HOMOGENIZATION OF DEGENERATE POROUS MEDIUM TYPE EQUATIONS
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ABSTRACT. We consider the homogenization problem for general porous medium type equations of the
form uy = Af(z, Z,u). The flux function f(z,y,-) may be of two different types. In the type 1 case,
f(z,y,-) is strictly increasing; this is a mildly degenerate case. In the type 2 case, f(z,y,-) has the form
h(z,y)F(u) + S(z,y), where F(u) is just a nondecreasing function; this is a strongly degenerate case. We
address both, the Cauchy problem and the initial-boundary value problem, with null boundary condition.
The homogenization is carried out in the general context of ergodic algebras. As far as the authors know,
homegenization of such degenerate quasilinear parabolic equations is addressed here for the first time. We
also review the existence and stability theory for such equations and establish new results needed for the
homogenization analysis. Further, we include some new results on algebras with mean value, specially a new
criterion establishing the null measure of level sets of elements of the algebra, which is useful in connection
with the homogenization of porous medium type equations in the type 2 case.

1. INTRODUCTION
In this paper we consider the homogenization of a porous medium type equation of the general form
T
Uy = Af(.’l}, 7au)a
€

where f is a continuous function of (z,y,u) and f(x,y,-) is locally Lipschitz continuous, uniformly in (z,y),
and may be of two different types. In the type 1 case, f(x,y,-) is strictly increasing; this is a mildly degenerate
case. In the type 2 case, f(x,y,u) has the form h(z,y)F(u) + S(x,y), where F(u) is just a nondecreasing
function, which is mnot strictly increasing; this is a strongly degenerate case. We consider both, the Cauchy
problem and the initial-boundary value problem with null boundary condition. Concerning the Cauchy
problem, the discussion here largely extends the corresponding one in [3] concerning the homogenization of
the particular non-degenerate type of such equations where f(z,y,u) = f(u) + V(y), with f smooth and
f'(u) > 0. Here, for the Cauchy problem, we assume that f = f(y, u) does not depend on the “slow” variable
x, so that f(y,u) = h(y)F(u) + S(y) in the type 2 case, and for each u, f(-,u) belongs to a given general
ergodic algebra A(R"™); in particular, h, S € A(R™), with h > §y > 0, if f is of type 2. Also, we restrict the
initial data to “well-prepared” ones, that is, functions of the form g(Z,¢q(x)), where ¢y € L*°(R"), and,
for each y € R™, g(y,-) is the inverse of f(y,-), in the type 1 case, or g(y,v) = G((v — S(y))/h(y)), in the
type 2 case, where G is the left-continuous function such that F(G(v)) = v. Both restrictions, namely, the
fact that the flux function does not depend on the “slow” variable x, and the fact that the initial data is
“well-prepared”, have to do with limitations of the technique used in the homogenization process, which goes
back to the work of E and Serre [14], on the periodic homogenization of the one-dimensional conservation
law u; + (f(u) — V(£))z = 0 (see [2], for a multidimensional extension to almost periodic homogenization),
which in turn is inspired in the work of DiPerna [12] on the uniqueness of measure-valued solutions of scalar
conservation laws. The technique is otherwise very powerful in that it applies to any ergodic algebra, and it
implies the existence of strong correctors, that is, the existence of an oscillatory profile U(z, £,t), through
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which the weak convergence of the homogenizing sequence of solutions u®(z,t) is converted into a strong
convergence to 0 in Li (R}™") of the difference u®(z,t) — U(x, Z,t). It strongly relies on the concept of
two-scale Young measures first introduced by W. E in [13] as a nonlinear extension of the concept of two-
scale convergence introduced by Nguetseng in [25] and further developed by Allaire in [1]. The extensions
of two-scale Young measures to almost periodic functions and to general algebras with mean value (algebras
w.m.v., for short) were established in [2] and [3], respectively.

Concerning the initial-boundary value problem with null boundary condition on a bounded domain §2,
the discussion in this paper largely extends the corresponding one in [17], where we consider the special
non-degenerate case where f(z,y,u) = f(u) + V(z,y), with f smooth and f’(u) > 0. Here, we consider
general flux functions f(z,y,u) of type 1, where f(z,y, ) is strictly increasing, or type 2, where f(z,y,u) =
h(z,y)F(u) + S(z,y), and F is as above. As opposite to the case of the Cauchy problem, for this problem,
f(x,y,u) must depend on the “slow” variable x since we need to impose that f(x,y,0) = 0 for all (z,y) €
092 x R™ x R, because of the boundary condition. The method applied in this case is completely different
from the one for the Cauchy problem and it is based on the conversion of the homogenization of the nonlinear
parabolic equation into the homogenization of a particular type of fully nonlinear parabolic equation and
we use ideas that go back to Evans [15] and Ishii [18], among others. Here, the initial data do not need to
be “well-prepared” and, as already mentioned, the flux function depends also on . On the other hand, we
have to restrict the homogenization analysis to regular algebras with mean value. The latter is a concept
introduced here whose largest representative so far known is the Fourier-Stieltjes algebra introduced in [17].
As pointed out in [17], the Fourier-Stieltjes algebra strictly contains the algebra of perturbed almost periodic
functions, whose elements can be written as the sum of an almost periodic function and a continuous function
vanishing at infinity. Here, we prove that a regular algebra w.m.v. is ergodic. We recall that the theory of
algebras w.m.v. and ergodic algebras was first developed by Zhikov and Krivenko in [30] (see also [19]).

The results in this paper indicate, in general, that the homogenization of the porous medium type equation
above leads to the homogenized equation

Uy = Af(xv u)a
where f(z,u) is defined by the formula

u= ][ng(%y, [z, u)) dy,

where g is such that, for each (z,y), g(=,y,-) is the inverse of f(z,y,-), in the type 1 case, or g(x,y,v) =
G((v— S(z,y))/h(x,y)) is the type 2 case, where G is as above. For the definition of f by the last formula
to make sense, in the type 2 case, it is necessary to have, for all a in the set of discontinuities of G,

m({z € K : ah(z)+ S(z) =¢}) =0,

for all ¢ € R, where K is the compact space associated with the algebra w.m.v. A(R™) and m is the
corresponding probability measure in K (see, Theorem 2.1 below, established in [3]). This leads us to the
question about necessary conditions for the vanishing of the measure of level sets in I of an element of
A(R™), which is the subject of a general result on algebras w.m.v. proved herein (see Lemma 2.2 below).
To illustrate this problem, we briefly exhibit here a very simple example in the periodic context. So, let us
consider the homogenization of the strongly degenerate equation

u = A(F() +vo(2)),

where

<
+
N
S
<N
IA
[N

VA
D= I

<

|
rol—

<



HOMOGENIZATION OF DEGENERATE POROUS MEDIUM TYPE EQUATIONS 3

and 1 : R — R is the periodic function of period 4 defined for x € [—2,2] by

—r—2, —-2<z<-1,
Yo(x) = < =, —-1<z<1,
—x+2, 1<z<2.
Such nonlinear flux function is a prototype for models of the so called Stefan problem (see, e.g., [11]).

Our homogenization analysis of such strongly degenerate equations implies in this simple case that the
homogenized equation is

Uty = Af_(u)u
where
u—&—%, u < —%,
Fla) — J 2 3 3
f(u) =1 3u, —5Su<3,
uf%, u > %

So, although the equations to be homogenized are strongly degenerate, the homogenized equation is nonde-
generate. The reason for this is basically the fact that the level sets of the periodic function 1y defined above
have Lebesgue measure zero. As remarked after the proof of Lemma 2.2 below, if A(R™) is an algebra w.m.v.
containing the periodic function g, then small perturbations of the form ¢ = g + 61, with ¢¥; € A(R"™),
will satisfy the zero measure condition on the level sets in K, which yields a similar nice behavior of the
homogenized equation.

Before concluding this introduction, we would like to mention that in this paper we also make a detailed
review and provide some new results on the existence and stability theory for degenerate parabolic equations
of the type considered here. We do that because we need some specific results that are not proved elsewhere,
also just to introduce some notations used later on, as well as in order to have our work the most self-contained
possible.

This paper is organized as follows. In Section 2 we recall the concepts of algebra w.m.v., generalized
Besicovitch space and ergodic algebra. We also recall a general result established in [3] which relates such
algebras and the translation operators acting on them with the continuous functions defined on certain
compact spaces and certain groups of homeomorphisms of these compact spaces. In Section 3, we introduce
the concept of regular algebra w.m.v., prove that these are ergodic algebras, and that this concept includes
the Fourier-Stieltjes spaces FS(R™). In Section 4, we briefly recall the general result of [3] on the existence
of two-scale Young measures associated with a given algebra w.m.v. In Section 5, we provided a self-
contained discussion about the well-posedness of the Cauchy problem and the initial-boundary value problem
with null boundary condition for degenerate porous medium type equations. In Section 6, we consider the
homogenization problem for porous medium type equations defined in all R™ and we analize the case of the
Cauchy problem. Finally, in Section 7, we consider the homogenization problem for porous medium type
equations defined in a bounded domain and we analize the case of the initial-boundary value problem with
null boundary condition.

2. ERGODIC ALGEBRAS

In this section we recall some basic facts about algebras with mean values and ergodic algebras that will
be needed for the purposes of this paper. To begin with, we recall the notion of mean value for functions
defined in R™.

Definition 2.1. Let g € L (R™). A number M (g) is called the mean value of g if

loc

(2.1) lim [ g(e™'2)dx = |A|M(g)

e—=0 [ 4



4 HERMANO FRID AND JEAN SILVA

for any Lebesgue measurable bounded set A C R™, where |A| stands for the Lebesgue measure of A. This is
the same as saying that g(¢~!z) converges, in the duality with L> and compactly supported functions, to
the constant M(g). Also, if A; ;== {x € R" : t71z € A} for t > 0 and |A| # 0, (2.1) may be written as

1
(22) tlggoWIAI/At g9(x) dx = M(g).

We will also use the notation f,, g dz for M(g).

As usual, we denote by BUC(R™) the space of the bounded uniformly continuous real-valued functions in
R™.
We recall now the definition of algebra with mean value introduced in [30].

Definition 2.2. Let A be a linear subspace of BUC(R™). We say that A is an algebra with mean value (or
algebra w.m.v., in short), if the following conditions are satisfied:

(A) If f and g belong to A, then the product fg belongs to A.

(B) A is invariant under the translations 7, : R” — R", z — x +y, y € R”, that is, if f € A, then
T,f € A, for all y € R”, where 7,f :== for, f €A

(C) Any f € A possesses a mean value.

(D) A is closed in BUC(R™) and contains the unity, i.e., the function e(z) := 1 for € R™.

Remark 2.1. Condition (D) was not originally in [30] but its inclusion does not change matters since any
algebra satisfying (A), (B) and (C) can be extended to an algebra satisfying (A)—(D) in an unique way
modulo isomorphisms.

For the development of the homogenization theory in algebras with mean value, as it is done in [30, 19]
(see also [7, 3]), in similarity with the case of almost periodic functions, one introduces, for 1 < p < oo, the
space BP as the abstract completion of the algebra A with respect to the Besicovitch seminorm

1/p
o= £, lrrar)

Both the action of translations and the mean value extend by continuity to BP, and we will keep using the
notation 7, f and M(f) even when f € BP. Furthermore, for p > 1 the product in the algebra extends to a
bilinear operator from BP x B? into B, with ¢ equal to the dual exponent of p, satisfying

‘fg|1 < |f|p|9‘q‘

In particular, the operator M(fg) provides a nonnegative definite bilinear form on B2.
Since there is an obvious inclusion between elements of this family of spaces, we may define the space B>
as follows:

B>* ={f¢€ m BP : sup |f|p, < oo},

1<p<oo 1<p<oo
We endow B> with the (semi)norm
|floo == sup |f‘p

1<p<oo
Obviously the corresponding quotient spaces for all these spaces (with respect to the null space of the
P
seminorms) are Banach spaces, and in the case p = 2 we obtain a Hilbert space. We denote by B:, the

equivalence relation given by the equality in the sense of the BP semi-norm. We will keep the notation B?
also for the corresponding quotient spaces.

Remark 2.2. A classical argument going back to Besicovitch [4] (see also [19], p.239) shows that the elements
of B? can be represented by functions in L} (R"), 1 < p < oo.
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We next recall a result established in [3] which provides a connection between algebras with mean value
and the algebra C'(K) of continuous functions on a certain compact (Hausdorfl) topological space. We state
here only the parts of the corresponding result in [3] that will be used in this paper.

Theorem 2.1 (cf. [3]). For an algebra A, we have:

(i) There exist a compact space K and an isometric isomorphism i identifying A with the algebra C(K)
of continuous functions on K.

(ii) The translations 7, : R* — R", 7ya = x + y, induce a family of homeomorphisms T(y) : K — K,
y € R™, satisfying the group properties T(0) = I, T(x +y) = T(x) o T'(y), such that the mapping
T:R"x K=K, T(y,z):=T(y)z, is continuous.

(iii) The mean value on A extends to a Radon probability measure m on K defined by

/ i(fydm:= 4 fdz, fEA,
K R

which is invariant by the group of homeomorphisms T'(y) : K — K, y € R", that is, m(T(y)E) =
m(E) for all Borel sets E C K.

(iv) For 1 < p < oo, the Besicovitch space Bp/ 5 s isometrically isomorphic to LP (K, m).

2
A function f € B? is said to be invariant if 7, f z f, for all y € R™. More clearly, f € B2 is invariant if
(2.3) M(|ryf — fI*) =0, for all y € R™.
The concept of ergodic algebra is then introduced as follows.

Definition 2.3. An algebra w.m.v. A is called an ergodic algebra if any invariant function f belonging to
the corresponding space B? is equivalent (in B?) to a constant.

A very useful alternative definition of ergodic algebra is also given in [19], p. 247, and shown therein to
be equivalent to Definition 2.3. We state that as the following lemma.

Lemma 2.1 (cf. [19]). Let A C BUC(R"™) be an algebra w.m.v.. Then A is ergodic if and only if

1
(2.4) lim M, (| fle+y)de—M(f)]P) =0 VfeA
|B(0; )] J o)

We close this section establishing a general result concerning algebras w.m.v. which will be used in our
investigation on the homogenization of porous medium type equations in the last two sections of the present
work. We first establish the following definition.

Definition 2.4. For a C! vector function ¢ = (1, ...,1y) whose components belong to an algebra w.m.v.
A(R™), such that d,,1; € AR"), i =1,...,n, j = 1,...,N, we say that o € R is a strongly regular
value of 1 if there exists 6, > 0 such |[¢(z) — a|> + |D¢(z)|? > b4, for all z € R", where |Diy(x)|* =
n N
Dict Zj:l(aﬂ:iwj<x))2‘
Lemma 2.2. Let A(R™) be an algebra w.m.v. and ¢ € A(R™) be such that 0,9 € AR"), i=1,...,n.
(i) If a € R is a strongly regqular value of 1, then

(2.5) m({ze: ¢Y()=a})=0,

where K is the compact space given by Theorem 2.1 and m is the associated invariant probability
measure on K.

(ii) If also ‘fﬁmﬂ/’ e AR"), fori,j € {1,...,n}, and 0 is a strongly reqular value of Vi, then (2.5)
holds for all o € R.
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Proof. We first prove item (i). By the hypotheses and the properties of the algebras w.m.v., we have that
|[Vy| € A(R™) and so it extends to a function in C(K). Since « is a strongly regular value of 1, the sets
A={ze K : Y(z) =a}and B={z € K : |V¢(z)| = 0} are two disjoint compact subsets of K. Hence,
there exists dp > 0 such that |V (z)| > o for z € A. Now, given any z € A, there exists j € {1,...,n} such
that |09 (2)] > do/n.

We claim that

ANR" C o [j S,
j=1k=1

where each Si is the graph of a C'! function defined on an open subset of the space of the n — 1 variables
(CC17 e ,Ij_17l‘j+1, e ,In),

and, moreover, for each fixed j € {1,...,n}, the sets S,i, k € Z, are separated from each other along the
lines parallel to the z;-axis by neighborhoods V;/ defined by

V] = {x ER" : z=2a'+sej, foraunique pair (z',s) with 2’ € S] and s € (—00700)},

for some oy > 0, where e; is the j-th unit vector of the canonical basis.

Indeed, let A7 = {x € ANR™ : |0,,9(x)| > %0} Clearly ANR™ = U7_, A7. By the Implicit Function
Theorem, we have that A7 is the union of a family of connected graphs of C' functions. Moreover, since
0z,;% is uniformly continuous, there exists og such that |z — y| < oo implies [0, (x) — 0z;¥(y)| < do/2n.
Therefore, any two points x,y € A; lying both in one line parallel to the x;-axis must satisfy |« — y| > 20y.
In particular, the set of connected graphs in A? is countable, since for each point in the hyperplane {z; = 0}
with rational coordinates there corresponds at most a countable number of graphs whose projection in
{z; = 0} contains that point. Now, given a connected graph contained in A7, by Zorn’s lemma, we can
obtain a maximal family of connected graphs in A;, containing the given graph, whose projections into the
hyperplane {z; = 0} are disjoint from each other. We call this maximal family S{. We then consider the
family of connected graphs A7 \ S{ and pick up a connected graph from it. Again by Zorn’s lemma such
graph belongs to a maximal family of connected graphs in A7\ S{ whose projections into the hyperplane
{z; = 0} are pairwise disjoint. We call this maximal family Sg. We then consider the family of connected
graphs A7\ (S{ U S%) and, from it, we define a maximal family of connected graphs whose projections in the
hyperplane {z; = 0} are pairwise disjoint, call this maximal family Sg, and so on. In this way, relabeling if
necessary, we end up decomposing A7 into a disjoint union, U,;";lSi, of maximal families of connected graphs
whose projections in the hyperplane {; = 0} do not intersect each other. Clearly, each such maximal family,
Si, maybe be viewed as a graph of a C! function defined on an open subset of the space of the variables
T1y-eo3Tj—1,%j41s---,%n. The assertion about the neighborhoods ij is also clear.

For 0 < € < (dp00)/2n, let us define

¢a($) = mln{‘¢(x) —al, 5}7 wa(x) =1- 5_1¢)5~
We then have that supp ¥ N ij C ij €. where

ij’s = {:r ER" : z=2"+sej, fora unique pair (z’,s) with z’ € Si and s € (f¥, 26”5)} .
0o %o
Therefore,
1 1
(26) mA) <m{zek : [p(z)]> 1)) <2 / Vo(2)dm(z) =2 lim —— V. (z) da.
{ 2} K R—oo |B(0; R)| Ji4 <R
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Now, for each j € {1,...,n}, #{ij : Vj NB(0;R) £ 0} < U%, and clearly

T 1Hn 1 (B(o;R)msg) <c,

for some C > 0 depending only on . Hence, for any R > 0, we have

1 /.
_— dx
BOB)] Jen” ZZ 0 R s 2O

e
< 7max V() dx
2 o BORT" Ly

n
o,
< ——————max dx
jz:; JO|B(0; R)' k B(O;R)ﬂij Nsupp e
< Ck,

again for some C' > 0 depending only on 9. Thus, we get that m(A) < Ce, and, since € > 0 is arbitrary, we
arrive at the desired conclusion, concluding the proof of (i).
As for the proof of (ii), by (i) and the hypotheses on V), we see that

m{zeK: Vy(z) =0}) =0,
and, so, we only need to prove that
m({z € K: ¢(2) =a, [VY(z)| > 0}) = 0.

But, we may write
ek v =a, V)| >0 =B,  B'={zek:v()=a, V()| > 7).
1=1

Now, we claim that m(Bl) =0,1=1,2,.... Indeed, the claim follows by arguments similar to those used in
the proof of (i). The only nontrivial adaptation to be made, is that, instead of using the function ¢ defined
above, we shall now use the function

Do(2) = b (@)0(2),  Ou(x) =2 (max {zll min{ [Ve(z), }}} _ 211) .

We then get an inequality similar to (2.6) with A replaced by B! and . replaced by Y. We also define the
analogues of SJ and V] and the remaining of the proof follows as in the proof of (i). This gives the desired

conclusion.
O

Remark 2.3. In general, for any ¢ in an algebra w.m.v. A(R™), we trivially have m({z € £ : ¢(z) = a}) =0,
except for a countable set of a’s. Nevertheless, in general we do not have any other information about the
set of exceptional a’s besides the fact that it is countable; in particular, it could be dense in R. However,
we can use Lemma 2.2 to provide examples where the set of exceptional «’s is empty. For instance, if g is
a C? periodic function in R™ for which 0 is a regular value of V), in the usual sense, then, by the Implicit
Function Theorem, we know that the set {x € R™ : |Veo(x)| = 0} has n-dimensional Lebesgue measure
zero, and since Vo = 0 almost everywhere on the level sets {1)g = a}, we conclude that all these level sets
have n-dimensional Lebesgue measure zero. Now, if A(R™) is an algebra w.m.v. containing such a periodic
function g and 1, 9,,11, a;imjwl € AR™), i,5 =1,...,n, then, for § > 0 sufficiently small, we have that
1 = 1pg + d1p; satisfies the hypotheses of the item (ii) of Lemma 2.2, and so the conclusion of (ii) holds for .
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3. REGULAR ALGEBRAS W.M.V. AND THE FOURIER-STIELTJES SPACE FS(R").

In this section we introduce the concept of regular algebra w.m.v. and recall the definition and some
basic properties of the Fourier-Stieltjes space introduced by the authors in [17], which is, to the best of our
knowledge, the largest known example of a regular algebra w.m.v..

For any f € L*°(R™), let us denote by f the Fourier transform of f defined as the following distribution

(F.6):= [ F@d)ds,  forall 6 € CE®),
where ¢ denotes the usual inverse Fourier transform of ¢, i.e.,
. 1 .
_ YT
6a) = G [ S da.
Given an algebra w.m.v. A, let us denote by V(.A) the subspace formed by the elements f € A such that
M(f) = 0, namely,

V(A) :={feA: M(f)=0}.

Also, let us denote by Z(A) the subset of those f € A such that the distribution f has compact support not
containing the origin 0, that is,

Z(A):={f € A : supp(f) is compact and 0 ¢ supp(f)}.

We collect in the following lemma some useful properties of the functions in Z(.A), whose proof is found
in [19], p. 246.

Lemma 3.1 (cf. [19]). Let A be an algebra w.m.v. in R™ and f € Z(A). Then:

(i) There exists u € C*(R™) N Z(A) such that Au = f, where A is the usual Laplace operator in R™;
u = [ for certain smooth function (, fast decaying together with all its derivatives, satisfying
{ € C(R™) and 0 ¢ supp(().

(ii) For any Borelian Q C R™, with |Q| > 0, we have

(3.1) fle+y)dx =0, uniformly in y € R™.

R STTe] o,
The fundamental result about ergodic algebras, proved by Zhikov and Krivenko [30], is the following.

Theorem 3.1 (cf. [30]). If A is an ergodic algebra, then Z(A) is dense in V(A) in the topology of the
corresponding space B2.

The following immediate corollary of Theorem 3.1, established in [3], will be used in Section 6 concerning
the homogenization of a porous medium type equation.

Lemma 3.2 (cf. [3]). Let A be an ergodic algebra in BUC(R™) and h € B? such that M(hAf) = 0 for all
f € A such that Af € A. Then h is B?-equivalent to a constant.

Theorem 3.1 also motivates the following definition.

Definition 3.1. An algebra w.m.v. A is said to be regular if Z(.A) is dense in V(A) in the topology of the
sup-norm.

We have the following important fact about regular algebras w.m.v..

Proposition 3.1. If A is a regular algebra w.m.v., then A is ergodic.
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Proof. We are going to use the characterization of ergodic algebras provided by Lemma 2.1. Let f € A.
Clearly, to prove (2.4), we may assume M (f) = 0. Now, since A is regular, given ¢ > 0, we may find
g € Z(A) such that ||f — g|lco < &. Hence,

1 2 1 2
lim sup M, 7/ flx+y)de|” | <2 lim My | |+~ g(x +y)do|” | + 2% = 262,
too © <| |B(0; )] J o) } t=oo Y } |B(0; )] J (o) ‘
where we used Lemma 3.1(ii) for the last equality. This implies (2.4). O

We next state a property of regular algebras w.m.v. which will be used in our application to homogenization
of porous medium type equations on bounded domains in the final part of this paper.

Lemma 3.3. Let A be a regular algebra w.m.v. If f € V(A), then for any ¢ > 0 there exists a function
ue € Z(A) satisfying the inequalities

(3.2) f—e<Au.< f+e.

Proof. This follows immediately from Lemma 3.1(i) and Definition 3.1. O

The space FS(R™) introduced in [17] provides a very encompassing example of a regular algebra w.m.v..

Definition 3.2. The Fourier-Stieltjes space, denoted by FS(R™), is the completion relatively to the sup-norm
of the space of functions FS,(R™) defined by

(3.3) FS,.(R") := {f ‘R" R : f(z) = / eV dy(y) for some v € M*(R")} ,

where by M. (R™) we denote the space of complex-valued measures p with finite total variation, i.e., |u|(R™) <
00.

Recall that a subalgebra B C A is called an ideal of A if for any f € A and g € B we have fg € B. Let
Co(R™) denote the closure of C°(R™) with respect to the sup norm. The following result was established
in [17].

Proposition 3.2 (cf. [17]). FS(R") C BUC(R") and it is an algebra w.m.v. containing Co(R™) as an
ideal. Moreover, FS(R™) is a regular algebra w.m.v. and the space PAP(R™) of the perturbed almost periodic
functions, defined as

PAPR") :={f € BUC(R") : f=g+1, g € AP(R"), ¢ € CH(R™)},
is a closed strict subalgebra of FS(R™).

4. TwWO-SCALE YOUNG MEASURES

In this section we recall the theorem giving the existence of two-scale Young measures established in [3].
We begin by recalling the concept of vector-valued algebra with mean value.
Given a Banach space E and an algebra w.m.v. A, we denote by A(R"; FE) the space of functions f €
BUC(R™; F) satisfying the following:
(1) Ly := (L, f) belongs to A for all L € E*;
(ii) The family {Ly : L € E*, |L|| < 1} is relatively compact in A.

Theorem 4.1 (cf. [3]). Let E be a Banach space, A an algebra w.m.v. and KC be the compact associated with

A. There is an isometric isomorphism between A(R™; E) and C(K;E). Denoting by g — g the canonical

map from A to C(K), the isomorphism associates to f € A(R™; E) the map f € C(K;E) satisfying
(4.1) (L, f)=(L,fy e C(K) VLe E*

In particular, for each f € AR™ E), || fllg € A.
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For 1 < p < oo, we define the space LP(K; E) as the completion of C'(K; E) with respect to the norm

| - ||y, defined as usual,
1/p
1= ([ 1r1pam)
K

As a standard procedure, we identify functions in LP that coincide m-a.e. in K.
Similarly, we define the space BP(R™; E) as the completion of A(R"™; F) with respect to the seminorm

1/p
o= (f, I1pac)

identifying functions in the same equivalence class determined by the seminorm | - |,. Clearly, the isometric
isomorphism given by Theorem 4.1 extends to an isometric isomorphism between BP(R™; F) and L?(K; E).
The next theorem gives the existence of two-scale Young measures associated with an algebra A. For the
proof, we again refer to [3].
Let Q@ C R™ be a bounded open set and {u.(x)}.~¢ be a family of functions in L>®(Q; K), for some
compact metric space K.

Theorem 4.2. Given any infinitesimal sequence {e;}icn there exist a subnet {Uaﬂd)}deD; indexed by a
certain directed set D, and a family of probability measures on K, {v, 1 }.cx zecq, weakly measurable with
respect to the product of the Borel o-algebras in IC and R™, such that

(4.2) 1%11/5)@(%,3;,%(@(@))@:L/C<uz,w,¢(z,x,-)>dm(z) de YD e AR™Co(Q x K)).

Here @ € C(K;Co(Q2 x K)) denotes the unique extension of ®. Moreover, equality (4.2) still holds for
functions ® in the following function spaces:

(1) BYR™; Co(Q x K));

(2) BP(R™;C(Q x K)) withp> 1;

(3) L'( AR C(K))).

As in the classical theory of Young measures we have the following consequence of Theorem 4.2.

Theorem 4.3. Let Q C R™ be a bounded open set, let {u.} C L>®(Q;R™) be uniformly bounded and let v,
be a two-scale Young measure generated by a subnet {uc(q)}acp, according to Theorem 4.2. Assume that U
belongs either to L' (2; A(R™;R™))) or to BP(R™; C(2;R™)) for some p > 1. Then

(4.3) Ve = 0u(ze) if and only if ligl l|te () (x) — U(%,w)“l}(ﬂ) =0.

5. SOME RESULTS ABOUT A POROUS MEDIUM TYPE EQUATION

In this section, we review some results about the Cauchy problem and an initial-boundary value problem
for a porous medium type equation which will be used later. More specifically, we consider the Cauchy
problem

(5.1) Ou — Af(z,u) =0, (z,t) € RTT :=R" x (0, +00),

(5.2) u(z, 0) = uo(z), r € R,

and, for 2 C R™ open bounded with smooth boundary, we consider the initial-boundary value problem
(5.3) ou — Af(z,u) =0, (z,t) € Q :=Q x (0,+00),

(5.4) u(z,0) = up(z), z€Q, u(z,t) =0, (x,t) € 02 x (0,00).

For the purposes of this paper, we consider two types of functions according to the following definitions.
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Definition 5.1. We say that the function f(x,u) is of type 1 if the conditions below are satisfied, where I
is an arbitrary compact interval of R:

(fL.1) f:R"xR >R (f: QxR — R, resp.) is continuous and, for each x € R" (z € Q, resp.), f(z,") : R —
R is increasing and locally Lipschitz continuous uniformly in z. Moreover, lim, 1 f(z,u) = £oo,
uniformly in x.

(f1.2) D2 f(z,u) and D2 f,(z,u), |a| < 2, are uniformly bounded for (z,u) € R™ x I (resp., Q x I), and
there exists a constant 6y > 0 such that

(5.5) —Fulwsu) 003 e () <0,

i=1
for all (z,u) € R™ x I (resp., (z,u) € Q x I).

Observe that assumptions (f1.1), (f1.2) are trivially satisfied by functions of the form f(z,u) = a(z)u|u|"®) +
b(x), with ~v,a,b smooth, bounded with bounded derivatives up to second order, y(z) > v > 0 and
a(x) >ap >0,z €R" (z € Q).

Specifically for the problem (5.3),(5.4), we add the following item to definition 5.1:

(f1.3) f(z,0) = 0 for z € H.

We will also consider the problems (5.1),(5.2) and (5.3),(5.4) when f(z,u) is of the type described in the
following definition.

Definition 5.2. We say that the function f(x,u) is of type 21if f(z,u) = h(z)F(u) + S(x), where:

(f2.1) F : R — R is locally Lipschitz continuous, nondecreasing, and lim, 4 F(u) = £oo. For definite-
ness, we assume that F' is not strictly increasing.

(f2.2) S,h: R™ — R are functions in C?(R"), bounded with bounded derivatives up to the second order,
and h(z) > §p > 0, for all x € R™.

Observe that, for F' satisfying (£2.1) we may define G(r) = min{u : F(u) = r}, and we have F(G(r)) = r,

for all r € R, and G(F(u)) = u if u ¢ F~(E), where

E:={r eR: G is discontinuous at r}.

Again, specifically for the problem (5.3),(5.4), we add the following item to Definition 5.2
(£2.3) h(x)F(0) 4+ S(z) =0, for x € O.

Remark 5.1. We remark that all the results obtained in what follows for f(x,u) of type 2 have identical
versions for f(x,u) of the form f(x,u) = F(h(x)u) + S(x), with F, h, S satisfying the conditions in (f2.1),
(£2.2), and (2.3), the latter specifically for the problem (5.3),(5.4), the proofs of which are easy adaptations
of the proofs given herein for f(z,u) of type 2, after the trivial change of variables v = h(z)u.

In the case where f(z,u) is of type 1, since f(z,-) is (strictly) increasing, for each z, then the equation (5.1)
is only mildly degenerate, in other words, it still belongs to the “non-degenerate” class, in the classification of
[5]. Nevertheless, it is degenerate in the sense that f,(z,-) can vanish on a set N' C R, provided A does not
contain a non-empty open interval. The simplest and prototypical example is the classical porous medium
equation, for which f(z,u) = u|ul”, v > 0. We remark that for the latter, due to a comparison principle,
we can always guarantee that u(z,t) > 0 if ug(x) > 0, which is physically desirable. For this reason, we can
view f(u) = w1, u > 0, as defined in R, trivially extended as u|u|?. This motivates our choice of taking
f(x,-) as defined in the whole R, which is a matter of convenience. On the other hand, if f(x,u) is of type
2, then the equation (5.1) falls into the degenerate class in the classification of [5].

Concerning the initial data, we assume

ug € L= (R") (up € L>(£2), resp.).
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The study of the well-posedness of the Cauchy problem for general quasilinear degenerate parabolic
equations starts with Volpert and Hudjaev [28], for initial data in BV, where the L'-stability was achieved
completely only in the isotropic case, that is, for a diagonal viscosity matrix. The results in [28] were
extended to the initial boundary value problem in [29]. Well-posedness in the isotropic case with initial data
in L* was established by Carrillo [5] in the homogeneous case where the coefficients do not explicitly depend
on (z,t). A purely L' well-posedness theory for the homogeneous anisotropic case was established by Chen
and Perthame in [9]. The latter was extended to the non-homogeneous anisotropic case in [8]. We refer to
the bibliography in the cited papers for a more complete list of references on the subject.

Equation (5.1) is a particular case of a degenerate non-homegeneous isotropic equation and, as we said
above, in the case where f(x,u) is of type 1, its degeneration is of a mild type which makes its study a bit
simpler than that of the general degenerate equation. On the other hand, in the case where f(x,u) is of
type 2, equation (5.1) is a particular case of a strongly degenerate parabolic equation. Here we will review
the analysis of such equations for f belonging to both types in order to introduce some notations and some
particular results that will be needed in our study of the homogenization of porous medium type equations
in Section 6. For the stability results, in the type 1 case, we follow closely the analysis in [5] and show which
adaptations of the results in [5] need to be made in order to handle the explicit dependence on x of f. Still
for the stability results, in the type 2 case, we borrow as well some ideas from [20], which in turn is also
based on the analysis of [5].

For the existence of solutions, which follows from the compactness of the sequence of solutions of regu-
larized (nondegenerate) problems, we introduce here a method which is motivated by Kruzkhov [22]. We
remark that recently Panov [26] has obtained a very general compactness result that, in particular, would
imply the one proved here. However the techniques used in [26] are out of the scope of the present paper
and we think it is appropriate here to provide a simple and direct proof of this compactness result.

Definition 5.3. A function u € L>(R’™") is said to be a weak solution of the problem (5.1),(5.2) if the
following hold:

(1) f(z,u(x,t)) € Li,.((0,00); Higo(R™));

loc

(2) For any ¢ € C°(R"*!), we have
(5.6) / L, wer Vf(z,u) Vodxdt+ / uop(x,0)dx = 0.
R R"

Similarly, a function u € L>(Q) is said to be a weak solution of the problem (5.3),(5.4) if the following hold:
(3) f(z, u(=,t)) € L{, (0, +00); Hj(9)).

loc

(4) Given ¢ € C(2 x R), we have

(5.7) / udp — Vf(x,u) Vedrdt + / uo(z)p(x,0)dx = 0.
Q Q

Let u be a weak solution of either (5.1),(5.2) or (5.3),(5.4). Denoting by (-,-) the usual pairing between
H=Y(U) and H}(U) when U C R™ is open, we can conclude from (5.6) (resp., from (5.7)) that

Oru € Lo(Rys Hyl(RY),  (resp., du € L (Rys Hipl ()

loc loc loc loc

so that the equality (5.6) is equivalent to

(5.8) /OOO(Btu, ) dt + Vf(z,u) Vodxdt — / uop(x,0)dx =0,

n

n+1
RY

for all ¢ € C°(R™*1), while (5.7) is equivalent to

(5.9) /0 (Oru, @) dt—i—/QVf(x,u) -Veodrdt — /Quogo(m,O) dz = 0.
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Let Hs : R — R be the approximation of the function sgn given by

—

, for s > 4,

Hs(s) == for |s| <4,

)

-1, for s < —4.

[STRRVA

Given a nondecreasing Lipschitz continuous function ¥ : R — R and k£ € R, we define

Bfj(x,\) == f’; O(f (@, r))dr, if fis of type 1,
fk ﬂ(F(T))dT7 if f is of type 2.

13

Concerning the function B, we will make use of the following lemma which is a version of a lemma in [5],
whose proof remains essentially the same and for which, therefore, we refer to [5].

Lemma 5.1. Let u € L®(R}™") be a weak solution of (5.1),(5.2). Then, for a.e. t € (0,+00), we have

t
/ / Bf;(x, u)ps ds dr + B{;(am ug)p(x,0)dr — / Bf;(x, u(t))p(x,t) dx
0 Jrn R~

n

:_/0 (O, O(f (w, w))p) ds

Vk € R and for all 0 < p € C°(R™H).

Similarly, let u € L*(Q) be a weak solution of (5.3),(5.4).

/ /Bf;(amu)npsdsdx—l—/Bg(m,u($70))ap(x,0)dx—/Bg(x,u(t))go(%t)dx
0 Ja Q Q
—— [ @) ds,

Vk €R and V0 < ¢ € C=(Q x R).

Let us denote

95(A;y) := Hs(A = f(y,k)), By (2, A;9) := Byi(iyy (2, A) and  95(N) := Hs(A — F(k)).

Next we state and prove a lemma which is also an adaptation of a similar result in [5].

Then, for a.e. t € (0,+00), we have

Lemma 5.2 (Entropy production term: type 1 case). Let u be a weak solution of the Cauchy prob-
lem (5.1),(5.2), with ug € L>®(R™). If f is of type 1, Then

(5.10)

Bjy (s y)pe — Hs(f (w,0) = f(y, k) V f (2, u) - Vpda dt

n+1
R+

= [ IV P ) - floR)pda

+

for allk € R and all 0 < ¢ € CX(R}TT).
Similarly, let u € L*(Q) be a weak solution of (5.3),(5.4). Then,

(5.11)

| Bl = B ) = 10 ) o) Vi

- /Q I f ) PHY(f (2 0) — f(y, b)) e dit

for allk € R and all 0 < p € C(Q).
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Proof. By the Lemma 5.1, we have

+oo
7/ (Oru, Hs(f (z,u) — f(y, k))e) dt :/ Bgé(z,u;y)cpt dz dt.
0 R

n41
+

Since u is a weak solution and Hs(f(z,u) — f(y,k))p is a test function for each fixed y and k, we get

+oo
[ O~ f )bt = [ (V) V() = f5 ) dad =0,

n+
+
This equality with the previous one gives
[ B s = V) - VS fGo) = Fo b))} dadt =0,
i

and this equality yields (5.10).
The proof of (5.11) follows similarly with obvious adaptations.

Now, we establish a result which is the analogue of Lemma 5.2 for the case where f is of type 2.

Lemma 5.3 (Entropy production term: type 2 case). Let u be a weak solution of (5.1),(5.2) with uy €
L>(R™). If f is of type 2, then

(5.12) /R+ {Ju— klgr — V| (1) — (. )| - Vi — sgn(u — k)Af(z, K)o} dac dt
—tim [ @IV HF() — F(k) dadt,
R}

for all k € R such that F(k) ¢ E and 0 < ¢ € C(RH).

Proof. Similarly to what was done in lemma 2, we have
[ 4B ) = V@) T (H(F () = P} dad =0,
+

which gives

/Rnﬂ {Bﬁg (W) — Hs(F(u) = F(k))V (f(z,u) = f(2,k)) - Voo + Hs(F(u) — F(k)Af(z, k) gp} dz dt

+

- /]R+ { (F(u) — F(k)) Vh(z) - VF(u) + h(a;)WF(u)?}Hg(F(u) — F(k))pda dt.
Since F'(k) ¢ E, we obtain that Hs(F(u) — F(k)) — sgn(u — k) and B{;g (u) = |u—k| as 6 — 0. So, in order

to obtain 5.12, it suffices to show that the first integral on the right-hand side of the expression above goes
to 0 as 6 — 0. For this, define

Is := /]R"“ (F(u) — F(k)) Vh(z) - VF(u)Hs(F(u) — F(k))p dz dt.

A simple computation shows that

Is := / div Fs(F(u))p dx dt,
Ry
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where
Fs5(z) := Vh(z) / (r — F(k))Hg(r — F(k))dr.
F(k)
Since limg_,0 F5(2) = 0 for all z, we have lims_,o I5 = 0. O

Definition 5.4. A function u € L®(R’"") is an entropy solution of the problem (5.1),(5.2) if u is a weak
solution and satisfies, for all k € R,

Oulu— b — Alf(w,w) — f(z, k)| +sgn(u— k) Af(z, k) <0,
in D'(R}).

As it will become clear from the proof of Theorem 5.1 below, when f is of type 1, all weak solutions are
automatically also entropy solutions. On the other hand, since (5.12) in Lemma 5.3 only holds for k£ € R
such that F(k) ¢ E, the notions of weak and entropy solutions do not coincide in general when f is of type
2.

The following theorem is a central tool in our analysis of the homogenization problem for porous medium
type equation in Sections 6 and 7. Its proof follows from (5.10) (resp., (5.11)), by using doubling of vari-
ables, and the trick of completing the square in [5], theorem 13, p. 339. Of particular importance for our

homogenization study in Section 6 will be the formula (5.14) below, which holds in the special case when
one of the entropy solutions is stationary. We give the detailed proof here for the reader’s convenience.

Theorem 5.1. Let uy, us be entropy solutions of the Cauchy problem (5.1),(5.2) with initial data ug1, uga €
L>(R™). Then we have the following:

(i) For all 0 < ¢ € O (RT), we have
(513) / N |U1(1‘7t) - UQ(x?t)|<)Ot - V|f(x,u1(1:,t)) - f(I,UQ(I,t))| ! v@dz dt > 0.
LS

(ii) If ug is a stationary solution, then

(5.14) /]R”+1 |ur(z,t) — ua(z)|pr — V| f(x,ur(z,t)) — f(z,u2(x))| - Ve dr dt

= lim |V[f($, ul(xvt)) - f(l‘,UQ(CC))HQHé(f(.Z‘, ul(xvt)) - f(x,UQ(l‘)))Lde) dt’

0—0 n+1
R+

for all 0 < p € C(RYH).
Similarly, if ui,us are weak solutions of the initial-boundary value problem (5.3),(5.4), with initial data
up1, Ug2 € L>®(Q), then we have the following:

(ili) For all 0 < ¢ € C°(Q), we have
(5.15) / lur(x,t) —uo(z,t) s — V| f(x,u1(z,t) — fla,uz(x,t))| - Vodxdt > 0.
Q
(iv) If ug is a stationary solution, then

(5.16) /Q ur (2, 1) —ua(z)|r = VIf (2, ur (2, 1)) — f(2, ua(2))| - Vep da dt

~ lim /Q IVIF Gy un(a,8)) — o, us ()] H(f o u () — farua(a) ) da d,

6—0

for all0 < p € CX(Q).
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Proof. 1. We first prove the assertions concerning the Cauchy problem (5.1),(5.2). In what follows, we use
the abridged notation u; = w1 (z,t) and us = ua(y, s). We begin by proving (5.13) in the case where f is of
type 1. For this, we apply (5.10) to uq, to obtain

/H{7L+1{Bgé(xvul§y)¢t - Hﬁ(f(m>u1) - f(yak))vazf<xvul) : Vm¢} dx dt

= [ VA ) P o) = o) e
for all k € R and for all 0 < ¢ € C°((RT")?). Setting k = us and integrating in y, s, we obtain
gy B 080000 = HlFr0) = S0 03)) V2 o)V oy
(5.17) - /( v Vo 0P S 00) = )ty .
Now, applying (5.10) to usg, taking k = u; and integrating in x, ¢, we obtain
[ LBt 0590 7 0 0) = o) V010 -0 ey s

(5.18) - /() 9, (9, 2 P H (1) — (1)) s dit dy ds
.
Now, note that

0= [, Vullyua) - ValHo( o) ~ (0 u2))o] de
R

= /RnJrl {Vuf(%U?) . wa(xvul)Hzli(f(x7u1) - f(y7u2))¢ + H5(f(x’u1) - f(y,UQ))Vyf(y,UQ) . Vx(b} dx dt
and so we have

/(Rn+l)2 H&(f(.’L‘, ul) - f(y7 U2))Vyf(y, u2) -Veopdrdtdyds

(5.19) . /() VoS 9y uz) - Vo f (@0 H(f (0, u1) — f(y,u2)) da di dy ds
+
Analogously,

/( : Hs(f(z,u1) — f(y,u2))Vaf(z,u1) - Vyo do dtdyds
R1+1 2

(5:20) = [, VoS00 e H ) = S 002l ey s
Making (5.17) minus (5.20) yields

/(Rm)z {BS; (2, w15 y)60 — Hy(F(@,u1) = f(y, u)) Va f(w,01) - (Vo + vm} du dt dy ds

620 = [ )R - Vs ) Vo) A ) — )iy s
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Further, adding (5.18) and (5.19) gives
L Bt o520 o a0) = o) V1000 (B 4,00y
02 = [ Tl = Vafem) - Vafl ) )~ f o ey
Now, adding (5.21) and (5.22) we obtain
[ { Bt i + By uain)o,
(e 0) = F )T + V) ) = F(p2) (Vo + 9,00 | dodrdy ds

(5.23) = +/(]R"+1)2 (Vo 4+ V) (f (2, u1) — £y, u2))PH(f (2,u1) — f(y,us))¢ da dt dy ds.

We then use test functions as ¢(z,t,y,s) = @(ZHL, ) p, (£52)6,(552), where 0 < ¢ € C(R}T), and
Pk, 0; are classical approximations of the identity in R™ and R, respectively, as in the doubling of variables
method. Hence, letting k& — oo first, later § — 0 and then letting | — oco, we obtain (5.13) for f of type 1.

2. Now, assume that the function f is of type 2 and define the sets
Ey = {(=,t) € R F(ug(2,t)) € E} and Ey := {(y,s) € R Fus(y, s)) € E}.
Observe that

(5.24) sgn(u1 — ug) = sgn(F(u1) — Fuz)),

for all (z,t,y,s) € {(RT™\ Ey) x R U {RTT x (R E») }. Moreover,
(5.25) VF(u1) =0, a.e. in Ey,

(526) VyF(UQ) = 0, a.e. in EQ.

Let ¢ be as in step 1. Using the definition 5.4, taking k = us and integrating over s, we get

(5.27) /R”'H . {\Ul —u2|py — V| f(2,u1) — f(z,u2)| - Voo — sgn(ur — Uz)(Af)(%W)éf’} dxdt >0,

where (Af)(z,u) := > 1" fo,z: (x,u). Now, by applying Lemma 5.3 for us, taking k = us(y, s) such that
(y,5) ¢ Es, integrating over R*! \ By and adding to (5.27), we have

[ {1 =l = 1P0) = P2 (PR 926 = BT () = Pl - Vo0
—sgn(u; —ug)(Af)(x, uz)¢} dx dtdyds
(5.28) > lim h(2)|V o F (u)) > H5(F(u1) — F(ug))é da dt dy ds.

OO (RETNE) x (R \B)

By arguing in a similar way for us we can prove that
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~/(R"+1)2 {|UI = u2|¢s — |[F(u1) = F(u2)[(VR)(y) - Vyo — h(y)Vy|F(u1) — F(u2)| - Vyo

+ sgn(ug — ug) (Af)(y, u1)¢} dx dt dy ds

5.29 > lim h(y)|V, F(u 2 (Flus) — Flu & du dt dy ds.
(5.29) 50 J R\ ) ) (R ) (W) Vy F(u2)|"H5(F(u1) (u2))

3. Since

0= [ BTy () Vo (Ho(Flur) = F(u2))6) o d,
Ry
we obtain, taking into account (5.24)—(5.26)

/ . h(y)Vy|F(u1) — F(ug2)| - Vep dr dtdy ds
(R7+1)2

(5.30) = lim h(y)VyF(u2) - Vo F(u2) Hy(F(u1) — F(u2))¢ dx dt dy ds.
00 S (R IE ) x (R \B2)

Analogously,

/ . hz)Vg|F(u1) — F(ug)| - Vy¢ dadt dy ds
(RH)2

(5.31) = lim h(z)Vy F(ug) - Vi F(uz)Hs(F(uy) — F(uz2))¢ dz dt dy ds.
020 J(RYFINE) x (R B2)

4. Multiplying (5.31) by —1 and adding to (5.28), we get

Lo {1 = 1016 = P 2) = PI(TR)@) - V.6 = BVl P00) = Pl (T4 9,06
—sgn(uy —u2)(Af)(x, u2)¢} dx dt dy ds
2 lim (RI\E ) x (RH\ ) {h(x)VxF(u1)|

(5.32) — h(z)VyF(u1) - VyF(ug)}Hg(F(ul) — F(ug))¢dxdt dy ds.

Similarly with respect to (5.30) and (5.29),
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/(R"+1)2 {|“1 —uz|gs — |F(ur) — F(u2)|(VR)(y) - Vyé — h(y)Vy|F(ur) — F(uz)| - (Va + Vy) ¢
+ sgn(uy — uz)(Af)(y, ul)qb} dx dt dy ds
= glgtl) (RTHI\E ) x (R Ey ) {h(y)|va(U2)|

(5.33) — h(y)VaF(uy) - VyF(ug)}H(';(F(ul) — F(ug))¢dxdtdyds.

Finally, adding the last two inequalities yields

[ {1 = el 60 = 1Fw) = Fua)l ((9900@) - T20+ (1)) - 9,0
(RH)2
- (h(:c) V.| () — F(ug)| + h(y) V| Flur) - F<u2>|) (Va4 V)0

—sgn(u; — uz) ((Af)(x,m) — (Af)(y, u1)>¢} dz dt dy ds

2
> lim h(e) Vo () — hy) V. F(u
§—0 (R1+1\E1)><(]R1+1\E2) {| ( ) (uq) (y) y ( 2)’

+ (h(z) — h(y))2 Vo F(uq) - VyF(uQ)}Hg(F(ul) — F(ug))¢pdzdtdyds,

which is equivalent to

/<) {'“1 — 2] (91 -+ 65) = (Vo Vi) I (g 01) = flyw2)] - (Vo + V)0

sl ) (), 02) — (A7) ) ) ddt dy s

> lim {(h<a:> ()} VaF(ur) - Vy F(us) Hy(F(uy) — F(uz))é

T 5—=0 (RiJrl)z
— (h(z) = h(y)) Vo|F(ur) — F(u2)| - (Vo + Vy) o
+P() = Fua)| ((9) = (F0)0) ) - V20 ds

(5.34)
= lim (I? + I, + I3).
51—>0( 1+ Tt 1)
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Now, observe that

H= [ ()~ ) aF ()9, F ) Y ) — P} ey s
_ /(Rn+1)2 (h(x) — h(y))? VyF (uz) - Vo (Hs(F(u1) — F(uz))) ¢ de dt dy ds
=-—/;Ml)f&(F@u)—zwug)va@@>-(vx¢(h@0——h@»2+%%thx)wa)—imyn¢>dxduwds

<c/ IV,F u2)||x—y|<|x—y|v 6| + 2/(Vh)(x )|¢> da dt dy ds.

Taking ¢(z, t, Y, s) = @(7?’, %)pk(%)&(t?) as in the step 1, the previous inequality shows that I — 0
when k£ — oo uniformly in §. Similarly, we can prove that I — 0 as k — oo. Moreover,

I = - / ) {wF(un — F(us)| - ((Vh)(w) = (VA)(3))é + |F (ur) — Fluz)| <Ah><m>¢} da dt dy ds,
(R})2
where, like above, the first integral goes to 0 as k — oo and it is easy to check that the second one goes to
= [ sentn ) (A el ) = (A ) (o) dr
R

as k,l — oo. Finally, using this facts and taking k,l — oo in (5.34), we obtain (5.13) for f of type 2.
4. To obtain (5.14), we observe that if up is stationary solution then B! (y,us;z) and By?(z,u1;y) are
independent of s and so, we can write the trivial equality where both members are null

/ By (y, ug; x)ps dx dt dy ds = / By?(x,u1;y)ds dx dt dy ds
(Ri+l)2 s ( i+1)2 s
Combining the previous equality in (5.23), we have

/ {Bxcuuuyx¢t+¢a
(RI+1y2
— Hs(f(@,u1) = f(y,u2))(Va + V) (f (x,u1) = f(y,u2)) - (Vo + Vy)¢} dx dy dt ds

= /(RW)2 (Vo + V) (f (2 u1) = f(y, w2))PH(f (2, u1) = f(y, u2))¢ du dt dy ds.

Now, using test functions as above and letting k,l — oo, we get (5.14).
The relations (5.15) and (5.16) concerning problem (5.3),(5.4) are proved in an entirely similar way.
O

Remark 5.2. As usual, we denote (s)1 := max{£s,0}. The same arguments in the above proof lead to
an inequality similar to (5.13) (resp., (5.15)) with |u1 — usa|, |f(x,u1) — f(z,u2)| replaced by (u; — ug2)4,
(f(z,u1) — f(z,u2))+, respectively, just by using Béfﬁa)i7 (Hs)+, instead of B{;é7 Hjs, respectively. We thus
obtain

(5.35) /Rn+1(u1(l‘7t) —ug(z,t))xor — V(f(z,u1(z,t)) — f(x,u2(x, 1))+ - Vodzdt > 0.
in the case of problem (5.1),(5.2), and

(5.36) /Q(ul(x,t) —us(x,t)) o — V(f(z,ur(z, 1)) — f(x,uz(z,t)))x - Vodadt > 0,
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in the case of problem (5.3),(5.4), where we mean one inequality holding with (-)4 and another holding for
(-)=. Moreover, in the latter case, to obtain (5.15) and (5.36) we only need that u; € L>°(Q) satisfies (5.7)
and f(z,u;(z,t)) € L} ((0,00); H'(2)) instead of f(x,u;(x,t)) € L .((0,00); H3(Q)), i = 1,2, as can be
easily checked.

Concerning the Cauchy problem (5.1),(5.2), we now consider the following weight function A : R — R
defined by

(5.37) A(z) = e~ VTP,
The relevance of the weight function A for our purposes is that
(5.38) |DiA(z)] < A(x), fori=1,...,n, and |AA(z)| < (n+1)A(z), forzcR".

Concerning the initial-boundary value problem (5.3),(5.4), we let £ € H}(Q) be the eigenfunction of —A
associated with the eigenvalue A; > 0 such that £ > 0 in 2 (see, e.g., [16]).

Theorem 5.2 (Uniqueness). Let uj,us be entropy solutions of the Cauchy problem (5.1),(5.2) with initial
data ugpy,ug2 € L°(R™). Then, there exists C' > 0 such that for a.e. t > 0, we have

(5.39) /n luy (t) — ug ()| A(z) dz < ! /]Rn |uor (z) — w2 (x)|A(z) d.

Similarly, let ui,us be entropy solutions of the initial-boundary value problem (5.3),(5.4) with initial data
up1, U2 € L(Q). Then, there exists C > 0 such that for a.e. t > 0, we have

(5.40) / lun (t) — us ()€ () da < eC* / o1 () — 1o (2)[€ () da.
Q Q
Proof. Taking p(z,t) = 0p(t)A(x), with 0 < §, € C°((0,+00)) in (i) of Theorem (5.1), we obtain
/R”“ { — |ug — u2|d;, (O)A(x) — | f(z,u1) — f(x,uQ)|(5h(t)AA} dx dt <O0.
Observe that

—/ |u1—U2|5g(t)A(x)dxdtg/
Ry *

e - sl olan} aar
Ry
<c / s — w04 (8)A(x) da i,
Ry
where we use that |[AA| < (n+ 1)A and the Lipschitz condition on f(x,u). We define

B(s) = /n |ug (z, s) — ua(z, s)|A(x) da.

Then, using a suitable sequence of functions d;, and letting A — 0, we arrive at

B(t) < /Rn luo1 (x) — ugpz(z)|A(z) de + C/O B(s) ds.

Hence, we may apply Gronwall’s lemma to conclude the proof of (5.39).
The proof of (5.40) is entirely similar starting now by taking ¢(z,t) = 5 (¢)¢(x) in (iii) of Theorem 5.1. [

Remark 5.3. Noting that (f(z,u1) — f(z,u2))+ < C(u; — ug)4, respectively, and using Remark 5.2 we see
that the same arguments show that

(5.41) / (un(t) — (1)) A @) dr < " / (101 (%) — tgn (2)) £ A da

n



22 HERMANO FRID AND JEAN SILVA

and
(5.42) / (uy(t) — ug(t))+£&(x) de < e / (uo1 () — wp2(x))+&(x) dx
Q Q

for a.e. t > 0 for weak solutions of problems (5.1),(5.2) and (5.3),(5.4), respectively. Moreover, as a conse-
quence of Remark 5.2, for the problem (5.3),(5.4), to obtain (5.42) we only need that u; € L*°(Q) satisfies
(5.7) and £z, ui(2,1)) € L2,0((0,00); H'()) instead of f(z,ui(zx.)) € L2 ((0,00); HA(Q)), i = 1,2, pro-
vided

(f(z,ui(z,t)) — f(z,uz(x,t)))+|0Q =0, a.e. t € (0,00), respectively,

the latter meaning the trace for functions in H*().
The above remark immediately implies the following result.

Corollary 5.1 (Monotonicity). Let ui,us to be as in the Theorem 5.2. Suppose that ug; < uge a.e. in R™
(resp., in Q). Then,
uy < Ug, a.e. in R™ (resp., a.e. in Q).

Remark 5.4. We remark that so far we have only used that f(z,u) satisfies (f1.1), when it is of type 1, or
(£2.1), when it is of type 2. In particular, for the stability and monotonicity results it suffices (f1.1), for f of
type 1, and (£2.1), for f of type 2. The assumptions (f1.2) and (f1.3), the latter only for bounded domains,
for f of type 1, or (£2.2) and (£2.3), for f of type 2, will only be needed for the subsequent discussion on
the existence of solutions.

Our next goal is to prove the existence of an entropy solution for (5.1),(5.2) and for (5.3),(5.4).
Before we begin properly the discussion about the existence question, we state a well known result on the
compactness in the space L', which will be needed. The proof, which we omit here, follows in a standard
way by mollification and application of Arzela-Ascoli theorem.

Lemma 5.4. Let U C R™ be an open set and F C L}, (U) be a family uniformly bounded in L*(B), for any
closed ball B C U. Suppose that for any o > 0 there exists § > 0 such that for |y| < § we have
/ lu(z +y) —u(x)|de <o, YuéecF.
B

Then, F is relatively compact in L}, (U).

loc

We consider the following regularized version of (5.1),(5.2),

(5.43) Opu — Afo(x,u) =0, (z,t) e R,
(5.44) u(z,0) = up(x), x € R",
where f7(x,u) := f(z,u) + ou and, for the moment, we assume
(5.45) ug € W2 (R™).
Similarly, we also consider the regularized version of (5.3),(5.4),
(5.46) O — Af(x,u) =0, (z,t) € Q,
(5.47) u(z,0) = ugp(z), x €, u|0Q x (0,00) = 0,

where f7 is as above and, again, for the moment, we assume
(5.48) uy € W™ (Q).
The existence and uniqueness of a classical solution of (5.43),(5.44) (resp., (5.46),(5.47)) for o > 0 having

bounded derivatives is proved, for example, in [24].
Motivated by [22] we now establish the following result.
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Theorem 5.3. Let u, be the solution of the regularized problem (5.43),(5.44). Then, for ly| < § < 1 and
t € 10,7, we have

(5.49) / lug(z +y,t) — ue(x,t)|Alx) dz < cod,
where the constant cq is independent of o. Moreover, for some constant M > 0 independent of o, we have

. 2 s—0
. — <
(5.50) /n |ug(z,t + 8) — up(z, t)|A(z) de < Juin {(200 +[|[VA|1)d + $M<(52 + = 5 + 1) |A||1} == 0.

Similarly, if ue is the solution of (5.46),(5.47), then for any 0 < ¢ € C(Q) and |y| < §, with § sufficiently
small,

(5.51) /Q o (2 + ) — g (2, )| o(x) d < 16,

where the constant c1 is independent of o. Moreover, for some constant M > 0 independent of o, we have

. 1 2 s—0
(5.52) /Q lug(z,t + 8) — up (2, t)|p(x) de < OI<11611<11 {(201 +||[VA|1)d + 8M(52 + = 5 + 1) ||<p||1} 0.

Proof. 1. To deduce (5.49), for each k = 1,--- ,n define v* := 9,, u, and observe that

(5.53) o™ — A(fS(z,u)o") = V- (f7 (z,u)Vu) — (V2 ) (@ u) - Vu=—(AF7) (z,u),
where, for simplicity of notation, we denote u, by u, (fJ . o(z,u), -, f o o(z,w) by (VfZ ) (z,u) and

i f2w, (xw) by (Af7)(2,u).

We fix a number T' > 0 and let g¥ € C°°([0,T] x R™) be such that g*(¢) € C>°(R") for all t € [0,7]. Now,
taking 0 < to < T, multiplying the equation (5.53) by g¢*, integrating by parts and summing over k from 1
to n, we get

[ —i{atgufg(x,umg’“—i( ), — FZ o)) o o
0 n ;

(5.54) /nZv (to)g" (to) dm/nZ{ R — (Af)(z,u)g (to)}dx.

Fork=1,---,nand g = (¢g*,--- ,g"), we define

n

(5.55) Li(g) = 0" + [ (2, ) A" =" (g5, F,u(@,0) = [7,0,u(x,1)g").

=1

Let wﬁ, k=1,---,n be the solution of the Cauchy problem

Cilgn) =0, (1) € R" x (0,0),
20 {soﬁofo) = sgn(vk(to)) * pne 17, @ € RY,

where p;, = h™"p(h~'z), and 0 < p € C.(R") is a standard symmetric mollifier satisfying suppp C {z :
lz] <1} and [, pdx = 1.
Now, observe that

0=2Lx(on)eh = 0u(0h) + £7 (x, u) A(@f)? — 2f7 (2, u) | Vo |

—2 Z FL (@) Bl o+ 2 f2 (2 0) 10
i=1

=1
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Summing over k, using the Cauchy inequality with §, the fact that f;’ju(:c, u) = fz;u(z,u) and (5.5), we have

630 0ol + 20 blen +2( - fulon) 4003 e ) Y IVAR + el
i=1 k=1
< Oilon|? + £ (x, W) Alon]® + clon]*.
2. In this step, we prove that
lonl? < (60, T) ™ 57,
for all (z,t) € R™ x [0, o].

We begin by defining £(v) := v+ f7 (z,u)Av, w := e|py|?, and observing that (5.57) implies £(w) > 0.
From the latter, it follows by the maximum principle that |pp(z,t)] < 1 for all (z,t) € R™ x [0,t0]. In
particular, given go > n 2T we obtain that |w| < qo for all (z,t) € R™ x [0,t0].

Now, set

a(a, 1) i= qo e (o =t1el),
with M > supgn . fu(®,w), I D [—||ts|lcos [|te|leo] for 0 < o < 1, and note that

£(q) = _q{]\14<1_ fg(]\j’”)) + fg(}\?“) n|;|1} <0,

which yields £(w — q) > 0. It is easily seen that

W — ql{o<i<to; |z|=to—t} = W — qo < 0, w(z,tg) — q(x,to) < 0.

Then, the claim follows by the maximum principle (cf., e.g., [27]).
3. Let 0 < p € C2°(R) with supp p C [-1,1] and [, pdx = 1. Set

A
Nm(A) :=1— / p(s —m)ds,

for m € N, and take
9" (@, 1) = @y (@, t) i |])
as a test function in (5.54). Hence

nvk sgn(v* * pp e~ 1! z|)dx = A (z,u k. T
L et sttt s onennieye =32 [ [ {2579k Pl

n

T £ @ )b Al = 3 70 u)arknmax)soﬁ} du dt
=1

(5.58) + /R >

"1

{#06k(@.0) + @R @0k o to) Pl
Thus, letting m — oo first and then letting h — 0, we obtain an estimate of the form

/ > W (to)l e da < o(T, B, || Vuolso) < 00,
R

" k=1
for all tg € [0, 7], where, in particular, the right-hand side does not depend on o. Consequently

/ o (2 + 3, 1) — o (2, 8)|A(2) d < coly,

for some ¢y independent of o, which gives (5.49).
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4. To deduce (5.50), we first note that from the maximum principle and the hypotheses on f, we know
that there exists M > 0 such that |f7(z,us(z,t))] < M for all (z,t) € R} and for all & > 0. Now, fix
t,s,0 and set w(z) == u, (v, t + 5) — u,(z,t). Given ¢ € W% (R"), we obtain

w(z)p(x)A(z) de = Opug (z, T)pAdr dz = Af(x,uq)pAdrdx
J. [ L]
- /R /tHS 7 (2,10 ) A(pA) dr d

t+s
= / / {f”(z,ug)AgaAJer"(x,uc,)Vga~VA+f”(x,ug)gaAA} drdx,
nJt

and this implies

(5.59)

/n w(z)p(x)A(x) dz

Taking ¢ = (sgn w) * ps and observing that [Vl < §,[|A¢|le < 57 and [[¢]|ec < 1, where c only
depends on the dimension, we get

< M{Asonoo 2Vl + |sooo}|A||1s.

[ w@iawae = ([ o) satute) Aeas ) [y

- / w(z — by) sgn(w(z — 5y)) Az — 8y)p(y) da dy
Rm xR

and
[ w@rwiae= [ wne( [ st - dy) ds
— [ wn@( [ st - st dy) as
= [ @) Aw) senlwle = 5) ply) da dy
Hence,

/ |w(z)|A(x) dox — /n w(z)p(x)A(z) dz
Rn

-/ {w(w—aw sem(w(x — 5y)) Al — 5y) — w(z) A(z) sgn(w(x—ay»}p(y)dxdy
R xR™

= / {[w(x—ém—w(x)] sgn(w(z — 6y))A@) + [Ax — 6y) — Ax)] sgn(w(w—5y>>w<x—6y>}p<y>dmy.
R™ xR™

Therefore,

(5.60) < (2c0 + [[VA[[1)é.

[ w@ire) e | w@e@A@)ds

Thus, we conclude from (5.60) and from (5.59) that
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2
/ |w(x)|A(z) dz < (2¢ + ||[VA]1)d + SM{(S? + < ; + 1}||A||1,
RTL

for all 0 < § < 1, which completes the proof of the assertions concerning the Cauchy problem (5.43),(5.44).

5. As to the proof of the assertions concerning the initial-boundary value problem (5.46),(5.47) we have
the following. The proof of (5.51) is achieved following the same lines as the proof of (5.49) with the following
small adaptations. We first get the analogue of equation (5.54),

/0 i / —Z{atgufg(x,u)Agk—Z( o (@G, — [ au(@u)g )}v da dt

(5.61) /nzu (to)g" (to) dx—/Z{ — (Af)(z,u)g (to)}dx.

Now we define cph, k=1,---,n, as the solution of the initial-boundary value problem
Lk(@h) =0, (:c,t) cQx (O,to),
(5.62) e (to) = (sgn(v*(to))Xa,, ) * pr, = €Q,
oF(z,t) =0, (z,t) € 09 x (0,1g),

where x, denotes, as usual, the indicator function of the set A, and Qg := {z € Q : dist(z, Q) > 2h }.
Again we have inequality (5.57) from which we deduce by the maximum principle that |¢,| < 1. Since now
we are in a bounded domain €, the latter inequality for || is enough and we may skip step 2.

n (5.61), we now take g*(z,t) = ns(z)k (z,t) where ns € C(), ||7s5]lcc <1 and ns — X, pointwise as
d — 0. We obtain the analogue of equation (5.58)

/ 3 ok (1) (semo (to»xgh)*phm(x)dz:i / ’ /| {2f”<x,u>w’g-v%<x>

k=1

+ £ (x, u)g) Ans(x ngw 2, 1) 0y, M5 () Z}dmdt

(5.63) [y { 0)gk (. 0) — <Af><x,u>so’z<x7to>}m<x|>dx
k=1

We use integration by parts to move the derivatives from 7s to the product of remaining functions in the
integrals of the first three terms inside the integral sign on the right-hand member of (5.63). We then make
§ — 0, use Gauss-Green (divergence) theorem and the fact that ¢p(z,t) and f(z, u, (2, t)) vanish for x € 9
to conclude that those three integrals converge to 0 as 6 — 0. We then make h — 0, and the remaining of
the proof of (5.51) is entirely similar to the corresponding part of the proof of (5.49).
The proof of (5.52) is totally similar to the one of (5.50) given above.
|

Theorem 5.4 (Existence). Let u, be the unique solution of (5.43),(5.44). There exists u € L= (R} such
that, passing to a suitable subsequence if necessary, u, — u a.e. in Ri“ as 0 — 0. Moreover, u is the
unique entropy solution of (5.1),(5.2). Finally, we may relax (5.45), take ug € L°°(R™), and still obtain a
weak solution for (5.1),(5.2), which is unique.

Similarly, if u, be the unique solution of (5.46),(5.47), there exists u € L*°(Q) such that, passing to a
suitable subsequence if necessary, u, — u a.e. in Q as o — 0. Moreover, u is the unique entropy solution
of (5.3),(5.4). Finally, we may relax (5.48), take ug € L>®(Q2), and still obtain a weak solution for (5.3),(5.4),
which is unique.
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Proof. We only prove the part concerning the Cauchy problem (5.1),(5.2). The assertions concerning the
problem (5.3),(5.4) are proved in an entirely similar (even easier) way.

1. Let us first prove the case where (5.45) holds. By Theorem 5.3, {u,} -, satisfies the hypotheses of
Lemma 5.4. Therefore, there exists u € LOO(R?_H) such that, passing to a subsequence if necessary, u, — u
in L} (R7T).

loc

2. Multiplying (5.43) by f?(z,u,)A and integrating by parts, we get

T
/ / {@ugf"(x,ug)A—FVf”(a:,uo) -V(f”(x,uU)A)}dxdt:O.
0 n
This yields the equality
T Uy T
/ / A@t{/ f”(x,s)ds] dmdt—|—/ / |Vf”(x,ug)|2A+Vf”(:c,uU)~VAf”(x,ug)}dxdt=O,
0o Jre 0 0o JRre

which gives

/OT/n Vf"(x,ua)|2Adxdt/OT/n Vf”(x,uc,)-VAf"(x,u(,)dtd;z:+/nA(x)/uua(T) £ (2, 5) ds da

0
uq (1)
/ fo(x,s)ds
U

0

gn/OT/Rn |Vf"(:v,ug)||f”(:c,uo)\Adxdt+/ Aw) dz,

n

where we have used that |VA| < nA. The Cauchy inequality with 0 gives

T
/ / IV £ (z,uq)|*A dx dt
U n

T ue (T)
< / / {2n(5|Vf"(x,ug)|2A + Zs(f”)g(x,ug)A} dx dt —|—/ A(z) / f(x, s)ds| du.
0 n n uo ()
. 1. Do . .
taking § = y in the previous inequality, we obtain
1 /7 T s (T)
5/ / IV (z,uy)|*Adz dt < n2/ / (f")Q(x,ug)Admdt—i—/ A(z) / fo(z,s)ds| dx.
0 n 0 n n uo ()

Therefore,

T
/ / \Vf”(x,ug)FAdxdt < c(||u0||OO,T)/ Ax) dzx
0 n R

for all 0 < o < 1. Given R > 0, it follows that
T T
A R)/ / IV 7 (2,u,)|? do dt g/ / IV £ (2, uq)|*A(x) dz dt < c/ A(z) dx
0 Br 0 Br n

IV £ (2, uo)[? A(z) dz,
[, W L

and so

for any 0 < o < 1.
Thus,

||fd(x UG)HLZ(O T;H'(Br)) < C(R7 Tv ||u0||00)7
uniformly in . Hence, there exists v € L% _(Ry;HL (R™)) such that f°(z,u,) — v weakly. Since
fo(z,us) = f(z,u) a.e., then v = f(z,u) and for this reason we conclude that f(z,u) € L (Ry; HL (R™)).
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3. Finally, when ug € L>(R"), we may approximate ug in L (R™) by a sequence ugr € W2 (R")
obtaining a sequence uy of weak solutions of (5.1),(5.2), with initial data uy = wog, and then use the
stability Theorem 5.2 to deduce that uy is a Cauchy sequence in Lloc(Riﬂ). We then easily conclude that
the limit u € L% (R’}™") of the sequence uy, is a weak solution of (5.1),(5.2).

O

We close this section by establishing an elementary result which will be needed in the following sections.

Lemma 5.5. Let f(x,u) be either of type 1 or type 2, and let g(x,v) be the function left-continuous on v
determined by the relation f(x,g(x,v)) = v, for allz € R™, v € R. Then, lim,_, 1 g(z,v) = 00, uniformly
mT.

Proof. Let us prove that lim,_ 1 g(z,v) = 400 uniformly in x. From (f1.1), when f of type 1, or (£2.1),
when f is of type 2, there exist u; < 0 < ug such that f(z,u1) <0 < f(x,us), for all z. Now, given any M >
0, if M’ := max{|uy|,us, M}, then, for M’ < u < 2M’, we have 0 < f(x,u) < f(z,u) — f(x,uz) < 3CM’,
where C' > 0 is the uniform in x Lipschitz constant of f(z,-) on [-M’,2M’]. Hence, g(z,3CM') > u > M,
for all x, and, since g(z,-) is increasing, we have g(x,v) > M for all v > 3CM’, uniformly in x. This
concludes the proof that lim, ;s g(x,v) = 400 uniformly in z; the proof that lim,_,_ g(z,v) = —o0,
uniformly in x, is completely similar. O

6. HOMOGENIZATION OF POROUS MEDIUM TYPE EQUATIONS: THE CAUCHY PROBLEM

In this section, we consider the following homogenization problem

(6.1) du=Af(%,u), (z,t) € R,
’ u(z,0) = uo(%,2), =eR",

where f : R” Xx R — R can be of type 1 or 2 as in Definition 5.1 and Definition 5.2, respectively. We observe
that here we consider f depending explicitly only on the “fast variable” y = x /¢, that is, f = f(y,u), and not
also on the “slow variable” z, in which case f = f(x,y,u). The reason for this restriction will be indicated
in the proof of the Theorem 6.1 below.

(h1.1) In the type 1 case, we assume that, for each v € R, f(-,u) : R™ — R belongs to a given fixed ergodic
algebra A(R™). Further, if g : R™ x R — R is the function determined by g(z, f(z,v)) = u and
f(z,9(z,v)) = v, for all u,v € R, for each z € R™, then we assume that g is continuous in R™ x R
and for each v € R, g(-,v) € A(R™).

We define the function f: R — R by

(6.2) p= ][ oz, F(p)) dz

and we easily deduce that f is monotone increasing and locally Lipschitz continuous. Indeed, that f is
increasing follows immediately by the definition and the fact that g is increasing. As for the local Lipschitz
continuity of f, given any M > 0, let K > 0 be such that f(z,—K) < f(—=M) and f(z, K) > f(M), for all
x, and let C' > 0 be the uniform Lipschitz constant of f(x,-) on the interval [-K, K]. We have

l9(z,01) — g(2,v2)| > C™ oy — va, for v1, vy € [f(=M), f(M)).
Therefore, for py,ps € [—M, M], using the monotonicity of g(z,-), we get

(6.3) P — pal = f 902 ) — gz Fp2)) | dz > CY F(pr) — Fpo)

which proves the assertion.



HOMOGENIZATION OF DEGENERATE POROUS MEDIUM TYPE EQUATIONS 29

(h2.1) In the case where f is of type 2, we assume that h, S in Definition 5.2 are functions in C?(R™) which
belong to an ergodic algebra A(R™).

For f of type 2, we define g(z,v) := G (“;é()z)), where G is as in Definition 5.2. Instead of defining

f directly by (6.2), as in the type 1 case, which in the type 2 case is no longer possible, one proceeds
differently. We first define the function g on the set D C R, of all ¢ € R such that, for all functions
Ya(2) := ah(z) + S(2), with o € E, where E is as in Definition 5.2, we have m ({z € K : ¢,(2) = ¢}) = 0.
Clearly, since E is countable, R\ D is a countable set.

We set

(6.4) g(q) = ][g(z,q) dz, for g € D.

We notice that §: D — R is (strictly) increasing and so the limits

glg£0) = lim g(s)
e

exist for all ¢ € R, and coincide except on a countable set Dy C R. Moreover, by the fact that lim, 1+ g(z,v) =
+o00, uniformly in z, we have that lims_, 1. §(s) = £oo. Therefore, we may extend g to R, as a strictly
increasing function, by setting

g(q) = g(qg—0), for all ¢ € R.
We observe that g is continuous except on the countable set Dy. We then set f(p) = o for p € [g(c—0),g(o+
0)] and this defines f everywhere in R.

Now, we claim that (6.4), the monotonicity of g, and the density of D in R, imply that D C R\ Dy.
Indeed, by the definition of D, we see that g(z,q) is continuous in ¢ for m-a.e. z, for all ¢ € D. Thus the
claim follows from the dominated convergence theorem. Therefore, we see that for each ¢ € D there is one
only p € R such that ¢ = f(p). In particular, formula (6.2) holds for p € g(D). We have that

gR) =R\ | (9(c —0),5(c +0)],
o€Dy
and we also observe that g(D) is a dense subset of g(R), which follows directly from the density of D in
R. Thus, (6.3) holds if p;,p2 € g(D), and so also for py,py € g(R). More generally, we easily see that, if
p1 € [g(o1 — 0),g(o1 +0)] and ps € [g(o2 — 0), G(o2 + 0)], with p; < pg, for some o1 < o2, then we have

p2 —p1 > g(o2 = 0) = glo1 +0) > C™Hog — 1) = CTH(f(p2) — f(p1)),
which easily follows by approximation. Hence, f : R — R is a non-decreasing Lipschitz continuos function

and formula (6.2) holds for p € g(R).
As to the initial data, in the where f is of type 1, we assume
(h1.2) wuo(z,2) = g(z, ¢o(x)) with ¢ € L>®(R"),
while in the case where f is of type 2, we assume
(h2.2) ug(z,z) = G ((¢o(z) — S(2))/h(z)), with ¢9 € L>®(R™), and ¢o(z) € I C D, for a.e. x € R", where
I is a closed interval and D is as in the above discussion on the definition of f when f is of type 2.
The particular form of the initial data prescribed in (h1.2) and (h2.2) is sometimes summarized by
saying that the initial data are “well-prepared”. The additional restriction on ug(z,z) in (h2.2), when f
is of type 2, namely, that ¢g(x) € I C D, where I is a closed interval, requires, in order to allow ¢q’s that
are not equivalent to a constant, that D contains a non-degenerate interval. This motivates the search of
conditions on the functions ¥, (z) = ah(z) + S(2), with a € E (see the definition of D above), under which
one can infer that D contains such a non-degenerate interval. This investigation in turn is the motivation
behind Lemma 2.2 and Remark 2.3. The latter, in particular, provides examples where D = R, for 9,
a € E, of the form g o + 011 o, With 1) o periodic, ¥ o € A(R™), 6 > 0 sufficiently small, in the case where
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E is finite and A(R™) is an algebra w.m.v. containing periodic functions v o for which 0 is a regular value
of V¢O,o¢~
We define

(6.5) ao(x) = ][uo(as7 z)dz.

Observe that, by the hypotheses (f1.2), when f is of type 1, or (£2.2), when f is of type 2, (6.5) is equivalent
to o (x) = g(¢o(x))-
For each a € R, we define
Do) = ().
We observe that ®,, is a steady weak solution of (6.1). We recall that, for f of type 2, g(-, &) = G ((« — S(-))/h(-)).

Theorem 6.1. Let u(x,t) be the entropy solution of (6.1). For f of type 1, assume that (h1.1), (h1.2)
hold; for f is of type 2, assume that (h2.1) and (h2.2) hold. Then u. weak star converge in L=(R’7*) to
u(x,t), where the latter is the entropy solution to the Cauchy problem

{@uzAﬂm, (z,t) € R,

(6.6) a(z,0) = dp(x), z€R™

Moreover, we have
(6.7) %@ﬁ—g@j@@ﬂﬂ%& as e — 0 in LL (RTH).

Proof. Since the proof is similar to that of Theorem 7.1 in [3] with slight modifications, we will only outline
the main steps of it. The case where f is of type 2 will demand some specific considerations which are fully
provided here. For details omitted here, we refer the reader to [3].

1. First, we observe that the weak solutions u., € > 0, of (6.1) are bounded uniformly with respect to
in LOO(RT'l). For this, we note that if aq, s are such that ay < ¢g(z) < ag for x € R, we have

(6.8) g(g,al) < uo(g,x) < g(g,ag) for all x € R™.

We also note that, when f is of type 1, g(£, a) is a stationary entropy solution of (6.1), for all & € R. When f
is of type 2, this is also true for o € D, where D is as in the above discussion about the definition of f in that
case. Indeed, if f5(z,u) := f(z,u) + du and gs(x,v) is such that fs(z,gs(z,v)) = v and gs5(z, fs(z,u)) = u,
then gs(Z, ) is a stationary entropy solution of the regularized equation obtained from (6.1) replacing f by
fs. Now, for a € D, gs(Z,a) = g(£,a) as § — 0, for all x € R™. This can be seen by the fact that, for
each » € R", gs(Z, a) is a bounded sequence, and for any converging subsequence gs, (Z,a) — B, we have
a = lim; o0 f5,(£,95,(2,a)) = f(£,82), and so B, = g(£,a), which proves the assertion. Let us agree to
set D = R if f is of type 1. So, choosing a1, € D in (6.8), and using the monotonicity of the solution
operator of (6.1) (see Corollary 5.1), we get

g(g,al) < ue(z,t) < g(z,ag) for a.e. (z,t) € R
5 5

Choosing Ay, A2 € R such that f(y, A1) < a1 and f(y, A2) > ay for all y € R, since then A; < g(Z,0q)
and Ay > g(%,ay), for all z € R™, we obtain a compact interval K = [A1, Ao] in which u.(xz,t) takes its
values for a.e. (x,t) € R™ x (0, 00).

Let v, ., € M(K), with (z,7,t) € K x R, be the two-scale space-time Young measures associated
with a subnet of {u.} ., with test functions oscillating only on the space variable. Following [14], [2] and
[3], the theorem is proved by adapting DiPerna’s method in [12], that is, by showing that v, ,, is a Dirac
measure for almost all (z,z,t) € K x ]R:”_‘H. Since we are going to show that v, , ; does not depend on the
chosen subnet (so that, a posteriori, a full limit as € — 0 occurs), in order to simplify our notation we will
use the notation lim._,q, with no reference to the subnet.
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Observe that, for every a € D, the entropy solutions u. and ®,(Z) := g(Z, ) satisfy (see Theorem 5.1)
x x x x
©9) [ lutet) =D+ 17 ) — fE Ba(E)laodrdr
]R1+1 g 1) g g

+ / \UO(?JC) - %(g)laé(xﬂ) dx >0,

for all 0 < ¢ € C°(R™1). In (6.9), we take ¢(z,t) = (L)Y (x,t) with 0 < ¢ € C(RY), ¢, Ap €
A(R™) and ¢ > 0. Observe that
x T x
89 = 20w 1) + 29 6(2) - V(e 1) + o)A, ).
Letting ¢ — 0 and using Theorem 4.2, we get

Lo [0l = S0 @) () d(z) ddt > 0,
T
Now apply the inequality above to ||¢]|s £ ¢ to obtain
(6.10) / / V(@ ) (Vewr, | f(2,-) — a|)Ap(z) dm(z) dzdt = 0,
Ry K 7

for all ¢ such that ¢, Ay € A(R") and all 0 < 1) € C=(R'7"). This equality, holding in principle for a € D,
easily extends to all &« € R. Moreover, equality (6.10) also holds if we replace |f(z,-) — «| by f(z,-) — «,
which is achieved in the same way by using the integral equality in the definition of weak solution instead
of the entropy inequality. Therefore, we obtain

(6.11) / / (2, ) (Ve O(F (2, ) A (2) dim(2) da dt = 0,
R K 7
for any affine function 6, and, by approximation, we get that (6.11) holds for any 8 € C(K'), where K’ is a
compact interval such that f(z, K) C K’, for all z € R".
2. Define a new family of parametrized measures ji, ,+ given by

(6.12) (Hza,6,0) = (V200,0(f(2,7)), 0 €C(K).
By (6.11), we have
(6.13) Atz zt,0) =0, in the sense of B2.

Therefore, by the ergodicity of A(R™), using Lemma 3.2, we have that (6.13) implies that ., ;¢ does not
depend of z, that is, (t2ey,0(-)) = (e, 0()) = [ic(tiz,2,0,0()) dm(z), for any 0 € C(K'), a.e. (z,1) €
R™ x (0, c0).

3. The central strategy of the proof is then to show that pg; = 0¢(xr), With &(z,t) := f(u(z,t)), where
u(x,t) is the entropy solution of (6.6). In order to achieve this, a major step is to obtain the inequality

(6.14) L T (T 00+ (s (e, 0) g ot = 0,
for all 0 < ¢ € CX(R), where

(6.15) I(p.0) = /K 19(2.0) — gz, )| dim(2),
(6.16) G(p,a):=|p—al.
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The inequality (6.14) is obtained as follows. We first use (5.14), in item (ii) of Theorem 5.1, making

uy(w,t) = uc(z,t) and ug(x) = ®4(%). Then, we set a = f(u(y, s)), integrate in (y,s) € R x (0,00), and
make € — 0 to obtain, after some manipulations,

(6.17) /( i T D01+ (i G, (86 + v Vo) drdrdy s
=ty [ IS = e D

P CEBECR N R ATCRB R NEh)

xT

X HL(F(E,u) — f(g,q)g(g)))gbdz dt dy ds,

ga
where u. = uc(x,t), £ =£(y, 9).

Next we use again (5.14), in item (ii) of Theorem 5.1, now making u1(z,t) = @(z,t) and us(z) = I, where
l € R is a constant, to obtain

(6.18) [ 1= 08016 50 0) = F(aly. )V (@) Vs
= lim [ (VL@ PHFO) - f(ay.9)odyds.  foralll € R

Precisely at this point we will need the additional restriction in (h2.2), in the case where f is of type 2.
Namely, we need the validity of the formula

(6.19) a(y,s) = /K 9(2,E(y, 5)) dm(z),

which holds under the additional assumption that ¢o(z) € I C D, implying that do(z) = g(¢o(z)) €
g(I) € g(D), for some closed interval I, because then, by the maximum principle for (6.6), we also have
a(x,t) € g(D), and so equation (6.19) holds. We can then extend f out of g(I) so as to have f strictly
increasing in R and thus, for all [ € R, we have

1= /K 9z, (1)) dm(2).

Also, to obtain (6.18), we used the fact that f does not depend explicitly on , in order to have that a
constant [ is a stationary solution of the homogenized equation (6.6), which follows from our taking f not
depending explicitly on the “slow variable” z but just on the fast variable y = z/e.

Thus, making f(I) = k in (6.18), using the definition of I and G, the fact that, since V,&(y,s) =

vy[f(%a (I)f(y,s)(g))]v we have

Lo V@R = Pty s))odyds = [ 19,80 )ik = € ))odyds

+ +

= [V e (P H O~ )0y ds,
R+ S 9

+

we arrive at

[ T )60 + Gl )y = Ty [ 1V, By (2D PH = €(0.5))6 d ds.
Ri+1 — ]Ri+1 £ g

for all k € R and all 0 < ¢ € C((RH1)?2).
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We then take k = f(Z,uc(w,t)), integrate in (,t), make ¢ — 0, using Theorem 4.2, use the definition of
1, and after some manipulations we obtain

(6.20) /(W)zwm, 1(,€))s + (2.0, G ©) (Ay6 + div ;) da dt dy ds

— lim & Lo — #(E @ (2
Y IR (L C B (ER X
x x x x x x
FE 00) - 1 DN Tl ) - e
x x x
() = 5 oD dwdtdy ds.

Finally we add (6.17) with (6.20), use suitable test functions as in Kruzkov’s doubling variables method

(cf. [22]), to conclude the proof of (6.14).

4. From (6.14) it follows that pg¢ = O¢(zr), With £(z,t) = f(u(x,t)), as asserted. This is achieved in a
standard way, where an essential point is to show that

T—=0 T

(6.21) lim — / / (Mot I to(x)))) dxdt =0, for all R > 0,

Br
where By, is the open ball centered at the origin with radius R. It is in the proof of (6.21) that we need to
use the fact that ug(z, ) has the for ug(z, ) = g(z, ¢o(x)) in hypotheses (h1.2), if f is of type 1, or (h2.2),
if f is of type 2. Indeed, (6.21) follows from the relation

022) [ [ el 0@t ) = e PP di(z) dads

+ /Rn /zc lug(z,z) — @ (2)|@(z,0) dm(z) doz > 0

for all @ € R and for all 0 < ¢ € C2°(R"*!), obtained from (6.9) by sending ¢ — 0 and using Theorem 4.2.
From (6.22), using the definition of y, ,, we obtain

(6.23) / +1(lum,l(.,a)%ot + (g, G(+, ) Ap dz dt
RY
—|—/ / luo(z, ) — @o(2)]e(x,0) dm(z) da > 0,
nJK
for all 0 < ¢ € C°(R™*!) and all « € R. Now, from (6.23) in a standard way, we obtain

(6.24) hi%h/ / ot I ) )da:dt</]Rn/ (o (2, ) — Do (2)|6(x) dm(2) da,

for all 0 < ¢ € Cg°(R™). Using the flexibility provided by the presence of the test function ¢ in (6.24), we
get to replace a by ¢o(z) in (6.24), then getting (6.21).
5. Therefore, using the definition of u; ;, we deduce that v, ;; = 59(“;(&(%,&))), and so by Theorem 4.2

e—0

lim ue(z, t)p(x, t) dmdt:/ /g(af(ﬂ(xj)))qﬁ(m,t) dm(z) dxdt:/ u(x, t)p(x,t) dx dt,
R Ryt JK Ry

for all ¢ € Cy (Riﬂ), while Theorem 4.3 gives (6.7), concluding the proof.
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7. HOMOGENIZATION OF POROUS MEDIUM TYPE EQUATIONS ON BOUNDED DOMAINS

In this section we consider a homogenization problem for a porous medium type equation, similar to
the one analyzed in the previous section, but now in a bounded domain. Because of boundary constraints,
we must consider a flux function of the form f(z,Z,u), depending also on the “slow variable” z, instead
of simply f(%,u). As we have seen, the technique used in the last section for the Cauchy problem takes
advantage from the fact that the flux function of the homogenized equation does not depend explicitly on z,
in which case constants are stationary solutions, which is no longer the case when f depends explicitly on the
“slow variable” x. That technique also requires the initial data to be well-prepared, that is, of the particular
form prescribed in (h1.2) and (h2.2). Another difficulty in using the method of the last section, also due to
the fact that here f depends explicitly on = and so the flux function of the homogenized equation, f(x,u),
also depends explicitly on x, is that, even when hypotheses on the homogenized initial data guarantee that
the flux function of the homogenized equation is strictly increasing, it is not at all clear how to verify the
condition (f1.2) for f(z,u), which is required for our existence result, Theorem 5.4. In this connection,
however, we recall that, if f(z,u) is strictly increasing, then the recent compactness result in [26] could be
invoked in order to guarantee the existence of a weak solution with no need of (f1.2).

Here, we use a completely different approach to address the homogenization problem on bounded domains,
whose important advantage is that it allows us to consider more general initial data, namely, initial data that
are not necessarily “well prepared” as prescribed in (h1.2) and (h2.2). On the other hand, our approach
here will require that we restrict ourselves to the case where A(R™) is a regular algebra w.m.v. instead of
a general ergodic algebra. As it was shown in Section 3, FS(R™) provides a very encompassing example of
regular algebra w.m.v., and it is not even known so far whether there are ergodic algebras that are not regular
algebras w.m.v., neither whether there are ergodic algebras that are not subalgebras of FS(R™). Another
loss, is that, here, for our result on the existence of oscillatory profiles correcting the weak convergence
into a strong convergence, we need to ask the flux function to be convex, which was not necessary for the
corresponding result in Theorem 6.1 and excludes completely flux functions of type 2. The discussion in this
section largely extends the corresponding one in [17] concerning the homogenization of a particular type of
the general equation considered here, in the nondegenerate case.

So, let 2 be a bounded open subset of R™ with smooth boundary and @ = Q x (0,00). We consider the
initial-boundary value problem

atUZAf(%faU)a (.I‘,t) €Q,
(71) U(lE,O) ZUO(‘T7§)7 RS Qa
u(z,t) =0, (x,t) € 90 x [0, 00).
Set fe(x,u) := f(x, Z,u), for each fixed ¢ > 0. Then we will impose hypotheses on f(z,y,u) considering

separately the cases where f.(z,u) is of type 1 and of type 2, according to Definitions 5.1 and 5.2, respectively.

(h1.3) For each € > 0, f-(z,u) is of type 1, f : @ x R" x R — R is continuous and, for each (z,u) € @ x R
fixed, f(x,-,u) belongs to a given regular algebra w.m.v. A(R™). We denote by g(x,y,v) the function
satisfying g(z,y, f(z,y,u)) = u, f(z,y,9(x,y,v)) = v, and we assume that g is continuous over
Q x R™ x R and, for each fixed (z,v) € Q x R, g(z,-,v) € AR"™). Also, f(z,y,0) = 0 for all
(z,y) € 92 x R™ (cf. (f1.3) in Section 5).

Define f: O x R — R by
(7.2) p= f gtz fla.p) d.

As in the last section, we can prove that f(x,u) satisfies (f1.1), and it is easy to see that it also satisfies
(f1.3). Nevertheless, in general, it is not at all clear whether (f1.2) holds. Therefore, we cannot use the
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Theorem 5.4 to assert the existence of a weak solution for the initial-boundary value problem

oru = Af(x,u), (z,t) € Q,
(7.3) u(z,0) = to(x) = fpauo(z, 2)dz, =€,
u(z,t) =0, (x,t) € 092 x [0, 00).

That is the reason why, in Theorem 7.1 below, we characterize the homogenized limit @ in a different way.
However, since the existence of a weak solution to (7.3) follows from the general compactness result in [26],
given that (f1.1) and (f1.3) hold, and uniqueness is also guaranteed by (f1.1) and (f1.3), for f satisfying
(h1.3), we actually could characterize @ as the unique weak solution of (7.3).

We now state our assumptions in case f(z, Z,u) is of type 2.

(h2.3) For each ¢ > 0, f.(z,u) is of type 2. More specifically, f(z,y,u) = h(z,y)F(u) + S(z,y), with F
satisfying the conditions in (f2.1), and for each € > 0 fixed, h(x, Z) and S(z, Z) satisfy the conditions
in (£2.2). Moreover, h, S :  x R — R are continuous and, for each = € €, h(x,-) and S(z, -) belong
to a given regular algebra w.m.v. A(R™), and h(z,y)F'(0) + S(x,y) = 0 for all (z,y) € 90 x R™ (cf.
(f2.3)). If G is as in Definition 5.2, we denote g(x,y,v) := G((v — S(z,y))/h(z,y)).

Again, as in the last section, when f.(z,u) is of type 2, we cannot define f(z,u) directly by (7.2). For
each fixed = € ), we argue as in the last section in order to define first g(z,v) by

(7.4 sw0) = f glev0)dy

for v € D, where D, is the set of v € R such that m ({z € K : ah(z,z) + S(x,z) =v}) =0, for all « € E,
where E is the set of discontinuities of G (see Definition 5.2), and then using the monotonicity of g(z,-)
and the density of D, to extend g(x,-) to R as a left-continuous function. We then define f(x,u) such that
f(z,g(z,v)) =, for all (z,v) € Q x R, and prove that f(z,-) is Lipschitz continuous, as in the last section.
Now, for f. of type 2, the explicit dependence of f on x imposes the need of conditions to guarantee the
continuity of f(z,u) also in the variable x. In case we have that there exists a closed interval J C R such that
J C D, for all € Q, then, by dominated convergence, it follows that g is continuous on  x J. Therefore,
if there is a closed interval I C R such that I C g(z,.J), for all x € €, then f is continuous on Q x I.

Concerning the initial data we assume
(h1.4) ug € L™ (Q; A(R™));
if fo(x,u) is of type 1, and
(h2.4) ug € L>=(92; A(R™)). There exist a1 < 0 < g, with a1, ay € D, for all x € Q, such that g(z,y, ;) <

ug(z,y) < g(x,y,az), for all (z,y) € Q x R™. Further, if J; := [a1, as], there are closed intervals
Jo, I C R, such that J; C Jy C D, for all z € Q, and g(x,J;) C I C g(z, Jo), for all z € Q;
if f is of type 2.

A few comments on the additional assumptions in (h2.4) are in order. The first additional requirement,
namely, there exist a; < 0 < ag, with ay,as € D, for all 2 € €, such that g(x,y, 1) < uo(z,y) < g(z,y, az),
for all (z,y) € Q x R", is needed here because now the set of “good values” D, depends on z and so it
is not possible to guarantee the existence of such a1, as that are good for all x € Q. The other additional
requirement, namely, if J; := [a1, as], there are closed intervals Jy, I C R, such that J; C Jo C D, for all
r € Q, and g(x,J;) C I C g(z,Jo), for all z € Q, is needed in order to ensure the continuity of f(x,u) on
Q x I and that the entropy solutions of (7.1) assume values on I. Here also we refer to Lemma 2.2, and in
particular to the item (ii) of its statement, for conditions that can guarantee nice properties for the sets D,,
for instance, that D, = R.

We next state and prove the main result of this section. We will use the concept and some basic facts
about viscosity solutions of fully nonlinear parabolic equations. We refer to [10] for a general exposition of
the theory of viscosity solutions of fully-nonlinear elliptic and parabolic equations.
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Before stating the theorem, let us introduce the following notation. Given a function h € L*(Q)), we
denote by A~'h the solution of the boundary value problem
(75) Av(z) = h(z), z€Q,

v(z) =0, x € 0.

Theorem 7.1. Assume that, for each fived ¢ > 0, fo(z,u) = f(x,Z,u) is either of type 1 and satisfies
(h1.3), while ug satisfies (h1.4), or it is of type 2 and satisfies (h2.3), while ug satisfies (h2.4). Let
uc(z,t) be the entropy solution of (7.1). Then, as e — 0, u. weak star converges in L>(Q2 x [0,00)) to
u(x,t), which is uniquely defined as follows. Let U be the viscosity solution of

atU:f_(xaAU)a ((E,t) €Q,
(7.6) U(z,0) = Up(z) :== A7 {fug(z,2)}, z€Q,
U(z,t) =0, (z,t) € 9Q x [0, 00).

Then U € L*((0,00); W2P(Q)), for any 1 < p < oo, and
u(z,t) == AU, a.e. (z,t) € Qx(0,00).

Moreover, assuming the existence of an entropy solution to (7.3), 4 is the entropy solution of (7.3), and
if f(z,z2,-) is strictly convez, for all (z,z) € Q x R™, then

loc

(7.7 ue(z,t) — g(z, g, f(z,u(z,t)) =0 as e — 0 in L, (2 x [0,00)).

Proof. 1. The fact that the solutions of (7.1) form a uniformly bounded sequence in L*>(Q) follows from
the last part of Remark 5.3. To see this, let us denote ®,(z,y) := g(z,y, ). Take a1 < 0 < ag such that
o, (2, 2) <uo(z, T) < Po,(x, T), where we use (h2.4) in case f is of type 2. Hence, using (5.42), once for
(ue — Py, )- and again for (u. — ®,,)+, we obtain

B, (2, 2) < ula,t) < Doy (z, 2),
& £

which proves the uniform boundedness of the family {uc}.

2. Now, let us make a general observation concerning problem (5.3)—(5.4), under assumptions (f1.1)—
(f1.3), or (£2.1)-(2.3), for f of type 1 or type 2, respectively. So, let u be the weak solution of (5.3)—(5.4)
and, for each t € [0,00), let U(-,t) := A~ u(-,t). We claim that U is the viscosity solution of

atU_f('/EaAU):Oa (.’II,t)EQ,
(78) U(ZC,O) = UO(Z‘)7 T e Qv
U(z,t) =0, (z,t) € 092 x (0, 00),
where Uy = A~ ug. Indeed, let u, be the smooth solution of the corresponding regularized problem (5.46)—

(5.47). For each t € [0,00), let U, (-,t) := A" u,(+,t). Since u, and U, are smooth, it is clear that the latter
is the (viscosity) solution of

00Uy — f7(x,AU,) =0, (z,t) €Q,
(7.9) Uy (z,0) = Up(x), x € Q,

Uy(z,t) =0, (z,t) € 002 x (0, 00).
Since {uy (2, 1) }o<o<1 is uniformly bounded in L>(Q2x [0, 00)), we easily see that the U, (, t) form a uniformly
bounded sequence in L ([0, 00); W2P(2)) for all p € (1,00). On the other hand, from (7.9) we easily deduce
that |Uy(x,t) — Uy(z,5)| < C|t — s| for all z € Q for some constant C' > 0, independent of o. Hence, we

see that U, is uniformly bounded in Whe(Q). In particular, there is a subsequence U,, of U, converging
locally uniformly in @ to a function U € W1°°(Q) which satisfies U = A~ u.
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It follows in a standard way that U is the viscosity solution of (7.8). Indeed, given any (xq,tp) € Q, we
consider ¢ € C?(Q) such that U — ¢ has a strict local maximum at (zo, ). Since Uy, — ¢ converges locally
uniformly in @ to the function U — ¢, we may obtain a sequence (z;,t;) € Q such that (z;,t;) is a point of
local maximum of U,, — ¢ and (z;,t;) — (zo,t0) as i — co. Thus, we have

atQO(in, tl) - fai ('r’ia AQO(JTZ, tz)) < 07
from which follows, as i — oo,

(7.10) dp(xo, to) — f(wo, Ap(zo,t0)) < 0.

To relax the assumption of a strict local maximum to just a local maximum we proceed as usual replacing
¢ by, say, p(z,t) = ¢(x,t) + 6(Jx — 20]? + (t — t0)?) obtaining (7.10) with @ instead of ¢ and from that we
obtain again (7.10) for ¢ passing to the limit when § — 0. In an entirely similar way we prove the reverse
inequality when U — ¢ has a local minimum at (zg, tp), so proving that U is a viscosity solution of (7.8).

3. In the next steps we shall study the homogenization of (7.11) using a method motivated by [18]. As
we will see, the e-Laplacian property in Lemma 3.3 plays a decisive role at this point, and this explains our
assumption that A(R") is a regular algebra w.m.v. We define U.(x,t) in  x [0,00) by U. := A~'u. where
ue is the weak solution of (7.1). By step 2, we have that U, is the viscosity solution of

0 U, — f(xv %7AU€) =0, (xat) €Q,

(7.11) Ues(z,0) = Upe(2), x €,
Uc(z,t) =0, (z,t) € 99 x (0, 00).

where Up . = A7 tug o, with ug(x) = ug(Z,z). The same argument used in the previous step shows that
U. € L*((0, 00); W>P(2)) ") Lip((0, 00); L™ (%)),

and so there is a subsequence U, of U. converging locally uniformly in @) to a function
U € L>((0,00); W*P()) (| Lip((0, 00); L=(2)),

in particular, U € WH>(Q).
4. We claim that U(x,t) is the viscosity solution of the initial-boundary value problem
8tU_f_(xaAU):Ov (.’E,t) eQa
(7.12) U(z,0) = Uy(z), z €Q,
U(z,t) =0, (z,t) € 9Q x (0, 00).
where

Up:=A"1 ][uo(z,x) dz.

5. Indeed, let (#,) € @ and let ¢ € C?(Q) be such U — ¢ has a local maximum at (&,7). Also, let
Vo,5 € A(R™) be a smooth function satisfying
(713) 9o (JA},Z, fU(‘%)p)) —P— d < AZUU,5 < 9o ('iaz7f0'(£7p)) —p+ 67

with p = Ap(, 1), whose existence is asserted by Lemma 3.3, where g, (z,y,) is the inverse of f,(z,y,-) =
f(z,y,-) + 0o, and f, is given by (7.2) with g, replacing g. In particular, given any ¢’ > 0 we can find § > 0
sufficiently small such that

fo (2, Ap(2,1)) — 6 < £, (:i', 2, Ap(&, 1) + Avavg(z)) < fo(@, Ap(d, 1) + 0,
from which it follows

f(@, Ap(2,1) — 28" < f (&2, Ap(2,1) + Avs(2)) < f(&, Ap(, ) + 20,
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for o > 0 sufficiently small, since f, converges pointwise to f, where we set vs := Vo.5. Here we use (h2.4),
in case f is of type 2, which implies that f is strictly increasing in  x I and @(z,t) assumes values in I, so
that we may assume that f(z,-) is strictly increasing in R, and so f, converges everywhere to f.

Take p > 0 and let x; € Q be a point of maximum of

R . T .
Uj(x,8) = p(@, ) = fos(=) = ple = &* + p,
J
where we denote U; = U, such that 2; — & as j — oco. Such sequence (z;) exists since U; converges locally
uniformly to U and vs is bounded. We have
) Py ) Py
g 1 (00 2 Al )+ A2

)+p) <0,
J €j

and
(2 a0+ Au(2) ) < flo Acla,b) + 25
which, after addition, gives ] ]
e(a,t) = f(&, Ap(2,1)) < O(lz; — &[) + O(p) + 20",
Hence, letting j — oo first, and then letting p,d’ — 0, we obtain
e(2,1) = f(2, Ap(2,1)) < 0.

The reverse inequality, when U — ¢ has a local minimum at (&, ), follows in an entirely similar way, which
concludes the proof of the claim.

6. By the uniqueness of the viscosity solution of (7.12) (see for instance [10], Theorem 8.2), we conclude
that the whole sequence U.(x,t) converges uniformly to U(z,t). Let 4 := AU. Given any ¢ € C°(Q), we
have

/us(:c,t)gp(ﬂc,t)dxdt:/ AUsgodﬂcdt:/ U.Apda dt =2
Q Q Q

/UAgodxdtz/Tupd:cdt.
Q Q

Consequently, u.(z,t) converges in the weak-* topology of L>=(Q) to 4 = AU(x,t), which concludes the
proof of the first part of the theorem.

7. Now, let us assume the existence of a weak solution @ of (7.3), which actually follows from the
compactness result in [26]. Let U := A~'a. As it was done above, we easily prove that U is the viscosity
solution of (7.12). Therefore, U = U, and so i = .

8. We are going to prove (7.7) under the additional assumption that f(x,z,-) is strictly convex for all
(z,2) € @ x R™. In particular, f is of type 1. We first observe that the identity

WU — f(w. 2, AUL) =0,
holds in the sense of distributions in Q. Indeed, for any ¢ € C§°((0, 00); Hj(£2)), we have
(7.14) /Qusgot fo(:v,g,us) -Vepdzdt=0.
Given ¢ € C5°(Q), we take o = A~1¢ in (7.14), use u. = AU, and integration by parts, to obtain that

(7.15) /Q Ut + flar, 2, AU ddi =,
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holds for any ¢ € C§°(Q). Similarly, since @ is the weak solution of (7.3), we have
(7.16) / Ui + f(z, AU)¢pdz dt =0,
Q

for any ¢ € C§°(Q).
Using ¢(z,t)p(2) with ¢ € C5°(Q) and ¢ € A(R"), as the test function ¢ in (7.15), which is clearly
possible, and taking the limit along a suitable subnet e(d), d € D, we obtain by Theorem 4.2

/OO/ /{(met’z,f(x,z, ) — f(z, AU) Yo (x, t)p(2) dm(z) dx dt = 0,
o JaJk

where K is the compactification of R™ associated with A(R™), and we have used (7.16). Since ¢ and ¢ are
arbitrary, we have

(Vo2 [z, 2,7)) = f(z, AU) = f(x,z,g(x,z,f(x,AU))), for a.e. (x,t,2) € @ x K.
Since f(x,z,-) is strictly convex for all (z,z) € @ x R™, we conclude that
Vats = Og(a.2 f(z,a0))  TOT ae. (z,t,2) € Q x K.
and this implies through Theorem 4.3 that (7.7) holds. O
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