatie, yatr )’

and prove that the right-hand side is the quotient of

. (yott, yur )
T (ayatt ayatrtl yatly, yagrt2)

modulo torsion. But, since yy9t" ! = t"y9t1¢, the class of y9t" ! is in the
torsion submodule of N. Also, zy9t! = t*~"y%¢"+1. Taking the quotient of
N modulo y%"*!, we get the module on the right-hand side of (10). We
need only show now that this module is torsion-free. This is clearly true,
because if y¢ € (y?+1t,y9"+1) for some integer £ > 0, then y* = 0 mod ¢,
which does not hold.

It remains to identify the sheaf to the right in (9). For each P € Ay,
let rp denote the remainder of the Euclidean division of i by kp + 1. Set
h :=lcm.(kp + 1| P € Ay). Let m be an integer positive enough that
j := mh — i be nonnegative. We claim that

(11) HT) = T ey s TV

as subsheaves of O¢, where (Y )P is the Cartier divisor of C associated to
Y¢; see Subsection 2.3.
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Indeed, (11) holds away from Ay because there (Y¢)? = hY“. To check

the equality at each P € Ay, we use our description of f}(,z)P and the analo-

gous description of fl(/{) p-

If i =q(k+1)+r, for 0 <r <k, where k is the singularity type of P in
C, then j = (mh’ — q)(k + 1) — r, where b’ = h/(k + 1). Also, the equation
for (Y¢)? at P is z'; see Subsection 2.3.

There are two cases to consider. If » = 0, then (11) holds at P because

tigmh =0 = A gmh =0 (gyyagmh =0 = gty
On the other hand, if r > 0, then mh’ —¢—1 and k + 1 — r are the quotient
and the remainder of the Euclidean division of j by k + 1. And
ti(xmh'fq’ xmh'qultk+17r) :(xy)qtr(xmh’fq, :L,mh'qulthrlfr)
:(xmh/yqtr’ xmh/—lyqtk—i-l)
:(mmh/yqt'r" mmh/—lyqu)
=2 (y 1"y,
showing that (11) holds at P.
Now that the claim (11) is established, we may use that (Y¢)? is a Cartier

divisor of C intersecting Y at each P € Ay with multiplicity h/(kp + 1), to
get

79y I8y mh

= o —P).

(torsion)  (torsion) @Gy ( PGZA kp+1 )
Y

Using the description of I)(,JC) |y modulo torsion, analogous to that of I)(,i) lye
modulo torsion, we have

Iggh/_@y(_ Z( mh *QP)P).

(torsion) X, kp+1
Thus @
I K3
B w0, (Y aep)
(torsion)
PecAy

O

Lemma 3.3. Let C be a curve. Let' Y C C be a proper subcurve and set
Z :=C =Y. Let k be a nonnegative integer, and p: C — S a smoothing of
C whose singularity type at each P € YNZ is k. Let L be an invertible sheaf
on C such that both restriction maps below are surjective:

H°(C, L) — HY(C,L|c) — H(Y, L|y)

Set
m:=h’(Y,Lly) and n:=h’Z,L|z(— Z P)).
PeYnZ
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Then the inclusion map H°(C,L(—=YP)) — H°(C, L) is a homomorphism of
free C[[t]]-modules of rank m+mn whose determinant vanishes at 0 with order
m(k + 1). Furthermore, let

Wi=W(p.L,L) and W' :=W (p.(L(=YP)),L(-YP)).
Then W and W' are Cartier divisors and, as such,
W +mZP = W' +nY?,

Proof. That W and W' are indeed Cartier divisors was seen in Subsec-
tion 2.5. Now, let
Oc(—YP) = I}(/k+1) C I}(/k) cC..C I}(/l) - I}(/O) = 0c

be the filtration defined in Subsection 3.1. Tensoring it with £ we obtain a
filtration
E(—Yp):[:kJrl CﬁkC~-~C£1 C£0=£
of L. For each i =0,...,k, consider the inclusion v;: L;11 — L;. It follows
from Proposition 3.2 that
Im(v;|e) =2 L]z(— Z P) and Coker(v;|c) = Lly.
PeYNnZ
So, considering global sections, we have an inequality,
(12) hO(C7 ‘Ci|C) < hO<Y7‘C|Y) + hO(Z?£|Z(_ Z P)) =m+n,
PeYNnZ
which is an equality if and only if the induced map
(13) HY(C, Li|c) — H°(C, Coker(v|c))
is surjective.
Now, (13) is simply the restriction map H°(C, L|¢) — H°(Y, L|y) ifi = 0.
Thus, by hypothesis, equality holds in (12) for ¢ = 0. Or, in other words,
ro(C, L|c) = m + n.

Moreover, since the restriction map HY(C, L) — H°(C, L|¢) is also surjec-
tive,
ho(c*vﬁ C*) = hO(Ca £|C) =m+mn,
where C, is the generic fiber of p. This shows that all of the H°(C, £;), for
1=0,...,k+ 1, have rank m + n.
Now, by semicontinuity,

ho(C, Lile) = B (Ca, L

for each i = 0,...,k. Coupling this with (12), we see that equality holds.
And so (13) is surjective for each i = 0,..., k.
As a corollary, the map of C[[t]]-modules

HO(C, £i+1) — HO(C, EZ)

c.)=h"Ci,Lle.) =m+n
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has determinant vanishing at 0 with order h°(Y, L|y) for each i = 0,... k.
So the inclusion

HY(C,L(-YP)) — HY(C, L)

has determinant vanishing at 0 with order m(k + 1), proving the first state-
ment of the lemma.

As for the second statement, by the functoriality of the ramification
scheme, Formula (3) in Subsection 2.2, we have that

W'+ (m+n)YP =W +m(k+1)C.
Now, use that (k+ 1)C = YP 4+ ZP to get the stated equality. O

Lemma 3.4. Let C be a curve and p: C — S a smoothing of C. If E and F
are subcurves of C with finite intersection, and W1 and W are subschemes
of C such that

(14) TevjcIw,jc = LreicTw,)c,
then there is a subscheme W C W1 N Wy such that

Tw,ic = IwicLerye  and Ly, e = TwicIpec-

Proof. Indeed, since EP is Cartier, it is enough to find W C W satisfying
the first formula, as then the second formula and the fact that W C W,
follow. And it is enough to show that Zw,,c C Zgr/c. This is a local
statement, that holds away from F by (14), and away from E for obvious
reasons. So we need only prove it at a point P € EN F. At such a point we
have an isomorphism of the form (4), where (x,t) and (y,t) define E and F,
respectively. The local equations for EP and FP are " and y°, respectively,
for certain positive integers r and s, as we saw in Subsection 2.3. So, we
need only prove that, if J; and Js are ideals of @C,P such that " J, = y°Jo,
then Jy C (z"). But this holds, as z,y form a regular sequence in (/9\67]3. O

4. PRELIMINARIES ON GENERAL CURVES

Proposition 4.1. Let X and Y be two smooth nonrational curves. Let
A€ X and BeY, and let C be the uninodal curve union of X and 'Y with
A identified with B. Let p: C — S be a smoothing of C. Then the following
statements hold:

(i) If B is at most a simple Weierstrass point of Y, then there is a vec-
tor subspace V.C HY(X,Wx ((gy +2)A)) of codimension 1 containing
HY(X,Wx (gyA)) such that (V,Wx((gy + 2)A)) is a limit canonical
system on X. If B is an ordinary point of Y, then A is a base point
of this system, i.e. V = HY(X,Wx((gy + 1)A)). On the other hand,
if B is a simple Weierstrass point of Y, and if A is an ordinary point
of X and p is regular, then V # H°(X,Wx ((gy + 1)A)).
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(i) If A and B are at most simple Weierstrass points of X and Y, with
at least one of them ordinary, then either the limit Weierstrass scheme
does not contain the node of C, or contains it with multiplicity 1 and
p 1S nonreqular.

Proof. Assume B is at most a simple Weierstrass point of Y. Let £ be a
positive integer, and set £ := W,({Y?), where W, is the relative dualizing
sheaf of p. Then

(15) Llx 2Wx(({+1)A) and Lly 2wy ((1—¢)B).
In addition, the following natural sequences are exact:
(16) 0—>£‘X(—A)—>£‘C—>£|Y —>O,
(17) 0— Lly(=B) = L|c — L|x — 0.

By Riemann-Roch, h°(X,L|x) > g if and only if £ > gy. On the other
hand, by the hypothesis on B, we have h°(Y, L|y) = max(0, gy + 1 — ¢) for
0 # gy + 1, whereas for £ = gy + 1 either h°(Y, L|y) = 0 if B is an ordinary
point of Y, or else h(Y, L]y) = 1.

Set M := W,(g9yY?) and N := W, ((gy + 1)Y?). From (15) for £ := gy,
and Riemann—Roch, since gy > 0 we have H!'(X, M|x(—A4)) = 0. So, the
exactness of (16) for £ := M implies

ho(C, Mle) = h(X, M|x (=A)) + (Y. Mly) = (9 - 1) +1=g.
Thus the restriction H°(C, M) — H°(C, M|¢) is surjective.
Consider now the restriction map
as HO(C, Mlo) — HO(X,Wx ((gy +1)4).

The exactness of (16) for £ := M implies that « contains H(X,Wx (gy A))
in its image. And the exactness of (17) for £ := M implies that the kernel of
«a is isomorphic to H(Y,Wy (—gy B)). Thus « is injective, hence bijective,
if and only if B is an ordinary point of Y. In this case, the complete linear
system of sections of Wx ((gy + 1)A) is a limit canonical system on X. On
the other hand, if B is a (simple) Weierstrass point of Y, the image of « is
the subspace H(X,Wx (gy A)).

Applying (15) for £ := gy + 1, as B is at most a simple Weierstrass point
of Y, we get HO(Y, Ny (—B)) = 0. So, the natural map

B: HY(C,Nle) — H*(X,Wx ((g9v +2)A))
is injective. The maps « and 3 fit in a commutative diagram of the form

H(C,M) —— H°(C,M|c) —— H°(X,Wx((9v +1)4))

l ! !

HO(C,N) —— HY(C.Nl|e) —2— H(X,wx((gv +2)A)),
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where the horizontal maps are induced by restriction, and the vertical maps
are induced from the inclusion M — N. Since £ is injective, the image V of
the bottom composition has codimension 1 in H%(X,Wx ((gy + 2)A)), and
(V,Wx ((gy +2)A)) is a limit canonical system on X. From the diagram, V
contains the image of the top composition, which is H%(X,Wx ((gy + 1)A))
if B is an ordinary point of Y, and is H%(X,Wx(gy A)) otherwise. In the
former case, by dimension considerations, V = H%(X,Wx ((gy +1)A)). This
finishes the proof of the first two statements of (i).

We will prove the last statement of (i) and (ii) at the same time. Suppose
A is an ordinary point of X. (The proof of (ii) in the case that B is an
ordinary point of Y is analogous.) Then, from Pliicker formula, the rami-
fication divisor of the complete linear system of sections of Wx ((gy + 1)A)
has degree

(18) (29x + 9y =g+ (9x —1)glg = 1) — gx

on X — A. On the other hand, since B is at most a simple Weierstrass point
of Y, also by Pliicker formula, the ramification divisor of the complete linear
system of sections of Wy ((gx + 1)B) has degree

(19) (29y +9x —1)g+ (9y — 1)g(g — 1) —wp

on Y — B, where wp = gy if B is an ordinary point, or else wp = gy + 1.

Suppose first that B is an ordinary point of Y. Then, by the already
proved second statement of (i), the limit Weierstrass scheme 0W), has degree
away from the node equal to the sum of (18) and (19), with wg = gy. But
this sum is ¢ — g. So the node of C is not contained in OW,,.

Finally, suppose that B is a (simple) Weierstrass point of Y. Then, by the
first statement of (i), there is a vector subspace V C H°(X,Wx ((gy +2)A))
of dimension g containing H°(X,Wx (gy A)) such that (V,Wx ((gy +2)A)) is
a limit canonical system. Since A is an ordinary point of X, Pliicker formula
yields that the ramification divisor of (V,Wx ((gy + 2)A)) has degree

(20) (29x +9v)g+ (9x —1)glg — 1) —wa

on X — A, where wa = 2g9x + gy — 1 if V # H(X,Wx((gy + 1)A)), and
wa = 2gx + gy otherwise. At any rate, using wp = gy + 1, the sum of (19)
and (20) is at least g3 — g — 1, with equality if and only if wa = 2gy + gx.
So, either OW),, does not contain the node of C, and then wy = 2gx +gy —1
and V # H%(X,Wx ((gy + 1)A)), or OW,, contains it with multiplicity 1.
Now, suppose p is regular. To finish the proof, we need only show that
OW), does not contain the node of C. Recall that W, is the intersection
of C and an S-flat closed subscheme W,, C C intersecting the general fiber
of p at its Weierstrass points; see Subsection 2.5. Since p is regular, W,
is a Cartier divisor, and the multiplicity of OW,, at the node of C is the
intersection multiplicity of W), and C at the node. Since C = X +Y, and X
and Y contain the node, this multiplicity is either 0 or greater than 1. As it
cannot be greater than 1, it follows that W), does not contain the node. [
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Lemma 4.2. Let X be a general smooth curve, P € X a general point, and
n a positive integer. Let Q € X — P. Then the following statements are
equivalent, for each j = —1,1:

(i) The point Q is a ramification point of the complete system of sections
of Wx((n+ 1+ 7)P).

(ii) There is a unique subspace V C H°(X,Wx ((n+2)P)) of codimension
1 containing H°(X,Wx (nP)) but different from H°(X,Wx ((n+1)P))
such that Q is a special ramification point of (V,Wx ((n+2)P)) of type
gx +n+j.

Proof. Set g := gx + n. Also, set
(21) V"= HO(Wx (nP)) + H'(Wx ((n+2)P —9Q)) € H*(Wx((n+2)P)).
Since (X, P) is general, by Prop. 3.1 of [4], all the ramification points but

P of the complete linear systems of sections of Wx (nP), of Wx((n + 1)P)
and of Wx ((n + 2)P) are simple. Then

(22) KX, Wwx((n+2)P-gQ)) =1 and h°(X,Wx(nP —gQ)) =0

Thus the sum in (21) is direct, and V' has dimension g. In addition,

(23)  V'(=iQ) = H*(X,wx (nP —iQ)) ® H*(X,Wx((n + 2)P — gQ))

for each 1 =0,1,..., g, and thus

(24) dimV'(—iQ) = h°(X,Wx (nP —iQ)) +1 for eachi=0,1,...,g.
Suppose first that (i) holds. Then either

(25) RY(X,Wx(nP — (g —1)Q)) > 1,

in which case (24) implies that dim V'(—(g — 1)Q) > 2, and hence Q is a
special ramification point of type g — 1 of (V/,Wx ((n+ 2)P)); or
>1

(26) hO(X,Wx((n +2)P = (9 +1)Q))

in which case (21) implies that V'(—(g+1)Q) # 0, and hence @ is a special
ramification point of type g+ 1 of (V',Wx ((n+2)P)). Notice that, in either
case, V' cannot be H(X,Wx ((n+1)P)), because the complete linear system
of sections of Wx ((n + 1)P) has no special ramification points but P.

For the uniqueness, just observe that, if @ is a ramification point of
(V,wx((n 4+ 2)P)), for a subspace V as described in (ii), then (22) implies
that V 2 HY(X,Wx((n+2)P —gQ)), and hence V 2 V’. Since both V and
V'’ have dimension g, we have V = V.

Finally, suppose (ii) holds. As we saw above, necessarily V' = V’. So,
@ is a special ramification point of (V,Wx ((n + 2)P)) of type g + j if and
only if dmV'(—(g —1)Q) > 2if j = —1 or dimV'(—(g + 1Q) > 1 if
j = 1. Using (24) with ¢ = g — 1, we see that the former inequality occurs
if and only if (25) holds, i.e., if and only if @ is a ramification point of the
complete linear system of sections of Wx(nP). On the other hand, since
H(X,Wx(nP — ¢gQ)) = 0, the latter inequality occurs if and only if (26)
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holds, i.e., if and only if @) is a ramification point of the complete linear
system of sections of Wx ((n + 2)P). O

Proposition 4.3. Let Y be a smooth nonrational curve, A CY XY the
diagonal, and p1 and ps the projection maps from'Y XY onto the indicated
factors. Set L := (p3wy)(—(g9y — 1)A) and &€ := p1.L. Assume Y contains
no Weierstrass point of type gy —1. Then £ is invertible, and the degeneracy
scheme of the evaluation map pi€ — L intersects A transversally along the
set of points (P, P) for P a Weierstrass points of Y.

Proof. By hypothesis, h°(Y, Wy (—(gy —1)P)) = 1 for each P € Y, and hence
£ is invertible. Let Z denote the degeneracy scheme of the evaluation map
pi€ — L. For each P € Y, the intersection Z N p; ' (P) is the ramification
scheme of the complete linear system of sections of Wy (—(gy — 1)P), after
the natural identification p; ' (P) = Y. Thus ZNp; *(P) is finite and contains
(P, P) if and only if P is a Weierstrass point of Y. We need only show now
that Z intersects A transversally, what will follow from showing that the
intersection number Z - A is g3 — gy.

Let 6: Y — Y x Y be the diagonal map. We have §*Oy xy (—A) = Wy.
Thus

Z - A =degd*Z = deg(c1 (W) — e1(E)).
Now, since Y has no Weierstrass point of type gy — 1, the natural sequence
0 prpjWy (—(i + 1)A) = prpjWy (—iA) — Wy © 8Oy y (—iA) — 0

is exact for i = 0,...,g9y —2. As c1(p1«p5Wy) = 0 and 6* Oy xy (-A) = Wy,
we get
01(5) = *(Cl(wY) + 01((4};‘?2) 4+t Cl(w?ﬁgyfl))'

Thus
X gy +1
z-a=Y ideg(arwr) = (7)o -2 =t~ v
=1

O

Proposition 4.4. Let a and b be positive integers. Let X be a general
smooth curve, and P and @ general points on X. Then the complete linear
system of sections of Wx (aP +bQ) has only simple ramification points, and
P and Q are not among them.

Proof. Set g := gx. If ¢ = 0, all complete linear systems on X have no
ramification points. If ¢ = 1, the curve X can be any curve, as long as
P — @ is neither a-torsion nor b-torsion in its Jacobian variety.

Assume g > 1. Let i be any positive integer less than g, and put j := g—i.
Let Y and Z be two general smooth curves, Y of genus i, and Z of genus
j, and let A and M be general points of Y, and B and N general points
of Z. By induction on the genus, we may assume the statement of the
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proposition holds for (Y, A, M) and Wy (aA + (b+ j)M), and for (Z, B, N)
and Wz (bB + (a+1)N).

Let X be the nodal curve of genus g given as the union of Y and Z, with
M identified with V. Since X is nodal, and A and B are nonsingular points
of X, there are a regular smoothing p: C — S of Xy, and sections I'; A C C
such that, identifying the closed fiber of p with Xy, we have I'N Xy = {A}
and AN Xy ={B}.

Let C. denote the general fiber of p. Let P and @ be the points of
intersection of I' and A with C,. The 2-pointed curve (C,, P, Q) is defined
over a finitely generated field extension of @, and hence can be viewed as a
2-pointed complex curve. We claim the statement of the proposition holds
for this 2-pointed curve (and hence for a general 2-pointed curve).

To prove our claim, let W, be the relative dualizing sheaf of p. Let
W, C C, be the ramification divisor of the complete linear system of sections
of Wp(al' + bA)|c,. We need only show that W, is reduced, and does not
contain P or @ in its support. For this, it is enough to show that the
limit ramification scheme OW is reduced and does not contain A or B in its

support.
Since C is regular, Y and Z are Cartier divisors. Set
L1 = Wy(al' +bA+ (b+j—1)Z),
Ly = Wp(al' +bA+ (a+i—1)Y).
Then
£1|y:wY(aA+(b+j)M), £1|Z:wZ(bB+(2—b—j)N),
£2|Z:wz(bB+(a+i)N), £2|y:UJy(aA+(2*a7i)M).

Due to the generality of M and N, we have
hO(Y, Laly (—=M)) = h°(Z, L1]z(—N)) = 0,
and hence the natural maps

HO(Ca ‘Cl)
tHO(C, L,)

HO(C7 ‘CQ)

) HO(C,L5)
— HY.Lily) and g6 s

— H(Y, L2]2)

are injective. They are actually isomorphisms, since H°(C, £;) is free of rank
g+a+b—1,and

RO(Y, Lily) = h%(Z, Lalz) =g +a+b—1,

by the Riemann—Roch theorem.
Since
L:2=Li((g+a+b-2)Y),
it follows from Formula (7) that [0W] = [R1] + [R2], where the divisor Ry,
resp. Rg, is the ramification divisor of the complete linear system of sections
of Wy (aA+ (b+ j)M), resp. Wz(bB + (a+i)N); see Subsection 2.5. By
induction, Ry and Ry are reduced and, viewed as subschemes of X, disjoint.
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So OW is reduced. In addition, A and B are not in the supports of Ry and
R5, and thus are not in support of W either. d

5. SPECIAL WEIERSTRASS POINTS ON REDUCIBLE CURVES

Theorem 5.1. Let X and Y be two general smooth nonrational curves. Let
A€ X and BeY, and let C be the uninodal curve union of X and Y with
A identified with B. Set g := gco. Suppose that either A is a general point
of X or B is a general point of Y. Let Q € C lying on X. Then, for each
j=—=1,1, the point Q is the limit of a special Weierstrass point of type g+ j
along a smoothing of C if and only if Q is not the node of C, and either of
the following two situations occur:
(i) Q is a special ramification point of type g + j of the complete linear
system of sections of Wx ((gy + 1)A) or
(i) Q is a ramification point of the complete linear system of sections of
Wx((gy +1+7)A) and B is a Weierstrass point of Y.

Proof. We prove the “only if” part of the statement first. Let p: C — S be
a smoothing of C| as indicated in Figure 1 below, such that @ is the limit
of a Weierstrass point of type g + j along p. In particular, () appears with
multiplicity at least 2 in the limit Weierstrass scheme 0W,,.

FI1GURE 1. The smoothing.

Since X and Y are general, their Weierstrass points are simple. Also,
since either A or B is general, either A or B is ordinary. Thus, it follows
from Proposition 4.1, item (ii), that @ is not the node of C.

Suppose first that B is an ordinary point of Y. Then, by Proposition 4.1,
item (i), the system of sections of Wx ((gy + 2)A) vanishing at A is a limit
canonical system, and hence (i) holds.

On the other hand, suppose that B is a Weierstrass point of Y. By Propo-
sition 4.1, item (i), there is a vector subspace V C H*(X,Wx ((gy +2)A)) of
codimension 1 containing H°(X,Wx (gy A)) such that (V,Wx ((gy +2)A)) is
a limit canonical system, and hence admits () as a special ramification point
of type g +j. If V.= H(X,wWx((gy + 1)A)), we have (i). Otherwise, (ii)
follows from Lemma 4.2.
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For the “if” part of the proof, we will construct smoothings as convenient
slices of certain 2-parameter families.

Suppose ) is not the node of C. Suppose first that (i) holds. Then
gx > 2. Also, it follows from Prop. 3.1 in [4] that A is not a general point of
X. So, by hypothesis, B is a general point of Y, whence an ordinary point.

We will first deform C by letting A vary to a general point. More precisely,
let A C X x X be the diagonal, and consider the union U of X x X with
Y x X with A naturally identified with {B} x X. Let ¢: U — X be the
projection onto the second factor. Since X is nonsingular, we may identify
the complete local ring of X at A with C[[¢]], and let ¢: U — S be the family
induced over S := Spec(C[[t]]) by base change.

Let V := C[[t1, 2, - . ., tn]] be the base of the universal deformation space
of C, where t; = 0 corresponds to equisingular deformations. The map ¢
corresponds to a local homomorphism h: V' — CJ[[t]] such that h(t;) = 0.
Since gx > 2, the map ¢ is not, even infinitesimally, a constant family.
So there is j > 2 such that h(t;) generates ¢{C[[t]]. We may assume that
j = 2 and, after a harmless reparametrization, that h(ty) = t. Letting
pi(t) = h(t;) for each i > 3, we have h(t; — p;(t2)) = 0 for each ¢ > 3.
Consider the two-parameter subfamily of the universal deformation of C
given precisely by the equations t; — p;(t2) = 0 for i = 3,..., N. Identify the
base of this family with Ss := Spec(C[[t1,t2]]), and let u: T — Sy denote
the map giving the family, which is depicted in Figure 2 below.

S, =Spec(CI[t,. t,]])

FIGURE 2. The first family.

Notice that T is a regular threefold. Let E C S5 be the Cartier divisor
given by t; = 0. The slice ug: u"'(E) — E is precisely ¢, under the
identification t5 = t. Hence, the pullback u*F is the sum of two effective
Cartier divisors, Xg and Yg, the first isomorphic to X x E, the second to
Y x E, whose intersection on Y X F is B X F, and on X X FE is the graph
3 of a nonconstant map F — X, sending the special point o € E to A, and
the general point e € F to the general point of X.
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Let M := W, (gyYr), where W, is the relative dualizing sheaf of u. Then
(27) M|xp = Wxp/e((gy +1)X).

A fiberwise check, as done in the proof of Proposition 4.1, shows that u,M
is locally free of rank g, with formation commuting with base change. In
addition, since B is an ordinary point of Y, the natural map

v (uM)|E — up(M|x,)

is an isomorphism.

Form the special ramification scheme Z C T of type g+j of (u. M, M), as
explained in Subsection 2.2. Since <y is an isomorphism, Z agrees on Xp — %
with the special ramification scheme of type g + j of (ugs«(M|x;), M|xg)-
Because of (27), the fact that ¥ Nu~!(0) = {A}, and the hypothesis (i),
we have that @ is an isolated point of Z Nu~1(0). Furthermore, since the
general point of ¥ is the general point of X x {e}, Prop. 3.1 in [4] yields
ZNute) CY x {e}.

Since Z is defined locally by two regular functions, there is an irreducible
subscheme N C Z of dimension 1 containing @). Since @ is an isolated point
of ZNu=1(0), and ZNu~1(e) CY x {e}, the general point of N must lie on
a smooth fiber of u, and hence be a special Weierstrass point of type g + j
of that fiber. So @ is the limit of a special Weierstrass point of type g + j.

Suppose now that (ii) holds. In particular, B is a Weierstrass point of
Y, and hence gy > 2. Letting B vary, we may construct a two-parameter
family similar to the one constructed in the first case. Thus we get a family
of curves u: T — Sy over S2 = Spec(C[[t1,?2]]) such that T is a regular
threefold, and the pullback u*FE of the Cartier divisor E C S given by
t; = 0 is the sum of two effective Cartier divisors, Xg and Yg, the first
isomorphic to X x E, the second to Y x FE, whose intersection on X x FE is
AX E,and on Y x E is the graph ¥ of a nonconstant map E — Y, sending
the special point 0 € E to B, and the general point e € E to the general
point of Y.

Let S — Sy be the blowup map of Sy at o, and denote by F' C Sy the
exceptional divisor. Abusing notation, we denote the strict transform of F
by E as well, and let o denote the point of intersection of F and F. The
fibered product 1" x g, S, is Singular only at the node of the fiber over o of
the second projection T' x g, 5’2 — Sg

Let T be the blowup of T><52 52 along the subscheme YE X, EE CTxg, 5’2
A local analysis shows that T is smooth. Denote by X g and YE the strict
transforms in T' of Xg xg, E and Yg xg, E. Let also X r and YF denote the
strict transforms of X x F and Y x F. Let u: T — S be the induced map.
The fiber T, := u~1(0) consists of three components: two of them disjoint
and naturally identified with X and Y, and the remaining, say R, isomorphic
to a line and meeting X and Y transversally at A and B. A local analysis
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s~hows~that )~(E ﬂfa =X and ?Eﬁf =Y UR, while )N(F OT(, =XUR and
Yr NT, =Y. Figure 3 below describes the family given by u.

FiGUurE 3. The second family.

For each z € EUF, let X, and Y, denote the components of u~!(z) that
are base extensions of X and Y.
Let Wy be the relative dualizing sheaf of u. Let

M :=Walgy Ve +Yr)), N:=M(Yp), and P :=N(Vp).
Clearly, M C N C P. The restriction |z is the pullback of Wx ((gy +2)A)
under the composition )A(:F — X x F — X. Thus

a*(P|)?F) = HO(X,Wx((gy +2)A4) ® Op,

and in particular u,(P|5 ) is a locally free Op-module of rank g + 1.
We claim that the natural composition

6: (ﬂ*./\/')‘F S (a*,P)|F - ﬂ*('])b}p)

is injective with invertible cokernel, and that, as f ranges in F — o, the
image Vy of 6(f) ranges through all subspaces of H(X,Wx ((gy + 2)A)) of
dimension g containing H°(X,Wx (gy A)) but for H*(X,Wx ((gy + 1)A)).
In particular, (u.N)|F is locally free of rank g.

Once the claim is established, we proceed as in the first case. Indeed, a
fiberwise analysis shows that @, is locally free of rank g on Sy —F. Thus,
from the claim, u, N is locally free of rank g everywhere. Form the special
ramification scheme Z of type g + j of (w.N,N). For each f € F — o, since
0(f) is injective, Z agrees on Xy — A with the special ramification scheme
of type g+ j of (Vi,wWx((g9y +2)A)).
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Now, by Lemma 4.2, there is a subspace V C HY(X,Wx ((gy + 2)A)) of
codimension 1 with V > H?(X,Wx (gy A)) but V # H°(X,Wx ((gy +1)A))
such that @ is a special ramification point of (V,Wx ((gy + 2)A)) of type
g+ j. From the claim there is f € F' — o such that V = V. So, viewing @
as a point of X¢, we have Q € Z.

Since all irreducible components of Z have codimension at most 2 in f,
there is an irreducible curve N C Z passing through @ € Xy. Now, only
finitely many points of X — A can be special ramification points of type
g + j of a linear system like V', namely, by Lemma 4.2, the ramification
points of the complete linear system of sections Wx ((gy + 1+ j)A). But,
again by Lemma 4.2, each of these points is a special ramification point of
a unique V. Thus, for all but finitely many f € F' — o, the linear system
(Vi,Wx ((gy + 2)A)) has no special ramification points of type g + j on
X — A. Hence N intersects Xy — ()? Jal ?p) in only finitely many fibers over
F. So the general point of N must be on a smooth fiber of u, and hence be
a special Weierstrass point of type g + j of that fiber. So @ is the limit of a
special Weierstrass point of type g + j.

Now, let us establish the claim. First, a fiberwise analysis shows that
.M is locally free of rank ¢, and that R'%,M is invertible, both with
formation commuting with base change. Consider the long exact sequence
in higher direct images:

0= uM— aN —uNg ) — RY%u M — R'UN — Rlﬂ*(./\/k,F) — 0.

Since R, M is invertible, and (N |y,.) is supported on F', the middle map
above is zero, breaking up the long sequence in two short exact sequences,

0 — M — wN — . (Nlg, ) — 0,

0 — R'u.M — RN — Rla*(-/\”f/F) — 0.

The exactness of the first sequence shows the surjectivity of the natural map
(uN)|F — @ (Nlg, ). Now, a fiberwise analysis, using that B is a simple
Weierstrass point of Y, shows that R, (N ly,.) is a locally free Op-module
of rank 2. So, since R'u, M is also locally free, the exactness of the second
sequence above implies that, for each Cartier divisor G C S, intersecting F
properly, the natural multiplication-by-G' map (R'@.N)(—G) — R'u,N is
injective, and hence the natural map

(5GZ ﬂ*N|G — ﬂ*(./\/‘a—l(c))

is an isomorphism. This isomorphism allows us to work with slices of the
family w that intersect F' properly.

In particular, for each f € F'— {0}, let G C S be a smooth curve passing
through f, and whose general point lies on §2 — (FUF). So we have a
smoothing ug: u~(G) — G of the fiber C, and we can also choose G such
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that ¢ is regular. Then, by Proposition 4.1, (i), the natural map
ba.r: (UaNa-1(e))(f) = H (X5, Nx,)

is injective and, under the isomorphism N|x, = Wx((gy + 2)A), its im-
age is a g-dimensional subspace of H°(X,Wx ((gy + 2)A)) that contains
H(X,Wx(gy A)) but is different from H°(X,Wx((gy + 1)A)). Now, since
3(f) =da,0da(f), and ¢ is an isomorphism, §(f) has the same properties.

To understand what happens at o, consider the slice of u over E. We
claim the natural map

n: Us(Nla-1(m)) — (N5, )

is an isomorphism. Indeed, let ¥ g := X g N ?E Since dg is an isomor-
phism, applying the long exact sequence in higher direct images to the exact
sequence

0= Nlg,(=25) = Nla-1z) — Ny, =0

we get that the natural map (w.N)|[p — Ux(Nly, ) is surjective, and that
the image of  contains u.(N|5, (~%g)). Thus, to show our last claim we
need only show that the natural map

is an isomorphism.

Since the map Y — FE is an isomorphism, u,(N|y,) is locally free of
rank 1. Also u.(Ng, ) is locally free of rank 1, because it is so over the
generic point e € E. Since the point in the intersection ¥z Nu~!(e) is not
a Weierstrass point of Y, the map e(e) is an isomorphism.

To show that also €(0) is an isomorphism, it amounts to show that the
point in ¥, := g Nu (o) of intersection of X, and R is not a limit
ramification point of (w.N|y,_, N3, ). This is indeed the case, since Yg is
the blowup of Y x F at (B,0), and X is the strict transform of the graph
of the map F — Y obtained by considering the identity map of Y locally
analytically at B. So, the transversality stated in Proposition 4.3 shows that
¥, is not a limit ramification point.

Finally, since n and g are isomorphisms, it follows that §(o), which is
the composition of the isomorphism 7)(0) o dg(0) with the inclusion

H(X,Wx((gy +1)A)) — H°(X, Wx (gv +2)A),

is injective of rank g. So, d(f) is injective of rank g for every f € F,
and hence ¢ is injective with invertible cokernel. Moreover, as the image
of §(0) is different from that of §(f) for f € F — o, then, as f varies in
F — o, the image V} of §(f) varies through all the codimension-1 subspaces
of H(X,Wx ((gy +2)A)) containing H%(X,Wx (gy A)), with the exception
of H(X,Wx ((gy + 1)A)). The proof of our claim on ¢ is complete. O
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6. WEIERSTRASS SCHEMES OF SMOOTHINGS

Theorem 6.1. Let C be the semistable curve of genus g > 2 that is union
of a smooth curve X of genus g — 1 and a chain E of g — 1 exceptional
components Ey,...,Eq,_1 ordered in the usual way. Let A € X N E; and
B € X N E,_1 be the unique points of intersection. Suppose X is general,
and A and B are general points of X. Letp:C — S be a smoothing of C
and W (p) its Weierstrass scheme. Suppose that the singularity types of C at
the nodes of C are equal. Then W (p) is a Cartier divisor, and the difference

g—1 .

(28) W) - > g
i=1

is effective and intersects each fiber of p transversally. In particular, the
limit Weierstrass scheme of p is reduced and contains no node of C' in its
support.

Proof. Figure 4 below describes the curve C.

FIGURE 4. The nodal curve.

Identify the closed fiber of p with C. We will prove the second statement
first. Let W, be the relative dualizing sheaf of p. By adjunction, W), restricts
to the trivial sheaf on each E; and to Wx (A + B) on X. So, each global
section of W, that vanishes on X vanishes on the whole fiber C', and hence
the restriction map

H°(C,w,) — H°(X,wx(A+ B))

has image of dimension g. Since h°(X,Wx (A + B)) = g by the Riemann—
Roch theorem, the restriction map is surjective. So the complete linear
system of sections of Wx (A + B) is a limit canonical system on X.

By Proposition 4.4, the ramification points of HY(X,Wx (A + B)) are
simple. So, by (6), the limit Weierstrass scheme 0W),, of p is reduced on X
away from A and B. Also, since neither A nor B is a ramification point of
H°(X,Wx (A + B)), again by Proposition 4.4, the Pliicker formula yields

(29) deg(0W,NX —{A,B}) = > — >
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Now, for each i =1,...,9 — 1, set

i—1 g—1
(80)  Lii=wWy(—ilg=DEP = > mlg =B~ > (9—m)iEL).
m=1 m=i+1

Notice that £; has degree g on FE; and zero on each E,, for m # i. Also,
Lilx 2wx(—(g—i—1)A—(i—1)B).
Since A and B are general points of X, we have h%(X, £;|x) = 1 and
(31) RO(X,Li|x(—A)) = h°(X,Li|x(—B)) = h°(X,Li|x(~A - B)) = 0.
Let V; be the image of
HO<C,£Z‘) — HO(Ei,ﬁi

Since h%(X, Li|x(—A — B)) = 0, and deg L;|g,, = 0 for m # i, each global
section of £; that vanishes on F; vanishes on the whole C. Thus (V;, £;| ;)
is a limit canonical system on F;.

Let P and @ be the nodes of C in E;. A section in V; that vanishes at
P (or Q) is the restriction of a global section of £; that vanishes at P (or
Q). Since deg L;|g,, = 0 for m # i, it follows from (31) that this global

section vanishes on all components of C' but possibly F;. In particular, its
restriction in V; vanishes at P and (). In other words,

(32) Vi(=P) = Vi(-Q) = Vi(~P — Q) = H°(E;, Li|5,(=P — Q)),

where the last equality follows from dimension considerations.

By (32), the system (V;, L;|g,) contains a complete subsystem of codi-
mension 1, namely H(E;, L;|g,(—P — @)). Since complete systems on the
projective line have no ramification points, the order sequence of (V;, L;|g,)
at each point of F; starts with 0, ..., g — 2. The last order can only be g —1
or g, since L;|g, has degree g. Thus all ramification points of (V;, L;|E,)
are simple. In addition, since P and @ are not ramification points of
HY(E;, Li|g,(—P — Q)), it follows from (32) that they are not ramification
points of (V;, L;|g,) either.

Thus, by (6), the scheme OW),, is reduced on E; — {P,Q}. Also, since
neither P nor @ is a ramification point of (V;, £;|g, ), Pliicker formula yields

(33) deg(0W, N E; — {P,Q}) = g.
Finally, since there are g — 1 rational components in C, we get
g’ —g=deg(0W,NC) 2 ¢’ =g+ (9 - Vg =9y,
where the inequality follows from combining (29) and (33) fori =1,...,g9—1.
The inequality is thus an equality, showing that we accounted for all points
in the support of 9W,, and hence that all of them appear with multiplicity
1. The second statement is proved.

To prove the first statement, we will consider a filtration £; ; of subsheaves
of W), containing £;, defined below.
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Foreachi=1,...,g—1land each j =0,1,...,i(g—1)—1,let k, k', ¢, ¢
be integers such that

(34) j=ki+l=K(g—i)+¥, 0<kl<g—i—-1, 0<K 0<i-1,

and put
(35) Cijm =km+max(0,{—i+m+1), m=1,...,1,
(36)  Cijm =K (g—m)+max(0,'+i—m+1), m=i,...,g-1

Notice that ¢; j; = ¢; ;; = j + 1. Finally, set

/
2,7,

(37) 1J:*ZCZ7JmE + Z cljm m7

m=i+1
and put £; ; := W,(—D; ;). Notice that
Li=L;ig—i)-1-
For each ¢ =1,...,9 —1set D; _y := 0 and £; _; := Wp. And for each

O7 ]., ey (ng) —1 set Fz g o= Dlj Di,j—l- Then Ei,j = Ei,j—l(*Fi,j)
It follows from (34), (35) and (36) that

(38) Fij= Ezp—é + Ezp—éﬂ +-+ EY + EY

l+1 T+ Ep

i

Using this, it can also be shown, by induction on j, that

Wx((1—k)A+(1—Kk)B) ifl£i—landl £g—i—1,

Lol = Wx(—kA+(1-F)B) ife=i—1land ' #£g—i—1,
I Y Wi (1 - k)A— k' B) if0£i—land ¢ =g—i—1,
Wx(—kA—k'B) iff=i—1land ¥ =g—i—1.
and
k+k +2 ifm=q,
deg L j|E,, = —1 fm=i—fl—lorm=di+0+1,

0 otherwise.

Let F/; C C be the reduced subscheme with same support as Fj ;. It
follows that

(39) hO(F} 5, Lij— irp,) =k+E +1,
and, setting 7", :=C — FT_ F};, that
ho (7, Lijlgr )= K (X, Wx(—kA— K B)).

Since A and B are general points of X, and k + k' < g — 2, it follows that
(40) W(F .. L

1,57
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Notice that
Lijlpy, = Lig-alpr (= ZA P).
PEF7,NFY,
Thus we have the following short exact sequence:
(41) 0— ﬁ@j

Fr, Lij-1lc = Lij-lrr, — 0.
Putting together (39) and (40), we get
hO(C, »Ci,jfllc) é hO(F:j, i’j71|Fi7:j) + ho(ﬁi,jwci,j

ﬁ;';j) =9
By semicontinuity, since £; ;1 restricts to the canonical sheaf on the generic
fiber of p, and this sheaf has g linearly independent sections, equality holds

above. It follows that each of the restriction maps in the composition below
is surjective:

(42) HO(C,Ei’jfl) e HO(C, ﬁiyjfllc) — HO(F-T

2,79

Lij-1 F;;j)~

We may now apply Lemma 3.3. Let u be the common singularity type of
C at the nodes of C. Because of (39), we get that the inclusion map
(43) H°(C,Liyj) — H°(C,Lij-1)

is a map of free C[[t]]-modules of the same rank g and determinant vanishing
at 0 with order (u + 1)(k + &’ + 1). Summing these orders for each integer
j=0,1,...,i(g — 1) — 1, we get that the determinant of the inclusion

HO(C, L;) — H°(C,w),)

has order (u+ 1)i(g —1)g/2.
Now, using (30), and using the functoriality of the ramification scheme,
Formula (3) in Subsection 2.2, we get

te =092y e = T 9T e T, e,

where W, := W(p.L;,L;) and N; is an effective Cartier divisor of C not
containing F; in its support. Since all global sections of £; that vanish on

FE; vanish as well on the whole C, it follows that W; does not contain FE;.
Observe that div(t“™') = X? + EY +--- + E_|. Then

i(g—i i(g—1 2
(Zx»c HIE;?/C) @G=D9/2 Ty, ) e = IE(g/c)g/ In,/cZw,c-
j#i
Using Lemma 3.4 repeatedly, we get that

Twwye = Tgre " *Taije

where Z; is a Cartier divisor contained in W; + N;, and thus not containing
E; in its support. Putting these together for ¢ = 1,...,¢9 — 1, and using
Lemma 3.4 repeatedly, we get that

g—1
Twase = Tzse [[ Zut ",
=1
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where Z is a Cartier divisor contained in all the Z;, and thus not containing
any of the E; in its support. Since X is not in the support of W(p), it is
not in that of Z either. So Z intersects C' properly, and hence is flat over
S. That the intersection is transversal follows from the fact that the limit
Weierstrass scheme is reduced. O

Theorem 6.2. Let g be a positive integer. Let X be a general smooth curve
of genus g — 1, and A and B general points of X. Let C be the nodal curve
of genus g obtained from X by identifying A and B. Then no point of C is a
limit of special Weierstrass points on a family of smooth curves degenerating
to C.

Proof. The statement is true if ¢ = 1, because an elliptic curve has no
Weierstrass points. Suppose g > 1 now. Let p: C — S be a smoothing of C'.
We claim that the geometric general fiber has no special Weierstrass point.
It is enough to show, after base changes, blowups and blowdowns with center
in the special fiber, that the limit Weierstrass divisor is reduced. B
So, as observed in Subsection 2.4, we may replace p by a smoothing p: C —
S whose special fiber is the curve C' described in Theorem 6.1, and whose
nodes have equal singularity types in C. Then, by Theorem 6.1, the limit
Weierstrass divisor of p is reduced. (]

Proposition 6.3. Let i and g be integers with 0 < i < g. Let Y and Z be
two gemeral smooth curves of genera i and g — i, respectively. Let A € Y
and B € Z be general points. Let C be the stable curve union of Y and Z
with A and B identified. Let p: C — S be a smoothing of C, and W (p) its
Weierstrass scheme. Then W (p) is a Cartier divisor, and the difference

(14) wo - (77 - ()

is effective and intersects each fiber of p transversally. In particular, the
limit Weierstrass scheme of p is reduced and does not contain the node of C'
i its support.

(Cukierman showed in [3], Prop. 2.0.8, p. 325, that the difference (44) is
effective and intersects properly each fiber of p, when C is regular. His proof
can be easily adapted to show our proposition. We give the proof below just
for the sake of completeness.)

Proof. ldentify the closed fiber of p with C. Let W, be the relative dualizing
sheaf of p, and set £; = W,(—jYP) for j = 0,...,9 — i+ 1. We have
Lily 2Wy((j+1)A) and L]z 2 Wz((1 —j)B). So

(45) {hw,cjy) = i+,

) . foreach j=0,...,9—i+1,
W(Z.Ljlz2)= g—i+1-]. ’ !
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where in the second equality we used that B is a general point of Z. From
the natural exact sequence

0— Ljlz(=B) = Ljlc — Ljly — 0
it follows that

WG, Lile) <BY, Lily) + h2(Z, Lialz) = (i+5) + (g —i—3j) =g
for y = 0,...,9 —¢. By semicontinuity, the equality holds, and it follows
that both restriction maps below are surjective, for each j =0,...,9 — i
(46) HY(C,L;) — H°(C,Ljlc) — H°(Y, Ljly).

Since h°(L,y—i|z(—B)) = 0, because B is general, the surjection

HO(Ca Ly—i) — HO(Y7 Ly—ily)
has kernel tH°(C, Lg4-;). So, the complete linear system of sections of
Wy ((1 + g —i)A) is a limit canonical system. Let R be its ramification
scheme. By [4], Prop. 3.1, the intersection RN (Y — A) is reduced, and R
contains A with multiplicity 1.

Let OW be the limit Weierstrass scheme of p. Then, it follows from (6)

that OW N (C — Z) is reduced and, by Pliicker Formula applied to R,

HOWNC—-Z)=degR—i=g(g—1)(i—1)+g(g+i—1)—i.
Analogously, 0W N (C —Y) is reduced and

#OWN(C=Y)=g(g—1(g—i—-1)+g(g+(g—i)—1) = (g — 1)

Summing up, we see that, excluding the node of C, there are g* — g points
in OW. Since deg OW = ¢ — g, it follows that W is reduced, and does not
contain the node in its support. This proves the second statement of the
proposition.

Now, let us prove the first statement. Since the restriction maps in (46)
are surjective, we may apply Lemma 3.3. Using (45), we get that the deter-
minant of the map of C[[t]]-modules

HO(C’ £j+1) - HO(C’ ‘Cj)

vanishes at 0 with order (u+1)(i 4+ j) for each j =0,...,g —i — 1, where u
is the singularity type of C at the node of C. Summing up, the determinant
of the map of C[[t]]-modules

HO(C7 Lg—i) — HO<Ca Wp)

vanishes at 0 with order

(wt 1) (il — i) + (92‘)) _ (it Dg-dg+i-1)

2 2

Let W' := W(p«Ly—i,Lg—;). By the functoriality of the ramification
scheme, Formula (3) in Subsection 2.2,

(u+1)(g—i)(g+i—1)

W(p) + 5

C=(g(g—0)Y? +W"
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Observing that (v + 1)C =YP 4 ZP, we get that

W(p) + (g_i)(g;_i_l)Zp:W’—i— (g_;“)w.

Since (p«Lg—i, L4—;) restricts to a nondegenerate linear system on Y, we
have that W’ does not contain Y. Using Lemma 3.4, we get that

W(p) = (9 ;* >YP+D,

where D is a Cartier divisor contained in W', and thus not containing Y.

Analogously,
41
W(p) = (“; )Zp D,

where D’ is a Cartier divisor not containing Z. Applying Lemma 3.4 again,

we get that
—14+1 4+ 1
W(p)=<g ;+ )Y”+<“2r )Z”+D”,

where D" is a Cartier divisor intersecting C' properly. That the intersection
is actually transversal follows from the fact that the limit Weierstrass scheme
is reduced. O

7. THE MODULI SPACE OF STABLE CURVES AND ITS PICARD GROUPS

7.1. (A wversal family of stable curves) Let g be an integer at least 2, and
let M, denote the coarse moduli space of stable curves. As this will be
important for us, we will recall how M, is constructed; see [16]. Given a
Deligne-Mumford stable curve X, its dualizing sheaf (Wx is ample; in fact
w;f?” is very ample for each n > 3. Also, by Riemann-Roch,

(X, wWE™) = (2n—1)(g — 1) for each n > 2.

Fix an integer n > 3. Let N := (2n — 1)(g — 1) — 1. Choosing a basis for
HO(X,w§™), we may view X as a closed subscheme of degree 2n(g — 1) of
PY. The subscheme depends on the choice of the basis only, so any other
choice would yield a projectively equivalent subscheme. We say that all these
subschemes are n-canonically embedded.

More generally, a stable curve X of genus ¢ in PY is said to be n-
canonically embedded if W™ = Ox(1).

Let H be the Hilbert scheme parametrizing closed subschemes of PV with
Hilbert polynomial 2n(g—1)T+1—g, and 4 C P x H the universal closed
subscheme. Then there is a (locally closed) subscheme K C H parametrizing
n-canonically embedded stable curves of genus g. In fact, let H' C H be the
open subscheme parametrizing (connected, reduced, nodal) curves X in PV,
The induced subfamily Uy, C H' x PV admits a Picard scheme over H’,
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actually an algebraic space, Picy,,/g-. The sheaves wﬁ;/ i and Oy, (1)
induce a map

! . .
H — PICZ/{H//H’ X g PICZ/IH//H“

The scheme K is simply the inverse image of the diagonal under this map.
Notice that Picy,, /g may not be separated over H ' so the diagonal is
only a locally closed subscheme of Picy,,, /g+ X ' Picy,,, /u+, and hence so is

K inside H'. Also, compare the definition of K with that of K on p- 102 of
[17]; they should be the same subschemes, but K is not correctly defined.

Let V := Uk C P" x K be the induced subscheme and v: V — K the
family induced by the second projection PY x K — K. First, K is smooth.
The proof of this fact uses the infinitesimal criterion of smoothness, and is
essentially the proof given to [17], Lemma 3.35, p. 103.

Second, the family v: V — K is versal. Indeed, let p: C — S be any
family of stable curves of genus g, and denote by W, its dualizing sheaf.
The pushforward p.(WS™) is locally free of rank N 4 1. So, for each point
s € S there is an open neighborhood Sy C S of s such that p.(W$")|s, is
free. Choose an isomorphism (’)?SN o, (WZ™)|s,. Since W™ is globally

generated, we get a map p: C; — PV x S,, where C, := p~!(S,). Since the
fibers of p are stable, and n > 3, the map p is an embedding. The images of
the fibers of p over S, are m-canonically embedded curves, by construction,
so we get a map Sy — K. By the universal property of the Hilbert scheme,
we get a Cartesian diagram,

Cs —— V

J
Sy — K,

thus showing that v is indeed versal.

Finally, the group of automorphisms PGL(N) of PY acts in a natural
way on H, and hence there is an induced action o: PGL(N) x K — K on
K. Gieseker [16] constructs M, as a geometric GIT quotient of K under
this action for any n sufficiently large. The quotient map, ®: K — M, is
also the map induced by the family v: V — K.

7.2. (The Picard groups of M,) Let g > 2. The moduli space M, is neither
fine nor smooth. There are actually two Picard groups associated to it, both
important. Keep the notation of Subsection 7.1. Assume n is sufficiently
large, so that M, is the GIT quotient of K. The first Picard group we define
is the so-called Picard group of the moduli functor: Picgun(M,). Roughly
speaking, an element ¢ of Picgyy, (Mg) consists of the equivalence class of the
assignment of an invertible sheaf &, on the base S of each family of genus-

g stable curves p: C — S and of an isomorphism t,: f*§, — &, for each
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Cartesian diagram

Yy ——C

(47) a: QI pl

T 1.
where p and g are families of genus-g stable curves. The isomorphisms must
satisfy natural compatibility requirements, when two Cartesian diagrams
as above are juxtaposed. Two assignments (§,,ta)pa and (§,,1;,)p.a are
called equivalent if there are isomorphisms wu,: £, — &, for all p such that
Ugta = tl, f*u, for all a.
According to [18], p. 50, there is an isomorphism

(48) Pictun(My) — Pic(K)PEH),

where the target is the group of isomorphism classes of invertible sheaves on
K invariant under the action of PGL(N). (Recall that an invertible sheaf
L on K is said to be invariant under PGL(N) if there is an isomorphism
o*L — p3 L satisfying the cocycle condition (see (*) on p. 30 of [24]), where
p2: PGL(N) x K — K is the second projection.)

It is not difficult to understand how (48) works: It carries an element &
of Picgyn (M) to the isomorphism class of &,. That there is an isomorphism
0*&, — 5, follows from the Cartesian diagrams below:

V oe— V2 L) Vl [EEEE—

w o AL

K <2 PGL(N)x K —%— PGL(N)x K —%— K

where V; := (idp~, )~ 1(V) and Vs := (idp~, p2) ' (V) in PY xPGL(N)x K,
and h is the restriction of the automorphism of P x PGL(N) x K induced
by the natural action of PGL(N) on PY. (The automorphism h composed
with the third projection to K is simply the third projection.) The fact that
the isomorphism 0%, — p3€, satisfies the cocycle condition follows from the
compatibility requirements that £ must satisfy.

Roughly, the inverse to (48) is defined as follows: Let £ be a PGL(N)-
invariant invertible sheaf on K. Let p: C — S be any family of stable
sheaves, and W), its dualizing sheaf. As we saw in Subsection 7.1, there is
an open covering S = [JS; such that p.(W")[s, is free for each i, and,
from the choice of an isomorphism OgiN R P«(W3™)]s;, we get an in-
duced map u;: S; — K. For each 4, let M; := ujL. The maps u;|s;ns,
and uj\gmsj may not be equal, but since they differ because of the choice
of a trivialization for p*(wz‘?") s;ns;, they differ by the action of a map
S; N S; — PGL(N). Since there is an isomorphism ¢*£ — piL, we get
an isomorphism ; j: M;|s,ns, — M;|s;ns,. Using that the isomorphism
0" L — p5L satisfies the cocycle condition, we can show that also the ¢; ;
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satisfy the cocycle condition, and thus give rise to an invertible sheaf &,
on S such that &p|s, = M, for each i. The isomorphisms ¢, for Cartesian
diagrams « may be constructed locally, in a similar fashion. And the com-
patibility requirements, for juxtapositions of Cartesian diagrams, may be
checked locally.

The second Picard group of interest is Pic(M,). According to [22],
Lemma 5.8, p. 100, there is an injection

(50) Pic(M ) — Picgun (M)

whose cokernel is torsion. Thus we get an isomorphism

(51) Pic(M4) ® Q — Picam(M,y) @ Q

Again, it is not difficult to understand how (50) works: Given an invertible
sheaf £ on M, and a family of stable curves p: C — S, let u,: S — M, be
the induced map and define &, := uy L. Given a Cartesian diagram « as in
(47), we just observe that u, = u,f to get an isomorphism t,: f*&, — &,.
The compatibility of the isomorphisms t, with juxtapositions of Cartesian
diagrams is immediate.

To understand the inverse of (51), first observe that, since M, has only
finite quotient singularities, every codimension-1 subvariety Y of Mg is Q-
Cartier, i.e. there is a Cartier divisor D of M, such that [D] = n[Y] for
some integer n > 0. So the natural injection Pic(M,) — A'(M,) from the
Picard group of M, to the Chow group of codimension-1 cycle classes of
M, taking the isomorphism class of an invertible sheaf £ to ¢1(L) - [M],
becomes an isomorphism,

(52) Pic(M,) ® Q — A'(M,) ® Q,

upon tensoring with Q.

Now, by a result of Looijenga’s [21], and Pikaart’s and de Jong’s [26], there
is a family of stable curves b: ) — B of genus g over a smooth, projective
scheme B such that the induced map uy: B — Mg is finite and surjective.
(The fibers parametrize the so-called “non-Abelian level structures.”)

So, given & € Picgun (M), let £ be the assigned invertible sheaf on B.
Define

¢ = (1/d)up(c2(L) - [B]) in AN (My) ®Q,
where d is the degree of u,. And let p € Pic(M,) ® Q be the element
corresponding to £ under the isomorphism (51). We claim that p corresponds
to ¢ under the isomorphism (52). Indeed, there is an integer m such that mp
arises from an invertible sheaf M on M,. Since p corresponds to ¢ under
(51), we have that L™ = uj M. Now, it follows from the projection formula
that

m¢ = (1/d)up«(cr (up M) - [B]) = (1/d)der (M) - [Mg] = c1(M) - [M].

So m( corresponds to M, or mp, under (52), and hence ¢ corresponds to p.
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7.3. (Tautological and boundary classes) Keep the notation used in Subsec-
tions 7.1 and 7.2. There is a natural element A in Pinun(Mg): For each
family p: C — S of genus-g stable curves, let A, := det p.W,, where W, is
the dualizing sheaf of p. Since the formation of W, and p.W, commutes
with base change, it follows that A is well-defined. The element A is called a
tautological class.

There are boundary classes as well. First, some terminology is useful.
Given a connected nodal curve X, we say that a node P of X is disconnecting
if X — P is not connected. (In this case, X — P has exactly two connected
components.) Otherwise, we say that P is connecting.

For each ¢ = 0,...,[g/2], define subsets A, C K, where A{, is the set of

/

points s € K such that the fiber V, has a connecting node, and A7, for ¢ > 0,
is the set of points s € K such that Vs has a disconnecting node P, and the
closure in Vs of one of the connected components of Vs — P has (arithmetic)
genus i. These are closed subsets of K of codimension 1. Give them their
reduced induced scheme structures. Then they are Cartier divisors, because
K is smooth. If s belongs to A for a certain 4, so does ¢, for any ¢t € K such
that Vs and V; are projectively equivalent. So the Al are invariant under
the action of PGL(/V), and hence so are their associated invertible sheaves.
Let o, ..., 0[4/2] denote the corresponding elements of Picgun (M ,). We call
these elements boundary classes. By construction, ¢; , is the invertible sheaf
associated to A} for each i =0,...,[g/2].

We will also view A and the §; as elements of Pic(M,) ® Q under the
natural isomorphism (51).

The group Pinun(Mg) is generated by A and the §;, and these elements
form a basis if g > 3; see [1], Thm. 1, p. 154. If g = 2, Mumford showed
that 8y and &; form a basis for Pic(M,) ® Q; see [23], Thm. 10.1, p. 320.
Furthermore, A is expressed in terms of §y and é; by Mumford’s relation

(Eq. (8.4) on p. 317 of loc. cit.):
(53) 10\ — 8o — 26, = 0.

8. SPECIAL WEIERSTRASS CLASSES

8.1. (Special Weierstrass classes) Fix an integer g > 2. Let p: C — S be a
family of genus-g stable curves over a smooth, connected, quasi-projective
scheme S. Assume that the general fiber of p is smooth and has no special
Weierstrass points. Let S C S be the open subscheme over which p is
smooth, and set C’ := p~!(C) and p’ := p|c:: C' — . Set
SW(p') :=p.IVSW ()] and E;(p') = p.IVE;(p')]

for j = —1,1. Since the general fiber of p’ has no special Weierstrass points,
and any smooth curve has only finitely many Weierstrass points, the schemes

VSW (p') and the VE;(p’) are pure of codimension 2 in C’. Thus SW(p')
and the E;(p’) are cycles of pure codimension 1 in S’. Let SW (p) and E;(p),
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for j = —1,1, denote the closures in S of SW(p’) and E;(p’), for j = —1, 1.
Notice that, since S is smooth, we may and will view SW (p’), SW(p) and
the E;(p') and E;(p) as Cartier divisors.

Recall now the notation in Section 7. Let K be the scheme of n-canonically
embedded genus-g stable curves, for n sufficiently large, v: V — K the versal
family, and ®: K — M, the induced map. Since v is versal, ® is surjective.
The fibers of ® are PGL(N)-orbits of points with finite stabilizers, so they
are irreducible of the same dimension. Since M is irreducible, so is K.

Now, a general smooth curve has no special Weierstrass points; see [4],
Cor. 3.3. So the general fiber of v is smooth and has no special Weierstrass
points. We may thus consider the Cartier divisors SW(v) and E;(v), for
j = —1,1, of K. We claim that their associated invertible sheaves are
PGL(N)-invariant.

Indeed, recall diagram (49). Since ps and o are smooth, and since the
formation of VSW(v') commutes with base change, it follows from [13],
Lemma 1.7.1 and Prop. 1.7, p. 18, that

b2 (SW (V)] = 3 [VSW (v5)] and  [o7H(SW (V)] = v}, [VSW (v))],
)

-1
o

and hence py '(SW(v)) = SW(v2) and o~ *(SW(v)) = SW(v1). Now,

h(VSW (v})) = VSW (v}), and thus SW (vg) = SW (vy). It follows that

Py (SW(v)) = 0~ (SW(v)),

and hence the invertible sheaf associated to SW(v) is PGL(V)-invariant.
An analogous reasoning works for the F;(v) instead of SW (v).

Now, using the isomorphism (48), the invertible sheaves associated to
SW(v), E_1(v) and Eq(v) define elements of Picgy, (M), which we denote
by SW,, E, _1 and E, 1, respectively. We call these the special Weierstrass
classes of M,. We will also view them as elements in Pic(M,) ® Q, under
the identification given by (51).

Lemma 8.2. Let
y " ¢

| fpl

T —
be a Cartesian diagram of maps, where p and q are families of smooth curves,
and T and S are smooth, connected, quasi-projective schemes. Assume that
the general fiber of q has no special Weierstrass points. Then the general
fiber of p has no special Weierstrass points either, and

(54)  fTHSW(p)) =SW(q) and f~'(Ej(p)) = Ej(q) forj=-11.
Proof. The first statement holds because having no special Weierstrass points
is an open property.

As for (54), we will only show that f=*(SW (p)) = SW(q), as the proofs of
the remaining equalities are analogous. To ease notation, let V := V.SW (p)
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and W := V.SW(q). Since p and ¢ are smooth, and so are S and T', we need
to show that

(55) oVl = q.[W],

where we view p,[V] and ¢.[W] as Cartier divisors, and f* as the pullback
map on Cartier divisors.

Let D := p(V), scheme-theoretically, and put E := p~1(D). Since the
general fiber of p has no special Weierstrass points, V' has pure codimension 2
in C, and D has pure codimension 1 in S. Since S is smooth, D is an effective
Cartier divisor. So is E := f~!(D), because the general fiber of ¢ has
no special Weierstrass points. Consider the induced sequence of Cartesian
diagrams:

WLV

Lo

f

T — S,
where py := p|y and ¢1 := ¢q|w, where the bottom vertical maps are inclu-
sions, and where f; := f|g and f5 := h|w.

Now, f is the composition of a regular embedding, its graph, followed
by a smooth map, the projection T x S — S. So f is a local complete
intersection (l.c.i.) map, in the sense of Fulton [13], p. 112. So there are
well-defined Gysin maps f': A°%(V) — A°(W) and f': A°%(D) — A°%(E),
denoted the same by Fulton. According to [13], Prop. 6.6, p. 113, the maps
f* satisfy all the properties asserted in loc. cit., Thm. 6.2, p. 98, including
the compatibility with pushforwards. Thus

(56) f!pl*[v} = Ch*f![v]

as classes in A°(E).

The subscheme V of C is determinantal, and has pure codimension 2,
which is the expected codimension. As C is smooth, V' is Cohen—Macaulay;
see [13], Thm. 14.4, p. 254. Analogously, W is a Cohen—Macaulay sub-
scheme of ) of pure codimension 2. Thus, since the above diagram is Carte-
sian, fy is l.c.i. of the same codimension as f. Analogously, since D and
FE are Cartier divisors of S and T, respectively, also f; is l.c.i. of the same
codimension as f.

By [13], Prop. 6.6, p. 113 and Thm. 6.2, p. 98,

FIVI=£V] and fpulV] = fipnlV].

Now, f3[V] = [W]; see [13], Lemma 1.7.1, p. 18 and Ex. 6.1.7, p. 97.
Analogously, writing p1.[V] = >, n;[D;], where the D; are the irreducible
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components of D, we get
fipe V=Y m filDi] =Y ml (D))
So, from (56), it follows that

QW] = Zm[f_l(Di)]

as classes in A°(E). But both sides above are cycles of codimension 0 in E.
Thus equality holds as cycles. Or, as codimension-1 cycles of T,

mm:ZMﬁwm

It is now enough to observe that the right-hand side is simply the cycle
associated to the Cartier divisor f*p.[V]. O

Lemma 8.3. Let Y be a smooth, connected, projective variety of dimension
at least 1. Let Zy,Z5 C Y be closed subschemes of codimension 1 and 2,
respectively. Let L be an invertible sheaf on Y. Then there is a smooth
subcurve C C'Y such that #C N Z; < oo and C N Zy = 0, and such that
Llc =2 Oc¢ if and only if L= Oy.

Proof. If Y has dimension 1, set C' := Y. Suppose dimY > 1, and let
us argue by induction on dimY. Since Y is smooth and projective, and
dimY > 1, Serre Duality can be applied to deduce that H*(Y, £(—n)) = 0 for
a certain integer n. Also, by Bertini Theorem, a general section of Oy (n) has
smooth, connected zero scheme. Call H this zero scheme. By its generality,
Z1 N H and Z5 N H have codimension 1 and 2, respectively, in H.

Since H'(Y,L(—H)) = 0, the restriction map H°(Y, L) — H°(H, L|y) is
surjective. Suppose there is an isomorphism L]y = Og. This isomorphism
yields a section of L]y, and hence lifts to a section s of £ that is nonzero
along H. So the zero scheme Z of s is contained in Y — H, and since H is
ample, Z must be finite. However, if nonempty, Z would have codimension
1 in Y, and hence would be infinite. So Z = @, and thus s induces an
isomorphism £ = Oy.

By induction, there is a smooth subcurve C' C H such that #CNZ; < oo
and C' N Zy = 0, and such that £]|c = O¢ if and only if L]y = Op. But, as
we saw, L]y = Op if and only if £ = Oy. O

Theorem 8.4. Let g > 2. The following formula holds in Pic(M,) ® Q:

g(g+1)(26 + g +3)
6

SW, = (39" +4¢° + 99> + 69 +2)\ —

l9/2]
—(¢*+39> +29+2) > ig — i)s;.

i=1

do
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Proof. The above formula was shown in [15], Thm. 5.1, p. 44, using the
method of test curves. Here we will show how to obtain it directly.

To show the formula is equivalent to showing that a power of a certain
invertible sheaf A on Mg is trivial. As mentioned in Subsection 7.2, there is
a family b: ) — B of genus-g stable curves over a smooth, projective variety
B such that the induced map up: B — Mg is finite and surjective. By the
projection formula, to show that a power of A is trivial is equivalent to show
that a power of the pullback uj\ is trivial. Now, using Lemma 8.3, there is
a smooth subcurve S C B such that a power of N is trivial if and only if a
power of uyN|g is trivial.

Let p: C — S be the base change of the family b: Y — B under the
inclusion S — B. Since S may be chosen “general,” intersecting properly
certain subschemes of B, and since the map B — Mg is finite, we may
assume that p has finitely many singular fibers, all of them uninodal. Also,
we may assume the general fiber of p is a general curve of genus g, and
in particular has no special Weierstrass points, and each of the singular
fibers of p is general, among singular curves. In particular, it follows from
Theorem 5.1 and Theorem 6.2 that no singular fiber of p has a point that is a
limit of special Weierstrass points on a family of smooth curves degenerating
to the fiber.

Let v := up|s. We claim that v*SW, = SW(p); see the notation intro-
duced in Subsection 8.1. Indeed, let K be the scheme of n-canonically embed-
ded stable curves of genus g, for n sufficiently large, and let v: V — K be the
versal family; see Subsection 7.1. Then there are an open covering S = J.S;
and maps u;: S; — K for each 4 such that p; := p[,-1(s,): p~1(S;) — S is
obtained from v by base change under u;, for every i. From the construc-
tion of SW,, it is enough to show that SW(p;) = u; '(SW(v)) for each
1. Since none of the singular fibers of p has limits of special Weierstrass
points, it remains to show that SW(p}) = u; '(SW(v)). But this follows
from Lemma 8.2.

For each s € S such that Cs := p~1(s) is singular, let P; denote the
unique node of Cg, and let ks be the singularity type of Ps in C. Let Sy be
the set of s € § such that Cs is singular and irreducible. In addition, for
eachi=1,...,[g/2], let

S; :={s € §|Cs contains a component of genus i}.

Let X := ¢1(p«Wp), where W, is the relative dualizing sheaf of p, and set

(57) 8=y (ks + 1)ls]

s€eS;
fori =0,1,...,[g/2]. Then X = v*X and 0, = v*0; for i = 0,1,...,[g9/2];
see [17], Section 3D, especially p. 146. Since also v*SW , = SW(p), to show
the statement of the theorem we need only show that in Pic(S) ® Q the class
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of SW (p) satisfies an equation similar to that of SW, but with A and the
d; replaced by A and the §..

To show the formula for SW(p) we may replace S by any finite covering
T — S, as the induced pullback map Pic(S) ® Q — Pic(T) ® Q is injective.
The new formula to be shown is completely analogous. So, up to replacing
S by a finite covering, we may assume that ks + 1 is divisible by g for each
s € Sp. (The finite covering can be any of degree g that is totally ramified
at the points of Sp.)

By considering blowups and blowdowns, we may find a map of schemes
B: C — C such that

(1) B is an isomorphism away from the points Ps for s € Sp;

(2) for each s € S, the fiber Cy := (po 8)~!(s) is the nodal curve that
is the union of the normalization of Cs and a chain of g — 1 rational
curves connecting the branches over Ps, and 3: Cy — C, is the map
collapsing the chain to Ps;

(3) the singularity type in C of each of the nodes of Cy is (ks +1)/g — 1
for each s € Sy.

Let p:=po (. For each s € Sy, let

(58) ks = -1,

let (,7? - 55 be the normalization of Cs, and let B, = E,1U---UE, 4_1 be the
chain of rational components of C~S, where the E ; are ordered sequentially.
Also, for each i > 1 and each s € S;, let Yy denote the component of the
fiber Cy of genus i and Z, that of genus g — 4. Notice that Y and Z? are
Cartier divisors of C such that Y? + ZP = (k, + 1)p*(s) and Y? - Z, = 1.
Thus

(59) YPZP =k +1=-YP-YP=-20. 2P,

Similarly, for s € Sy, we have that (C)? and the EEZ are Cartier divisors of
C such that

g—1
(CP + Y EL, = (ks + 1)5"(s),
i=1
and, foralli,j=1,...,9—1,
ko +1 if i —j| =1,
P v ol
(60) B, E ;=140 if [0 — 5] > 1,

—2(ks +1) ifi=j.
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Consider the Weierstrass divisor Wj of p. Let

lg/2] ; .
. g—t+1\ > 1+ 1\, 5
W._Wﬁ—zz« . )ysp+< : )Z§>

We claim that W is effective and intersects transversally each singular fiber
of p.

Indeed, the claim can be checked formally around each s € S for which
p~1(s) is singular. So, it is possible to treat the fibers over Sy and over the
S; for ¢ > 0 independently. Now, our Theorem 6.1 shows that W is effective
on a neighborhood of the fiber over any s € Sy, and intersects that fiber
transversally. Furthermore, our Proposition 6.3 shows that W is effective on
a neighborhood of the fiber over any s € S;U---US|y/9], and intersects that
fiber transversally as well. The claimed is proved.

Since W intersects transversally each singular fiber of p, its branch locus
over S is simply VSW (p'), where p’ is the restriction of p to its smooth
locus, under the identification given by 3. Since V.SW (p’) has codimension
2 in C, we have that, in Pic(C):

62)  [VSWE)] = c2(J5(Os(W))) = ex(W) (ex(W) + e1 (Wp)).-

In addition, ¢;(WW) can be computed from the definition of W, since, by
Pliicker formula,

(63) awy) = (73 Jatwn -7 x.

We used above that 5.Wp = W,, where W5 is the relative dualizing sheaf of

D-

Since SW(p) = p.[VSW (p')], to compute SW(p) we use (61) and (63)
in (62), and expand the product. To simplify the resulting expression for
SW(p), let us first identify terms that vanish. First, observe that Cartier
divisors supported on different fibers have zero product. So, for instance,
YPZP, =0 if s # s'. Also, (p*\)? = p*((\)?) = 0 by reason of dimension,
and

Beler(YP)FN) = Bu(er(ZD)BN) = Pl (B, j)B"N) = 0
for each s € S1 U...Sjy/9, each s’ € Sy and each j = 1,...,9 — 1, by the

projection formula, since the st) , Zg’ and Ef,) ; are collapsed to points under
p. Taking these vanishings in consideration, we have

(64) SWp)=u—a+b+c—(g>+g+1)(d+e),
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where
(T3 (e
a:=(g + g + Dp.(c1 (Wp)p™N),

b:—p*<ﬁ; (( T a0+ ("gl)cngf?))Q),

c ;3*( Z (gil Wcl(Efl))2>7

s€So =1

lg/2] - ~ i 5
d:;;@<cl<w5><(g y et ( §1>c1<25>)>’
0 Z Zp* <Cl ( (Q;Z) (Ep )))

s€Sp i=1

First, to compute u, we use a formula derived from the Grothendieck—
Riemann-Roch formula (see [17], Formula 3.110, p. 158):

Peler(Wp)?) = 12X = 65 — &6 — -+ = 0y jay-
Second, by the projection formula, p, (¢ (Wp)p*X') = (29 — 2)A. So
a=2(g*+g+1)(g—1N.
Third, from (59) we get
Pulr (VD) (Z8)) = (ks + D)ls] = —F (1 (VP)er (VP)) = P (er (Z0)en ()

foreach i =1,...,[g/2] and s € S;. Thus

lo/2] g—it1\[(i+1\ [(g—i+1\> [i+1\°

= 1) _ _
zz (( S ()

i=1

Fourth, from (60), for each s € Sy and all 4,j =1,...,9 — 1,

o (ks +1)s]  iffi—j| =1,
Pe(EL, - EV;) =10 if i = j| > 1,

—2(ky + 1)[s] ifi=j.
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Recalling (58), we have

2 /9—1 ~
cg<_ <z‘<gi>(z‘+1)<gz‘1>i2<gz‘>2>> S (b + 1)l

i=1 SESH
g —1
=2< Z(9—1)(9—22'—1)>56
=1
g g—1 g—1 g—1
=2 <g(g— )Y i— (39— 1)Z¢2+2Zi3>53
=1 1=1 =1
2 _ 2 o _ o . 2 92
_9(9l-1" Bg-Dig-g(29-1)  (9-1)°¢" ),
2 2 6 2 0
4 2
Y
12 %

Fifth, since W5y, = Wy, (Ps) and Wy
i=1,...,[g/2], we have

P(e1(Wp)er (YP)) =(2i — 1) (ks + 1)][s],

z. = Wz, (Ps) for each s € S; with

(1 (Wp)er(2D)) =(2(g — i) — 1) (ks +1)]s]-
So
[0/ . .
=) <(g_;+1>(2i— 1) + <’;1)(2(g—¢) - 1))5;

lg9/2]

= ; (i(g—i)(9+3) — <g; 1)>5£~

Sixth, since Wp|g, ; is trivial for each s € Sy and each j = 1,...,9 -1,
we have that e = 0.
Now, put together the expressions for u, a, b, ¢, d and e in (64) to get

SW(p) =Bglg+1)(g° +9+2) —2(¢* +9+1)(g— 1)) N
B <g4 -9*  glg+1)(g* +g+2)>56

12+ 4

l9/2 .
- gz (9+1)*(g - 20)°
=1 4 '

l9/2]
=g ) (it - g+ 3) - (ggl))a;-
l9/2]
99+ (> +9+2)
S A

i=1
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It is now easy to check that the coefficients of A\, g and the §; in the expres-
sion for SW, in the statement of the theorem match the coefficients of X',
8¢ and the ¢ in the above expression for SW(p). O

Remark 8.5. For g > 3, since A, o, . . ., 0[4/2) form a Z-basis of Picguy (M,),
and SW, € Picgyn(M,), the formula in Theorem 8.4 holds in Picgn(M,).
On the other hand, smooth curves of genus 2 have no special Weierstrass
points. Thus Wg = 0, and the formula in Theorem 8.4 simply says that

130X — 1369 — 2661 = 0,

which is a multiple of Mumford’s relation, (53). For yet another way to
obtain this relation, and a generalization, see [11].

9. THE SPECIAL RAMIFICATION LOCI OF TYPE g + j

Proposition 9.1. Let g > 2. Then
SWg = E%_l + EgJ m Picfun(Mg)-

Proof. Let K be the scheme of n-canonically embedded stable curves of genus
g, for n sufficiently large, v: V — K the versal family, and ®: K — M the
induced map; see Subsection 7.1. Let K/ C K be the open locus over which
v is smooth, and set V' := v=}(V) and v/ := v|y: V' — K’. From the
constructions of Wg, Eg,,l and EQJ in Subsection 8.1, it suffices to show
that

(65) VSW ()] = [VE1(v)] + [VEL(v)],

as codimension-2 cycles in V’. This is a local statement, that can be checked
on a neighborhood of a point P € V. Let C := v=1(v(P)).

Locally around P, the scheme V E;(v’) is given by all maximal minors of
a (Wronskian) matrix of regular functions of the form

A
M= |c|,
d

where A is a matrix with g columns and g — 1 rows, and ¢ and d are row
vectors of size g. Furthermore, VE_;(v’) is given by all maximal minors
of the matrix A, and VSW (v’) is given by the determinants of the square

submatrices
A A
M, = [c] and My := [d} .

The equality (65) will follow now from Lemma 5.3 in [4], if we show that
M has rank at least g — 1 at P, when P is a general point of an irreducible
component of V.SW (v'). Equivalently, we claim that h°(C,Wc(—gP)) < 1
for such P. Now, let M, (resp. M, 1) be the moduli space of smooth
curves (resp. pointed smooth curves) of genus g. By [5], Thm. 4.13,
p. 918, and Claim 3 on p. 920, the subset Z C M, parametrizing pointed
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curves (X, Q) such that h°(X,Wx(—gQ)) > 2 has codimension at least 3.
So the subset of M, parametrizing curves X having a point () such that
hO(X,Wx (—gQ)) > 2 has codimension at least 2. On the other hand, since
the irreducible components of V.SW (v') have codimension 2 in V', they
dominate codimension-1 subvarieties of K’ under v. Our claim follows by
comparing codimensions, using that @ has irreducible fibers of the same
dimension; see Subsection 8.1. O

Theorem 9.2. Let g > 3. Let

*g—1Bg—1)

1 2)(3g° 2
(66) a_y = . nd ay = WD +2)Bg" +39+2)

2

—1)? 1 1)? 2
O 9(g )6(g+ ) and bro— g9(g + )6(g+ )
and

1. . N9 .
68) b= 3ilg—i)((9+)9+3) +2g+5) ~ (g+1))
foreach j=—-1,1andi=1,...,[g/2]. Then
Egyj = aj)\ — bj70(50 — bj7151 — = bj7[g/2]6[g/2] m Pinun(Mg)

forj=-1,1.

Proof. Since Picpyn (M) is freely generated by A and the classes d;, by [1],
Thm. 1, p. 154, we may write

Eg,j = aj)\ — bj7050 — bj,lél —_— e — bj,[g/2]5[g/2] iIl Picfun(ﬁg)

for j = —1,1, where the coeflicients a; and b;, are integers. It remains to
determine these integers, and verify that (66), (67) and (68) hold.

The coefficients a_1 and a; were determined by Diaz using Porteous for-
mula on a general one-parameter family of smooth curves in [6], Thm. 4.33,
p- 21 and Thm. A1.4, p. 59. We recall Diaz’s reasoning here, applied to a
different family.

Let K be the scheme of n-canonically embedded stable curves of genus
g, for n sufficiently large, and v: V — K the universal family of embedded
curves; see Subsection 7.1. Let K’ C K be the open locus over which v
is smooth, and set V' := v=1(V) and u := v|y»: V' — K'. Let W, be the
relative dualizing sheaf of u.

Now, VE;(u) is the degeneration scheme of the natural evaluation map
of vector bundles:

er: Uy, — Jo (W),
where 7 := g — 1 + j; see Subsection 2.2. The expected codimension of
the degeneration scheme, which is 2, is achieved because a general smooth
curve has no special Weierstrass points; see [4], Cor. 3.3. Thus, by Porteous
formula,

[VE_1(u)]=co(E—F) and [VEi(u)]=ci(E—F)*—cy(E—F),
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where E = v*u,W, and F := J](W,). Expanding,
[VE_1(u)] =c1(F)? = ca(F) + c2(E) — c1(E)er (F),
[VE;(u)] =c2(F) — c1(E)c1(F) + c1(E)? — ca(E).

Clearly, ¢1(F) = u*\,, where )\, is the tautological class of u defined
in Subsection 7.3. On the other hand, using (2) for p := w and £ := W,,

repeatedly for i = 1,...,r, and using Whitney formula, we get
r+2
ar) =(" 5t
. 0+1
CQ(F): (£+1)< 9 )Cl(wu)Q.
£=1
Computing,
r(r+1)(r+2)3r+5
CQ(F): ( )( 24 )( )cl(wu)2>
r+1)(r+2)(r+3)(3r+4
Cl(F)2 _ CQ(F) :( )( )2(4 )( )Cl(wu)2~

Now, use that u,(c1 (Wy)u*Ay) = (29 — 2)A, by the projection formula,
while u, (c1(W,)?) = 12\, from the Grothendieck-Riemann—Roch formula,
as stated in [13], Thm. 15.2, p. 286. Also, by the projection formula and
dimensional reasons, u.ca(E) = u.(ci1(E)?) = 0, as both cp(E) and ¢;(E)
are pullbacks of classes from K’. Thus

w[VE_1 (u)] :w ((r 4 3)(3r+4) — 2(g — 1)> A,
w[VE: (u)] :W (r(37“ 45 —2(g— 1)) A,

where 7 = g — 2 in the first formula and r = g in the second one. Replacing
r and computing, we get
g°(g—1)(3g — 1)
2
(g+1)(g+2)(3g> +39+2)
2
Recall from Subsection 8.1 that E;(v) is the closure of u.[V Ej(u)], and

is, by definition, the invertible sheaf on K corresponding to E ;. So
ajdo|kr = Ej(v)| e = us[VE;(u)]
for j = —1,1, and thus

wWVE_1(u)] =

Aus

u[VEL(u)] = Au-

2(g—1)(3g—1
ol =2 (g ;( g ))\U|K/’
(9+1)(9+2)(39> +39 +2)

2

a1>\u|K’ = Av‘K’-
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Since A is not a linear combination of the boundary classes, A, |k’ # 0, and
hence the formulas in (66) follow.

To compute the remaining numbers, we use test families. Our first family,
po: Co — P!, is constructed by fixing a general curve of genus g — 1 and
identifying a fixed general point of that curve with a base point of a general
pencil of plane cubics; see [17], Ex. 3.140, p. 173. For this family, po.Wp,
is free, where Wy, is its relative dualizing sheaf, and hence there is a map
ho: P! — K such that po is the base extension of v under hg. It follows from
Theorem 5.1 and [4], Prop. 3.1, that for a nonsingular member of the pencil,
the resulting stable curve does not contain any limit of special Weierstrass
points. Thus [p, h§SW (v) > 0, with strict inequality if and only if there is
a fiber of py containing limits of special Weierstrass points.

On the other hand,

hoAy =1, hodo,0 = 12, hoo1, = —1
P! P! P!

and fpl hi6;.» = 0 for each 7 > 2. Indeed, the first formula holds because of
the linearity of the pencil; the second because there are exactly 12 singular
members in the pencil, each an irreducible nodal cubic; the third because the
total space of the pencil of cubics is the blowup of P? at the 9 base points,
resulting in 9 exceptional divisors, each with self-intersection —1; and the
fourth because none of the fibers of py are represented in the subset A; C K
for any ¢ > 2; see [17], pp. 146-147 for more details.

Now, we may use the formulas for [p, h{), and the [5, h§d; ., and the
formula for SW, in Theorem 8.4 to compute

(69) /P 1S () = 0.

So no fiber of py contains limits of special Weierstrass points, and hence also
/ h$Ej(v) =0 for j=—1,1.
Pl

Using again the formulas for [, hgA, and the [, hid;., we get
(70) a; — ].ijy() + bj,l =0 for ] = —1, 1.

Thus the formulas for the b; o may be derived from those for the a; and the
bjﬂ' for j = —1,1 and ¢ > 1.

(The relations (70) were obtained directly by Diaz [6], Lemma 7.2, p. 40,
for j = —1, and by Gatto [15], p. 67, for j = 1, and from them Gatto
concluded (69). Here we proceeded in the opposite way.)

To compute the b; ; for each i =1,...,[g/2] we do the following. For each
i=1,...,[9/2], let X be a general smooth curve of genus g — 4, and let Y be
a general smooth curve of genus i, and B € Y a general point. Identifying
the diagonal A € X x X with {B} x X C Y x X in the natural way, we
get a flat, projective map p;: F; — X whose fiber over each P € X is the
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uninodal stable curve union of X and Y with P and B identified; denote by
X Up Y this fiber. Again for this family, p;.W,, is free, where W, is the
dualizing sheaf of p;, because the normalization of F; is a constant family
over X. So there are maps h;: X — K and h}: F; — V making the diagram
below Cartesian:

h'
— V

E
pq'l ’UJV

x MoK

Now, observe that E;(v) = v.[VE;(v)], where VE;(v) is the schematic
closure of V Ej(u). Since VE;(u) is of codimension 2 in V', so is VE;(v) in
V. Now, X and K are smooth, so hg is a l.c.i. map. By [13], Prop. 6.6,
p- 113,
W5 (v) = b [VE; (0)] = pi b [VE; (0)],

where h}: A%(V) — A?(F;) is the Gysin map. So

(71) | w0 = [ nenVE W= [ HIVE, )]

Now, (h;)~'(VE;(v)) is the set of points Q@ € XUpY for all P € X which
are limits of special Weierstrass points along smooth curves degenerating to
X UpY. By Theorem 5.1, the set (h})~'(VE;(v)) intersects X Up Y at Q
if and only if one of the following four situations occur:

(1) @ € X — P, and @ is a special ramification point of type g + j of
the complete linear system of sections of Wx ((i + 1)P);

(2) B is a Weierstrass point of Y, and @ is a ramification point different
from P of the complete linear system of sections of Wx ((i+1475)P);

(3) Q € Y — B, and Q is a special ramification point of type g+ j of the
complete linear system of sections of Wy ((g — i + 1)B);

(4) P is a Weierstrass point of X, and ) is a ramification point of the
complete linear system of sections of Wy ((g — i + 1+ j)B) different
from B .

However, B is general, whence an ordinary point of Y. Moreover, by [4],
Prop. 3.1, the complete linear system of sections of Wy ((g — ¢ 4+ 1)B) has
no special ramification points other than B. So neither (2) nor (4) occurs.
In addition, by [4], Thm. 5.6, the number of points (P,Q) € X x X off
the diagonal such that @ is a special ramification point of type g + j of the
complete linear system of sections of Wx ((¢ + 1)P) is finite, and equal to

diii=(g-D)(g—i-1)((g+ )2+ 1* = (9= i+)?).
Finally, since X is general, X has no special Weierstrass points by [4],
Cor. 3.3, and hence the number of Weierstrass points of X is finite, and
equal to
d"=(g—i-1)(g—9)(g—i+1),
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by the Pliicker formula. Furthermore, since Y and B are general, by [4],
Prop. 3.1, all the ramification points of the complete linear system of sections
of Wy ((g — i+ 14 j)B) are simple, except from B, which has weight i. So,
by the Pliicker formula, the number of ramification points different from B
of this linear system is finite, and equal to

diy = (g+)g+i+i-D)+G-)(g+i)g+i—-1)—i=ilg+7)?—i.

So the number of points in (h})~*(VE;(v)) is finite, and equal to
€ji = dj; +d"dj;.

In particular, hi[V E;(v)] is represented by an effective 0-cycle with support
(1)~ \(VE(v)) and, using (71),

(72 | nEw 2 e
X
Computing,

(73)  esa=ilg—ig—i-D((g+7)*g+3)+2g+5) ~ (g+ 1))
On the other hand, we claim that

(74) / ST (0) = €14+ €14
X

Indeed, h}d;, = 0 for every j # i, since none of the fibers of p; are repre-
sented in A;- C K. Also, b\, = 0 because p; W, is free, and

/ hidin =2(1—g+1),
b'e

because X has genus g — 4, and thus the self-intersection of the diagonal
in X x X is 2(1 — g+ ). (Again, see [17], pp. 146-147 for more details.)

So, using the formula for SW, in Theorem 8.4, a simple computation yields
(74).
Using Proposition 9.1, and using (72) for j = —1,1 and (74), we get

671’1'4-61,1‘:/ h:SW(v):/ th71(U)+/ hrEl(U) >e_1;+te;.
X X X

Thus [ hiE;(v) = e;; for j = —1,1. Using the formulas for [, A7\, and
the [ hjd;., and the expression (73), we obtain the formula (68) for b; ;.
Finally, using (66), (68) and the relations (70), we get the formulas in (67)
for b_1,0 and by . O
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