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ABSTRACT. We show that there exists a generic subset R C C'(M)\ HT, such that for f € R, the union
of stable manifolds for periodic points of f is dense, it gives an answer to Bonatti’s conjecture in the
set (HT)®. In fact, we prove that when f € R and C is any Lyapunov stable chain recurrent class of
f, it should be a homoclinic class, what’s more, suppose i¢ is the minimal index for the periodic points
in C, then C has an index 79 dominated splitting E'f; P Eic[;ﬂrl, and either Ef;\c is contracting or C is
an index 79 — 1 fundamental limit and the bundle Eic;\c has a codimension-1 sub-dominated splitting

EX|lc =E; _ © Ef® where E7 _, is contracting and dim(E{*)=1

1. INTRODUCTION

This paper is about generic dynamics, a subject that has been very active in the last years. The theory
of generic dynamics is trying to give a description of a large class of differential dynamics, especially it
can help us understanding the non-hyperbolic diffeomorphisms which is one of the most important aim
of modern dynamical theory.

The stable manifold for hyperbolic periodic point is one of the most basic and important object in
differential dynamic, such submanifold has a special converging property, and the complicated phenom-
ena: homoclinic intersection just comes from the transverse intersection between the stable manifold and
unstable manifold. When a diffeomorphism f is hyperbolic, it’s well known that the union of stable man-
ifolds of f’s periodic points of is dense, but people discovered that the set of hyperbolic diffeomorphisms
are not dense among differential dynamics, so we want to know that if the results on the hyperbolic sys-

tems can indicate the same property will be hold for generic non-hyperbolic systems. Here we proved that:

Theorem 1: There exists a generic subset R C (HT1)¢ such that for any f € R, | W?#(p) is dense
pEPer(f)
in M.

These result gives a partial answer to the following Bonatti’s conjecture:

Conjecture 1 (Bonatti): There exists a generic subset R C C1(M) such that for any f € R, |J W?*(p)
pEPer(f)
is dense in M.

The Bonatti’s conjecture is one step towards the following famous conjecture.
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C" Palis conjecture: Diffeomorphisms of M exhibiting either a homoclinic tangency or heterdimen-

sional cycle are C™ dense in the complement of the C' closure of hyperbolic systems.

Since until now, almost all the perturbation tools just work in C'! topology, so in this paper we just
consider C' diffeomorphisms and talk about C! typical phenomena.

In fact, I believe something even stronger than Palis conjecture should be live:

Conjecture 3 (Tameness conjecture): There exists a generic subset R C (HT1)¢ such that any f € R

18 tame.

It’s not difficult to get C' Palis conjecture from tameness conjecture, but until now we can’t prove
the tameness conjecture even in the simplest open set: the small open neighborhood of the map: linear
Anosov map|r> x Idgi. In the flow case, it looks like true in the set F!(M).

In the direction of proving the Tameness conjecture, I propose the following two intermediate problems:

Conjecture 4: There exists a generic subset R C (HT1)¢ such that for any f € R, its chain recurrent

classes are all homoclinic classes.

Conjecture 5: There exists a generic subset R C (HT1)® such that for any f € R, suppose C is a
homoclinic class of f, and igp = min{i : C [\ Per;(f) # ¢}, then C has an index iy dominated splitting
TcM = E; @ Ef' | where Ej is Zcontmctmg.

Here I want to point out that the above two weaker conjectures are still enough to prove Palis conjec-
ture, now let’s show some simple idea of how to induce C'* Palis conjecture from the above two conjectures:
suppose f € R and it’s far away from heterdimensional cycle (f € (HC|JHT)), let C be any chain
recurrent class of f, then by conjecture 4, C' is a homoclinic class, and by f € (HC)¢, all the periodic
points in C' have the same index ig, then by conjecture 5, C' is hyperbolic and has an index 79 dominated
splitting Tc M = E; @ Ej; 1, then it’s easy to know f has just finite chain recurrent classes so it satisfies
Axiom A, f satisfies the non-cycle condition is just a well known C'! generic result from [5]’s connecting
lemma.

The above two conjectures have been proved by [37] when M is a boundless surface (in fact, they
proved tameness conjecture in this case). In higher dimensional manifold they are still far away to be

proved. The following conjectures are weaker more and look like easier to prove:

Conjecture 6: There exists a generic subset R C (HT1) such that for any f € R, suppose C is any
aperiodic class of f, then C has a partial hyperbolic splitting Tc M = E* @ E¢® EY where E%, E* # ¢
and dim(E°) = 1.

Conjecture 7: There exists a generic subset R C (HT1)® such that for any f € R, suppose C is a
homoclinic class of f and i9 = min{i : C(\Per;(f) # ¢}, then C has an index iy dominated splitting
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TeM = Ei7 ® Ef' , and either Ef’ is contracting or Ef* has a codimension-1 sub-dominated splitting
Ef = E; | ® Ef where E;,_ is hyperbolic and dim(Ef|c) = 1.

All the conjectures above just talk about general chain recurrent classes, before we prove them, we
should check them in some special situation. In this paper we’ll use a special chain recurrent class: Lya-
punov stable chain recurrent class to check these conjectures, and we can show that for this special kind
of chain recurrent class Conjecture 4 and half of Conjecture 7 are right, they give some evidence that the

above conjectures may be right. The precisely statements are following:

Theorem 2: There exists a generic subset R C (HT')¢ such that for any f € R, its Lyapunov stable

chain recurrent classes should be homoclinic classes.

Theorem 3: There exists a generic subset R C (HT1)¢ such that for any f € R, suppose C is any
Lyapunov stable homoclinic class of f, let ig = min{i : C[)Per;(f) # ¢}, then C has an index ig
dominated splitting Te M = Ef° & B, and l

e cither ES° is contracting and C' is an index o fundamental limit
e or E{® has a codimension-1 sub-dominated splitting Ei7 = E; _, ® EY where E _, is contracting

and dim(E§|c) =1, and C is an index ig — 1 and index ig fundamental limit.

In §3 we’ll state some generic properties and give an important technique lemma, its proof will be
given in §7. In §4 I’ll introduce some properties for fundamental limit and Crovisier’s central model, in

85 I'll state the main lemma and use it to prove theorem 1,2,3. The proof of the main lemma is given in §6.
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2. DEFINITIONS AND NOTATIONS

Let M be a compact boundless Riemannian manifold, since when M is a surface [37] has proved
that hyperbolic diffeomorphisms are open and dense in C(M) \ HT, we suppose dim(M) = d > 2 in
this paper. Let Per(f) denote the set of periodic points of f and Q(f) the non-wondering set of f, for
p € Per(f), m(p) means the period of p. If p is a hyperbolic periodic point, the index of p is the dimension
of the stable bundle. We denote Per;(f) the set of the index i periodic periodic points of f, and we call
a point x is an index i preperiodic point of f if there exists a family of diffeomorphisms g, <, f, where

gn has an index i periodic point p,, and p, — . P;(f) is the set of index ¢ preperiodic points of f.

Remark 2.1. It’s easy to know P;(f) C P(f).



4 JIAGANG YANG

Let A be an invariant compact set of f, we call A is an index ¢ fundamental limit if there exists a family
of diffeomorphisms g,, C! converging to f, p, is an index 4 periodic point of g, and Orb(p,) converge
to A in Hausdorff topology. So if A(f) is an index ¢ fundamental limit, we have A(f) C P/(f). A is
minimal index ¢ fundamental limit if A(f) is an index 4 fundamental limit and any invariant compact

subset Ag & A is not an index ¢ fundamental limit. In [51] we have showed the following result:
Lemma 2.2. Any indez ¢ fundamental limit contains a minimal index i fundamental limit.

For two points z,y € M and some § > 0, we say there exists a d-pseudo orbit connects x and y if there
exist points = xg, x1, - , &, = y such that d(f(z;),zi41) < for i =0,1,--- ,n — 1, and we denote it
x?y. Wesayx%yifforanyts>Owehavex?yanddenotexHyifx—|yandy—|x. A point x is
called a chain recurrent point if © H z. CR(f) denotes the set of chain recurrent points of f, it’s easy to
know that H is a closed equivalent relation on CR(f), and every equivalent class of such relation should
be compact and called chain recurrent class. A chain recurrent class C' of f is called Lyapunov stable if

there exists a family of neighborhoods {U,} of C satisfying:

a) Un+1 C Unv
b) (U, =C,
c) f(Un) C Un.
Remark 2.3. Conley proved that any homeomorphism f has at least one Lyapunov stable chain recurrent

class.

Lemma 2.4. Let C be a Lyapunov stable chain recurrent class of f, then if y € W*(C) (that means
lim mig{d(f’i(y), 2)} — 0), we have y € C.
1—00 zE

Proof : For any U, the neighborhood of C' given in the definition of Lyapunov stable chain recurrent
class, there exists an i > 0 such that f~%(y) € U, then y € f4(U,) C Uy, soy € U, = C. O

Let K be a compact invariant set of f, and z,y are two points in K, we denote z I—(( y if for any 6 > 0,
we have a § -pseudo orbit in K connects x and y. If for any two points =,y € K we have x I—|( y, we call
K a chain recurrent set. Let C' be a chain recurrent class of f, we say C is an aperiodic class if C' does
not contain periodic point.

Let A be an invariant compact set of f, for l € N, 0O < A < 1 and 1 <4 < d, we say A has an index
i — (I, \) dominated splitting if we have a continuous invariant splitting Ta M = E @ F where dim(E,) = i
forany z € A and || Df!|g(z) || - | Df~!|r(flz) |< A for all z € A. For simplicity, sometimes we just say
A(f) has an index 7 dominated splitting. A compact invariant set can have many dominated splittings,
but for fixed 4, the index ¢ dominated splitting is unique.

We say a diffeomorphism f has C" tangency if f € C"(M), f has hyperbolic periodic point p and
there exists a non-transverse intersection between W#(p) and W*(p). HT" denote the set of the diffeo-
morphisms which have C” tangency, usually we just use HT denote HT'. We call a diffeomorphism f
is far away from tangency if f € C'(M)\ HT. The following proposition shows the relation between

dominated splitting and far away from tangency.
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Proposition 2.5. ([43]) f is Ct far away from tangency if and only if there exists (I, \) such that P} (f)
has index i — (I, \) dominated splitting for 0 <1i < d.

Usually dominated splitting is not a hyperbolic splitting, Mané showed that in some special case, one

bundle of the dominated splitting is hyperbolic.

Proposition 2.6. ([29]) Suppose A(f) has an index i dominated splitting ESF (i # 0), if A(f) P} (f) =
¢ for 0 < j < i, then E is a contracting bundle.

3. GENERIC PROPERTIES

Here we’ll introduce some C* generic properties.

For a topology space X, we call a set R C X is a generic subset of X if R is countable intersection
of open and dense subsets of X, and we call a property is a generic property of X if there exists some
generic subset R of X holds such property. Especially, when X = C1(M) and R is a generic subset of
C1(M), we just call R is C! generic, and we call any generic property of C1(M) ’a C! generic property’
or ’the property is C'! generic’.

It’s easy to know that if R is C! generic and R; is a generic subset of R, then R; is also C! generic.

At first let’s state some well known C' generic properties.

Proposition 3.1. There is a C! generic subset Ry such that for any f € Ro, one has

1) f is Kupka-Smale (every periodic point p in Per(f) is hyperbolic and the invariant manifolds of
periodic points are everywhere transverse).

CR(f) =Q = Per(f).

P;(f) = Pi(f)

any chain recurrent set is the Hausdorff limit of periodic orbits.

any index 1 fundamental limit is the Hausdorff limit of index i periodic orbits of f.

any chain recurrent class containing a periodic point p is the homoclinic class H(p, f).

suppose C' is a homoclinic class of f, and ig = min{i : C[\Peri(f) # ¢}, i1 = maz{i :
C(\Peri(f) # ¢}, then for any ip < i < i1, we have C(\Per;(f) # ¢ and C is index i
fundamental limait.

8) if all the Lyapunov stable chain recurrent classes of f are homoclinic classes, then |  W?*(p)
pEPer(f)
is dense in M.

Proof 1) comes from Kupka-Smale theorem, 2) is proved in [5], 3),4),5),6) are all well known, 7) is
proved in [2], 8) is proved in [31]. O

By proposition 3.1, for any f in Ry, every chain recurrent class C' of f is either an aperiodic class or
a homoclinic class. If #(C) = oo, we say C' is non-trivial.

The following technique lemma gives a new C! generic property whose proof would be given in §7.

Lemma 3.2. (Technique lemma). There exists a generic subset R{, of Ry such that for f € R}, suppose
C is a non-trivial chain recurrent class of f, A & C is a compact chain recurrent set without periodic
point, then for 0 < s < 1 and any point y € (C'\ A) W (A), for any small neighborhood O of y
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and any small neighborhood V' of A, there exists a periodic point q of f satisfying Orb(q) (O # ¢, and

#{Orb(g) NV}
7(q) > s.

Since R}, is a generic subset of Ry and Ry is C' generic, R} is a C! generic subset also.

Corollary 3.3. There exist a generic subset R C R)\ HT such that for f € R, if C is a chain recurrent
class of f, A & C is a non-trivial minimal set with partial hyperbolic splitting £ © EY © E}',; where
dim(Ef(A)) =1 and E¢(A) is not hyperbolic, then W*(A)(C C P (P, and

e cither C' contains index i + 1 or index i periodic point and it’s an index i fundamental limit,

e or for anyy € (CO\W™(A)\A, and {V,,} is a family of neighborhoods of A satisfying Vi1 C Vi,
and (\V,, = A, there exists {qn} a family of index i (or i + 1) periodic points of f such that
WUA) C nILH;O Orb(qn) and nILH;O W — 1.

Proof : At first let’s suppose f € Ry \ HT. When i = 0 (or i + 1 = d), theorem 1 of [51] has shown
C' contains index 1 (d-1) periodic point and C is an index 0 and index 1 (index d and index d — 1)
fundamental limit, so from now we suppose E7 |z, Ef, 5|a # ¢, and here we just prove the above result
for case i, the proof of the case i + 1 is similar.

Fix any y € COW¥*(A) \ A and V,, is a family of neighborhood of A such that V,,;; C V;, and

N\ V. = A, choose g, > 0 and 0 < s, < 1 satisfying €, — 0% and s, — 17. By the technique
n>1
lemma, there exists a family of periodic points {g,(f)} such that y JA C lim Orb(g,) and {¢,} satisfies

W > s,. We can let all the g, (f) have the same index j, we suppose j > i, since the proof

of the other case is the same.

Let j; = m>in{ j : there exists a family of C'! diffeomorphism g,, such that lim g, — f and g,, has an
J=n n—oo

index j periodic point p,(g,) such that lim Orby, (g,(9n)) D yJA and w > Sn )

n—oo T(gn
We claim that

(a) either C contains index i + 1 or index ¢ periodic point and it’s an index @ fundamental limit,

(b) or j; =1.

Proof of the claim
o If j; =14, we get (b).
o If j; > i, we'll show (a) is true.

Suppose g, is the family of diffeomorphisms and g, (g, ) is the index j; periodic point of g, given in
the definition of ji. Let lim Orbg, (g,) = Co, then Co C P, by proposition 2.5, Cp has an index j;
dominated splitting 57 GS;ZEF?ZA I -

By the definition of j; and Franks lemma, we know that {D9n|E;f(0rbgn () } 1 1s stable contracting.

By lemma 4.9, lemma 4.10 and remark 4.11 of [51], there exist No, [, 0 < A < 1 such that for 7, (gn) > No,

s—1
we have ¢], € Orbg, (¢n) satisfying | Dgl,
=0
trivial, from A C lim Orbg, (¢n(gn)), we know lim 7y (gn(gn)) — 00, s0 we can suppose 7y, (gn(gn)) >
n—oo n—o0

A s . L i
E;ff(gff(q;))H < X for s > 1. Since A is minimal and non

Ny always. The above point ¢, is called hyperbolic time for bundle E%?, its existence comes from Pliss

lemma, since Orbg, (gy) stays a lot of time in V},, so in fact from the Pliss lemma we can always choose
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1
q,, € V,,, then we can suppose lim ¢/, = z¢ € A, by lim g, <, f, we have
n—oo n—oo

s—1

(1) H ||Dfl|EJC.1S(fJ'l(wO))|| <\ for s > 1.
=0

Since A has two dominated splitting (Ef* © E{) ® EfYy and ESP@ Bty with ji > i+1, by lemma 4.30
of [51], we have that Ef* @ Ef C Ef?, so by (1), we get H | D! |(E(‘S@Er)(fgl(,r0))|| < X for s > 1. By

A is minimal and E¥|A is not hyperbolic, the splitting (E“S 69 Ef) © Efyy|a satisfies all the assumptions
of weakly selecting lemma, by weakly selecting lemma given in [51] and corollory 4.26 there, C' contains

index i 4 1 periodic point and C' is an index ¢ fundamental limit, so C' satisfies (a). g

Now with a generic argument like we’ll do in §7.1, in the proof of above claim we can replace Rj)\ HT
by a generic subset R C Rj)\ HT such that if f € R and (a) is false, f itself will have a family of index i

periodic points {¢,} such that (y|JA) C lim Orb(g,) and lim %ﬁ)nv’l} — 1. O

We'll show the generic set R satisfies theorem 1, 2 and 3.

4. FUNDAMENTAL LIMIT AND CROVISIER'S CENTRAL MODEL

4.1. The minimal index jy fundamental limit. Let f € R, C is any non-trivial chain recurrent class
of f, suppose jo = min{j : C'(|P; # ¢} and A be a minimal index jo fundamental limit, by lemma 2.2,
J

such set always exists. Now we’ll recall some results about jo and the set A, they are all given in [51]

Lemma 4.1. Suppose f € R, C is a chain recurrent class of f, jo = min{j : CﬂPJT" # ¢}, Nis a
J

minimal index jo fundamental limit in C, then

e cither A is a mon-trivial minimal set with partial hyperbolic splitting Ei ® Ef® E} o

e or C contains a periodic point with index jo or jo + 1 and C is an index jo fundamental limit.

Lemma 4.2. Suppose f € R, C is a non-trivial chain recurrent class of f, if C(\ Py # ¢, then C should

be a homoclinic class containing index 1 periodic points and C is an index 0 fundamental limit.

4.2. Partial hyperbolic splitting and Crovisier’s central model. f € C!(M), A is a minimal set
of f with partial hyperbolic splitting £ ® E{® E}! 5 where E3 | B o # ¢, dim(Ef[s) = 1 and Ef(A) is
not hyperbolic, let C' be the chain recurrent class containing A and Vj be a small neighborhood of A, then
the maximal invariant set of Vy: Ag = (] f7(Vo) will have a partial hyperbolic splitting E; @ Ef® B} 1
also. In fact, we can extend such splitiing to V (it’s not invariant anymore). For every point z € Vp,
we define some cones on its tangent space C!(z) = {v|v € T, M, there exists v/ € E‘(z) such that
d(‘vl, \v’l) < a}izs,coucs,cu- When a is small enough, C!(x) (CL(z) = ¢ (izjms,cu), C*(x) N Cl(x) =
Ce'(x) N Ci(x) = ¢ and Df(Cy(x)) € Co(f(2)) imueu, DFH(Ch(2)) C Cé(f (2)) izs,es for z € Ao.
We say a submanifold D (i = s, ¢, u, ¢s, cu) tangents with cone C?, when dimD" = dim(E") (we denote
E® = E{® E*, E°“ = E{® E") and for € D', T, D" C C!(z). For simplicity, sometimes we just call it
i-disk, especially when i = ¢, we call D¢ a central curve. We say an i-disk D? has center x with size § if

x € D', and respecting the Riemannian metric restricting on D?, the ball centered on 2 with radius § is
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in D?. We say an i-disk D? has center x with radius § if z € D?, and respecting the Riemannian metric
restricting on D?, the distance between any point y € D' and z is smaller than 4.

We say a smooth central curve v is a central segment if f%(y) C Vp and fi(y) is a central curve for
any i € Z, so if v is a central segment, v C A, and it’s easy to know T,y = Ef(x) for any « € v. We
say a smooth central curve v is a positive(negative) central segment if f¢(y) C Vp and fi(y) is a central

0

curve for any i > (<)0, so if 7 is a positive (negative) central segment, v C () f4(V1) (N f:(V1)),
—0o0 0

Now let’s consider the orientation of the central bundle E{(A).

Definition 4.3. We say ES(A) has an f-orientation if ES(A) is orientable and D f preserves its orien-

tation.

S .
Lemma 4.4. For a compact neighborhood Vi of A satisfying Vi C Vo and let Ay = () fi(V1), Al =

1=—00

0 ) oo .
N '), AT = () f'(Vh), then there exist &g > 0, dp/2 > 61 > b2 > 0 such that they satisfy the
‘ i=0

1=—0Q

following properties:

a) If EY(A) has an f orientation, ES(A1) has an f orientation also.

b) for any x € Vi, Bs,(x) C Vo and E§(Bs,(x)) is orientable, so it gives orientation for any central
curve in Bs,(x), and we suppose &g is small enough such that any central curve in Bs,(x) never
intersects with itself.

c) for any x € A, x has 61 uniform size of strong stable manifold Wss(xz) and W§? () is an s disk;
for any x € AT, = has 61 uniform size of strong unstable manifold W (x) and Wy (x) is an u
disk.

d) for any x € Ay, there exists a central curve ls, (x) with center x and radius §1, such that there
exists a continuous function ®° : Ay — Emb'(I, M) satisfying ®¢(x) = ls, (z) where x € Ay, and
if let l5,(x) C ls, (z) be the central curve with center x and radius d1, then f(ls,(x)) C s, (f(2))
and [~ (l5,(2)) C ls, (f ' (@)

e) For any 0 < & < 01, there exists § > 0 such that for any positive central segment v C AT with ¢ <

length(y) < 01, Wi (v) = U W5s(z) is a cs disk with uniform size §, and for any x € Int(y),
xTeEY

there exists 0, > 0 such that for any y € Bs, (x) [ A1, we have Wit (y) h Wi (v) # ¢. And if C
has the following dominated splitting E7 & E{@® W} o, then there exists Uy, a small neighborhood
of C such that any z € C' = () f*(Up) will have uniform size of strong unstable manifold W3 (z)

and if z € Bs,(z)(C’, we still have W (z) h Wi .(v) # ¢.

Proof a), b) are obviously, c¢) is [21]’s result about strong stable manifold theorem, d) is [21]’s re-
sult about cental manifolds, the first part of e) is the stable manifold theorem for normally hyperbolic
submanifold; about the second part, when U, is small enough, C’ will have the dominated splitting
ES @ Ef®@W) , also, and we can even extend such splitting to U, and get two cones Cj |cv and Cgy|cr
which match the respectively cones in V;, then when ¢ is small enough, any 2z € C’ will have uniform
size of strong stable manifold W§*(2) and it’s an s-disk (tangents the cone C§ |, ), so when z € C” near

x enough, we’ll have Wi*(z) h Wy (v) # ¢. 0
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Now let’s introduce Crovisier’s result, we divide the statement to two cases: E{(A) has an f orientation

or not. At first, suppose E(A) has an f orientation, and we call the direction right.

Lemma 4.5. (Ef(A) has an f orientation): 0 < 2 < 61 < 6o/2 are given by lemma 4.4, and ls5, () (zen,)
are given there also, let l(;rl (x) Cls, (x) be the central curve in the right of x, then
a) either for some xg € A, there exists a central segment vo C l;’l (xo) where vo contains xo and
Yo C Ao, in fact, vo is in the same chain recurrent class with A respect the map f|v,.
b) or for any x € Ay there exists a central curve v} C lgrl (z) such that v} containing x, v (zea,) s a
family of smooth curve and they are C° continuously depend on x € A1, and either f('y_;r) C 7;(:;)
for all x € Ay or f_l(’y?) C 7;——1(@ for all x € Ay.

In the case b) of lemma 4.5, if we have f (’y?) C ’y}"(x), we call the right central curve is 1-step

contracting, if f’l('y?) C 7;«11(,@)7 we call it’s one step expanding.

Lemma 4.6. ([13],[51]) When f € R, and a) of lemma 4.5 happens, then C is a homoclinic class

containing index ig or ig + 1 periodic point and C is an index ig fundamental limit.

Lemma 4.7. (Ef(A) has non f-orientation) 0 < 2 < 61 < 6o/2 are given by lemma 4.4, and l5, () (zen,)

are given there also, then

a) either for some xg € A, there exists a central segment o C ls, (o) such that xg € vo and vo C Aq,
and if f € R, then C is a homoclinic class containing index ig or ig + 1 periodic point and C is
an index iy fundamental limit.

b) or for every x € Ay there exists a central curve v, C ls, (x) containing x and Ve (zca,) s a family
of smooth curve C° continuously depend on x € Ay, and either f(7;) C Vi) for all x € Ay or
J7 (%) Cp-1(a) for all z € Ay,

5. PROOF OF THEOREM 1, 2 AND 3

At first, let’s state the main lemma, its proof would be given in §6.

Lemma 5.1. (The main lemma) Suppose f € R, C is a non-trivial Lyapunov stable chain recurrent
class of f, let jo = min{j : C(| P} # ¢}, then C contains index jo or jo + 1 periodic point and C' is an
J

indez jo fundamental limit.

It’s easy to see that theorem 2 is a simply corollary of the main lemma.
Now I'll show the proof of theorem 1:

Proof of Theorem 1: It’s just a corollary of generic property 8) of proposition 3.1 and theorem 2. [

Proof of Theorem 3: Recall jo = min{j : C(| P} # ¢} and io = min{i : C) Per;(f) # ¢}, so jo < io,
by lemma 5.1, we have jo > ig — 1. ’ l

So either jo = ig or jo =i — 1.

When jo = i, then by generic property 6) of proposition 3.1, C' C Wo(f) C P; (f). By proposition
25 and f € R C (HT)", C has an index ig partial hyperbolic splitting TeM = E¢* & E¢,,. By
the definition of jy and the assumption ig = jg, we know C’ﬂPJT" = ¢ for j < ig, so from proposition
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2.6, EJ”OS|C is hyperbolic, we denote it by Ef |c, then on C we have the following dominated splitting
TeM = E; @ Ef", ;. And since C contains index i periodic point, C'is an index i¢ fundamental limit.
When jo = ip — 1, by lemma 5.1, C' is an index i — 1 fundamental limit, so C' C P _; and we’ve
known that C' contains index 4o periodic point, so C' C P, then C' C P} (P}, from f € R C (HT)*
and proposition 2.5, C' has an index ip — 1 dominated splitting Ef® ; @ Ef'|c and an index io dominated
splitting E5* @ EfYy |c. Let Ef|lc = Ei’ (| Ef'|c, then C will have the following dominated splitting
B} 1 ©E{® Bt |c. By the definition of jo, C'() P} = ¢ for j < ip— 1, so from proposition 2.6, Ef*_,|c
is hyperbolic, we denote it Ef _(C). O

101

6. PROOF OF THE MAIN LEMMA

Proof At first, we can suppose jg # 0, since if jo = 0, by lemma 4.2, C' is a homoclinic class containing
index 1 periodic points and C' is an index 0 fundamental limit, then we proved the main lemma.

From lemma 2.2, there always exists a minimal index jo fundamental limit in C, we denote one of
them A, by lemma 4.1, we can suppose A is a non-trivial minimal set with a partial hyperbolic splitting
ES @ Ef ® By Lol

At first, let’s prove C contains an index jo or jg 4+ 1 periodic point.

Now we divide the proof into two cases: Ef(A) has an f orientation or not.

Case A: Ef(A) has an f orientation.

At first, like in §4, choose V; a small neighborhood of A such that Ay = () f*(Vp) will have also a
partial hyperbolic splitting 3 © Ef © Ej! o[a, and Ef|s, also has an f orientation, and when Vp is
small enough, we can always suppose the splitting can be extended to Vj (of course, it’s not invariant any
more). Choose ag small enough such that for = € Vo, we have C; (z) (| Csi(x) = ¢, C5s(x) N Cy (x) = &,
and C. (CI = ¢ for (i £ j € s,¢,u).

Choose another small neighborhood V; of A satisfying Vi C Vp, let A} = ﬁ f4(V1), then by lemma

i=—00

4.3, Ay has a family of cental curves with uniform size and locally invariant. Since E{(A;) has an f
orientation, we choose one orientation and call the direction right, at first let’s consider the right central
curves. By lemma 4.5, we can suppose the family of right cental curves have 1-step contracting or
expanding property (if it’s not, by (a) of lemma 4.5 and lemma 4.6, C' is a homoclinic class containing
index jp or jo + 1 periodic point and C' is an index jo fundamental limit.) that means for every point

x € Ay, there exists a smooth central curve v;F C l(;rl (x) on the right of = such that

e ~." continuously depends on z € Ay,
. f(’y?) C ’y}"(m) for all z € Ay or f_l(fy?) C 7;'_1(30) for all z € Ay,
e there exist g such that length(y}) > 0.

Since A is minimal, by 4) of proposition 3.1, there exists a family of periodic points {p,}5°; such that
HILngO Orb(pn) — A, so we can suppose Orb(p,) C V; for n > 1, that means Orb(p,) C A, then on the
right of p,,, we have a central curve ’yl‘,t _such that either f (ﬁ) C ’y;r(pn) (if the right central curves of A; is
1-step contracting) or f~1(y) C 7}' L) (when the right central curves of A; is 1-step expanding). For

simplicity, we denote the central curve v,f by ~,F, so we have f~ p")( Yy Cryfor fo 7r(p”)( Ty Cyf. Let
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0 .
It = N f7®)(4+), then I't is a periodic segment with periodic 7(p,), let ¢ be one of the extreme
i=—00

point of T} different with p,, when T’} is not trivial and ¢} = p,, when ')} is trivial, let h} = ;7 \ T},
then there exists €; doesn’t depend on n such that length(h;") > &1. It’s easy to know that when the right
central curves are 1-step contracting, h,t C W#*(q;") and if the right central curves are 1-step expanding,
we have hf C W¥(g,). With the same argument on the left central curves, we can get v, , ¢, I, h,,

also.

Remark 6.1. T',, = '} (T, is a periodic central segment with period w(p,) and f|r, is Kupka-Smale

diffeomorphism, that means Iy, just has finite fived points and they are sinks or sources.

Now considering the contracting or expanding properties of the two half parts of cental curves, we

divide the proof into three subcases:

A.1 Two sides of central curves are 1-step contracting.
A.2 Right central curves are 1-step expanding and the left central curves are 1-step contracting.

A.3 Two sides of central curves are 1-step expanding.

Subcase A.1: Two sides of central curves are 1-step contracting.

In this subcase, we can show there exists periodic point p € C with index jg or jo+ 1 and Orb(p) C Vp.

We have known that ’y/}ﬁ(pn) C l(}"l (fi(pn)) C Bs,(fi(pn)) C Vo, and by 1-step contracting property ,
we have fi(vy,) C Vfi(py) for i >0, s0 v C AT, that means any x € 7, has uniform size of §; strong
stable manifold W§*(x). Since v, is a positive central segment, by the property of normally hyperbolic

manifold and length(v,) > €¢ for all n, there exists § such that W*(y,,) = |J W?**(x) is a cs disk with
TEYn
uniform size ¢, it’s easy to know We(y,)= |  W?*(p).
pEPer(yn)
Let’s suppose lim p, = xg € A, then there exists n big enough, such that W% (xq) h W (y,) # ¢,

suppose a € W (xg) h W (v,,), by lemma 2.4 we have a € W"%(x() C C, it’s easy to know a € W*(p)
for some p € Per(vy), so p € w(a) C C, recall that all the central curves are in Vp, so Orb(p) C V, and p
has index jgo or jo + 1.

Subcase A.2: Right central curves are 1-step expanding and the left central curves are 1-step contracting.

In this subcase, we can show that

(a) either there exists periodic point p € C' with index jy or jo + 1 and Orb(p) C Vp
(b) or there exists periodic point p € C' with index jo.

From now we suppose that (a) is false, we claim that we can always suppose lim length(I'}) — 0.
Proof of the claim: Suppose there exist ¢’ and {I'} }°, such that length(Fer)o; ¢’ for ¢ > 0, then
Y. UL} has uniform size and is a positive central curves and f7 (v, |JI'}} ) C V for any j > 0, so like the
argument in Case A.1, W*(v, JT';}) with center p,, has uniform size and when ¢ big enough, we have
W (zo) h W* (v, UT}) # ¢, then C contains an index jg or jo + 1 periodic point p with Orb(p) C Vb,

that’s a contradiction with our assumption that a) is false. O
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Recall that central curves are a family of C' curves continuous depend on z € A, so we know
lim ;7 — 75, with length(I'}}) — 0 we can know lim hf — ~f.
n— 00 n—00

Since the right central curves are 1-step expanding we can know f~¢(hf) C Vi for all i > 0, so
f7H(vt) € Vo for all i > 0, that means v, is a negative central segment. With length(v;) > eo, that
means W*(y )= U W;*(x) is a cu disk.

zeviy

We claim that v} C C.

Proof of the claim: Since C' is Lyapunov stable, that means that there exists a family of open neigh-

borhood {U,}52; of C such that

a) Un+1 C Un

b) f(U,) C U,
¢) (U, =C.

n
By the property of lim Orb(p,) = A, we can suppose Orb(p,,) C U,, always, since lim I} — 0, we
n—oo n—oo
can suppose g, € U, also. By the property of b), we can know that W¥(q;}) C U,, since we’ve known

that hf C W"(q;}), so h)f C Uy, then 7} = lim v c N U, =C. O
n— oo n>1

Remark 6.2. By the above argument, we can know that for any x € A, v C C, by f~4(v}) C vf,i(m)
for i € N we know v is a negative central segment, so by e) of lemma 4.8, v has unstable manifold
WU (y). By lemma 2.4, W¥(y;) C C.

Choose y € v, \ 2o, then y € C also. Now we claim that we can always suppose y € W*(A).
Proof of the claim: At first let’s note that y € . \ zo for some zy € A and f‘i(fy;)) C ’y;li( ) for

P
i € N because the right central model is 1-step expanding. So f~i(y) € 7;'_1.(%) for i € N, tha‘s also
means a(y) C Vo and it has partial hyperbolic splitting E; & EY ® L 5. Now we just need show the
length of the curve in 'y;r,,i(mo) which connecting f~%(y) and f~%(z¢) converges to 0.

Now we suppose the length doesn’t converge to 0, that means there exists i,, — oo such that the

length of the curve in ’y/‘f_,; which connecting f~%(y) and f~% (x¢) doesn’t converge to 0, suppose

n (z0)

lim f~%(zg) — 1, then lim f~i(y) — y1 € 'yé;l)\xl. Since y1 € a(y) and a(y) is a chain recurrent

gt:tofn Vi1, by generic property 4) of proposition 3.1, there exists a family of periodic points {p,} C Vo
such that p, — y1, it’s easy to know that Orb(p,,) has index jo or jo + 1 and Orb(p,) has uniform size
of strong stable manifold Wy*(p,), by e) of lemma 4.4, we know Wg*(p,) Y W*(7,) 2 a # ¢.

Remark 6.2 has shown that a € C, so Orb(p,) C w(a) C C, recall that {p,} C Vi, then we proved (a),

it’s a contradiction with the assumption that a) is false. ]

By the technique lemma, there exists a family of periodic points {g,} such that lim ¢, = y and
n—oo
yUA C lim Ord(gn). By the corollary 3.3, we can suppose {¢,} all have index jy or index jo + 1.
n—oo

Denote Cop = lim Orb(py), then Co C P} (] P} 1, hence Cy has a dominated splitting £ & BT ® E5, o,

then by e) of lemma 4.4, g, has uniform size of strong stable manifold W§*(¢,) tangent at g, with
E? (¢n), and when n big enough, we have Wg*(gn) h W* (v ) # ¢. Let a € Wi*(gn) th W*(I},), then

Jo
a€ Whylh)= U Wg*x) C C and g, € w(a) C C, so C contains an index jo and index jo + 1
a:E’YIO
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periodic point.
Subcase A.3: Two sides of central curves are 1-step expanding.

In this subcase, we can show that
(a) either there exists periodic point p € C with index jy or jo + 1 and Orb(p) C Vp
(b) or there exists periodic point p € C with index jo.
We claim that if (a) is false, we can suppose there exists a subsequence {n;} such that lim F;’{j —0
J— 00
or lim I', — 0.
j—oo
Proof of the claim: Suppose it’s wrong, then there exists € > 0 such that length(T')}) > ¢ and
length(T',)) > €, then T', is a central segment with uniform size , with the same argument in case A.1,

we can show C contains index jgp or index jy + 1 periodic point, and its orbit is contained in Vj. O

Now change by a subsequence, we can suppose lim ') — 0, now the rest argument is the same with
n—oo
case A 2.

Case B: Ef(A) has no f orientation:

In this case, we can locally define orientation, and in this case locally the two sides of central curves
are either 1-step expanding or 1-step contracting, the rest argument is almost the same with Case A.1
and Case A.3.

Now let’s prove that C is an index jp fundamental limit, here we choose a family of neighborhoods
{V,.} of A such that V,, 41 C V,, and (V;, = A, then by above argument, we can show that
(a) either C contains index jo periodic point,
(b) or C contains periodic point p, € C with index jo + 1 and Orbd(p,) C Vy.
In the case (a), of course C' is an index jo fundamental limit; in the case (b) we just need the following

lemma given in [51]:

Lemma 6.3. Suppose f € R, C is a non-trivial chain recurrent class of f, and A G C is a minimal set
with partial hyperbolic splitting 5 @® EY @ E}. 5 where dim(Ef(A)) =1 and E{(A) is not hyperbolic, if
there exists a family of periodic points {p,} in C satisfying lim Orb(p,) = A, then C is index jo and

jo + 1 fundamental limit.

Remark 6.4. The proof of the above lemma is divided into two cases:

(A) there exists § > 0 such that for any p,, we have D f™®n)
(B) for any L, there exists py,, such that Df”(p"m)|Ef(pn) > = mm(Prm) |

B5(pa) < €070,

In the first case we use weakly selecting lemma, and in case (B) we use lemma 4.25 of [51] which

basically is a transition property.
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7. PROOF OF TECHNIQUE LEMMA

The proof of the technique lemma depends on generic assumption heavily, with many generic assump-
tions, we can find some segment of orbit with ’good’ position, then after using connecting lemma and
another generic property, we can get the periodic points which we need.

In §7.1, we’ll introduce some new C! generic properties in order to define the generic set given in
technique lemma. In §7.2, we’ll recall the proof of connecting lemma, especially about the ’cutting tool’,
because we need an important fact which just appears in the proof of connecting lemma. In §7.3, we’ll

prove the technique lemma.

7.1. Some new C! generic properties. . Suppose {U, }ac4 is a topological basis of M satisfying for

any € > 0, there exists a subsequence {Uy, }5°, such that diam(U,,) < € and |J(U,,) is a cover of M.
i
Fix this topological basis, we’ll get some new C'! generic properties.
At first, let’s recall some definitions, suppose K is a compact set of M, f € C1(M) has been given,
z,y € K, x I—(( y means that for any € > 0, there exists an e-pseudo orbit in K beginning from z and
ending at y. If K = M, we just denote z - y.

The following result has been proved in [Cr2]:

Lemma 7.1. There exists a generic subset R o such that any f € RY o will satisfy the following property:
suppose K is a compact set, W is any neighborhood of K, x1,x2 € K satisfy x1 1_<| xo, U, Uy C W are
neighborhoods of x1,xo respectively, then there exists a segment of orbit of f in W beginning from Uy and
ending in Us. More precisely, there exists a € Uy and iy > 0 such that f(a) € Uy and fi(a) € W for
0<i<i.

Lemma 7.2. There exists a generic subset R ; such that any f € R7 ; will satisfy the following property:
suppose A is a invariant compact subset of f,y ¢ A, 0 < s <1, {®;}K, C {Us}aca is an open cover for
A and O € {Uq}aca is a small neighborhood of y, if there exist g, < f and g, has periodic point p,
#{0rbs, o) (U 20}

Tgn (pn)

satisfying > s and Orby, (pn) (O # ¢, then f itself has a periodic point p satisfying

#{0rm N &b
m(p)

> s and Orb(p,) (O # ¢.

Proof : Consider the set {(®g,, -, Ppy ) }sen, Where @5 € {Us}aca, it's easy to know By is
countable.

For any 8 € By, denote

e Hs={f| f € C(M), f has a C' neighborhood U such that for any g € U, g has a periodic orbit
B g Y g g p

L #HO e AU 20}
Dy satisfying AR > s and Orby(pg) (O # ¢},

e Ng={f| f € C'M), f has a C! neighborhood U such that for any g € U, g has no any periodic

#(0r, () N0 20}
R > s and Orby(pg) (O # ¢}.

It’s easy to know Hg|J Np is open and dense in C'(M). Let Rj, = (| (HgUNg), we'll show Rj
BEBo

orbit p, satisfying

satisfies the property we need.
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For any f € Rj, and any * € By, suppose there exists a family of C! diffeomorphisms {g,}%° ,
#(0rb, () (U 200}

such that lim g, = f and any g, has a periodic orbit p, satisfying o > s and
n—oo gn n
Orbg, (pn) (O # ¢, then f ¢ Ng«. That means f € Hg-, so we proved this lemma. O

With the same argument like above, we can get the following result :

Lemma 7.3. There exists a generic subset R 5 such that any f € R7 5 will satisfy the following property:
forﬁmte number of open set {®;} N 1 CA{Uostaca and Uy, Uy, Us,Us € {Us}aen such that Uy, Uy, Us, Us C

U D, if there exist a, € Uy, gn <, f and 0 < i1, < iz, such that g’ (a,) € U D; for 0 < i <igp,
=1
ll n

gn " (an) € Uy, gn (an) € Uz and gt (a,) ¢ Us for 0 <i < i1,n, then there exist a € Uy and 0 < i1 < ig
such that f'(a) € U ®,; for 0 <i<iy, fit(a) € Uy, f2(a) € Us and fi(ay,) & Us for 0 < i <.

=1

Now let R = Ro [\ R o[\ Ri ()R] 2, and in §7.3 we’ll show the set will satisfy the technique lemma.

7.2. Introduction of connecting lemma. Connecting lemma was proved by Hayashi [20] at first, and
then was extended to the conservative setting by Xia, Wen [48]. the following statement of connecting

lemma was given by Lan Wen as an uniform version of connecting lemma.

Lemma 7.4. (connecting lemma [44]) For any C! neighborhood U of f, there exist p > 1, a positive
integer L and 09 > 0 such that for any z and & < §q satisfying fi(Bs(z)) () fi(Bs(z)) = ¢ for 0 < i #
j < L, then for any two points p and q outside the cube A = UiL:1 fi{(Bs(2)), if the positive f-orbit of
p hits the ball Bs;,(2) after p and if the negative f-orbit of q hits the small ball Bs,,(z2), then there is
g € U such that g = f off A and q is on the positive g-orbit of p.

Remark 7.5. Suppose we have another point z1 € M satisfying A1 [V A = ¢ where Ay = UiL:1 fi(Bs(z1)),

then if we use twice connecting lemma in A and A1, we can still get a diffeomorphism g in U.

Now we’ll show the idea of the proof of connecting lemma, because we need some special property
which just appears in the proof.

In the proof, the main idea is Hayashi’s ’cutting’ tool, by it we can cut some orbits from p’s original f-
orbit and ¢’s original f-orbit, and then connect the rest part in A. More precisely description is following.
Suppose f*"(p) € Bs;,(2) and there exists 0 < 57 < s2 < -+ < sy, such that f* € Bs(z) for 1 <i<m
and f°(p) ¢ Bs(z) for s € {0,1,--+,8m} \ {81,852, - ,8m}. For ¢, there exists 0 < t; < to < --- < ¢,
such that f~%(q) € Bs(z) for 1 <i < n, f'(q) € Bs;,(z) and f~*(q) ¢ Bs(z) for t € {0,1,--- ,t,}\
{t1,t2, - ,t,}. By some rule, we can cut some f-orbits in p’s orbit like { f5 71 (p), f5T2(p), -+, £ (p)} ;>
and cut some f-orbits in ¢’s orbit like {f~%(q), -, f7%T2(q), f 1 (q)} >4, the rest segment is like:

P/ = (paf(p)v afSil (p);f8i2+1a' o 7f8i3 (p)a o ;fSi(k(p)71)+1(p)7' o 7f3ik(p) (p))7

Q = (f7 @ g), o, fTIR @O (q) e f () T () () 0)
Denote X = P’ |JQ’, and 7(X) is the length of X, it’s easy to know X is a 26-pseudo orbits. Then we can
do several perturbations called 'push’ in A and get a diffeomorphism g such that ¢ is on the positive g-orbit
of p, in fact, we have g™(¥)(p) = ¢. It’s because after the push, we can connect f*1(p) and f*27%(p),

L 7w (p) and e T p); £ (p) and [0 T (g); fTUR0- (g) and 02T (g5 -
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f7t2(q) and f~%17L(q) by L times pushes in A, we don’t cut orbits anymore, and it’s important to note
that the supports of different pushes don’t intersect with each other, so we don’t change the length of X,

we just push the points of X in A and get a connected orbit. By the above argument, it’s easy to know
glana = flana and g(A) = f(A).

Remark 7.6. In the above argument, suppose there exists an open set V such that filp) € V for
0<i< sy, and A CV, then after cutting and pushes, we can know {p, g(p),--- , g™ ( )} C V. What’s
more, we can show that #{{g'(p )}W(P Hm(@) NV} < t,.

7.3. Proof of technique lemma. Proof : Here we just prove the technique lemma for y € C'(\W*(A)\
C, the proof for the other case is similar.
Fix Vp a small neighborhood of A, Uy € {U,}aeca a small neighborhood of y such that Vo Uy = ¢

— _ N
and Uy C O, Vo C V. Let {®;}¥, C {Us}aca be an open cover of A such that |J ®; C Vj, choose
i=1

N
V1 another small compact neighborhood of A such that V3 C |J ®;, and choose O(y) € {Uy}aca is a
i=1
neighborhood of y such that O(y) C Uy.
Choose zg € w(y) C A, denote zg = f¥(y) is the last time the positive orbit of y enters V;, then we

have zg ‘;i xg. It’s easy to know that zg is not a periodic point.
1

Vo

Vi

®

Now choose {8,}22; satisfying d,, — 0%, for every d,, there exists a d,-pseudo orbit from zg to y,
denote z;, the first time the pseudo orbit leaves V;, suppose lim f~1(2;) = z1, then Orb~(z1) € V4
and zg —| z1. We can always suppose z; is not a periodic pcﬁ;toobince if z; is a periodic point, by f
is a Kupka Smale diffeomorphism, z; should be a hyperbolic periodic point, then there exists a point
2 € W (2) such that Orb~(21) € V4 and 2/ ;1 Zo, then we can replace z; by 2.

Before we enter the details of the proof, we’ll show some ideas of the proof. In the beginning we
show that there exists a orbit beginning from a neighborhood of z; to a neighborhood of zg. Then we
show there exists another segment of orbit in V; beginning from a neighborhood of zy passing a very
small neighborhood of g and ending in a neighborhood of 21, and most important, the orbit between
the neighborhood of zp and the neighborhood of xy will never pass z1’s neighborhood. Here we should
note that until now we just use generic property, and we don’t do any perturbation yet. Now we’ll use
connecting lemma twice to connect the above two orbits and get a periodic orbit, more precisely, at first
we use connecting lemma at z1’s neighborhood and then we use connecting lemma near zg’s neighborhood,
and we can show after the perturbations, the periodic orbit we get will spend a long time in V7, then

with generic assumption again, we can know that f itself has such kind of periodic orbit.
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At first, we need the following lemma:

Lemma 7.7. There exists o > 0 such that for any 67,063,035 < do, there exist a € Bs: (20) and 0 < i1 < ig

such that f"(a) € Bs;(x0), f(a) € Bsz(z1), f'(a) € ]LVJ<I>7; for 0 < i < iy and f'(a) ¢ Bs;(z1) for
i=1

0<i<1;.

Proof : Since Orb=(z1) C Vi and f~%(29) =y & V1, we get 21 ¢ Orb™ (2g), with the fact 21 ¢ w(z0), we

can choose Y1 (21) € {Us}aca a small neighborhood of z; such that Y+(z1) (N Orb*(20) = ¢, Y (21) C
N _

@, and Y+ (z1) (A = ¢. Choose §p > 0 small enough such that
=1

(2

* Bs,(21) CY " (2),

o Bsy(an) € U s By Gl (1A = 6, and B (o) (1Y (20) = 6.

o Biy(20) © U @i, Bayan) (1Y (20) = 6. By o) (1 B (a0) =

Now suppose d7,0d5,05 < dp are fixed, we can choose X (z9) € {Un}taca a small neighborhood of
2o satisfying X (z0) C Bsr(20) and choose Y7 (21) € {Ua}acu a small neighborhood of z; such that
Y~ (21) C Bsy(z1) C YT (21). For any small &,, > 0, by connecting lemma, Bc, (f) gives us parameters
Ly, 0, and p,, we choose W5 W € {U,}qec neighborhoods of xy small enough such that

o W, W, C Bs;(xo),
e there exists 0 < § < d, such that W C By, (20) C Bs(xo) C Wit C Bs; (z0) and we have
FOVONF (W) = for 0<i#j< Ln.
L N

e denote A,, = Lj W (zg), then A, C |J ®; and A, (X (20) = ¢, A, YT (21) = .
i=0 i=1

Since A is an invariant compact subset and zg, z1 ¢ A and zp € A is not a periodic point, we can always
choose such kind of neighborhoods.
Since zo € w(z0) C A, then there exists i7 , such that [ (z0) € W, ; because xo ;| 21, by lemma
1
7.1, there exist b, € Y~ (21) and j, such that f~In(b,) € W and f~7(b,) € |J ®; for 0 < j < jp.

i=1
Recall W, C Bs/,, (20), use connecting lemma to connect zo and b, in A,, we can get a new

diffeomorphism g, and iy, i1, such that gif"”(an) e W, gfll’" (an) = b, € Y™ (21); since the original

N N N
pseudo orbits are both in |J ®; and A,, C |J ®;, we can know that g/ (a,) € J ®; for all 0 < j < iy p,.
i=1

=1 i=1 1=

From {fj(zo)};lz’a C (Y*(21))¢, by remark 7.6, we can choose i, such that (¢g,)(a,) ¢ Y+ (z1) for
0 S .] S iO,n-

Now fix ng € N and consider the neighborhood W,jro of xg, with generic property lemma 7.3, there
exists a € X(20) and 0 < i1 < ig such that f*(a) € |J ®; for 0 < i <o, f"(a) € W)t f*?(a) € Y~ (21)

=1

and fi(a) ¢ Y*t(z1) for 0 < i < i;. With the facts X (z0) C Bs:(20), Wit C Bss (z0) and Y7 (21) C
Bs; (21) C Y (21), we finish the proof. O
Now for any sequence ¢, — 07 and s,, — 17, consider B., (f) the &,-neighborhood of f in C*(M),

by connecting lemma B, (f) gives us a family of parameters p,, — 00, §, — 0 and L,,. Then there

exist dp,, — 07 such that
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Al b9 < dp, 0o,n < 0o

A2 $0.n41 < 0,n/Pns

A3 fi(Bs,, (20)) N f/(Bs, . (20)) = ¢ for 0 < i # j < Ly, and UL, £1(Bs,, (20)) € UL, @,
A4 Bs, (z0) A = ¢ and U, fi(Bs, , (20)) VU £ (21) = .

N
Since z¢ is not periodic point, Orb*(z9) C Vi C |J ®; and w(z0) C A, we can always choose the above
i=1
sequence {dp .} for zg. For z; we can also choose a sequence {01 ,,} such that

Bl 61,n < 6p, 01,0 < do

B2 61 pnt1 < 01,n/Pns

B3 f'(Bs,,(21)) N f 7 (Bs, (1)) = ¢ for 0 < i # j < Ly, and Uy f(Bs, , (1)) € UY, @5,
B4 Bs, (1) A = ¢ and U7, fi(Bs, . (20)) NUiZ f~(Bs, . (21)) = ¢.

Then by lemma 7.1, there exists a family of points {a,} in Bs, , /,, (21) and ig , such that fo(a,) €

Ly .
Béo n/Pn (ZO) We define A0 n — U f (B(SO n(ZO)) and A1 n — U fﬁl(B(SLn (Zl))

=1

Now we’ll choose a sequence of number d2.n — 0% such that:
Cl 62 pt1 < 2., 02,5 < o,
C2 By, , (x0) C Vi, Bs,.,, (o) (VAon = ¢ and Bs, ,, (o) (1 A1,n = ¢.
C3 For any jo satisfying f7°(Bs, , (z0)) () Bs,.,. (z0) # ¢, we have % <1 —s.

Since A is an invariant compact subset in Vi, we can always choose buch neighborhoods.
N
Now by lemma 7.7, for By, . /5. (20); Bs, ,./p, (21) and Bs, ,, (z0) there exists an orbit in |J ®; beginning
i=1
in Bs, ,/p,(20) passing Bs, (7o) and ending in Bj,  /,.(21). More precisely, it means that there exist

bn € Bs, ../, (20) and 0 < j5 ., < j3,, < j3,, such that:
N
i=1
D2 flon(bn) € Bs, . (20), f/1m(bn) € Bs, . (x0), f27 (bn) € Bs, ,,/p,(21),
D3 f7(bn) ¢ Bs, . (20) for jg,, <j < i, and fI(bn) & Bs, . (21) for 0 < j < ji ..

Remark 7.8. In fact, we can know that {fj(bn)}j1 oNAL, = ¢ and {f(b )}]1 e n, Do =6, s0in
the following proof, when we use connecting lemma in Ag p, Ay, twice, we can get a new diffeomorphism

gn and a periodic orbit Orbg, (pn) of gn such that the segment {fj(bn)}h” 41, C Orby, (pn) and

N #0rby, p) 1 U @) l
#{Orbg, (pn) (U i)} < ion, then by C3, we can know that =1 >1— =2 >3
i=1

Tgn (Pn) IHn=90,n
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Now fix an n, let’s consider the two points f%(a,) and b,, we know the positive f-orbit of b,

hits Bs, ., /p,(21) after b, and the negative f-orbit of fion(a,) hits Bs, . /p, (21) also, by connecting
N
lemma, the fact Ay, C |J ®; and remark 7.6, 7.8, there exists g € B.,(f) such that g} = f off
=1
L,—1
Ay = U f7%(Bs, , (21)) and there exists ja 5, j3., such that

(
( )J(bn) fI(by) for 0 < j < ji .,
E2 (g5)72" (by) € Bam(21) (gn)75m(bn) € Bsy /0, (20),
E3 (QZ)J (bn) S U (I)v fOI‘ 0 S] S jQ,n and .j3,n - j2,n < 7;O,’n,-
i=1

Remark 7.9. Above argument shows that #{{(g;)’ (bn)} J3 o (U D)} <ion-

Now we’ll use connecting lemma in the neighborhood of zg, let’s consider fjfvn (bn), it’s near xg, we
know that the positive g*-orbit of f71.»(b,) hits Bs, . /pn (20) after f9in (by,) and the negative gr-orbit of
f71n (by,) hits Bs, . /pn (20) also, by connecting lemma, the fact Ao, = J f7(Bs, (20)) C U ®; and remark
7.6, there exists g, € Be, (f) such that g, = f off Af,, and there exists jo, j1 such that

F1 gn" 7 (bn) = gi" " (bn) € Bs, (20),
F2 f7n 3 (b) = (g5, (bn ) = (on )} (bn) for 0 < j < jf ,, = jp» it means that
#{Orbgn (fjin-i—‘jl( ))m U @ } >.71n jS,n?

F3 #{0n( " b m(@ D)) < o — don o

We denote the above periodic orbits for g, by Orb(p,) where p, = f/12t71(b,), so we know that

#(0rby, ()N U 2.} #(0rby, () (U 207)

= . _ = _ iO.n _ _ — :
vty r) =1 Ol (o) 21— 2. >1-(1-s)=sand lim p, — z.

1
So we show that there exists a family of diffeomorphisms {g,} such that g, <, f and g, has periodic

#{0rby, (pn) N U B:}

point p,, such that Orbgn(pnfl > s and p, = fiinth (by) — 2o, recall that zo = f(y), we

know that when n is big enough, Orb,, (p,) will pass through Uy the neighborhood of y, so by generic

#{Orb(p) N U @}
property lemma 7.2, f itself has periodic point p such that W > s and Orb(p) Uy # ¢. O
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