A higher order nonlinear Schrödinger equation with variable coefficients

†X. Carvajal IMPA Estrada Dona Castorina 110, Rio de Janeiro, 22460-320, Brazil and F. Linares IMPA Estrada Dona Castorina 110, Rio de Janeiro, 22460-320, Brazil

Abstract. We study the initial value problem (IVP) associated to a higher order nonlinear Schrödinger equation with variable coefficients. Under some regularity on its coefficients we establish local well-posedness for the IVP for data in H^s(R), s ≥ 1/4, improving previous results [22]. The main ingredient in our proof is an estimate of the maximal function associated to the linear solution similar to the sharp one obtained for linear solutions of the Schrödinger and Korteweg-de Vries equations.

1. Introduction

In this paper we will consider the following initial value problem (IVP), { ∂_tu + iα(t)∂^2_xu + β(t)∂^3_xu + iγ|u|^2u + δ|u|^2∂_xu + ϵu^2∂_xu = 0, x, t ∈ R, u(x, 0) = u_0(x).

(1.1)

Here u = u(x, t) is a complex valued function, α(t), β(t) are real functions defined in an interval [−T_0, T_0] , β(t) ≠ 0 for all t ∈ [−T_0, T_0] for some T_0 > 0, and γ, δ, ϵ are complex constants.

The equation above is a particular case of the most general one

i∂_tu + a_3 ∂^3_xu + a_2(t)∂^2_xu = u(g ∗ |u|^2) + i∂_x(u(g ∗ |u|^2)), (1.2)

†Current address: IMECC-UNICAMP, Campinas, 13081-970, Brazil. This research was partially supported by CNP-q, Brazil. 1

which models the nonlinear propagation of pulses through optical fibers [23]. If we make a_2 constant and g the Dirac measure we obtain the equation introduced in ([6], [19]) by A. Hasegawa and Y. Kodama to study the propagation of pulses taking into account higher dispersion effects than those given by the Schrödinger equation.

We also notice than the equation in (1.1) reduces to well known dispersive models. For instance, by setting α = 1, β = ϵ = δ = 0 in (1.1) we have the semilinear Schrödinger equation, i.e., ∂_tu + i∂^2_xu + iγ|u|^2u = 0. (1.3) If we let β = γ = 0 and α = 1 in (1.1) we obtain the derivative nonlinear Schrödinger equation ∂_tu + i∂^2_xu + δ|u|^2∂_xu + ϵu^2∂_xu = 0. (1.4) Letting α = γ = ϵ = 0 in (1.1), the equation that arises is the complex modified Kortewegde Vries (mKdV) equation,

∂_tu + β ∂^3_xu + δ|u|^2∂_xu = 0. (1.5)

The initial value problem for the equations (1.3), (1.4) and (1.5) has been extensively studied in recent years, see for instance [1], [3], [5], [7], [8], [9], [10], [11], [12], [16], [13], [25], [24], [33], [30] and references therein.

Regarding the initial value problem (1.1), Laurey [22] recently showed that for data u_0 in H^s(R), s > 3/4, and functions α(t) and β(t) in C^1([−T_0, T_0]), β ≠ 0, T_0 > 0, the IVP is locally well posed. Previously, Laurey in ([20], [21]) considered the equation in (1.1) with constant coefficients and proved local well-posedness of the IVP associated for data in H^s(R), s > 3/4, and global well-posedness in H^s(R), s ≥ 1. In [26] Staffilani established local well-posedness for data in H^s(R), s ≥ 1/4, for the IVP with constant coefficients improving Laurey’s result.

The aim of this paper is to show local well-posedness of the IVP (1.1) for data in H^s(R), s ≥ 1/4. This is done under some conditions on α(t) and β(t). Our result is similar to the one in [26] for constants coefficients and it also improves the results in [22]. As we can see from the equation the extra difficulty we have in this case, besides the nonlinear terms and the loss of derivatives, is the fact that α(t) and β(t) are variable however we will see that we can recover the same result as for the constant coefficients equation.

The main idea of the proof is to establish smoothing effects and maximal function estimates for solutions of the linear problem and then combine this with a fixed point argument to obtained the desired results. This idea was introduced by Kenig, Ponce and Vega to study the generalized Korteweg-de Vries equation

∂_tu + ∂^3_xu + u^p∂_xu = 0, p ∈ N (1.6)

(see [17]) and other equations, as well.

Looking carefully at the equation in (1.1) we can notice that its structure is similar to the complex mKdV equation. The leading order dispersion term in (1.1) is the one with three derivatives, so asking for β ≠ 0 will guarantee that property for the time where this function is defined. On the other hand, the most difficult nonlinear term to deal with in (1.1) is the one similar to the mKdV equation. From this discussion we might expect to obtain a similar result for the IVP (1.1) as for the complex mKdV equation. In [17] Kenig, Ponce and Vega showed that the IVP associated to the real modified KdV equation is locally well-posed in H^s(R), s ≥ 1/4. The same proof applies to the complex case. In addition this result is sharp, see [17].

We shall observe that the best local well posedness result obtained for the IVP associated to the equation (1.3) is for data in H^s(R), s ≥ 0, (see [33]) which is also sharp (see [17]). On the other hand, the IVP associated for the derivative Schrödinger equation (1.4) is known to be locally well-posed for data in H^s(R), s ≥ 1/2. This result is also sharp (see [30], [1]).

Hence we will try to implement an approach similar to the one used to establish local well-posedness for the modified KdV equation. Therefore we consider the linear problem { ∂_tu + iα(t)∂^2_xu + β(t)∂^3_xu = 0, x, t ∈ R, u(x, 0) = u_0(x).

(1.7)

whose solution is given by the evolution group U(t) defined as

U(t)u_0(x) = ∫ R e^{iϕ(ξ,t)+ixξ} ^u_0(ξ) dξ (1.8) where ϕ(t, ξ) = a(t)ξ^2 + b(t)ξ^3 with

a(t) := ∫_t 0 α(s) ds and b(t) := ∫_t 0 β(s) ds. The main ingredients in our proof are the Kato smoothing effect ([11])

‖∂_xU(t)u_0‖_L∞_{x L}2_T ≤ c (1 + T )^{1/2}‖u_0‖_L2 , (1.9)

the maximal function estimate ([18])

‖U(t)u_0‖_L4_{xL}∞_T ≤ c (1 + T )^{1/2}‖D^{1/4}u_0‖_L2 , (1.10)

and the Strichartz estimate ([29])

‖U(t)u_0‖_L8_{xL}8_t ≤ c ‖u_0‖_L2 . (1.11)

Here appears the basic difference in our approach and Laurey’s. We establish a maximal function estimate where less regularity to handle the maximal operator is required than that for the maximal function estimate

‖U(t)u_0‖_L2_{xL}∞_T ≤ c(1 + T )^{1/2}‖u_0‖_s, (1.12)

where s > 3/4 and that was established in [22]. The maximal function estimate (1.10) is similar to the sharp one established by Kenig and Ruiz [18] and used in [16] and [26] to show local well-posedness for the modified Korteweg-de Vries equation and a higher order Schrödinger equation respectively.

Laurey [22] showed (1.9), using the Theorem T1 of David and Journé ([4] ) under the hypotheses α, β in C^1([−T_0, T_0]). If we require a little more regularity in the coefficients, says α ∈ C^2([−T_0, T_0]) and β ∈ C^3([−T_0, T_0]) we can obtain the same estimate without appealing to Theorem T1. See Theorem 2.1 below.

The Strichartz estimate (1.11) is useful to deal with the nonlinear term |u|^2u. It seems that the linear estimates used in [26] are not sufficient to control this term.

We also note that the approach used in [22] is similar to the one employed by Kenig, Ponce and Vega in [14] to establish well-posedness for the IVP associated to the Kortewegde Vries equation. No fixed point argument was applied there.

Assuming α(t) ∈ C^2([−T_0, T_0]) and β(t) in C^3([−T_0, T_0]), β(t) ≠ 0 we can give the statement of the main theorem.

Theorem 1.1. Let u_0 ∈ H^s(R), s ≥ 1/4, α(t) and β(t) as above, then there exist T = T (‖u_0‖_H1/4 ) > 0, T < T_0, and a unique solution of the IVP (1.1) such that

u ∈ C([−T, T ]; H^s(R)), (1.13) ‖∂_xu‖_L∞_{x L}2_T + ‖D^s_x∂_xu‖_L∞_{x L}2_T < ∞, (1.14) ‖D^{s−1/4}_x ∂_xu‖_{L20x L}5/2_T < ∞, (1.15) ‖u‖_L5_{xL}10_T + ‖D^s_xu‖_L5_{xL}10_T < ∞, (1.16) ‖u‖_L4_{xL}∞_T < ∞, (1.17) ‖u‖_L8_{xL}8_T + ‖D^s_xu‖_L8_{xL}8_T < ∞. (1.18)

Moreover for any T^′ ∈ [−T, T ] there exists a neighborhood V of u_0 ∈ H^s(R), s ≥ 1/4, such that the map ũ_0 → ũ(t), from V into the class defined by (1.13)-(1.18), with T^′ instead of T is smooth.

Remark 1.2. In the maximal function estimate (1.10) and the Strichartz estimate (1.11) we only require β(t) ≠ 0 and α(t) in C([−T_0, T_0]).

Remark 1.3. Assuming α(t) ∈ C^2([−T_0, T_0]) and β(t) ≠ 0 in C^3([−T_0, T_0]) avoid the use of Theorem T1, otherwise we use [22] to obtain a similar estimate as in Theorem 1.1 with C^1 coefficients.

Remark 1.4. In an upcoming paper we will use the existence of solitary wave solutions to give an example proving that in the case of constant coefficients the local result is sharp. We do not know whether or not that example can be used to establish a similar result for the IVP (1.1).

This paper is organized as follows: In section 2, we will prove the smoothing effect associated to the linear problem. The maximal function estimate will be established in section 3. We will establish the estimate (1.11) and some interpolated estimates in section 4. Finally, section 5 will be devoted to the proof of Theorem 1.1.

Before leaving this section we introduce some notation:

• The notation ‖f‖_L^p_{xL}^q_T means ‖f‖_L^p_{xL}^q_T = ( ∫ R (^T∫ 0 |f(x, t)|^q dt )_{p/q} dx )_{1/p} . (1.19)

If we integrate with respect to t on the whole line we use the notation ‖f‖_L^p_{xL}^q_t . If the integration in (1.19) is interchanged we will write ‖f‖_L^q_{T L}^p_x .

• For f we denote its Fourier transform as ^f(ξ) = 1√ 2π ∫ R f(x)e^{−ixξ} dx. In most parts of this work we will omit the constant 1/ √ 2π. • We denote the Riesz operators of order s by D^s_x which are defined via the Fourier transform as D^s_xf = (|ξ|^s ^f(ξ))^∨.

• The notation a ≲ b means there exists a constant c such that a ≤ cb.

2. Local Smoothing Effect

In this section we will prove the Kato smoothing effect presented by solutions of the linear problem (1.7). As we mentioned in the introduction we will require more regularity on the coefficients α(t) and β(t) to give a simpler proof of this estimate. This will avoid the use of the theorem T 1 of David and Journé ([4]) applied in the proof given in [22].

We suppose α(t) ∈ C^2([−T_0, T_0]) and β(t) ∈ C^3([−T_0, T_0]), with β(t) ≠ 0. Under these conditions we have.

Theorem 2.1. Let U(t) be the evolution operator defined in (1.8), and u_0 ∈ S(R). If T ∈ (0, T_0/2), then ‖∂_x U(t)u_0(x)‖_L∞_{x L}2_T ≤ c(1 + T )^{1/2}‖u_0‖_L2 , (2.1) where c is a constant independent of T and u_0.

Proof. Suppose T_0 < 1. Let M > 0, such that |a^{(j)}(t)| ≤ M, |b^{(j+1)}(t)| ≤ M, j = 0, . . . , 3 and φ ∈ C^∞_0 ([−T_0, T_0]) with φ = 1 in [−T, T ], 0 ≤ φ ≤ 1, |φ^{(j)}(t)| ≤ M, j = 1, . . . , 3, and supp φ = [−T_0/2 − T, T_0/2 + T ]. It is clear then that ‖∂_xU(t)u_0(x)‖_L2_T ≤ ‖φ(t)∂_xU(t)u_0(x)‖_L2_t .

Therefore if we show that sup_x ‖φ(t)∂_x U(t)u_0(x)‖_L2_t ≤ c(1 + T )^{1/2}‖u_0‖_L2 , where c = c(a, M), a = a(T_0, β), M = M(T_0, α, β, φ), the estimate (2.1) will follow.

Using duality we have

‖φ(t)∂_x U(t)u_0(x)‖_L2_t = sup_g {| | ∫ R φ(t)∂_xU(t)u_0(x)g(t)dt | | | : ‖g‖_L2_t ≤ 1 } . Using (1.8) ∂_xU(t)u_0(x) = i ∫ R e^{iϕ(ξ,t)+ixξ}ξ ^u_0(ξ)dξ. Applying the Fubini and Plancherel theorems it follows that | | ∫ R φ(t)∂_x U(t)u_0(x)g(t)dt | | = | | ∫ R u_0(η) ^H(η − x) dη | | ≤‖u_0‖_L2 · ‖H‖_L2 , where H(ξ) = ξ ∫ R φ(t)g(t)e^{iϕ(ξ,t)}dt. Thus to prove (2.1) it is enough to show that ‖H‖_L2 ≤ c(1 + T )^{1/2}‖g‖_L2 . Consider now the linear operator Lg(ξ) = ξ ∫ R φ(t)g(t)e^{iϕ(ξ,t)} dt, and its adjoint operator L^∗h(t) = φ(t) ∫ R e^{−iϕ(ξ,t)}ξh(ξ)dξ. It follows then that LL^∗h(ξ) = ∫ R h(η)K(ξ, η)dη, (2.2) where K(ξ, η) = ξη ∫ R φ(t)^2 e^{ib(t)(ξ3 −η3)+ia(t)(ξ2 −η2)}dt. (2.3) We finish the proof if we can show that LL^∗ is a bounded operator in L^2 with ‖LL^∗‖_L2 ≤ c (1 + T ). To establish this inequality we need the following lemmas Lemma 2.2 (Schur’s lemma). Let S be an integral operator, given by (Sf)(x) = ∫ R K(x, y)f(y)dy.

If the kernel K satisfies sup_x ∫ R |K(x, y)|dy ≤ 1, sup_y ∫ R |K(x, y)|dx ≤ 1. Then ‖S‖_L2_{→L}2 ≤ 1.

Proof. See lemma in page 284 [28]. □ Lemma 2.3. Let K = K(ξ, η) be the kernel given by (2.3), and φ as in Theorem 2.1. Then we have sup_η ∫ R |K(ξ, η)| dξ ≤ c (1 + T ), and sup_ξ ∫ R |K(ξ, η)| dη ≤ c (1 + T ). Proof. Let J(ξ, η) := ∫ R φ(t)^2e^{ib(t)(ξ3 −η3 )+ia(t)(ξ2 −η2 )} dt, and define k_3 := ξ^3 − η^3 and k_2 := ξ^2 − η^2.

Since φ(t) has compact support and |b^′(t)| = |β(t)| ≥ ρ > 0 an obvious integration by parts gives J(ξ, η) = ∫ R φ(t)^2e^{ia(t)k2} e^{ib(t)k3} dt = ∫ R ψ(t, k_2)e^{ib(t)k3} dt = − ∫ R d dt (ψ(t, k_2) ik_3b^′(t) ) e^{ib(t)k3} dt. (2.4)

Let M be a common bound for φ, a, b and its derivatives |φ^{(j)}(t)| ≤ M, |a^{(j)}(t)| ≤ M, |b^{(j+1)}(t)| ≤ M for all t ∈ [−1 − T, 1 + T ], j = 0, · · · , 3. Performing the derivative in (2.4) we obtain the estimate |J(ξ, η)| ≤ 2(1 + T )M ρ|k_3| ( 2 + M ρ + M|k_2| ) . (2.5) Integrating by parts 3 times (2.4) and estimating as in (2.5) we have |J(ξ, η)| ≤ 1 + T |k_3|^3

(^3∑ j=0 e_j |k_2|^j ) , with e_j depending on M and a.

The lemma will follow if we show that sup_ξ I_j (ξ) < ∞, j = 0, 1, . . . , 3. (2.6)

where I_j (ξ) := ∫ R |ξη| |ξ^2 − η^2|^j 1 + |ξ^3 − η^3|^3 dη, j = 0, . . . , 3. (2.7) For j = 0, . . . , 3 we write

I_j = ∫ |ξ−η|≤1 |ξη| |ξ^2 − η^2|^j 1 + |ξ^3 − η^3|^3 dη + ∫ |ξ−η|>1 |ξη| |ξ^2 − η^2|^j 1 + |ξ^3 − η^3|^3 dη = I^1_j + I^2_j .

First we consider I^1_j , If |ξ| ≤ 1 we have I^1_j ≤ 10.

If |ξ| > 1 we perform the change of variables v = η − ξ, then

I^1_j = ∫ |v|≤1 |ξ| |v + ξ| |v + 2ξ|^j |v|^j 1 + |v|^3[(v +^3_2 ξ)^2 +^3_4 ξ^2]^3 dv. (2.8) Since (v +^3_2 ξ)^2 +^3_4 ξ^2 ≥ ξ^2, the change of variables x = vξ^2 implies

I^1_j = 1 |ξ|^j ∫ |x|≤ξ^2 |x/ξ^3 + 1| |x/ξ^3 + 2|^j |x|^j 1 + |x|^3 dx. (2.9) On the other hand, for |x| ≤ ξ^2 and |ξ| > 1 we have that |x| |ξ^3| ≤ 1, and |x|^3 |ξ|^3 ≤ |x|^2 |ξ| . It follows from (2.9) that I^1_j ≲ 1 for j = 0, · · · , 3.

Next we consider I^2_j .

If |ξ| ≤ 1, using the change of variables v = η − ξ and the inequality |v +^3_2 ξ| ≤^5_2 |v| we obtain

I^2_j ≲ ∫ R 1 + |v|^{2j+1} 1 + (^2_5 )^3(v +^3_2 ξ)^9 dv ≲ C for j = 0, · · · , 3.

If |ξ| > 1, the change of variables η = ξx yields

I^2_j ≤ 1 |ξ|^{3−j} ∫ R |x| |1 + x|^j [(x + 1/2)^2 + 3/4]^3 dx ≲ C. for j = 0, · · · , 3. The estimate (2.6) then follows. □

Going back to the proof of Theorem 1.1. The result in Lemma 2.3 allows us to apply Lemma 2.2. Thus recalling the definition in (2.2) it follows then that ‖LL^∗‖_L2 ≤ c (1 + T ). This finishes the proof. □

3. Maximal Function Estimate

In this section our objective is to establish an estimate of the maximal function associated to the operator U(t) defined in (1.8). This estimate is the key ingredient to obtain our local well-posedness result. This estimate is reminiscent of the sharp one obtained by Kenig and Ruiz [18] for the linear Schrödinger equation and then extended by Kenig, Ponce and Vega for the linear Korteweg-de Vries equation [14].

We begin by listing some technical lemmas useful in the proof of the main result in this section.

Lemma 3.1 (Van-der Corput). Suppose φ is a real-valued and smooth function in [a, b] and that |φ^{(k)}(x)| ≥ 1 for all x ∈ [a, b]. Then | | ∫_b a exp {iλφ(x)} dx | | ≤ c(k) λ^{−1/k} holds when

i) k ≥ 2, or

ii) k = 1 and φ^′(x) is monotonic.

The bound c(k) is independent of φ, λ, a and b.

Proof. See Proposition 2, page 332 in [28]. □

Lemma 3.2. Let f be a monotonic function and let I = ∫_b a e^{iϕ(x)}f(x)dx. i) If | |^{dϕ}_{dx} | | > λ > 0 in [a, b],^{dϕ}_{dx} monotonic, then |I| ≲^1_λ max_{[a,b]} |f(x)|.

ii) If | |^{dkϕ}_{dxk} | | > λ > 0, k ≥ 2, then |I| ≲^1_{λ1/k} max_{[a,b]} |f(x)|.

Proof. The proof is a direct application of the Van-der Corput lemma. See Lemma 1 pag. 243 in [18]. □ Lemma 3.3. Let ℓ > 0, φ(x) = b x^3 + a x^2 + xη and I^{a,b}(η) = ∫ R e^{iφ(x) 1}_{|x|1/2} dx. Then |I^{a,b}(η)| ≤ c (1 + ℓ) |η|^{1/2} , (3.1)

for all a, b ∈ R such that |ab^{−2/3}| ≤ ℓ, where c is a constant independent of a, b and ℓ.

Proof. When b = 0 the inequality (3.1) was established by Kenig and Ruiz in [18]. For a = 0, Kenig, Ponce and Vega showed a similar result (see [16]).

We will assume ℓ ≥ 1. The case ℓ < 1 follows as a consequence of the latter. Next we suppose a, b ≠ 0 and |ab^{−2/3}| ≲ ℓ.

First we show (3.1) when b = 1, that is, |I^{a,1}(η)| ≤ c (1 + ℓ) |η|^{1/2} , for every a ∈ R such that |a| ≤ ℓ.

We estimate |I^{a,1}(η)| as |I^{a,1}(η)| ≤ | | ∫ |x|≤1 e^{i(x3+ax2+xη)} 1 |x|^{1/2} dx | | + | | ∫ |x|≥1 e^{i(x3+ax2+xη)} 1 |x|^{1/2} dx | | := I1 + I2.

Notice that in I_2 we have |x|^{−1/2} ≤ 1. Therefore the Lemma 3.2 with k = 3 implies that

I_2 ≲ 1, and I_1 ≤ ∫ |x|≤1 1 |x|^{1/2} dx ≲ 1. Thus |I^{a,1}(η)| ≤ c_0, c_0 ∼ 1. Hence, we shall assume that |η| > 4ℓ^2 ≥ 4a^2, since |η| ≤ 4ℓ^2 implies |I^{a,1}(η)| ≤ c_0 ≤ 2ℓ c_0 |η|^{1/2} . (3.2)

From now on we assume |η|^{1/2} > 2|a|. (3.3) We split I^{a,1} in three pieces, i.e. |I^{a,1}| ≤ | | ∫ |x|≤^1_{|η|} e^{iφ(x)} |x|^{1/2} dx | | + | | ∫ 1 |η| ≤|x|≤^1_3 |η|^{1/2} e^{iφ(x)} |x|^{1/2} dx | | + | | ∫ |x|>^1_3 |η|^{1/2} e^{iφ(x)} |x|^{1/2} dx | | := I_1 + I_2 + I_3.

(3.4)

We first estimate I_1

I_1 ≤ ∫ |x|≤^1_{|η|} dx |x|^{1/2} = 4 |η|^{1/2} .

The term I_2 can be estimated as follows. We first observe that where I_2 is defined the inequalities |η|^{−1} ≤ |x| ≤^1_3 |η|^{1/2} hold. Then using (3.3), we have |3x^2 + 2ax| ≤^2_3 |η|, and so |φ^′(x)| = |3x^2 + 2ax + η| ≥ |η| − |3x^2 + 2ax| ≥ 1 3 |η|. From Lemma 3.2, with f(x) = |x|^{−1/2} ≤ |η|^{1/2} it follows that

I_2 ≤ c |η|^{1/2} . Finally, we estimate I_3. Notice that in the domain of I_3 we have |x|^{−1/2} ≤ √ 3|η|^{−1/4}. Since the inequality (3.3) also satisfies we obtain |φ^{′′}(x)| = |6x + 2a| ≥ 6|x| − 2|a| ≥ |η|^{1/2}. (3.5) Again an application of Lemma 3.2, with f(x) = |x|^{−1/2} ≤ √ 3|η|^{−1/4}, yields

I_3 ≤ c √ 3 |η|^{1/4} 1 |η|^{1/4} = c |η|^{1/2} . (3.6)

The case b ≠ 1 can be reduced to b = 1 performing the change of variable y = b^{1/3}x. This completes the proof of the lemma. □

Now we can prove the main ingredient needed to prove our main result. Theorem 3.4. Let U(t) be the evolution group defined in (1.8). If T ∈ (0, T_0/2), then ‖U(t)u_0‖_L4_{xL}∞_T ≤ c (1 + T )^{1/2}‖u_0‖_H1/4 , (3.7) where c is a constant independent of T and u_0.

Proof. Let T ∈ (0, T_0/2), and φ ∈ C^∞_0 ([−T_0, T_0]), φ(t) = 1 in [−T, T ], 0 ≤ φ ≤ 1 with supp φ = [− min{1, T_0/2} − T, min{1, T_0/2} + T ]. Consider the operator

L(t)u_0(x) = ∫ R e^{ib(t)ξ3 +ia(t)ξ2 +ixξ} 1 |ξ|^{1/4} ^u_0(ξ) dξ. Oberve that L(t)u_0(x) = D^{−1/4}_x U(t)u_0(x).

Therefore we will be done if we show the estimate ‖φ(t)L(t)u_0‖_L4_{xL}∞_t ≤ c (1 + T )^{1/2}‖u_0‖_L2 , (3.8) where c = c(a, M, T_0).

By a duality argument to prove (3.8) it is enough to show that ‖ ‖ ‖ ∫ R φ(t)~L(t)g(·, t) dt ‖ ‖ ‖_{L2x} ≤ c (1 + T )^{1/2} ‖g‖_L4/3_{x L}1_t , (3.9) where ~L(t)g(x, t) = ∫ R e^{−ib(t)ξ3 −ia(t)ξ2 +ixξ} 1 |ξ|^{1/4} ^g(ξ, t) dξ. Using the Tomas argument (see [32]) we obtain ‖ ‖ ‖ ∫ R φ(t)~L(t)g(·, t) dt ‖ ‖ ‖^2_{L2x} = ∫ R^2 g(x, t) ∫ R L(τ, t)g(x, τ) dτdtdx ≤ ‖g‖_L4/3_{x L1t} ‖ ‖ ‖ ∫ R L(τ, t)g(·, τ) dτ ‖ ‖ ‖_{L4xL∞t} , (3.10)

where L(τ, t)g(x, τ) = φ(τ)φ(t) ∫ R e^{i((b(t)−b(τ ))ξ3 +(a(t)−a(τ ))ξ2 +xξ)} 1 |ξ|^{1/2} ^g(ξ, τ) dξ. (3.11) Thus, to finish the proof it is enough to show ‖ ‖ ∫ R L(τ, t)g(·, τ) dτ ‖ ‖ L^4_xL^∞_t

≤ c (1 + T )^{1/2} ‖g‖_L4/3_{x L1t} . (3.12) Let I^{t,τ}_L (x) = ∫ R φ(τ)φ(t)e^{i((b(t)−b(τ ))ξ3 +(a(t)−a(τ ))ξ2 +xξ)} 1 |ξ|^{1/2} dξ. Since |b^′(t)| = |β(t)| ≥ ρ > 0, for all t ∈ [−T_0, T_0] by the mean value theorem we have that |a(t) − a(τ)| |b(t) − b(τ)|^{2/3} ≤ M|t − τ| ρ^{2/3}|t − τ|^{2/3} ≲ M (1 + T )^{1/3} ρ^{2/3} on the support of φ(τ)φ(t). Then the Fubini theorem and Lemma 3.3 yield | | | ∫ R L(τ, t)g(x, τ) dτ | | | = | | | ∫ R [g(·, τ) ∗ I^{t,τ}_L (·)](ξ) dτ | | | ≤ c (1 + T )^{1/2} ∫ R ‖g(ξ, ·)‖_L1_t |x − ξ|^{1/2} dξ. Applying the Hardy-Littlewood-Sobolev theorem the desired estimate (3.12) follows. □ 4. Some more linear estimates

In this section we first establish Strichartz estimates for solutions of the associated linear problem (1.7). Next we use the linear estimates proved so far to obtain linear estimates in interpolated spaces. We observe that the Strichartz estimates will allow to deal with the nonlinear term |u|^2u.

Assuming α(t) and β(t) continuous and β(t) ≠ 0 for all t ∈ R. We will show that solutions of the linear problem (1.7) satisfy the next Strichartz’ estimates.

Theorem 4.1. Let u_0 ∈ L^2(R), 2 ≤ p ≤ ∞, and q such that^2_q =^1_3 −^2_{3p} then ‖U(t)u_0‖_L^q_{T L}^p_x ≤ c ‖u_0‖_L2 , (4.1) and ‖ ∫ R ~U(τ)g(·, τ) dτ‖_{L2} ≤ c ‖g‖_{Lq′T Lp′x} . (4.2) where U(t) is defined as in (1.8)

First we prove the following lemma.

Lemma 4.2. Let u_0 ∈ S, ϕ(ξ) = bξ^3 + aξ^2, a, b ∈ R, b ≠ 0 and consider Lu_0(x) = ∫ R e^{iϕ(ξ)+ixξ} ^u_0 (ξ) dξ = u_0 ∗ I^ϕ(x) where I^ϕ(x) = ∫ R e^{iϕ(ξ)+ixξ}dξ. (4.3) Then for 0 ≤ θ ≤ 1,^1_p +^1_{p′} = 1 and^1_p =^{(1−θ)}_2 ‖Lu_0‖_Lp ≤ c |b|^{−θ/3} ‖u_0‖_Lp′ , (4.4) where c is a constant independent of a and b.

Proof. To establish the estimate (4.4) we will use the Riesz-Thorin interpolation theorem.

The Plancherel theorem yields ‖Lu_0‖_L2 = ‖u_0‖_L2 . (4.5) On the other hand, assuming that |I^ϕ(x)| ≲ |b|^{−1/3}. (4.6) we will have ‖Lu_0‖_L∞ ≲ |b|^{−1/3} ‖u_0‖_L1 . (4.7) Thus the inequality (4.4) follows using the Riesz-Thorin theorem and the estimates (4.7) and (4.5).

To finish the proof we will show (4.6). So setting ξ = kz, k =^a_{3b} in (4.3) we obtain

I^ϕ(x) = k ∫ R e^{i(c1 z+c2(z+1)3−c2)}dz, (4.8) where c_1 = kx − 3bk^3 and c_2 = k^3b. Letting c_2(z + 1)^3 = η^3 in (4.8), we have |I^ϕ(x)| = |3b|^{−1/3} | | | ∫ R e^{i(ηc1 (c2)−1/3+η3)} dη | | | ≲ |b|^{−1/3}. This completes the proof of the lemma. □

With the last result at hand we will prove Theorem 4.1. The argument of the proof follows similar ideas as the ones employed in the proof of Theorem 2.1.

Proof of Theorem 4.1. We first consider a function φ similar to the one used in the proof of Theorem 3.4.

Using duality it is enough to show that for any g ∈ L^{q′}_t L^{p′}_x , | | ∫ R ∫ R φ(t)g(x, t) U(t)u_0(x) dxdt | | ≤ c ‖u_0‖_{L2} ‖g‖_{Lq′} t L^{p′}_x . Applying the Fubini theorem and the Cauchy-Schwarz inequality we obtain | | ∫ R^2 φ(t)g(x, t) U(t)u_0(x) dxdt | | ≤ ‖u_0‖_{L2} ‖ ‖ ∫ R φ(t) ~U(t)g(·, t)dt ‖ ‖ L^2 . Then to prove (4.1) it is sufficient to establish ‖ ‖ ∫ R φ(t) ~U(t)g(·, t)(x) dt ‖ ‖_{L2x} ≤ c‖g‖_Lq′_{t L}p′_x , where ~U(t)g(x, t) = ∫ R e^{−ib(t)ξ3 −ia(t)ξ2 −ixξ} ^g (ξ, t) dξ. We apply the Tomas argument (see [32]) to deduce that ‖ ‖ ‖ ∫ R φ(t) ~U(t)g(·, t) dt ‖ ‖ ‖^2_{L2x} = ∫ R ∫ R g(x, t) ∫ R U(τ, t)g(x, τ) dτdtdx ≤‖g‖_Lq′_{t L}p′_x ‖ ‖ ‖ ∫ R U(τ, t)g(·, τ) dτ ‖ ‖ ‖_{Lqt Lpx} , where U(τ, t)g(x, τ) = φ(τ)φ(t) ∫ R e^{i((b(t)−b(τ ))ξ3 +(a(t)−a(τ ))ξ2 +ixξ)} ^g (ξ, τ) dξ. To finish the proof it is enough to show ‖ ‖ ∫ R U(τ, t)g(·, τ) dτ ‖ ‖_{Lqt Lpx} ≤ c ‖g‖_Lq′_{t L}p′_x . For t, τ ∈ [−T_0, T_0], let I^{t,τ} (x) = ∫ R φ(τ)φ(t) e^{i((b(t)−b(τ ))ξ3 +(a(t)−a(τ ))ξ2 +xξ)} dξ. Since |b^′(t)| = |β(t)| ≥ ρ > 0, for all t ∈ [−T_0, T_0] by the mean value theorem we have |b(t) − b(τ)| ≥ ρ |t − τ|.

Use of the Fubini theorem and Lemma 4.2 yields ‖ ‖ ∫ R U(τ, t)g(·, τ) dτ ‖ ‖_{Lqt Lpx} ≤ ‖ ‖ ∫ R ‖U(τ, t)g(·, τ)‖_L^p_x dτ ‖ ‖_{Lqt} ≤ ‖ ‖ ‖ ∫ R ‖ [g(·, τ) ∗ I^{t,τ} (·) ]‖_L^p_x dτ ‖ ‖ ‖_{Lqt} ≤ C ‖ ‖ ‖ ∫ R ‖g(·, τ)‖_Lp′_x |t − τ|^{θ/3} dτ ‖ ‖ ‖_{Lqt} ≤ C‖g‖_Lq′_{t L}p′_x . where θ is as in Lemma 4.2 and in the last inequality we use the Hardy-Littlewood-Sobolev theorem. This completes the proof of the theorem. □

In particular, if p = q = 8 we have the following estimate for solutions of the linear problem (1.8).

Corollary 4.3. If u_0 ∈ L^2, then

‖U(t)u_0‖_L8_{t L}8_x ≤ c ‖u_0‖_L2_x . (4.9)

To complete the set of linear estimates we will use the estimates (2.1) and (3.7) to find some interpolated estimates.

Proposition 4.4. If u ∈ H^s, s ≥ 1/4, v ∈ L^2, T ∈ (0, T_0/2) then

‖U(t)v‖_L5_{xL}10_T ≤ C(1 + T )^{1/2}‖v‖_L2 , (4.10)

‖D_xU(t)u‖_{L20x L}5/2_T ≤ C(1 + T )^{1/2}‖D^{1/4}_x u‖_L2 . (4.11)

Proof. We follow closely the argument in [14]. That is, we use the Stein interpolation theorem in [27] and estimates (2.1) and (3.7) to obtain (4.10). Similarly for the estimate (4.11). □

To finish this section we will give the main tool to deal with fractional derivatives of the nonlinear terms of the equation. That is the Leibniz rule for fractional derivatives.

Theorem 4.5. Let α ∈ (0, 1), α_1, α_2 ∈ [0, α], α_1 + α_2 = α. Let p, p_1, p_2, q, q_1, q_2 ∈ (1, ∞) with^1_p =^1_{p1} +^1_{p2} and^1_q =^1_{q1} +^1_{q2} . Then ‖D^α_x (fg) − fD^α_x g − gD^α_x f‖_L^p_{xL}^q_T ≤ c‖D^{α1}_x f‖_L^p1_{x L}^q1_T ‖D^{α2}_x g‖_L^p2_{x L}^q2_T . (4.12) Moreover, for α_1 = 0 the value q_1 = ∞ is allowed.

Proof. See Theorem A.8 in [16]. □

5. Proof of Theorem 1.1 Without loss of generality we will set γ = δ = ϵ = 1 in (1.1). We denote by u = Φ(v) = Φ_{u0} (v) the solution of the IVP { ∂_tu + iα(t)∂^2_xu + β(t)∂^3_xu + F (v) = 0, x, t ∈ R, u(x, 0) = u_0(x).

(5.1)

where F (v) = i|v|^2v + |v|^2∂_xv + v^2∂_xv̄ (5.2) is the nonlinear part of (1.1).

We then consider the equivalent integral form of (5.1)

u(t) = Φ(v)(t) = Φ_{u0} (v)(t) = U(t)u_0 − ∫_t 0 U(τ, t)F (v(τ))dτ, (5.3) where U(t) is the evolution group defined in (1.8) and F is as above.

To prove local existence and uniqueness of the IVP (1.1) we will use the contraction mapping principle. We will use the operator defined in (5.3) in a suitable space. We will fix s = 1/4, the general case will follow since the derivatives in the considered norms grow linearly.

First we define the norms ν^T_1 (u) = ‖u‖_L∞_{T L}2_x + ‖D^{1/4}_x u‖_L∞_{T L}2_x , ν^T_2 (u) = ‖∂_xu‖_L∞_{x L}2_T + ‖D^{1/4}_x ∂_xu‖_L∞_{x L}2_T , ν^T_3 (u) = ‖D_xu‖_{L20x L}5/2_T , ν^T_4 (u) = ‖u‖_L5_{xL}10_T + ‖D^{1/4}_x u‖_L5_{xL}10_T , ν^T_5 (u) = ‖u‖_L4_{xL}∞_T , ν^T_6 (u) = ‖u‖_L8_{xL}8_T + ‖D^{1/4}_x u‖_L8_{xL}8_T , the set Z_T = {w ∈ C([−T, T ]; H^{1/4}(R))/ |||w|||_T < ∞} and Z_{a,T} = {w ∈ C([−T, T ]; H^{1/4}(R))/ |||w|||_T ≤ a}, (5.4) where |||w|||_T = max_{i=1,...,6} ν^T_i (w). Next we will show that there exist a, T > 0 such that Φ : Z_{a,T} → Z_{a,T} with Φ a contraction. Thus the contraction mapping principle will guarantee the existence of a unique solution of (5.1) in Z_{a,T} . The uniqueness will allow us to extend the solution to the complete set Z_T and therefore we will obtain the result advertised in Theorem 1.1.

Using (2.1), (3.7), (4.9), (4.10) and (4.11) we see that the linear part of the integral equation (5.3) satisfies |||U(t)u_0|||_T ≤ C(1 + T )^{1/2}‖u_0‖_H1/4 , (5.5) for u_0 ∈ H^{1/4}.

We now observe that for the nonlinear term F (v) defined in (5.2) we have the following estimates after applying Minkowski’s and Cauchy-Schwartz’ inequalities. ||| ∫_T 0 U(τ, t) F (v)(τ) dτ|||_T ≤ ∫_T 0 ||| U(τ, t) F (v)(τ)|||_T dτ ≤ C (1 + T )^{1/2} ∫_T 0 ‖F (v)(τ)‖_H1/4 dτ ≤ C (1 + T )^{1/2} T^{1/2} ( ‖F (v)(τ)‖_L2_{xL}2_T + ‖D^{1/4}_x F (v)(τ)‖_L2_{xL}2_T ) . (5.6)

Thus using (5.3), (5.5) and (5.6) we have |||Φ(v)|||_T ≤ C(1 + T )^{1/2}‖u_0‖_H1/4 +C (1 + T )^{1/2} T^{1/2} ( ‖F (v)‖_L2_{xL}2_T + ‖D^{1/4}_x F (v)‖_L2_{xL}2_T ).

(5.7)

It will be enough to show how to estimate the last term in the inequality above since for the other term the argument is similar but simpler. Thus from (5.2) we get ‖D^{1/4}_x F (v)‖_L2_{xL}2_T ≤ ‖D^{1/4}_x (v^2∂_x v̄)‖_L2_{xL}2_T + ‖D^{1/4}_x (|v|^2∂_x v)‖_L2_{xL}2_T + ‖D^{1/4}_x (|v|^2v)‖_L2_{xL}2_T .

(5.8)

The estimates for the first term is similar to the second one on the right hand of (5.8) so we will only estimate the last two terms.

Using the Leibniz rule for fractional derivatives (4.12) and Hölder’s inequality we obtain ‖D^{1/4}_x (|v|^2∂_xv)‖_L2_{xL}2_T ≤ ‖D^{1/4}_x |v|^2‖_L20/9_{x L10T} ‖∂_xv‖_{L20x L}5/2_T + ‖v‖^2_L4_{xL}∞_T ‖D^{1/4}_x ∂_x v‖_L∞_{x L}2_T ≤ c ‖D^{1/4}_x v̄‖_L5_{xL}10_T ‖v‖_L4_{xL}∞_T ‖∂_xv‖_{L20x L}5/2_T + ‖v‖^2_L4_{xL}∞_T ‖D^{1/4}_x ∂_x v‖_L∞_{x L}2_T ≤ c |||v|||^3_T . (5.9)

Applying the Leibniz rule (4.12) once again and Hölder’s inequality we have ‖D^{1/4}_x (|v|^2v)‖_L2_{xL}2_T ≤ c ‖v‖_L4_{xL}∞_T ‖D^{1/4}_x (|v|^2)‖_L4_{xL}2_T + c‖ |v|^2D^{1/4}_x v‖_L2_{xL}2_T ≤ c T^{1/4} ‖v‖_L4_{xL}∞_T ‖D^{1/4}_x |v|^2‖_L4_{xL}4_T + ‖v‖_L4_{xL}∞_T ‖ v̄D^{1/4}_x v‖_L4_{xL}2_T ≤ c T^{1/4} ‖v‖_L4_{xL}∞_T ‖v‖_L8_{xL}8_T ‖D^{1/4}_x v‖_L8_{xL}8_T ≤ c T^{1/4}|||v|||^3_T . (5.10)

The estimates (5.9) and (5.10) combined with (5.8) yield |||Φ(v)|||_T ≤ c (1 + T )^{1/2}‖u_0‖_H1/4 + c T^{1/2}(1 + T )^{3/4} |||v|||^3_T . (5.11) Taking a = 2c (1 + T )^{1/2}‖u_0‖_H1/4 and T such that c T^{1/2}(1 + T )^{3/4}a^2 ≤ 1/2, (5.12) it follows that Φ(v) ∈ Z_{a,T} for v ∈ Z_{a,T} .

Now we will see that Φ : Z_{a,T} → Z_{a,T} is in fact a contraction. Let v, w ∈ Z_{a,T} then we have |||Φ(v) − Φ(w)|||_T ≤ c T^{1/2}(1 + T )^{1/2}‖F (v) − F (w)‖_L2_{T H}1/4 . The previous argument shows that ‖F (v) − F (w)‖_L2_{T H}1/4 ≤ c (1 + T )^{1/4}(|||v|||_T + |||w|||_T )^2|||v − w|||_T . Therefore |||Φ(v) − Φ(w)|||_T ≤ c T^{1/2}(1 + T )^{3/4}(|||v|||_T + |||w|||_T )^2|||v − w|||_T . Hence from the choice of a and T in (5.12) it follows that Φ is a contraction.

To show that the map data–solution satisfies the requirement on the theorem we take T_1 ∈ (0, T ) and use the argument in the first part of the proof and the fact that Φ is a contraction to obtain the inequality

|||v − w|||_{T1} = |||Φ_{u0} (v) − Φ_{ũ0} (w)|||_{T1} ≤ c (1 + T_1)^{1/2}‖u_0 − ũ_0‖_H1/4 + c T^{1/2}_1 (1 + T_1)^{3/4}(|||v|||_{T1} + |||w|||_{T1} )^2|||v − w|||_{T1} , The choice of a and T in (5.12) allows us to deduce the result in Z_{a,T} . The general case will follow using a standard uniqueness argument. This completes the proof of Theorem 1.1. □

Remark 5.1. If we consider a more general nonlinearity in (1.1), namely, ρ_1u(g ∗ |u|^2) + iρ_2u(g ∗ (∂_x|u|^2)) + iρ_2(∂_xu)(g ∗ |u|^2), where g is in a suitable space and ρ_j , j = 1, 2, 3, are constants, the same proof above can be used to establish local well-posedness in H^s(R) for s ≥ 1/4 in this case.

In particular, for the nonlinearity considered in [22], c_1 u(g ∗ |u|^2) + ic_2 ∂_x[u(g ∗ |u|^2)], where g = δ + f, i.e, the sum of the Dirac delta function and an integrable function f with c_1, c_2 ∈ C we can obtain a similar result as in Theorem 1.1. In fact, for f ∈ L^1(R) it follows that, ‖f ∗ v‖_L^p_{xL}^q_T ≤ ‖f‖_L1 ‖v‖_L^p_{xL}^q_T ‖f ∗ v‖_L^q_{T L}^p_x ≤ ‖f‖_L1 ‖v‖_L^q_{T L}^p_x , ‖D^{s1}_x ∂^{s2}_x (f ∗ v)‖_L^p_{xL}^q_T ≤ ‖f‖_L1 ‖D^{s1}_x ∂^{s2}_x v‖_L^p_{xL}^q_T , ‖D^{s1}_x ∂^{s2}_x (f ∗ v)‖_L^q_{T L}^p_x ≤ ‖f‖_L1 ‖D^{s1}_x ∂^{s2}_x v‖_L^q_{T L}^p_x , with 1 ≤ p, q ≤ ∞, s_1, s_2 ≥ 0, since f = f(x) does not depend on the variable t and D^{s1}_x ∂^{s2}_x (f ∗ v) = (f ∗ D^{s1}_x ∂^{s2}_x v), ‖f ∗ v‖_Lp ≤ ‖f‖_L1 ‖v‖_Lp . Hence the estimates used in the proof of Theorem 1.1 for v can be similarly used to estimate g ∗ v.

References

[1] H. A. Biagioni and F. Linares Ill-posedness for the derivative Schrödinger and generalized Benjamin- Ono equations, Trans. Amer. Math. Soc. 353 (2001), 3649–3659.

[2] X. Carvajal, Ph. D Thesis, IMPA, 2002.

[3] T. Cazenave and F. Weissler The Cauchy problem for the critical nonlinear Schrödinger Equations in H^s, Nonlinear Anal. 14 (1990), 807–836.

[4] G. David and J. L. Journé A boundedness criterion for generalized Calderón-Zygmund operators, Ann. of Math. 120 (1984), 371–397.

[5] J. Ginibre and G. Velo Scattering theory in the energy space for a class of nonlinear Schrödinger equation , J. Math. Pures Appl. 64 (1985), 363–401.

[6] A. Hasegawa and Y. Kodama,Nonlinear pulse propagation in a monomode dielectric guide, IEEE Journal of Quantum Electronics, 23 (1987), 510–524.

[7] N. Hayashi, The initial value problem for the derivative nonlinear Schrödinger equation, Nonlinear Anal. 20 (1993), 823–833.

[8] N. Hayashi and T. Ozawa, On the derivative nonlinear Schrödinger equation in the energy space, Phys. D. 55 (1992), 14–36.

[9] N. Hayashi and T. Ozawa, Finite energy solution of nonlinear Schrödinger equation of derivative type, SIAM J. Math. Anal., 25 (1994), 1488–1503.

[10] N. Hayashi and T. Ozawa, Modified wave operators for the derivative nonlinear Schrödinger equation, Math. Anal. 298 (1994), 557–576.

[11] T. Kato On the Cauchy problem for the (generalized) Korteweg-de Vries equation, Suppl. Stud., Stud. Appl. Math. 8 (1983), 93–128.

[12] D. J. Kaup and A.C. Newell, An exact solution for a derivative Schrödinger equation, J. Math. Phis.

19 (1978), 798–801.

[13] C. E. Kenig, G. Ponce and L. Vega, On the (generalized) Korteweg-de Vries equation, Duke Mathematical Journal 59 (1989), 585–610.

[14] C. E. Kenig, G. Ponce and L. Vega, Well-posedness of the initial value problem for the Korteweg-de Vries equation, J. Amer. Math. Soc., 4 (1991), 323–347.

[15] C. E. Kenig, G. Ponce and L. Vega, Oscillatory Integrals and Regularity of Dispersive Equations, Indiana University Math. J. 40 (1991), 33–69.

[16] C. E. Kenig, G. Ponce and L. Vega, Well-Posedness and Scattering Results for the Generalized Korteweg-de Vries Equation via the Contraction Principle, Comm. on Pure and Applied Math. 66 (1993), 527–620.

[17] C. E. Kenig, G. Ponce and L. Vega, On the ill-posedness of some canonical dispersive equations, Duke Mathematical Journal, 106 (2001), 617–633.

[18] C. E. Kenig and A. Ruiz, A strong type (2,2) estimate for a maximal operator associated to the Schrödinger Equation, Trans. Amer. Math. Soc. 280 (1983), 239–246.

[19] Y. Kodama, Optical solitons in a monomode fiber, Journal of Statistical Phys. 39 (1985), 597–614. [20] C. Laurey, The Cauchy problem for a third order nonlinear Schrödinger equation, C.R.A.S. Paris, Serie I 315, (1992), 165–168.

[21] C. Laurey, The Cauchy Problem for a Third Order Nonlinear Schrödinger Equation, Nonlinear Analysis, TMA 29 (1997), 121–158.

[22] C. Laurey, On a Nonlinear Dispersive Equation with Time Dependent Coefficients, Advances in Differential Equations, 6 (2001), 577–612.

[23] P. V. Mamyshev, Generation and compression of femtosecond solitons in optical fibers, Optical Solitons-Theory and experiment, J.R. Taylor Ed Cambridge Studies in Modern Optics, 10 (1992), 266–313.

[24] T. Ozawa, On the nonlinear Schrödinger equations of derivative type, Indiana Univ. Math. J., 45 (1996), 137–163.

[25] T. Ozawa and Y. Tsutsumi, Space-time estimates for null gauge forms and nonlinear Schrödinger equations, Differential Integral Equations, 11 (1998), 201–222.

[26] G. Staffilani, On the Generalized Korteweg-de Vries-Type Equations, Differential and Integral Equations, 10 (1997), 777–796.

[27] E. M. Stein and G. Weiss, Introduction to Fourier Analysis on Euclidean Spaces, Princeton University Press, (1970).

[28] E. M. Stein, Harmonic Analysis: Real-Variable Methods, Orthogonality, and Oscillatory Integrals, Princeton University Press, (1993).

[29] R. S. Strichartz, Restriction of Fourier Transform to quadratic surfaces and decay of solutions of wave equations, Duke Math J. 44 (1977), 705–714.

[30] H. Takaoka, Well-posedness for the one dimensional Schrödinger equation with the derivative nonlinearity, Adv. Diff. Eq. 4 (1999), 561–680.

[31] H. Takaoka, Global well-posedness for Schrödinger equation with derivative in a nonlinear term and data in low-order Sobolev spaces, Electron. J. Diff. Eqns. 42, (2001), 1–23.

[32] P. Tomas, A restriction theorem for the Fourier transform, BUll. Amer. Math. Soc. 81 (1975), 477–478.

[33] Y. Tsutsumi L^2–solutions for nonlinear Schrödinger equations and nonlinear groups, Funkcial. Ekvac. 30 (1987), 115–125.

E-mail address: linares@impa.br E-mail address: carvajal@ime.unicamp.br