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ABSTRACT

While generalized equations with differentiable single-valued base mappings and the associ-
ated Josephy—Newton method have been studied extensively, the setting with semismooth
base mapping had not been previously considered (apart from the two special cases of usual
nonlinear equations and of Karush-Kuhn-Tucker optimality systems). We introduce for the
general semismooth case appropriate notions of solution regularity and prove local conver-
gence of the corresponding Josephy—Newton method. As an application, we immediately
recover the known primal-dual local convergence properties of semismooth SQP, but also
obtain some new results that complete the analysis of the SQP primal rate of convergence,
including its quasi-Newton variant.
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1 Introduction
We consider the generalized equation (GE)
®(u) + N(u) 30, (1.1)

where ® : IR — IR” is a (single-valued) base mapping, and N(-) is a field multifunction from
IR” to the subsets of IR (i.e., N(u) C IR” for each u € IR”). As is well known, this is a
rather general framework [9]. For example, the case of usual nonlinear equations corresponds
to N(-) = {0}. More generally, when N(-) = Ng(-) is the normal map associated to a closed
convex set ) C IR” then GE (1.1) is a variational inequality (VI)

ueQ, (Pu),v—u)y>0 Yve@. (1.2)

This in particular includes the Karush—-Kuhn—-Tucker (KKT) optimality conditions via the
following well-known construction. Consider the problem

minimize  f(x)

subject to h(xz) =0, g(z) <0, (1.3)

where the objective function f : IR® — IR and the constraints mappings h : R® — R
and g : R™ — IR™ are differentiable. Stationary points of problem (1.3) and the associated
Lagrange multipliers are characterized by the KKT optimality system

oL

e A ) =0, h@)=0, p20, g() <0, (u,gx) =0, (1.4)

where L : R" x R! x R™ — IR is the Lagrangian of problem (1.3):

Lz, A, ) = f(z) + (A, h(z)) + (1, g(x)).
Then the KKT system (1.4) is a particular instance of GE (1.1) with the mapping ® :
R" x R' x R™ — IR" x IR! x R™ given by
OL
‘I)(U) = (9_56(:6’ A, :U')’ —h(:ﬂ), —g(:ﬂ) y U= (x, A, M)a (15)

and with
N() = No(), Q=TR"xR!x R™. (1.6)

In this paper, we are interested in Newtonian methods for solving (1.1). An iteration of
the Josephy—Newton method [16, 17, 3, 15] solves the following (partially) linearized GE:

O (uk) + Jp(u — uF) + N(u) 30, (1.7)

where u* € IR” is the current approximation to a solution of (1.1) and .J, € IR¥*V. If ®
is differentiable then J, = ®'(u") is the basic choice. When in (1.1) we have N(:) = {0},
then (1.7) is just the classical Newton iteration for nonlinear equations. If GE (1.1) is given



by (1.5) and (1.6), i.e., it corresponds to KKT optimality conditions (1.4), then (1.7) is an
iteration of the fundamental SQP algorithm [2] for optimization.

When the mapping ® is not differentiable, a specific choice of J; in the set of some
generalized derivatives should be employed in (1.7) instead of ®'(u*). It appears that such
methods have been previously studied only in the two special cases: that of the usual non-
linear equations (when N(-) = {0}) [19, 20, 29, 25] and of the semismooth SQP (when (1.1)
corresponds to KKT conditions) [27, 11]. The goal of this work is to develop the general
semismooth Josephy—Newton framework. On the one hand, it extends the Josephy—Newton
method [16, 17, 3, 15] to the case of a possibly nonsmooth base mapping ®. On the other
hand, it extends the semismooth Newton method for nonsmooth equations [19, 20, 29, 25]
to the case of a GE. We shall also consider an application of this framework to optimization.
As a by-product, we immediately recover the primal-dual local convergence result of [11] for
semismooth SQP. We point out that this result follows here from a more general yet much
shorter analysis. In addition, we obtain new and rather complete characterization of primal
superlinear rate of convergence of semismooth SQP and its quasi-Newton variants.

In this work, we consider that ® is only semismooth; differentiability of ® is not assumed.
One of the motivations to analyze this case comes from optimality systems for optimization
problems with the objective function and constraints differentiable with locally Lipschitz-
continuous first derivatives, but not necessarily twice differentiable. Problems with such
smoothness properties arise in stochastic programming and optimal control (the so-called
extended linear-quadratic problems [31, 32, 27]), in semi-infinite programming and in primal
decomposition procedures (see [18, 26] and references therein). Once but not twice differen-
tiable functions arise also when reformulating complementarity constraints as in [13] or in the
lifting approach [33, 12]. Other possible sources are subproblems in penalty or augmented
Lagrangian methods with lower-level constraints treated directly and upper-level inequality
constraints treated via quadratic penalization or via augmented Lagrangian, which gives rise
to certain terms that are not twice differentiable in general; see, e.g., [1].

The rest of the paper is organized as follows. In Section 2 we introduce the notion of strong
regularity for GE with nondifferentiable base mapping, clarify its role and, in particular, what
it means in the case of optimization problems. Section 3 constitutes convergence analysis of
the semismooth Josephy—Newton method, including its perturbed and quasi-Newton variants.
The application to the semismooth SQP for optimization is given in Section 4. We finish
with some concluding remarks in Section 5. The appendix contains three technical lemmas
concerned with partial derivatives and partial generalized Jacobians that are used in the
paper.

Some final words about our notation are in order. The B-differential of ® : R — IR? at
u € IRY is the set

Op®(u) ={J e R | 3 {uk} C Ss such that {uk} — U, {CD/(uk)} — J},

where Sg is the set of points at which & is differentiable (this set is dense under our assump-
tions). Then the Clarke generalized Jacobian of ® at u is given by

0P (u) = conv dpP(u),



where conv S stands for the convex hull of the set S. For a mapping ®: IR” x IRP — IR?, the
partial Clarke generalized Jacobian of ® at (u, v) € IR” x IRP with respect to u is the Clarke
generalized Jacobian of the mapping ®(-, v), which we denote by 9, ®(u, v).

The mapping ®: IR — IRY is said to be semismooth [9, Section 7.4] at u € IR if it is
locally Lipschitz-continuous around u, directionally differentiable at u in every direction, and
satisfies the condition

sup  [|®(u +v) — ©(u) — Av|| = o([[v]).
AP (u+v)

If the stronger condition

sup || @(u +v) = @(u) — Avl| = O(||v]|*)
AeOP(u+v)

holds, then & is said to be strongly semismooth at wu.

We denote B(u,d) = {v € R” | ||[v —ul| <0}, u € R, § > 0. The Euclidean projection
of u € IRY onto a closed convex set S C IR” is denoted by mg(u). Two properties that will be
useful in the sequel are the following: if C' C IR” is a closed convex cone then

mo(u —7mo(u)) =0 VYVuelRY, (1.8)

and
{u e R | m¢(u) =0} = C°, (1.9)

where C° = {u € R” | (u, v) <0Vov € C} is the negative dual cone to C.

2 Strong regularity

When @ is differentiable, closely related to convergence of the Josephy—Newton scheme (1.7) is
the notion of strong regularity, introduced in [30] (although, it should be mentioned that in the
differentiable case convergence can be established under weaker assumptions [3]). Specifically,
a solution @ of GE (1.1) is referred to as strongly regular if for each r € IR” close enough to
0 the perturbed (partially) linearized GE

O (u) + ' (u)(u —u) + N(u) >r

has near @ the unique solution u(r) and the mapping u(-) is locally Lipschitz-continuous at
0. Clearly, @ is a strongly regular solution of GE (1.1) if and only if it is a strongly regular
solution of its linearization

(i) + @' (w)(u — u) + N(u) 2 0.

Characterizations of strong regularity for generalized equations by means of generalized dif-
ferentiation were derived in [21] (see also [22]).

We next introduce an appropriate generalization of the notion of regularity for the case
when @ is not differentiable.



Definition 2.1 A solution u € IR” of GE (1.1) is referred to as strongly regular with respect
to a set A C IR"* if for each J € A the solution @ of the GE

®(u)+ J(u—1u)+ N(u) 30 (2.1)

is strongly regular. (Le., for each J € A and for each r € IR” close enough to 0, the perturbed
partial linearization of (2.1)

S(a)+J(u—u)+N(u)>r

has near @ the unique solution u;(r) and the mapping u;(-) is locally Lipschitz-continuous
at 0.)

If A=0p®(u) (A =0%P(u)) then u is referred to as a BD-regular (C'D-regular) solution
of GE (1.1).

Evidently, Definition 2.1 extends the following widely used notions: strong regularity
[30] for the case of a smooth base mapping ® and A = {®'(u)}, BD-regularity [24] and C'D-
regularity [28] for usual equations corresponding to N(-) = {0}, A = 9p®(u) and A = 9P (au),
respectively.

The following result regarding the stability of strong regularity subject to small Lips-
chitzian perturbations follows, e.g., from [7, Theorem 1.4].

Proposition 2.1 For given ® : RY — IR”, J € R”*" and a multifunction N from IR to
the subsets of RY, let @ be a strongly reqular solution of GE (2.1).

Then for any fized neighborhood W of i and any sufficiently small £ > 0, there exist £ > 0
and neighborhoods U of u and V' of 0 such that for any mapping R : IR¥Y — IRY which is
Lipschitz-continuous on W with Lipschitz constant £, and for any r € R(u) +V, the GE

R(u) +®(u)+ J(u—u)+ N(u)>r

has in U the unique solution u(r), and the mapping u(-) is Lipschitz-continuous on R(u)+V
with Lipschitz constant £.

We next use Proposition 2.1 to prove solvability of perturbed linearized GEs for all points
close enough to a strongly regular solution and all matrices J close enough to the associated

set A.

Proposition 2.2 Let ® : RY — IRY be continuous at u € IRY. For a given multifunction N
from IR to the subsets of RY, let u be a solution of GE (1.1), strongly reqular with respect
to a compact set A C IRV

Then there exist € > 0, £ > 0 and neighborhoods U and U of @ and V of 0 such that for
any @ € U, any J € RY*Y satisfying

dist(J, A) < e, (2.2)

and any r € V, the GE
®(a)+ J(u—1u)+ N(u)>r (2.3)

has in U the unique solution u(r), and the mapping u(-) is Lipschitz-continuous on V' with
Lipschitz constant £.



Proof. Fix any J € A. For each @ € IR” and J € IRV*” define the mapping R : IR¥ — IR,
R(u) = ®(a) — ®(a) — Ju+ Ju + (J — J)u. (2.4)

For any pre-fixed £ > 0, the mapping R is Lipschitz-continuous on IR” with Lipschitz constant
¢ provided J is close enough to J. Note also that R(u) = ®(%t) — ®(u) — J(@ — u) tends to 0
as 4 — 4. Therefore, by Proposition 2.1 applied with W = IR”, there exist € > 0, £ > 0 and
neighborhoods U and U of @ and V of 0 such that for any @ € U and J € IR"* such that
|J —J| <e, and for any r € V, the GE

R(u) + ®(u) + J(u—u) + N(u) > (2.5)

has in U the unique solution u(7), and the mapping u(-) is Lipschitz-continuous on V' with
Lipschitz constant /. Substituting (2.4) into (2.5), observe that the latter coincides with
(2.3).

Considering for each J € A the open ball in IR”*” centered at J and of radius ¢ defined
above, we obtain the open cover of the compact set A which has a finite subcover. We now
re-define £ > 0 in such a way that any J € IR”*" satisfying (2.2) belongs to the specified finite
subcover. Furthermore, we take the maximum value £ > 0 of the corresponding constants
and the intersections U, U and V of the corresponding neighborhoods defined above over
the centers J of the balls constituting this subcover. By further shrinking V' (if necessary)
in order to ensure that for any @ € U, any J € IRV*” satisfying (2.2), and any r € V, the
solution u(r) of (2.3) corresponding to an appropriate element of the subcover belongs to U,
we get all the ingredients for the stated assertion. |

Consider now the optimization problem (1.3), where the objective function f : IR" — IR
and the constraints mappings h : IR" — IR! and g : R” — IR™ are differentiable, with their
derivatives being locally Lipschitz-continuous. As already noted, stationary points of problem
(1.3) and the associated Lagrange multipliers are characterized by the KKT optimality system
(1.4), which corresponds to the GE (1.1) with the base mapping ® given by (1.5) and the
field multifunction N given by (1.6).

For a feasible point Z of problem (1.3), let

AF)={i=1,...,m]| g(z) =0}

stand for the set of indices of inequality constraints active at z. Furthermore, for a Lagrange
multiplier & associated with Z, set

Recall that the linear independence constraint qualification (LICQ) at Z consists of saying
that the gradients 75(z), j =1, ..., [, g;(Z), i € A(Z), are linearly independent.

For optimization problems with twice differentiable data, characterization of strong regu-
larity was derived in [30] (sufficiency) and in [4] (necessity). These facts imply the following
result which, in turn, gives the characterization of strong regularity in the case of once dif-
ferentiable data, in the sense of Definition 2.1.



Proposition 2.3 Let f : R” - R, h: R" — R! and g : R” — R™ be differentiable at
T € R". Let Z be a stationary point of problem (1.3), and let (A, i) € R' x R™ be an
associated Lagrange multiplier. Let H € R™ "™ be an arbitrary symmetric matriz and let

H  (W@)" (J@)"
J=| =K (z) 0 0 (2.6)
—4'(7) 0 0
If  and (X, 1) satisfy LICQ and the condition
(HE, &) >0 VEe Cy(z, )\ {0}, (2.7)

where

C+(j7 ﬂ) = {§ € R" ’ h,(j) - O gA+(m i) ('i') - O}

then i = (T, A\, 1) is a strongly regular solution of GE (2.1) with ®(-) and N(-) defined
according to (1.5) and (1.6), respectively.

Moreover, LICQ is necessary for strong reqularity of @, while the condition (2.7) is nec-
essary for strong reqularity of u if T is a local solution of the quadratic programming problem

z), x

minimize  (f Y+ 2(H(x —Z), 2 — )

),z -z 53
subject to A'(Z)(z —Z) =0, gA(x)( z)(x—1xz) <0. (2:8)
Proof. Problem (2.8) is locally (near z) equivalent to the problem
minimize (f'(z), x — ) + 2(H(z — ), 2 — ) (2.9)
subject to  h(z) + W (z)(x — ) =0, g(Z) + ¢ (T)(x — ) <0 '

It can be easily seen that the KKT system for problem (2.9) can be stated as the GE (2.1)
with ®(-) and N(-) defined according to (1.5) and (1.6), respectively, and with J defined in
(2.6). Moreover, stationarity of Z in problem (1.3) with an associated Lagrange multiplier
(A, i) is equivalent to stationarity of Z in problem (2.9) with the same Lagrange multiplier
(A, fi); the sets of active at Z inequality constraints of the two problems are the same; LICQ
for the two problems at & means the same; and finally, condition (2.7) coincides with the
so-called strong second-order optimality condition for problem (2.9). The needed assertions
now follow applying the results of [30] and [4] to problem (2.9) (this can be done, since (2.9)
is a quadratic program and thus satisfies the smoothness assumptions in [30, 4]). n

Remark 2.1 Tt can be seen that for any u = (z, A, ) € IR™ x IR! x R™ it holds that
H o (W@ (@) oL
0P (u) = —h(x) 0 0 Hedp—(x, A\ p)p. (2.10)
/ Ox
—g' () 0 0

Indeed, the inclusion of the left-hand side into the right-hand side follows from Lemma A.2
in the Appendix, while the converse inclusion follows by the fact that a mapping of two



variables, which is differentiable with respect to one variable and affine with respect to the
other, is necessarily differentiable with respect to the aggregated variable.

By equality (2.10), Proposition 2.3 immediately implies the following: If Z and (), fi)
satisfy LICQ and the strong second-order sufficient optimality condition (SSOSC)

oL ,_ -

VH € 0o (7, A, ) (HE §) >0 VEe Oz, 1)\ {0}, (2.11)
then 4 = (7, A, fi) is a C D-regular solution of GE (2.1) with ®(-) and N(-) defined according
to (1.5) and (1.6), respectively. In particular, in the case of twice differentiable data, Propo-
sition 2.3 applied with H = g%(f, A, fi) recovers the characterization of strong regularity
obtained in [30] and [4].

In the sequel, along with SSOSC (2.11) we shall employ the weaker second-order sufficient
optimality condition (SOSC)
oL

VH e 833%(55, Np) (HE € >0 VeEel(z)\ {0}, (2.12)

where
C(z) ={€ e R" | W(2) =0, gh(z)(2)§ <0, (f'(z), &) <0}

is the critical cone of problem (1.3) at . Recall that the critical cone has the equivalent
representation

C@) = {E€R" [N@)E=0, g4, 0@ =0, diop@E<0}  (213)

for any Lagrange multiplier (), f1) associated with a stationary point Z. Condition (2.12) is
indeed sufficient for local optimality of a stationary point z, as established in [18].

3 Semismooth Josephy—Newton method

In this section, along with the semismooth Josephy—Newton method given by (1.7) with some
Ji € 0®(u”), we shall also consider its perturbed generalization. Specifically, given the
current iterate uF € IRY, the next iterate u*t! satisfies the GE

WP+ ®(u) + Jp(u —u®) + N(u) 30 (3.1)

with some J, € 0®(u*), where w* € IRY is a perturbation term. The perturbation may be
induced, for example, by inexact solution of the subproblem ®(u*) + J;(u — u*) + N (u) > 0.
Another possibility is the quasi-Newton variant that solves ®(u*) 4+ J(u — u*) + N(u) > 0
with some J ¢ 9®(u¥). This corresponds to the perturbation term w* = (J — Ji) (uF+1 —u¥).

We start with the following a posteriori result concerned with superlinear rate of con-
vergence, assuming convergence itself. Among other things, this line of analysis would turn
convenient later, as it gives all the necessary convergence rate estimates once convergence is

established.



Proposition 3.1 Let ® : IRY — IR be semismooth at u € IRY. Let u be a solution of GE
(1.1), strongly regular with respect to some closed set A C 0® (). Let a sequence {uF} C RY
be convergent to @, and assume that u*t1 satisfies (3.1) for each k = 0, 1, ..., with some
Ji, € 0®(uF) and Wk € RY such that

dist(Jx, A) = 0 as k — o0 (3.2)

and
Wb = of[[uF T — ¥ + ||u” — al). (3.3)

Then the rate of convergence of {u*} is superlinear. Moreover, the rate of convergence is
quadratic provided ® is strongly semismooth at u and

W = O([u™t — u®|? + u* — alf?). (3-4)

Proof. Define e >0, £ >0, U, U and V according to Proposition 2.2 with A = A. Then
for any u* € U, any J, € 0®(u¥) satisfying dist(Jy,, A) < e, and any r € V, the GE

O (uf) + Jp(u—u®) + N(u) > r (3.5)

has in U the unique solution u(r) which is Lipschitz-continuous on V' with Lipschitz constant
£. For each k, set

b = ®@F) — o) — Jp(uF — q). (3.6)
Note that by the semismoothness of ® at u, it holds that
rk = o(||lu* — al|). (3.7)
Note also that by (3.6),
0€ ®(a) + N(a) = &(u*) + Jp(a — u*) + N(a) — r*. (3.8)

By convergence of {u*} to @, and by (3.2), (3.3) and (3.7), we conclude that for all &
large enough it holds that u*, u*+1 e Unu, dist(Jg, A) < &, —wk € V and r¥ € V. Hence,
according to Proposition 2.2, u**1 is the unique solution in U of GE (3.5) with r = —w*, i.e.,
uF*l = u(—wk), while by (3.8), @ is the unique solution in U of GE (3.5) with r = ¥, i.e.,
% = u(r¥). Therefore,

b — ] = [lu(—w¥) — u(r)| < Bt +r) = of[[uf* — ] + [l —al),  (39)

where the last estimate is by (3.3) and (3.7).
The proof that (3.9) implies the superlinear rate is standard; see, e.g., [15, Proposition 2.1].
In addition, if ® is strongly semismooth at % then for ¥ defined in (3.6) it holds that

= O(lu* — al?)

Combining this with (3.4), and with the inequality in (3.9), the quadratic rate of convergence
follows. |



An immediate application of Proposition 3.1 is a Dennis—Moré-type result for the semis-
mooth quasi-Josephy—Newton method. Let {Ji} C IR”*" be a sequence of matrices. For the
current iterate u* € IR, let the next iterate «**! be computed as a solution of GE (1.7), and
assume that {Ji} satisfies the Dennis—Moré-type condition:

: T —J k+1 _ k _ k+1 _ k ) 3.10
Jeglc;&k)\\( K —J)(u u”)|| = o(||u u”]) (3.10)

In the following a posteriori result, we allow for a possibility of somewhat more special
choices of matrices Jj.

Theorem 3.1 Let ® : R — IR” be semismooth at u € IR”. Let u be a solution of GE (1.1),
strongly reqular with respect to some closed set A C 0®(u). Let {Jp} C IR¥*” be a sequence
of matrices, and let a sequence {u*} C RY be convergent to @ and such that for all k large
enough u*+1 satisfies (1.7) and there exist Ji, € 0P (u¥) satisfying

dist(Jy, A) = 0 as k — oo (3.11)
and .
(i = Je) (T =¥ = o[ —u])). (3.12)

Then the rate of convergence of {u¥} is superlinear.

Proof. For each k set
Wb = (Jp = Jp) (WP — uk).

Then (3.12) implies (3.3). Employing (3.11), the result now follows immediately from Propo-
sition 3.1. |

The assumption that for each k large enough there exist J;, € 0@ (u*) satisfying (3.12) is
equivalent to (3.10). If @ is a C'D-regular solution of GE (1.1) then Theorem 3.1 is applicable
with A = 9@ (@), and in this case (3.11) is automatic for any choice of .J;, € d®(u*) according
to upper semicontinuity of Clarke’s generalized Jacobian. Another appealing possibility is to
apply Theorem 3.1 with A = 9p®(#), assuming B D-regularity of the solution 4.

We proceed with a priori local analysis, i.e., sufficient conditions for convergence.

Theorem 3.2 Let ® : R — IR” be semismooth at u € IR”. Let u be a solution of GE (1.1),
strongly regular with respect to some closed set A C 0®(u). Let A be a multifunction from
IR” to the subsets of RY*Y, such that

A(u) C 0®(u) VuelRY (3.13)
and for any € > 0 there exists a neighborhood O of u such that

dist(J, A) <e VJe€A(u), VueO. (3.14)



Then there exists 6 > 0 such that for any starting point u® € IRY close enough to @, for
each k =0, 1, ... and any choice of J, € A(u¥), there exists the unique solution u**' of GE
(1.7) satisfying

|uF L — || < o (3.15)
the sequence {uF} generated this way converges to @, and the rate of convergence is super-
linear. Moreover, the rate of convergence is quadratic provided ® is strongly semismooth at
a.

Proof. Definee >0, ¢ > 0, U, U and V according to Proposition 2.2 with A = A.
Moreover, let U be such that (3.14) holds with O = U and with the specified e.

Then, according to Proposition 2.2, for any u* € U, any Jp € A(uk) and any r € V, the
GE

O(uP) + Jp(u — uF) + N(u) 5 r (3.16)

has in U the unique solution u(r) which is Lipschitz-continuous on V' with Lipschitz constant
{. Tn particular, GE (1.7) has in U the unique solution u**! = u(0).

Defining r* according to (3.6) and employing (3.13), by the semismoothness of ® at @ we
conclude that (3.7) holds, and

0€ ®(a) + N(a) = &(u”) + Jp(a — u*) + N(a) — r*.

Shrinking U if necessary, by (3.7) we conclude that r¥ € V provided u* € U, and hence, @ is
the unique solution of GE (3.16) with » = r*, i.e., @ = u(r¥). Therefore,

ot =l < u(r®) = u©)] < At = oo — al): (317)

where the last estimate is by (3.7).
From (3.1~7) we derive the following: for any g € (0, 1), there exists 6 > 0 such that
B(u, 6/2) c U, B(u, 36/2) C U, and for any u* € B(u, 6/2) it holds that

[+ — | < gl - al, (3.18)
implying that v+ € B(a, 6/2). Then

jy 4
o — b)) < b~ al k< S+ 5 =6
and hence, u**1 is a solution of GE (1.7) satisfying (3.15). Moreover, for any point u**! € IR

satisfying (3.15), it holds that

6 30
=] < [t — )t -l < 6+ S =2,

k+1 k+1

and hence, u € U, implying that u is a solution of GE (1.7) if and only if it coincides
with «*+1 = 4(0). Thus, the latter is the unique solution of GE (1.7) satisfying (3.15).
Therefore, the inclusion u® € B(w, §/2) implies that the entire sequence {u*} is uniquely
defined (for any fixed rule of selecting J, € A(u¥) for all k) and is contained in B(, 6/2).
Then (3.18) shows convergence of this sequence to w. The convergence rate estimates now
follow from Proposition 3.1. ]
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Remark 3.1 Theorem 3.2 generalizes local convergence results of the semismooth Newton
method for usual equations [29, 25]. Indeed, the two basic options for A(-) are dp®(-) and
O®(:). For the first option Theorem 3.2 is applicable with A = 9p®(%) assuming BD-
regularity of @, while for the second option it is applicable with A = 0®(u) assuming CD-
regularity of w. In addition, other choices of A(:) (e.g., related to the specific problem
structure) are possible.

Remark 3.2 For generalized equations with smooth bases a subtler local convergence result
was established in [3], where the assumptions are the semistability and hemistability of the
solution. The combination of these two properties is generally weaker than strong regularity
(in the smooth case). Note, however, that unlike in Theorem 3.2, local uniqueness of the
subproblems’ solutions does not hold under these assumptions.

In the case of VI (1.2), the iteration (1.7) of the semismooth Josephy-Newton method
takes the form of the (linearized) VI

ue @, (D) + Jplu—uF),v—u)>0 YveQ (3.19)
with some J;, € 9®(u¥). In particular, for a nonlinear complementarity problem (NCP)
u>0, ®(u)>0, (u, ®(u)) =0, (3.20)

corresponding to VI (1.2) with @ = IR, the iteration (3.19) of the semismooth Josephy—
Newton method takes the form of the linear complementarity problem

w>0, ®Wr)+ J(u—ub) >0, (u, ®WF)+ Jp(u—u*)) = 0.

According to Definition 2.1, strong regularity of a solution @ of NCP (3.20) with respect to
a set A C IR”*” means that for any J € A the point @ is a strongly regular solution of the
linear complementarity problem

u>0, P +J(u—ua)>0, (u, @)+ J(u—1u))=0. (3.21)

The algebraic characterization of strong regularity for semismooth NCP (3.20) readily follows
applying the results of [30] to (3.21).

4 Semismooth SQP

In this section, we consider the sequential quadratic programming (SQP) algorithm [2] for
problem (1.3), which is a special case of the Josephy-Newton method (1.7).

Algorithm 4.1 Choose (2, A%, 11%) € R" x R! x R and set k = 0.

1. If (zF, A*, u¥) satisfies the KKT system (1.4), stop.

11



2. Choose a symmetric matrix Hj;, € IR™" and compute z*T! € IR" as a stationary point
of problem

minimize  f(z%) + (f/(2%), z — 2*) + L (Hy(z — 2F), 2 — 2F)

subject to h(z*) + 1 (z¥)(x — 2*) = 0, g(a*) + ¢/ (2*)(x — 2¥) <0, (4.1)

and (AP F+1) € R! x IR as an associated Lagrange multiplier.
3. Adjust k by 1 and go to step 1.

By the basic semismooth sequential quadratic programming (semismooth SQP) method
we mean Algorithm 4.1 with
oL
oz
Methods of this kind were considered, e.g., in [27, 11].
The KKT system of problem (4.1) has the form

F1(@®) + Hy(x — %) + (' (27))TA + (¢ (%)) T = 0,
h(xF) + K (2%)(x — 2%) = 0, (4.3)
p>0, g(a*)+ g @) (@ —a*) <0, (u, g(a*) + g (2*)(z — 2)) = 0.

Hy € 0o (2", N, ub). (4.2)

It can be seen that the latter system is equivalent to the iteration GE (1.7) of the Josephy—
Newton method with u* = (2%, A\¥, u¥), ®(-) and N(-) defined according to (1.5) and (1.6),
respectively, and with

Hy  (W(@@5)T (¢@")"
Jo=| W (2" 0 0 : (4.4)
—g'(z") 0 0

Semismoothness of the derivatives of f, h and g at & implies semismoothness of ® at
u = (Z, \, i). Moreover, taking into account Proposition 2.3 and Remark 2.1, Theorem 3.2 is
applicable with A = 9®(z) and A(-) = 9®(-) provided # and (A, fi) satisfy LICQ and SSOSC
(2.11). Therefore, we immediately obtain the local convergence and rate of convergence result
for the basic semismooth SQP algorithm.

Theorem 4.1 Let f : R” - R, h : R" — R and g : R" — R be differentiable in a
neighborhood of T € IR, with their derivatives being semismooth at T. Let T be a local solution
of problem (1.3) satisfying LICQ, and let SSOSC (2.11) hold for the associated Lagrange
multiplier (X, i) € R! x R™.

Then there exists 6 > 0 such that for any starting point (z°, \°, u) € R™ x R! x R™
close enough to (z, \, i), for each k =0, 1, ... and any choice of Hy, satisfying (4.2), there
exists the unique stationary point x*+1 of problem (4.1) and the unique associated Lagrange
multiplier (\F1 uF 1) satisfying

[(FHY — gk ARFL Nk Ry <, (4.5)

the sequence {(z*, ¥, 1)} converges to (Z, A, i), and the rate of convergence is superlinear.
Moreover, the rate of convergence is quadratic provided the derivatives of f, h and g are
strongly semismooth at .
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Theorem 4.1 essentially recovers the local superlinear convergence result in [11], which
was obtained by direct (and rather involved) analysis. Here, this property is an immediate
consequence of the general local convergence theory for the semismooth Josephy—Newton
method, given by Theorem 3.2. A similar result was derived in [27], but under stronger
assumptions including the strict complementarity condition.

For optimization problems with twice differentiable data, Theorem 4.1 can be sharpened.
Specifically, it was demonstrated in [3] that LICQ can be replaced by the generally weaker
strict Mangasarian—Fromovitz constraint qualification, while SSOSC can be replaced by the
usual second-order sufficient optimality condition. However, unlike in Theorem 4.1, these
assumptions cannot guarantee uniqueness of the iteration sequence satisfying the localization
condition (4.5).

As is well known (e.g., [5, Exercise 14.8]), superlinear or quadratic @Q-rate of convergence
of the primal-dual sequence does not necessarily imply superlinear (or even linear) Q-rate for
the primal part. At the same time, primal convergence is often of particular importance. To
that end, we proceed with primal superlinear convergence analysis for Algorithm 4.1.

Having in mind some potentially useful choices of Hj, different from the basic (4.2), as
well as truncation of subproblems solution (e.g., [14]), we consider the following perturbed
version of semismooth SQP. For a given primal-dual iterate (z%, \*, uF) € R™ x R! x R™,
the next iterate (z¥+1, \F+1 pk+1) satisfies the relations

BL (3, ¥, 1) + Wi(ah 1 — a%) 4 (W (29)) TV = XF) + (¢! (@) (b = ab) + wh = 0,
h(z®) + B (2F)(xF+ — 2F) + wh =0,

Mk—i—l > 0, g(mk) _{_g/($k)($k+1 _ xk) +w§ <0, <,uk+1,g(xk) + g/(xk)(xk'H _ xk) _|_w/§> =0,

(4.6)

with some W, € Bx%(xk, e k), where w’f e R", w§ e R, and wé‘ € IR™ are perturbation

terms.

We first establish necessary conditions for primal superlinear convergence of the iter-

ates given by (4.6). Proposition 4.1 also suggests the proper form of the Dennis—-Moré-type
condition for the semismooth case.

Proposition 4.1 Let f : R® - R, h : R® — R! and g : R® — R! be differentiable
in a neighborhood of * € R"™, with their derivatives being semismooth at T. Let T be a
stationary point of problem (1.3), and let (A, fi) € IR! x R™ be an associated Lagrange mul-
tiplier. Let {(z*, N*, 1iF)} ¢ R™ x R! x R™ be convergent to (Z, A, fi), and assume that
for each k large enough the triple (1, NF+1 k1) satisfies the system (4.6) with some
Wi, € 8$g—£(xk,)\k,uk) and some wf € R™, wk € R! and wh € R™.

If the rate of convergence of {x*} is superlinear then

OL , ri1 \k & oL, 4 & & k+1 ky _ k-
wh = of[|z* — ), (4.8)
(w5) 4, (7,7 = oll|lz* — Z|)). (4.9)
If in addition
{51, mpa@} — 0 as k — oo, (4.10)
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then
Tog)(—wh) = o(||z* — z]). (4.11)

Proof. Let {Wk} be an arbitrary sequence of matrices such that Wj, € am%(xk+1, DL

for each k. Since {(2*, \*, 1)} is convergent to (z, A, fi) (and hence, {(\¥, u*)} is bounded),
and the derivatives of f, h and g are locally Lipschitz-continuous at Z, one can easily see that
there exist a neighborhood U of z and ¢ > 0 such that for all k£ the mapping g—ﬁ(, DU
is Lipschitz-continuous on U with constant ¢, and both z*¥ and z¥*! belong to U for all k
large enough. This implies that ||| < £ and ||[W;]|| < £ for all such k (since the matrices in
the generalized Jacobian are bounded by the Lipschitz constant of the mapping in question).
In particular, {W;} and {W}} are bounded sequences. Then, employing Lemma A.3 in
the Appendix (with p = 7 = n, ¢ = I +m, K(z) = (W (2)7, (¢'(x)"), b(z) = f'(x),

= (\*, u¥), 5 = (), 1)) and taking into account the superlinear convergence of {z*} to z,
we obtain

OL (a1 X ) — T2 kN6, ) — Wit — )
OL  k+1 gk 8L k ookl =
_ (g—i(xk7)\k7ﬂk) _ g_i(x’)‘k’uk) _ Wk(xk . m)) . (Wk _ Wk)(xk+1 . :Ic)
= o(||z"* = 2||) + o(|l«* — 2)) + O(||="*" — 2|))

= of[|l=* — =), (4.12)

which gives (4.7).

Furthermore, from (4.6), employing superlinear convergence of {z*} to Z, boundedness
of {Wy}, Lemma A.3 and local Lipschitz-continuity of the derivatives of h and g at z, we
obtain that

o= TR N ) W ) () TOR X (g ()T )

= )TN = X)) ) ()T = W) ()T~ )
(Gt V) = @A) = W~ ) ) + W - )
= ()T = @ =)+ (@) TR - )
DT = (@) = )+ G @)~ )+ ol — 1)
)

~—

= (@) A =X+ (g @) (u n — ) +o([lz" — =), (4.13)
and
wlzc — —h(xk) _ h,(xk)($k+1 _ xk)
= —h(@") +h(@) + ¥ (@) (" —z)+ (W (2") - K (2) (" — z) — B (a") (" - z)
= of[|lz* — ).

14



The latter relation givies (4.8).
Moreover, since fig, (z z) > 0, we have that ,u’ju(j e 0 for all k large enough, and it

then follows from the last line in (4.6) that

@ay@n = —9a.@nE@") = ga, @ @)@ —2b)
= 794G (xk) +94,(7) + gf4+(f,ﬂ)(j)(xk - )
(9A+<x 0 (@) = G, o, (@)@ = 7) = gy () @ = 7)
= o(|la" —z),
which gives (4.9).
For each k set )
= (@)W = X) + (' (@) (1 = ). (4.14)
Then from (4.13) it follows that
wF + ok = o(||l2* — z|). (4.15)

If (4.10) holds then, since {g{1, _ mpa@) (@)} = 941, mha@) (&) < 0, the last line in (4.6)
implies that ,u’{fl mPA@E) = 0 for all k£ large enough. Taking this into account, we obtain
from (2.13) and (4.14) that for all such k, for any £ € C(Z) it holds that

(@f, &) = (W= X W (@)6) + (W = 1, ' (@)€) = (W (a, py» Gao(a, p (B)E) <0,

k+1 k

where the inequality p > 0 was also employed. Therefore, wf € (C(z))°. Hence, according
o (1.9), Wc(f)(d;{“) = 0. Combining the latter with (4.15), and taking into account the fact
that 7oz () is nonexpansive, we obtain the last needed estimate (4.11). ]

We now proceed with sufficient conditions for primal superlinear convergence. Following
[10], in this analysis we only assume that the limiting stationary point z and the associated
limiting multiplier (A, f1) satisfy SOSC (2.12). Note that even in the twice differentiable case
other results in the literature (e.g., [5, Theorem 15.7]; see also [3], [23, Theorem 18.5] for
related statements) require LICQ in addition to SOSC. The analysis relies on the following
primal error bound result that generalizes [10] with respect to its smoothness assumptions.

Proposition 4.2 Let f : IR" - R, h: R"” — R! and g : R" — R’ be differentiable in a
neighborhood of T € IR"™, with their derivatives being semismooth at T. Let T be a stationary
point of problem (1.3), let (\, 1) € R!xIR™ be an associated Lagrange multiplier, and assume
that SOSC (2.12) holds.

Then the estimate

(4.16)

le -2 =0

7Tcm( (, A ) H

mm{u, —g

holds for all (z, A, ) € R™ x IR x R™ close enough to (%, \, [i).
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Proof. We argue by contradiction. Suppose that (4.16) does not hold. Then there exist

a sequence {(z*, M\¥, 1/F)} ¢ R™ x R! x IR™ tending to (Z, A, /i) and a sequence t;, — +oo
such that for all &

TC(z) (g—ﬁ(xk,Ak,M
lz* — 2| >t h(w )
min{yt, —g(ct
This is further equivalent to
oL _
et (GG N ) ) = ol 1) (.17
h(z*) = o(||z* - z])), (4.18)
min{u", —g(a")} = o(||z" — z|). (4.19)
From (4.18) it follows that
0= h(z) + 1 (@)(a" — ) + o(l|lz* — z|l) = W'(2) (2" — 2) + o(||«* — z])). (4.20)

Moreover, since g4, (z,5)(Z) = 0 < fia, (z, ), from (4.19) we obtain that for all k large enough

0 = min{pf, G —9a, @ n (@)} +o(lz” — )
= g4, p (") +o(la" — z|)
= 040 (@) — g, .0 @) (" = 2) +o(|z" — z])

= —0h, @ p @ " = 7) +o(la* — 2], (4.21)

i)
and similarly, since 911, ..., mN\A@) T ( ) <0= 1,...,mN\AZ)>
0 = min{ﬂlﬁ,...,m}\A@y —901, .. mpa@) (@)} + ol[|z* — )
= uf g +ollz" —z). (4.22)

Since the number of different partitions of the set Ay(Z, 1) is finite, passing onto a
subsequence if necessary, we can assume that there exist index sets I; and Iy such that
LUI, = Ao(Z, i), [; NIz = 0, and for each k it holds that

ph = —gn (%), uj, < —gn(2"). (4.23)
Then by (4.19) we have

0 = min{uj,, —gr,(«")} +o(||2* — z)
= —gn,(z") + o(|la" — z|)

= —g1,(2) - ¢7,(@)(a" — ) + o([a* — 7|
= —g5,(@)(" —2) +o(||2* — ), (4.24)
0 = min{uf,, —gr, (")} + o([|z"* — z|)) = uf, + o([l«* - z])). (4.25)
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Finally, from (4.23) it also follows that

_/’[/]Igg > gI2 (xk;)

and hence, by (4.25),
91, (@) (2" — 7) < o(|la* — z])). (4.26)

Without loss of generality we can assume that ¥ # Z for all k, and (¥ — z)/||2* — Z||
converges to some £ € R™ \ {0} (||¢|| = 1). Then by (2.13), (4.20), (4.21), (4.24) and (4.26)
we conclude that £ € C(z) \ {0}.

Furthermore, employing (1.8) and (4.17) we obtain

oL OL
0 = TC(z) <8_CC( k’ )‘ka Mk) — TC(z) (%(xka )‘ka :U‘k)>>

oL _
~ o) (GEH A )+ ol ).

and hence, by (1.9) and by Lemma A.3,
oL

(C@)° 3 (" A i) +o(lla* — )
_ (L x ko OL g oL _ \p o OL _ < _
= (Gt ) - G )+ (G ) - S A
+o(||z* — z|))

= Wi(a" —2)+ (0 (@) (" =) + (¢ @) (1" = p) +o([la* —z),  (4.27)

where {W}} is any sequence of matrices such that Wy, € Bxg—ﬁ(xk, A uF) for each k.

By Lemma A.2 there exists a sequence {W},} such that W, € Bxg—ﬁ(xk, A, i) for k large
enough and Wy, — Wy = O(||(A\¥ — X, ¥ — f1)||). Then, since the sequence {W}} is bounded
(by Lipschitz continuity of %(, A, i) on some neighborhood of Z), and since {(\*, u*)}
converges to (\, [i), passing to a subsequence if necessary, we may assume that both {Wj}
and {W},} converge to some W € IR"*". By upper semicontinuity of the generalized Jacobian
it follows that W € ({“)xg—ﬁ(f, A, fi). Taking into account (2.13), (4.22) and (4.25), the inclusion
¢ € C() and the equalities g7 () = 0 (see (4.24)) and fig1, A, (z,5) = 0, from (4.27)
we obtain

0 > (Wi(a® —2), &)+ (N =X W (@)6) + (W — i1, ¢ (@)¢) + o(|2* — z)
(Wi(z" = 2), &) + (hun, - mpa@) Tou, .. mpa@) @)E) +o([la* — 2|)
= <Wk(xk_j)7 §>+0(ka_j”)7

Dividing the obtained relation by ||z* — Z|| and passing onto the limit, we conclude that

(Wg€) <0,
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which contradicts SOSC (2.12) because ¢ € C(z) \ {0}. ]

We are now in position to give conditions that are sufficient for primal superlinear con-
vergence of perturbed semismooth SQP.

Theorem 4.2 Under the assumptions of Proposition 4.1, let SOSC (2.12) hold.
If (4.10) holds and

oL oL )
To(3) <_(w’“+1, N Ry = = (aF N8, by — W (aF T — 2b) — W’l“) = o([|a* ! —a¥ ||+ ||z* —z),

ox ox
(4.28)
wh = o([|a**! — ¥ + [|l2* — 2|)), (4.29)
(w5) agz) = o(|la* T — 2¥|| + ||l2* — 2|)), (4.30)

then the rate of convergence of {x*} is superlinear.

Proof. Employing convergence of {(z*, A\¥, u*)} to (z, A\, i) and local Lipschitz-continuity

of the derivatives of h and g at &, from the first and the second equalities in (4.6) we derive

oL oL
%(xk—’—la )‘k+1’ :U’k+1) = %(xk—’—la )‘k’ :U’k)
TR = 0 + ()T = )
_ a_L k+1 vk Kk a_L k vk Kk
- 8.%'(x a)"lu’) 8x(x’>\7u)
oL
+o( BN R 4 (W (@) T = AR (g (@) T (= )
+o([la* — 2*|))
_ a_L k+1 vk Kk a_L k vk Kk k+1 k k
- 8.%'(x a)‘,lu’)_ax(x’)‘,:u’)_wk(x _x)_wl
+o([|l2* Tt — 2F|) (4.31)
and

Bk 1) = hlah) + 1 (@)@ — 28+ of[ah ! — k) = —wh 4 ofllet T — ). (4.32)

Since {(W) 1, . mpa@} — 0 (by (4.10)) and {gq1, _mpa@) (@)} = 90, mpa@ (@) <
0, we then conclude that for all k£ large enough ,ul{“fl mPA@T) = 0. Hence,

min{#?i%_wm}\A(f)’ _9{1,...,m}\A(f)(xk+1)} =0. (4.33)
Observe that the last line in (4.6) can be written in the form

min{“ !, —g(2*) — ¢/ (") (" —a*) —wh} = 0.
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For each i € A(Z), employing this equality and the property
| min{a, b} — min{a, c}| < |b—¢| Va,b, c € R,
we obtain the estimate

Imin{u’i)) —ga@ @M = Imin{ull), —ga@) (@) = g (@)@ —2F)
+o([J«"+ — 2"}

—min{pf], —ga) () = gz @) @ - 2F)
—(W§)A(i)}||
< (w5)a@ll + o(*+ —2F). (4.34)

Combining Proposition 4.2 and relations (4.28)—(4.32) and (4.33)—(4.34), we conclude that
125t — 2| = o(|*+! — 2*|| + ||la* — z[)) = o[la" — 2| + |l=* — ),
i.e., there exists a sequence {t;} of nonnegative reals such that ¢, — 0 and
12"t — 2| < ti(lla™ — 2| + [|2* — 2.
for all k£ large enough. This implies that
(1= ti)|2" = 2| < tyfla” — 2],

and hence, for all £ large enough

o+ — ] < 2

< et - 2.

ie.,

k — k _
[ — 2| = o(||* — z),

which completes the proof. ]

Remark 4.1 Condition (4.28) follows from (4.7) and (4.11). Therefore, according to Propo-
sition 4.1, it is in fact also necessary for the primal superlinear convergence rate (assuming
(4.10)).

Remark 4.2 In Theorem 4.2 SOSC (2.12) can be replaced by the following sequential
second-order condition:

lim inf max  (WE € >0 Vee @)\ {0} (4.35)

k—o0 Weazg—é(mk,)\k,pk)

(employing Lemma A.2, one can easily see that (4.35) is implied by (2.12)). This would
require the development of a sequential counterpart of the primal error bound established in
Proposition 4.2. We ommit the details.
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The analysis of primal superlinear convergence developed above for the general perturbed
semismooth SQP framework (4.6) can be applied to some more specific algorithms. In par-
ticular, Algorithm 4.1 can be viewed as a special case of this framework with

wi = (Hp — W) (@F! —2F), wh =0, wh=0,

where {W}} is an arbitrary sequence of matrices such that Wy € @g—i@k, ey for each
k. From Proposition 4.1, Theorem 4.2, and Remarks 4.1 and 4.2, it follows that under
(4.35) primal superlinear convergence of quasi-Newton semismooth SQP is characterized by
the condition

oo (G A8 = GG~ e = o)) = ol - ). (436)

This can be regarded as a natural generalization of the Dennis—Moré-type condition for
smooth quasi-Newton SQP methods [23, Theorem 18.5] to the case of semismooth first deriva-
tives.

Recalling the usual Dennis—Moré condition for the smooth case, one might think of re-
placing (4.36) by something like

e B (O — EOHT )] ol -t (43
T 5s \ L s M

This condition corresponds to the one used for similar purposes in [12], where it was shown
that (4.37) is necessary and, under (4.35), sufficient for primal superlinear convergence of
Algorithm 4.1 in the case when there are no inequality constraints. If f, h and g are twice
continuously differentiable near z, then by the Mean-Value Theorem one can easily see that
conditions (4.36) and (4.37) are equivalent. In the semismooth case the relationship between
these two conditions is not so clear. From Proposition 4.1 it easily follows that (4.37) is
necessary for primal superlinear convergence. Therefore, it is implied by (4.36) provided that
(4.35) holds. The converse implication might not be true, but according to the discussion
below, it appears difficult to give an example of the lack of this implication. Namely, we shall
show that under a certain reasonable additional assumption, (4.37) is sufficient for primal
superlinear convergence and thus implies (4.36).
Specifically, assume that the set

Ay ={i=1,...,m| gi(a®) + g (a")(a*! — 2¥) = 0} (4.38)

of indices of active inequality constraints of the semismooth SQP subproblems (4.1) stabilizes,
i.e., it holds that Ay = A for some fixed A C {1, ..., m} and all k large enough. According
to the last line in (4.3), by continuity, the inclusions

Ay (z, i) C A, C A(Z) (4.39)

always hold for all k£ large enough. Therefore, the stabilization property is automatic with A=
A(z) when {(\¥, %)} converges to a multiplier (A, fi) satisfying the strict complementarity
condition, i.e., such that figz > 0 (and hence, A, (7, i) = A(Z)). In other cases, the
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stabilization property may not hold, but this still seems to be reasonable numerical behavior,
which should be quite typical. Note also that if this stabilization property does not hold, one
should hardly expect convergence of the dual sequence, in general.

The following result extends the sufficiency part of [12, Theorem 2.2] to the case when
inequality constraints can be present.

Theorem 4.3 Let f : R® — R, h : R” — R! and g : R" — R be differentiable in a
neighborhood of x € IR"™, with their derivatives being semismooth at T. Let T be a stationary
point of problem (1.3), and let (\, i) € R! x R™ be an associated Lagrange multiplier.
Let a sequence {(xF, \F, i)} € R™ x IR! x R™ generated by Algorithm 4.1 be convergent
to (Z, A\, i). Assume that (4.35) and (4.37) hold and that there exists an index set A C
{1, ..., m} such that Ay = A for all k large enough, where the index sets Ay are defined
according to (4.38).
Then the rate of convergence of {x*} is superlinear.

Proof. Define the set

C(x) ={§ € R™ | W(2)6 = 0, gi(T)E =0, glyzna(@)é <O},

By Hoffman’s error bound for linear systems (e.g., [9, Lemma 3.2.3]) we have that

At~ 7, O(@) = O(R @) = 2]+ [gy(@) e - 2)]
+|| max{0, gA na(@)(@ ML B HD. (4.40)
From the second line in (4.3), and from local Lipschitz-continuity of the derivative of h
at Z, we obtain

W(E)(F T —z) = B(@) (@ =R + B (@) (2" - 5) — h(z) — B (2F) (R - 2F)

= —(W(") = @)@ - 2F) = (h(a®) - h(@) - 1 (2)(=" - 7))
= o(|la" —z). (4.41)
For any sufficiently large k it holds that g, (%) + ¢/, (2%)(z**! — 2¥) = 0, and similarly to

(4.41) it follows that
ga (@)@ = 7) = of|]a" — z])). (4.42)

Finally, if i € A(Z) \ A and (g}(z), 2**! — Z) > 0, taking into account the last line of (4.3)
and local Lipschitz-continuity of the derivative of g at Z, we obtain

max{O, <g;(j')7 xk—H - 'f>} = <g;(j'), xk-H - 'f>
= <g;(j'), xk-H - xk> + <g£(i‘), xk - 'f>
< (gi(@), 2" —2h) + (gi(2), 2F — )

(

= —{gl*) — @), 2 — )
~(gi(a*) — 9s(2) — (gl(@), * — 7))

= of|la* - al). (4.43)



Relations (4.40)—(4.43) imply that
dist(z"! — z, C(z)) = o(||z"* — Z|)).
The latter means that for all k there exists €% € C(z) such that
d* 7 =k 4 o(|2F - z|)). (4.44)

From the first line of (4.3) and from semismoothness of the derivatives of f, h and g at z,
employing Lemma A.3 and convergence of {(\*, u*)} to (A, i) we derive that for any choice
of matrices Wy, € 0, ‘gﬁ( kMR uF) it holds that

CH k) = TR N ) )T R ) + ()T )
= OV, N ) - Do o, ) - Wit~ )
PO, X ) = T2 (A )+ ()T (3
H )T (5~ )+ W 2)
= Wilah - @)+ (@) - ) + <<>>T<M p)
FA @) =) 4 (g @) (01— )+ oo — 2])

= Wi(a® =)+ (1 (@)T (W = X) + (¢ (@) (" )
+o(||lz* - z)).

Therefore,

Wi(zE 7)) = (W — Hy) (@ — of) — (0/(@)T (R — X)
—(g' @) (W = i) + o(||2" — Z|)). (4.45)

From the definition of set A it follows that g, m’m}\A(xk)—i-gf{L ___7m}\A(xk)(xk+1 —xk) <0
for all k large enough. Then, by the last line in (4.3),

k+1
AL empa =0 (4.46)

for all such k. Moreover, according to (4.39) it holds that C(z) ¢ C(&), and therefore, (4.37)
remains true with C'(z) substituted for C(z). Then, employing (4.45), (4.46), and the fact
that (x, &) < <7Té(f)(ac), &) for all z € IR™ and all £ € C(z) (see (1.8) and (1.9)), we further

obtain

(Wit &8 = (Wi(@* = 2), €°) + o(||2* — 2|]|€"]))
= (Wi — Hp) (2! = 2b), ¢F)
—((W @)W =X + (¢ @) (" = ), €8) + o(||=* — 2/[|€"]))
(T (Wi = Hy) (@ = 2")), &) + o([la* — 2|l[|€"]1)
= o((J™*" —2*|| + [l — 2|)II€" ). (4.47)

IN
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From (4.35) and the inclusion C(zZ) C C(%) it further follows that there exist v > 0 and
a sequence {W}} of matrices such that W, € 9,2%(z*, X\¥, 1¥) and for all k large enough

T Oz
(Wi", €F) > ~]1€¥||.

Then (4.47) implies
€ = o(||lz* ! — 2¥|| + [|2* — z])),

and hence, given (4.44),
27+ = Z[| = o[|l2* ! — 2¥|| + [|l2* — Z])).

Repeating the argument completing the proof of Theorem 4.2, we obtain the superlinear
convergence rate of {z*}. n

5 Concluding Remarks

We have introduced the notion of solution regularity and developed local convergence theory
for the Josephy—Newton method for generalized equations with semismooth base mappings.
The special case of semismooth SQP for optimization was also considered, easily recovering
its primal-dual convergence result and obtaining a new characterization of primal superlinear
convergence rate.

6 Appendix

Lemma A.1 Let K: IRP — R"*? be locally Lipschitz-continuous at T € IRP with Lipschitz
constant L > 0 and b: IRP — IR" be an arbitrary map. Define the map V: IR? x R? — IR",
(o, y) = K@)y + b(). (A1)

If W is differentiable with respect to x at (%, y') € RP x R? and (Z, y?) € IRP x IR? with some
yt, y? € IRY then
— - < — . A2
H 5 (& Y) = 5 (@Y )H <Iklly” — vl (A.2)

Proof. Differentiability of ¥ with respect to x at (Z, y') and (Z, ¥?) means that for any
EeIR?

K@+ +b(@+6) ~ K@)y — (@) — 5 (7, )¢

, ) A
= W6 ) - VE ) - ()

= 0(”5“)7 J=12
This implies the relation

(K@ + €)= K@) =) - (G ') - Gr@ o)) €= ol (A3)
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Fix an arbitrary ¢ € IRP, ||| = 1. By (A.3), employing the fact that K is locally
Lipschitz-continuous at & with Lipschitz constant £, we have for all t > 0

' H <<89_\9161(x’ v - g\i ) 5” < K@ +t8) — K@)y —y*l +o(t)
< Aitllyt = yP( + o(t).

Dividing both sides by ¢ and passing onto the limit, we obtain
— - — </ — 7|

Since ¢ is arbitrary, the required estimate (A.2) follows. [

Lemma A.2 Let K: IRP — IR"™Y and b: IR? — IR" be locally Lipschitz-continuous at T €
IR?, and define the map : RP xRY +— IR" according to (A.1). Let the sequences {(x*, y¥)} C
IR? x R? and {(z*, y§)} C IR? x R be both convergent to (Z, §) with some § € IRY.

Then for any sequence of matrices {W}} C R™P such that W}} € 9,¥(z*, y¥) for all k,
there exists a sequence of matrices {W2} C IR™*P such that W} € 9,V (z*, y%) for all k large
enough, and

Wi = Wil = Ollyy — w5 1)

Proof. Let U be a neighborhood of Z, such that K and b are Lipschitz-continuous on U.

Then for all k& the mapping ¥(-, yg) is evidently Lipschitz-continuous on U. Therefore, by
Rademacher’s theorem, it is differentiable everywhere on U \ ', where the Lebesgue measure
of the set I' C U is zero. Let Dy, C U stand for the set of points of differentiability of (-, ylf)
Since Clarke’s generalized Jacobian is “blind” to sets of Lebesgue measure zero [8], for any
k large enough (so that ¥ € U) and for any matrix W} € \Il(xk, yt) there exist a positive

integer sy, matrices Wk € R™*? and reals oy, ; > 0,4 =1, ..., s, such that > 7%, ap ; = 1,
Wl =3k, ak,szm and for each i = 1, ..., sg, there exists a sequence {x;”} C D \T
convergent to 2* and such that {8‘1’( ke yl)} — Wk ; as j — oo.

Furthermore, by Lemma A.1, for any k and j large enough it holds that

<Urlyf -5l Vi=1, ..., s, (A.4)

ov 1 ov . 1
H— »’22/?)‘@(%’2, y5)

where £ is the Lipschitz constant for K on U. For all k large enough since U, y2) is locally
Lipschitz-continuous at x*, for all i = 1, ..., s; the sequence g‘i’( , yz)} is bounded and
therefore, passing to a subsequence if necessary, we can assume that each of these sequences
converges to some W,?Z as j — oo. Then by passing onto the limit in (A.4) we derive the
estimate

Wi = Wil < exllyt — w5l Vi=1, ..., sp. (A.5)
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Moreover, by the definition of B-differential we obtain that W2, € (9,) sV (zF, y%). Hence,
by the definition of the generalized Jacobian, the convex combination W,? =y ozz,W,?i
belongs to 9, ¥ (z*, y%), and employing (A.5) we derive the estimate

Sk Sk
§ 1 § 2
ak,iWk:,i — ak,iWkJ

i=1 i=1

Sk
< ZakZHWklz - Wl?zH < gK”ylf - yé”
i=1

Wi = Wil =

Lemma A.3 Let K: IRP — IR and b: IRP — IR" be semismooth at T € IRP, and define
the map W: IRP? x RY — IR" according to (A.1). Let a sequence {(z*, y*)} C IRP x IR? be
convergent to (Z, y) with some y € IRY.
Then for any sequence of matrices {Wy,} C R™*P such that Wy, € 0, (2", y*) for all k,
it holds that
(e, oF) U o) — Wil — ) = of|la* — ).

Proof. Applying Lemma A.2 with y’f = y* and y§ = gy for all k£, we conclude that there

exists a sequence of matrices {W;} C IR"*? such that Wy, € 9,V (z*, ) for all sufficiently
large k and Wy, — Wy, = O(||y* — 9||). Employing (A.1) and semismoothness of K and b at 7,
we then derive the estimate

1@ (2", o) = O(z, y*) = Wi(2" —2)| < [(T(@F, o*) = V@, 9) - (W, o) - U(z,9)
(W = W) (2* — 2)|
HW(*, ) — U(z, §) — Wi(2" - 2)|
= (K(z*) - K(2))(y* - )|
+O(|lz" — z|lly* — Fll) + o(||=* — z||)
= O(||z* = z||ly* — gl) + o(|]2* — |))
= ofl|lz* — 2|)).
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