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Abstract

The objective of this paper is two-fold: firstly, we develop a local and global (in time) well-
posedness theory of a system describing the motion of two fluids with different densities under
capillary-gravity waves in a deep water flow (namely, a Schrédinger-Benjamin-Ono system) for low-
regularity initial data in both periodic and continuous cases; secondly, a family of new periodic
travelling waves for the Schrédinger-Benjamin-Ono system is given: by fixing a minimal period we
obtain, via the implicit function theorem, a smooth branch of periodic solutions bifurcating of the
Jacobian elliptic function called dnoidal, and, moreover, we prove that all these periodic travelling
waves are nonlinearly stable by perturbations with the same wavelength.

1 Introduction

In this paper we are interested in the study of the following Schrédinger-Benjamin-Ono
(SBO) system
vy +vDv, = B(|ul?) e, (1.1)

where u is a complex-valued function, v is a real-valued function, t € R, x € R or T,
a, f and v are real constants, and D0, is a linear differential operator representing the
dispersive term. Here D = HJ, where H denotes the Hilbert transform defined as

{ Uy + Ugyr = QUVU,

~

HF(k) = —isgn(k) F(k),

where
-1, k<0,
sea) ={ T K30
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Note that from these definitions we have that D is a linear positive Fourier operator with
symbol |k|. The system (1.1) was deduced by Funakoshi and Oikawa ([22]). It describes
the motion of two fluids with different densities under capillary-gravity waves in a deep
water flow. The short surface wave is usually described by a Schrodinger type equation
and the long internal wave is described by some sort of wave equation accompanied with
a dispersive term which in this case is given by a Benjamin-Ono type equation. This
system is also of interest in the sonic-Langmuir wave interaction in plasma physics [28],
in the capillary-gravity interaction wave [21], [26], and in the general theory of water
wave interaction in a nonlinear medium [14], [15]. We note that the Hilbert transform
considered in [22] for describing system (1.1) is given as —H.

When studying an initial value problem, the first step is usually to investigate in which
function space well-posedness occurs. In our case, smooth solutions of the SBO system
(1.1) enjoy the following conserved quantities

([ G(u,v) =Im fOL w(x)ug (x) do + 25 fOL lv(z)|? du,

E(u,v) = [ Jua(2)*dz + o [} v(@)|u(@)? de — & [} |DY?0(z)]? da, (1.2)

| H(u,v) = fOL lu(z)|? dx,

where D'/2 is the multiplier of Fourier defined as DV/2v(k) = |k|20(k) for k € Z. There-
fore, the natural spaces to study the well-posedness are the Sobolev H°*-type spaces.
Moreover, due to the scaling property of the SBO system (1.1) (see [10] Remark 2), we
are leading to investigate the well-posedness in the spaces H® x H*"'/2 s € R.

In the continuous case Bekiranov, Ogawa and Ponce [11] proved local well-posedness
for initial data in H*(R) x H*"2(R) when |y| # 1 and s = 0. Thus, because of the
conservation laws in (1.2), the solutions extend globally in time when s = 1, in the case

G < 0. Recently, Pecher [34] has shown local well-posedness in H*(R) x H s=3(R) when

|7 =1 and s > 0. He also used the Fourier restriction norm method to extend the global

well-posedness result when 1/3 < s < 1, always in the case % < 0. Here, we improve

the global well-posedness result in the case |y| # 1 via a trick based on the decoupled
formulation of the SBO system and the conservation of the L? mass of the Schrodinger
part. It is worth to point out that this scheme applies for other systems. In fact, we
realized this trick a little bit after the ICM 2006, but when the argument started to be
written up, we noticed that Colliander, Holmer and Tzirakis [19] (March 2006) already
known this trick and they successfully applied it to the Zakharov and Klein-Gordon-
Schrodinger systems; moreover, they surely know that the same argument should apply
to other systems and, in fact, Colliander, Holmer and Tzirakis remarked that the global
well-posedness theorem above would be established in a forthcoming article (see Remark
1.5 in [19]). Naturally, we decided to exchange some emails with Colliander et al. and



they told us that their current projects are taking a lot of time and consequently they
are not planning to write up this argument; in particular, Colliander et al. allowed us
to include the result of Theorem 3.1 in this paper. We take the opportunity to express
again our gratitude to Colliander, Holmer and Tzirakis for the fruitful interaction about
the Schrodinger-Benjamin-Ono system.

In the periodic setting, there does not exist, until we know, any result about the well-
posedness of the SBO system (1.1). Nevertheless, Bourgain [17] proved well-posedness for
the cubic nonlinear Schrédinger equation (NLS) (see (1.3)) in H*(T) for s > 0 using the
Fourier transform restriction method. Unfortunatly, this method does not appply directly
for the Benjamin-Ono equation. Nevertheless, using an appropriate Gauge transform
introduced by Tao [37], Molinet and Ribaud [32] and Molinet [31] proved well-posednees
in H/2(T) and L%(T) respectively. Here we apply Bourgain’s method for the SBO system
and prove well-posedness in H*(T) x H*2(T) when s > 1/2 in the case v # 0, |y| #
1, which lead as in the continuous case to global well-posedness in the energy space

HY(T) x HY?(T) in the case G < 0. We also show that our results are sharp in the sense

that the bilinear estimates in the Bourgain spaces fail whenever s < 1/2 and |y| # 1 or
s € Rand |y| = 1.

In a second time, we turn our attention to another important aspect of dispersive
nonlinear evolution equations: the translating waves or so-called travelling-waves. These
solutions imply a balance between the effects of nonlinearity and dispersion. By depending
of specific boundary conditions on the wave’s shape, for instance in the case of water waves,
these special states of motion can arise either solitary or periodic waves. The study of
these special steady waveform is essential to the explanation of many wave phenomena
observed in the practice, for instance, in surface water waves propagating in a canal,
or in propagation of internal waves, or in the interaction between long waves and short
waves. Then questions about the stability of travelling waves and their existence as exact
solutions of the dynamical equations are very important.

The solitary waves are in general a single crested, symmetric, localized travelling waves,
whose hyperbolic sech-profiles are well known (see Ono [33] and Benjamin [12] for the
existence of solitary waves of algebraic type or with a finite number of oscillations). The
study of the nonlinear stability or unstability in form of solitary waves has had a big
development and refinement in recent years. The proofs have been simplified and sufficient
conditions have been obtained to insure the stability to small localized perturbations in
the waveform. Those conditions have showed to be effective in a variety of circumstances,
see for example [1], [2], [3], [13], [16], [25], [36].

The situation regarding to periodic travelling waves is very different. The stability and
the existence of explicit formulas of these progressive wavetrains have received compar-
atively little attention. Recently many research papers about this issue have appeared
for specify dispersive equations, such as the existence and stability of cnoidal waves for
the Korteweg-de Vries equation ([6]) and the Hirota-Satsuma system ([4]), as well as, the



stability of dnoidal waves for the one-dimensional cubic nonlinear Schrédinger equation
iy + Ugy + [uPu = 0, (1.3)

where u = u(t,z) € C and x,t € R (Angulo [5]. See also Gallay&Haragus [23], [24]).

In this paper we are also interested in giving a stability theory of periodic travelling
waves solutions for the nonlinear dispersive system SBO (1.1). The periodic travelling
waves solutions for (1.1) considered here will be of the general form

U(Ji,t) — eiwteic(z—ct)/Qqb(‘r _ Ct),
U(I7t) = ¢($ - Ct)a

where ¢, 1 : R — R are smooth, L-periodic functions (with a prescribed period L), ¢ > 0,
w € R and we will suppose that there is a ¢ € N such that

(1.4)

Adgr/c = L.

So, by replacing these permanent waves form into (1.1) we obtain the pseudo-differential
system
{ ¢II—U¢:OHJJ¢ (15)
THY' — e = Bd* + Agy '

where 0 = w — % and A, is an integration constant which we will set equal zero in
our theory. By finding analytic solutions of system (1.5) for v # 0 is very difficult. In
the framework of travelling waves of type solitary waves, namely, the profiles ¢, 1 satisfy

o(€), (&) — 0 as || — oo, it is well known the existence of solutions for (1.5) in the form

b0l = [T sech(/ae), €)= ~LéR© (1.6
when v =0, 0 > 0, and a3 > 0. For v # 0 a theory of even solutions of these permanent
waves solutions has been established in [7] (see also [8]) by using the concentration-
compactness method.

For v = 0 and ¢ > 27?/L?* we will prove, by following the ideas in Angulo ([5]) with
regard to (1.3), the existence of a smooth curve of even periodic travelling wave solutions
of (1.5) (with @ = 1, 5 = 1/2, naturally this restriction does not imply loss of generality)
which will depend of the Jacobian elliptic function dnoidal, namely,

60(€) = m dn (32 & k)
Uo(§) = —2 dn? (3 &),

(1.7)

where 7; and k are positive smooth functions depending of the parameter ¢. We note
that the solution in (1.7) gives us in “ the limit ” the solitary waves solutions (1.6) when



m — V4co and k — 17, because in this case the elliptic function dn converges, uniformly
on compacts sets, to the hyperbolic function sech.

In the case of our main interest, v # 0, for obtaining periodic solutions is a delicate
issue. Our approach for obtaining these solutions will use the implicit function theorem
together with the explicit formulas in (1.7) and a detailed study of the periodic eigenvalue
problem associated to the Jacobian form of Lame’s equation

{ %\P + [p — 6k2sn?(z; k)| ¥ =0

U(0) = U(2K (k)), ¥'(0) = ¥ (2K (k)), (1.8)

where sn(+; k) is the Jacobi elliptic function of type snoidal and K = K (k) represents the
complete elliptic integral of the first kind and defined for k£ € (0,1) as

! dt
Kk = /0 JA-B)1_ke)

So by fixing a period L, and choosing ¢ and w such that 0 = w — % satisfies 0 > 272 /L2
we obtain a smooth branch v € (—6,d) — (¢, ,) of periodic travelling wave solutions of
(1.5) with a fundamental period L bifurcating of (¢g, ) in (1.7). Moreover, we obtain
that for v near zero ¢, (x) > 0 for all z € R and ¢, (z) <0 for v < 0 and = € R.

Now, with regarding to the non-linear stability of this branch of periodic solutions
we extend the classical approach developed by Benjamin [13], Bona [16] and Weinstein
[36] to the periodic case. So, by making use of the conservation laws (1.2), we prove

that the solutions (¢,,v,) are stable in H),.([0, L]) x Hjer([0,L]) at least when v is
negative near zero. We use essentially the Benjamin&Bona& Weinstein’s stability ideas
because it gives us an easy form of manipulating with the required spectral conditions and
the positivity property of the quantity % f qﬁ%(m)dm, which are basic information in our
stability analysis. We do not use the abstract stability theory of Grillakis et al. basically
because of these circumstance. We recall that Grillakis et al. theory in general requires a

study of the Hessian for the function

d(c,w) = L(e" ¢, ) = B¢, 1) + cG (" 2py, 4 + wH (/% ¢, 1))

with v = 7(c,w), and a specific spectrum information of the matrix linear operator
H., = L"(e"/%2¢, 4.). In our case these facts do not seem clear to be obtained. So,
for v < 0 we reduce our spectral analysis (see formula (5.6)) to study the self-adjoint
operator L.,

2
de?
where K ! is the inverse operator of I, = —yD + ¢, and we obtain via the min-max

principle that £, has a simple negative eigenvalue and zero is simple with eigenfunction
%gby provide that ~ is small enough.

L, = +a+aw7—2aﬁ¢volC;10¢7,



Finally, we close this introduction with the organization of this paper: in Section 2,
we introduce some notations to be used throughout the whole article; in Section 3, we
prove the global well-posedness results in the periodic and continuous settings via some
appropriate bilinear estimates; in Section 4, we show the existence of periodic travelling
waves by the implicit function theorem; then, in Section 5, we derive the stability of
these waves based on the ideas of Benjamin and Weinstein, that is, to manipulate the
information from the spectral theory of certain self-adjoint operators and the positivity
of some relevant quantities.

2 Notation

For any positive numbers a and b, the notation a < b means that there exists a positive
constant 6 such that a < 6b. Here, # may depend only on certain parameters related to
the equation (1.1) such as v, a, 5. Also, we denote a ~ b when, a < b and b < a.

For a € R, we denote by a+ and a— a number slightly larger and smaller than a,
respectively.

In the sequel, we fix 1) a smooth function supported on the interval [—2, 2] such that
Y(z) =1 for all |z| <1 and, for each T > 0, ¥p(t) := (t/T).

The norm of a function f € LP(§2) (equivalence class), for € an open subset of R, is
written |f|§p(ﬂ) = [, |f[Pdz, p 2 1. The inner product of two functions f,g € L*(Q)

is written as < f,g >= fQ fgdz. To define the Sobolev spaces (of L? type) of periodic
functions, we need the following notions (for further information see lorio&lorio [27]).
Let P = Cy¢, denote the collection of all the functions f : R — C which are C*°(R) and
periodic with period 2¢ > 0. The topological dual of P will be denoted by P’, i.e., P’ is
the collection of all continuous linear functionals from P into C. P’ is called the set of all
periodic distributions. If ¥ € P’ we denote the value of ¥ in ¢ by W(p) = (¥, ¢). Define
the functions O(z) = exp(iknx/l), k € Z, x € R. The Fourier transform of ¥ € P’ is
the function ¥ : Z — C defined by the formula U (k) = 5 (V,0_), k € Z.

Let s € R. The Sobolev space Hj,(R) = Hy.,.([—¢,]) is the set of all f € P’ such that

1 f 7, = 203002 (1 + |k[2)%| f(k)[? < 0o. H3,(R) is a Hilbert space with respect to the

~

inner product (flg)s = 20> oo (1 +|k|*)*f(k)g(k). For s = 0, Hy, = L3,. Moreover,
Sobolev’s Lemma states that, if s > % then HS,(R) — Cp, where Cper, = {f : R — C:
f is continuous and periodic with period 2¢}. Sometimes we also write H*(T) to denote
the space H..([—¢,¢]) when the period 2¢ does not play a fundamental role.

When the function u is of the two time-space variables (t,z) € R x [/, {], periodic of
period 2¢, we define its Fourier transform by

1

u(r,n) = ()5

/ u(t, z)e” T ) dt
Rx[—£,]

6



and similarly, when u : R x R — C, we define

1 .
i) = 5 / u(t, 2)e— T gty
v

Next, we introduce the Bourgain spaces related to the Schrodinger-Benjamin-Ono sys-
tem in the periodic case:

1/2
||u xip (Z/ 7 4+ n?) 2 (n)* [a(r,n)| dT) , (2.9)

neEL

1/2
ullyse = (Z/ (T + 7|n[n)* (n)*[a(r, n)| dr) : (2.10)

nel

and the continuous case:

Jull e = ( [ [e+ererie, 5)1%&#) " (2.11)

lulleo = ( [ [ ety riate, g " (212

where (x) := 1+ |z|. The relevance of these spaces are related to the fact that they
are well-adapted to the linear part of the system and, after some time-localization, the
coupling terms of (1.1) verifies particularly nice bilinear estimates. Consequently, it will
be a standard matter to conclude our global well-posedness results (via Picard fixed point
method).

3 Global Well-Posedness of the Schrodinger-Benjamin-Ono
System

This section is devoted to the proof of our well-posedness results for (1.1) in both
continuous and periodic settings.

3.1 Global well-posedness on R
The bulk of this subsection is to show the following theorem:

Theorem 3.1 (Global well-posedness in R). Let |y| # 1, then the SBO system (1.1) is
globally well-posed for initial data (ug,vo) € H*(R) x H*"2(R), when s > 0.



Recall that the local well-posedness of the SBO system for (ug, vo) € H*(R)x H*"2(R),
|7| # 1 and s > 0 was showed by Bekiranov, Ogawa and Ponce [10]. Subsequently, Pecher
[34] proved local well-posedness also in the case |y| = 1, s > 0 and global well-posedness
if v<0,a/6>0,1>s>1/3 via the I-method of Colliander, Keel, Staffilani, Takaoka
and Tao.

Hence, Theorem 3.1 above improves Pecher’s global well-posedness results in the case
|v| # 1; furthermore, as we are going to see, our proof of this theorem does not relies on
sophisticated techniques such as the I-method but instead it uses the local well-posedness
for the decoupled system and the L? conservation law (for the Schrodinger part of the
system). More precisely, the integral equation associated to the SBO equation is

u(t) = U(t)ug — i [, U(t — t")u(t')o(t')dt,

v(t) = Vy(t)vo + 3 fo Va(t = )0s|u(t) *dt

where U(t) := e"® and V,(t) := e 7%%0%] are the linear Schrédinger and Benjamin-Ono
propagators, respectively. Note that this integral equation is equivalent to

u(t) :=U(t)ug — icx /t Ut — t")u(t')V,(t ) vodt’
;7 . (3.1)
—z’aﬁ/ Ut —t)u(t) (/ %(t’—t”)8x|u(t”)|2dt”> dt’.

The advantage of this “decoupled” formulation of the SBO system now is clear: the (local
and global) well-posedness of the SBO equation reduces to obtain some good control of u,
because the function vy is fixed. On the other hand, the evolution of u has fine properties
(for instance, the L? norm of u is conserved), so that the desired control of u comes for
free.

Coming back to the proof of Theorem 3.1, the following preliminary linear estimates
for the Schrodinger and Benjamin-Ono propagators will be useful (see [11] for details):

Lemma 3.1. For any s, k,y € R, —=1/2<b<V <1/2,
[or (D) Fllxee S TP\ F|

Xs,b’

and
6 (EG g S TGy

Lemma 3.2. For any s, k,y € R, 0 < b < 1, it holds
[V (U () uol

Xs,b § HUO| Hs

and
[VE)Va(E)vollyrs S llvoll -



Lemma 3.3. For any s,k,v € R, 0 < b < 1, we have

S F
Xs:b

Xs,b—1,

/ Ut — )Pt

and

/ t V,(t — t)G(t)at

S |G|y ep-1.
o S

Now we slightly modificate the bilinear estimates obtained in [11] for the coupling
terms wv and 9, (|u|?) of the SBO system:

Lemma 3.4. For any 1/2 <b<3/4,a < —1/4, s >0 and |y| # 1,

luv|| xsa < ||l xon||v] b + ||ull s l|v]ly—1/25-

W lys

Also, for anyb>1/2, a <0 and s > 0,
10z (Juf*)]

1o Sl xo ||| xse -

s—5,a ~v

Yy

Proof. Recall that the Lemma 3.4 of [11] states that, under our hypothesis, it holds

[wollxse S fullxsellvll oy

Yy

On the other hand, taking two indices s > &, the triangular inequality says that (£)* <
()7 (€)™ + (€)7 (62)*, where € = & + &. Denoting by Jou(€) = (€)*G(€), we obtain
that, for any s > 0, the previous estimate implies

[uv|xsa S [ J°u - vl x00 + [[u- J*0[ x0a

S I ulxos ol g+ ullos|9°0] .

= Ilu de

~y

X5.b |U||Yw_1/2’b + ||u||X0,b||U|

This proves the first part of the lemma.
On the other hand, similarly to the previous case, since (€)* < (€)% (&) +(€)¥ (&),
we get for all s > 0 that the corollary 3.3 of [10] forces

19l oo g.0 S 10T

v vy

vo +10:(u- Ty
Y'Y

S [P ullxor[lullxor + [Jullxor || J*0]| xo.

= 2f[utl| o ||t e



Finally, we are ready to prove Theorem 3.1: consider the integral operator ®; defined
by a time-localization of the right-hand side of (3.1):

Oop(u)(t) ==()U (o — iatp(t) /0 U(t — )u(t)b()V, (¢ )vodt!

t t
- iaﬁwT(zﬁ)/ Ut —t)u(t') (wT(t')/ V(' — t”)@xlu(zﬁ”)|2dt”> dt’.
0 0
The linear and bilinear estimates above clearly implies that, given 1/2 < b < 3/4 and
s >0,

[Prullxsr < Colfuol xow + T Collull5o0s|ul

Hs + TMC()“U0|

Jul xeos (32)

1
H" 32

for some constants > 0 and Cj depending only on ~.
We start with the case of initial data (ug,vo) € L*(R) x H~2(R). Choosing R =
2Ch]|uol| 2 and T" > 0 small enough such that

CoT"(1 + [lvolgg-12 + 4CG[|uol72) < 1/2,

it follows that ®; is a contraction of the ball Br(0) of X%’. Hence, it has a fixed point
u(t) solving the SBO equation on the time interval [0, T']. Furthermore, it holds

[[ull xo.r < 2C0l|uol| 2.

On the other hand, the theorem 1.2 of [11] asserts that the L*norm of u is preserved
during the evolution of the solution u(t) of the SBO equation, i.e.,

[u(®)]lz2 = lluoll2-

Therefore, once vy is fixed, we can iterate the argument above as follows: take the so-
lution u(t) of the SBO equation with respect to the initial data wuy just constructed
(by the fixed point method applied to ®r) on the time interval [0,7y]; observe that

To = [2Co(1 + |Jvol| g-1/2 + 4C§||u0||%2)]71/“ depends only on ||ug||z2 and ||vg||y-1/2; next,
we consider the SBO equation with initial data u(7,) and the corresponding solution on
a time interval [Ty, Ty + T4]; by the discussion above, we already know that 7} depends
only on ||u(Tp)||z2 and ||vg||g-1/2; by the conservation of the L? norm, this means that
-1
T = [2C0(1+ lJoo]l 172 + 4G u(To) 7)) "
-1
= [2Co(1 + ool 172 + 4CG ol 7))
- To.

In particular, the solution of the SBO equation can be extended from the time interval
[0, Ty] to [0, 2T}]; repeating indefinitely this procedure, we obtain a global solution wu(t) of

10



the SBO equation with initial data (ug,vo) € L*(R) x H~/2(R) such that
[[ul[x00 < 2Cy[uo] 2.

Next, we turn to the general case (ug,vo) € H*(R) x H*"2(R), s > 0. Taking R :=
2Co]|uol|gs and T' > 0 sufficiently small with

C()Tu(l + HUo‘

e lullos) <172,

it follows from (3.2) that ®r is a contraction of the ball B(0) of X*°. Thus, it has a fixed
point u(t) solving the SBO equation on the time interval [0,7]. Moreover, since u(t) is
also a solution of the SBO equation for initial data (ug,vo) € L*(R) x H~'/?(R) (because
s > 0), we have an a priori bound

[[ull xo.r < 2C0l|uol| 2.

This allows us to conclude that the solution u(t) is defined on a time interval [0, 7] with

T = [2C0(1 + [[ooll -1z + 4C3[uol )]

Using the conservation of the L2-norm exactly as before, we obtain the desired theorem.
OJ

3.2 Global well-posedness on T

This subsection contains sharp bilinear estimates for the coupling terms uv and 9, (|u|?)
of the SBO system in the periodic setting and the global well-posedness result in the energy
space H'(T) x H'/?(T) (which is necessary for our subsequent stability theory).

Let us state our well-posedness result:

Theorem 3.2 (Local well-posedness in T). Let v € R such that v # 0, |y| # 1 and
s > 1/2, then the SBO system (1.1) is locally well-posed in H*(T) x H*=Y/2(T), i.e. for all
(ug,v0) € H*(T) x H*=V2(T), there exists T = T (||uo||zs, ||vo|grs-1/2) (with T(py, pa) — oo
as (p1, p2) — 0), and a unique solution of the Cauchy problem (1.1) of the form (Yru, rv)
such that (u,v) € X;;l/H X Y«f’;el/zl/ﬂ. Moreover, (u,v) satisfies the additional reqularity

(u,v) € C([0,T]; H¥(T)) x C([0, T}; H*/*(T)) (3.1)

and the map solution S : (ug,vo) — (u,v) is smooth.
Using the conservation laws (1.2) as in [34], our local existence result implies

Theorem 3.3 (Global well-posedness in T). Let o, 3,7 € R such that v # 0, |y| # 1
and < < 0, then the SBO system (1.1) 1s globally well-posed in H*(T) x H*2(T), when
s> 1.

11



The fundamental technical points in the proof of Theorem 3.2 are the following bilinear
estimates. The rest of the proof follows by standard arguments, as in [20] (see also [9]).

Proposition 3.1. Let v € R such that v # 0, |y| # 1 and s > 1/2, then

[wvll smroe S ullys-ryzarel|vfl e,
102 (u0)llys-1/2-124 S Hlull oz [0l oo, (3.3)
where the implicit constants depend on .
These estimates are sharp in the following sense

Proposition 3.2. Let v # 0, |y| # 1, then

(i) The estimate (3.2) fails for any s < 1/2.

(ii) The estimate (3.3) fails for any s < 1/2.
Proposition 3.3. Let v € R such that |y| =1, then

(1) The estimate (3.2) fails for any s € R.

(i) The estimate (3.3) fails for any s € R.

The following Bourgain-Strichartz estimates will be needed in the proof of Proposi-
tion 3.1

Proposition 3.4. We have
lallza. S lullosrs, (3.4)

and
lullzs, S llullyoss, (3.5)

foru:RxT —C andvyeR, v#0.

Proof. The first estimate of (3.4) was proved by Bourgain in [17] and the second one is
a simple consequence of the first one (see for example [31]). O

Proof of Proposition 3.1. Fix s > 1/2. Without loss of generality we can suppose that
|7] < 1 in the rest of the proof.

In order to prove estimate (3.2), it is sufficient to prove that
(n)*

X738 = HW(W)A(T; n)lizrz < lul

||UU‘ sz,;(;/Q,quU‘ X;,;T/Q. (36)

Letting f(7,n) = (n)*"Y(r + An|n])/2(,n), g(r,n) = (n)*(r + n)Y25(7,n) and
using duality, we deduce that the estimate (3.6) is equivalent to prove that

I S fllzzezllgll ez [ Al 2z, (3.7)
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where

Z / n)*h(r,n)f(r1,n1)
g2 (T + n?) 3/8 )5 Y21 + y|ng|ng ) 1/2

n,ni1€Z

g(t —1,m —nq)
drdr,. .
R e R 39

In order to estimate integral (3.8), we split the integration domain R? x Z? in the following
regions,

M = {(r,m,n,m) €R*XZ* : ny=0o0r|n| <c(y) ' |n—ni},

N = {(r,7,n,n) €ER*xZ* : ny #0 and |n —ni| < c(7)|n|},
where ¢(7) is a positive constant depending on 7 to be fixed later. We also denote by I

and I the integral I restricted to the regions M and N, respectively.

Estimate in the region M. We observe that, since s > 1/2, in the region M holds

% < 1 (where the implicit constant depends on 7). Thus, we deduce using

the Plancherel identity and the L2 L4 L4 -Holder inequality that

] Z / ,n) f(r1,n1)g(T — 1,n — ny)drdn
M nniez” R? T+n2 3/8 (r +9lna|na) 2 (r — 71 + (n = mq)? >1/2

\ \%
<[ (Jen f(r.n) o) N\
v\ 47878 ) \ T aloly ) \Tr ) 72
h(r,n) \"’ f(r,n) v gr,n) \"’
< — —_— —— . (3.9
~ || ((7_ + TL2>3/8) ”L || (< + ’y[n!n)l/Q ||L || < + n2>1/2 ||L§w ( )
This implies, together with the estimates (3.4) and (3.5), that

I S [ fllezez gl z2z ol p2ez (3.10)

FEstimate in the region N'. The dispersive smoothing effect associated to the SBO system
(1.1) can be translated by the following algebraic relation

—(7+n?) + (11 + i) + (1 — 71+ (n — n1)?) = Q,(n,ny), (3.11)

where
Q,(n,n1) = (n —n1)* +v|ning — n’. (3.12)

We have in the region N, |ni| < (1 + ¢(v))|n|, so that

Qy(n,n1)| > (1= A[(1+¢(7)? = c(7)?) (14 (7)) ?na .

13



Now, we choose ¢(y) positive, small enough such that

(1= P10+ e =) = 510,

which is positive remembering that |y| < 1. Therefore, we divide the region A in three
parts according which term of the left-hand side of (3.11) is dominant,

N = {(r,m,nm) €N T +0? > |1+, |7 — 71+ (n—n)?l},
No = {(r,m,mm) €N | > |7+ 07 |7 — 71 4 (n — m)?|},
Ny = {(r,m,n,m1) €N = |7 =7+ (n—m)* > |7+ 0%, |1 + 7| |ml},

and denote by Ly, Ly, and Iy, the restriction of the integral I to the regions N, N3 and
N3, respectively.

In the region Vi, we have <n1>s,1<72><sn_m>s X (T+n12)3/8 < 1, so that we can conclude
Iy S llz2izllgll 2z | Al 2z (3.13)
exactly as in (3.9). We note that <n1>571<72>:n,m>s X <ﬂ+‘n11|n1>1/2 < 1 in the region N,. Then,

using the L} L7 L} -Holder inequality, that

oy _Dhrn) \Y g(r.n) \’
Ing S T4 n2)if8 s, 11 ez T+ n2)i2 s, -

This implies, using the Bourgain-Strichartz (3.4), that

Ing S fllz2zllgllz2az 1]l 22z - (3.14)
Similarly, (”l1>s_1<72>(sn—n1>5 X <7'—T1+(n1—n1)2>1/2 < 1in N3 so that
h(r,n) \" f(r,n) v
< 7 Y
1 1 (s ) Mol (2 ) g ol
S I llzze gl 2z |l 222 - (3.15)

Then, we gather (3.10), (3.13), (3.14) and (3.15) to deduce (3.7), which concludes the
proof of the estimate (3.2).

Next in order to prove the estimate (3.3), we reason as previously to deduce that it is
sufficient to prove that

10 (wv))]

y 12978 S lul X§;}/2HU| X5 (3.16)

which is equivalent by duality and after performing the change of variable f(r,n) =
(n)* (T + n®)Y2%(1,n) and g(r,n) = (n)*(r — n*)/*(1,n) to

J S fllezezllgl nzez [Pl 2, (3.17)

14



where

Z / In|(n)*~ 1/2h(7' n)f(mi,n1)
2 AT
gt —11,n —ny)
drdry. 3.18
Gl - 1

The algebraic relation associated to (3.18) is given by

—(T+7lnln) + (1 +n7) + (1 =71 = (n = n1)*) = Qy(n, ),

where B

Q- (n,n1) = —(n —n1)* = yln|n +n3.
Therefore we can prove estimate (3.17) using exactly the same arguments as for estimate
(3.7). O
Remark 3.1. Observe that we obtain our bilinear estimates in the spaces X;e}/ ** and
Y; ,_,elr/ 21/2F which control the L H? and L;’OH;_I/ ? norms respectively. Therefore, we do

not need to use other norms as in the case of the periodic KdV equation [20].

Remark 3.2. Observe that the proof of Proposition 3.1 actually shows that the following
bilinear estimates hold:

Juvll o S lullgayellolys e + ool oo

10 (uw)|

s— 1/2 EEYCIN < Hu\ ss/us\ 51/2+Hu‘ 51/2H’LU‘ 53/8,

While we are not attemptlng to use this refined version of proposition 3.1 in this paper, we
plan to apply these estimates combined with the I-method of Colliander, Keel, Stafillani,
Takaoka and Tao to get global well-posedness results for the periodic SBO system below
the energy space. Indeed, this issue will be adressed in a forthcoming paper.

In the proof of Proposition 3.2, we will use the following lemma which is a direct
consequence of the Dirichlet theorem.

Lemma 3.5. Let v € R such that |y] < 1 and Q. defined as in (3.12), then there exists
a sequence of positive integers {N;}jen such that

Ny — oo and |Q,(N;N)| <1, (3.19)

where N = Here [z] denotes the closest integer to x.

2]
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Theorem 3.4 (Dirichlet). Let « € R\ Q, then the inequality

P
a__

q

1
0< < = (3.20)

q

has an infinity of rational solutions ’(—I’.

Proof of Lemma 3.5. Fix 7 € R such that |y| < 1. Let N a positive integer, N > 2,

we define aw = li—v and NY = [aN], then we deduce from the definition in (3.12) that

[O‘N]' ! (3.21)

When a € Q, a = %’, it is clear that we can find an infinity of positive integer IV satisfying

the right-hand side of (3.21) choosing N; = jgq, j € N. When o € R\ Q, this is guaranteed
by the Dirichlet theorem. 0

Proof of Proposition 3.2. We will only show that the estimate (3.2) fails, since a
counterexample for the estimate (3.3) can be constructed by a similar way. First observe
that, letting f(7,n) = (n)*"Y2(r + yn|n|)V/24u(7,n) and g(1,n) = (n)*(1 + n*)/*5(1,n),
the estimate (3.2) is equivalent to

1B (f, 93 8)lz2iz S N fllezllgllrze, V f, g € L2L2, (3.22)
where
(n)® / f(71,m1)
B.(f,9;8)(T,n) i= ————75
~/<f g )( ) <T+n2>1/27;€Z & <n1>5—1/2(7'1—|—7|n1|n1>1/2

x 9(r = m,m = m) dri, (3.23)

(n —mny)s{(T — 71 + (n —ny)?)/2

for all s and v € R.

Fix s < 1/2 and 7 such that |y| # 1, we suppose for example that |y| < 1. Consider
the sequence of integer { N;} obtained in Lemma 3.5, that we can always suppose to verify
N; > 1, then we define

[i(T,n) = anxiy2(t +7njn)  with  a, = Ln =N, (3.24)
A nAl/2 " 0, elsewhere, '
and .
1,n=N, - N:
) — 2 : — ) J YR
g;(T,n) = bpx1/2(T +n%) with b, {0, elsewhere, (3.25)
where Y, is the characteristic function of the interval [—r,r]. Hence,
1filleziz ~ llgsllzzz ~ 1, (3.26)

16



ap,bp—n, #0 if and only if ny = NJQ and n = Nj,
and using (3.11), we deduce that

/Xl/Q(Tl+’Y|NJ(»]|NJ(<))X1/2<T—7'1+(Nj—N]Q>2)dT1 NX1(T+N2+Q«,<NJ',N]('))).
R

Therefore, we have from the definition in (3.23)

e N>
B’Y(f]agjus)(Ta NJ) =~ <T+N2>1/2N-871/2N5’1 ) (3.27)
j j j
where the implicit constant depends on . Thus, we deduce using (3.19) that
1B, £, 959z 2 N}, VjeN (3.28)
which combined with (3.19) and (3.26) contradicts (3.22), since s < 1/2. O

Proof of Proposition 3.3. Let s € R, we fix v = 1. As in the proof of Proposition 3.2,
we will only show that the estimate (3.2) fails, since a counterexample for the estimate
(3.3) can be constructed by a similar way. In this case, (3.2) is equivalent to

|B1(f, g5 9)lr2i2 S 1 f 22z llgllzzez, ¥ f, g € L2, (3.29)

where

<n>s f(Tlunl)
Bi(f,g;5)(T,n) = m Zez/R (n)s=12(1y + |nq|nq)1/2
g(r —m,n—m) ]
X<n—n1>s<7—ﬁ+ (n_n1)2>1/2d 1 (3.30)

Fix a positive integer N, such that N > 1, and define

. 1, n=N,
In(T,n) = apx1/2(T + In|n)  with a, = { 0. elsewhere (3.31)
and
2 . 1, n = 0,
gn(T,n) = bpxi12(T +n°) with b, = 0. elsewhere (3.32)
where ., is the characteristic function of the interval [—r,r|. Hence,
1 fnllzzi ~ llgnllrze ~ 1, (3.33)

an,bp—n, #0 if and only if n; = N and n = N,
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and
/ X1/2(Tl + NQ)Xl/z(T —m)dr ~ x1(7 + NQ).
R

Therefore, we deduce from (3.30) that

IBi(fn,gn:$)|lze 2 N2, VN > 1, (3.34)
which combined with (3.33) contradicts (3.29). The case v = —1 is similar. O

4 Existence of Periodic Travelling-Wave Solutions

The idea in this section is to show the existence of a smooth branch of periodic
travelling-wave solutions for (1.5). Initially we show a novel smooth branch of dnoidal
waves solutions for (1.5) in the case v = 0. So, by using the implicit function theorem
we show a smooth curve in the case v # 0 of periodic solutions bifurcating of the dnoidal
waves.

4.1 Dnoidal Waves Solutions

We start finding solutions for the case v = 0 and ¢ > 0 in (1.5). Henceforth, without
loss of generality, we will assume that « = 1 and g = % Hence, we need to solve the
system

/!
0 — 0o = Yoo 41
{% = —5.%. (4.1)

Then by replacing the second equation of (4.1) into the first one we obtain that ¢, satisfies

1
0 — ogo+ Q—Cqsg =0. (4.2)

Equation (4.2) can be solved in a similar fashion to the method used by Angulo in [5] to
find periodic travelling-wave solutions to the nonlinear Schrédinger equation (1.3) . For
the sake of completeness we provide here a sketch of the proof in an adapted manner.
Indeed, from (4.2) ¢y must satisfy the first-order equation

1

1
[0p)? = E[ﬂﬁé + dco gy + 4cBy, ] = @(77% — o5)(dg — m3),

where By, is an integration constant and —ny, 71, =12, 12 are the zeros of the polynomial
F(t) = —t* 4 4cot? + 4cBy,. Moreover,

dea =17 + 13
4.3
{4CB¢0 = _77%77%- ( )
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We suppose, without loss of generality, that 1, > 75 > 0. Then 17y < ¢9 < 7, and so
¢o will be a positive solution. Note that —¢q is also a solution of (4.2). Next, define
¢ = ¢o/m and k* = (n? —n3)/n?. Tt follows from (4.3) that

P =51 - +k—1).

Let us now define a new function x through ¢(? = 1 — k%sin® x. So we get that 4c(y')? =
n?(1 — k?sin?x). Then for [ = 37, and assuming that ((0) = 1, we have
x(€) dt
0 1 — k2sin?t

— ¢

Then from the definition of the Jacobian elliptic function sn(u;k), we have that siny =
sn(l&; k) and hence ((§) = /1 — k2sn2(I&; k) = dn(I&; k). Then by returning to the
variable ¢y, we obtain the novel dnoidal waves solutions associated to equation (4.1),

Po(§) = do(&;m,72) = M dn(% 3 k)

TI% 2 m (44)
Uo(€) = Yo(&m,m) = 1 dn® (32 &),
where
77% - 77% 2 2
0< no < 1M1, k‘2 = 772 , nmtn = 4co. (45)
1

Next, since dn has fundamental period 2K (k), it follows that ¢ in (4.4) has fundamental
period or wavelength Ty, given by

4
Ty = W k).
m

Given ¢ > 0 fixed such that o > 0, it follows from (4.5) that 0 < 7o < V2co < n; < 24/co.
Moreover we can write

4yc
\dco —n3
Then by using these formulas and properties of the function K we see that Ty, €
(\/g m,+00) for e € (0,v/2co). Moreover, we will see in Theorem 4.1 below that

no — Ty, (12) is a strictly decreasing mapping and so we obtain the basic inequality
2
T¢0 > ; . (47)

19
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Two relevant solutions of (4.1) are hidden in (4.4). Namely, the constants and solitary
waves solutions. Indeed, when 7, — v/2co, i.e. 175 — ny, it follows that & — 07. Then
since d(u;0") — 1 we obtain the constants solutions

$o(§) =V2co  and (8 = —o. (4.8)

Next, for 7y — 0 we have ; — 4co~ and so k — 1. Then since dn(u; 1) — sechu we
obtain the classical solitary wave solutions

o.s(€) = 2v/cosech(va€)  and  tos(§) = —20sech®(Vo). (4.9)

We recall that the stability of the solutions in (4.9) by the flow of equation (?7) was shown
in [?].

Next theorem is the main result of this subsection and proves that for a fixed period
L > 0 there exists a smooth branch of dnoidal waves solutions with the same period L to
the system (4.1) or equivalently to equation (4.2). The construction of a family of dnoidal
waves with a fixed period L it is an immediate consequence of the analysis made above.
Indeed, let L > 0 be a fixed number. Let ¢ > 0 and w € R be real fixed numbers such
that 0 = w — ¢?/4 > 272/L2. Since the function 1y € (0,v2co) — Ty, (1) is strictly
decreasing (see Theorem 4.1 below), there is a unique 1, = n5(c) € (0,v/2co) such that
¢o(-;m(0),m2(0)) has fundamental period Ty, (12(0)) = L. Next we show that the choice
of ny(0) depends smoothly of o.

Theorem 4.1. Let L and c be fized but arbitrary positive numbers. Let og > 27%/L*
and na20 = n2(00) be the unique number in the interval (0,v/2co) such that Ty, (n20) = L.
Then,

(1) there are interval I1(oy) and B(neo) around of oo and na(0o) respectively, and an
unique smooth function A : I(og) — B(n2,0), such that A(og) = 120 and

A k(o) = L. (1.10)

Vdeco —n3
where o € I(0g), n2 = A(o), and

deo —2m5

k= k*(o) = € (0,1). (4.11)

4eo — n3
(2) Solutions (¢o(-;m1,m2), Yo(-3m1,m2)) given by (4.4) and determined by n = 1:(0),

ne = m(0) = A(0), with n? + n3 = 4co, have fundamental period L and satisfy (4.1).
Moreover, the mapping

o € I(oo0) = do(:sm(0),me(0)) € Hy,, ([0, L])

1s a smooth function.
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(3) I(o0) can be chosen as (ZLL;, +00).
(4) The mapping A : 1(0¢) — B(n2o) is a strictly decreasing function. Therefore from
(4.11), 0 — k(o) is a strictly increasing function.

Proof. The key of the proof is to apply the implicit function theorem. In fact, it considers
the open set Q@ = {(n,0): o> 25 5 € (0,v/2c0) } CR? and define ¥ : Q@ — R by

4./c
V(n,0) = —=——=—= K(k(n,0)) (4.12)
deo — 1
where k%(n,0) = 440;:2777’22. By hypotheses U(n20,00) = L. Next, we show 9,¥(n,o) < 0.

In fact, it is immediate that

4 4 dK dk
O W(n,0) = __Aven K (k) + e dKdk
(4co — n2)3/2 V4co —n? dk dn
Next, from
db dcon
dn k(4co —n?)?’
and from the relations (see [18])
dE _ E-K PE _ _1dK
dk .k a2~ "k dk 413
{kk’2%+k'2%+kE:0, (419)

with & = 1 — k2, and E = E(k) being the complete elliptic integral of second kind

defined as )
/1 — k2¢2
Elk) = — dt

we have the following formal equivalences

OV (n, o) <0 & k(dco — 772)(E - k%) < —400/€§T]§

& k(4co —n?) (E — k;‘é—f) < (Cé—f + k—%E) (4co — n*)(2 — Kk?)

12dE dE d’E dE dK

So, since E + K is a strictly increasing function, we obtain our affirmation.

Therefore, there is a unique smooth function, A, defined in a neighborhood 1(oy) of
00, such that ¥(A(o),0) = L for every o € I(0p). So, we obtain (4.10). Moreover, since
0o was chosen arbitrarily in Z = (%2, +00), it follows from the uniqueness of the function
A that it can be extended to Z.
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Next we show that A is a strictly decreasing function. We know that U(A(o),0) = L
for every o € I(0y), then

d 0¥ /0o

So, by using the relation 72 = (4co — n?)(1 — k?) = (4co — n?)k"*, we obtain the following
formal equivalences

oV n? dK K?dK
— deo —n)K > —— & K > ——.
ag<0<:>(co n°) > e K> o
Then, since 45 = (E — K?K)/(kK?), it follows that
8\11 2 12 2 12
a—<0<:>kK>E F'Ke (k+EF)K >E< K >FE.
o
This completes the Theorem. [l

Remark 4.1. In the case that the polynomial F(t) = —t* + 4cot? + 4¢Bg, has a pure
imaginary root and the other two roots are real we can show the existence of two smooth
curves of periodic solutions for (4.2) of cnoidal type, more precisely we have

1— w € (0,+00) — b cn(\/b2 —w¢; k) € H,,.([0,L])
2—we (— %,O) — va?+ 2w cn(\/a2 +w &; k‘) € H).,.([0, L]),

where a, b, k are smooth functions of w.

The following result will be used in our stability theory.

Corollary 4.1. Let L and c be ﬁxed but arbitrary positive numbers. It considers the
smooth curve of dnoidal waves o € (3%, 00) — ¢o(+;m(0),1m2(0)) determined by Theorem
4.1. Then

d L
& | deae>o

Proof. By (4.4), (4.10), and the formula fOK(k) dn?(x; k) dv = E(k) (see page 194 in [18])
it follows that

foL Cbg( df = 2771\/_ fo dn ZE k?) dr = 16£K K (k) dn? (m; k) dx
= L P(k)K (k).
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So, since k — K (k)E (k) and ¢ — k(o) are strictly increasing functions we have that

l6c d dk
/ 9(6) d§ = - T KR E(k)] 7 > 0.

This finishes the Corollary. U

4.2 Periodic Travelling Waves Solutions for Eq. (1.5)

In this subsection we show the existence of a branch of periodic travelling waves so-
lutions of (1.5) for 7 close to zero, such that these solutions will bifurcate of the dnoidal
waves solutions found in Theorem 4.1.

We start our analysis by studying the periodic eigenvalue problem considered on [0, L],

Lox = (== +0 — £d})x = A
{X(O) =x(L), x'(0)=x'(L), (4.14)

where for o > 27%/ L%, ¢, is given by Theorem 4.1 and satisfies (2.2).
Theorem 4.2. The linear operator Lo defined in (4.14) with domain H2,.([0,L]) C

per

LIZ,eT([O,L]), has its first three eigenvalues simple, being the eigenvalue zero the second
one with eigenfunction %%. Moreover, the remainder of the spectrum is constituted by a

discrete set of eigenvalues which are double and converging to infinity.

Theorem 4.2 is a consequence of the Floquet theory (Magnus&Winkler [30]). By
convenience of the readers we will give some basic results of this theory. From the classical
theory of compact symmetric linear operator we have that problem (4.14) determines a
countable infinity set of eigenvalues {\,|n =0,1,2,...} with Ag S A S A S X3S M S
where double eigenvalue is counted twice and A\, — oo as n — oco. We shall denote
by xn. the eigenfunction associated to the eigenvalue \,. By the conditions y,(0) =
Xn(L), x,(0) = x,(L), xn can be extended to the whole of (—o0,00) as a continuously
differentiable function with period L.

We know that with the periodic eigenvalue problem (4.14) there is an associated semi-
periodic eigenvalue problem in [0, L], namely,

Lo€ = p&
{6(0) = —¢(L), €'(0) =—=¢(L). (4.15)

As in the periodic case, there is a countable infinity set of eigenvalues {p,|n =0, 1,2, 3, ...},
with g < 1 £ ps < pg < g < ..., where double eigenvalue is counted twice and p,, — oo
as n — 0o0. We shall denote by &, the eigenfunction associated to the eigenvalue u,. So,
we have that the equation

Lof =~f (4.16)
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has a solution of period L if and only if v = \,, n = 0,1,2,---, whilst the only periodic
solutions of period 2L are either those associated with v = A, but viewed on [0,2L], or
those corresponding to v = pu,, but extended in form &,(L+2z) = §,(L—x) for 0 < x £ L,
n=0,1,2,---. If all solutions of (4.16) are bounded we say that they are stable; otherwise
we say that they are unstable. From the Oscillation Theorem of the Floquet theory (see
[30]) we have that

/\0<u0§,u1<)\1§)\2<,u2§u3<)\3§/\4-~-. (417)

The intervals (Ao, t0), (1, A1), -+, are called intervals of stability. At the endpoints of these
intervals the solutions of (4.16) are in general unstable. This is always true for v = Ag
(Ao is always simple). The intervals, (—oo, Ao), (o, pt1), (A1, A2), (e, 13), - - -, are called
intervals of instability, omitting however any interval which is absent as a result of having
a double eigenvalue. The interval of instability (—oo, Ag) will always be present. We note
that the absence of an instability interval means that there is a value of v for which all
solutions of (4.16) have either period L or semi-period L, in other words, coexistence of
solutions of (4.16) with period L or period 2L occurs for that value of .

Proof of Theorem 4.2. From (4.17) we have that \g < A\; = Ay. Since ﬁg%(]ﬁo =0
and ¢y has 2 zeros in [0, L), it follows that 0 is either A\; or Xo. We will show that
0= )\1 < Xo. We consider ¥(x) = x(yx) with 4> = 4¢/n?. Then from (4.14) and from
the identity k?sn’z + dn’z = 1, we obtain

U+ [p 6k2sn? (:157k)]\11
{‘I’(O) V(2K (K)), '(0) = (2K(k)) (4.18)
where
P= w +6. (4.19)

Now, from Floquet theory it follows that (—oo, po), (1g, 12}) and (p1, p2) are the instability
intervals associated to this Lamé’s equation, where for i = 0, u; are the eigenvalues
associated to the semi-periodic problem. Therefore, pg, p1, po are simple eigenvalues for
(4.18) and the rest of eigenvalues p3 < py < ps < pg < -+, satisfy that ps = p4, p5s = pe, -+,
in other words, they are double eigenvalues.

It is easy to verify that the first three eigenvalues pg, p1, p2 and its corresponding
eigenfunctions Wy, Wy, Wy are given by the formulas

po=2[1+k —V1—-Ek+k| Uo(x)=1—(1+k*—1—k2+k')sn*(z),
p1 =4+ k? Uy(x)=snx cnz, (4.20)
pr=2[1+k*+V1—-k2+ kY, Uy(x)=1—(1+k*++V1—Fk2+k*)sn?(x).

Next, Wy has no zeros in [0, 2K] and ¥, has exactly 2 zeros in [0, 2K), then py is the first
eigenvalue to (4.18). Since py < p; for every k% € (0,1), we obtain from (4.19) and (4.5)
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that
4edg =ik —2 - 2V1 — k2 + k%) < 0 py < p1.

Therefore Ao is the first negative eigenvalue to £y with eigenfunction xo(x) = Wo(x /7).
Similarly, since p; < py for every k% € (0, 1), we obtain from (4.19) that

dedg =i (K =24+ 2V1 — k2 + k%) > 0 py < po.

Hence A, is the third eigenvalue to £y with eigenfunction yo(z) = Wo(z/v). Finally, since
x1(z) = ¥i(z/v) = B ¢o(x) we finish the proof. O

Next we have our theorem of existence of solutions for (1.5). For s = 0, let H, ([0, L])

p
denote the closed subspace of all even functions in H>_ ([0, L]).

Theorem 4.3. Let L,a, 3,¢ > 0 and o > 272/ L? fized numbers. Then there exist v, > 0
and a smooth branch

v E (_717’71) - (¢77¢7) S H]?er,e([ov L]) X H;er,e([ov L])

of solutions for Eq. (1.5). In particular, for v — 0, (¢+,1,) converges to (¢o, o) uni-
formly for x € [0, L], where (¢, o) is given by Theorem 4.1 and is defined as in (4.4).
Moreover, the mapping

d d
g <_71>71) - (%QZ)W %@Dv)
18 continuous.

Proof. Without loss of generality we take « = 1 and 8 = 1/2. Let X, = H, .([0, L]) x
HY., .([0,L]) and define the map

per,e

G :Rx (0,+00) x X, — L2, .([0,L]) x L2, ([0, L])

per.e
by

Gy, A ¢,9) = (=¢" + Ao + ¢, =y DY + b + ¢°).
A calculation shows that the Fréchet derivative G(4.4) = 0G(7, A, ¢,1)/0(¢, 1) exists and
is defined as a map from R x (0,+00) x X, to B(X,; L%, .([0,L]) x L%, ([0, L]) by

per,e per,e

2y

From Theorem 4.1 it follows that for ®, = (¢, ), G(0,0,®y) = 0°. Moreover, from
Theorem 4.2 we have that G44)(0,0,®y) has a kernel generated by @', Next, since
oy ¢ X, it follows that G(44)(0,0,®) is invertible. Hence, since G and G4,y are
smooth maps on their domains we have from the Implicit Function Theorem that there
are y; > 0, A\; € (0,0), and a smooth curve

(7, A) € (=71,m1) X (0 = A, 04+ A1) = (D0, Vy0) € X
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such that G(v, A, ¢y, ¢52) = 0. Then, for A = o we obtain a smooth branch v €

(—71,7) = (Py.0,¥y.0) = (¢,,) of solutions of Eq. (1.5) such that v € (—y,71) —
(L, L4,) is continuous. This shows the Theorem. O

Remark 4.2. Since ¢y is strictly positive on [0, L] and ¢, — ¢g, as v — 0, uniformly
in [0, L], we have that for v near zero ¢,(z) > 0 for x € R. Moreover, since the linear
operator —yD + ¢ is a strictly positive operator from H,,.([0,L]) to L2,.([0,L]) for ~
negative, we have that ¢ (z) < 0 for all z € R.

5 Stability of Periodic Travelling-Wave Solutions

We start this section by defining the type of stability which we are interested. For any
c € R* define the functions ®(¢) = €™¢/2¢(¢) and W(£) = (£), where (¢, ) is a solution
of (1.5). Then we say that the orbit generated by (®, V), namely,

Quaw) = {(€?®(- + 20), (- + 0)) : (0,20) € [0,27) x R},

per

there exists d(€) > 0 such that for (ug,vo) satisfying [|ug — ®||y < ¢ and ||vy — \Il||% < 6,
we have that (u,v) solution of (1.1) with (u(0),v(0)) = (uo,vo), satisfies that (u,v) €
C(R; HL, ([0, L)) xC(R; H ([0, L]) and

per

is stable in H!, ([0, L]) x Hp%er([o, L]) by the flow generated by Eq. (1.1), if for every € > 0
(

inf
z0€R,0€[0,27)

for all t € R.

lePu(- + 20,t) — ®||; <€, ingR |v(- + o, t) — \IIH% <€, (5.1)
S

The main result to be proved in this section is that the periodic travelling waves
solutions of (1.1) determined by Theorem 4.3 are stable for ¢ > 27%/L? and 7 negative
and near 0.

Theorem 5.1. Let L,a,3,¢ > 0 and o > 272/L* fized numbers. We consider the
smooth curve of periodic travelling waves solutions for (1.5), v — (¢, 1), determined by
Theorem 4.3. Then there exists 7o > 0 such that for each v € (=9, 0), the orbit generated

by (04(6). ¥, (€)) with
cb'y(g) = eiCE/ngw(S) and \Ij”/(f) - 1/}7@)7

is orbitally stable in H!, ([0, L]) x Hp%er([(), L)).

per

The proof of Theorem 5.1 is based in the ideas developed by Benjamin ([13]) and
Weinstein ([36]) which given us an easy form of manipulating with the required spectral
information and the positivity property of the quantity % / Qﬁ%(l‘)dl‘, which are basic
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in our stability theory. We do not use the abstract stability theory of Grillakis et al.
basically by these circumstance. So, it considers (¢-,1,) a solution of (1.5) obtained in

1
Theorem 4.3. For (ug,vo) € HL ([0, L]) x HZ([0,L]) and (u,v) the global solution to

per

(1.1) corresponding to these initial data given by theorem 3.3, we define for ¢ = 0 and
o> 2n?/L?

(w0, 0) = e (Tew) (- + w0, t) — & |* + ol (To)u(- + o,t) — || (5.2)
where we denote by T, the bounded linear operator defined by
(Tou)(z,t) = e~ @D/ 2 (2 1).
Then, the deviation of the solution u(t) from the orbit generated by ® is measured by

po(u(,t), 0,)? = inf Q4 (o, 0). (5.3)

zo€[0,L],0€[0,27]
Hence, from (5.3) we have that the inf ;(xq, 0) is attained in (0, z¢) = (0(t), zo(t)).

Proof of Theorem 5.1. It considers the perturbation of the periodic travelling wave

(6, 1) |
§(x,t) = (Teu)(x + w0, 1) — P () (5.4)
n(x,t) = v(x + xo,t) — ().
Hence by the property of minimum of (6, x¢) = (0(t),zo(t)) we obtain from (5.4) that
p(z,t) = Re(§(z,t)) and g(x,t) = Im(&(x,t)) satisfy the compatibility relations

fOLq(x, t)ﬁbv@)l/}y(l‘) dr =0
{ T2 b, 1)(6 () () d = 0. (5.5)

S
I

1
Now we consider the continuous functional L defined on H,,.([0, L]) x Hjer([0, L]) by

L(u,v) = E(u,v) + ¢ G(u,v) + w H(u,v),
where F, G, H are defined by (1.2). Then from (5.4) and (1.5) we have
AL(t) := L(u(t), v(t)) — L(®,, ¥,) = L(®, + e'/2g, ¥y +n) = L(®y, ¢y)

2
—< Lopp >+ < Lia.0> 55 ) [P0+ 20K (0,0) + 6K, 2R + )] da

=y [ 0P+ )+ 4K o) A + ) dr
(5.6)
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where, for 7 < 0 we define K" as
_— 1 N

—1
R0 = — e J ) forkez,

which is the inverse operator of K, : HS, ([0, L]) — H3.'([0, L]) defined by K, = —yD+c.
The operator L, is

2

L, = ~ae + o0+ ap, —2af¢, 0 lC;l 0 ¢y, (5.7)
with ¢, 0 K71 0 ¢, given by [p, 0 K1 0 ¢,](f) = ¢, K (@, f). L3 is given by
d2
Lh= e + 0+ ar, (5.8)

and IC}/ 2, Ky /2 are the positive roots of K, and X ! respectively.

Now, we need to find a lower bound for AL(t). The first step will be to obtain a
suitable lower bound of the last term on the right-hand side of (5.6). In fact, since Ky 12
is a bounded operator on Lper([() L)), ¢, is uniformly bounded, and from the continuous
embedding of H! ([0, L]) in L2 ([0, L]) and in L>([0, L]), we have that

per per
af

[ UG 0+ )P + 4K 20,0006 20 + )] do > =il - Callel (5.9)

where (7 and C5 are positive constants.

The estimates for < L,p,p > and < Ej q,q > will be obtained from the following
theorem.

Theorem 5.2. Let L,a, 3,¢ > 0 and o > 272/ L? fized numbers. Then there exists o > 0

such that if v € (—72,0) then the self-adjoint operators L, and L defined in (5.7) and
(5.8), respectively, with domain HZ,.([0, L]) have the following properties:
(1) L, has a simple negative eigenvalue A, with eigenfunctz’on o~ and fOL O pdx # 0.
(2

)
) L., has a simple eigenvalue at zero with ez’genfunction Py

(3) There is ny > 0 such that for B, € 3(L,) — {\,,0}, we hcwe that 3, > n,.

(4) £+ s a non-negative operator which has zero as its first eigenvalue with eigenfunc-
tion gzﬁ,y. The remainder of the spectrum is constituted by a discrete set of eigenvalues.

Proof. From (1.5) it follows that £,¢, = 2¢,1, and so from Remark 4.2 we have that
for v < 0, < Lypy,dy >= 2 [ #2ydx < 0. Therefore £, has a negative eigenvalue.

28



Moreover, we have that £, -£¢, = 0. Next for f € H),.([0,L]) and ||f|| = 1 we have

< Lof, f>=<Lof, f > —2a2 < ¢of, DK (b0 f) > +a [y (b, — o) fd
+a? [V oo fICTH (o f) — by F (0 f)]d (5.10)
>< Lof, f > +a [} (by — o) f2de + o [Foo ST (b0 f) — b, F (6 1)]de,

where the last inequality is due to that v < 0 and DK7 1'is a positive operator. So, since

| Iy @y = o) 2] < (10, = ol
(5.11)

Jo 1601 (@0 f) = D0 K (0 ))dx| < (16511 + ol I — olloc,

we have from Theorem 4.3 that for v near 0~ and e small, < L, f, f >2< Lof, f > —e.
Hence, for f L xo and f L %éo, where Loxo = Aoxo with A\g < 0, we have from the
spectral structure of £y (Theorem 4.2) that < L. f, f >= n, > 0. Therefore, from min-
max principle ([35]) we obtain the desired spectral structure for £,. Moreover, let ¢,
be such that £,p, = A\, with A, < 0. Therefore, if ¢, L ¢, then from the spectral
structure of £, we must have that < £,¢., ¢, >= 0. But we know that < £,¢,, ¢, >< 0.
Hence, < ¢, ¢, ># 0. Finally, since Eﬁ;gzﬁW = 0 with ¢, > 0, it follows that zero is simple
and it is the first eigenvalue. The remainder of the spectrum is discrete. ([l

Theorem 5.3. [t considers v < 0 and near zero such that Theorem 5.2 is true. Then

(a) inf {<Lyf, f>: [[fll=1,<f ¢y >=0, } =5 =0
(b) nf {< Ly f, > Il =1, < [0, >=0,< [, (d3¢5) >=0} =5 > 0.

Proof. Part (a). Since ﬁw%(bv =0 and < %qﬁy,qﬁv >= 0 then Gy £ 0. Next we will
show that By = 0 by using Lemma E.1 in Weinstein [38]. So, we shall show initially
that the infimum is attained. Let {¢;} C H,.([0,L]) with |[¢;] = 1, < ¥;,¢, >= 0
and lim; .o, < L£,1;,1; >= . Then there is a subsequence of {¢;}, which we denote
again by {1}, such that ¢; — 1 weakly in H,,.([0, L]), so ¢; — 1 in L2 ([0, L]). Hence
|9l = 1 and < 4,6, >= 0. Since [[¢'|* < liminf |[¢'[|* and K (¢y25) — KM dy0)
in L2,.([0, L]) we have, By << Lyth,¢p >=< liminf < L,3);,1; >= Bp. Next we show
that < E;l%,gb,y >< 0. From (1.5) and Theorem 4.3 we obtain for x, = —%(bV that
L. X~ = ¢~. Moreover, from Corollary 4.1 it follows that < —%gf)o, ®o >< 0 and so for v

small enough < —-£¢. ¢, >< 0. Hence from [38] we obtain that 3 > 0. This shows part

(a).
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Part (b). From (a) we have that § = 0. Suppose § = 0. Then following a similar
analysis to that used in part (a) above, we have that the infimum define in (b) is attained

at an admissible function {. So from Lagrange’s multiplier theory there are A, 6,7 such
that

L,¢=A+ 00, + 77(%%)'- (5.12)

Using (5.12) and < £,(, ¢ >= 0 we obtain that A = 0. Taking the inner product of (5.12)
with ¢, we have from £,¢! = 0 that

L
0=y /0 8 (Sy0)'dz, (5.13)

but the integral in (5.13) converges to

L N L
| vtonsoras = =2 [ gion s <o
0 0

as v — 0. Then from (5.13) we obtain n = 0 and therefore £,( = 6¢,. So, since
Ev(_%%) = ¢, we obtain 0 =< (,¢, >= 6 < gbv,—%gb,y >. Therefore # = 0 and
L,¢ = 0. Then ¢ = v¢/, for some v # 0, which is a contradiction. Then § > 0 and the
proof of the Theorem is completed. OJ

Theorem 5.4. [t considers v < 0 and near zero such that Theorem 5.2 is true. If ﬁj 18
defined as in (5.8) then

inf {< L5f.f > [fl = 1L,< f.oy0, >=0, } = >0,

Proof. From Theorem 5.2 we have that Ej is a non-negative operator and so u = 0.
Suppose = 0. Then following the ideas of the proof of Theorem 5.3 we have that the
minimum is attained at an admissible function g* # 0 and there is (A, ) € R? such that

LIg" = Ag" + 0. (5.14)

Thus, it follows that A = 0. Now, taking the inner product of (5.14) with ¢, it is deduced

that 0 =< LI¢,, 9" >= QfOL ¢2dx, and therefore § = 0. Then, since zero is a simple
eigenvalue for Ej it follows that ¢* = v¢, for some v # 0, which is a contradiction. This
completes the proof. .

Next we complete the proof of Theorem 5.1 by returning to (5.6). So we estimate the
terms < L,p,p > and < LFq,q > where p and ¢ satisfy (5.5). Thus, from Theorem 5.4
and from the particular form of Ej; we have that there is C; > 0 such that

< L¥q,q>2 Cilqli. (5.15)
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Now we estimate < L.,p,p >. Suppose without loss of generality that ||¢,|| = 1. We
write p, = p —p,, where p, =< p,¢, > ¢,. Then, from (5.5) and the positivity of the
operator K7 Lit follows that < p , (¢41,)" >= 0. Therefore from Theorem 5.3, it follows
< Lp.,p. >2 Dljp,|I%. Now we suppose that Juo]| = [lé]] = 1. Since [u(t)]? = 1 for
all t, we have that < p,¢, >= —||¢||*/2. So, < L.p ,p, >Z Bollp||* — A1l|€]l]. Since
< Ly¢y, 0y > < 0 it follows that < L,p ,p, >= —p5|€[l]. Moreover, Cauchy-Schwarz
inequality implies < L,p ,p, >= —04(|€ ||3. Therefore we conclude from the specific form
of £, that

< Lyp.p>2 Dillplli, — Dall€ll7, — Dsli€lly (5.16)

1,09
with D; > 0 and [|f[[, = [/'I* + o[l fI*
Next by collecting the results in (5.9), (5.15) and (5.16) and substituting them in (5.6),
we obtain
AL(t) 2 diflé]i,, — dall€llT , — dsllélly (5.17)

1,0

where d; > 0. Therefore, from standard arguments for € > 0 there is a d(¢) > 0 such that
if |Jug — @410 < 0(€) and [jvg — \IJ7|]% < 0(e),

po(u(t), d5)* = 6@, <€ (5.18)

for t € [0, 00), and so we obtain the first inequality in (5.1).
Now, it follows from (5.6) and from the above study of £ that

a 2
€2 33 / L2+ 28K (9p) + K20 + ¢7)| da.
R

Thus, from (5.18) and the equivalence of the norms ||K3/*n|| and ||77||% we obtain (5.1).
We have thus proved that (®., W.,) is stable relative to small perturbation which preserves
the L2,,.([0, L]) norm of ®.. The general case follows from that v € (—y1,71) — (¢4,1,)

per

is a smooth branch of solutions for Eq. (1.5). This finishes the Theorem. O
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