ILL-POSEDNESS FOR THE BENNEY SYSTEM

Adán J. Corcho

IMPA Estrada Dona Castorina 110 Rio de Janeiro, 22460-320 Brazil

Abstract. We discuss ill-posedness issues for the initial value problem associated to the Benney system. To prove our results we use the method introduced by Kenig, Ponce and Vega [10] to show ill-posedness for some canonical dispersive equations.

1. Introduction

We consider the Initial Value Problem (IVP) associated to the Benney system, that is,

(1.1) i∂_tu + ∂^2_xu = αuη + β|u|^2u, t, x ∈ R, ∂_tη + λ∂_xη = γ∂_x|u|^2, u(x, 0) = u_0, η(x, 0) = η_0, where u is a complex valued function, η is a real valued function, λ = ±1 and α, β and γ are real constants.

This system appears in general theory of water wave interaction in a nonlinear medium and was introduced by Benney [3, 4]. The solvability of the system (1.1) has been studied by several authors. Yajima and Oikawa [16] applied the inverse scattering method and found N-soliton solutions of (1.1) when λ = 1, γ = −1 and β = 0. Ma [12] proposed a simpler approach of the inverse scattering method. Laurençot [11] considered the orbital stability for a weak solution in H^1(R) with β = 0. Tsutsumi and Hatano [14] showed local well-posedness for a resonant case (λ = 0) in H^{k+1/2}(R) × H^k(R) with k = 0 when β = 0 and with k ∈ Z^+ when β ≠ 0. They also obtained global well-posedness in similar spaces for λ = 0 and α = γ = 1 via the conservation laws

(1.2) I_1(t) = ∫_{+∞} −∞ |u(x, t)|^2dx = I_1(0),

(1.3) I_2(t) = ∫_{+∞} −∞ ( η(x, t)|u(x, t)|^2 + |u_x(x, t)|^2 +^β_2 |u(x, t)|^4 ) dx = I_2(0), and (1.4) I_3(t) = ∫_{+∞} −∞ ( η^2(x, t) + 2Im(u(x, t)u_x(x, t) ) dx = I_3(0).

Moreover, using a Gauge transformation they also extended these results to the case when the system is not necessarily resonant [15]. Bekiranov, Ogawa and Ponce [1] showed well-posedness for initial data (u_0, η_0) ∈ H^k(R) × H^{k−1/2+ϵ}(R)

1991 Mathematics Subject Classification. 35Q55, 35Q51. Key words and phrases. Ill-posedness, Benney system. This research was supported by CNPq, Brazil. 1

with 1/2 ≤ k < 1 and ϵ > 0 when β ≠ 0 and (u_0, η_0) ∈ H^k(R) × L^{1/k}(R) with 0 < k < 1/2 when β = 0. The best local well-posedness result for the IVP (1.1) is in L^2(R) × H^{−1/2}(R), proved recently by Ginibre, Tsutsumi and Velo [9] and Bekiranov, Ogawa and Ponce [2].

In this work, we discuss some ill-posedness issues regarding this system in the focusing case^1. In this case, our results show that the best local well-posedness result, in Sobolev spaces, is for data in L^2(R) × H^{−1/2}(R) as was suggested by Bekiranov, Ogawa and Ponce in [2]. The proof of these results is based on the ideas used by Kenig, Ponce and Vega [10] to show ill-posedness for the nonlinear Schrödinger, Korteweg de Vries and modified Korteweg-de Vries equations ( see also Biagioni and Linares [6, 7] ). The notion of local well-posedness used in the proof of the above results includes: existence, uniqueness and persistence property of the solution in certain time interval and instead of continuous dependence of the solution upon data we will require that the data-solution mapping (u_0, η_0) −→ (u(t), η(t)), be uniformly continuous, where (u(t), η(t)) is the solution associated to the IVP (1.1) with initial data (u_0, η_0) ∈ H^k(R)×H^l (R) and ‖(u_0, η_0)‖_Hk_{×H}l ≤ C_0. In the case when any one of the requirements in the notion of local well-podedness fails, we say that the IVP (1.1) is ill-posed.

The following result is due to Ginibre, Tsutsumi and Velo [9].

Theorem 1.1. The Benney System (1.1) for initial data (u_0, η_0) ∈ H^k(R)×H^l (R) is locally well-posed provided

(1.5) −1/2 < k − l ≤ 1 and 0 ≤ l + 1/2 ≤ 2k.

The solution satisfies:

(1.6) u ∈ C([0, T ]; H^k(R)), η ∈ C([0, T ]; H^l(R)).

Note that if k − l is fixed the lowest allowed values of (k, l) are attained for k − l =^1_2 and are given by (k, l) = (0, −1/2). Moreover, local well-posedness was shown by Bekiranov, Ogawa and Ponce [2] in the line l = k − 1/2 with k ≥ 0.

In both works due to Ginibre, Tsutsumi and Velo [9] and Bekiranov, Ogawa and Ponce [2], the best result obtained for local well-posedness for the IVP (1.1) is in the space L^2(R) × H^{−1/2}(R). Since scaling argument cannot be applied to the Benney system to obtain a criticality notion it is not clear whether this result is optimal. Here we show that this result is in fact the best possible to get local well-posedness. For this, we prove the following theorem concerning ill-posedness for the IVP (1.1).

Theorem 1.2. The Benney System (1.1) is ill-posed in H^k(R) × H^l(R) for β < 0 provided

(1.7) −1/3 ≤ k < 0 and k(2l + 3) + 1 ≥ 0.

To prove Theorem 1.2 we will follow closely [10]. The main ingredient in our proof is the use of the properties of the solitary wave solutions of the system (1.1). The existence of such special functions for any speed of propagation, c > 0, and the exponential decay are strongly applied.

Remark 1.3. For β ≥ 0, it is not possible to employ the same argument used in the proof of Theorem 1.2. Nevertheless, we can give a criticality notion for the special

1Similar to the theory of the cubic NLS we say the Benney system is “focusing” in the case β < 0.

case β = λ = 0. Indeed, if (u, η) is a solution of the system (1.1) with initial data (u_0(x), η_0(x)) then u_μ(x, t) = μ^{3/2}u(μx, μ^2t), η_μ(x, t) = μ^2η(μx, μ^2t), solves (1.1) with initial data u_{μ0} = μ^{3/2}u_0(μx) and η_{μ0} = μ^2η_0(μx). Now taking the homogeneous derivative of order k in L^2 for u_μ and l in L^2 for η_μ, we obtain the followings ‖D^k_xu_μ‖^2_L2 = μ^{2+2k}‖D^k_xu‖^2_L2 , ‖D^l_xη_μ‖^2_L2 = μ^{3+2l}‖D^l_xη‖^2_L2 .

Hence, the notion of criticality is well defined for the Benney system with initial data (u_0, η_0) ∈ H^k(R) × H^l(R), and the critical values turn out to be k = −1 and l = −3/2. We note that the optimal relation between k and l is k − l = 1/2.

In Figure 1 we compare the results for local well-posedness given by Theorem 1.1 with our results for ill-posedness in Theorem 1.2.

Figure 1. The region A contains indices (k,l) where local wellposedness was shown in [2, 9], and the region B contains those where ill-posedness is shown by our example.

2. Solitary waves

In this section we obtain solitary wave solutions for the Benney system. We will look for solutions of equation (1.1) of the form: (2.8) u(x, t) = e^{iωt}ϕ(x − ct) and η(x, t) = ψ(x − ct), where ω > 0, c > 0 and ϕ and ψ are two smooth L^2-functions which decrease rapidly to zero at infinity ( see [11] ).

Substituting (2.8) in (1.1) we have the following system of ordinary differential equations for ϕ and ψ

(2.9) { −icϕ^′ − ωϕ + ϕ^{′′} = αϕψ + β|ϕ|^2ϕ (λ − c)ψ^′ = γ(|ϕ|^2)^′.

Taking c > |λ| = 1, we obtain

(2.10) −icϕ^′ − ωϕ + ϕ^{′′} = (β + αγ λ − c )|ϕ|^2ϕ. Setting ϕ(x) = e^{icx2} h(x), where h is a real valued function and using (2.10) we have

(2.11) h^{′′} − (ω − c^2 4 )h − (β − αγ c − λ )h^3 = 0.

We can see [5] and [13] for the following statements. The equation (2.11) has positive, even, smooth and exponentially decreasing solutions if the conditions

(2.12) ω − c^2 4 > 0 and β(c − λ) − αγ < 0, are satisfied. The solution in this case is given by

(2.13) h(x) = 2μσ e^{−σx} + e^{σx} = μσ sech(σx), where

(2.14) μ = √ 2(c − λ) αγ − β(c − λ) and σ = √ ω − c^2 4 . The set of non trivial solutions of (2.11) in H^1(R) is empty if the condition (2.12) fails.

Remark 2.1. For c > 1 and ω >^{c2}_4 , the condition (2.12) holds in the following cases:

(i) β < 0, c > max { 1, λ +^{αγ}_β } . (ii) β = 0, αγ > 0.

(iii) β > 0, 1 < c < λ +^{αγ}_β .

We are interested in the case (i). Here, the speed of propagation (c > 1) is not restricted to a bounded interval and this fact is strongly used in our argument.

Finally, we have the following expressions for the solitary waves:

(2.15) u_{c,ω}(x, t) = e^{iωt}e^{ic2 (x−ct)}μg_σ (x − ct), η_{c,ω}(x, t) = −^{2γ}_{αγ−β(c−λ)} g^2_σ (x − ct), g_σ(x) := σg(σx), g(x) = sech(x). 3. Proof of Theorem 1.2 The idea of the proof is the following: we will take two solitary waves as in (2.15) as our initial data. We will see that under some assumptions they will remain close at initial time and then we will see the evolution of the solutions associated to them to find a contradiction.

Without loss of generality, we may assume β = −1 and α = γ = λ = 1 in (1.1).

Taking (3.16) N ≫ 1, c = 2N and ω = N^2 + σ^2, and using (2.15) we have that the pair

(3.17) u_{σ,N} (x, t) = e^{−it(N 2−σ2 )}e^{iNx}μ(N)g_σ (x − 2tN), η_{σ,N} (x, t) = −^1_N g^2_σ(x − 2tN), μ(N) = √_{2N−1} N , is the solution of the Benney system (1.1) with initial data (e^{iNx}μ(N)g_σ (x), −^1_N g^2_σ (x)).

Taking Fourier transform we have (3.18) ^u_{σ,N} (ξ, t) = e^{it(N 2+σ2 −2Nξ)}μ(N)^g ( ξ − N σ ) and (3.19) ^η_{σ,N} (ξ, t) = − σ N e^{−2itNξ} ^g^2 ( ξ σ ) . Let us set (3.20) N_j ≃ N, N_1 < N_2, ω_j = N^2_j + σ^2, j = 1, 2 and write (3.21) u_j (x, t) := u_{σ,Nj} (x, t) and η_j := η_{σ,Nj} (x, t). The fundamental theorem of calculus and the mean value theorem yield the following inequalities

|^u_1(ξ, 0) − ^u_2(ξ, 0)|^2 = | | |μ(N1)^g (ξ − N_1 σ ) −μ(N_2)g ( ξ − N_2 σ )| |^2

≲ μ^2(N_1) | | |^g ( ξ − N_1 σ ) −^g (ξ − N_2 σ )| |^2

+ |μ(N_1) − μ(N_2)|^2 | | |^g ( ξ − N_2 σ )| |^2 ≃ | | | ∫_1 0 ^g^′ (ξ − N_2 + t(N_2 − N_1) σ )(N_2 − N_1 σ ) dt | | |^2

+ |μ(N_1) − μ(N_2)|^2 | | |^g ( ξ − N_2 σ )| |^2

≤ |N_2 − N_1|^2σ^{−2} (∫ 1 0 | | |^g^′ (ξ − N_2 + t(N_2 − N_1) σ )| |dt )_2

+ |μ^′(N_0)|^2|N_1 − N_2|^2 | |^g( ξ − N2 σ )| |^2,

with N_0 ∈ (N_1, N_2), μ^′(N_0) =^1_{2N 32} 0 √ 2N_0−1

≃^1_{N 2} . Hence

(3.22) ‖u_1(·, 0) − u_2(·, 0)‖^2_k ≲ |N_1 − N_2|^2σ^{−2}I_1 +

|N_1 − N_2|^2 N^4

I_2,

where I_1 = ∫ (1 + |ξ|^2)^k (∫ 1 0 | |^g^′ (ξ − N_2 + t(N_2 − N_1) σ )| |dt )_2 dξ and I_2 = ∫ (1 + |ξ|^2)^k | |^g(ξ − N2 σ )| |^2dξ.

Let (3.23) σ = N^{−2k}.

Taking k > −^1_2 (N^{−2k} < N), ξ ∈ B_σ(tN_1 +(1−t)N_2) then |ξ| ≃ N for t ∈ [0, 1] and using that ^g ∈ S(R) and ^g concentrates in B_1(0) we have the following estimates for I_1 and I_2.

I_1 ≤ ∫ (1 + |ξ|^2)^k (∫ 1 0 | | |^g^′ (ξ − N_2 + t(N_2 − N_1) σ )| |^2dt ) dξ = ∫_1 0 ∫ (1 + |ξ|^2)^k | |^g_′( ξ − N2 + t(N2 − N1) σ )| |^2dξdt ≤ CN^{2k}σ ∫_1 0 ∫ | | |^g^′ ( y − tN_1 + (1 − t)N_2 σ )| |^2dydt ≤ C‖^g^′‖^2_L2 and I_2 ≃ N^{2k} ∫ | |^g( ξ − N2 σ )| |^2dξ = N^{2k}σ‖^g‖^2_L2 = ‖g‖^2_L2 .

Using (3.22) and the estimates above it follows that

(3.24) ‖u_1(·, 0) − u_2(·, 0)‖^2_k ≲ |N_1 − N_2|^2N^{4k} +

|N_1 − N_2|^2 N^4 . Now we consider the solutions u_j (x, t), j = 1, 2, at time t = T . Observe that (3.25) ‖u_j (·, T )‖^2_s = ‖u_j (·, 0)‖^2_s ≃ N^{2s}σ‖g‖^2_L2 , s ∈ R, j = 1, 2. If s = k then (3.25) gives (3.26) ‖u_j (·, T )‖^2_k ≃ ‖g‖^2_L2 .

On the the other hand, the frequencies of u_j (·, T ), j = 1, 2, are localized in B^∗ = B_σ(N_1) ∪ B_σ (N_2). Hence |ξ| ≃ N and consequently (3.27) ‖u_1(·, T ) − u_2(·, T )‖^2_k ≃ N^{2k}‖u_1(·, T ) − u_2(·, T )‖^2_L2 . Now, u_j (·, T ) concentrates in B_σ−1 (2T N_j), j = 1, 2. Therefore, for given T > 0, we take N_1 and N_2 such that (3.28) T |N_1 − N_2| ≫ σ^{−1} = N^{2k}.

We have that there is no interaction of u_j , j = 1, 2, at time t = T ; hence using (3.25) with s = 0 we obtain (3.29) ‖u_1(·, T ) − u_2(·, T )‖^2_L2 ≃ ‖u_1(·, T )‖^2_L2 + ‖u_2(·, T )‖^2_L2 ≃ σ. Combining (3.27) and (3.29) we obtain (3.30) ‖u_1(·, T ) − u_2(·, T )‖^2_k ≥ CN^{2k}σ = C. Taking (3.31) N_1 = N and N_2 = N + δN^{−2k} with δ > 0, we get from (3.24) (3.32) ‖u_1(·, 0) − u_2(·, 0)‖^2_k ≤ Cδ^2(1 + N^{−4(k+1)}) ≤ Cδ^2. Here we have used that k > −^1_2 .

Since k < 0, given δ, T > 0, we can take N so large that

(3.33) T |N_1 − N_2| = T δN^{−2k} ≫ N^{2k} ⇐⇒ N^{−4k} ≫ 1 T δ , and hence (3.28), (3.29) and (3.30) hold.

The initial data η_j (x, 0), j = 1, 2, satisfy

‖η_j (·, 0)‖^2_l = σ^2 N^2_j ∫ (1 + |ξ|^2)^l| ^g^2 ( ξ σ ) |^2dξ = σ^3 N^2_j ∫ (1 + σ^2y^2)^l| ^g^2(y)|^2dy ≃ σ^{3+2l} N^2 ∫ (N^{4k} + y^2)^l| ^g^2(y)|^2dy

≤ N^{−2(k(2l+3)+1)}

‖g^2‖^2_l , l ≥ 0

N^{4kl}‖g^2‖^2_{L2} , l < 0 ≤ C, whenever (3.34) k(2l + 3) + 1 ≥ 0, for l ≥ 0 and k ≥ − 1 3 , for l < 0. On the other hand,

‖η_1(·, 0) − η_2(·, 0)‖^2_l = σ^2 ( 1 N_1 − 1 N_2 )2 ∫ (1 + |ξ|^2)^l| ^g^2 ( ξ σ ) |^2dξ ≃ σ^3 N^4

(N_1 − N_2)^2 ∫ (1 + σ^2y^2)^l| ^g^2(y)|^2dy = σ^{3+2l} N^4

N^{−4k}δ^2 ∫ (N^{4k} + y^2)^l| ^g^2(y)|^2dy

≤ δ^2N^{−2(k(2l+5)+2)}

‖g^2‖^2_l , l ≥ 0

N^{4kl}‖g^2‖^2_{L2} , l < 0 ≤ Cδ^2, where in the last inequality we have used

(3.35) k(2l + 5) + 2 ≥ 0, for l ≥ 0 and k ≥ − 2 5 , for l < 0. Note that for k < 0 the condition (3.34) implies the condition (3.35). This completes the proof of Theorem 1.2.

Acknowledgements The author would like to thank professors F. Linares and G. Ponce, who contributed with useful comments to this work.

References

[1] D. Bekiranov, T. Ogawa and G. Ponce, On the well-posedness of Benney’s interaction equation of short and long waves, Advances Diff. Equations, 1 (1996), 919-937.

[2] D. Bekiranov, T. Ogawa and G. Ponce, Interaction equation for short and long dispersive waves, J. Funct. Anal., 158 (1998), 357-388.

[3] D. J. Benney, Significant interactions between small and large scale surface waves, Stud.

Appl. Math., 55 (1976), 93-106.

[4] D. J. Benney, A general theory for interactions between short and long waves, Stud. Appl.

Math., 56 (1977), 81-94.

[5] H. Berestycki and P. L. Lions, Nonlinear scalar field equations, Arch. Rational Mech. Anal., 82 (1983), 313-345.

[6] H. A. Biagioni and F. Linares, Ill-posedness for the derivative Schrödinger and generalized Benjamin-Ono equations, Trans. Amer. Math. Soc., 353 (2001), 3649-3659.

[7] H. A. Biagioni and F. Linares, Ill-posedness for the Zakharov system with generalized nonlinearity, To appear in Proceedings of AMS., (2002).

[8] B. Birnir, C. E. Kening, G. Ponce, N. Svanstedt and L. Vega, On the ill-posedness of the IVP for the generalized Korteweg de Vries and nonlinear Schrödinger equations, J. London Math. Soc., (2), 53 (1996), 551-559.

[9] J. Ginibre, Y. Tsutsumi and G. Velo, On the Cauchy Problem for the Zakharov system, J.

Funct. Anal., 151 (1997), 384-436.

[10] C. E. Kenig, G. Ponce and L. Vega, On ill-posedness of some canonical dispersive equations, Duke Math. J., 106 (2001), 617-633.

[11] Ph. Laurençot, On a nonlinear Schrödinger equation arising in the theory of water waves, Nonlinear Anal. TMA., 24 (1995), 509-527.

[12] Yan-Chow. Ma, The complete solution of the long wave - short wave resonance equations, Stud. Appl. Math., 59 (1978), 201-221.

[13] W. A. Strauss, Existence of solitary waves in higher dimensions, Math. Phys., 55 (1977), 149-162.

[14] M. Tsutsumi and S. Hatano, Well-posedness of the Cauchy Problem for long wave - short wave resonance equation, Nonlinear Anal. TMA., 22 (1994), 155-171.

[15] M. Tsutsumi and S. Hatano, Well-posedness of the Cauchy Problem for Benney’s firsts equations of long wave - short wave interactions, Funkcialaj Ekvacioj, 37 (1994), 289-316.

[16] N. Yajima and M. Oikawa, Formation and interaction of sonic-Langmuir soliton, Progr.

Theor. Phys., 56 (1974), 1719-1739.

E-mail address: adan@impa.br