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ABSTRACT. This paper proves the well posedness of spatially periodic
solutions of the relativistic isentropic gas dynamics equations. The pres-
sure is given by a v-law with initial data of large amplitude, provided
v — 1 is sufficiently small. As a byproduct of our techniques, we obtain
the same results for the classical case. At the limit ¢ — +oo, the solu-
tions of the relativistic system converge to the solutions of the classical
one, the convergence rate being 1/c¢?. We also construct the semigroup
of solutions of the Cauchy problem for initial data with bounded total
variation, which can be large, as long as v — 1 is small.

1. INTRODUCTION

We consider the 2x2 hyperbolic system of conservation laws describing the
one-dimensional motion of an isentropic relativistic gas in Euler coordinates,
which reads

v\2 p(p) p(p)
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" - () - ()
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Here, p is the gas density, v its velocity and p the pressure. We consider
the case of a polytropic gas, in which the pressure is given by the so called
y-law, p(p) = (2 p7, with 1 < v < 2.

The main result of this paper states the existence of a Standard Riemann
Semigroup (SRS, cf. [4]) of periodic solutions to (1.1), which may have large
amplitude, provided v — 1 is sufficiently small. In particular, this means
that the initial value problem with periodic initial data is well posed in L'
globally in time, as long as v — 1 is sufficiently small. In this case, the
total variation per period of the initial data may be taken arbitrarily large,
according to the smallness of v — 1.

While proving the L!-stability of periodic solutions, we also construct
the SRS for the Cauchy problem. So, our results contain, in particular, the
existence of a SRS for the Cauchy problem, with initial data with arbitrarily
large amplitude and total variation, as long as v — 1 is sufficiently small.
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The above system has been considered in the literature by many authors,
such as [9, 10, 15] and, in the case v =1, [3, 11, 18].

It is immediate to see that in the classical limit ¢ — +o0, system (1.1)
formally converges to the classical Euler equations of isentropic gas dynamics

(1'2) { Op + 896(/”)) =0

Oulpv) + 0 (p* +p(p)) =0

The present analytical techniques apply (more easily) also to the non-rela-
tivistic case (1.2) yielding, in particular, the well posedness of the solutions
constructed in [16, 18] and, more importantly, the well posedness of the peri-
odic solutions constructed in [15]. Furthermore, we prove that in the classical
limit ¢ — 400, the SRS generated by (1.1) converges to that of (1.2), the
rate of convergence being 1/c?, recovering, in particular, the results in [9].

In the next section we state the main results of the paper, and at the
end we describe the sections along which the main results, as well as the
additional results concerning the non-relativistic case and the limit as ¢ —
400, are presented.

2. STATEMENTS OF THE MAIN RESULTS

Bakhvalov introduced in [2] a class of 2 x 2 strictly hyperbolic and gen-
uinely non-linear systems, characterized by the particular geometry of the
shock curves in the plane of Riemann invariants, for which a global existence
result can be proved for initial data with large oscillation and only locally
bounded total variation.

Namely, consider a strictly hyperbolic, genuinely nonlinear 2 x 2 system

(2.1) opa + 0x f(u) =0,

where u = (u1, uz) and f(u) = (fi(u), f2(u)). Let z, w be a pair of Riemann
invariants for (2.1) such that the map (uj,u2) — (z,w) is one-to-one in its
domain. Parametrize the shock curves of the first and second family by

(2.2) z = Ri(w; 20, wp), w < wo; z = L1 (w; 20, wp), w > wo;
z = Ro(w; 20, wp), w < wo; z = Lo(w; 29, wp), w > wo.

In (2.2), the state (z,w) can be connected on the left by L; and on the right
by R; to (29, wq) by a shock of the i-th family. Finally, for fixed W, Z € R,
let

(2.3) Q={(z,w): 2> Zand w < W}.

The next hypotheses impose conditions on the shock curves under which the
solvability of the Cauchy problem with locally bounded variation is obtained.
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A max sup |A\i(z,w)| < oc.

i=1,2 (z,w)EN
OR; OL ORy OL
Ag: V(z,w) € Qwith w # wy, 1 < —1, Rt P +00,0 < —2, =2 .
. ow Ow ow ' Ow

As: For ¢ = 1,2, let 2z, = R;(wy; z;,w;). Then the shock curves z =
Ri(w; z;,wy), for w < wy, and z = L;(w; 2, wy), for w > w,, intersect
only in the points (z;, w;), (2, wy).

Ay: If four points (27, wp), (2r, wr), (2m, Wm) and (Zp,, Wy,) satisfy z,, =
Ro(wp; z1,wy), zr = R1(Wp; Zmy Win), Zm = R1(Wpm; 25, wy) and z, =
Ro(wy; 2, W), then (27— Zp,) + (W — wy) < (w; — win) + (2 — 27)-

System (2.1) belongs to Bakhvalov’s class over (Q if it satisfies A1 - Ay.

Theorem 2.1 ([2, Theorem 1)). Fiz Q as in (2.3) with Z,W € R?. Let
system (2.1) be strictly hyperbolic and genwinely nonlinear in Q. If (2.1) be-
longs to Bakhvalov’s class over §, then for allu, € BV ,.(R; ), the Cauchy
problem for (2.1) with datum u, admits a global weak entropy solution.

Remark 2.1. The region considered by Bakhvalov is a subset of €2, so his
theorem is a little stronger than the above statement.

The proof of Theorem 2.1 involves the construction of a functional F', non-
increasing in time, defined on approximate solutions obtained by the Glimm
scheme, see [2]. This functional is constant along solutions to Riemann
problems and, hence, may be seen as a function of the two initial states. Let
u; and u, be the left and right constant states of a given Riemann problem
whose solution consists of a shock (or rarefaction) wave of first family, say
o1, followed be a shock (or rarefaction) wave of second family, say os.

Definition 2.1. Define F(uj,u,) = [Az(01)] +[Aw(o2)] ,with[s] =
max{—s,0} denoting the negative part of s.

As usual, the Riemann coordinates are assumed to have a positive incre-
ment across rarefactions and a negative one across a shock.

Lemma 2.1 ([2, Lemma 1]). Under the same assumptions of Theorem 2.1,
for any three states u;, u,, and u, in €,

(2.4) F(uj,u,) < F(u,up) + F(up, u,).

The equality holds in (2.4) if and only if uy,, is a value attained by the solution
corresponding to the Riemann data vy, for x <0, and u,, for x > 0.

Asin [15], it is sufficient to use a local version of the above lemma. For any
set B in the (z, w) plane, define R[B] to be the set of all values attained by
the solution to any Riemann problem with initial data in B. The following
is [15, Lemma 3.2].

Lemma 2.2. Let By and By be rectangles in the (z, w) plane with the prop-
erty that R[R[By]] C By and system (2.1) verifies Bakhvalov conditions A;,
i =1,..,4, when restricted to B1. Then for any three states u;, u,, and u,
in By we have

(2.5) F(u,u,) < F(u,up) + F(up, u,),
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F1GUurE 1. Hypothesis By.

and equality holds in (2.4) if u,, is a value assumed by the Riemann solution
corresponding to the Riemann data v, for x <0, and u,, for x > 0.

It is convenient to substitute condition A4 by the following stronger con-
dition introduced by DiPerna in [12]. Define
Ri(zo,wo) = {(z,w): z= Ri(w;z,wo), w<wo},
La(z0,wo) = {(z,w): 2z = La(w;z0,wp), w > wo},
and
Aw =w —wy, AW =W — Wy, Az =2z — 29, AZ =2 — 2.
Condition By consists of the following
By.1: Let (20,w0) € Ri(z0,wo). If 2 = Lao(w; 20, wp), 2 = La(w; 29, o)
and Aw = Aw, then AZ > Az.
B4.2: Let (io,uA)o) S LQ(Z(),U)Q). If z = Rl(w; Zo,w[)), zZ= Rl(UA); 20,12)0)
and AZ = Az, then Aw > Aw.
The above conditions depend on the choice of the pair of Riemann invariants.
System (1.1) falls within (2.1) by setting

RO [ 1

uyp = p 1_(2)2 pvil_(y)Q
(2.6) ) (o) flur, ug) = ,
v = pu +@2 pu +p(§)

- (2) [ 1= ()]

c

The characteristic speeds of (1.1) are:

N LoVP) gy, = vV (R)

1_7° CPQ(P) 1+v\/cp2(p)

For later use, introduce the physically relevant set

(2.7) U:{uEI@+XR:p>O,p’<C2,v2<c2}.
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It is immediate to verify that if u € U, then —c < Aj(u) < Ag(u) <
Throughout the paper, u € U denotes the conserved variables (2.6), Whlle
v € V, with V = v(U), denotes the Riemann coordinates v = (vy,vs),
see [10, formulee (2.24)-(2.25)]:

/ p ./
(2.8) vlzglogc+v— —Elogc+v+ p(r)d

vy =
2 Cc—w 07~+P(’”) 2 Cc—w Or—l—%

We remark that v is defined only for |v| < ¢ and that the vacuum state
corresponds to the line v; = vo, while v9 > vy corresponds to p > 0. In the
case of the y-law p = (2p?, the above integrals can be explicitly computed:

P Sy 2
/ pr) dr = f arctan ( (7_1)/2> if ye]l1,2],
c

0 r+ M 7 -
p(r) = % ln(p/p*) if y=1.
S

In [15, Theorem 4.1], it is established the existence of domains U, 1 <
v < 2, satisfying:
(i) For any compact K C U, we have K C U, for v — 1 sufficiently
small;
(ii) In V, := v(Uy) it is possible to define new Riemann invariants

Z:Z(vlafy)v w:w(’Ug,’}/)

with respect to which the corresponding shock curves satisfy the
Bakhvalov’s conditions, recalled in what follows.

The referred result in [15] extends to the relativistic system (1.1) a previ-
ous result of DiPerna [12] for the corresponding non-relativistic system (1.2).

With the classical Riemann coordinates (v1,v2), (see (2.8)), system (1.1)
satisfies conditions A; - As. This follows from the lemmas in [15, Section 2].
However, neither B4 nor A4 hold for the classical Riemann invariants vq
and vg of system (1.1). The situation is parallel to that of the system of
non-relativistic isentropic gas dynamics, in which DiPerna showed in [12]
that it is still possible to find a pair of Riemann invariants z = z(v1,7),
w = w(vgy,y) for which the system satisfies A1 - Az and By, at least locally.

Using these new Riemann invariants z = z(v1,7) and w = w(ve,7y) we
next define a functional on periodic piecewise constant functions

al rell u’=u"
— _ a
(29> u(:c) - Z u X]:cafl,:ca](x)v weld, a=0,...,N,

where II denotes the interval of periodicity. We set

(2.10) Lla]:=> Fu*!

where F' is as in Definition 2.1.

The construction of wave front tracking approximate solutions does not
use the exact Riemann solution, but an approximate solution, which de-
pends on the approximation parameter € > 0 (see [5]). Accordingly, we use
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a function F°(u;,u,) whose definition is similar to that of F'(u;, u,) with
the only difference that instead of the exact Riemann solution it uses the
approximate one. Coherently, we define

N
(2.11) £o[a) ==Y Feu* ! u®).
a=1

For the construction of periodic wave front-tracking approximate solutions
of (1.1), u®(t), through an interval [0, T, for any T > 0, if € > 0 is sufficiently
small, a key point is the fact that £5[u®(¢)] is non-increasing for ¢ € [0, T'.

Let BV(R,U) be the space of periodic functions on R, with periodic
interval II, assuming values in U, of bounded total variation per period.

Given ugr € U, our approximate SRS, S7, “almost” preserves the domains
D., C BVn(R,U), consisting of [I-periodic piecewise constant functions u(x)

satisfying L[u] < M, for some M > 0, with M — oo, as ¥ — 1, and

(2.12) —/ x) dr = uy,

in the sense that £L°[Sfu] < M, for ¢ € [0, T], and

/56 d:L’—uH

for any § > 0, if € > 0 is sufficiently small.

We measure the total variation per period of a periodic function u: R —
U, denoted TV (u|ll), by means of the sum of the total variations in one
period of each of the Riemann coordinates:

(2.13) TV (u|ll) —sup{zz

i=1 a=1

< 6, tel0,T],

UZ Ta)) — U (u(ma_l)) ‘,

NeN, zq1 < xq, xo,...,mNEH}.

We can now state our main theorem establishing the existence of a Stan-
dard Riemann Semigroup of periodic solutions with large oscillation and
total variation per period. The definition of SRS in the periodic case is the
obvious adaptation from [4, Definition 9.1].

Theorem 2.2. Let uy € U and 1 < v < 2. Then, there exist domains
U, C U, and constants M, > 0 satisfying M, — oo as v — 1, p'(p) < c?
foru € Uy and, for any given compact K C U, K C U, provided v — 1
is sufficiently small. Moreover, there exists a Standard Riemann Semigroup
S: [0, +00[ x Dy — D,, in the sense that

(a): For any u € D,
(214) ||Stu — St’uHLl(H) >

for a constant C' > 0 depending only on the functions in D.;
(b): Foru,u’ € D,,

(2.15) HStU*Stu,HLl(H) Sec’tHu7UIHL1(H)’

fort,t' € [0,00],

also for some constant C' > 0 depending only on bounds on the func-
tions in D;
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(c): Ifu € Dy is piecewise constant, then for T > 0 sufficiently small,
Siu (t € [0,T]) coincides with the function obtained by piecing to-
gether the Riemann solutions corresponding to each of the jump dis-
continuities in .

Further, we have also the following properties:
(d): D, D {ueBVH R,U,): & [u(z)de =g, TV (ulll) < M, }

(e): for all u € D, the trajectory t — Syu coincides with the Glimm
solution constructed in [15].

Theorem 2.2 follows immediately from two major results which are stated
subsequently. The first one, Theorem 2.3, establishes the existence of peri-
odic wave front tracking approximate solutions, u(¢,-) = Sfu, defined for

€ [0,T], for any T > 0, and any periodic piecewise constant function u
assuming values in U, provided that ¢ > 0 and v — 1 > 0 are sufficiently
small. The second one, Theorem 2.4, establishes the stability in L1(II) of
the periodic wave front tracking approximate solutions with respect to their
initial data.

Theorem 2.3. Given any periodic piecewise constant function u: R — U
of the form (2.9) and any T > 0, it is possible to construct periodic wave
front tracking approzimate solutions, u®(t,-) = Siu, defined for t € [0,T],
for any T > 0, provided that € > 0 and v—1 > 0 are sufficiently small. The
approximate solutions satisfy

(2.16) LF[S;u] < L°[S7u], forO<t<t <T,

(2.17) / |Sfu— Sju|de < CJt — '],
II

fort,t' €[0,T],

where C > 0 is a constant depending only on TV (u|ll), and uy is given
by (2.12). Moreover, there exists a subsequence €; — 0 for which S;iu —
u(t, ) =: Syu as ¢; — 0, where u(t,-) is an entropy solution of (1.1) with
initial data u.

Theorem 2.4. For unp € U and v € ]1,2[, there exist constants M, > 0,
with M, — oo, as v — 14, and domains U, C U, with U, D K, for any
compact K C U, for v sufficiently close to 1, with the following property. If
u',u” are two periodic piecewise constant functions, of the form (2.9), with
mean values

1 1
up = —/ u'(x)dr, ufj:= —/ u’(x) du, up, up € Uy,
] Jr I} Jn

respectively, assuming values in Uy, with
lup — 1t —un|, TV (u/l), TV (u'|I) < M,,

then Sfu and Siu’ are defined for t € [0,T], for any T > 0, provided that
e > 0 is sufficiently small. Moreover, we have

(2.18) /H |Sfu(z) — Sju'(z)] do < eCt/H lu(z) — u'(z)| da,

for some constant C' > 0 depending only on M.,
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The fact that S;u coincides with the Glimm solution constructed in [15]
follows from well known uniqueness theorems, cf. [4, 6, 7, 8, 14].

The rest of this paper is organized as follows. In Section 3, we construct
the wave front tracking approximate solutions and prove Theorem 2.3.

Section 4 is devoted to the proof of Theorem 2.4. The latter involves
the construction of wave front tracking approximate solutions for the usual
Cauchy problem with initial data of bounded total variation, and the proof of
the L1-stability of such approximate solutions. In Section 5, we briefly show
how our results immediately apply also to the non-relativistic system (1.2).
Finally, in Section 6, we show the convergence of the semigroup solutions of
the relativistic system (1.1) to the semigroup solution of (1.2) when ¢ — oc.

3. PERIODIC WAVE FRONT TRACKING APPROXIMATE SOLUTIONS

This section is devoted to the proof of Theorem 2.3. The latter is based
on the fact that, with respect to the new Riemann invariants z(v1,7y) and
w(ve,7y), system (1.1) satisfies Bakhvalov’s conditions A - A4. We recall
that conditions A; - As are satisfied also by vy, v (see [10, 15]).

The precise definition of z(v1,y) and w(ve,y) is given in [15, formula (4.2)]
and is immaterial for our purposes here. Only those relevant properties of the
functions z(v1,v) and w(ve, ) stated in the following lemma are sufficient,
see [15, Section 6] for more details. Remember the definition (2.7) of U.

Lemma 3.1. The new Riemann invariants z(v1,7y), w(ve, ), with respect to
which system (1.1) satisfies Bakhvalov’s conditions Ay - A4, may be defined
for v belonging to a domain V., and u € U, = v 1(V,), U, C U and
U, O K, for any compact K C U, provided that v — 1 > 0 is sufficiently
small. Moreover, after a suitable normalization, z(v1,7y) and w(ve,y) satisfy

lim z(v1,7) = vy lim w(vg,7y) = vo
7—1 7—1
.0z . Ow
31)  lm a—}:l(vl,’y) =1 Jimy a—gQ(U%’Y) =1
0"z 0w
lim —(v1,7) =0 for k> 2 lim ——(v9,7) =0 fork > 2
Jimy 8v’f( 1,7)=0fork>2 lim 01)’5( 2,7) =0 f

locally uniformly in v, and vq, Tespectively.

Although the conserved variable u depends on ~ through the pressure
p = py(p) = (?p?, we may consider u as independent of ~, because of the
nice behavior of p, as v — 1+, on compact subsets of ]0, +o00[, as stated in
the following lemma, whose elementary proof is left to the reader.

Lemma 3.2. Asy — 14, the pressure law p, converges to p1 uniformly in
CF, for any k € N, on any compact subset of 0,400l

In the following, we will always use the Riemann coordinates z(v1,7),
w(ve, ), whose relevant properties are described in Lemma 3.1, but hence-
forth we denote them simply by v; and v, respectively. Except for the fact
that now we assume that the pair (vy,vy) also satisfies A4, for any other
property that will be needed in the following, we can mix up these two pairs
of Riemann coordinates without any problem, due to (3.1).
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Lemma 3.3. In the Riemann coordinates, the Lax curves of (1.1) departing
from v can be parametrized as

Vo

FIGURE 2. The construction of the parametrization (3.2).

ﬁl(V, U) - (Ul +o+ w(vf‘% 0'), vy + ¢(V777 U))
£2<V7 U) = (vl + 1/1(V7%U)7 v2 + 0+ 1/J(V7’Yy J))

with a suitable function v of class C* such that 1 (v,v,c) =0 for allo > 0
and (v,v,0) — (o) in C2 uniformly on compact sets as v — 1, where

0 >0, ¢
plo) = —3§ + carcsinh <2—§C sinh 4%0) o <0, Ce = 14 (C/e)?”
Moreover, ¥ is locally Lipschitz, for all 0 <0, ¥ <0, 0, > 0 and setting

(34) H(fy’ M’ ui’ u+) = sup {8U¢(V7 Y U) : Zned Z’(;’yv iv[o-lgi/e] IC } ’

(3.2)

(3.3)

where K is any compact subset of V, we have H(y, M,u™,u") < +o00 and
hm1 H(y,M,u ,u")=H(1,M,u ,u").
y—

Proof. 1. 'We observe that when v > 1, the shock curves are not translation
invariant as in the case v = 1 (see [11, 18]) and therefore the function
depends also on v.

2. The parametrization (3.3) is in [11, Section 4], see Figure 2 for its geo-
metric construction. The regularity of ¥ follows from that of p, and, hence,
of the flux function defining (1.1), see also [18, Proposition 1].

3. The inequalities ) < 0 and 0,1 > 0 are consequences of the following
two facts. First, a tedious but straightforward computation shows that

©(0) = ¢'(0) = ¢"(0) =0, lim ¢"(a) > 0.

It is also easy to see that, for each fixed v € V, lim,_,14 okp(v,y,0) =
©* (o), uniformly in [—M, 0[, for any M > 0, k € N. Hence, given § > 0 such
that ¢ (o) > 0 for o € [—4, 0], we conclude that

(v, y,0) >0, for o € [-6,0],
for and all v > 1 sufficiently close to 1. We thus obtain, in particular,
O2p(v,y,0) <0, 9,(v,7y,0) >0, for o € [-6,0] .
4. Second, note that for o0 < —¢§ we have

2 2 2
%-sinh%@<sinh<%-4i@> where %E]O,l[ and2£c<0.
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The latter inequality follows from the strict concavity of s — sinhs for
s < —d. Moreover, we have J,p < 0 since

o 2, 2 o
COSh4_Cc >3 /14 <7> sinh? 4_Cc

which holds thanks to 2(./c € ]0,1][. Hence, we obtain the corresponding
inequalities for ¢ (v,v,0) and 9,9 (v,v,0), for each fixed v € V, for o €
[—9, —M], for any M > 0, if v > 1 is sufficiently close to 1.

5. The boundedness of H(y, M,u™,u") follows from the regularity of
and the compactness of K. The final limit is a consequence of the locally
uniform convergence v — 1, see Lemma 3.2. (|

Following [5], for a fixed £ > 0, we are lead to consider the interpolation
between the i-shock and the i-rarefaction wave (i = 1,2) (approximate Lax
curves):

FIGURE 3. The parametrization of the approximate Lax curves (3.5).

(3 5) Ei(v70> = U1+U+¢5(Va%a)a 'U2+1/)E(V7'770))
‘ ‘C;(V?J) = U1 +¢€(V>770)7 V2 +U+¢€(V7770))
where
(3.6) Ve(v,7,0) = ®(0/Ve) ¥(v,7,0)
and ® is any C° function satisfying
O(s) =1 fors < -2
O(s) =0 fors > -1

®(s) € [0,1], ®'(s) € [-2,0] fors € [-2,-1].

We note that the interpolated Lax curves admit the parametrization (3.5)
for ¢ sufficiently small. Indeed, 9,£5(v,0) = [I 0]7, hence the half-line
exiting v and parallel to v; = v9 does not intersect the approximate Lax
curve between v and v,, see Figure 3, provided ¢ is sufficiently small. We
thus have the following analog of Lemma 3.3.

Lemma 3.4. There exist v, € |1,7], €56 > 0 such that for ¢ € ]0,e,] and
v € [1,7], the function 1. in (3.6) satisfies . < 0, Ox10° > 0 and, for any
compact KK C V,

v eR, Y(v,v,0) €K

H* (v, M,u”,u") = sup {a(,@z)s(v,%g); and 7 € [1,70]

}<+oo.

Moreover, . (-,7,-) — ¥ and HE(y, M,u!,u") — H(y, M,u", u") as e — 0,
uniformly on compact sets.
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Given € > 0, a left and right state u!, u”, with Riemann coordinates

vl = (v}, v}) and v" = (v}, %), as in [11, Section 2] or [10, Theorem 4.1],

we construct an approximate solution of the Riemann problem associated
to (1.1). First, determine the unique values o; and o2 and a middle state
v™ such that v = L§(v™,02) and v™ = L5(v!,a1). If o1 > 0, then the
states v/ and v"™ are connected by a l-rarefaction wave. We approximate
this rarefaction wave introducing a fixed ¢ grid in the (v1,v2) plane. Let
the integers h, k be such that he < v\ < (h+ 1)e and ke < v < (k + 1)e.

Introducing the states wi = (je, vh) and @{ = ((] + %)6, vé) forj=h,... k,

we construct the e-approximate solution through the following rarefaction
fan:

vl ifa/t € }—oo, )\1(@{‘)]
vita) =4 o ifajt € }Al(@{_l),Al(@{){ , j=h+1,...k
v ifz/t € [A(@’f),+oo[ .
On the other hand, if o1 < 0, the states v/ and v™ are connected by a shock:

l : Dl
. ) v ifx < AP(v,o1)t
Vit ) = { vmoifz > APV o)t

Let Ai(v,o0) denote the Rankine-Hugoniot speed of the (exact) shock be-
tween the states v and £1(v, o). Then, the shock speed /\‘1I> is defined as

Ao = (%) Ai(vl,am(1—@(%)>Az<vl,m>,
)\f(vl,al) = \ (vl,ﬁl(vl,01)>

meas ( [je, (j + 1)e] N [v7?, v}] )
Moy = 3 ( o Do)

The construction of the e-approximate solution for waves of the second fam-
ily is analogous to the previous case, we refer to [5, 11] for details.

Let now u(x) be a periodic piecewise constant initial condition as in (2.9).
A piecewise constant e-approximate solution to the Cauchy problem for (1.1)
is constructed as follows. At time 79 = 0 solve the Riemann problems defined
by the jumps in u(x) using the above algorithm. This yields a piecewise
constant approximate solution (¢,x) — u®(¢,x) defined up to the time 7 >
70 where the first set of interactions takes place. The Riemann problems
arising at time 7 are again approximately solved using the algorithm above.
Then, u® can be defined up to the time 7 when the next interaction takes
place, etc. As usual, we denote Sfu :=u°(t, ).

Of great importance in the wave front tracking technique is the control of
the interactions. Aiming at continuous dependence, the usual slight modifi-
cations of the wave speeds to avoid multiple interactions cannot be adopted.
On the other hand, we treat below in details the case of simple interactions,
leaving to the inductive procedures developed in [5, 11] in the case of many
waves interacting simultaneously.
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Let D be the set of periodic piecewise constant functions with values in
U as in (2.9). We denote by 0, (i = 1,2) the total size of the waves of the
i-th family in the e-approximate solution of the Riemann problem for (1.1)
at z, with states u, and u,41. In the Riemann coordinates, this means

(3.7) v® = L5 <E§ (vol, Ola), 0270[) fora=0,...,N,

where u’ = u’¥. Given u_,u; € U, let v_,v, be their respective im-

ages in the plane of Riemann coordinates. We solve the corresponding e-
approximate Riemann problem obtaining v = £5 (Ei(v,, o1), 02). Define,
similarly to Definition 2.1,

(3.8) Ff(u_,uy) :=[Avi(o1)] +[Ave(o2)] ,

with the same notation as in Definition 2.1. Now if u(-) € D, we define
N
L[u] := Z F(up—1,uq).
a=1

Proof of Theorem 2.3. 1. Given any T > 0, to prove that we can construct
the approximate solution S{u throughout the whole interval [0, 7] we need
to show that after all possible interactions between wave fronts in Sju, as
t increases, S;u keeps assuming values in U, where the special Riemann
coordinates vy, vg are defined. We achieve this by showing that TV (S;u|II)
keeps being always uniformly bounded and that the mean value

(STu) = — / Seu() de
IT Ju

can be made arbitrarily close to un := (Sju)n = (u(-))m if € > 0 is suffi-
ciently small.

2. Asin [13], we construct the approximate solutions in a number of time-
steps of fixed length T}, independent of €, using (2.16)—(2.17) and the con-
vergence of the approximate solutions at each time-step as ¢ — 0 to an
entropy solution S;u of (1.1) with initial data u(-), in order to pass from
one time-step to the next one.

3. The control of TV (Sfu|ll) is achieved once we show (2.16). Observe
that, by the geometry of the approximate wave curves, both v; and v
decrease across approximate shocks of both families, and increase across ap-
proximate rarefactions of both families. Observe also that, because of prop-
erty Ao, the absolute value of the change in v; across approximate shocks
of the first family dominates that of vy across the same waves, while the
absolute value of the change in vy across approximate shocks of the second
family dominates that of v; across the same waves. Clearly, then, £5[S5ul]
is equivalent to the negative variation per period of S;u. By periodicity, the
total variation per period equals twice the negative variation per period, so
L5[S5u] is equivalent to TV (Sful|ll), that is,

1
(3.9) SL[SFu] < TV (SFulil) < CL[SFu),

for some constant C' > 0 depending only on (1.1) and U,,.
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4. As usual, we say that a wave on the left approaches a wave to its right,
if the former belongs to a family of order greater than that of the latter, or
if they both belong to the same family and at least one of them is a shock.
Now, suppose that a wave connecting a state u; to a state u,, interacts with
a wave connecting u,, to u, (see Figure 4). Assume also that the interaction

FIGURE 4. Notation for the interaction estimates.

produces two wave fronts of total size Uf and 0; , connecting the states w;
to u, and u}, to u,, respectively. We are going to show that

(3.10) Fe(u,u,) < Fe(ug,um) + F(um, u,).

5. We must analyze all possibilities according whether ¢’ is a shock or
rarefaction of the first or second family and ¢” is a shock or rarefaction
of the first or second family. There are in total 10 cases of approaching
waves. Of all these cases, the most delicate is the one in which o5 is a shock
of the second family, and o, is a shock of the first family, see Figure 4,
left. Bakhvalov’s condition A4 refers exactly to this type of interaction (see
Figure 5).

6. In the case of the v-law systems of gas dynamics, as pointed out by
DiPerna [12], Bakhvalov’s condition Ay is satisfied in the plane of the special
Riemann coordinates introduced in [12], as a consequence of the validity of
DiPerna’s conditions By.1, B4.2. The latter can be viewed also as follows.
Let vy be a given reference state, let Ry := {(v1,v2) : voa = Ry1(v1; Vo), v1 <
vo1} be the right shock curve of the first family departing from vq (i.e.,
curve whose points can be connected on the right of vy by a 1-shock). Let
Lo := {(v1,v2) : v1 = La(va;Vvp), v2 > vo2} be the left shock curve of the
second family departing from vg (i.e., curve whose points can be connected
on the left of vo by a 2-shock). If v, is any point in R, the left shock
curve of the second family departing from v, is the graph of a function
v1 = g(v2) := Lo(ve;vy). If Ty, : R? — R? is the translation in the Riemann
coordinates plane taking v to vy, the Ty -translate of Lo is the graph of
the function v; = g(va) := v + La(v2 — v42; vg). DiPerna’s condition By.1
is equivalent to the fact that the inequality g(v2) < g(v2) holds. Similarly,
from any point v, € Lo, the right shock curve of the first family is the graph
of the function vy = h(vy) := R1(v1; Vix) and the Ty, -translate of Ry is the
graph of the function vy = h(v1) = Vssa+ R1 (V1 —Vss1; Vo). Again, DiPerna’s
condition B,.2 means exactly that we must have hy(v1) > h(v1). See Fig. 5
where Vo = U, Vi = Uy, Vie = W, Ry = R, Ly = Ly, La(+;v.) = L],
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F1GURE 5. Bakhvalov’s condition A4 through DiPerna’s con-
ditions By.1, B4.2.

Ri(+;vi) = Rf, and the translates of Ry and Lg are | R{ and | Lj,
respectively. As we see in Fig. 5, the polygon formed by the curves L, , R,
L3, R is contained in the polygon formed by the curves L, , Ry, || L, and
| Ry and this implies A4 due to the validity of Ay, which impose constraints
on the inclinations of the curves R; and L;.
7. The analysis in [12], for the classical case, and [15], for the relativistic
case, shows that DiPerna’s transformation is C2-stable in the sense that if
;= {(v1,v2) :=v2 = Rj(v1;v0), v1 <wvo1} and L§ := {(v1,v2) :=v; =
L5(v1;v0), v2 > vp2} are curves sufficiently close (in a compact interval) to
the curves R; and Lo, defined in the last step, in the C2-norm, we still have
the inequalities between the corresponding functions ¢, g, h and h, where
now v, runs along R and v, runs along L5.

8. Now, observe that we may define a parametrization similar to (3.2) for
the left wave curves departing from a given point v, that is,
El(V,J) = v1+0+@/?(v7770)7 U2+15(V,%U)

(3.11) ~ ~ ~
EQ(Vva) = U1+¢(V7’770)7 U2+U+¢(V>770—)

with a suitable function v of class C2! such that i(v, v,0)=0foralloc <0
which converges in C? as v — 1 to the function corresponding to v = 1. We
can also define the aproximate left wave curves similarly to (3.5), that is,

(3.12) ﬁ:?(vaff) = v1+ci+1/~15(\’7%0), 02+@%5(V777O—)
L5(v,o) = (v1+¢e(v,7,0), va+ 0+ (V,7,0)

where

(3.13) Ve(v,7,0) = B(=0/VE) (v,7,0),

and @ is defined as before.
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F1GURE 6. Three examples of possible interactions.

9. To simplify the reasoning we assume here that the our wave front track-
ing approximate solution is constructed exactly as described before with
the only difference that the approximate Riemann problems are solved us-
ing the approximate right 1-wave curve £ and the approximate left 2-wave
curve £~‘§ This choice would not cause any change in the development of
the theory of [5]. So given v!, v we find v"" as the intersection of L5 (v!, o)
with fga(v’”, o), and construct the approximate Riemann solution as before.
Hence, from the considerations in steps 6. and 7. and the form in which the
approximate wave curves are defined (as convex combinations of the coordi-
nate lines and the exact wave curves, see (3.5) and (3.12)) we conclude the
following. If ¢¢, §°, h® and h® are the functions defined as above replacing the
exact right 1-shock and left 2-shock curves by the approximate ones, with
v, running along R and v, running along L§, we still have g°(v2) < g°(v2)
and h®(vy) > h%(vy). This implies that Fig. 5 also describes the interaction
between two approximate shock waves. Therefore, we conclude that (3.10)
holds for this type of interaction.

10. For the other possible types of interactions, the fact that (3.10) holds
is immediate and we only need to draw pictures to see that clearly. For
instance, Figure 6 describes three examples of possible interactions: (i) a 2-
rarefaction RR, with a 1-shock S giving a 1-shock Sf and a 2-rarefaction
RR5; (ii) a 1-shock S; with a I-shock Sll_ giving a 1-shock Si" and a
2-rarefaction RRy; (iii) a 2-shock S, with a 2-rarefaction RR, giving a
1-shock S; and a 2-shock S .

11. From the validity of (3.10) at each possible interaction, we conclude
that £°[S;u] decreases at each interaction time, being constant in time in-
tervals that do not contain any interaction. Therefore, (2.16) holds.

12. Since £°[Sfu] is non-increasing with time and, by construction, Sfu is
spatially II-periodic, it follows from (3.9) that the total variation per period
of Sfu is uniformly bounded.

13. Now, the proof of (2.17) follows similarly to the one of the correspond-
ing property of the wave front tracking approximate solution for the usual
Cauchy problem (see [5, 11]), by using the periodicity of S;u and the uniform
boundedness of TV (S;ulll).

14. The properties (2.16) and (2.17) satisfied by the II-periodic wave front
tracking approximate solution S;u allow us to repeat the reasoning in [13, 15]
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~

II / T

FIGURE 7. Ll-stability of the periodic solution in theorem 2.2.

and construct the approximate solutions in an arbitrary time-interval [0, 77,
as long as € > 0 is sufficiently small.

15. Indeed, from (2.16) and (2.17) we first obtain a Ty > 0 such that the
approximate solutions may be constructed in the time-interval [0, Tp]. This
T > 0 is such that the image in the Riemann coordinates plane of the mean-
values (S§u)m do not leave a square box Q(vo, R) whose side length equals a
certain R > 0 and is centered at a certain point v, during the time-interval
[0,Tp], as long as uy lies in the concentric box Q(vo, R/2) of side length
R/2. Such Tp > 0 always exists due to (2.16) and (2.17) (cf. [13, 15]).

16. Now, since the approximate solutions converge to an entropy solution
of (1.1), which follows in a standard way (see [5]), we have that, for € > 0
sufficiently small, the mean-values (Sfu)y, for ¢ € [0,Tp], will belong to
the box Q(vg, R/2) since they converge to ur, uniformly in ¢ € [0, Tp].
Therefore, we may construct the approximate solutions also in the time-
interval [Ty, 2Tp] if € > 0 is sufficiently small, and so on. In this way, we
can cover the given time-interval [0,7'] with a finite number of intervals of
the form [(k — 1)Tp, k1], k € N, and obtain that the approximate solutions
can be constructed in any time-interval [0, 7], as long as € > 0 is sufficiently
small.

17. As already mentioned, the convergence of the approximate solutions
to an entropy solution of (1.1) follows in a standard way. This concludes
the proof. O

4. THE L-STABILITY OF THE PERIODIC WAVE FRONT TRACKING
APPROXIMATE SOLUTIONS

This section is devoted to the proof of Theorem 2.4.

Since the L!-stability is a local property, in the periodic case we can
reduce its proof to the usual case of the Cauchy problem as follows.

We define approximate wave-front tracking solutions, Stc “u,, Stc “u’ as
in [5, 11], for initial data u,,u) which coincides with the II-periodic piece-
wise constant initial data u,u’ on three period intervals, and is constant,
equal to upy, uf; outside these intervals. So, if II = [—L, L], these initial
data coincide on [-3L,3L]| (see Figure 7). The corresponding approximate
wave front tracking solutions, Stc “u, and Stp “u, coincide over II, on a time-
interval [0, Ty], where T} depends only on an upper bound of the character-
istic speeds, because of the finite speed of propagation property. The same

is true for the approximate solutions S°u/, and S "u’.
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If we can prove that any two approximate solutions, such as Stc “u, and

SCE !, satisfy

(4.1) HSCEu*—SCE Al

R) s COH“* - u;HLl(R) )

for some constant Cy not depending on ¢, u,, u), but only on the bounds for
the data of the problem, we then obtain

(4.2) HsPau sPeu

L < 3Co||u— u’HLl(H) , t € [0, T].

This reasoning can be repeated for the intervals [(k — 1)T%, kT, k € N, as
long as they are contained in the intervals [0,7:], [0, 7], where Stp “u and
SP#u’ are defined, for which we have shown that Ty, T/ — +oo as & — 0.
Indeed, the possibility of repeating the procedure follows from the fact that
EE[SPEU] and L¢ [SPE 'l do not increase with time, which guarantees the
uniform boundedness of TV (S ulIl) for ¢ € [0,7:] and TV (S “u’|II) for
t € [0,T7].
We thus get

43 HSPsu SPs / <
L1(II

(300)kHu_u,HL1(H)’
te[(k—1TkT.], k€N,

which then gives the desired stability property (2.18).

By the above arguments, in this section we consider only the stability
property for the Cauchy problem as in [5, 11].

From now on, we follow closely the notation in [11].

Before we begin, we state the following simple proposition which shows
that we may prevent vacuum by means of a suitable bound on the total
variation of the function which we measure in the Riemann coordinates by

(4.4) TV (u) =sup ZZ

=1 «

vz :na — v (u(:va,l)) ‘: Tal < Xo

Proposition 4.1. Fiz a positive M and two states u—,u’ € ]0,+oo[ x R
such that

P / pt /
(4.5) / ) dr > M and / Pir) dr > %
0 0

Then, any function u: R+ ]0, +oo[ x R satisfying
lim u(z)=u", lim u(z)=u" and TV(u)<M
r——00 r——+00

does not attain as value the vacuum state.

Proof. Assume that u*: R — ]0, +oo[ x R satisfies (4.5), limg_,_o u*(z) =
u~, limg 4o u*(z) = u' and moreover p*(z,) = 0 for some z, € R. Then,
by (4.4)

TV (u*) > g(”{—”?@*) - ”ﬂxﬁ_ﬁ)
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A
)

> M
completing the proof. O
We are going to prove the following theorem.

Theorem 4.1. Choose a positive M and states u™,u" satisfying (4.5) for
some ¥ € ]11,2]. Then, there exists vy, € |1,7] such that for all v € [1,7,],
system (1.1) generates a Standard Riemann Semigroup S: [0, +00[xD + D.
Moreover, for a suitable k- € ]0,1],
lim, ,_u(z) =u
(1) DDcljp S ue BV(R;U): limy—you(x) =ut ; ;
TV (u) < ky M
(2) if TV (u,) < kyM, then TV (Spu,) < M for allt > 0;
(8) limy_1ky =1/ (1+ H(1,M,u",u")).

Let D denote the set of piecewise constant functions with values in U.
For any u € D,

- 2 : +
(46) u=u X]—oo,aro] + Ua X]fafhffa] tu X]IN7+OO[ ’
«a

we denote by o; (i = 1,2) the total size of the waves of the i-th family
in the e-approximate solution of the Riemann Problem for (1.1) at =, with
states u, and uy41, see (3.7).

Let A denote the set of all couples of approaching waves. We say that
a pair of waves (0;,q,0;3) is approaching if either, o < 8 and j < 4, or if
Jj =i, min{o; o, 0,3} <0, see [4, Chapter 7] or [17]. Following [11, (2.11)],
we introduce the functionals

Vi) = Y3 (1= nseona) [
(4.7) @) = Y |oiassl

0i,0,05,3EA
1
T(w) = Vi(u)+ - Q(v)

where 7 € ]0,1[ and K > 0 are constants depending only on u™,u®, M and
their values will be defined below. The dependence of T on ¢ is due to the
dependence on ¢ of the wave sizes in the e—solution to Riemann problems.
Clearly, the functional T¢(u) is equivalent to the total variation of u.

Our first goal will be to show that Y¢(Sfu) decreases with time. The
decrease of Y¢(Sfu) with time will then be used to prove (4.1).

To simplify the notation, in the remainder of this paper, C' denotes a
generic “large” constant dependent only on the domain I/ where the con-
served quantities may vary. The actual value of C' is unimportant for the
results obtained here.

Throughout this section, we refer to Figure 4 for the interaction estimates.
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Lemma 4.1. Let n € N with n > 1 and A C R3 be a compact set with the
origin in its interior. If g € C%1(Q;R™) satisfies g(0,y,2) = g(x,0,z) =
g(z,y,1) =0, then

l9(z,y,2)|| < Lip(D?g) - |a| - |yl - |z — 1.
The proof is a straightforward extension of [4, Lemma 2.5].

Lemma 4.2. Let u',u™, u" belong to U and the waves oy of the first family
and o, of the second family interact. Call af, U;r the total sizes of the waves
exiting the interaction, see Figure 4, left. Then, there exists a constant C
dependent only on U such that

(4.8) ‘af—af‘—l—‘a;—a;’SC-(’y—l)-‘afag‘.

provided v — 1 is sufficiently small. Moreover

(4.9) sgnoy =sgno; and sgnoj =sgno,

Proof. Consider first (4.8) and introduce for a fixed v! the functions

+ -
— — g,y — O
9(0170—277)_[0.3_0.;] :

Clearly, ¢(0,05,7) = g(o7,0,7) = 0. Moreover, if v = 1, the equality
g(oy,05,1) =0 holds if and only if

£5 (e300 ) = £5 L5V o) 07 )
Clearly, o; = o) and 0, = o4 is a solution to the latter equality. It is
the unique solution, since the map (07,05 ) — (af(al_, 75 ), a;(al_, 05))
is globally invertible by Hadamard global inverse function theorem, see [1,
Theorem 1.8] and [11, Lemma 3.2]. The estimate (4.8) now follows from

Lemma 4.1.
To prove (4.9), choose 7 so that C(y — 1)M < 1/2 and apply (4.8). O

Lemma 4.3. Fiz u',u™, u" € U and let the waves o', " both of the first
family interact and call afr, O';r the total sizes of the waves exiting the in-
teraction, see Figure 4, right. Then, if v — 1 is sufficiently small,

(1) if 6" <0 and o’ <0, then of —of =o' +0";
(2) if " >0, o' <0 and of <0, then o — o =o'+ 0". Moreover

‘O'i’_‘ - ‘0‘" < 0
’0’;’ < Cly=1)ldo"|+C <}U” — ‘U?_D ;

(3) if o’ <0, 0" <0 and of >0, then o =0 and o =o' + 0",

Moreover, whenever o'c” < 0, there exists a C > 0, depending only on U,
such that

(4.10) ‘Jf‘ — (o' + ")

+ ‘U;’ <(C- ‘a’a” . (lU" + |J”|> .
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o
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FIGURE 8. Left, proof of 1. and, right, proof of 2. in Lemma 4.3.

Proof. The proof of 1. follows directly from the parametrization (3.5), see
Figure 8, left. Similarly, to prove the first equality in 2. see Figure 8, right.

Consider the function F(v!,~y,0',0") = of (v!,0',0") — ¢". It is known
that F(v!,1,0',¢6") < 0 for all v!,¢’,0”. Therefore, on the compact set U,

if v is sufficiently small, also F(v!,v,0’,06”) < 0. Hence,

a;‘ < ¢ and

‘af’ — |o’| < 0. Moreover,
71[} ( 7’}/’ ,) = Q;Z) (V 770-1+) +02 +¢E(V*575 02)
(v, y,0") < (Vv 00) +of
o = $(v"7,0) = ¢ (v,7,07)
o3| < [y e) = vy e)
e (v, 0%) - w€<vl,v, o)

S C( / // O_f—

< Cly-1)|dd"|+C <‘U | — UIFD

where we applied Lemma 4.1 to the function

(0,70'”7’7) — e (Vm(gll)a77o'/) - ¢E(VZ7’77OJ) .
The bound (4.10) is exactly as [11, Lemma 3.1].
The latter case 3. is immediate. g

Entirely analogous estimates hold for waves of the second family.
Finally, introduce the set

(4.11) w={ueD:T(u)<2M} .
We observe that D5, depends only on &, u™, ut and M.

Lemma 4.4. Ifu e D5, H, is as in (3.4), ¢ is as in (4.7) with K > M
and the total variation is measured as in (4.4), then
L—mn
1+ H,

TV (u) <Y(u) <2(1+n)TV (u).



STABILITY OF PERIODIC SOLUTIONS IN RELATIVISTIC GAS DYNAMICS 21

Proof. Write u as in (4.6). By (4.7), thanks to K > M and u € D5,

ECIEN ) SR 2\%\
TV
< (I+mn) Z‘Uza"i_ Z‘ zoe{
< 2(1+n)2\oi7a\ §2(1+77)TV(u)-

[Ne
Using the definition (4.4) of the total variation, the form (3.5) of the inter-
polated Lax curves and the bound on 0,%° provided by Lemma 3.4,

TV (u) = Z (‘Uz‘,a| + ‘we(va/}ﬂa-i,a)’)
1+H,

< QH) Y el < T

7,

completing the proof. O

This allows to choose M so that all functions u of the form (4.6) satisfy-
ing (3.7) with K TV (u) + (TV (u))2 < M are also in D5, for all €.

As usual, below we use AV (¢) to denote the variation of the functional V
at the interaction time ¢, similarly for @) and Y.

Lemma 4.5. There exist constants n € 10,1[, K € [M,+oo[, 7, > 1 and
€0 > 0 such that for all v € [1,7,[, for all € € ]0,&,] and at any time t > 0
at which two waves o and o5 of different families interact (see Figure 4,
left), the following estimates hold:

1 _
ATE('E) § _ﬁ . ‘O’l 0'2 ‘

Moreover, at any time t > 0 at which two waves o' and o" of the same
family interact (see Figure 4, right),

1
ATE(D) < —— - |oo”|.
O <55 lo

Proof. Consider the different possible interactions separately.

1. First the interaction between waves of different families. Remember (4.8)
in Lemma 4.2. Therefore,

AVE(E) = (1- nsgnaf)‘ffﬂ +(1- nsgnffg*)‘ffﬂ

—(1- nsgnaf)‘af( —(1- nsgnag_)‘ffz_(

IN

ot = o7 |+ |oF - o3
C-(7—1)~‘01—05)-

AW = Y eteis| Y ot

o;,3€A(0T) o;,3€A(0])

IN
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- X |- X |ezois| - |er o7
0j,3€A(01 )\{oz } 05,8€A(05 )\ o7 }

> oisl+|of—oz| Y ous

05,8€A(0)) o;,3€A(0F)

< |of -0t

—‘01_02_’
< (@M= -1)|oroz].
ATE(F) < %(C(K—FM)(’Y_U_I)‘U;U?_‘

so that the condition v < 1+ (2(K + M )C)f1 ensures that the desired
estimate holds.

Consider an interaction between waves of the same family. Following the
same lines of [11, Lemma 3.1], we consider the different cases.

2. 0/ <0,0” <0and o] <0. Note that 057 > 0. Moreover by (4.7)

AVe(u) < —277‘(7;’

AQ*(u)

IN

— 0/0"‘ + QM’O';_‘

AT (u) 2 (% - 77> ‘0’;‘ - %’a’o”’ < —%’0/ a"|

IN

as soon as K > M/n.

3. 0/ <0,0”>0and o] < 0. Moreover, following 2. in Lemma 4.3, see
also [11, Lemma 3.1],

avi) = @) (fof| - |o) + @]t | - @ -l
= 2 <‘Uf’ — |U" -i-?]’a;D
< 2(Cn-1) <‘0’l| - ‘Uf’) + Cn(y —1)|o’c”

AQE(u) < (‘O’f’ — ‘0”‘) Z |O‘a‘ + ‘O‘SL‘M — ‘o‘/o-//‘

oa€A(o’)

< M (yof\ - ||+ \a;\) ~|o'o”]
< M(C+1) (\a’! = ‘af() +(CMu(y =1) = 1) |o'0"|
AT (u) < (2Cn+ w - 1) (!a’\ - ’UTD
+% (K +M)Cn(y =1) =1) 0’0"
< —3glo’]

as soon as ) < 1/(4C), K > 2M (14 C) and v < 1+ 1/ (2Cn(K + M)).
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4. o' <0,0” >0and of > 0. By 3. in Lemma 4.3,
AVE(u) = —2l0'| <0

AQ (u) < <‘0’1+‘ — ’g"’> Z lo| — ‘0/01/‘ < _}010//’

o€ A(oT)
1
AY*(u) < —?}a'a"’.

To complete the proof, we only choose the parameters K, n and ~ as follows

n < 1/(40) Case 1
K > max{M/n,2M(1+C)} Cases 2 and 3

v < 1 —i—min{l/ (2(K + M)C) ,1/ (2Cn(K + M))} Cases 1 and 3
to satisfy all the above requirements. O
We thus proved the following proposition.

Proposition 4.2. Fix M > 0. Then there exists a constant n > 0, inde-
pendent of €, such that, for any u € D5,, the wave-front tracking algorithm
constructs an approximate weak solution u® : [0,4+00[xR — Q of (1.1), with
the following properties:
(i) u®(t,-) € D5, forallt > 0;
(ii) the function t — Y<(u®(t,-)) is non-increasing;
(i) any strip of the form [0,T] x R contains finitely many interaction
points of u;
(iv) TV (u®(t,-)) is uniformly bounded.
To denote the globally defined, e-approximate solution, we use the notation
(4.12) u®(t,-) = S;u.
The proof then works towards an estimate independent of ¢ of the Lips-
chitz constant for the semigroup S¢ in the L' norm. The basic technique is
to shift the locations x, of the jumps in the initial condition u at constant

rates £%, and estimate the rates at which the jumps in the corresponding
solution u®(¢,-) are shifted, for any fixed ¢ > 0.

Definition 4.1. Let ]a, b[ be an open interval. An elementary path in D5,
is a map 7 :]a, b[— Dj, of the form

n—1
—u" +
Y(6) = 07X oo + DU Xat_, 0] T Nat 4o
a=1

with 28 = T, +£,0 and 29| < 22 for all 6 €]a,b[ and a =0, ..., n.

Definition 4.2. A continuous map 7 : [a,b] — Llj.. is a pseudopolygonal
if there exist countably many disjoint open intervals J;, C [a, b] such that:
(i) the restriction of v to each Jj, is an elementary path;
(ii) the set [a,b] \ Up>1Jp is countable.
Moreover, as in [5, 11], we can prove the following result.

Proposition 4.3. Let v be a pseudopolygonal in D5,;. Then, for all 7 > 0,
the path v = Sty is also a pseudopolygonal.
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For € > 0, the weighted length of the elementary path v :]a, b|— Dj, is
(4.13) 7]l = (b—a) - T¢(u)

where the functional T¢ will be defined below. In the above definition, |||
does not depend on the particular choice of 6 such that () = u, since the
map 0 +— Tz (7(9)) is constant along elementary paths.

Definition 4.3. The weighted length of a pseudopolygonal is the sum of the
weighted lengths of its elementary paths. For any two piecewise constant
functions u, w € D5, their weighted distance is

de(u,w) = inf{ ||| such that ~: [0,1] — D5, }

is a pseudopolygonal joining u with w

We introduce the functional Tg used in the definition of the length of
pseudopolygonals:

Sis,a = 2 ZZHUJ,B]]_ _[[Ui,a]]_

B j=1
(4.14) R = ) loag|+ ) |ovgl
B<a B>a
2
Te = DD [oiabalexp (Ki Sio+ Ko Rig+ Ks T°)
a i=1
where [s] = max{—s,0} denotes the negative part of s and V¢ is defined

in (4.7). The constants K, Ky and K3 are determined below.
The basic interaction estimates on shifting interactions are the following.

Lemma 4.6. Consider an interaction as in Figure 4, left. Then

2
=1
while in case of Figure 4, right

ot et| = o€/ = lo"¢"| + 3 |odutda
(e

o/ &

~lorer| < - |oroz |- (\51) - \@D

<C. U’J”l (‘f/‘ i ‘{”‘) ‘
An elementary estimate that will be used throughout the forthcoming
proofs is the following:
Va,beR e —e’ < (a—b)e.

Lemma 4.7. There exist constants Ky, Ko and K3 such that at any inter-
action TE does not increase.

Proof. Following the lines of the proof of [11, Lemma 3.4}, we consider several
different cases. For the sake of notational simplicity, we omit the dependence
on ¢ in the functionals below and we keep it fixed throughout this proof.
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1. Interaction between two waves of different families. Using the notation
in Figure 4, left, the estimate (4.8) and Lemma 4.5, we have:

AS; < C(y—l)‘afa;) AR = —‘U;‘
AR, = —‘01_‘ AY < —%‘01_02_‘.
Therefore

AT,

~
=1
2
+2
=1
xexp (KiSf + K Rf + KaT™)

IN

o/ &

0T

) exp (K1 ST + Ko RY + KaT™)

(KlASZ + KoAR; + KgAT) X

0; &

IN

C’de{‘ ()g;‘ + ]g;)) exp (K18 + KR + K3 T™)
ot €| (K1AS) + KoAR; + KAT) %

X exp (Klsf + KoR{ + K3T+)
+Clo o7 | <‘§1‘ + ‘gzD exp (K155 + KR + K3 TY)
+)a;g;‘ (K1ASy + KoARy + K3AT) x

xexp (K1 SF + KRS + KaT™)

IN

<‘§1_‘ + ’f{‘) "71_‘ <C’U2_‘ + K1AS] + KoARy +K3AT> %
X exp (Kle + K2R + K3Y+)
+ <)§1‘ + ‘52)) ‘05‘ (C‘O’l‘ + K1ASy + K9ARs +K3AT> <

xexp (K1 S5+ KoRS + Ky )

(GZRE)aE

X ((c ~K») ‘02_‘ n (CKl(fy 1) %’,) ‘01_02_0

X exp (Klsl+ + KoR| + K3T+)
(Jer]+[es]) o]

x ((c ) ‘01_‘ + <CK1(7 1) - %) ‘01_02_0

IN
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xexp (K1 8§ + KRS + KaT™)
<0

provided Ky > C and 7 <1+ K3/(2CKK1).

In the next cases, it is useful to separate the waves taking part to the
interaction from those on the left or on the right of the interaction point:

lef right in
AT = ATE + ATEVATE .

2. Interaction between shocks of the same family. Concerning the waves
on the left of the interaction point, by (4.7), (4.14) and Lemma 4.5, we have

1
ASi,a:—2‘U§r" ARa:_)U; 5 AT&‘S—%|O’,O’”‘,

therefore ATlg’ft < 0.
Concerning the waves on the right of the interaction point, analogously
we get,

’n
g 9y

, A’fag_i

ASia = —2’05|r QK‘O'

. AR, = ’a;

therefore, if K1 > K5/2, then AT?ght <0.
Now let us consider the waves entering and exiting the interaction point.
By (4.7), (4.14), 1. in Lemma 4.3, (4.10) and Lemma 4.5, we get

st-8 = —|o"| - |of] St -8" = ~|o'| - |of]
Sia-Sf < |of] Rf —R' = |0
Rf = R R, - R < |of].

Then, thanks to Lemma 4.6, 1. in Lemma 4.3 and (4.10), we get
AT
= |of e |exptriST + KoRY + K1)
£ |t
(0%

—‘0,5/‘ eXp(Klsl + KQR/ + K3T7)
7‘0'”5”‘ eXp(KlS” + KQR” + K:),T_)

exp(K155, + K2R3, + K3TT)

= (\Uiff\ —|o'¢'| - }a”f”!) exp(K1S{ + Ko R + K317)
—i—‘afff‘ eXP(KISf— + KoR') (exp(K3T+) — exp(K3T7)>
—|—‘O'/£/‘ (exp(Kle) — exp(Klsl)) exp(KoR + K3Y7)
—i—‘a”ﬁ"‘ (exp(Klsf' + KoR') — exp(K1 5" + KQR”)) exp(K3Y7)

+ oot
+ ’Uz,afz,a
o

X
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X (exp(Kls;a + KyRS, + K3T) — exp(K1 7 + KoR + Kgrf))

IA

C’|a'a”’ (|£'} + ‘5"}) exp (Kle + KoR + KgT_)
—Kl}a'§’| <’0"| + ‘O‘;D exp (Kler + KyR' —i—KgT_)
S (yo'\ + ‘a;D exp (K1 ST + Ko + K1)

£ |7t
x exp(K157 + KoR' + K3T7)

(C = K)|o'a"| (|€] +[€]) exp(KiST + Ko + K1)

+3 [0
x exp(K1S] + KoR + K3Y7)

<0

which is satisfied if K1 > C and K3 > 2CKM(K; + K»).

3. Interaction between a 1-shock ¢’ and a 1-rarefaction ¢” resulting in a
1-shock. In this case, 0'2+ is a 2-shock. Let us consider the waves on the left
of the interaction point. Thanks to Lemma 4.5, 2. in Lemma 4.3 and (4.10)

<(K1 + Ko)|of | - K3/ (2K) o'a"\> x

IN

(C(K1+ K2)M — K3/(2K)) |o'”| x

/i
o

1
AS%%} < 2‘03‘ , ARM < ‘O’;), AYEl < —ﬁ‘o

And therefore

K
Ky ASE 4 KGARSY 4 K AT < (2K, + Kg))a;‘ — 5loe

IN

K
<(2K1 + KQ)CM - ﬁ) ‘0"0”"

so that ATE" <0 provided K3 > 2K (2K, + K3)CM.
Considering the waves on the right of the interaction point, we also get

. . 1
ht + right
AS;E < 2‘0’2 VAN —2—}0'0"|

right __ +
, ARG = ‘02

so that AT, < 0 under the same conditions as above.
Concerning the interacting waves, using 3 in Lemma 4.3, we compute

st=8 = |of| - |o’| +2|oF| = 3|oF| - ||
St =8 = |of|—2l'| +2|of| < |07 | - ||
5 =St = |of| = |ot| =o' - |o"| < |7
Rf—R' = —|o|

Rf —R' = —|o|

R—-R' = —|0d'|<0



28

D. CALVO, R.M. COLOMBO, AND H. FRID

Therefore, by Lemma 4.5 and 2. in Lemma 4.3, we get

IN

IN

<

ATmt

(‘ Te ‘ ’a{ ’ }0"£"| + ‘ D exp(K1S] + KoR" + K3Y7)
_i_‘o_/gl‘ <€K15f+KQR"+K3T+ _ 6K15’+K2R’+K3T*)

Haugu‘ (eKlsf+KgR"+K3T+ _ eKls”+K2R”+K3T—)

‘GJ@‘ <6K15;+K2R;+K3T+ _ eKlsf+K2R"+K3T+)
Clo'e”| (1] + [¢"]) exp(Kr ST + KR + K3T)

+|o’¢| <3K1’U§r‘ — Ki|o"| - %‘0'0//‘) F1ST + K2R+ KT

K
Hoe'| (Kaos | - mrlo'| - 52la'a"]) »
x exp(K1S] + KoR" + K3T™T)

0353’ (Kl\a’} — K2|U/D exp(K1Sf + KoR" + K3X™)

oo (I¢/] +€"]) (€ = K1) exp(K1ST + KR! + K1)
+|o'¢'| <3CK1 - 53) 0’0" | exp(K1S] + KR 4+ K3TT)
K

ur
To"e <K o
‘ ‘ (K1 — K2)|o'| exp(K1Sf + KyR + K1)

) ’O’l "‘exp K15+ +K2RH+K3T+)

0

provided K1 > C, Ko > K7 and K3 > 6CKKj.

4.

Interaction between a 1-shock ¢’ and a 1-rarefaction ¢” resulting in a

1-rarefaction. As observed before, a; = 0. For the waves not taking part

in the interaction we have AS;, = —2‘0'}.

For the waves on the left of

the interaction point: AR, < —’a’ ‘ while for waves on the right AR, = 0.
Therefore ATt < (0 and AYT™8M < (.
Regarding the waves entering or exiting the interaction point, we compute

Sf—s < —|o Sy 5" < 2o
RF-R < —|o Rf - R < —|of|.
Consequently
ATlnt

_ (‘gfg\ _loe| - ;a"m) exp(K\SF + KRy + K5T7)

_'_‘0/5/‘ (eKlsj+K2R;“+K3T+ _ 6K15’+K2R’+K3T_>
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_i_‘o_//g//‘ (eKlst+K2RI++K3T+ _ eKls”+K2R”+K3T—)

< C’}a'a”| <|£" + ‘5"‘) exp(K1S] + KoR + K3T™T)
—i—‘alfl‘ (—(K1 + 2K3)|U/‘ — KQ‘O'//D F1ST +ER R +K5TF
—I—‘a”ﬁ”‘ (—2(K1 + Kg)’d") exp(Kler + KzRir + K3TT)
< |o'o"| ((C — Ky)|¢'] + (C — 2(K, + K3)|§”D
exp(Klsfr + KgRl+ + K3TT)
< 0
provided Ky > C and 2(K; + K3) > C. O

Proposition 4.4. Let us consider the system (1.1) and let us take M as in
Theorem 4.1. Then there exist positive constants K1, Ko and K3, indepen-
dent of € in (4.14), such that the following holds: if vy is a pseudopolygonal,
then the weighted length ||v-| of the pseudopolygonal v = Svg is a non-
increasing function of time, i.e. the map t — Tg( F7) is non-increasing.

The proof is the same as in [5].

Proposition 4.5. Any two functions u,u' in D5, can be joined by a pseu-
dopolygonal entirely contained in D5;. Moreover, the weighted length of this
pseudopolygonal is uniformly equivalent to the usual L'-distance, i.e.,

1
¢ Ml < (0—a)- Te(y) <C- L

Proposition 4.6. Let M be as in Theorem 4.1. Then, the semigroup
S¢: [0, +00[x D5, — D5, defined by (4.12) is uniformly Lipschitz continuous
with respect to the LY distance, with a constant independent of .

As in [5], to complete the proof of Theorem 4.1, we consider a sequence
of semigroups 5S¢ with lim,—, o €, = 0, and construct the limit semigroup
as S = limy,_, 400 S°. More precisely, for 1 € D and t > 0, we define

where 1 € Dj} is any sequence converging to @i in L!. The limit is unique
and depends continuously on the initial data.

With easy computations, we can verify that if TV (u,) < kM, then
TV (Siu,) < M for all t > 0, and limy_1 k, = m, therefore the
conclusion of the proof of Theorem 4.1 follows as in [5].

5. THE CLASSICAL CASE

This section describes the modifications necessary to show that also the
classical case (1.2) fits in Theorem 4.1. Again, u denotes the conserved
quantities and f the flow:

upy = p _ pu
uy = pu flur,uz) = [ pv2+p(p) } .
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Conditions (4.5) reduce to the known inequalities [17, (XX)]

-~ M pt /' (
(5.1) / VP (r) dr > and (r) dr > —
0 T

4 0 4"

All the results obtained for the relativistic system (1.1) have immediate
analogue for the classical case (1.2). For instance, Theorem 4.1 can be
restated as follows. (Recall the definition (2.7) of U).

Theorem 5.1. Choose a positive M and states u™,u" satisfying (5.1) for
some ¥ € 11,2]. Then, there exists vy, € |1,7] such that for all v € [1,7,],
system (1.1) generates a Standard Riemann Semigroup S: [0,+o0o[XD +— D.
Moreover, for a suitable k-, € ]0,1],
lim, ,_ou(z) =u"
(1) DDclgp { ue BV(R;U): limy—jou(xz) =ut ; ;
TV (u) < Ky M
(2) if TV (u,) < kyM, then TV (Spu,) < M for allt > 0;
(3) limy_1 Ky = m with H(1, M,u~,u") as in (3.4).

The proof is entirely similar to that of Theorem 4.1, so we only sketch it.
Coherently with the limit ¢ — +o0 in (2.8), the Riemann coordinates are

P Sl P/
(5.2) vlzv—/ Malr and vzzv—i—/ ﬂd?‘
0 r 0 r
and, using the ~-law,

= %ﬁcp(v—l)ﬂ ify > 1

= (In(p/ps) ify = 1.
P

The function ¢ in (3.3) becomes (see [11, § 4]),
)0 c > 0
Poo(0) = —%J—I—ZCsinh% o < 0
Note that, in both cases, the relations above coincide with the formal limits
for ¢ — 400 of the analogous relativistic conditions. In the classical case,

Theorem 4.1 can thus be entirely rephrased, providing Lipschitz continuous
dependence to the solutions constructed in [16].

6. THE LIMIT ¢ — 400

Now, we can extend to the case “y near to 1” the rigorous classical limit
¢ — +00 obtained in [3, Theorem 4.1] for v = 1, see also [9]. We prove that
as ¢ — +oo any solution of (1.1) converges to the corresponding solution of
the classical p-system (1.2) with 1/c? as rate of convergence.

Below, we denote by S¢: [0, +oc[ x D +— D¢ the semigroup constructed
in Theorem 4.1 and by S: [0, +00[x D + D the one defined in Theorem 5.1.
Throughout this section, vy € |1, 7,].
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Proposition 6.1. Fiz v € [1,3]. Let ¢, € |0,+00[ be fized. Choose a
positive M and states u™, u" satisfying (4.5) for ¢ = c,. Then, M, u~ and
u' satisfy (4.5) for all ¢ € [cy, +00[ and also (5.1). Moreover, for allu such
that limg—,_u(z) =u~, lim, 1o u(z) = ut and TV (u) < kM,

1
Ita - Sy <€ %
where the constant C' depends only on M, u™ and TV (u).

Proof. To prove the first statement, simply observe that for all ¢ > ¢,

P/ / P/l /
p—(zﬂ)) dr > d’r and / ﬂ dr > )
o r+ 23 0 r+ p o T 0 r+ p 5
Thanks to the Constructlons of the SRS provided by Theorem 4.1, the latter
statement follows from [3, Corollary 2.5]. O
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