ON THE LIMIT OF FAMILIES OF ALGEBRAIC SUBVARIETIES
WITH UNBOUNDED VOLUME
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ABSTRACT. We prove that the limit of a sequence of generic semi-algebraic
sets given by a finite number of formulas always exists and is a semi-algebraic
set that can be explicitly given as a Boolean expression involving the primitives
of the additive forms of the formulas.

1. INTRODUCTION

Bishop [2] proved that the limit set of a sequence of complex purely k-dimensional
algebraic subvarieties whose real volumes are uniformly bounded is again a purely
k-dimensional algebraic subvariety. On the other hand, there are many reasons why
one should be interested in analyzing the limit sets of algebraic subvarieties with
unbounded volume. One reason is the existence of families of algebraic curves of
increasing degree that are integrals of families of polynomials differential equations
on the plane with bounded degree, a badly understood phenomenon related to the
sixteenth Hilbert Problem (see [3], for instance). Another reason is that, despite the
existence of topologically complicated limit sets of curves with unbounded volume
(see [5], for instance), much can be said about the limit sets of algebraic subvarieties
which lie in a family of subvarieties with finite complexity (see [4] for a definition
of this concept).

In this paper we consider the limit sets of one-parameter families of algebraic
subvarieties, indexed by a natural number n, defined by a finite number of equations,
each one defined by a formula. Associated to each formula there is a height, which
is the maximum number of nested n-th powers that appear in it. Here is the formal
definition:

Definition 1. Formulas and their heights are defined recursively as follows:
(1) Every F € C[Xy,...,X,,] is a formula of height zero.
(2) If Fy and Fy are formulas then Fy + Fy and FyFy are formulas of height
max(hy, ha), where h; is the height of F;.
(3) If F is a formula of height h, then F" is a formula of height h + 1.
A formula of height zero is also called a primitive formula; it is simply a complex
polynomial.

The height is a measure of the complexity of the formula: it measures how the
degree increases with n. A formula of height h has degree proportional to n". An
example of a formula of height 3 is

(@ =y+D)"=1)"+2)" + (zy)" + (" —1)* + L.
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Note that the degree is 2n3.
The same polynomial family may be given by different formulas. For instance,

(2" +y)* = (a")* + 22"y + .

So, we shall need a normal form for formulas. A formula is in additive form when
it can be expressed as

Q1 AT + Q245 + -+ QA — P,

where @1, ..., Q;, and P are primitive formulas and Ay, ..., A; are arbitrary
subformulas (necessarily of smaller height than the original formula). Additive
forms are normal forms, as the next lemma shows:

Lemma 1. FEvery formula can be written in additive form.

Proof. The proof is by induction on the number of operations required to obtain
the formula according to Definition[I] If F' is a primitive formula, then we can take
l=0and P=—F. If F = A", then F is already in additive form because we can
takel=1,Q1 =1, Ay =A,and P=0. If F = A+ B, then by induction A and B
can be expressed in additive form, whose combination gives an additive form for F'.
If FF = AB, then again by induction A and B can be expressed in additive form.
By performing the multiplication AB on their additive forms, we get an additive
form for F. O

As an example, (2" +y)? can be written in additive form as (z2)" + (2y)2™ + 2.

Definition 2. The limit (as n — 00) of a sequence (£2,,) of subsets of C™ is the
set lim §2,, of points that are limits of sequences of points lying in a subsequence
of (©,). More precisely,

ImQ, ={ze€C™:3(2n), 2n — 2,3 (kn), kn — 00, 2z, € Qy, for sufficiently large n } .

Thus, according to our definition, the family of real curves z2" + y?* = 1 con-
verges to the border of the unit square given by 22 < 1, 32 < 1. Actually, this
definition applies to the curves z™ + y™ = 1 (note that we now allow both even
and odd exponents). These curves converge to the union of the border of the unit
square with the two rays given by # = —y, #2 > 1 (the curves actually alternate
between two limit sets, but our definition of limit covers this). Considered as a
family of complex curves, the family 2™ + y™ = 1 has as limit set the subset of C?
given by O([|z| < 1] N[ly] < 1)) U[lz| = |y| > 1], as it is easy to verify.

We shall consider two situations: limit sets in R* of families of algebraic sub-
varieties given by a finite number of formulas and limit sets in C*¥ of families of
complex algebraic subvarieties.

In the real case it turns out that it is easier to describe the limits of semi-algebraic
subsets, instead of algebraic subsets. An algebraic subvariety of codimension 1 is the
set of points that satisfy a polynomial equation f(z) = 0. For simplicity, we shall
write this set as [f = 0]. We shall also deal with basic closed semi-algebraic subsets,
which are the solutions of a system of polynomial inequalities: [f1 > 0,..., fx > 0],
and with basic open semi-algebraic subsets, which are given by strict inequalities :
[f1>0,...,fr>0]

One main difficulty in the theory of semi-algebraic sets is that the closure of
a basic open semi-algebraic set is not necessarily the corresponding basic closed
semi-algebraic set obtained by relaxing the strict inequalities. Nor is the interior of
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a closed semi-algebraic set equal to the corresponding basic open semi-algebraic set
obtained by restricting the inequalities. However, these are true generically, in two
senses: (i) they are true if we perturb the polynomials slightly, and (ii) relaxing or
restricting the inequalities only adds or removes lower dimensional components. So,
we say that a basic closed semi-algebraic set is generic when it coincides with the
closure of the corresponding basic open semi-algebraic set obtained by restricting
the inequalities. In other words, a basic closed semi-algebraic set given by [f1 >
0,...,fr > 0] is generic when [f; > 0,..., fr > 0] = closure[f; > 0,..., fr > 0].
A generic algebraic set is, by definition, the boundary of a generic semi-algebraic
subset.
Our main result is the following:

Theorem 1. The limit of a sequence of generic semi-algebraic sets given by a finite
number of formulas always exists and is a semi-algebraic set that can be explicitly
given as a Boolean expression involving the primitives of the additive forms of the
formulas.

The corresponding algebraic version is also valid:

Theorem 2. The limit of a sequence of generic algebraic sets given by a finite num-
ber of formulas always exists and is an algebraic set that can be explicitly given as
a Boolean expression involving the primitives of the additive forms of the formulas.

In the complex case the limit set of a family of algebraic sets given by a finite
number of formulas has also an underlying semi-algebraic structure in the sense
that it projects, by means of a rational map, onto a proper real semi-algebraic
subset defined by expressions involving the absolute values of the primitives of the
formulas. More precisely, we have the following result:

Theorem 3. The limit of a sequence of generic algebraic subsets given by a finite
number of formulas with complex coefficients always exists; it is a subset with a
complex structure obtained by means of a rational pull-back on semi-algebraic sub-
sets defined explicitly in terms of Boolean expressions involving the absolute values
of the primitives of the formulas.

Here is an example of this situation, which generalizes the z™ + "™ = 1 example
given above. Let Ay, Ao, and P be polynomials. Then

Lm[AY + Ay = P] = O([[A1] <1 N[|Az] <1] N [P #0)) U [[As] = |A2] > 1])
This limit can be also understood as the pull-back by the polynomial map
(Ay, Ay): C* — C?
of the Reinhardt preimage of the semi-algebraic subset of R? given by the second

member of the equation above, where the axes of R? are taken as |A;| and |As|.

2. THE REAL CASE

We start with the simplest cases. We assume that all semi-algebraic sets are
generic.

Let A and P be real polynomials. We want to describe the limit of the algebraic
subsets [A%" = P]. As mentioned before, it is simpler to state the results for the
semi-algebraic sets ,, = [42" < P]. Therefore, we shall describe Q.. = lim 2, .

Lemma 2. lim[4?" < P] =[A2 < 1,P >0].
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Proof. Let Q,, = [A?" < P], Qo = limQ,, and Q = [A%2 < 1,P > 0]. We shall
show that Q. = Q.

To show that Q. C Q, take z € Q. Then, by definition of ., we have
z = limz, and k, — oo, with z, € €, , that is, A%*~(z,) < P(z,). Since
A%n(z,) > 0, we get P(z,) > 0 and hence P(z) > 0, because P is continuous.
Moreover, (P(z,)) is a bounded sequence because it converges, and so P(z,) < L
for some I > 0. This implies that A(z,)% < P(z,)Y/* < LY*»._ Since (L'/*n)
converges to either 0 or 1 (according to whether L = 0 or L # 0), we conclude that
A(2)? =1im A(z,)? < lim LY/*» < 1. Hence, z € Q.

To show that 2 C Q,, take z € Q. Since € is generic, we have that z = lim z,,
with 2z, € [A2 < 1, P > 0]. From A(z,)? < 1 we get that A(2,)?** — 0 as k — oco.
Since P(z,) > 0, there is k, such that A(z,)?*» < P(z,), that is, z, € Qi,. By
definition, this means that z € Q. (Increase k, beyond n if necessary to get
k, — o0, as required.) a

The genericity hypothesis is essential to the lemma as stated. Although the
proof of the lemma shows that ., C  in all cases, the reverse inclusion is not
always true because things are more complicated in the general case. We give here
an example just to give a taste of this complication. Let A = y(y — 1)®> + 1 and
P = z(x+1). Then lim[A™ < P] is shown in Figure 1 . Note that [P > 0] is not
the closure of [P > 0] because [P > 0] contains the line [z = 1], which is not in the
closure of [P > 0] since P is negative near z = —1 (). Note that [A =1,P > 0] is
not completely contained in lim[A™ < PJ; only [A = 1, P > 1] is part of the limit
set.

In general, lim[A" < P] is equal to lim[A?" < P], except that P > 1 when
A=1%and A =0 when P =07 ().

*** Figure 1 here

The next lemma generalizes Lemma 2:

Lemma 3. Let Ay,..., A, and P be polynomials. If [A3 < 1,...,42 < 1,P > 0]
is generic, then it is equal to im[A™ 4 --- 4+ A3™ < P].

Proof. The proof is essentially the same as that of Lemma 2. To show that 2., C €,
just note that A;(2,)%" < A1(2,)*" + -+ + Ap(2,)*" < P(2,). To show that
Q C Q, just note that A;(2,)?" — 0 as 7 — oo implies that A;(2,)*" < P(z,)/k
for sufficiently large r. The rest of the proof follows as before. O

The next lemma generalizes Lemma 2 in a different direction:

Lemma 4. Let A, be a formula of positive height and P be a polynomial. Then
lim[A2" < P] =1lim[A2 < 1] N [P > 0].

Proof. Take z € lim[A2" < P]. By definition, there are sequences z, — z and
k, — oo such that Ay, (z,)?* < P(z,). Clearly, P(z) = lim P(z,) > 0. As before,
since (P(z,)) is bounded, we have Aii (zn) < L for some L > 0.

This implies A7 (z,) < LY*n and since lim[A2 < 1] = lim[L~Y/"A2 < 1] we
obtain z € lim[A2 < 1]N[P > 0]. Suppose now that z € lim[A2 < 1]N[P > 0]. Since
[P > 0] is generic, we may assume that P > 0. Then there are sequences z,, — z and
kn, — oo such that Ay, (2,)? < 1 and P(z,) > 0. Since (Aik“/P(zn)) is bounded we
have Ay, (2,)%%" < LP(2,), for some L > 0. Since lim[42" < LP] = lim[A2" < P]
we conclude that z € lim[A42" < P). O
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Lemma 5. Suppose that A, is a formula of positive height h and P is a primitive
formula. Then, im[A%" > P] = [P < 0] U [lim[A2 > 1], P > 0]

Proof. Take z € lim[A2" > P]. Then z = lim z, and there is k, — oo such that
Aii"(zn) > P(zy). So, either P(z) <0, or P(z) > 0 and A7 > P(z,)"/*. Since
lim[P~1/" A2 > 1] = lim[A2 > 1], we obtain z € [P < 0] U [lim[42 > 1],[P > 0]].
Conversely, take z € [lim[A2 > 1],[P > 0]]. Since [P > 0] is generic, we may
assume P(z,) > 0 and that there are sequences z, — z, and k,, — oo such that
A, (22)? > 1 and P(z,) > 0). The sequence (Ay, (2,)*"/P(2,)) is bounded
below by L > 0, i.e., A" (2,) > LP(zy). Since im[A%" > LP] = lim[A2" > P,
we conclude that z € lim[A2" > P]. O

Lemma 6. Suppose that A, is a formula of positive height and P and @Q are
primitive formulas. Then

lim[QA2" < P] = ([Q > 0]nlim[A?™ < P))U(]Q < 0]Nlim[4,, > —P])U[Q =0, P > 0.

Proof. If Q(z) > 0 and 2z € lim[QA2" < PJ], then there are sequences z, — 2
and k, — oo such that Q(z,)Ax,(2,)*" < P(2,) < L, with L > 0. Since
lm[(QL~1)/"A2 < 1] = lim[A? < 1] and P(z) > 0, we obtain that z € [Q >
0] N lim[A2" < P]. If Q(2) < 0, there are sequences z, — z, k, — oo such
that Ag, (2,)%" > —P(2,)/Q(z,). By Lemma 5, either —P(2)/Q(z) < 0 or
z € lim[A2 > 1,—P/Q > 0], or equivalently P(z) < 0 or lim[42 > 1, P(z) > 0],
ie., z € lim[A%" > —P]. O

By setting Q = A in the limit above, we get an expression for lim[A?"+1 < P],
and from this an expression for lim[A™ < P], which should convince the reader that
restricting to even powers is a good thing.

Lemma 7. Suppose that A, and B,, are formulas of positive height and let P be a
primitive formula. Then

lim[A2" < P+ B?"] = lim[B2 < 1] Nlim[A?" < P]Ulim[B2 > 1] N lim[A?" < B2"]

Proof. Take z € lim[A?" < P + B2"]. Then, there are sequences z, — z and k,, —
oo such that Ay, (2n)?" < P(zy) + B, (22)%*". If lim Bf < 1, then By, (2,)**" —
0 and we have P(z) > 0 and Ay, (2,)*" < L, where L is a constant. Thus
Ay, (2,)? < LYk and so z € [P > 0]Nlim[A? < 1] = lim[A?" < P] by Lemma 4. So
we get z € lim[B2 < 1]Nlim[A2" < P]. Iflim By, (2,)? > 1, then for n large P(z,) <
KBy, (2,)%n for some constant K > 0. Thus Ay, (2,)%%" < (K + 1)By,, (2n)%",
so z € lim[A2" < B2"]. On the other hand, if 2 € lim[B2 < 1] N lim[A42" <
P], then there are sequences z, — 2,k, — 0o such that Ay, (z,)%" < P(z,) <
P(zn) + Bi, (2,)?*. Moreover, if z € lim[B2 > 1] N lim[A2" < B2"|, then we
have two possibilities: either P(z) > 0 and then Ay, (z,)**» < By, (z,)% <
By, (2n)**" + P(2,) or P(2) < 0 and then for n large By, (2,)**" > —2P(z,). Since
lim[A2" < B?"] = 1im[242" < B2"| we can write 24y, (2,)%%" < By, (2,)% =
2By, (2n)%%7 — By, (20) %" < 2By, (20) 7 4+2P(2y), i.e., Ag, (20) %" < By, (20)%F7 +
P(zp). O
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Lemma 8. Suppose that Ay, ..., Ak, B1, ..., B are formulas of positive height.
Then

lim[A}" + .- + A" < P4+ B+ ...+ B"] =

k
= () lim[A?" < P+ BY" + - + B"]

i=1
ko1
:ﬂU A2n<P+BZ7L]

Proof. Define Py := P+ B + --- + B?". We proceed to show that
k
Hm[A]" 4 -+ AP < Py] = () lim[A]" < Py).
i=1
Indeed, if z € Hm[A" + -+ + A7" < Py], since A?" < A" + .-+ 47" < Py, we
have z € ﬂle lim[A?" < P;]. On the other hand, if 2 € ﬂle lim[A2" < Py], since
lim[A?" < Py] = lim[AZ" < (1/k)Py], then z € lim[A}" + --- + A" < P;]. We
proceed to show now that
1
lim[A%" < P+ BY" +--- + B}"] = (] lim[4*>" < P+ B3"].
J:
On one hand it is clear that lim[A*" < P+ B3"] C 1 [A2" < P+B?"+..-+B™|.

On the other hand, if z € lim[A* < P+ B{" + --- + B?"], then we have a
relation B;, (2)? < -+ < By, (2)?%, where iy,...,4 = 1,...,l. Then A(z,)%F» <
P(z,) + Bi(zn)% " + -« + By(2,)% < P(2,) + 1By, ()%, ie., 2 € lim[A? <
P+ 1B2"] = lim[A2" < P + B2"] O

The next lemma is similar to Lemma 6, and we leave its proof to the reader.

Lemma 9. Suppose that Ay, ..., Ag, B1, ..., By are formulas of positive height
and P is a primitive formula. Then
m[Q1A2" + - + QpA" < P+ RyB{" + ... + R B
=lm[A?" 4 - + A?" < P+ B{" + - + B?"|
provided that the primitive formulas Q1, ..., Qr, R1, ..., Ry are positive.

Proof of Theorem 1. By Lemma 1, a formula can be expressed in additive form and
the question is reduced to determining

lim[QyA3" + - + QpA?" < P+ RyB{" +--- + R, B,

where the Qs and the Rl/js are positive, since the complete limit can be written
as a finite union of expressions as above. On the other hand, by Lemma 9 it is
enough to find lim[A" + --- + A" < P + B{" + --- + B?"], where A3" + --- +
A — P — B3 — ... — B! is a formula of height h > 1. Since im[A43" + --- +
AP < P+ B+ + B = N, U\, im[A?" < P+ B2, it is enough
to find the limit of expressions of the type lim[4?" < P + B2?"]. Proceeding by
induction on the height h of A™ — B™ — P, we have by Lemma 7 that for h = 0
lim[A?" < P+ B = [B2 < 1]N[A2 < 1]N[P > 0]U[B? > 1] N [A%? < B?] and
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so this limit can be given by a Boolean expression in terms of the primitives of
the formula. Again, by Lemma 7 if h > 0, then lim[A2" < P + B2"] = lim[B2 <
1] Nlim[[42 < 1] N [P > 0] Ulim[B2 > 1] Nlim[A2 < B2?] is expressed in terms
of limits of formulas of height smaller than h. Thus by induction hypothesis we
conclude that lim[A?" < P+ B?"] exists, has a semi-algebraic structure, and can be
given in terms of a Boolean expression involving the primitives of the formula. [

3. THE CoMPLEX CASE

Consider now a formula of height h > 1 written in additive form: @A} +--- +
Q1A'= P, whereQq, ..., @, and P are complex polynomials in m variables and A,
..., Aj are formulas of height < h—1. We wish to describe im[Q1 A} +- - -+ QA =
P]. We start with the simplest situation, lim[A} = P].

Lemma 10. Let A, P be complex polynomials in m variables. Suppose that P # 0
and A and P are independent in the sense that Pt dP A dA in the region where
|A] < 1. Then im[A™ = P] = 0([|A] < 1]JU [P # 0)).

Proof. Let z € im[A"™ = P]. Then z = lim z,, and there is a sequence k,, — oo such
that A(z,)¥" = P(2,). There are two possibilities: |A(z)| < 1, then |A(2,)| < 1 for
large n and P(z) = lim P(z,) = 0, i.e., z € [J[A] < 1,P = 0]; and |A(2)| = 1, then
zellAl=1]=]Al =1]U[P #0]. Since O([|[A| < 1]N[P #0]) =[|A| < 1]N[P =
0] U[|A| = 1] N [P # 0], we obtain that z € 9([|A] < 1] N [P # 0]). Conversely, we
wish to prove that |A] <1]N[P = 0] U[|A| = 1] N [P # 0] C lim[A™ = P]. Since
lim[A™ = P] is closed, it is enough to show that [|A| < 1]N[P = 0JU[|A| = 1]N[P #
0] C lim[A™ = P]. First take z € [|A| < 1]JN[P = 0]. Then |A(z)| < 1 and P(z) = 0.
In the plane (A, P) the graph G, of the map P = A" approaches any point(A4,0)
with|A| < 1 as k, — oo. Thus given € > 0 there is N such that for each n > N the
point (A(z2),&,) € Gy, satisfies |£,] < e. Since S := A71(A(2)) N P~1(P(2)) is an
algebraic subvariety of codimension > 2, there is a 1-disc z € U, C A71(A(2)) , in
general position with S such that P|y. is a covering map of U, over a neighborhood
of 0 € C. Thus for k, large enough there is w,, € U, such that P(w,) = &,. Since
A(w,) = A(2) and (A(2),&,) € Gy, we obtain that P(w,) = A(w,)*. Clearly
wy, — z and so z € im[A™ = P)].

Figure 2

Suppose now that z € [|[A] = 1] N [P # 0]. Then |A(z)] = 1 and P(z) # 0.
In the plane (A, P) the horizontal line through the point (0, P(z)) intersects the
graph G}, of the map P = A in k, points over the points 2, = {P(2)"/*} in
the A- axis. For each of the points w € A~1(2,,) we have P(z) = P(w) = A(w)*».
Since |P(z)|'/*» — 1, the graph G}, approaches the set|A| = 1, thus the set 2,
tends to fill the unitary circle. Therefore for each n we can find w,, € A=1(2,) ,
w,, — 2, such that P(w,) = A(w,)*". O

Lemma 11. lim(|A|" = |P|) = 9([|4| < 1] N[|P| # 0]) = lim[A™ = P].

Proof. Same as above. O

Lemma 12. Suppose P and Q are polynomials, not identically zero, and let A,
be a formula of positive height h. Assuming for n large that P t dP A dA, and
Q1dQ NdA,, we have

lim[QA,, = P] = 9(lim[|4,| < 1] N [P # 0]) Ud([lim[|A,| > 1] N [Q # 0])
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Proof. Take z € lim[QA} = P]. Then there are sequences z, — z and k,, — o0
such that Q(zy,)Ar, (2,)*" = P(2,). We have the following possibilities:

e lim|Ay, | < 1. Then for n large |Ax, (2,)] < 1 and P(z) = lim P(z,) = 0.
Thus z € lim[|4,| < 1] N [P = 0].

e lim|Ay (z,)] = 1. Then z € lim[|A,| = 1] = lim[|A,| = 1JN[P #0] =
lim[|4,] =1]N[Q # 0]

e lim|Ay (z,)] > 1. Then for n large |Ax, | > 1 and Q(z) = limQ(z,) =
lim P(zn)A,;f" =0.

Reciprocally, if z € lim[|A4,,| < 1] N [P = 0] then there are sequences z, — z and
kn, — oo such that P(z) = 0 and lim Ay, (2,)] < 1. Assume that Q(z) # 0. Let
D = {w:|Ag,(w)] <1,n > 1}. Then ® # () and since (Ag, ) is bounded in D, it
is a normal family. Then there is a subsequence, say (Ay, ), which converges to a
holomorphic function A4, i.e., lim Ay, (w) = A(w). Since |A(z)| < 1, we have &, =
A(z)!" — 0 asl, — co. As by hypothesis S, := A,::(A(z)) N(P/Q)1((P/Q)(2)) is
a codimension 2 algebraic subvariety for n large, then there is a neighborhood z € U
such that (P/Q”UmA;l(A(z)) projects onto a neighborhood of 0 € C. Thus, there is

wy, €UN A,;nl (A(z)), such that (P/Q)(w,) = &,. Therefore P(w,) = Q(w,)&, =
Q(wn)A(2) = Q(w,) Ay, (wy)». Clearly, w, — 2z and so z € lim[QA" = P].
Similarly, if z € lim[|A,| = 1] we have that z € lim[QA}]. On the other hand,
if z € lim[|A,] > 1] N[Q = 0] then Q(z) = 0 and lim |4, (z,)] > 1. f P =0
then z € lim[QA” = P]. We assume P(z) # 0. Define the domain ® = {w :
|Ap, (w)™'| < 1,n > 1}. On D the sequence (Ak_,nl) is normal and converges to a
holomorphic function B, i.e., lim Ay (w)™! = B(w)_l. Thus |B(z)| > 1 and 7, =
B(z)~!» — 0 as I,, — oco. By hypothesis A,;nl (B(2)) N Q~%(0) is a codimension 2
algebraic subvariety for n large. Then, since P(z) # 0, there is a neighborhood
z € U such that Q/PB%AM(B(z)) projects over a neighborhood of 0 € C. Thus
there is w,, € A,;}(B(z)) N U such that (Q/P)(wy) =0, = B(2) ™ = Ay, (w,) "t
or Q(wy)Ag, (wn)l" = P(w,). Clearly, w, — z and so z € im[QA? = P]. O

Example. Let us compute lim[(A™ + P;)" = Q].

Im[(A" + P)"=Q] = o(lim[|A" + P| <1]N[Q #0)])
= lim[[A" + 21| <1]N[Q = 0]) U (im[|A"[ = 1] N [Q # 0])
lm[|A™ 4+ P1| < 1] = lm[A]" <1+ |P]
= [AP <1]
lm[A" =1] = [l4]=1]
Thus,
m(A"+ P)" = Q] = [A2<1n[Q=0UTAI=1n[Q#0]
= AP <1n[Q=0]uA = 1.

Figure 3

Thus this limit is the pull back by a rational map of a Reinhardt variety over a
semi-algebraic subset of R2?. This example reflects pretty well the general picture
described in Theorem 3.
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Suppose that Q1,...,Q;, P € Clx1,...,2,]. In what follows we will write

QA" = [Q1AT+ -+ QA} = P]
QA™i) = [QAT + -+ QiAT + -+ QA = P]

Lemma 13. Suppose that Q1,...,Qi, P € Clz1,...,xy] and assume that Zg,,
Zq;, Zq, ntersect in general position if i # j # k # 4. Let Ay, ..., A; be formulas
of positive height h. Then,

(1) Wm[Q1 A} + -+ + QAP = P] = U, ,_, lim[|4;| = [4;] > 1] U (Zg, N
Zao,) Ui im[|A;] < 1] N Hm[Q A} + -+ + QAT + -+ + QA = P]

(2) Wm[Q1 A} + -+ QA = P] = U, ,_, lim[|A;] = |4;] > 1] U (Zg, N Zg,) U
A(m[|Ay| < 11N ---NHm[|4] < 1] N [P #0))

Proof. Write R1::Uézllim[|Ai\ < 1, Rg:zﬂizllimﬂfm > 1]. Then Lemma 13
follows from the next two lemmas. (]

Lemma 14.

Hm[QiAY + -+ + QA} = PINR,y
l
Jtim[|4;]| < 1] N Um[@Q1 A} + -+ + QAT + -+ + Q A} = P
i=1
= O(lim[|A;| < 1] N ---Nlim[[4] < 1] N [P # 0])

Proof. Let z € lim[@Q1 AT+ - -+ Q; A} = PJNRy. Then there are sequences z, — z,
k,, — oo such that Qq(z,)A1y, (zn)kn + -+ Ql(zn)Alk"(zn)k" = P(z,). Suppose
first that lim |Ay (2,,)] < 1. Then €,(2,) = Q1(2n)A1x, (20)* — 0 as n — oo and
if we define

fn(zn) = P(Zn) - Q?(zn)Amcn (Zn)kﬂ - = Ql(zn)Alkn (Zn)kﬂ

we have f,(z,) = €n(2n). Let Z, = f,;1(0) and Z = lim Z,. We claim that
z € Z. Indeed, if z ¢ Z then there are neighborhoods z € V and Z C W with
VAW = (). For nlarge z,, € V and f,, *(e,) C W, a contradiction since f,,(2,) = €,
and f,(z,) = €, and z, — 2. Then there is w, € Z, = f,(0),w, — z, ie.,
fn(wy) = 0,w, — 2. This means,

Q2(wn)A2kn (wn)kn + -+ Ql(wn)Alkn (wn)kn = P(wn)

or what is the same, z € lim[|A;| < 1] NUm[Q2A4% + - - - + Q; A} = P]. Similarly, if
z € Ry, then

l
z € | Jlim[|4;| < 1] NHm[Q1 A} + -+ + QAT + -+ - + QUA} = P]
i=1

Conversely, suppose there are sequences z, — z and w,, — z such that f,(w,) =
0 and €,(2,) — 0, then denoting again by Z, = f,(0) then Z, — Z and since
w, € Z, and w, — z then z € Z. Therefore for any § small positive there is
Yn € €,1(0) N f71(8) # 0, ie., €n(yn) = fu(yn). We will show now that for the
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points in the region R; we have,

o[l <N [lA] <1 N[P #0]) =
1
U4l < 1] NUm[Qu AT + -+ + QAT + -+ + QAT = P] (%)
i=1
= lm[Q1 A7 + - + QA = P].
We proceed by induction on [. For [ = 2 we have by Lemma 12,
Il Axf <1 N [lA2| <10 [P #0]] =
(1A < 1N O([|A2| < 1N [P # 0)) U A2 <1 NO([|A] < 1] N [P #0])
(1A < 1] Nlim[@2 Ay = P]U[|Az| < 1] Nlim[Q1 A} = P]
— Hm[QiA] + Q243 = P).
For I > 2, we have
oAl < DN (JAl <1)N[P #0]) =
1
= YAl <ynolal <1n---n(4A)n---n (Al <1)n [P #0])
i=1
1
34| < 1) Nlm[Qu AT + - + QiAT + -+ + Qi A} = P

i=1
= lim[Q1 AT + -+ QA = P] =1lim[Q: AT + --- + QiA] = P],
where the last two equalities are derived by induction hypothesis on (). O

Lemma 15.
!
lm[@Q1 AT + -+ QA = PINRy = U lim[|A;| = |A4;] > 1] U (Zg, N ZQj)

i,j=1
Proof. Suppose now that
z € im[|A¢] > 1] N---Nlm[|4,] > 1JUlim[|Ag11| = 1] N --- N lim[| 4] = 1]
Then, g # 1 and,
Qi) (A, ()" + -+ Qu20) (A, (20)" = R(z0),

where

R(zy) == P(2n) — Qq+1(zn)(Aq+1)kn (zn)kn - Ql(zn)(Al)kn(Zn)kn

is locally bounded at z. For any i,5 = 1,...,q, i # j, we can write the next
inequality where, for simplicity, we wrote ¢ = 1 and j = 2:

Q121 (A1), ()P =1Qa(20) [ (A2)k, (za) [ < D 1Qu(za) [1(Ab)k, (20) "+ R(20)]

t=3
Thus, dividing both members of this expression by [[7_, |A¢(2,)|*" we obtain a left
member locally bounded at z. Then there is a bounded sequence{\,, }such that

S T Az = Xl Qa(za)ll Az (z0) [/ T 1Ae (20)

t=3 t=3

Ky

b

|Q1(2n)[[ A1 (2n)




ON THE LIMIT OF ALGEBRAIC SUBVARIETIES WITH UNBOUNDED VOLUME 11

ie.,
Q1 (zn) |41 (20)[* = A |Q2(20) || A2 (20) "
Thus, either 2z € Zg,NZg,, or [A1(2,)] = (A |Q2(20)/1Q1(20)])/*» As(2,). There-
fore, lim[| A1y, (2n)l] = lim[|Azy, (z0)[]. Thus, z € Uf;_, [lim[|4;]] = lim[|A4;]]] U
(Zg, N Zg,). This shows that for I > 1,
Im(Qu A7 + -+ QAT = P] N Rs  [lim{|Ail] = m{[4,0]] U (Z, N Zq,) ()
We proceed to show now the converse to (). Suppose z € [|4;| = |4;] >

1 U (Zq, N Zg,). For simplicity take i = 1, j = 2 and z € [[A1| = [Az] > 1],
|A;(2)| >1,i=1,...,k, |4;(2)| <1,j=k+1,...,1. Consider the expression

an = Q1(A1/As ... Ap)" + Q2(Az/As ... Ap)"

We claim that the curve a, = 0 approaches z as n — oo. Indeed, from a,(w) =0
we obtain

(A1/A2)" (w) = —(Q2/Q1)(w).
For any w close to z such that arg(—Q2/Q1)(w) is irrational we have that (—Q2/Q1)(w)'/"
approaches the circle of center 0 € C and radius one as n — oo. Therefore
(A1/A2)(2) is in the closure of the sequence ((—Q2/Q1(w))'/™),. On the other
hand, if

1
by = P/(Ag--- Ag)" = 1/(Az-- A" Y QA7
j=3
then b,(z) — 0 as n — oo. Therefore the curve b, = 0 approaches z as n — 0.
Thus there is z, € [a, = by, zn — 2, i€,
1
(QUAT/(Az- - Ap)"+Qa AL /(Ag - Ap)")(2n) = 1/(Ag -+ Ap)"(P=_ Q;A7)(zn)

j=3
or Q1(zn)A1(zn)" + -+ + Qi(zn)A1(2)" = P(zp). O

Lemma 16. Suppose that Q1 AT + --- + Qi A} is a formula of positive height h.
Then,

Hm[|Q1AT + - + QuAT| < 1]
l l

—

= Jlm[l4; < 1] NUmQ1A} + -+ + QAT + -+ QAP <1] | [lim[4;[?7?
=t i,j=1,i#]
= lim|4;| > 1] U (Zg, N Zg,).

Proof. Let z € im[|Q1 A} + --- + QA}| < 1]. There is z, — z and k,, — oo such
that |Q1(2n)A1(20)" +- - -+ Qi(2n) Ai(25)*"| < 1. Suppose that lim |41, (2,)] < 1,
then €, = |Q1A1(2,)*"| — 0 and there is w,, — 2z such that | Q2 (w,, ) A (wy, )*7+- - -+
Q1(wy) A (wy,)k| < 1. Therefore, z € Ui:l lim[|A;| < 1], then z € Ufl:l lim[|A;]] N
lim[|Qy A+ +Q; AP+ -+QAP| < 1. On the other hand, if z € N, lim[|4;] >
1] ﬂgzqﬂ lim[|A;]], then Q1(zn) A1y, (z0)F" +-- -+ Qq(zn)Aqy, (zn)k <14 S(2,),
where S(z,) = \Zézqﬂ Qj(2n)Aj(2n)*], is locally bounded at z. Proceeding as
in Lemma 13 we obtain that for any 4,5 = 1,..., ¢ either z € (lim |4;| = lim |A4,|)
or z € Zg, N Zg,. The proof of the converse follows the same line of arguments of
Lemma 13 d



12 CESAR CAMACHO AND LUIZ HENRIQUE DE FIGUEIREDO

Proof of Theorem 2. In order to describe im[@Q1 A} + -+ + QA7 = P] we first
use induction on [ by means of Lemma 13 which reduces the problem to describe
lim[QA™ = P] and lim[| 4| < 1] where QA™ — P has height h > 1. Then we proceed
by induction on h. For h = 1 Lemma 12 gives lim[QA™ = P] = 9(lim[|4,| <
1)N(P # 0)]uo(lim|[|A4,| > 1]N[Q # 0]) which reduces the problem to height h—1
It only remains to find lim[|A4,| < 1] and this follows from Lemma 14.

Thus we have shown that this limit can be expressed by algebraic relations
between |A4],...,|4;| and |P|. O

4. ALGEBRAIC CURVES AS INTEGRALS OF DIFFERENTIAL EQUATIONS

Lemma 17. Given polynomials A and P, there is a family (X,) of polynomial
vector fields of fived degree such that [A?" = P] is an integral curve of X,,.

Proof. Let X, be the field corresponding to the following differential equation:
T =—2nPAy + P,A, y=2nPA, — P A.
Let f = A?™ — P. Then
&fo +9fy = 2n(PyAs — PrAy) f,
as can be easily verified. This shows that [f = 0] is an integral curve of A,. O

Thus, we have curves of increasing degree that are integral curves of polynomial
fields of fixed degree. The next lemma says that in this case the field is essentially
unique. The following proof is essentially due to B. Scardua.

Lemma 18. Suppose that [f, = 0] is a family of polynomial curves indezed by their
degree. Assume that each curve is an integral curve of two differential equations of
bounded degree: w, =0 and Q,, = 0. Then, for n large enough, w, =0 and Q,, =0
define the same foliation.

Proof. Forget the indices, for simplicity.
The hypotheses imply that
df ANw fldx N dy
df NQ = fLdx A dy,
where ¢ and L are polynomials.

Assume that w A Q # 0.
If df AQ # 0, then we can write

w = adf + Q.

The coefficients o and 3 are determined as follows:

wAQ
wAQ=adf NQ = a_df/\Q
df Nw
df N\w=0df NQ = 6_df/\Q'
Therefore
l wAQ
P=T = FLandy
and so

WA d
wjdx/\dy fL L7
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or O a
w A

Assume that f is irreducible. Since Lw — ££2 has bounded degree, we must have
that fdx A dy divides w A €2, that is,

wAQ = fudz A dy,

for some polynomial u. Hence, Lw = pdf + £€.

Now 9 = Ow — 1 and OL = 092 — 1, and so pdf has bounded degree. Since
df, — oo we conclude that p,, = 0 for large n.

If df A2 = 0, then we take df Aw # 0. If both expressions vanish identically, then
w, 0, and df define the same foliation. ([

Moreover, as the next lemma indicates, formulas that are more complicated than
A?" = P are not likely to be integral curves of fields of fixed degree.

Lemma 19. Let A, B, and P be bivariate polynomials such that A(0,0) = 0 =
B(0,0) and (A,B) = 1. Then, the curves in the family A™ + B™ = P are not
integral curves of a family of polynomial fields of degree 2.

Proof. Suppose that A and B have degree k and P has degree j. Let f = A" +
B™ — P. Suppose that f is an integral curve of the 1-form

w = adz + bdy,
with a and b polynomials of degree 2. Then,
df N\w = fLdx A dy,
with L a polynomial of degree 1. This equation is equivalent to
(nA" ‘A, +nB" " 'B, — P,)b— (nA" " *A, +nB""'B, — P,)a = (A" + B" — P)L.
For n large, because A(0,0) = 0 = B(0,0), we obtain

(1) Pb—Pua = PL

(2) nA" " (Aub — Aya) + nB" Y (Byb— Bya) = (A" + B")L.
Because (A, B) = 1, we get

(3) n(Agb — Aya) = AL

n(Bgb — Bya) = BL

(The proof is at the end.)

Suppose that P is homogeneous of degree j, A and B are homogeneous of de-
gree k, and a and b are homogeneous of degree 2, in equations (1) and (3). This is
not a restriction because it suffices to compare the homogeneous parts of highest
degree in these equations.

Equation (3) can be written as

(7 ) 6)

IfA=A,B,—A,B;, then

()= =) (5)

|
h
PR
SVl
~——
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Since, by Euler’s formula, kA = A, + Ayy and kB = Bz + Byy, we get
6) - s )G 2)0)
b kA \B, -A,)\B, B,)\y
L (0 —-A\ [z
- 0)0)
- ()
E\z)’

_ L po L
=" T

which implies that

From (1), we get
L

P,—
kn

L

P,—y=PL
T+ Ly kny )
that is,

P,z + P,y = nkP,

which implies that P is homogeneous of degree nk. Since n is arbitrarily large and
P has a fixed degree, this is cannot happen. Therefore, f is not an integral curve
of w.

We still have to prove that (2) implies (3). In fact, let o = A;b — Aya and
B = Byb— Bya. Then

nA" ta+nB"" '3 = L(A™ + B"),
that is,
A" Yna — LA) = B"Y(—npB + LB).

Since (A, B) = 1, this implies that A" ~!|(—nB+ LB) and B"~!|(na— LA). Hence,
there is a polynomial A such that

M"Y = —nB+ LB

AB" ! = (na— LA)
Comparing degrees, we get A = 0 for large n. Therefore,

(—mB+ LB) =0 = (na — LA),

as claimed.
O

Remark
Define the length of a formula as the minimum number of its primitives of degree
> 1. So, for instance, the formula

@+ +(z—y—1)"+y " +y* -1

has length 4.

Suppose that C is a family of curves given by the zeros of a formula of positive
height. Let [ be the length of the formula and assume that the curves defined by
the zeros of its primitives intersect transversely in the complex domain. If V is a
family of vector fields of degree k such that the elements of C are integral curves of
the corresponding elements of V , then [ < k? 4 k + 1, as this last expression is the
number of singular points of the elements of V. In particular if [ > k? 4+ k + 1 the
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elements in C can not be integral curves of a family of polynomial vector fields of
degree < k.

Theorem 4. Fvery generic basic closed one-dimensional semi-algebraic set in the
plane is the limit of an family of algebraic curves that are integral curves of a family
of polynomial vector fields of fixed degree.

Proof. Let € be a generic basic closed semi-algebraic set. It is known (but hard to
prove) that every basic open semi-algebraic set in the plane can actually be given
by two inequalites [?]. Since ) is generic, this also applies to 2 and we can write
Q=[P >0,Q >0]. We shall show that Q = lim[A2" < P] for

N
n
Indeed,
2 <1=(@ -2<i=p<@<m
Hence,
{z: A2%(z) < 1, for sufficiently large n}=[Q>0].
and so

{z:P(z) >0, A%(z) <1, for sufficiently large n } = [P >0,Q > 0].
Lemma 77 then says that
lim[A2" < P] =[P >0,Q > 0] = Q,
if [A2 <1, P > 0] is generic for sufficiently large n. (***)
As mentioned in Section 4] the curves [A2" = P] are integral curves of a family
of polynomial vector fields of fixed degree. (Note that, although A,, has coefficients
that depend on n, the vector fields are still of fixed degree.) ([

Acknowledgements. Figure 1 was obtained with Grafeq, which was instrumental in
our research. The authors are partially supported by research grants from CNPq.

REFERENCES

[1] R. Benedetti and J.-J. Risler. Real algebraic and semi-algebraic sets. Actualités
Mathématiques. [Current Mathematical Topics]. Hermann, Paris, 1990.

[2] E. Bishop. Conditions for the analyticity of certian sets. Michigan Math. J., 11:289-304, 1964.

[3] J. V. Pereira. On the Poincaré problem for foliations of general type. Math. Ann., 323(2):217—
226, 2002.

[4] J.-J. Risler. Additive complexity and zeros of real polynomials. SIAM J. Comput., 14(1):178—
183, 1985.

[5] G. Stolzenberg. Volumes, limits, and extensions of analytic varieties. Lecture Notes in Math-
ematics, No. 19. Springer-Verlag, Berlin, 1966.

IMPA-INSTITUTO NACIONAL DE MATEMATICA PURA E APLICADA, ESTRADA DoONA CASTO-
RINA 110, 22460-320 R10 DE JANEIRO, RJ, BRAZIL
E-mail address: camacho@impa.br, lhf@impa.br



	1. Introduction
	2. The real case
	3. The Complex Case
	4. Algebraic curves as integrals of differential equations
	References

