CRITICAL POINTS FOR SURFACE MAPS AND
THE BENEDICKS-CARLESON THEOREM

HIROKI TAKAHASI

ABSTRACT. We give an alternative proof of the Benedicks-Carleson theorem on
the existence of strange attractors in Hénon-like families on surfaces. To bypass
a huge inductive argument, we introduce an induction-free explicit definition of
dynamically critical points. The argument is sufficiently general and in particular
applies to the case of non-invertible maps as well. It naturally raises the question
of an intrinsic characterization of dynamically critical points for dissipative surface
maps.

CONTENTS

1. Introduction

1.1. Statement of the result

1.2. Overview of the paper

2. Basic estimates and constructions
2.1. Trapping region

2.2.  Constants and notation

2.3. Curvature

2.4. Distortion

2.5. Hyperbolicity and regularity
2.6.  Admissible curves

2.7. Mostly contracting directions
2.8. Long stable leaves

2.9. Precritical points

2.10. Creation of new precritical points
2.11. Critical points

2.12.  Hyperbolic times

3. Critical dynamics

3.1.  Strong regularity

3.2.  Admissible position

3.3.  Derivative recovery

4. Global dynamics

4.1. Exponential growth condition
4.2. Capture argument

4.3. Controlled vector orbits

4.4. Proof of Theorem A

5. Smooth continuation of critical points
5.1.  Quasi critical points

Date: March 16, 2007.

0 00~ ~J T k=w

11
11
13
15
15
17
17
18
18
19
20
24
24
24
27
28
29
29



5.2.
9.3.
0.4.

6

6.1.
6.2.

7

7.1.
7.2.
7.3.
7.4.
7.5.

8

8.1.

HIROKI TAKAHASI

Sample points
Existence of smooth continuations
Derivative estimates of smooth continuations
Inductive assumption
Essential returns
Reluctant recurrence condition
Dynamics of critical curves
Distortion with respect to smooth continuations
Wang-Young’s inequality
Proof of Proposition 7.1.2
Expansion at essential returns
Binding points for critical values
Proof of Theorem B

Definition of bad parameter sets
8.2. Structure in parameter space
8.3. Total number of combinations
8.4. Proof of Proposition 8.1.2
References

31
31
35
37
37
37
41
41
42
43
51
95
o6
o6
o8
60
61
63



CRITICAL POINTS FOR SURFACE MAPS AND THE BENEDICKS-CARLESON THEOREM 3

1. INTRODUCTION

Strange attractors are of fundamental importance in the study of dynamical sys-
tems. While they are quite often observed numerically, a theoretical study of them
still remains a challenge. The first existence theorem was obtained by Benedicks
and Carleson [BC91], on the Hénon family (x,y) — (1 — ax® + y, bz) for a positive
measure set of parameters close to (2,0). Mora and Viana [MV93|, Diaz, Rocha, and
Viana [DRV96] pushed their argument further and proved the existence of strange
attractors in very general bifurcation mechanisms, such as homoclinic tangencies or
critical saddle-node cycles. See also Wang and Young [WYO01] for a more geometric
treatment which yields advanced properties of the attractor.

A breakthrough in this direction had taken place before in the context of the
quadratic family f,: 2 — 1 — az?. With a careful control of the recurrence of the
critical point = 0, Jakobson [J81] constructed a positive measure set of parameters
such that the corresponding maps admit absolutely continuous invariant probability
measures. See [CE83] [BC85] taking similar approaches.

[BCI1] is a very creative extension of their previous argument in one dimension
[BC85]. Since the Hénon map is a diffeomorphism, there is no critical point in
the usual sense. However, they remarkably invented dynamically critical points for
certain Hénon maps, which allowed them to develop a parameter selection argument
with some partial resemblance to the one dimensional case.

In [BC91] [MV93] [WY01], the construction of critical points involves a huge
inductive scheme. To recover the assumption of the induction, parameter selections
are made with a careful control of the recurrence of critical points constructed at
early stages. As such, the assumption of the induction has to incorporate both phase
space dynamics and structures in parameter space relative to the old critical points,
and necessarily becomes complicated.

The aim of this paper is to improve this point by providing a conceptually simpler
proof of the Benedicks-Carleson theorem. A key ingredient is an induction-free ex-
plicit definition of critical points. A strong dissipation and an exponential growth of
derivatives along the orbits of critical points together imply the existence of strange
attractors with positive Lyapunov exponents (Theorem A). The set of parameters
satisfying this growth condition is shown to have positive Lebesgue measure (The-
orem B). The definition of critical points is a purely analytic one and makes sense
for any smooth dissipative surface maps. It is interesting to ask whether it has any
intrinsic meaning. A similar question is addressed and some results are given in
[PH].

Our argument is sufficiently general and in particular applies to the case of non-
invertible maps such that the unstable manifold intersects itself. While no explicit
result has been known in this case (see the next paragraph), non-invertible Hénon-
like families often appear in many places: for example, in homoclinic bifurcations
of surface maps in which transverse homoclinic orbits intersects fold singularities,
studied in [San00]; in certain reaction-diffusion equations, studied in [OP00].

Let us make a technical and historical remark. A crucial fact used in [BC91]
[IMV93] [WYO01] is that tangent directions of two nearby horizontal pieces of the
unstable manifold are nearby as well, for them to avoid intersecting each other.
A new difficulty in the non-invertible case is the obvious failure of this property.
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Meanwhile, the same difficulty appears in dimension higher than two, and Viana
[Via95] dealt with this by taking the closeness of tangent directions as an indepen-
dent assumption. This implies that one can deal with the non-invertible case in two
dimension by adapting his argument. See also Remark 2.10.3.

1.1. Statement of the result. An Hénon-like familyis a continuous two parameter
family of not necessarily invertible maps H,;: [—2,2]*> — R?, of the form

(1) Hyy: (i) i (1 — az® + bu(a, b, m,y)) |

bu(a,b, z,y)
where (a, b) is close to (2,0), and u,v are C* with respect to a,z,y. We assume
2) 9,v(2,0,0,0) £ 0.

Let P denote the hyperbolic fixed point whose xz-coordinate is positive. Regardless
of whether H is invertible or not, the unstable manifold W*(P) is obtained as an
immersed real line. To bypass its possible self-intersections, define

T.W"(P) = {v € T.R?: there exists a segment in W*(P) which is tangent to v}.

The result splits into two theorems. The first one gives a sufficient condition
for the existence of strange attractors, in the form of exponential growth condition
(EG),. It is a condition on the growth of orbits of critical points of order n. We
need to wait until Section 4 to correctly define this.

Theorem A. For an Hénon-like family (H,y), there exists N > 0 such that if (a,b),
b > 0 is sufficiently close to (2,0) and H = H, satisfies (EG),, for allm > N, then:
(i) cl(W™(P)) is a compact, positively invariant set under H ;

(ii) there exists a countable set C C W*(P) near (0,0) such that:

(iia) for every z € C and n > 1,

\DH"(H(2))($) ] > ¢ 100 10821

(iib) for every z € C there ewists a unique (up to sign) unit vector e € TyyW"(P)
such that for everyn > 1,

IDH"(H(z))e|| < (Kb)",
where K > 0 is a uniform constant;
(iic) for all z € W*(P)\U.—__ H"(C) and u € T,W"(P),
log2

1
limsup — log || DH" (z)u| > ;

(iid) there exists z € C whose forward orbit is dense in cl(W*(P));
(iii) For any periodic point p € [—2,2]?,
log 2

1
li Zlog | DH"(p)|| > .
msup og || ()|l > 3

In particular, all periodic points of H are hyperbolic of saddle type.

The following theorem states that the condition in Theorem A is not empty
from a measure theoretical point of view. These two theorems together imply the
Benedicks-Carleson theorem.
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Theorem B. For an Hénon-like family (H,p) and b > 0 small, there exists a positive
measure set y, of a-values near (2,0) such that H = H,y satisfies (EG),, for all
n > N whenever a € .

Several remarks are in order on the scope of the theorems. The present setting
may be considerably extended along the line that is now well-understood. In the
definition of the Hénon-like family, one may replace the quadratic family by the
so-called transversal family of uni/multimodal maps and keep the conclusion the
same, except transitivity. Moreover, while only the two dimensional case is treated
here, the argument may be extended to higher dimensions with additional geometric
considerations, as in [Via95] [WY]. We have suppressed these possible extensions
for simplicity.

For cl(W*(P)) to deserve the name of attractor, its basin of attraction should have
nonempty interior. This is known to be the case when the map is invertible: see
[PT93] Appendix 3. However, the same argument does not hold when singularities
exist. Meanwhile, Benedicks personally communicated to us that he has a new
argument which holds even if singularities exist.

Adapting [BY93] [BYO0O0] to our setting, one can prove the existence of physical
measures with nice statistical properties, under the same assumption as in Theorem
A. Other known properties in[WY01] would follow, in the invertible case.

In view of the history in one-dimensional dynamics, it would be interesting to
look for an weaker condition which guarantees the existence of physical measures.
However, before doing this we must pause on any intrinsic meaning of the critical
points we are going to introduce.

A hidden aim of this paper is to lay a ground work for possible further develop-
ments. What we have in mind is the basin problem for the case of non-invertible
maps with fold singularities, posed by Tsujii more than three years ago. It is a
question on the coincidence of the asymtotic distribution of Lebesgue almost every
point in the basin of attraction. A new difficulty here is how to eventually control
Lebesgue almost every orbit in the basin of attraction, in defiance of singularities.
Based on the present paper, we shall give a positive solution to this problem. A posi-
tive solution to the same problem for invertible case was initially given by Benedicks
and Viana [BV01], and then by Wang and Young [WYO01], under certain regularity
condition on the Jacobian of the map. While this condition has been removed in
[T06], invertibility remains crucial.

1.2. Overview of the paper. The rest of this paper consists of seven sections.
Section 2 provides basic estimates and constructions which will be frequently used
later. Some are new and some are old, already appearing in [BC91] [MV93] [WYO01]
in one form or another. Building on some of them we define (pre) critical points
(Sect.2.9, Sect.2.11). Intuitively, they are points of tangencies between stable and
unstable directions having regular backward orbits.

One important problem is the analysis of the growth of orbits starting from neigh-
borhoods of critical points. Assuming strong reqularity condition on critical orbits
and admissible position (Sect.3.1), we prove that an exponential growth of deriva-
tives prevails (Lemma 3.3.2). At this point, a precise distortion estimate in Lemma
2.4.1 is crucial in order to faithfully copy the growth of the critical orbit.
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In Section 4, we introduce the exponential growth condition (EG),, on the orbit of
critical points of order n. This condition is sufficient to develop a capture argument
which systematically assigns suitable critical points (binding points) to every free
return. As a by-product, we conclude a proof of Theorem A.

Sections from 5 to 8 deal with parameter issues. The goal is the construction of
the parameter set in Theorem B. Parameters which satisfy (FG),_1 but not (EG),
are discarded at step n. The condition (FG),, is not well-adapted to our inductive
scheme. Hence, we introduce in Sect.6.2 a stronger condition, called reluctant recur-
rence condition' (RR),. Parameters have to satisfy this condition to be selected.

We pay attention to the complement of good parameter sets. This idea has been
borrowed from the work of Tsujii [Tsu93a] [Tsu93b] on the Benedicks-Carleson-
Jakobson theorem in one dimension. He proved that parameters discarded at step
n are contained in a finite union of well-structured sets the measures of which are
uniformly exponentially small in n. We show that essentially the same thing prevails
in two dimension. In doing this, two issues intrinsic to two-dimension need to
be considered and remedies are made accordingly, as explained in the next two
paragraphs.

Critical points disappear when parameters are varied. Hence we work with quasi
critical points (Sect.5.1) rather than the critical points itself. Proposition 5.4.1
guarantees the existence of smooth continuations of quasi critical points in a suf-
ficiently large interval. This sets the stage for considering the dynamics of critical
curves, in section 7. Under the assumption of (RR),_1, we manage to recover three
consequences which are known to hold in one-dimension [Tsu93a] [Tsu93b] : good
distortion and curvature estimates (Proposition 7.1.2); a large amount of expan-
sion in parameter space at essential returns (Proposition 7.4.1); existence of binding
points for critical curves (Proposition 7.5.1).

By definition, there are uncountably many critical points of the same order. Nev-
ertheless, the total number of analytically distinguishable critical points at step n
is finite and not too large. Here, we regard two distinct critical points of the same
order as indistinguishable, if their backward and forward orbits are characterized
by the same set of discrete data, called sample points (Sect.5.2), essential return
times (Sect.6.1), essential return depths (Sect.7.4). Each indistinguishable class of
critical points makes holes in good parameter sets. It turns out that these sets are
well-structured and the total measure of parameters discarded at step n is smaller
than the total number of indistinguishable classes times some exponentially small
number in n. Consequently, a positive measure set is left over (Proposition 8.1.2).

I am grateful to Masato Tsujii for having brought this problem to my attention.
I have to say his notes [Tsu03] is very important for the existence of this paper.
Most of this work has been done while I was at Instituto de Matematica Pura e
Aplicada. Above all, I am grateful to Paulo Varandas and Samuel Senti for useful
conversations, to Jacob Palis and Marcelo Viana for their hospitality and providing
a stimulating atmosphere. Research supported by CNPq.

IThis terminology appears in one-dimensional dynamics and designates a different object.
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2. BASIC ESTIMATES AND CONSTRUCTIONS

This section is mostly devoted to basic estimates and constructions which will be
frequently used later.

2.1. Trapping region. To begin with, we identify a positively invariant region in
which strange attractors potentially exist. This is done up to certain unimportant
restriction on parameters. See [MV93] Proposition 4.1 for related discussions in the
invertible case. We need to employ a different argument for our purpose.

Let ) denote the hyperbolic fixed point which is not P. For b > 0 small, two
straight lines [—2,2] x {£1/10} cut two curves S} and Ss in the stable set of @), such
that @ € S; and H(S2) C S;. Define D to be the closed region surrounded by these
two lines and two curves. Clearly, P € Int D holds.

Let e, denote the f,-preimage of ) which is not ). The number e, — f,(0) is positive
and strictly monotone decreasing to zero as a — 2. This implies f,([@, e.]) € [@, €d],
and hence H,o(D) € D. Put a, = 2 —n~'. Define a sequence {b,},> as follows:
choose by > 0 such that H(D) C D for all (a,b) € [ag, a1] x [0, bo]; given b,_1, choose
b, < b,_1 such that H(D) C D for all (a,b) € [a,, ant1] X [0,b,]. Define €’ to be
the set of (a,b) € Q such that a € [a,, a,11] and b € [0,b,] for some n > 0. The
following holds by construction:

Proposition 2.1.1. For any open neighborhood U of (2,0), Q' NU contains an open
set. Moreover, H(D) C D and cl(W*(P)) C D holds for all (a,b) € V.

2.2. Constants and notation. We introduce absolute constants which are defi-
nitely fixed throughout the argument. They are

A =3,0 =100, =49/100, A ~ log 2.

The choice of A ensures that the norms of all the partial derivatives of (a, z) — H,(2)
are bounded from above by e®. The constants entirely determined by the family
(H,p) are mostly denoted by K. Keep in mind that the values of K are different in
different places in general. Hence we have the liberty to write 2K < K and so on.
We reserve the letters Ky, K; for special use as follows:

Ky concerns hyperbolic behaviors away from the critical region? (Lemma 2.5.1);

K, determines the angle of vertical cones in which the mostly contracting direc-
tions reside (Lemma 2.7.4).

On the other hand, we introduce system constants which are allowed to change,
provided that a finite number of conditions are satisfied. They are

Q, M7 ﬁa (57 97 b7

chosen in this order. We have «, 6, #, b < 1 and M, 5> 1.

We frequently use the following notation: A; = H'(A) for a set A C D and i > 0;
vi(2:) = DH"(z9)vo for vy(z9) € TR?|D and ¢ > 0. The sequence {v;(2;)}1, is called
a vector orbit of H. We only consider vector orbits which consist of nonzero vectors.

2In the present context, Ko ~ 1 holds.
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2.3. Curvature.

Lemma 2.3.1. Let v = {v;(2;)}, be a vector orbit, and vy C D a C* curve which
is tangent to vo(zo). Let k;j(z;) denote the curvature of v; at z;. Then for every
1<j<n,

Uj—e
kj(2) < (KDY H ol +Z KbEHH; II‘S’ .

Proof. Parametrize vy by s € [0, 1], and suppose that zo = 79(so). Let y(s) =
H'(yo(s)) for ¢ > 0. By the chain rule,

7i(s) = DH(vi-1(5))vi_1(5)

and
v/ (s) = D*H(v;—1(8))vi_1(s) + DH (7i—1(s))7i_1(s),
where
A B
DH = (C D>
and
) (VA AL (5)) (VB (s)
DPH(ia(s)) = (<vc,1 (5)) <w>,3;1<3>>)-
Then
i) xf(so)]
o) = e S
where
e ol
i PR TERE
and

I = ||7;(s0) | I1DH (7i-1(80))¥i-1(80) % D*H (7i-1(s0))7-1(s0)]I.
The vector product in II is degree three homogeneous in ||v;_;(so)||. Moreover, since
the C'-norms of B, C, D are bounded by Kb, the second components of the two
vectors in the product have a factor b. Therefore

3
Vi—
/ﬂ)l<Zl) S HHU|1’L| (Kb-'-Kb /ii,l(zl-,l)).

A recursive use of this inequality gives the desired one. O
2.4. Distortion. For a vector orbit v = {v;(z;)}",, define

[voll flv;l?
i<j<n ||og| [|vil|?

O(v,i) =

and

(1]

_ ,—oaon
(v)=e orgliln@(v i).

We say Vv is k-expanding, or simply ezpanding, if there exists x > b"/* such that

lvill = &' llwoll 1 < Vi <.
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Choose a large integer M > 0 such that ne=*?" < 1/2 holds for every n > M. For a
C! curve 9 C D and 2y € 7o, let ty(20) denote the unit vector tangent at zo to 7.

Lemma 2.4.1. Let n > M, and suppose that v = {v;(z;)}-, is expanding. Let
Yo C D be a C? curve which is tangent to vy, length(yo) < Z(v), and curvature < 1
everywhere. For every 1 <i <n and z| € 7o,

|DH: (z0)t(z0) | _ 1
IDH ()t ()| = 2

log

Proof. Let k; denote the maximum of the curvature of ;. Then

(e® + ko) - length(vg) < e*2Z(v)O(v,0)7'O(v,0)

< em:(v)@(v 0)—1 ||U1||2

- " lvol?
3A—aon Hvl ” .

- [[vol|

Since n > M, it is enough to prove the following by induction on i € [0,n — 1]:

(3) (BA + /fi) . length(%) < eSAfaan ||’TZ+|1|”?
[
DH! t
(4) ‘log H (ZO) ’70(20)“ < (Z + 1)63A—a0n/2 VZ(/) € .

1D H (20)t5 (20) [ |~

(3)==>(4). Let 0 < j < i and 2 € v be arbitrary. Put v; = DH(z))t,(2)) to
ease notation. Using (3),

/
Vji+1 Vi

< (eA —i—/@)l@ﬂgth(’}g) < eSAfaO'nHUj-l-lH

ol [l sl
and thus
||”§'+1H [[vjsall _ Vig A (1- 3A—aan)||vj+1||'
loill Ml o3l Mol Il — [[oj]
Taking logs,
‘log H’U]'-i‘l” — log ||U;+1|| 3A—a0n/2'
[l loill |~

Using this for every 0 < j < ¢, we obtain (4).
(4)=>(3) with i = i + 1. Using (4),

l|vig1 ]|
[[voll

l|vig1 ]|

A ength(y0) < e Z(v)
ool

length(vit1) <e

Using Lemma 2.3.1 and o < 1,
(e® 4 Kiy1) - length(yiyy) < E(V) (I 4 IT 4 IIT)
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where

,_ el
ool

II=e (Kb)z—i-l ||U0H

Vil
il =, o Vi 1P
I 4 Z+1 Kb ’L+1 ] '
lvoll Z ||Uz+1||3
By the definition of ©(v,i+ 1),
2
(5) O(v,i+1)'0(v,i+1) < Ofv,i+ 1)~ 1%l HUMHQ’
Vi |l [[vigall

and therefore

1< eA@(v,i + 1)_1 Vi .
Vil

Using (5) and the expansivity of v,

4 i+1 . 1 volP - f llvig2]l ’
1= O T L Ul

< (Kb)”lb;g(?l)e“A@(v,z' + 1) [vita||
[[via ]

Uj
< O(v,i+ 1)1HU:?H.

Regarding III, for every 0 < k < n we have

[ Vi1 ]] HUinj!g = O(v,k)"'O(v, k) [0i4]] H’lefjg?)
lvoll il leoll [lvis |

_ o(v, k)~ min o]l [[vell® [for—s]|°
k<t<n Jvgll vl (vigal®

Substituting £ = ¢ +1 — 5 < n — 1 into the right hand side and then using
min1-j<e<n Vel < [[via||l|vise|], we have

3 .
I lllisssl® gy sy alisal
[voll  [Jviall [0
Consequently,
[ ZM - :
111 < || || (Kb) -O(v,i+1—7)".
Vit1

Altogether these three inequalities and the definition of Z(v) yield (3) with i + 1 in
the place of 7. O
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2.5. Hyperbolicity and regularity. The following lemma ensures certain amount
of hyperbolicity outside of the critical region Cs = (-9, ) x [—1/10,1/10].

Lemma 2.5.1. For all \ < log2, &> 0,6 >0, there exists Ko > 0 and the following
holds for all H = H,; with (a,b) close to (2,0) and A = X — a > 0: suppose that
{vi(z:)) Yo, m > 1 is a vector orbit of H such that slope(vg) < Kb.
(i) If z0, 21, , 2n_1 & Cs, then for every 0 <1 < j < n,
slope(v;) < Kob and |jv;]| > Ko6e*=9 ||v;]|.
(ii) Let z; denote the x-coordinate of z;. If moreover |x,| < 2|x¢|, then
[vall = Koe||voll-
(iii) If ||vnl| = e 2Kod||vn_1]|, then slope(v,) < Kgb.
We omit a proof because it is well-known.
A vector orbit {v;(2;)}, is called r-regular (r > 0) if
|lvnl] > Kord|lvi]] 0 <Vi<m.
It is easy to see that the following holds.
Corollary 2.5.2. Let r > e 2, and suppose that {v;(z;)}1y is an r-reqular vector

orbit of H as in Lemma 2.5.1. Then slope(v,) < Kyb. Let m = min{i > n: z; € Cs}.
Then {v;(z)}"y is r-regular.
2.6. Admissible curves. A C? curve v is called admissible if slope(t,(z)) < Kob

for all z € v and the curvature is < 1 everywhere on 7.

Lemma 2.6.1. Let n > M. Suppose that a vector orbit v = {v;(z)}l, is k-
expanding and e~*-reqular. Let vy be a C? curve which is tangent to v(2g), length(yy) =
=(v), curvature < 1 everywhere. Then 7, is an admissible curve and

length(y,) > e 34",
Proof. Using Lemma 2.4.1, |Jv;|| > #7||vo|| > &"[Jvol], and |Jv;|| < e2[Jvol| < e2™|voll,
112
1 h > 75aan71/2||vn|| . : : ||U0|| ||UJ||
enehn) 2 € o2 (BB Y o

—aon”vnH . . ||7)0|| . ) ||’U]||2
feoll~osezn flua]] - i=isn [l

> 673Anl€3n'

By Lemma 2.3.1 and the regularity of v, the curvature of ~,, is < 1 everywhere. The
slope estimate follows from (iii) in Lemma 2.5.1. O

2.7. Mostly contracting directions. Let M be a 2 x 2 matrix. Denote by e(M)
a unit vector (up to sign) such that ||Me(M)|| < ||Mu]| holds for any unit vec-
tor u. We call e(M), when it exists, the mostly contracting direction of M. We
analogously define a unit vector f(M) which is mostly expanded by M. Clearly
Me(M)LM f(M), and moreover e(M)_Lf(M) holds®.

3Consider the dual M*. Then e(M*), f(M*) is well-defined and M*e(M*).LM*f(M*).
Since Me(M) € ker f(M*) and M f(M) € kere(M*) we have M*Me(M) € ker M* f(M*) and
M*Mf(M) € ker M*e(M™*). This implies e(M)Lf(M).
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For a sequence of matrices M;, M, - - -, we use M® to denote the matrix product
M;--- MyM;, and e; to denote the mostly contracting direction of M®. We assume
|det M;| < Kb and || M;||, || DM;|| < e®. We quote some results in [WY01] without
proofs.

Lemma 2.7.1. ([WY01] Lemma 2.1) Suppose that |[M@| > & and ||MED|| >
k=1 for some k > b'/4. Then e; and e;_; are well-defined, and satisfy

Kb i—1
Hei X 61'_1” S (—) .

K

Corollary 2.7.2. (|[WYO01] Corollary 2.1) If |[M®| > k' for every 1 <i < n, then
len — e1]| < k71KD, and |MWe,|| < (Kb)' holds for every 1 < i < n.

Next we consider parametrized matrices M;(sy, s2, 53) such that ||0M;(s1, sa, s3)|| <
e® and | det M;(s1, s2,53)] < e®, where @ denotes any first order partial derivatives.

Corollary 2.7.3. ([WY01] Corollary 2.2) Suppose that || M) (s, sy,s3)|| > &' for
every 1 <i < n. Then for every 2 < i < n,

Kb\
|8(ez X 62'_1)‘ < <?) .

Let us come back to the original setting. For z € D and n > 1, define e,(z) =
e(DH™(2)) and f,(z) = f(DH™(z)) when they make sense.

Lemma 2.7.4. There ezists Ky such that if z = (x,y) ¢ Cs then ey(z) is well-defined
and

slope(e(2)) > K '6b™" and ||0ei(2)|| < K|z 2.
If moreover ||DH*(2)|| > k' for every 1 < i < n then
slope(en(2)) > K 'ob™! and ||0e,| < Ki|x| 2

Proof. The well-definedness of e; (z) follows from | det DH(z)| < Kband |DH(z)|| >
20 > \/Kb/m. The Lagrange method of undetermined coefficients gives

e1 =p Y(C*+ D* -\ —(AC + BD)),

where p > 0 is the normalizing constant,

I —vI1?—411

2 Y

DH = (é g) IDHe | = A A=
and [ = A + B2+ C* + D? Il = A’D? + B?C* — 2ABCD. By (1), B, C, D are
O(b), and |A| < K|z|. Hence the slope estimate follows.

We now estimate the partial derivatives of e;. By (1), all partial derivatives of
B, C, D are O(b), and ||0A| < K, p > Kb|x|. This gives VI? — 41l > K]|z|,
I, |o1|| < Klz|, ||oI|| = O(b), and in particular ||0p|| < Kb and ||OA|| < K|z|.
Putting altogether these we obtain the desired inequality. The rest of the assertion
readily follows from Corollary 2.7.2 and Corollary 2.7.3. U
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2.8. Long stable leaves. A long stable leaf of order k is an integral curve of ey
having the form

I'={(z(y).y) € D: |y| < 1/10},]2'(y)], [2"(y)| < K.

For a long stable leaf I" and r > 0, define a strip

L(r) ={(z,y) € D: [z —2(y)| < r}.

The following proposition asserts the existence of long stable leaves around expand-
ing orbits. While similar constructions have already appeared in [BC91] [MV93]
[WYO01], we work with the distortion estimate in Lemma 2.4.1 rather than the so-
called matrix perturbation Lemma ([BC91] Lemma 5.5). This yields a more intuitive
construction and better bounds on the width of the strip, which plays a crucial role
later.

Proposition 2.8.1. Let n > M, zy ¢ Cs, and define a vector orbit w = {w;(2;) }1
by w; = DH'(2) (}). If w is expanding, then

(i) for every 1 < k < n, the mazimal integral curve T'®) of e}, through z, is a long
stable leaf of order k.

(i) for 1<k <n—1,¢ (1 <i<k+1) is well-defined on T'* (HmaX{MkH} ).
Moreover, for all zj, € F(k)(Hgl&X{M’kH}W) and 1 <i<k+1,

IDH(20) (§)

1DE ) ()| ="

(6) log

Proof. Tt is easy to see that '™ is a long stable leaf of order 1. We prove (ii) for
k=7 <n—1, assuming that ') is a long stable leaf, and that ') is contained in
TG &) when j > 2. For 2, € TW and i € [0, 5], define w} = DH(z}) ().
Put A= DH(z_1), A= DH(z,_,). Then for i > 1,

angle(uw;, w]) = 40X il

U il - ]

_ ||A’wz-_1 X A/’U)éil -+ (A A’)wz 1 X Aw / 1||
[Jwil] - [lwill

lwia ] f[will
= Ml ]
lwial f[will
[fwill - Jlwi]

(| det A'| - angle(w;_1,w,_;) + K|zi_1 — zi_4])

(Kb - angle(w;_1,w]_;) + (Kb)'"™).
Using this recursively and then ||w;|| > &', [|w}| > e™'&,

sl _ o
[Jwi| ||w’|| -

angle(w;, w}) < (Kb)"! Z

This and [Jwi| & [Jwj|| imply [w; — wi|| < v/3|Jwi] - angle(w;, wf) <

i—1
llwssa || = iy ] < Mlwier = wipy || < [ Alllws = will + [ A = Bl|Jwill <077
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This and [|wi ]| > £ > b7 yield

[wisa]

IA
e

‘ log

[wia 1]~

We now choose arbitrary 2/ € I'0) HmaX{M’jH} . and take z, € T'U) whose y-
Y <o 0 )

coordinate coincides with that of z7. Then |2 — 25| < = E(> Mt W) holds. For
i € [0, 7], define DH"(z() ({) = w}. Using the previous estimate and Lemma 2.4.1,

<bi+1<1.

[

o L1

< ‘lo ij'ﬂH

+ ‘log

|w H—IH sz'+1H |w z—HH

This yields ||w/, || > e 'x""||w( ]|, and hence e;41(2() is well-defined. Consequently,
(ii) holds with k = j.

We show that I'U*+Y is a long stable leaf. Parametrize [U+Y) and I'Y) by arc length
and assume that z, = I'UT)(0) = I')(0). Suppose that [U+1(s) is well-defined for
s € [0, so]. For any such s, using Lemma 2.7.1 and Corollary 2.7.4,

lej1(TU*D(s)) = ¢ (TP (5))]| <Jlejsa(DUTI(s)) = e;(TUHD(s))
e (TE(5) — es00 (5]

< <7)j + K[TUH) (5) — TW(s)].

Therefore

S AU (s)  dIW(s)

LU (s) — 1O (s)] =

(Ks)™  [Kb\’ <~ (Ks)*
= * ( K ) ; Kl
Notice that the third inequality follows from substituting |TU+Y(s) — I'W(s)| < 1
into the inside of the integral. Similarly, the m-th inequality (m > 4) follows from
substituting the m — 1-th one into the same place. We now Put s = sy and pass m
to the limit — +oo. Then it follows that TU*Y(z) hits neither the left nor right
boundary of TG (TIF** M7+ w) Hence T'Ut(s) defined for all s € [—1/10,1/10).
Corollary 2.7.4 implies that T'U*Y is indeed a long stable leaf with the desired
derivative estimate.
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It is left to prove [U+D ¢ TOIII™MIt ) For (z),4,) € TUHD, choose
(z!.y) € TW. Then |2, — af| < (Kb)! < S w) holds, regardless of
whether 5 +1 > M or not. This implies the inclusion. 0

2.9. Precritical points. Suppose that vy is an admissible curve in C5. We say
Co € Yo is a precritical point of order n on 7y, if

(a) |DH ()| > e ! for every 1 <i < m;

(b) en(¢1) is tangent to DH ((o)ty,(Co)-

Remark 2.9.1. By Lemma 2.7.1 and Lemma 2.7.4, we have
(7) slope(DHt,(¢)) > K;'6b7 1.

This implies that all precritical points are contained in a small neighborhood of
(0,0), provided that b is sufficiently small.

Remark 2.9.2. Every admissible curve admits no more than two precritical points
of the same order. Let us see why this is so. By definition, precritical points are
points of tangencies between the images of admissible curves and long stable leaves.
For any long stable leaf and any admissible curve, there is at most one point of
tangency between them. Meanwhile, by the uniqueness of solutions in ordinary
differential equations, two distinct long stable leaves do not intersect each other.
These two facts together imply the claim.

2.10. Creation of new precritical points. The following two lemmas are used
to create new precritical points around the existing ones. For related discussions,
see: [BCI1] p.113, Lemma 6.1; [MV93] sect.7A, 7B; [WY01] Lemma 2.10, 2.11.
Our argument that follows is a slight adaptation of them. In this subsection, all
admissible curves are assumed to be parametrized by arc length.

Lemma 2.10.1. Let 7y be an admissible curve in Cs, where ~o(0) = (o is a precritical
point of order m. Let ¢ € [Kb,e %], and suppose that vo(s) is defined for s €
[—e™/2 e™/2]. Suppose that there exists j € [3~'m, Bm| such that ||DH'((1)|| > 1
holds for every 1 <1 < j. Then there exists a precritical point 50 of order j on 7y
such that |Gy — Co| < e™/2.

Proof. Let TU=Y denote the long stable leaf of order j —1 through ¢;. Let w denote
the forward vector orbit of (5. Since IIjw > e 208] > =208m 5, 9eAom/2 gnd
diam(y;) < e® - length(vo) < 2e2e™/2, we have v, € ['V=D(II}w). Hence it makes
sense for zy € vy to consider the splitting

DH(z)t,(20) = &ej(21) +71fi(21) and DH(z)t1y(20) = &em(G1) + nfm(G1)-
Put ¢(z0) = angle(e,,((1),€j(z1)). We clearly have 57 = ncosty £ £sinep, the sign
being chosen as the case may be. By Lemma 2.8.1,

¥(20) < angle(en(C1), em(21)) + angle(en(21), €;(21))
< K|Go — 20| + (Kb)™.

In particular, we have 1(zy) < 1. Suppose that z; is the endpoint of vy. Then the
above inequality implies ¥ (zy) < K|(y — 2| Lemma 3.3.3 implies |1(2q)| = [{o — 20/,
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1€(20)| < K1671b, and n(29)n(2’) < 0, where 2’ is the other endpoint of 5. Without
loss of generality we may assume 7(z9) > 0. Then

1
1(20) > [Co — 20l (5 - Ké_lb) >0,

and 7(2') < 0 on the other hand. By the intermediate value theorem, there exists
¢ € 7o such that 7((p) = 0. In other words, (, is a critical point of order j. O

Lemma 2.10.2. Let ¢ € (0,e7%2] and m > logd*/loge. Let v and 7 be two
admissible curves in Cs. Suppose that:
(a) v(s), 7(s) are defined for s € [—e™? m/?].
(b) v(0) is a precritical point of order m and |DH'(7(0))|| > e for 1 <i < m;
(¢) the x-coordinates of v(0) and 4(0) coincide,
() 17(0) — 5(0)] < min(Kb, &™) and angle(+/(0), 7/(0)) < e
Then there exists so € [—™2,e™/?] such that 7(so) is a precritical point of order m.

Remark 2.10.3. In [BC91] [MV93] [WYO01], v and 4 are assumed to be disjoint,
which is crucial. The smallness of the angle between «/(0) and 4'(0) automatically
follows from this, for them to avoid intersecting each other. In the present context,
we need to allow vy to intersect ¥, and thus the smallness of the angle needs to be
taken as an independent assumption as in (d).

Proof. Let z € 7. Since diam(5;) < £™/?2 and € < e71%4, we have

By the same reasoning as in the proof of Lemma 2.10.1, e,, is well-defined on a
neighborhood of 7;. Hence, it makes sense for zy € ¥ to consider the splitting

DHts5(z0) = &ts, (1) + nt5, (1) and DHts(20) = Eem(21) + iifm(21)-

Then 77 = ncostp £ siney holds, where ¢ = angle(DH#A'(0), e,,(21)). Since v(0) is
a precritical point, we have slope(DH#'(0)) > K;'6b~'. Thus Lemma 3.3.3 gives
n = L|7(0) — 20| and || < K167 'b. Suppose that z, is one of the endpoints of 7.
Using the fact that DH~'(0) is collinear to e,,(H(7(0))) we have

Y < angle(DH~'(0), DHY'(0)) + angle(em (H ((0))), em(21))
< (Kb te™? 4+ 1)e®|y(0) — 2|

In particular, ¢» < 1 holds. For the same reason as in the proof of Lemma 2.10.1,
we may assume 7)(z9) > 0. Moreover we assume

(8)  angle(DHY(0), DHY'(0)) < Kb~'e®(|7(0) — %(0)| + [|7/'(0) — 7' (0))).
Then
7(20) > LIF(0) = 20| cos ) — K&~ bsinep
> 15(0) — 2o (1 — K670 — Ko~ e™?) >0,

where the last inequality follows from the assumption on m, €, 4. On the other hand
we have 7(z') < 0, where 2’ is the other endpoint of 4. By the intermediate value
theorem there exists so € [—£™/2, e™/?] such that 7(7(so)) = 0. In other words, 7(so)
is a critical point of order m.
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It is left to prove (8). For this it is enough to prove angle(DH~'(0), DH7'(0)) < 1.
Let us see why this is so. This inequality implies
: - IDH~'(0) — DHY(0)]]
ele(DHYOL PEIO) < i (DB @), ID A7 O
The denominator is > Kb, by (1) (2) and the fact that the slopes of 4/(0) and 4/(0)
are < Kyb. Hence (8) follows.

Put DH~'(0) = (€,1), DHA(0) = (£,7). It is enough to show slope(DH7'(0))
K107, or equivalently |€] < 2K,671b|7|. Put 4/(0) = p-(1,6) and 7/ (0) = j- (1,
where p, 5 ~ 1 are the normalizing constants. By (2) and the fact that ||, |0
Kob < 1, |n|, |7| have the order b. Thus

=<

)7
<
BV < (xwy 1) < vy e

il
+ K (|0,u(~(0)) = 8,u(5(0))] + 0]0,u(v(0)) — 0,u(¥(0))|)
+ K710 — 0]]0,u(v(0))].
Using |7(0) — 4(0)] < Kb and |0 — 0] < Kb,

% < (Kb) ¢+ Kb < Kﬁ + Kb < K160+ Kb < 2K,67'b.
n n
This completes the proof (8) and hence that of Lemma 2.10.2. O
2.11. Critical points. Put
N =—-A"1logé.

We say a precritical point (y of order n > N on an admissible curve v is a critical
point of order n, if:

() IDH(H(G))| > 1 for every 1 < i < n:

(b) there exists an e~2-regular and e 1%2-expanding orbit {w;(¢{;)})__, C D such
that (_,, ¢ Cs and wo(2p) is tangent to v at (p.

Remark 2.11.1. Suppose that (, is a critical point of order n. Then (, € D,, holds.
In other words, critical points dig deeper inside as their orders increase.

Remark 2.11.2. By (b), the long stable leaf of order n through (_,, is well-defined.
It intersects the top side of D. Hence, (y is approximated by the H"-image of it.
We shall take advantage of this fact in later sections. For example, we construct
secondary quasi critical points on the forward iterates of the top side.

2.12. Hyperbolic times. Let v = {v;(2;)}", be a vector orbit. An integer h €
[0,7n] is called a hyperbolic time if z,_; ¢ Cs and the vector orbit 11" ,v is e™%2-
expanding. This notion is a reminiscent of favorable iterates, introduced in [BC91]
Lemma 6.6, [MV93] Lemma 9.1. The next lemma asserts that there exist plenty of
hyperbolic times in regular orbits and that they are nicely distributed.

Lemma 2.12.1. Let m > N. Suppose that a vector orbit v = {v;(2;)}, is e 3-

reqular and zy ¢ Cs. Then there exists a sequence of hyperbolic times hy < hy <
oo < hg =m such that h;1 1 < 4h; for every 1 <1< s—1.

Proof. The following is a slight modification of [[WYO01], Claim 5.1].
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Sublemma 2.12.2. For everyi € [N, m|, there exists a hyperbolic time i’ € [[i/2],1].

Proof. Suppose that ¢ # m. Consider the graph, denoted by G, of the function
k — log ||vg|| defined on [m — ¢,m|. Let L be the infinite line through (m, log ||v,,||)
with slope A. Clearly, all points of G lies above L. Let P be the point of intersection
between L and the line {z = m—[i/2]}. Let L be pivoted at P and rotate it clockwise
until it hits G. With L in its final position, G still lies above L. For ¢ # m, define
an integer ¢ so that (m — 1", log ||v,—i~||) belongs to the set of the first hit. Define
m’ = h,. We clearly have i" € [[i/2],4]. Since ||v,,|| > Kode 3||v_s| and i > N,
the slope of L in its final position is bigger than

log [[vm|| — 10g [|vm ]|

/2]

This implies that II" ., v is e™*2 - expanding. Define ¢/ = " — 1 if z,,_,» € Cs,
and ¢ = " otherwise. Then z,,_» ¢ Cs and ¢’ € [[i/2],7] hold. Moreover, for every
1 < j <14 we have

Fomeiagll = [omeirsgrtll = €20 ol 2 €55 o) 2 e o,

~A+

> A+ 271 log(KOe_3(5) > —4A.

4A

where the second inequality follows from |[v,, || > e™2||vp_i]|.
It is left to define m’. We define m’ = h,. It is easy to see that m’ satisfies the
desired properties. O

We now complete the proof of the lemma. Align the sequence {3’} ; of hyperbolic
times in an increasing order and define a new sequence Z. Define {h;}{_; to be the
subsequence of Z which is strictly monotone and maximal with respect to inclusion.
It is enough to prove h;yq < 4h;. Suppose that h;; = j' for some j € [N,m]. If
J < 2N, then h;;; < 2N holds, by Sublemma 2.12.2. On the other hand we have
h; > N/2, and therefore h;;; < 4h;. Suppose that j > 2N. Then

j+1 j—1 j—17
> 4= > .
vz 5] [15) []

Since h; and h;;; are two consecutive hyperbolic times, we have

. !/ .
hizj;l 21];1
2 21 2

This and h; 1 < j yields h;1q < 4h;. O

3. CRITICAL DYNAMICS

In this section we study the dynamics along the orbit of a precritical point which
has exponentially growing derivatives.

3.1. Strong regularity. Let (y, be a precritical point of order n > M on an ad-
missible curve 7. A vector orbit w = {w;(Ciz1)}0", defined by w; = DH' () (}) is
called a forward vector orbit of (,. We say w is strongly regular if:

() sl = eA=0m070 w0 < Vi <V < B
(b) for every k € [0,(n] there exists x(k) € [(1 — ao)k, k] such that Hg(k)w is

1-regular.
We say (j is good if w is strongly regular.
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Remark 3.1.1. By Remark 2.9.1 and f»(0) = —1 = f(—1), it follows that for an
arbitrarily large integer N, one may assume that all precritical points of order < N
are good, shrinking Q' close to (2,0) if necessary.

3.2. Admissible position. Suppose that (y is a good precritical point of order
n > M on an admissible curve 7y. A nonzero vector vg(zg) is in admissible position
relative to (p if it is tangent to 7y and

1-¢ 1
w —1—= n 2
(9) (M) < 160 — 20| < <L =y )W)> .
lwxqaml

where L = |f5(0)] = 4. We say vy(z0) is in critical position relative to (o if

lwoll \'

o=zl < | —— ) -

[wxqaml

We say vg(z9) is related to (o if it is either in critical position or in admissible position
relative to (5. The definition of admissible position makes sense by the next lemma.

Lemma 3.2.1. For the above w, we have
2-2¢
E(Hé‘(ﬁ")w)- (wa(ﬁn)“) > p(1-2028n/2
[[woll -
Proof. Suppose that K,de®®" > 1. The strong regularity of w gives
lwyll > e |lwi]| 0 < Vi < Vj < x(6n)
and
[[woll

lwoll _ [fwxmll_llwoll ol

lwill — Twill - [lwomll

—afBon

> Ko > —_—
w0y (am)l [wy(am)l

0 < Vi< x(Bn).

Substituting these into the definition of ©(IIXw, i) and rearranging gives

@(Hg(ﬁn)WJ)wa(ﬁn)H > 20000
[[woll
and thus
w7 lwygam 7
@(H%‘(ﬂn)w,i) x(Bn) > p—2000n x(Bn) > (1-2076n/2
[[woll - [[woll -

Since i € [0, x(/n)] is arbitrary, we obtain the desired inequality.
Suppose that Kyde®?" < 1. Since (j is a precritical point, |Jw;|| > Ko|w;|| holds
for every 0 <i < j < x(fn). Hence

Wy (Bn _
@(Hé(ﬂn)w,z) || x(8 )H > ng aﬂgn'
[[wl|

The rest of the reasoning is almost the same as the previous case. 0
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3.3. Derivative recovery. Define
(1-20) ﬁAn}
— _— + 1’
P [ —log Vb
and
q = x(Bn),
where [-] is the Gauss symbol. We call p the folding period, and ¢ the binding period.

Remark 3.3.1. Dynamical meanings of there two periods are the following. The
binding period is the time of duration in which the orbit of the point in admissible
position shadows the critical orbit in a sufficiently regular way. During this time we
compare the growth of these two orbits. The folding period is a time at which the
corresponding two vectors become sufficiently parallel to each other.

Proposition 3.3.2. Suppose that a nonzero vector vy(zo) is in admissible position
relative to a good precritical point (o of order n > M. Then

(10) lvill < flwolle™ 0 < Vi < p;

(11) LIgo — 2o " lvoll < llvpll < LIGo — 2o~ [[vo]l.

where & 18 a constant which can be made arbitrarily small by choosing small b;

(12) [vgia]l > [[og]le? o~ 2enta+D),
R D AT 1o 7-.
(13) loolllGo — 20|~ 30720 < Yo | < [luoll[Go — 2] 56w,
14 log o — 20| 5ET < g < log|¢y — 20/ ¥
(15) G — 2] <e @12 1 <Vi<q+l,
(16) logall = e Kodllo]| 0 <i<q+1;
14+ 532%

V; v A(1+a) ) '

1) ’|||vj-” 2 (H) 0<Vi<Vj<q+l

Proof. We begin by studying the action of H on admissible curves containing pre-
critical points.

Lemma 3.3.3. Let vg be an admissible curve in Cs. Suppose that there exists
o € 7o such that slope(DHt,,(()) > K;'6b~Y. For z € 7y, split DH(2)t,,(2) =
f(z)t’Yl(Cl) + 77(2’)%(41)L~ Then
€] < 2K,
and
(1=0)L|¢o — 2| < [n[ < (1 +6)L|¢o — 2|.
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Proof. Put ¢ = angle(DHt,,(¢y), (9)). Define two matrices Ty ' = (t,,(2),t,,(2)*)
and T, = (t,,(¢1)*, £,,(¢1)). Since 7o is an admissible curve, there exists a closed
interval I C [—4,6] and a function 49 on I such that 7y = graph(o). Hence, any
z € 7o is written as z = (z,90(x)). The matrix T is the rotation by 6(z) =
angle(t,,(2), ({)), where |0(z)| < Kb and |#'(z)| < K. The matrix T; is the rotation
with angle v). We have the identity

DH(2)(tyg(2), ty(2)7) = (4, (G1) " 15, (Q)TADH (2)T5
The number £(2) corresponds to the (2,1)-entry of TYDH(2)T; ", and hence the

desired inequality follows. The number 7(z) corresponds to the (1,1)-entry of the
same matrix. A direct computation using b < ¢ gives

a-opirol<| 22 < a ool

Using the Taylor expansion around (y = (xg,yo) and 1(¢y) = 0,
(1= 0)L|xo — [ < |n(z)] < (1 +0)L]xo — |,

for small § and a close to 2. This implies the desired inequality because |rg — x| ~
|Co — 2| holds. O

Claim 3.3.4. Let '~V denote the long stable leaf of order ¢ — 1 through (y. Then
we have z; € TYD(Z(TEw)).

Proof. Suppose that ¢; — 21 = (£,n). Let 2’ (resp. z”) denote the unique point in
'™ (resp. T'@=1) whose y-coodinate coincides with that of z;. Then ¢, —2' = (¢, 7)
and ¢; — 2" = (£, 1) hold for some ¢, £”. Parametrize I'™ by arc length and assume
that ['™(0) = ¢;. Define ¢(s) = angle(e,(I'™(s)), e,(¢1)). Then we have ¢(0) = 0
and |¢'(s)| < K. Thus

[n] ||
1€ < K/ lo(s)|ds < K/ sds < Kn?
0 0

By Lemma 3.3.3 we have n? < K;6'0|¢|, and thus || < KK;07'b|¢|. Hence
€~ €| < [¢[ - €] < 2l€]. and by Lemma 8.3.3 again,

€l < (1+20) / LiGo — #|dz,

where z ranges over all z € 7y in between (o and 2. Integrating this and using (9)
we obtain [¢] < E(II{w)/3. Using the proof of Proposition 2.8.1 to bound [¢' — £
by (Kb)", we obtain

€ =& < €=+ ¢ = ¢ <25(IEw) /3 + (Kb)" < E(ITEw).
This implies the claim. 0

Split v1(2z1) = &ey(z1) + nfy(z1). We estimate |n|. The idea is to compare this
decomposition with the one in Lemma 3.3.3. By Lemma 2.7.4,

angle(eq(G1), 4(2) < |De Gt — 21| < KK16]Go — 2]
By Lemma 2.7.1 and the left hand side of (9),
angle(eq(C1), en(G1)) < (Kb)" < [Go — 20| ™.
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Thus angle(e, (¢1), e4(21)) < K0[Co — 20, and this implies
(18) In| = L|¢o — 2ol[|vol|

We prove (10). Using (18), for every 0 < i < p we have

IDH™ fo(0)]| < [DH'(21)||In] < e™*7Jvo.
Using 2p < aon,
IDH nfy(20)]] < e lvoll < e |Juo.

This and ||[DH'¢e,(21)| < (Kb)|Jvol yield (10).

We prove (11). For every 0 <1i < g,

IDH f ()l 2 et 1l s comen,
ool

Since zp is in admissible position, (18) implies

1-¢
w _
il () onl > )
q

Using the definition of p, for every p <1 < ¢ we have
|DHCe, (20l _ (Kb
[DH, ()| = e el D8netan

< b2 <.

This implies
(19) (1= O)IDH nfy(20)l| < [Jvinall < 1+ O)IDHnfo(21)]l.
Take small & > 0 such that Ap/n — aa@fo < 0 holds. Then

” z” (L+0)L - [Co — 2o|[[DH? fp(21) |

S L|CO o ZO|1—d6Ap—oc6zﬁan

<|¢o — 2|

This yields the upper estimate in (11). On the other hand, p > 1 and | DH? f,(z1)]| >
e Hw,|| > er ! gives

v -
H PH > Le A—o— 1|C ZO‘ > LlCO _ Zo’lJra.
We prove (12). Using (19), for all p — 1 <7 < j < g we have

20 o 21 _ g s
foesall ~ 7% J]

Therefore

1 (Mgl o
gl > [IDH™ fo(z0)]| > e (I|wZH lwg| > Ao Dy, .

We prove (13). Let 75 denote the straight segment whose endpoints are z; and
Z". By Lemma 2.4.1, for every 0 < i < g we have

(21) —1 [|w]| < length(7;) <e [|w; | ‘
Jwoll — length(7o) —  |woll
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Integrating (18) and using n? < K6 'b, we have length(7) ~ [(y — 20|>. Hence

20—1
length(Tq) > 71 ||w(IH ’CO . 0|2 HwQH > 67(1726))«1'
[[woll [[wol|
Rearranging this and using the upper estimate of ¢,
DHinf,(z _ _ _
I |737|q( )l > e 1” qH > [Co — 20| 2 e~ (=20 > ICo — 2o 2+3(1-2¢)

This yields the lower estimate. On the other hand, using (21) for i = p and ¢,
v, || ||v & llw _5 length(r,
e L ()
ool vy [wp—1 ]l length(7,-1)
To estimate the right hand side, we use (14) and (15) to yield length(7,) < e 77 <

|Co — zolﬂ(z(g@. Moreover, by (20) we have length(7,_1) > length(o) > |Co — 20/*
Substituting these into the right hand side we obtain the upper estimate.
We prove (14). Using (20),

[0yl

[[woll

< E(HgW) qu” < 61 aoq

length(r,) < e[ — 20]* ol

On the other hand,

length(7,) > e ¢y — 20/* -

These two inequalities together imply the upper estimate of ¢. On the other hand,
we have

2 ||wy|

20—1
— w -
1 (H _fIH) <e ¢ — 20/ 2||w H <length(7,) <e- | — 20l
ol ol =

and thus
20—2
‘CO _ 20‘2 > 2 (qu”) > efA(2f2€)q74
[[woll

Taking logs and rearranging we obtain the lower estimate of q.
We prove (15). We have

lwoll’

G — 2 <G — 2] + 2 — 24
We clearly have
Jwill _
|2zi — 21| < — - E(I[{w) < e7 71,
[[wol|

Since 2/ € T~V we have |¢; — 2/ ;| < |¢ — 2| for 1 <4 < q. Moreover, Lemma
3.3.3 gives |1 — 2{| < K1671b|Cy — 20]* < €777, Altogether these imply the desired
inequality.

We prove (16). Using (10) (12), for every 0 <1i < p we have

||Uq+1|| ||Uq+1|| (A—a—2a0)lg -, 671K05.
loill - [lwoll N
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Using (20), for every p+ 1 <i < g we have

e R 7
Josl| |wi—ll ~
Thus (16) follows.
We prove (17). There are three cases: i < j <p;i <p<yj;p<i<j. Inthe
first case, using ||v;| > e 2||v,|| and (10) (11),

1+Aé 14 Ba0
loill o Dol Bogll o ol —ap o ((Moall Y75 o (llopll ) 30+
> > e > > .
[oill = Nl llpll = llwoll = \llwoll ~ \Ulwoll

The remaining cases have similar proofs. Using (20), for all p < i < j < g we have

||Uj|| > 72||wj|| > efaaj
Joall = llwill

Substituting (11) (14) into this we obtain

> a0

3o

o_ 1 3ao~
wm>0mwmw><mb*mw.
[[oill = \lvoll — \lwoll

This finishes the proof in the last case. In the second case, the above inequality with
i =p and ||v;|| < ||lvo|| in (10) yields the desired one. O

4. GLOBAL DYNAMICS

The aim of this section is to study global behaviors of generic orbits. We begin
by introducing the exponential growth condition (EG), in Theorem A. Assuming
this condition, we develop an argument to find a suitable precritical points to which
the results in Section 3 apply. Consequently we obtain a proof of Theorem A.

4.1. Exponential growth condition. Let n > N. We say H satisfies (FG), if all
critical points of order < n on any admissible curves are good.

4.2. Capture argument. The following proposition guarantees that under the as-
sumption (EG),, one can associate suitable critical points (binding points) to all
e~ !-regular orbits which fall inside Cj.

Proposition 4.2.1. Suppose that H satisfies (EG),, for somen > N.Let {v;(z;)}",
be a e~ -reqular vector orbit of H such that m > N and z,, € Cs. Let {h;};_, denote
the sequence of hyperbolic times associated with {v;(z;)}™,. Let iy denote the largest
integer such that h;, < n. Then there exists a good precritical point of order < h;,
relative to which v, (2y) s in admissible position, or else there exists a good critical
point of order h;, relative to which vy, (zy) is in critical position. In the first case,
{vi(2) Y149 s e oregular, where q is the binding period.

Remark 4.2.2. It is important that no relation between m and n is assumed. In
particular m is allowed to be larger than n. If m < n, then h;, = h, by definition.

Proof of Proposition 4.2.1. We fix some notation. For a nonzero vector v(z) and
r > 0, let y(v(z),r) denote the straight line of length r which is centered at z and
tangent to v(z). Put p = e 12, For every 1 <i < s, put /9 = H" (y(vy_p,, p™)).
Since h; is a hyperbolic time, p" < =({vj}jL,,_p,) holds. Thus, by Lemma 2.6.1,
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7@ is an admissible curve with length > p?*. In particular, it makes sense to speak
about the existence of precritical points on .

Lemma 4.2.3. Let i < iy — 1, and suppose that there exists a good critical point of
order h; on ’y(i) relative to which vy, (zy,) is in critical position. Then there exists a
good precritical point of order € [h; + 1, hiy1] on v+ relative to which vy, (zy) is in
admissible position, or else there exists a good critical point of order hiyy on @Y
relative to which vy, (zy,) is in critical position.

Proof. Let (; (k%) Jenote the good critical point of order h; on v relative to which
U, 1 in critical position. Take 2 € 4+ whose z-coordinate coincides with that of

(hi’i . Such Z uniquely exists because of the lower bound on the length of 4+ and

the assumption that v,,(z,,) is in critical position relative to Co . Let w = {w;}7"

denote the forward vector orbit of Co had),

Claim 4.2.4. We have
2-9¢

and

(i) . woll \*
angle(t ¢y ", tyirn(2) < K T | .

Proof. Parametrize v and Y by arc length so that v (0) = z,, = v*Y(0) and
the z-components of the derivatives have the same sign. Then

O (s) = 4D (s)] < K / 159 (¢) — 4 (1)1 dt.

Since Y® and v+ are admissible curves which are tangent to v,,(2,,), we have
F0(0) = 4D(0) and [[5D(0)]], |5*V(0)]| < 1. Thus

/Ih - ”1()Ildt<K/tdt<Ks

This implies the first inequality. The second one follows from the bound on the
curvatures of ”y(z) and ’y("ﬂ). 0

Claim 4.2.5. For every 1 < k < h;,
‘10 |DE*(H (6" ™))
IDH*(H () (4

0)
)|

. , 1-¢
Proof. Since > 1, ¥ (resp. 7(*Y) contains a curve of length >> ( lewoll )

llwgn, I
centered at C(h“ (resp. Z2). Hence, by Lemma 2.10.2, there exists a precritical

i sl ~ sl w 1-¢
point of order h; on Y called Céh“ ™ such that |2 — Céh“ +1)| <K <|H—°”>

lwen, |

Combining this with the first inequality in Claim 4.2.4,

1—¢
e — () < (M
—_— | .

[wan, ||
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Using Lemma 3.3.3 and Lemma 3.2.1, we obtain ¢\ e Dx(Bh)=1 (= x?hiyy).
Hence the inequality follows. 0

For every k € [h; + 1, hi11], Lemma 2.10.1 yields a precritical point of order k on
A called Cék’lﬂ). In fact, Céhi“’zﬂ) is a good critical point of order h;,, because
of (EG)y, hiy1 < n, and the fact that there exists a e ?-regular backward orbit of

length h;i1, by Lemma 2.4.1. Hence all Cék’iﬂ) is a good precritical point for every

hi+1<k<hi— 1.

Sublemma 4.2.6. Suppose that (y, (| are good precritical points of order m and
m~+1 on an admissible curve o such that |Go—Cl| < (Kb)™?. Let w = {w;((ip1) Y™,

w = {w( {H)}f:(glﬂ) denote the respective forward vector orbtits. Denote by x'()

the function x () for w'. Then

2—20
E(Hgl(ﬁ(m-‘rl))wl) ) (wa(ﬁm)H) > p(1-20A8m/2.
[[wol| -

Proof. First of all, recall that by (6) we have
[[wi
[Jwi |
Suppose that x'(3(m+1)) < x(8m). Then the inequality immediately follows from
(22) and Z(ITY Py > =IO W,

Suppose that x'(8(m+1)) > x(B3m), and moreover Koe 26 > e~28987m  Using(22),
for every 0 <i < x(8m) we have

(22) ’log <1 1<Vi<pfm.

/
_ wa(ﬁm)H > Koe 26 [[wy ‘
Ftl = Tl Tl = 0 Tl ]
It is straightforward to check that |x'(G(m + 1)) — x(8m)| < 2afom. Using this,
for every x(Om) < i < X'(B(m + 1)) we have [[w] g, = e~ 28abBom |||, Thus, for

every 0 < i < x/(B(m + 1)) we obtain

[woll _ llwoll

||U)6|| > —2AafBom ||w6|| )
lwill — 10 ()

Using [|wj]| = e~ wj]| and (22),

S o) gy 5 -asom_lIwoll
N [ewxqam |

This implies the desired inequality. The case Kod < e 2489 can be handled

similarly to the last part of the proof of Lemma 3.2.1. 0
Claim 4.2.5 implies that v,,(z,,) is related to Céhi’iﬂ). Suppose that vy, (z,) is in

critical position relative to (éhi’i+1). In this case, it follows from Sublemma 4.2.6

that v,,(2,,) is related to Qéh"ﬂ’iﬂ). If v,,(2,) is in admissible position relative to
C(()hiﬂ’”l), then it is done. Otherwise, we again use Sublemma 4.2.6 and repeat
the same argument. Eventually, only two possibilities are left: there exists k£ €

k,i+1)

[hi + 1, hiyq] such that vy, (2,,) is in admissible position relative to Cé , or else
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Um(2m) s in critical position relative to C(()hi“’iﬂ). This completes the proof of
Lemma 4.2.3. O

Let us come back to the proof of Proposition 4.2.1. We firstly consider the case
zm ¢ Csio. Choose a large integer R which do not depend on 4, and consider
H = H,; such that (a,b) is close enough to (2,0) so that all precritical points of
order < R are good. Take a straight segment 7, which is tangent at z,, to v,, and
intersects both {d} x R and {—d} x R. Clearly, 7o is an admissible curve, and there
exists a good precritical point of order M on 7y, to which v,,(z,,) is related. Since all
precritical points of order < R are good, we can successively apply Lemma 2.10.2
to create good precritical points of higher order on ~j.

We claim that there exists a precritical point of order < R on 7, relative to which
Um(zm) 1s in admissible position. Let us see why this is so. Sublemma 4.2.6 implies
that if v,,(2,,) is in critical position relative to a precritical point zg of order j < R
on 7, then v,,(z,,) is related to the precritical point of order j+ 1 on 7. This leaves
out only two possibilities: either there exists a precritical point of order < R on 7y
relative to which vy, (2,,) is in admissible position, or v,,(z,,) is in critical position
relative to the precritical point of order R on ~vy. However, the second possibility is
eliminated by the fact that all precritical points are contained in Cs0, and R can be
made arbitrarily large after ¢ is fixed. Hence the claim follows.

Next, we consider the case z,, € Csi0. Since length(y1) > p? > pN the admissi-

ble curve 7,(1}1”) intersects both {6'°} x R and {—§'} x R. Hence there exists a good

precritical point of order N on vV to which v, (zy,) is related. If v,,(z,) is related
to it then it is done. If not, we appeal to Lemma 4.2.3. This finishes the proof of
the first half of the assertion of the proposition.

It is left to prove that v’ is e~ !-regular. This follows from ||vy4q11]] = ||om| and
(16).

4.3. Controlled vector orbits. Suppose that H satisfies (E'G),,. Consider a vector
orbit v = {v;(2;)}1%,. We say an integer i € [0, m] is a return time if z; € Cs holds.
We say v is controlled up to time m, if slope(vg) < Kyb, and no return takes place
up to time m, or else there exists a sequence of return times mg < my--- <my <m
such that:

(a) my is the first return time and mg > N;

(b) Iy*°v is e~ '-regular;

(b) for every 0 < s < t, there exists a binding point of order < min(mg, n) relative
to which vy, (2, ) is in admissible position;

(c) for every 0 < s <t —1, mgyy = min{i: i > mg+ qs + 1,2; € Cs}, where g5 is
the corresponding binding period;

(d) mi <m < my+q +1, or m>my+q + 1 and no return takes place from
ms+q+1tom — 1.

We call i bound if i € [ms + 1, ms + g5 for some s € [0,t]. We call i free if it is
not bound.

Lemma 4.3.1. If v = {v;}™, is controlled, then for every free iterate 0 < i < m,

lvill > KodeX”? uo].
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Proof. By Lemma 2.5.1, for every i < mg we have |[v;|| > Kode*||vpl|. Since mg > N,
we have ||v,,, || > e/?||vg||. Suppose that for every i € Uf_,{m, + ¢, + 1},
(23) loill > X% [lwo].

Using slope(vp,4+4,+1) < Kob and Lemma 2.5.1, for every ms +¢s +1 < 7 < myyy
we have

||UZ” > ||UZ|| |Ivms+%+1|| > Koée)\(ifmsqu71)6%(ms+q5+1) > KO(;G%Z
lvoll — [lvmgtgerill ol

By the same reasoning we have ||v;|| > Kode*/3||v|| for every free iterate in between
m; and m.

It is left to prove (23) for i € U._,{ms + ¢s + 1}. By (12), (23) holds for i =
mo + qo + 1. Suppose that (23) holds for some i = my + ¢ + 1. Then the better
estimate in Lemma 2.5.1 and (12) together yield (23) for i = mgy1 + ¢s+1 + 1. This
completes the proof. O

4.4. Proof of Theorem A. We are in position to prove Theorem A. We fix «,
M, (3, 5, one and for all. For small b > 0, let Q® denote a small a-interval such
that {(a,b): a € QO} c ', where (' is the one appearing in Proposition 2.1.1.
We moreover assume that {(a,b): a € Q@} is close enough to (2,0) so that all the
previous estimates and arguments hold. In what follows we only consider H = H,
such that a € Q).

Suppose that H satisfies (EG), for every n > N. For z, € W*(P), take an
integer ky > 0 such that the set of preimages H " (z) intersects W (P). Pick one
point from H % (z)) N W (P) and denote it by z_,. Notice that z; = H k2
is uniquely determined for i < —ky. For an arbitrary j < min{—ko, N}, define a
vecor orbit {vl(z,)}l_:kjo by v; = DH*"" 0ty (py(2_1,). Since P is a hyperbolic fixed
point, we have [[v_g, | > [|v]| for j < i < —ko. Let mg = min{i : H(z_,) € Cs}.
By Lemma 2.5.1 and slope(v_g,) < Kob, we have |[v;,—g, || = Kod|lvi]| for j < i <
mo — ko. Since mg — kg — 7 > —j > N, the necessary conditions are satisfied for the
capture argument to work. Moreover, since j is arbitrary, we can successively apply
the capture argument and end up with either of the following two cases: obtain
a good precritical point relative to which v,,(2,,) is in admissible position; not so,
namely, v,,(z,) is in critical position relative to all the precritical points assigned
by the capture argument. In the first case, we iterate further. When the next free
return takes place, we apply the capture argument again. By the same reasoning,
two possibilities are left.

By now it is clear how to define C. Define C to be the set of all zy € W*(P) such
that there exists a controlled vector orbit {v;(z;)}{__; such that: (i) z_; is near P
and v_; is tangent to W) (P); (ii) 2o is a free return; (iii) vo(zo) is in critical position
relative to any critical point which is assigned by the capture argument. Let us see
C satisfies the desired properties.

First of all, by Lemma 2.6.1 and the fact that W}’ (P) is an admissible curve, any
2o € C is contained in the interior of an admissible curve, say 7y, which is contained in
WH*(P). For now let us suppose that there is no self intersection of W*(P). Lemma
2.10.2 and the definition of C implies the existence of a sequence of infinitely many
good precritical points of arbitrarily high order on 7, converging on zy. This implies



CRITICAL POINTS FOR SURFACE MAPS AND THE BENEDICKS-CARLESON THEOREM?29

CN~ = {z}. Let us see why this is so. Suppose that z, € C N ~v. Then, by
the same reasoning, there exists a sequence of infinitely many precritical points of
arbitrarily high order on 7 which converges on 2. Since 7 is an admissible curve,
there exists no more than two distinct critical points on v of the same prder. This
implies that the two sequences must converge on the same point. Hence z| = 2z,
and the claim follows. Let us now suppose that there is a self intersection of W*(P).
In this case, the above argument is slightly incomplete because there may exist two
distinct critical points on two distinct admissible curves which intersect each other.
To deal with this, consider an immersion ¢: R — W*(P). Then the above argument
shows that :71(yNC) contains exactly one point. Consequently, C is a countable set
regardless of whether W*(P) intersects itself or not.

For zy € C. let y, denote the good precritical point of order n which belongs to
the sequence converging on zy,. Since the speed of this convergence is exponential
which does not depend on z, (iia) follows. Let I'™ denote the long stable leaf of
order n through H(y,). It follows from the proof of Proposition 2.8.1 that {I'™}°°
forms a Cauchy sequence in the C? topology. Let I'(™ denote its C? limit. Since
'™ is tangent to H(vy) at H(y,) and H(y,) — z1, '™ is tangent at z; to H(7).
This yields (iib). (iic) automatically follows from the definition of C.

It is left to prove prove (iii). Since the Lyapunov exponents of all periodic points
of fy are log2, we may assume that the largest Lyapunov exponents of all periodic
points of H with period < N are > log2/3. For a periodic orbit O with period
p > N, there exists a sub-orbit of length N which stays outside of Cs. Along
this orbit we construct an e~ !-regular vector orbit of length N and then apply the
capture argument. If the vector orbit is always in admissible position, then the
largest Lyapunov exponent of O is > log2/3, by Lemma 4.3.1. Otherwise, there
exists a vector orbit of length > /3N which shadows the orbit of the critical point.
In particular it is e~ !-regular and grows exponentially fast in norm. If /BN > p,
then the largest Lyapunov exponent of O is > A\—a. If /BN < p, then we apply the
capture argument to this longer vector orbit and repeat the same argument. Since
p is finite, this argument stops sooner or later. Consequently, the largest Lyapunov
exponents of all periodic points are > log 2/3. U

5. SMOOTH CONTINUATION OF CRITICAL POINTS

In this section we deal with parameter dependence of critical points. We prove
that quasi critical points continue to exist in a sufficiently large parameter interval.
Besides, we prove that their dependence on parameter is rather small.

5.1. Quasi critical points. We say a precritical point (y of order n > N on an
admissible curve 7 is a primary quasi critical point if there exists an e 3-regular
and e~ 12-expanding orbit {w;(¢;)})__, such that (_, & Cs and wy((o) € T¢,v0. We
say (o is a secondary quasi critical point if there exists an e '?2-expanding vector

orbit {w;(¢;)}Y__,, such that (_,, ¢ Cs and wo(Co) € T¢y0-

i=—n
The following lemma states that near critical points there exists a stack of primary
quasi critical points of lower order.
Lemma 5.1.1. Let ééj) be a critical point of order h; on vy, with {w; ?:_hj its

backward orbit and {hi}le the corresponding sequence of hyperbolic times. For every
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1 <1 < j there exists a primary quasi critical point é’éi) of order h; on an admissible
curve 9 .= H"~(w_y,, p") such that

J
(24) 4§ = &1 < S ny,

k=i

Proof. Clearly, the assertion with i = j holds, because 7, and vV) are tangent at CAOA :
Let i € [1,5 — 1], and suppose that there exists a primary quasi critical point (; F(i+1)
of order hiyq on v0+D with |7 — ] < > .. (Kb)/3 Then the lower bound

on the length of v+ implies that éo ) is located around the middle of A+ - This
permits us’ to use Lemma 2..10.2 to yield a precritical point of order h on AU+,
called ("™ such that | — (V| < (Kb)h+1/2. Let 2 € 4@ denote the

point whose z-coordinate commdes Wlth that of Coh“zﬂ). Such zy uniquely exists

because length(y?) > |7 — ("] holds.
Claim 5.1.2. We have

6" — 2ol < (KDY

and

angle(t. i+ (50hi’i+l)), by (20)) < (Kb)hi/z.

Proof. Since h; is a hyperbolic time, we have

HU) h.

7

o = O < ez — G

[|wo

Since v+ and @ are admissible curves which are tantent to wy, we have |zy —
(| < () _ (h D) Using the assumption of the induction,

J
Z—h; — CA(_h};;iJrl)‘ < e10Ahi <<Kb)hi+1/2 4 Z (Kb)hk/3> < (Kb)hi/4.

k=i+1

Thus the long stable leaf I'") of order h; through CA(_h}foHl) is well-defined. In view
of the proof of Proposition 5.3.1, the desired inequality follows if T'"?) intersects
y(w_p,, p"). This follows from Sublemma 5.3.3 and the fact that vy(w_p,, p") is a
straight segment. O
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By the above claim and Lemma 2.10.2, there exists a precritical point ééi) of order
h; on v such that |§0 — 20 < (Kb)hi /2 Consequently,

Ai A ] Az’ I hi,i+1 hl,z—s—l z+1 z+1 ~(7
1C§ = C < 1EP = 2] + 120 — &§ |+r<0 4 1E5HD = &9

2(Kb)hi/2 + (Kb)h'i+1/2 + Z (Kb)hk/3

k=i+1

J
< B(KD)"2 4 > (Kb

k=i+1

i Kb)/3,
k=i

This restores the assumption of the induction and completes the proof. O

5.2. Sample points. Let n > N. Cut the segment Z = {(z,1/10) : §* < |z| < 2}
into e'%%4" subsegments of equal length. The mid points of these subsegments are
called sample points. Let S(n) denote the set of all sample points. Clearly we have

(25) Card(S(n)) = e'%04",

We say a vector orbit w = {w;(z;)}\__, is linked to a sample point Z € S(n) if

w_p(z_p) is tangent to Z and |z_, — Z| < Z(w) holds.

5.3. Existence of smooth continuations. Suppose that (y is a secondary quasi
critical point of H,, of order h € [N, n], whose backward orbit is linked to Z € S(n).
We say (y has a smooth continuation on an interval .J containing a, if there exists a
C3 map (o(+): J — R? such that (y(a.) = (o and (p(a) is a secondary quasi critical
point of order h of H, which is linked to Zz.

For a € Q© and h > 0, define

J(a,h) =[a—e M2 a4+ e M2 nQ0.
The following proposition asserts the existence of smooth continuations.

Proposition 5.3.1. Let a, € QO and suppose that (Ao 1S a good primary quasi
critical point of order h € [N,2n] of H,,. There exists a secondary quasi critical
point (o of order h such that

(26) 1o — Gol < (Kb)">.

The backward vector orbit of (o is linked to some z € S(n). Moreover, (o has a
smooth continuation a € J(a.,h) — ¢ (a) such that ||Co(a), || Cola)|| < el00A
holds for all a € J(a., h).

Proof of Proposition 5.3.1. We divide the argument into three parts: proof of the
existence of (y; the existence of smooth continuations of (y; the derivative estiamte
of smooth continuations.
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Ezistence of (y. Since the backward vector orbit {w;}?_ , of (o is expanding and

f_h ¢ C;, the long stable leaf I'™ of order h through é’_h is well-defined. Let
2z = '™ N 7T, and define v = {v;(z)}, by vi(z) = DH(2) (}) for 0 < i < h.
Take a straight segment 5 C Z of length p" which is centered at zy. Then length(5) >
e~10087 holds, and thus there exists a sample point Z € 4. Since {DH!(C_p) fa}0__,
is expanding, v is e 1?2- expanding, by Lemma 2.7.1. Hence length(7) < Z(v)
holds. This and Lemma 2.4.1 give length(7;,) > p*".

Claim 5.3.2. 43 is an admissible curve.

Proof. A different argument from that of Lemma 2.6.1 is needed because v is not
regular in general. The statement is not affected even if we assume that w_j is a
unit vector, and we do so. Since 7 is a straight segment, the curvature is smaller
than

" [one]®
e Z(Kb)ﬁ s
/=1

[[ol]®
To bound the sum, we argue as follows.

Claim 5.3.3. angle(ey, w_p,) > e 1280,

Proof. Put ¢ = angle(ep, w_y). Split w_j, = ||[w_p|[(cos) - e, +sinyy - f;). Then

2
6—20Ah S ||||U*]O||||2 S (Kb)Qh COS2¢ + 62Ah Sin2¢ S (Kb>2h + €2Ah Sin2 w
w_y,

Taking the both sides of the inequality and rearranging gives the inequality. O

Split w_y, = ey, + nfy. By Claim 5.3.3, we have |n| > e 14" and thus ||w;_|| ~
|DH'nfy]|| for i > h/10. For ¢ € [1,9h/10], by Lemma 2.8.1 we obtain

lonell _ IDH*9fill _ ol _ i
forl = “ TDERAI = ol

For ¢ € [9h/10, h] we have

(27)

(25) lon—ell _ Jon—ell Ivoll . ain—s)
lonll - llwoll flonll
Substituting (27) (28) into the sum we obtain the bound on the curvature. (27)

with ¢ = 1 and Lemma 2.5.1 yields that the slopes of tangent directions of 7, are
< Kjb. O

12Ah < 613A£.

e

In the same spirit as the beginning of the proof of Proposition 2.8.1, we have

[vill llwi—nll
[onll ol

h
angle(vy, wo) < (KBS
=0

To bound the sum, we use (27) (28) and ||w;_p| < K, 'e*6 ! |wol|. This yields
angle(vy,, wy) < (Kb)"?2. Take a straight segment o of length p which is centered
at (_j, and tangent to w_j,. Then 7, is an admissible curve of length > p** > (Kb)"/2
by Lemma 2.6.1. Applying Lemma 2.10.2 to the pair of admissible curves v, 5, we
conclude the existence of a precritical point (y of order A on ;. Since the distortion
estimate in Lemma 2.4.1 holds on 7, {; has an e~ '?**-expanding backward orbit of
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length h, which in addition is linked to Z, by constuction. Hence (y is a secondary
quasi critical point of order h.

FExistence of a smooth continuation of (.

Claim 5.3.4. For every a € J, H" is an admissible curve of length > p*h.

Proof. Define v(a) = {v;i(a)}, by vi(a) = DHi(z)({). The chain rule gives
10.DHE (2)|| < heA for 1 <4 < h, and therefore
(29) lvi(a.) — vi(a)|| < hea, — af < ™A,

where the last inequality follows from a € J. By Lemma 2.8.1, ||[v;(a,)| > e 124

holds. This and (29) yields ||v;(a)|| > e~'32?. Hence the claim follows. Let us record
(30) [log [[vi(a.)[| —log [|vi(a) ||| < 1.
0
Put z;(a) = Hlz. Since ||Z;(a)| < ie®?, we have
(31) |zn(ay) — zn(a)| < hePa, —a] < e A3,

Let ((a) € 7 denote the point such that the x-coordinate of H"((a) coincides with
that of z,(a,). Such ((a) uniquely exists for all a € .J, because length(H"3) >
|zn(a.) — zn(a)| holds. Using the fact that H"¥ is an admissible curve and the
"Pythagoras theorem”, we have

[zn(a) — Hy((a)] < [zn(an) — zn(a)] < €2,
and thus angle(v,(a), DH"(((a)) (})) < e=*?"/2. Using this and (29) we have
angle(DH, (¢(a)) (§)  va(ar)) < e /2.

Put ,(a) = H"(H), and parametrize 9;,(a) so that ,(a)(0) = H"(¢(a)) holds.
Then 7y(a)(s) is well-defined on [—e *87/4 ¢=*/4]  This and the above two in-
equalities permits us to apply Lemma 2.10.2 to conclude that there exists s €
[—e AR/ e=ABh/4] guch that 7, (a)(s) is a precritical point of order h of Hg-.

Sublemma 5.3.5. Let v be an admissible curve in Cs, where ¥(0) = ( is a precritical
point of order m of H,, . Assume that ¢ > e /2 and ~(s) is defined for s €
[—e™/2 e™/2]. Then for all a € [a, — e ™% a, + e=™/2] there erists 5(a) €
[—e™/2 ™2 such that 7(5(a)) is a precritical point of order m of H,.

By this sublemma, there exists a precritical point of order h of H, on H~y. By
construction, it is a secondary quasi critical point of order h which is linked to
zZ € S(n).

Proof of Sublemma 2.10.1. Let w = {w;}"™ denote the forward vector orbit of
¢, and let TV denote the long stable leaf of order m — 1 through z,. Then
H,y C Tm=1(Z(II7*w)) holds, because |H,( — H, (| < e?la — a.] < Z(IIF'w), and
diam(H,y) < length(y) < e 94" <« Z(II'w). Hence, for every 1 < i < m, the
contractive field under the iteration of DH,, , denoted by e;(a,), is well-defined on
a neighborhood of H,(v). Define w(a) = {w;(a)}™, by wi(a) = DH!(H,.C)(})
and w'(a) = {w(a)}™, by wi(a) = DH!(H,() (§). The same estimate as in (30)
applies and for every 1 < i < m we have |log ||w;(a.)|| — ||w;(a)||| < 1. In particular,
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w(a) is expanding up to time m. On the other hand, by |H,,( — H,(| < Z(w(a))
and (6), for every 1 < i < m we have |log ||w;(a)| — ||w}(a)||| < 1. Hence w'(a) is
expanding up to time m. By a similar reasoning to before, e;(a) is well-defined on
a neighborhood of H,7v for every 1 <i < m.

The rest of the argument goes similarly to that of Lemma 2.10.1, with parameter
dependence in mind. For z € ~, split

DH,.1y(2) = Een(ax) (HaC) + nfn(ax) (Hal)

and
DHqty(z) = éenm)(Haz) + 1fn(a)(Ha2).
By Lemma 3.3.3 we have n(z) = |¢ — z| and |£(2)] < K167'b. Put
¢ = angle(en(a.)(Ha,C), em(a)(Haz)).
Comparing the coefficients of the both sides of the identity DH,t,(2) = DH, t,(2)+
(DH, — DH,,)t,(%), we have
i(z) = n(z) cos £¢(z)siny + R,
where |R| < |DH,, — DH,| < e /2. By Lemma 2.8.1,
¥ < angle(enm(a.)(Ha,C), em(a.)(Ha2)) + angle(en (a.) (Haz), em(a)(Haz))
< K|H,,( — Hyz| + K|a, — a|
< Ke?|¢ — 2| + Kla. — a| < 1.

Suppose that z is one of the two endpoints of 4. Then 1 < Ke®|( — z| holds.
Without loss of generality we may assume 7n(z) > 0. Then

i(2) = ¢ — 2I(1 — 2K67'b) — |R| > 0.
In the same way we have 77(2’) < 0, where 2’ is the other endpoint of . Hence there

exists §(a) € [—e™/2,e™/?] such that 7(7(5(a))) = 0. In other words, H,7(5(a)) is a
critical point of H, of order m. O

Derivative estimates. We consider an implicit representation of (y(a). Parametrize
7 by arc length and let s(a) be the one such that (y(a) = H(7(s(a))). We estimate
the derivatives of s(a). For (s,a) € 4 x J, define
DH}(5(s)) (4)
v(s,a) = T and w(s,a) = ey(a)(H'(3(s))).
IDHE(3(s) (6)

Notice that v(s(a),a) — w(s(a),a) = 0. Let x denote the curvature of HM15 at
Che1(a). Tt is easy to see that k = O(b?). Let {w;(a)}?__, denote the backward
vector orbit of {y(a). Using (2), for small variance ds we have ||v(s+ds,a)—v(s,a)| >
Kbkds||w_p(a)||7*. Taking limit ds — 0 we have ||0sv(s,a)|| > Kb~ ||lw_x(a)||"'. On
the other hand, by Lemma 2.7.4 we have ||0,w|| < K|jw_p(a)||~!. Hence we obtain

10,0 (s, a) — Dsw(s,a)|| > K||w_p(a)|| ™! > Ke 158",

In particular, one of the component of the difference is > Ke 202" By the implicit
function theorem we obtain

(32) [5(a)l, 15(a)], |3 (a)] < Ke™2".
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Put A;(a) = H;(7(s(a))). Then Ay(a) = (o(a) holds. Since A;(a) = H(a, Ai-1(a)),
we have A; = 0,H(a, A;_1) + DH,(A;_1)A;_1. Using this for ¢-times (¢ < i),

-1
(33) A; = DH{(Ai_)Ai + ) DH(Ai_)0H(a, Ai_yn).

s=0

Substituting ¢ = i, and then ¢ = h, and using (32) we obtain
(34) IARI < heB + 2 3(a)]| < '3,

To estimate || Ay||, we differentiate (33) use the second order derivative estimate in
(32). The estimate of ||An|l is analogous. The details are left as an elementary
excersise of computation. This completes the proof of Proposition 5.3.1. U

5.4. Derivative estimates of smooth continuations. The derivative estimates
of smooth continuations in Proposition 5.3.1 are too coarse to be adapted to our
argument. To rectify this, we derive much finer derivative estimates.

We make clear a link between hyperbolic times and sample points. Fixn > N, and
suppose that (j is a critical point of order hy > n, with {hj}jzl the corresponding
sequence of hyperbolic times. Let jj denote the miminum integer such that n < hj.
It can be read out from the proof of Proposition 5.3.1 that for every 1 < j < 7,
there exists 2) € S(n) such that z0) € 4 (tz(I") N ), p"7) holds, where I'") is the
long stable leaf of order h; through (5, and 7 is the one appearing in the definition
of sample points (Sect. 5.2). We say 209) is a sample point corresponding to the
hyperbolic time h;. Multiple sample points may correspond to one hyperbolic time
and it does not matter.

Proposition 5.4.1. Suppose that (o is a critical point of H,, of order £&(= hs) > n.
Let {h;}3_, and denote the sequence of hyperbolic times associated with the backward

orbit of Co. Let jo denote the miminum integer such that n < hj,. Let {z(j)};‘):1
denote the sequence of corresponding sample points in S(n). For every 1 < j < jo,

there exists a secondary quast critical point ((gj ) which is linked to 29 and has a
smooth continuation a € J(a., h;) — C(()J)(a) such that

(35) 1K @)1, 116 (@) < 6.

Moreover, if the forward vector orbit of (g is strongly reqular up to time m € [M, B¢],
then for every 1 < j < jo and 1 <1i < min{m, Sh;},

IPH(G (DI |
IDHI(H () (1]~

(36) log

Proof. By Lemma 5.1.1, there exists a primary quasi critical point féj ) of order h;
such that |¢o — (| < Zzzj(Kb)hk’/S. For every 1 < j < jo, applying Proposition
5.3.1 to ééj ), we obtain a secondary quasi critical point (éj ) of order h; which has a
smooth continuation C(()j)(a) on J(a., (o, Bh;/2). By construction, it is linked to z().
By (24) and (26) we have [y — éj)| < |¢o — é(gj)| + |§:éj) — Qéj)| < (Kb)hi/*. Hence
(36) follows.
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We now estlmate 1C9(a)]|. A basic idea is to apply the Hadamard lemma to

(Hl (a) — Co (a) for 1 <i < j—1, together with the coarse second order derivative
estlmate in Proposition 5.3.1.

Lemma 5.4.2. (Hadamard) Let g € C?[0, L] be such that |g| < My and |g"| < M.
If AMy < L? then |¢'| < /My(1 + My).

Unfortunately, the construction of smooth continuations in itself does not imply
any correlation between C(Hl (a) and C )(a). Therefore, in order to bound the
norm of the difference COZH)( ) — Co ( ), we consider another expression of smooth
continuations. Let us explain how to do this. We begin by constructing for all
aeJ (ax, h;) a primary quasi critical point 552 of order h; of H, which smoothly (C®
sense) depends on a and whose backward orbits share the same combinatorial type.
Then, applying Lemma 5.1.1 to ééjg, we obtain for every 1 <4 < j a primary quasi
critical point CA(()ZC)L of order h; of H,. By Proposition 5.3.1, we obtain an associated
secondary quasi critical point C(()Z()l of order h;. By construction it follows that Cézl)l is
linked to z(i It turns out that Céi()l = Céi)( ) holds. Hence, it is enough to consider
¢ (ZH . This can be bounded by (24) and (26).

Let CO,a* denote the primary quasi critical point of order h; which is constructed
from (o by Lemma 5.1.1. Let {wi(a*)}?thj denote its backward vector orbit. It
can be read out from the proof of Proposition 5.3.1 that ngv(w_hj (a.),p) is
an admissible curve for all a € J (ay, h;). Comparing the two admissible curves
Hgfv(w_hj(a*),phﬂ') and Hij(w_hj(a*),phj) as in the proof of Proposition 5.3.1
and using Sublemma 5.3.5, we can construct a primary quasi critical point CA(SJZ of
order h; of H, on HY Y(w_p,(a.), p"). By construction, the backward vector orbit
of ééjg satisfies the following for all a € J(a,, h;):

(i) e~!*2-expanding and e~3-regular (slightly better than the mere primary quasi
critical case);

(ii) the associated sequence of hyperbolic times is {h;}]_,

(iii) the associated sequence of sample pomts in S(n) is {Z(Z T
(i) allows us to apply Lemma 5.1.1 to Co to yield a primary quasi critical point
Qﬁoﬂ of order h; for every 1 < i < j. By Proposition 5.3.1 and (iii), to each QA‘(()Z()I
there exists an associated secondary quasi critical point C(()?l which is linked z(?. On
the other hand, there exists a smooth continuation a € J(a,,h;) — Co‘ ( ) Since
J(ax, hi) D J(a., hyj), C(()Z)( ) is well-defined. In fact, the construction of CO (@ )( ),

(ii) (iii), and Remark 2.9.2 together imply CO,a = Co (a). Using this, (24) and (26),
166" (@) = & (@) < 166 = G+ 166 = Gall + 166% — Gl
< 4(KDb)"

The second order derivative estimate in Proposition 5.3.1 permits us to apply Lemma
5.4.2 to yield ||Cél+l)(a) ( )| < (Kb)". Meanwhile we clearly have ||C0 (a)]] <9,
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because b is chosen to be small after . Consequently,

]_1 . . .
IS (@) < ISP @)+ D16 (@) = &P (a)ll < Kb +6/2 < 6.
=1

The second order derivative estimate is done in the same way. We use Lemma 5.4.2
with respect to (™ (a) — ¢ (a) together with the third order derivative estimate

in Proposition 5.3.1. This completes the proof of Proposition 5.4.1. 0

6. INDUCTIVE ASSUMPTION

In this section we introduce reluctant recurrence condition (RR),. It is shown to
be stronger than (FG),1.

6.1. Essential returns. Suppose that H satisfies (FG), for some n > N. Let
w = {w;}", be a controlled vector orbit of H. Let 0 < m; < mg < -+ <my <m
denote the set of all free returns up to time m. Denote by p; and ¢; the folding and
binding periods associated with the free return m;. Suppose that m; < m;. We say
m; is subject to m; if

A free return m; is called essential if i = 1, or else it is not subject to any previous
free return. We say w is reluctantly recurrent up to time m if

[Kr— aj
(38) >, log = 7100

m;<j: essential mei |

holds for every 0 < j < m, where the sum runs over all essential returns which take
place before j.

6.2. Reluctant recurrence condition. Suppose that H satisfies (EG),, for some
n > N. We say H satisfies (RR),, if the forward orbit of every critical point is
controlled and reluctantly recurrent up to time min(3(n+ 1), 3¢) — 1, where ¢ is the
order of the critical point. To simplify formalism, we say H,, satisfies (RR)y_1 if
ac Q0.

Remark 6.2.1. The condition (RR),, is a condition on all critical points.

Remark 6.2.2. An inductive nature lurks behind the definition of (RR),, concern-
ing the relation between the order of binding points and that of controlled critical
points. No contradiction arises at this point because of the following two facts: for-
ward orbits of critical points of order N are obviously controlled; to control forward
orbits of critical points at most up to time G(n + 1), only those critical points of
order < a(n + 1) are used. This follows from (38).

Proposition 6.2.3. Suppose that H satisfies (EG),, and {y is a critical point of
order m. If the forward orbit of (y is reluctantly recurrent up to time k < fm — 1,
then it is strongly reqular up to time k + 1. In particular, if H satisfies (RR), then
(EG)p41 holds.
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Proof. We firstly prove |w;|| > eP=®)0=0=av%|j, || for all 0 < i < j < k + 1. Then
we define a function x(+).

Case I: no free return takes place in (i,7), and i is free. It is easy to see that the
inequality holds if Kye®d < 1, because (p is a critical point and thus no return takes
place up to time j. If Kpe®d > 1, Lemma 2.5.1 and o > 1 gives

sl = Kode I ] = Kode=0De=e | > eO=0==07 |

Case II: some free returns take place in (i,7) and both i, j are free. Let i < m;, <
Mig4+1 -+ < mj, < j denote all such free returns. Then

Jjo—1

H [ H||wm+qz+1|| meio
[|w [|wi|

ml+ql+1|| |wmz||

lwsll — sl

lwill  wmgyq,+1ll

Using ||wim;+q+11] = ||wm, || for every ip < i < jo and Lemma 2.5.1 with respect to
the first and last fractions, we have

Jo
ol petgeny [)\ (j i zqi)] |
1=1g

Since (y is a critical point and some return takes place before j, we have K0e®/10 >
1. Thus

Jo
Ww; in—i . . .
fuf 2 K6 [A (‘7 o Z%) S

=10

To bound the sum of the binding periods we argue as follows. Using (12),
m1+p1 ||
¢ < — log
>0y e el

Since each m; is an essential return, or else is subject to some previous essential
return, we have

Sasyita 3 togltesl <00

[

1=1g m;<j
essentlal

where the last inequality follows from (38). To bound Kgo_io, we use the next
elementary sublemma and obtain j, — i < %;?. A proof of the sublemma is left
as an exercise. Consider a perturbation from H .

Sublemma 6.2.4. max{i € N: H(Cs) NCs =0} > —A~'logd.

Substituting these two inequalities into the above one we have

(39) ”w]” > cA—a(A+1)/10)j-Xi > e()\—a()\+1)/20)(j—i)HwiH > e(/\—a)(j—i)—aainiH'
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Case III: some free returns take place in (i,7), i is free, j is bound. Let m;, denote
the free return such that m;, < j < mj, + ¢, +1. Then

w;ll [Jw; | ”wmmﬂjo“”

lwill Nyl fl

Regarding the first term, we have
[[w;l| > e_A(mj°+qj°+l_j)”wma’o+qjo+lH = B_quOmejoﬂjoHH 2 e_Aaj/10|‘wmj0+Qjo+1"'
Using this and applying (39) to the second term, we obtain

ijH > e(/\—a()\-i-l)/QO)(j—i)—aAj/lO”wiH > 6()\_a)(j_i)_aai|‘wiH.

Case IV: some free returns take place in (i,7), i is bound, j is free. Let m;, denote
the free return such that m;, < i < m;, + ¢;, + 1. Suppose that i < m;, + p;,. By
(10) we have

lwsll _ wsll 1w,

(40)

lwill N I il = g, [

Since m;, and j are free, (39) applies to the right hand side. Since m;, < i, we
obtain the desired inequality. Suppose that i > m;, + p;,. (19) implies

lwill < (14 0)LICo = iy 1110wy, |1,

where (o is a critical point relative to which wp,, is in admissible position. Since

i —mi, < qi, < am;,/10 and |§o — Cmi0+1| < § we have ||w;|| < Voelamig Wi, |-
Using this and (39),
HwJ“ _ HwJH ||wmi0|| (/\—Oc()\+l)/20)(j—mi0)e—Aamio/IO > e()\—oa)(j—i)—aai‘

lwill [ || [lwil]
6.2.5. Case V: both i and j are bound. Suppose that ¢« and j are bound to different
free returns. In this case, there exists a free return m;, such that i« < m;, < j. Using
the estimates in III and IV we have

[y _ [Jw;]l meiou (A—a(A+1)/20) (=) —aA(j+mie) /10 ~ (A=a)(j—i)—aci
lwill  Nwmg, | [lwi]l -~ -

Suppose that 7 and j are bound to the same free return m,,. Let (o denote the critical
point of order k relative to which wy,, is in admissible position. Let w = {wi}?jo

denote the forward vector orbit of (y. By (EG),, w is strongly regular. Three cases
need to be considered separately:

(1) my, + pi, < i< j. Using (20) we have

[[wyll —2”7“5]'*7”2'0*1” > ¢ 2eA-a)i=—i)—ao(i-mi,—1) > ((A—a)(ji)-aoi

[@imiy [l

>e
[l
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(i7) my, <1i < my, +pi, < j. Using (20) we have

[0 —mi 1

x 1 |[wy]] -2
— Gm, —— e
0= motl o, 12 € Tl

mio

Rearranging this and using |¢y — Cmigt1| > e~®mi0/10 which follows from (12) and
(RR),, we have

ijH > e—2—2am0€()\—04)(j—mo—1)me_ H > e(/\—a)(j—i)—aai/2me. )
— ig Il — io

This and [lwi]| < [|vm,,

yield the desired inequality.

(1ii) my, < i < j < my, + pi,. Using the estimate in (i7) and py < amg we have

e e 1]

On the other hand, the definition of the folding period gives

< eA(miO‘FpiO*j)ijH < eApig

wyll < ™o < ey

meio +Pig

Combining these two inequalities we obtain the desired one.

It is left to define a function x(-). For convenience we introduce the following
terminology. We say j € [0,m + 1] is isolated if (1) it is free, and (2) there is no
return before j, or else j > j' + ¢ — A telog(Kyd) holds for the last free return j’
before j with the binding period ¢. Define x(j) to be the largest integer in [0, j]
which is isolated.

Let us see x(-) indeed satisfies the desired properties. They are clearly satisfied
when there is no return before 7, by Lemma 2.5.1 and x(j) = j in this case. Suppose
that that j’ is the last free return before x(j). Since there is no return in between
J'+qand x(j), and by Lemma 2.5.1, we have ||w, ;|| > Kod|w;]| for every j'+q+1 <
i < x(4). On the other hand, by Proposfmon 3.3.2 we have ||wjrqq11|| > e 1 Kod||w;|
for every 0 <1i < j'+ ¢+ 1, and therefore

||wx(j)|| _ ||wx(j)|| ”wj’+q+1H > K05e )—i'=q) . e VKoo > K.
lwill - wjrgiall [lwil]

It is left to prove x(j) € [(1 — ao)j, j]. If j is isolated then it is done because
X(j) = j by definition. Suppose the contrary, and let ¥ (j) denote the last free
return which takes place before j. We derive a contradiction assuming that there
exists k > 1 such that ¥(j), -+ ,¢*(j) = o---01(j) (k-composite) are not isolated
and ¥*(j) < (1 — ao)j. By the definition of isolated iterates, two consecutive free
returns in [(1 — «ao)j, j| are close to each other. More precisely, one free return takes
place right after —\~!log(K0) iterates of the end of the binding period of another
at the latest. Meanwhile, any binding period is > — A(Q 575 log §, by Lemma 3.3.2.

This implies that the proportion of total bound iterates in [] — awo, j] is bigger than
certain uniform constant which only depends on A and A. On the other hand, the
total number of bound iterates in [(1 — ao)j, j] is clearly smaller than the sum of
the binding periods of free returns which take place before j, which is < «j as was
already proved. These two estimates yield a contradiction. This completes the proof
of Proposition 6.2.3. O
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7. DYNAMICS OF CRITICAL CURVES

The aim of this section is to study the growth of curves of secondary quasi critical
points under the assumption (RR),,_1.

7.1. Distortion with respect to smooth continuations. Let RR, | denote the
set of a € 0 such that H,, satisfies (RR),_1. Let a. € RR,_;, and suppose that
(o is a critical point of order £ > n of H,,. Let m < 3(n+ 1) — 1 denote the largest

integer up to which the forward vector orbit w = {w,(QH)}fgl of (p is reluctantly
recurrrent. Recall that (RR),_; implies m > n — 1. Define
-1

O(Iw) = e 104 Z o(Ilyw,q) !

0<i<min(r—1,m)
free

Let {h;};_, denote the sequence of hyperbolic times associated with the backward
orbit of ¢y. Put ag = 222 and define

2004 °
J(ay, Co,v,d) = [a, — e” 2D w), a, — e Y2D(IT5w)] N Q.
Lemma 7.1.1. For all h > 0 such that fh/2 < v < (h, we have
J(as, Co, v, 0) C J(ay, h).

Proof. Let us recall from the proof of Proposition 6.2.3 that x(-) is a free iterate.
Thus ®(ITfw) < O(IIfw, x(r — 1)) holds. By the strong regularity of w and the
assumption on v, we have

oMy, x(v — 1)) < 1ol < gamre
[exopl

This implies the inclusion. 0

Proposition 7.1.2. Let a, € RR,,_1, and suppose that (o is a critical point of H,,
of order & > n, with {h;}3_, the associated sequence of hyperbolic times. Let jo be

the mimimum integer such that n < h;,. For every 1 < ] < Jjo, a € J(a*, h;), and
i 20, define ¢ (a) = Hi(¢; (@) and wi(a) = DH}(¢]"()) (3), where ¢ (a) s
the smooth continuation of order h; in Proposition 5.4.1. For every v € [Bh;/2, Gh;]

and every free iterate 1 < i < min{v,m + 1}, J; := {Ci(fl(a): a € J(a, (o, v,0)} is
an admissible curve. Moreover, for all a € J(ax, o, v,0),

H<+1< a)|| _1 (w2
(41) i <-4 28Iy w)O (T w, k)~ + (1— ) | ;

* 1@l |~ 2 Z x|

wi(a-) H . (uwon)%
42 log < = —|— 2<I> H” (H”w,k) + :
421 (@) 2 ; ]

free

(43) I1ED (@) < 1E9 (@)]P 0 < Wk <+ 1.

Remark 7.1.3. The number in the right hand side of (41) (42) is < 1.
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Remark 7.1.4. It is worth to call attention to subtleties behind the proof of the
proposition. In the first place, it involves a double induction with respect to n and
i. When considering the case for general n, it is necessary that binding structures
for w are available uniformly on J(a., (o, ,0). To be more precise, let k < n denote
the order of a binding point ¢ at a free return i € [0,m] of w. We need that the
secondary quasi critical point of order k associated with 50 has a smooth continuation
on J(a, (o, v, 0) whose forward orbits obey a uniform distortion estimate in the form
of (42). This follows if ®(w) < ®(W), where W is the forward orbit of ;. Let us see
this. The condition (RR); implies x(8k) < ai, and hence Sk < ai < an < n, and
in particular

[Jwo| —200B8k—ABk 1 . . ~
< < Qo < = < )
d(w) < o = e ST lglé%k@(w,z) < O(w)

7.2. Wang-Young’s inequality. Before entering the proof of the proposition, we
prove a very useful inequality which will be used later. It is an adaptation of [[WY01]
Lemma 6.2] to our context.

Lemma 7.2.1. Suppose that H satisfies (RR), -1, and that {w;(2s)}:_y is reluctantly
recurrent up to time i — 1. Then for every 0 < s <1,

HDHZ;S(ZO)H < Kef)\s/z ||w2|| .
[[woll

Proof. Let g, denote the binding period of a free return ¢ < 4, and define I, =
[t —q,t+ q;]. These intervals are not necessarily two by two disjoint and it does not
matter.

Claim 7.2.2. For every s ¢ Ul; and j € [1,i — s],
sl > €722 [l

Proof. Fix s, and then fix j. Let r be the last free return between s and s + j. If
no such r exists, then the inequality follows because s is free. Let 5/ > j be the
smallest integer such that z,,; is free. Notice that j* may be bigger than ¢ and it
does not matter. Using the fact that s is free,

lwsssl| = e 20D fwgryll = 2D |Go — 2 w,|| 2 800 ],

where (, is the binding point for z,. Since r is the last free return, s + j' < r + ¢,

holds, and thus j' < j+¢,. Since s < r —gq, <r < s+ j, we have ¢, < j. This

yields the desired inequality. 0
Suppose that s ¢ Ul;. Then eg(zs) is well-defined for 1 < k£ < i —s. Since s is

free, slope(w,) < Kob. Hence we obtain

[l

< geoore il
— )
] ol

IDH™(2)|| < K

where the last inequality follows from the strong regularity of w.
Suppose that s € Ul;. Let r denote the last return such that s € I,.. Since w is
reluctantly recurrent, we have ¢, < 10as. If ¢ € I, then

[l

||DHi—s(ZS)|| S eAqr S elOaAs S e—)\s/2 .
[[woll
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Suppose that i ¢ I.. Suppose that s > (1 — 10«)i. Then we have

IDH™(z,)|| < e2* < et < e/ HwiH_
[[woll

It is left to consider the case s < (1 — 10a)i. We consider the following operation.
Put s; = rg + 10g,,. Ask whether s; ¢ UI; or not. If so, then stop the operation.
If not, then let r; denote the last return such that s; € I,,. Put s = ry + 10¢q,,,
and ask whether sy ¢ UI; or not. If so, then stop the operation. If not, then let
r9 < ¢ denote the last return such that sy € [,,. Put s3 = 72 + 10g,. Repeat this.
This operation defines an increasing sequence of integers. Denote by {s;}‘_, such a
sequence which is maximal with respect to inclusion as a set. Suppose that s, € UI,.
This implies s, > i. By construction, s,1; — s; < 2¢,,. This implies

¢

an > Sp— Sg >t — Sg > 10ai.
i=0

On the other hand, since w is reluctantly recurrent, Zf:o qr, < asy; < o holds.
This yields a contradiction. Consequently, s, ¢ UI; holds. Then

-1
IDH™ (z)|| < IDH™ (2,)| [ [ IDH " (2,,)

1=0

A
- ol
A )

- ol

O

The following lemma is a slight adaptation of [WYO01] Proposition 6.1 to our
context. The proof is almost the same and we omit it. Here, Lemma 7.2.1 plays an
important role.

Lemma 7.2.3. There exists Dy, Dy > 0 such that for every i < min{v,m + 1},

o)
T =%

7.3. Proof of Proposition 7.1.2. An idea in the proof is the same as the classical
ones. We show that the critical orbits share essentially the same itineraries up to v,
that is, they return and then become free simultaneously, being bound to essentially
the same binding points. Hence it makes sense to speak abount bound and free
states uniformly on the parameter interval in question. We split the time interval
[0, v] accordingly and estimate the contribution to distortion bounds one by one.

Put Zi(a) = ¢ (a).
Claim 7.3.1. For all a € J(as, (o, v,0),

Dy < ||IEY (@) -

|]Zo(a)|| < K, ||Zo(a)|| < K9, ||Zl(a)|| ~ 2a and slope(Z1(a)) < Kob.
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Proof. The first and the second inequalities follows from (35). The third one follows
from the first one and the fact that Zy(a) € H(Cs). The last one follows from the
third one and (1). O

By the claim and the fact that 92f, = 0, we have ||Z;(a)|| < K. Consequently,
Jh is an admissible curve. (41) and (43) for ¢ = 0 follow from the claim. (42) for
i = 0 follows from |Zy(a.) — Zy(a)| < Kla, — a| and Lemma 2.5.1. This completes
the proof of the assertion for i = 1.

Let ¢ € [1,min{r,m + 1}] be a free iterate. If i is a return, then let ¢ denote
the corresponding binding period. Otherwise, let ¢ = 0. We prove the assertion for
1 =14 q+ 1, assuming that they hold for i.

We prove (41). Define

D(a ’L) _ 1 || z+q+1( )H |’wz+q+1H

1Zi(a)]l ol
If Zz+q+1( a) = 0 (as it really never does), we define D(a, i) = +o00. By the chain rule
it is enough to prove thefollowing for all a € J(ax, (o, v,0):

(44) 2D(a,i) < B(Iw) - OITw, i)~ + <M> :

[ |
Split D(a,j) < A+ B, where
IDHE " (Zi(a) Zi(@)ll | o [wisgtall

A= ‘log

1Zi(a)] 0 ||wz|| ’
e IPH @) Zi @) (@)
B‘llg 1Zia)] log HZ’ '

7.3.2. Estimate of A. Split
|IDHI(Zi(a) Zi(a)||  |[wigqsll

A=
1Zi(a)|l [| ]|

<I+I0+1I+1IV+V4+VI

where

‘HDH‘]“ )Z’( I IDHE (Zi(ax)) Zi(as) |

120 1Za)] ’
Z!(ay) Z!(a)
I=2-IDH(Z “HHZ’ a* 2
Z’ a Z!(a)
I = DHq+1 *
| 2 H 1Zi(a. || 1Zia)
Z’ a ;
=2-|DHI(Z u o
V=2 )l HIIZ’ @l T '

V = |DHL (2

‘ Z!(as) w;
17 (a. [[will

Cl* ||‘ H
VI = |DHI (Zi(a)) — DHIT (Zi(a))])-
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Suppose that ¢ = 0. Using (41),
III I, VI < K|Zi(a,) — Zi(a)| < e|as — al|Z.(a.)]-
Using Lemma 7.2.3 and (36),

I, I, VI < ®(I1w)O (1w, i)~ O (Il w, i) ”wi !‘\|
Wo

v v - le 1”
< (Tyw)O((IT4w) 1ﬁ.

Lemma 7.3.3. ([WY01] Lemma 6.3) We have z/(a.) # 0, Vi > 0.

el (< 1@ (S~ @l o)
R N O] (Z el +Hwi<a>||b>'

Using (45),

1
V.V < K”wOH |witqi1]l <||wo||>2

Jwill = ] [Jwi |
Hence we obtain

— [l [ |

O(Iw)O(ILw) ! + (“w()”)%] .

Suppose that ¢ # 0. Let §~0 denote a binding point at the free return ¢ and
w = {w;}_, the corresponding foward vector orbit. Let p denote the folding period.
By Remark 7.1.4, there exists a smooth continuation a € J(a,, o, v,0) — Co(a) such
that the corresponding forward vector orbits w(a) obey (42).

Lemma 7.3.4. Let a, b € J(a.,(o,v,0). The tangent vector (Zi(a), Z(a)) is in
admissible position relative to (o(b). In particular, HyZ;(a) C T~V (W (b)) holds.

Proof. The second half of the assertion follows from the definition of admissible
position and Lemma 3.3.3. To show the first half, we begin by claiming that
(Zi(a), Z!(a)) is in admissible position relative to (y. Using Lemma 7.2.3,

Zi(a.) — Zia)| < Hw |||| () < ||||w |||| w1

(| i > LQ\éo — Ci+1|2(17d) < ’50 — Gitl-

|wispl|
This and the fact that J; is an admissible curve together imply the claim, provided
that (Z;(as), Z!(a4)) is in admissible position relative to (y. This is indeed the case
by (45). On the other hand, by (26) and (35),
1o = Go®)] < 160 = Gola)| + [Go(ax) = Co()] < 1Go — Gisal-
This yields the claim. U

Lemma 7.3.5. For all a € J(ax,(y,v,0) we have

2
I < HwZJrQ+1H (l le” ) |Zz(a*) —Zl(a)|

lwill -\ [lwispll
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Proof. By Lemma 7.3.4 we have H,, (Z;(a)) € 'Y (¥%(a,)), and hence the con-
tractive directions e; (i = 1,--- ,q) under the interations of H,, are well-defined at

H,,(Zi(a)). Split
DH,. (Zi(ax))Zi(ax)
12 (a.)]|

DH,.(Zi(a))Z(a)
1Zi(a)]]
ThenI§A+B+C+D, where
= ¢ — E|| DHY. eq(Ha, Zi(a))I,
= |n = AlllDHZ_ fo(Zisa(a.))ll,
= [¢[[[DHE, €q(Zz'+1(a*)) — DH eq(Ho, Zi(a))l|,
= InllDHE, fo(Zisi(av)) — DHE, fo(Ha, Zi(a))]]-

We estimate A, B, C', D one by one. It can be read out from the proof of Lemma
3.3.3 that the Lipschitz continuity of the first order derivatives of H and the fact
that J; is an admissible curve together imply

A< |6 = £ < K| Zi(a.) — Zi(a)].

Applying the capture argument, we can find an admissible curve v which contains
Z;(a) and a critical point in its boundary. Applying the argument in the proof of
Lemma 3.3.3 to v U J;, we have |n — 7| < K|Z;(a.) — Z;(a)|, and thus

feq( z+1(a*))+77fq( Z+1<a*))

and

= &eg(Ho, Zi(a)) + iify(H,, Zi(a)).

B < K|Zi(a) — Zi(a) 12l

[l
Let z € S(w). By the chain rule and Lemma 7.2.1,

IDIDHL () - e, < ¢ 3 IDHE CIIDH ey < 2
IDHS () - Dey(2)] = IDHL (15,01 < K2

Using these and the mean value theorem,

[[@g |
C < K|Z;j(a.) — Zi(a)| 1ol
Claim 7.3.6. Let 0 = 0,,0,, or 0,. For every 1 <k < gq, a € J(as,(,v,0), and

z € T« (w(a)), we have

e ||
I0(DH(2))]| < Ke®™ 1.
[0
Proof. By the strong regularity of w(a) and that ¢ is free, we have

||DH§71(Z>H < K”ws 1( )H < e~ )(g— s+1)eaoq||wq( )H —(A—a)(g— s+1)€aaq|lwq,|

[oa)ll — (@l = [l
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for 1 < s < k. Using this and Lemma 7.2.1,

IO(DHE(2))| < K Y | DHY(z) || DH; ™ (2)]

s=1
< KZHDH"" 5(2)] ZHDHS Y
s=1

K aock ||UJ]€”
[[do][2”

(11) in Proposition 3.3.2 implies

w w;

lul _ g . o Lol
[l — ]

Using this and Claim 7.3.6 for k = ¢, and then (47) and (11) (13) in Proposition
3.3.2,

(47)

2—10a
JoDHN] < for = i el (el Y,

lwill - \[Jwip
By the mean value theorem and || = [Giy1 — Col,
D < nllD(DHE, fo( D Ziva(an) = Ha, Zi(a)]
< [l (ID(DHZ,) )l + I DHE eq()Il) €2 Zi(as) = Zi(a)l
[wisgrall fwill®
il [lwigp]®

Consequently we obtain the desired upper estimate of I. 0

IN

|Zi(a.) = Zi(a)|.

Lemma 7.3.5 gives

sz’+q+1H sz‘HZ [|w |

1<
[l [[wirpl? [Jwoll

¢ (Ilyw)O (Mg w, 1) O (TTjw, i)~

lwigial (I w)O(IThw, i) ~".

Regarding II and III, we have ||DHZ(Z;(a))|| < |DHI (Zis1(a))|| < ||y for all
a € J(ay,(p,v,0), by Lemma 7.3.4. This yields

1+a
o < (el ”“’Z*q“”n N (W) O (I w, ) O (I w, i)~
Wit [Jwi|

< ”“I'”ql*'l“@(ng)(a(ngw,i)—l.

Moreover, using Lemma 7.3.3,

lwisgenll ( lwill N woll _ flwigill ( flwoll\ 2
IV;VS t+q+1 (| 7 ) 0 < i+g+1 ( 0)

lwill -\ lwispll lwsll = il sl
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Now it is left to consider VI. Fix a, and consider the matrix valued function ¢: b —
DH{"'(Z;(a)). Denote by D, the b-derivative. The chain rule gives
[ Dep ()| = | Do(DHy (Hy(Zi(a))) - DHy(Zi(a)))|
< K|[(DyDH)(Hy(Zi()|| + e | DH (Hy(Zi(a))]-
Let z € S(w(b)). Using Claim 7.3.6,

lwitgrall lwill®

lwill - Hlwispll*

1Ds(DH)(2)]| <

By the mean value theorem,
I°

VI ||wz‘+q+1|| ||wz'
Jwill  [Jwispll®

< —”“ﬁ*"ﬁ Lomgwiommw. i,
w;

O(Iw)O(ITw, 1)O(w,i)

where the last inequality follows from |Jwo| < ||witp||. Consequently, (46) follows in
this case as well.

We are in position to complete the estimate of A. Since the number in the biggest
parenthesis in (46) is much smaller than 1, we have

IDHE(Zi(a)) Zi(@)l o 9 [[wirgial]

(48) 1Z@] S 10 Jwl

> 0.

Hence we obtain

10 oW Yw, i)t M :
(49) AL 5 (CD(HO YO(Ilgw, i)™ + (szH) )

FEstimate of B. In view of (33) we have

(50) 1Zi1 g41(a) = DHIT(Zi() Zi(a)l| < 2.
Dividing both sides by ||Z!(a)|| and using ¢ < «i the inductive assumption,
H z+q+1< )H ||DHq+1(Z( ) Z/ H‘ B |w0|| < (||w0||)1/2
1Zi(a)] 1Zi(a)] [l [[wi]

This and (48), and the strong regularity of w together imply

1
1251411 (a)] o Nwiggall (||wo||)2 o Llwign|
1Z{ ()] Jw] lwill /72wl

Taking logs and rearranging gives

Joll (ool \'* _ f fholl 2
o a5
lwisgiall \ [Jwsl] [Jwill
Since a € J(ax, (o, v,0) is arbitrary, (49) (51) yield (44). This completes the proof

of (41).
A proof of (42) for i =i+ ¢+ 1 goes analogously, with

Dla,i) = [wirgrr (@] _ [witgial

[[wi(a)] [l
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in the place of D(a,4). It holds that

Dot < [IPHo(Z@)wi(a)] _ wisgn]
[wi(a)] [[woll
and the first term can be estimated similarly to the case of I.

We now prove (43) for i =i+ ¢+ 1. Let 1 < k <. Then by 41 and Lemma
7.2.3, | Zitgr1(a)|| > ||Zi(a)||. Hence, it is enough to prove ||Z;(a)|| < || Zitqs1(a)l|
fori+1<j<i+q+1 Letke[l,qg+1]. We compute Z , in view of (33), and
split || Z ’ijH/H gl < A4+ B+ C+ D, where

= 1Zis g1 | I DH(2:) 27,

k—1

- ” +q+1|| - ZDHS itk— 5) (a H+8 (a H) i+k—s— 1)

s=0

=12} g1 | 10u(DHG (2:) Zi]

+ VI,

|| +q+1|| - Zaa(DH H—k s))aH
s=0

where all the partial derivatives of H inside the two sums are taken at (a, Z;1—s—1).
Using the previous inequality and the strong regularity of w gives

N . 5 11+1/3
[T A {Ilwmﬂll [

ol [lwol[*+1/% =

|DH (Z,)| < K :
Foill T 77

Using this and ||Z]| < || Z}||?, which is part of the assumption of the induction,

|DHy(Zi) ZY||

AL
ZWE
|ZB | DHE Y (Z)|
= 1 ZhelP
1ZP [lwgnll w777
S 20l L il Twigp 74

<1/4.
Claim 7.3.7. For every { € [1,q + 1], we have
1
1ZE el < il 5.
Proof. We have

1Ziss| SN Zise = DHFXHOZ ol + I DHZFXHOZ g .

x(i+£) |

By (50), the first term is < e+ To estimate the second term, we use the fact
that x(i + ¢) is a free iterate before i, (41), and Lemma 7.2.3. Then

) 1 ; 1
1Zi4oll < €207+ | Z g ll) < NwggrolI™10 < el < flws]]'*s.
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Using this claim,
7! ” 2+2/3 Ag 1 1

Aq” _
B<e w7y

1 Z5qnllP = 120 g1l

We estimate C'. By the chain rule,
10.(DH; (Zi())|| < KIIDHy™ (Zie)|| + K| 0o(DH ™ (Zi1)) .
Using Claim 7.3.6 and || Z;1|| < K||Zi]],

lDell g Nl
10.(DHG (Zi(a))) || < + e I1Zi]

ol o] |?

2
< 6—(A—a)(q—k)+o¢aq<1 + 6o¢aq||ZZ{”) quH

Using (47) and ¢ < «ai, we obtain

Qi ||u}Z 1||2
|10.(DH; (Zi(a))]| < €° HZ’HW < wigg |1,
and therefore C' < 1/4.
We estimate D. By the chain rule and Claim 7.3.7, we have

10 DH(Zicris)|| < K5I Zi ]| < €22 g2

This yields
p < ol 1
[Witqa]® — 4
Altogether these yield (41) for i =i+ g + 1.
It is left to prove that Jii,41 is an admissible curve. For an arbitrary ¢ and
a € J(as,Co, h;,0), let k;(a) denote the curvature of J; at Z;(a). Split k;11(a) <
Ki(a) + Ky (a), where

,_ |DH(Zi(@)Zi(a) x Z!(a)]
1ZL (@) |
.zt @l
Nz @)

Sublemma 7.3.8. For every i > 0,
1Z]°

ki < Kb (R + K] +1).

1274
Proof. Split k;,, < I+ II 4 III, where
I =|Z{ || °IIDHL(Z:) Z] x 7H],
I = | Zi |1 DH(Z:) Z; % 9a(0aH) - Zil,
I = || Zi || DHA(Z:) Z; x DHo(Z:) Z] |-
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where all the partial derivatives are taken at (a, Z;). Since H is a small perturbation
of (z,y) — (1 —az?0), the C° norm of 9*H(a, Z;) is close to zero. In particluar we
have

I < Kb 1Z:]
I e iy
Clearly, ||0.(0.H (a, Z;))|| < K||Z!|| holds, and thus the numerator of II is defree
three homogeneour in || Z/(a)||. Moreover, it is easy to see that the second compo-
nents of the two vectors involved in the product is smaller than Kb in norm. Hence
we obtain

/3
< Kb 1Z]l

1Z 1P

12(a)] \
MSK%HHAM)“+“)

Putting these three inequalities together we obtain the desired one.

Meanwhile we have

A recursive use of this inequality in Sublemma 7.3.8, we have

i+
BRI TS el e
"{i—&—q—l—l—( ) 30+Z 3( i+q— €+ )
1211 g1l [
Using 43 for i =1+ q+ 1,
|| +q ﬁ”?’ 7
<1.
i+q—0 =
1Z] gl
The inductive assumption, Lemma 7.2.3, gives
1 Zo(@)ll_  ,_llwol < 2K

12 g1 (@) Twergrll =

Substituting these into the above inequality, we obtain x;,, ., < 1. Hence we
obtain x;4,41 < 1. Regarding the slope, recall that ¢ is a free iterate of w(a) for all
a € J(ax, (o, hj,0). Thus slope(w,(a)) < Kyb holds. This and Lemma 7.3.3 together
yield slope(Z},,,,(a)) < Kob. Hence Jii 441 is an admissible curve. This completes
the proof of Proposition 7.1.2. O

7.4. Expansion at essential returns. We fix some assumptions and notation for
the rest of this section. Let a, € RR,_1, and suppose that (j is a critical point of
order £ > n of H,,. Let {h;};_, denote the sequence of hyperbolic times associated
with the backward orbit of (5. Let 0 < 1y < vy < -+ < vy < (n denote the
maximal sequence of essential returns. For ¢ € [0,¢], let s(i) € [1,s] denote the
smallest integer such that v; < Bhy;) holds. Let (o denote a binding point to which
Wy, (Cy,+1) 1s in admissible position. Define

d(v;) = —log |C~0 — Citil-

We call d(v;) an essential return depth.
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Proposition 7.4.1. The secondary quasi critical point C(gs(i)) has a smooth contin-
uation on J(ax, o, i, 0). Moreover, for all a € J(ax, (o, v;,0) \ J(ax, Co, vi, d(15)),

€D (02) = D (@)] > 16y — G202,

Proof. We prove the first half of the assertion. By Proposition 7.1.2 it is enough to
prove Bhyiy/4 < v; < Bhggy. The right hand side is obvious by definition. Regarding
the left hand side, since v; > 14 > Bhy we have s(i) > 2. Thus Bhyq)/4 < Bhsp-1 <
v; holds, by Lemma 2.12.1.

Lemma 7.4.2. We have

Vi Wy, = —
R L
[[woll
The second half of the assertion is an immediate consequence of this lemma. To
see this, recall that v; is an essential return and hence it is free. Thus J,, is an
admissible curve. By (41) and Lemma 7.2.3,

-3 ||w’/i

a, —al >e
[[woll

s(2 s(7 — ||wl/1
D (@) = ¢ (a)] > e?
o

Therefore, Lemma 7.4.2 yields the desired inequality.

O (I w)e0di),

Proof of Lemma 7.4.2. Put v; = v. Let 0 < mg < m; < --- < my < v denote the
set of all free returns which take place before v. Let p;, ¢s (0 < s < t) denote the
corresponding folding and binding periods.

Sublemma 7.4.3. For every 0 < s <t and ms <1< mgs+qs+ 1,

_wyl N
i<i<v [Jwi|| T s<ust ||wp, |1®

Proof. There are three cases: j < mg+qs+1; 7 > ms+qs + 1 and j is free;
J >ms+qs+ 1 and j is bound. In the first case, the desired inequality immediately
follows from (17). In the second case, split

lwill — — Nwill [wmtg 4l
lwill  N[wmrgoall il

The first term is > Ky, because mg + ¢s + 1 and j are free. Applying (17) to the
second term,

1 30¢0~
bl 5 (emcn) D
[[wil| [[wm, | = o 1?

In the last case, there exists u € [s + 1,t] such that j € [m, + 1, m, + g, + 1]. Split
Jwsll _ Nwsll [[wm, |
Jwill  [lwn, || {[ws]]

Using (17) again and |[w,,, || > Koe 16| w;]],

1 Z’)oza~
[ (meﬁpuu) ATty
[l [wm, | — wom P

S
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Sublemma 7.4.4. For every 0 < s <,

ms

> e(w,i) Tt <

i=ms—1+gs—1+1

L ol [m,[|°

L—e ™ Jlwol| s<ust [[wm,1p,[|°

Proof. Let j € [i,v]. Suppose that j > m,. By Sublemma 7.4.3,

[wsll _ [fwm, || flwsll Tyl |

| o] Nlwm, | s<ust fwn, [1?

Suppose that j < ms. Then ||w,;|| > Kod||w;|| holds because i is free and no re-
turn takes place until j. Hence the inequality in (52) holds in this case as well.
Substituting (52) and |Jws|| < ||wm, [[e=*™s~" into the definition of O(II¥w, 1),

I°

(52)

lwill - [lws

[0, | [,

v N1 < —A(ms—1) T e
O(lfw,i)~ <e lwoll s<ust ||wim, +p, ||°

Summing up this for every i € [m,_1 +qs—1 +¢,m,] yields the desired inequality. [
Sublemma 7.4.5. We have

v—1
> Jewoll L OIIw, i)t < —A " log(Kyd) - §imoa T,

i=u(t)-+a(t) o el

Proof. Put sg = —2A"'log(Kyd) > 1. Since no return takes place from i to v,

2
||wu||@(HSW,Z> — min ”wuH (||U1J||) > <K05>2€)\(1/7i) > eA(z/fifso)’

isi<v [lwil| \ fJwil]

and thus

||w0|| .
53 E -@ ITgw, i < E
( ) ||wl,|| 0 - i 1 — e—/\

mp+qp+1<i<v—1
1<v—sgp

Suppose that i > v — sq. Let j € [i,v] denote an integer such that

o llwoll Jlewy]®
O(Ilw,i) = e
o [[ws| {Jws]?
Let z; denote the z-coordinate of z;, and suppose that |z,,| = min,<x<j_q |k >

§1/190 Using (ii) in Lemma 2.5.1 successively we have

@(HVW Z) > ’xjo|2 || VH > ‘ j0|2 > 51/50

[[w, |
Suppose that § < |z;,| < 6%/1%°. In this case, although j, is not a return time, we
can consider a binding period ¢ initiated at jj, and it is easy to show that the same
estimates as in Lemma 3.3.2 holds. In particular, |z;,|||wjo4+q+1|l > |lwj,|| holds.
Moreover, |7, 1412 + 1| < 810 holds, by (15) in Proposition 3.3.2 and the fact that

f3(0) = =1 = fo(—1). Since z, € (—09,9), we have v — jo — ¢ —1 > —78% log 6. This

alo

yields [y |, || > 8" 5 |ty 4g44]], and thus

@(Hl/ )> | ]0|2 ||wV|| ||wjo+q+1|| > 61—2a0‘
lwjorgrall  llwso
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Therefore

Z HwOH@(HgW,Z)_l S 8062a0_1.

mi+qp+1<i<v—1
1>V—S0

This and (53) yield the desired inequality because s¢6>**~! — +o00 as § — 0. O

We are now in position to conclude a proof of the lemma. It is enough to show
that for every 0 < s <'t,

—1
ms

G Al S o) | 2 (G — G0,

i=ms—1+gs—1+1

Indeed, taking reciprocals of both sides and summing up for all 0 < s < ¢ we obtain

||w0|| -1 ||on N —1
O(ITkw = E O(Iltw
( 0 ) w ( 0 72)

L= ]

free
t ms v—1
=2 X |+ X
s=0 \i=ms_1+qs—1+1 i=m¢+qi+1

t
< —logd - 02007 4 |y — 244|730 Z §(t=s)/1000
s=0

S |§0 - CV+1|aO_1'
Taking the reciprocals of both sides we obtain the desired inequality.

It is left to prove (54). Using this and Sublemma 7.4.4,

—1
ms

HwOH i=ms—_1+¢s—1+1 N mes ”wms

6

6

Suppose that ¢ = s. Since v is an essential return, we have

pe Wmy+py
log & — Guia] < 10+ log H
Substituting this into (55) we obtain (54).
Suppose that 0 < s <t — 1. On the first term of the right hand side of (55),

lw Mol wmegnll l0mll [[wm g
[wm | wmsqeiall 1wl [wWmerg il [wm,
H |wmu+qu+1||'
_s<u<t e, |

Since v is an essential return, for every 0 < s <t —1,

% wmu w wms s
log [Co — 41| + Z logw<10 log H—er.

s+1<u<t meu H mes
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Therefore
- 3/5
m
bl | 8§ | > ] Ll (el
0 =
foll |, 2= 000" A e\ T

~ 3
X o — g1
By Lemma 3.3.2,
3/5 —1/100
|‘wmu+Qu+l’| (meu‘f‘puH) / Z (M) / Z 5_ﬁ

[wm, | [[wm, | [[wm, |

Sustituting this into the right hand side we obtain (54). This completes the proof
of Lemma 7.4.2 and hence that of Proposition 7.4.1. 0

7.5. Binding points for critical values. We keep the same assumptions and
notations as in Sect. 7.4. The following lemma asserts that one can find binding
points for all critical values at any essential return or at the last free return m + 1
at which the reluctant recurrence condition is violated.

Lemma 7.5.1. Suppose that v; is an essential return and w,,((,,+1) is in admissible
position relative to a critical point (y. For all a € J(ax, Co, v4,0) \ J(as, Co, v4, d(v;))
such that C,ng)(a) € Cs, there exists a precritical point (y(a) of H, relative to which

Cﬁfg)(a) is in admissible position. Moreover we have

(56) —log|Go(a) — 17 (@)] < (1 = ag)d(v).
If w11 is in critical position, then the same thing holds with v; and d(v;) replaced
bym+1, a(m+1).

Proof. Let {fzz}le denote the sequence of hyperbolic times associated with the back-
ward orbit of (. Let Eéj ) (j =1,---,3) denote the associated secondary quasi criti-
cal points, with smooth continuations a € J(a., (o, Bh;/2,0) — N(gj)(a). By Remark
7.1.4, J(a, ¢, v4,0) C J(a*,fo,ﬁizj/Q,O) holds for every j. Corollary 7.4.1 permits
us to apply Lemma 2.10.2 to yield a precritical point C([lhg](a) of H, of order h; on
Jv:, whose z-coordinate is roughly equal to that of Céhg)(a*). We apply Lemma
2.10.1 to construct a sequence of precritical points of lower order. There are two
cases: C(ghrl](a), s ([)6 _lh‘g](a) are constructed on J,,, or else there exists some
k € [~ hs + 1, hs] such that (0““](@) is so close to the boundary of 7,, that there is

no room on J,, for C([)kfl](a) to be created. In the first case, we stop further con-

struction. In the second case, take s’ to be the smallest integer such that hy > 5713,
and apply Lemma 2.10.2 with respect to (és )(a) to create a precritical point of order
hs on J,,. Since any admissible curve admits only one precritical point of the same

order, C([)S/] (a) coincides with the one which was constructed at the previous step.
We repeat the same construction using Cés )(a) instead of Cés)(a).

Sublemma 7.5.2. Suppose that Z,,.(a) € Cs. ]f|((gk](a)—g([)ﬁ§](a)] > 1/3-length(J,,N
Cs), then (Z], (a), Z,,(a)) is related to C([)k](a).
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Proof. By Lemma 2.10.1 we have |¢((a) — C([)Bg](a)\ < (Kb)k. Thus the assmuption
implies
h < log (1/3 - length(7,, N Cs)) ..
log(Kb)

Suppose that (7], (a), Z,,(a)) is not related to C([)k](a). Then
1Z0, (@) = & (@)] > €757 > K - (length(F,, N Cy)).

This yields a contradiction because Z,,(a), C([)k] (a) € J,, NCs and length(J,, NCs) <
1. 0

Let ko = ko(a) < hs denote the largest integer such that ((gko] is well-defined and
(Z),(a), Z,,(a)) is related to C([)kd. We claim that ky exists. To see this it is enough
to show that there exists a precritical point to which (Z}, (a), Z,,(a)) is related. This
is indeed the case when the sequence of all precritical points are contained in the
1/3 - length(J,,)-neighborhood of C(Ehg](a). Otherwise, we appeal to the sublemma,
and the claim follows.

Suppose that (Z,, (a), Z,,(a)) is in critical position relative to Cc[)kd. Then it is
related to C([)kOH], by Sublemma 4.2.6. By the maximality of of kg, it follows that
ko = hs — 1. On the other hand, by Corollary 7.4.1, (Z,, (a), Z,,(a)) is not related
to ((ghg] for all a € J(ax, (o, v4,0) \ J(ax, (o, v, d(v;)). This yields a contradiction.
Therefore, (7], (a), Z,,(a)) is in admissible position relative to ngo]. (56) readily
follows from Proposition 7.4.1.

The argument in the other case is almost identical, with m + 1 in the place of v;.
The only one difference is the way to show that (Z],,,(a), Zn+1(a)) is not related
to C([)hg] for all @ € J(ax, Co,m +1,0) \ J(ax, Go,m + 1,a(m + 1)). This follows from
the fact that the order of (y is m + 1 in this case and

|ZVi<a*) - Zuz<a)’ > ”wVHCI)(HgW>e*d(Vi)

> ||‘|wm|’|‘ e—d(ui)E(ng) > K06—156—3aou > 6—40«7V‘
Wo

8. PROOF OF THEOREM B

In this last section we prove that the set of a € Q) such that H, satisfies (EG),
for all n > N has positive Lebesgue measure.

8.1. Definition of bad parameter sets. Let n > N. We define a subset of Q©
which contains RR,,_; — RR,,. Fix two integers r, R such that r € [1, —AfSn/ log ]
and R > af(n —1)/100. Define N, to be the set of all strictly monotone sequences

of integers n = {v;}/_, in [0, fn]. Define Dg to be the set of all sequences of integers
d = {d;}_, such that

—logd <d;and » di=R.

=1
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For a triple (n,d,u) € N, x Dg x S(n), define Q™ (n,d,u) to be the set of all
a € RR,,_; such that:

(a) there exists a critical point (o of order > n whose forward orbit is not reluc-
tantly recurrent up to time B(n + 1) — 1.

(b) the forward orbit of {; makes essential returns exactly at v; < vy < -+ < v, <
0On, and v, — 1 is the largest integer up to which it is reluctantly recurrent. For every
1<i<m,

di = d(l/i),
where d(v;) is the essential return depth at v;.

(¢) the associated secondary quasi critical point of order ¢ is linked to u € S(n).

Fix m € [Bn, B(n + 1) — 1]. Define Q™ (h,u,m) to be the set of all a € RR,_;
such that

(d) there exists a critical point (y of order £ > n such that m — 1 is the largest
integer up to which the forward orbit w = {wi(g}“)}fﬁo of (p is reluctantly recurrent.

(¢) the associated secondary quasi critical point of order ¢ is linked to u € S(n).

(e) there is NO precritical point of order < n — 1 relative to which w,, is in

admissible position.
Define
o = | o™ (n,d,u),
R,y n,d,u
where, the unions run over all possible combinations of the subscripts. Analogously
we define
Q) = U QM (u, m).

The following lemma is more or less automatic from the above definition.

Lemma 8.1.1. For everyn > N + 1,
RR,1 — RR, C QM uQM.

Proof. Suppose that a € RR,,_1 — RR,,. By definition, there exists a critical point
(o of H, of order £ > n whose forward orbit w = {wi(QH)}fﬁo is not reluctantly
recurrent up to time G(n + 1) — 1. Take u € S(n) so that the condition (c¢) is met
with respect to (y. Let m — 1 denote the largest integer up to which w is reluctantly
recurrent. By (RR),_1, we have fn — 1 < m — 1. Clearly, m is a free return.
There are two cases: w, in critical position, or in admissible position. In the first
case, it is straightforward to see a € Q) (u,m). In the second case, m is clearly
an essential return. Let n = {v; < 1, < -+ < 1, = m} denote all the essential
returns up to time m, with d = {d;}/_, the corresponding sequence of essential
return depths. By Sublemma 6.2.4, two consecutive essential returns are separated
by at least A~'logd~! iterates. Hence r < ABn/logd! holds. Since w is not
reluctantly recurrent up to time m, we have

- am

Hence we obtain a € Q™ (n,d, u). O

Let | - | denote the one-dimensional Lebesgue measure.
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Proposition 8.1.2. There exists a large integer R such that
QM yOm — ¢
holds for every N <n < R, and
QM UQMW| < QO] . gmavabn/3
holds for every n > R.
As a corollary we obtain

U QM Uy QM)

n>N

< QO] Z e=@0afn/3 10|

n>R

Hence, the set [~y RR, contains a positive measure subset. By Proposition 6.2.3,
this implies Theorem B.

A proof of Proposition 8.1.2 needs some preliminary considerations and thus we
postpone it to the end of this section. In what follows, we write Q™ (n,d,u) =
QM (.), once (n,d,u) is fixed. The meaning of Q) () is analogous.

8.2. Structure in parameter space. Let a € QM () (resp. a € Q™ (-) ). We say
a critical point (4 of H, of order > n is responsible for a if (y satisfies (a), (b), (¢)

(resp. (d), (¢), (¢))-

Lemma 8.2.1. Suppose that (p, 50 are critical points of order n. If their backward
orbits are linked to the same sample point in S(n), then they share the same sequence
of hyperbolic times and the associated sequence of sample points in S(n).

Lemma 8.2.2. Let a, a € Q™ (n,d,u), or a, @ € Q(”)(u,m). Suppose that (o,
Co are critical points of the same order which are responsible for a and @ respec-
tively. Let {h;};_, denote the associated sequence of hyperbolic times, and let Céi)(-),
~(()i)(-) denote the smooth continuations of order h; of ¢y and Co. If J(a, (o, v,0) N
J(@,Co,v,0) # 0 holds for some v € [Bhi/2, Bhi), then ¢$”(b) = ¢S (b) holds for all
be J(a,,v,0)N J(EL,&, v,0).

Proof. Recall the construction of smooth continuations in Section 5 and use the fact
that one admissible curve does not admit more than two precritical points of the
same order (Remark 2.9.2). O

Lemma 8.2.3. Let a, € Q™ (n,d,u), and let {, denote a critical point which is
responsible for a.. For every i € [1,r], the set J(ax, o, v;,0) — J(ax, (o, vi,d;) does
not intersect Q™ (n,d, u).

Proof. Consider the smooth continuation Qés(i)) (+) of the quasi critical point of order
s(i) associated with (y. Take a € J(ax, (o, vi,0) — J(ax, (o, v, d;), and suppose that
a € QM(.). Let (y denote any critical point which is responsible for a. Consider

the smooth continuation 555“”(~) of the quasi critical point of order s(i) associated

with (. By Lemma 8.2.2, Cés(i))(a) coincides with 553@)(@), which is exactly the
secondary quasi critical point of order s(i) associated with {y. By Lemma 7.5.1 and
the assumption on a, Cﬁfﬁ)(a) = f,fsg)
(26), it follows that ¢, 4 is in admissible position as well.

(a) is in admissible position. By (24) and
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Sublemma 8.2.4. Suppose that vo(zg) is in admissible position relative to two crit-
1cal points (o and Cy. Then

—IOg |<0 — Zo| S —(]_ + Oé()) 10g |50 — Zo|.

Proof. Let 1) denote the z-component of DH (z)vy. By Lemma 3.3.3, we have (1 —
0)nl < [¢o — 20| < (1 +0)n|, and the same for Il — 20|. Therefore |¢o — 20| >
(1= 0)(1+0)"1Co — 20| > [Co — 20" N

By Sublemma 824 and Proposition 7.4.1, the essential return depth d(v;) of the
forward orbit of (o at time v; is strictly smaller than d;. Thus (b) does not hold.
This yields a contradiction to the assumption that (; is responsible for a. O

Lemma 8.2.5. Let a, € QM (u,m), and let {, denote a critical point which is
responsible for a,. Then the set J(a, (o, m,0) — J(ax, Co, m,am) does not intersect

Q™ (h,u, m).

Proof. Consider the smooth continuation Cés)(~) of the secondary quasi critical point
of order n associated with (y. Take a € J(ax,(y, m,0) — J(ax, (o, m,am), and sup-
pose that a € QU (.). Let (o denote any critical point which is responsible for a.
Consider the smooth continuation Q:(gs)(-) of the quasi critical point of order n asso-
ciated with Cp. By Lemma 8.2.2, ¢\ (a) coincides with ¢\ (a), which is exactly the
secondary quasi critical point of order n associated with 60. By Lemma 7.5.1 and
the assumption on a, {“f,fll(a) is in admissible position. By (24) and (26), (41 is in
admissible position as well, and thus (e) does not hold. This yields a contradiction
to the assumption that 50 is responsible for a. O

Lemma 8.2.6. Let a, a € Q™ (n,d,u). Suppose that (, Co are critical points of
the same order which are responsible for a and a respectively. Let v;, v; € n and
suppose that v; < v;. If J(a, (o, v, di) N J(a, Co, v, d) # 0 holds for some d > —log,
then J(a, (o, v;,0) C J(a,Co,vi,d; — agt).

Proof. By Proposition 7.1.2, the critical curve {Cﬁfg)(b) b e J(a,(o,vi,d;)} is an
admissible curve. By Lemma 7.4.2, there exists a C J(a, (o, v;, d;) such that Cl(,sfrl (a)
is a critical point of order v; of H;. We claim that a ¢ J(a,(o, v;,0) holds. This

implies that one of the connected components of J(a,(y,v;,0) — J(a, o, v}, d) is
contained in J(a, zq, ;, d;). This implies

2711 — e~ U2 J(a, (o, v4,0)| < |J(a, Co, viy di)].

Using d > —log ¢ and the fact that § is chosen after ap, we obtain the inclusion.

It is left to prove the claim. Suppose that a € J(a, Co, v;,0). Consider the smooth
continuation ¢ () of order s(i) of the secondary qua81 critical pomt assomated
with (5. By Lemma 8.2.2, we have ('™ (a) = (" (a), and thus (,/Z_H (a) is a
critical point of order s(i). This yields a contradiction to the fact that points on
the critical curve is in admissible position relative to some critical point, which was
already proved in the proof of Lemma 7.3.5. O]
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Lemma 8.2.7. Let a, @ € Q™ (n,d,u). Suppose that (y, Co are critical points of
the same order which are respectively responsible for a and a. [f:](a,Co,I/i,O) N
J(@,Co,vi,0) # 0 and a ¢ J(a, (o, vi,0), then J(a, (o, vi, apt) N J(d, o, viy d) = 0.

Proof. Without loss of generality we may assume a < a. Put 2¢ = length(.J(a, (o, v;,0))
and 20 = length(J(a, Co,14,0)). Since @ ¢ J(a,Co,vi,0), we have h=a —a—{ > 0.
By Lemma 8.2.3 we have a ¢ J(a, {y, 4,0), that is a—a > £, or equivalently h+¢ > /.
Suppose that & > ¢. Then a — le=®% > G — ({ + h)e=®% > a — (@ —a)/2 > a + L.
This implies J(a, (o, v4,0) N J(@, Co, i, d;) = 0. Next, suppose that h < ¢. Then
/< 2¢, and therefore a — fe=0di > g 4 f — fe~0di > q 1 0(1 — 2e0%) > g + fe L.
This implies J(a, Co, v, o5 t) N J (@, Co, vi, d;) = 0. O

Analogously one can prove the following, which is left as an exercise.

Lemma 8.2.8. Let a, a € QU (u,m). Suppose that o, (o are critical points of
the same order which are respectively responsible for a and a. If J(a,(y, m,0) N

J(@,Co,m,0) # 0 and a ¢ J(a, (o, m,0), then J(a,Co, m,am) N J(a,Co, m,am) = 0.
8.3. Total number of combinations.

Lemma 8.3.1.
agR agfBn
card(Dg) < e 10 and card(N,) < e ol

Proof. The cardinality of Dg is smaller than the total number of combinations of
dividing R balls into r groups, which is smaller than the total number of combi-
nations of aligning R + r balls in a row, Card(Dg) < (f+). The same argument
applies to NV, and we have Card(N,) < (A7)

Sublemma 8.3.2. For every c > 0, there exists sy > 0 such that

(n + S) S 63cn
S

holds for all positive integers n, s such that s < son.

Proof. Choose sy > 0 such that so < ¢, so7% < e, and (1 + s9)™ < e°. The Stirling
formula for factorials k! € [1 + 1/4k]v/2rkkFe™* gives

n+s _(n+s)!<(n+s)”+s< n+s\"(n+s\’
s ) alsl T nnss T n s '

Regarding the first term,

n
(7’L+S) _ <1+ i)n _ enlog(l—f—%) < e < %M <L ol
o = =~ =

n

Regarding the second term,

() = o) ] <[ 02 T e
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We use this sublemma with ¢ = a(/10. Since sy depends only on «ap, and by
the relation 1 < r < R/logd™ and 1 < r < Apn/logd~ !, the requirement in
the sublemma is satisfied for sufficiently small . Hence we obtain the desired
inequalities. O

8.4. Proof of Proposition 8.1.2. The first half of the assertion follows from
f2(0) = —1 = f5(—1), because this implies that the first time at which parame-
ter selection takes place can be made arbitrarily large.

We prove the second half of the assertion. We firstly estimate the measure of Q).
For a € Q™ () and d > 0, denote by .J(a,v;,d) any parameter interval of the form
J(a, o, vi, d), where (p is a critical point which is responsible for a.

Consider the following operation. Choose some a; € QM (-). If Q™ (-) C J(ay,v1,0),
then stop the operation. If not, which can occur due to the presence of multi-
ple critical points, choose ay € QM(-) — J(a1,11,0) and ask whether QM (.) C
J(ay,1v1,0) U J(ag,v1,0) or not. If so, then stop the operation. If not, choose
as € QW () — J(ay,v1,0) — J(ag,v1,0) and ask whether QM () C J(ay,v1,0) U
J(as,v1,0) U J(ag,v1,0) or not. Repeat this. Since the length of intervals of the
form J(a.,1v,0) are bounded from below, this operation stops sooner or later and
we end up with a finite set of parameters S; = {ay, --- ,a, } € QM(-) such that

Q(n)() C UﬁizlJ(ajl, v, O)

We extend this operation in the following way. Let ¢ > 1, and denote by j(i) =
(71,72 -+ ,J;) the multi index. Suppose that we are given a finite set of parameters
S; = {aj@} € QM(-) which are indexed by j(i) and satisfy Q™ (-) C U J(aj0), v, 0)-
Take a;;) € S;. Applying the above operation to J(a;q), v4,0) N QM (.) in the place
of QM (-), we define a finite set of parameters Siy1 = {@j(i).1, Qj(iy2s = * » G(iytrys b C
QM) (.) such that

n L;
J (a0, v, 0) N QW () C UL (a5, .40 Vi1, 0).
In particular, QM () Uj(i+1) (5(i+1), Vit1,0) holds. We repeat this construction
up to i =r.

Claim 8.4.1. ,
1
D (aj, v di)] < QO emoh/?,
J1=1
Proof. 1t holds that
2 £y
Z ’J<aj17 V1, dl)’ < eia0d1+1 Z ’J(aj17 V1, 0451)|-
Ji1=1 J1=1
By Lemma 8.2.7, the intervals {J(aj,, 1, ;") ?1:1 are two by two disjoint. Since
they are contained in Q@ we get the claim. O

Claim 8.4.2. For every 1 <i <r —1 and aj; € S;

lit1

Z | J(@500) i1 Vit dir)] < €202 I (a0, vi, dy)-

Jit1=1
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Proof. Tt holds that

Zz‘+1 Zi+1
Z | (@5(0) jisss Vi1, digr)| < e” 0% H1 Z | T(a506) jigrs Vir1, g )
Ji+1=1 Ji+1=1

liv1

Jit1=
Hence it is enough to show that they are contained in J(a;z), v, d; — ag'). This
follows from Lemma 8.2.6 and J(aj() .., Vit1, dit1) N J(a50), Vi, d;) # O for every
Jit1, by construction. 0

By Lemma 8.2.7, the intervals {J(aj() ..., Vit1, % ) }; ' _; are two by two disjoint.

We are now in position to estimate the measure of Q™ (.). Lemma 8.2.3 gives
QM () C Uiy (a§(ry, Vry d»r), and thus

Lr
|Q(n)()‘ < Z "](aj(T)? Vr,dy)| = Z Z ‘J(aj(T—l),jM Vr, dy)]-
i(r)

j(T‘—l) j'rzl

Notice the nested nature of the expression of the right hand side: ¢, depends on
j(r —1). Using Lemma 8.4.2,

Z |J<a_](’r)7 Vr, d'r’)l S eia()dr Z ’J<aj(r—1)7 Vp_1, d?‘*l)|'
i(r)

i(r=1)

Using this recursively we obtain

Z |J(aj(7”)7 Vr, dr)‘ < ’Q(O)|e—aoR/2.
i(r)

Using Lemma 8.3.1 and r < R,

2] <3737 100, d.w)

R,r nd,u
< Card(/\/} X DR X S(n)) . |Q(0)| . Z Re—aoR/2

af(n=1)
R="550

< |Q(0)|61000An 2 e—aoR/S
B(n—1)
R="555

< |Q(O) ‘efaagﬁn/4.

The estimate of the measure of Q™ is analogous and much simpler. Fix u € S(n)
and m € [B(n — 1),0n]. By the same reasoning as before, one can find a finite
number of parameters ay, - - -, a; € Q™ (-) such that Q" (.) C Ul_,J(a;,m,0). The
intervals {.J(a;, m,ap ")} are two by two disjoint, and Q) (-) C Uiy J(aj, m, am).
Hence we obtain

¢
Q)< ey | (ag,map")| < @m0 QO] < emeoedinh,
j=1
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Therefore
Q™| < |QO)m - Card(S(n)) - e~@0sn=D)
< ‘Q(O) lﬁnelOOAnefaaoﬁ(nfl) < |Q(0) |€7aa0,8n/2.
This finishes the proof of Proposition 8.1.2, and hence that of Theorem B. 0
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