PREVALENT DYNAMICS AT THE FIRST BIFURCATION OF
HENON-LIKE FAMILIES

HIROKI TAKAHASI *

ABSTRACT. We study the dynamics of strongly dissipative Hénon-like maps, around the first
bifurcation parameter a* at which the uniform hyperbolicity is destroyed by the formation
of tangencies inside the limit set. We prove that a* is a full Lebesgue density point of the
set of parameters for which Lebesgue almost every initial point diverges to infinity under
positive iteration. A key ingredient is that a* corresponds to “non-recurrence of every critical
point”, reminiscent of Misiurewicz parameters in one-dimensional dynamics. Adapting on the
one hand Benedicks & Carleson’s parameter exclusion argument, we construct a set of “good
parameters” having a* as a full density point. Adapting Benedicks & Viana’s volume control
argument on the other, we analyze Lebesgue typical dynamics corresponding to these good
parameters.

1. INTRODUCTION

One important problem in dynamics is to describe transitions from structurally stable to
unstable regimes. Equally important is to describe how strange attractors are created. A
prototypical example intimately connected to these problems is given by the Hénon family

H,: (x,y) = (1 —az® + Vby, =+Vbx), 0<b< 1.

For all large a, one gets a uniformly hyperbolic horseshoe [12], a paradigmatic example of
structurally stable chaotic systems. As one decreases a, the horseshoe loses its stability at a
bifurcation parameter, and then a nonuniformly hyperbolic strange attractor is created, with
positive probability in parameter space [5]. The aim of this paper is to shed some light on the
process of this sort of transition from horseshoes to strange attractors.

We work within a framework set up by Palis for studying bifurcations of diffeomorphisms:
consider arcs of diffeomorphisms losing their stability through generic bifurcations, and analyze
which dynamical phenomena are more frequently displayed (in the sense of Lebesgue measure
in parameter space) in the sequel of the bifurcation. More precisely, let (¢,) be a parametrized
family of diffeomorphisms which undergoes a first bifurcation at a = a*, i.e., @, is structurally
stable for a > a* and @, has a cycle. We assume (,) unfolds the bifurcation generically. A
dynamical phenomenon P is prevalent at a* if

liminf e 'Leb({a € [a* — ¢, a"]: ¢, displays P}) > 0.
e—+0

This framework originates in the work of Newhouse and Palis [19], on the frequency of
bifurcation sets in the unfoldings of homoclinic tangencies. In that paper, diffeomorphisms
before the first bifurcation are Morse-Smale. Palis and Takens [20, 21, 22], inspired by works
of Newhouse, studied the prevalence of uniform hyperbolicity in arcs of diffeomorphisms for
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FIGURE 1. The case a = a*. There exist two hyperbolic fixed saddles P, @)
near (1/2,0), (—1,0) correspondingly. In the orientation preserving case (left),
W*(Q) meets W*(Q) tangencially. In the orientation reversing case (right),
W*(P) meets W*(Q) tangencially.

which the non-wandering set of the diffeomorphism at the bifurcation is a union of a non-
trivial basic set of saddle type and an orbit of tangency. In opposite direction, the frequency
of non-hyperbolicity was studied by Palis and Yoccoz [23, 24, 25].

For the Hénon family, the first bifurcation where the horseshoe ceases to be stable cor-
responds to the formation of homoclinic or heteroclinic tangencies [2]. This tangency is
quadratic, and (H,), unfolds the tangency generically [3]. The orbit of the tangency is ac-
cumulated by transverse homoclinic points, and hence contained in the limit set. In [10], all
these statements are extended to Hénon-like families, a perturbation of the Hénon family (see
Section 2 for a precise definition).

This sort of bifurcation is completely different from the one treated in [20, 21, 22, 23, 24, 25].
A key aspect of models treated in these papers is that the orbit of tangency at the first
bifurcation is not contained in the limit set. This implies a global control on new orbits
added to the underlying basic set, and moreover allows one to use its invariant foliations to
translate dynamical problems to the problem on how two Cantor sets intersect each other.
This argument is not viable, if the orbit of tangency, responsible for the loss of the stability
of the system, is contained in the limit set, as in the case of Hénon-like families. Let us call
such a bifurcation an internal tangency bifurcation.

For an Hénon-like family (f,), we aim to describe changes in the set

K, = {2z € R*: {f(2)}nez is bounded} .

By a result of [10], there is a parameter a* such that K, is a hyperbolic set for a > a*, and
(fa)a unfolds a quadratic tangency at a = a* generically. This suggests that the structure of
K, depends in a very discontinuous way upon a. For instance, a* is accumulated from left
by: a-intervals for which f, has sinks [1, 15]; sets with positive Lebesgue measure for which
fa has nonuniformly hyperbolic attractors [18], etc. A consequence of our theorem is that the
frequency of such parameters tends to zero as a — a*. Let

= {z € R*: {f(2)}nzo0 is bounded} .

Theorem. For an Hénon-like family (f,) there exists a set A of a-values such that:
(a) lim., g 'Leb(AN[a* —¢,a*]) = 1;
(b) if a € A, then K has zero Lebesque measure.
(c) if a € A, then f, is transitive on K,.

To grasp the meanings of the theorem, it is worthwhile to recall Jakobson’s theorem for the
quadratic family x — 1 — az?, which states that a = 2 is a (one-sided) full Lebesgue density
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point of the set of parameters corresponding to absolutely continuous invariant probability
measures. These measures allow one to statistically predict the asymptotic “fate” of Lebesgue
almost every initial conditions. For a > 2, the orbit of the critical point x = 0 is escaping,
and thus the invariant set is uniformly hyperbolic. In other words, a = 2 is a first bifurcation
parameter of the quadratic family. Immediately right after the bifurcation one mainly gets
“observable chaos”. Our theorem asserts a sharp contrast to this sort of transition. For a € A,
K, behaves like a basic set of saddle type, in that Lebesgue typical points escape from any
neighborhood of it. This means that, physically observable complicated behaviors are chaotic
transient around K, not sustained in time.

This striking difference at the first bifurcation stems from a simple fact intrinsic to two-
dimension: at the parameter a*, the unstable manifold of the saddle fixed point(s) is not
confined in any bounded region. Indeed, one key step in the proof of the theorem is to show
that, for carefully chosen parameters, the unstable manifold intersects K in a set with zero
Lebesgue measure on the manifold.

Figure 2 indicates a landscape in the (a,b)-plane (as usual, b controls the closeness to the
quadratic family, see (1)). The a*-line consists of the parameters of the first bifurcation.
The a**-line consists of parameters corresponding to the manifold organization indicated in
Figure 3. The parameter set A is in the red region bounded by these two lines. For b > 0
small, Benedicks and Carleson [5], Mora and Viana [18] constructed a set of a-values near
2, corresponding to maps which exhibit nonuniformly hyperbolic strange attractors. These
parameter sets are in the blue region at the left of the a**-line.

In view of the theorem, one might speculate that maps in {f,: a € A} would retain some
weak form of hyperbolicity, as a memory of the uniform hyperbolicity before the bifurcation.
For the moment, we do not know if the uniform hyperbolicity is prevalent at a*. See Remark
5.1 for a further discussion. To our knowledge, the only presently known result on the preva-
lence of hyperbolicity in internal tangency bifurcations is due to Rios [26], on arcs of surface
diffeomorphisms destroying type 3 horseshoes (horseshoes with three symbols [21]).

To prove the theorem, we build on and develop the machinery for the analysis of strongly
dissipative Hénon maps [5, 6, 8, 18, 30]. Excluding undesirable parameters inductively, we
construct the parameter set A having a* as a full density point. We then investigate the
dynamics of f € {f,: a € A}.

A parameter exclusion argument in the spirit of Jakobson [16], Benedicks and Carleson
[4, 5] was first brought into the study of homoclinic bifurcations by Palis and Yoccoz [24, 25].
As we mentioned in the beginning, the underlying basic set at the bifurcation is used in a
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FIGURE 3. The case a = a™ : orientation preserving (left); orientation reversing (right).

crucial way there, and the same approach does not work in our context of internal tangency
bifurcation. In order to prove that K has zero Lebesgue measure, we develop the volume
control argument of Benedicks and Viana [6].

The rest of this paper consists of six sections and one appendix. In Section 2 we analyze
one fixed map, collecting results from [5, 6, 18, 30] and [27] as far as we need them. In Section
3 we recall the procedure in [27] for finding suitable critical approximations, used as guides
for orbits falling in critical regions.

The parameter set A is constructed in Section 4. This part closely follows the previous
construction of the parameter set in [27], modulo the assertion that a* is a full density point
of A. It is at this point where the characteristic of the first bifurcation is crucial. We show that
the map f,« behaves as if it is a “two-dimensional Misiurewicz map”, in the sense that every
critical approximation of it is non-recurrent. Then it is possible, as in the one-dimensional
case [4, 16], to arrange the induction construction in such a way that less and less proportions
of parameters in [a* — ¢,a*] are excluded as ¢ — +0, and the total fractions of A in the
intervals get closer to one. Consequently, A must have a* as a full density point.

For the remaining three sections we consider the dynamics of one fixed map f € {f,: a € A}.
In Section 5 we identify an well-organized geometric structure of the unstable manifold, close
to the one identified by Wang and Young [30]. Using this structure, in Section 6 we analyze the
dynamics on the unstable manifold. Combining a classical large deviation argument [5, 8, 9]
with a continuity argument from the first bifurcation, we prove that K intersects the unstable
manifold in a set with zero Lebesgue measure. In Section 7 we study the dynamics on K. A
careful adaptation of the volume control argument [6] together with the conclusion of Section
6 shows that K+ cannot have positive two-dimensional Lebesgue measure.

2. PRELIMINARIES

In this section we analyze one fixed map f, collecting results from [5, 6, 18, 30] and [27] as
far as we need them.

2.1. Hénon-like families. We deal with a parameterized family (f,) of diffeomorphisms on
R? such that f = f, has the form

(1) fa: (z,y) = (1 —ax® 0) +b- ®(a,b,x,y),

where (a,b) is close to (2,0) and @ is bounded, continuous, C* in (a, z,y).

Although f is globally defined on R?, it is possible to localize our consideration to a compact
domain defined as follows. If f preserves orientation, let W* = W"(Q). Otherwise, let
W* = W"(P). Let Ry denote the compact domain bounded by W* and W*(Q), as indicated
in Figure 4. By a result of [10], points outside of Ry escape to infinity either by positive or
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negative iterations. Hence K C Ry holds. Let Dy = {(z,y) ¢ Ro: > v/2}. It can be read
out from [10] that K™ C DyU Ry holds. By the obvious uniform hyperbolicity on Dy, K+ N Dy
has zero Lebesgue measure. Therefore, for the proof of the theorem, it suffices to show that
K™ N Ry has zero Lebesgue measure. To this end, the next lemma allows us to focus on the
dynamics inside Ry.

Claim 2.1. K" N Ry =(),5 f"(Ro).

Proof. Let z € K™ N Ry. Suppose that z ¢ f~"(Ry) holds for some n > 0. Let ny denote
the smallest integer with this property. Then f"*1(z) € Dy, where D; is the set of points
(z,%) which is at the left of W.(Q) and |y| < vb. As Dy N K+ =0, 2 ¢ K* holds, which
is a contradiction. Consequently, K™ N Ry C (),of "(Ro) holds. The reverse inclusion is
obvious. O

To structure the dynamics inside Ry, we construct critical points and use them as guides.
Unlike the attractor context [5, 18, 30], the construction of critical points has to take into
consideration possible leaks out of Ry under iteration, and unbounded derivatives at infinity is
a bit problematic. To bypass this problem, we work with a new family (f,;) which is obtained
by modifying the quadratic map x — 1 — az?, and ® in (1) so that the following holds:

(M1) f = fon Ry and f(Dy) C D;

(M2) if z € Ry and f(z) ¢ Ry, then for any n > 1 and a nonzero tangent vector v at f"(z)
with slope(v) < Vb, slope(Df(f"(2))v) < vb and | DF(f"(2))vl| = 2|lv]l;

(M3) there exists a constant Cy > 0 such that |0 f|| < Cy and |det Df| < Cyb on Dy U Ry U
f(Ry) (i=1,2,3,4), where 9" denotes any partial derivative in a,x,y of order i.

2.2. Hyperbolic behavior. Constructive constants are a, M, ¢, chosen in this order. The
a,0 are small, and M is a large integer. Having chosen all of them, we choose sufficiently
small b. )

From this point on, let us denote f by f. We start with basic properties of f. For 6 > 0,
define 1(0) = {(z,y) € Ry: |x| < d}. The next lemma establishes a uniform hyperbolicity
outside of I(4). Not only for orbits staying inside Ry, the hyperbolicity estimates hold for
orbits which leak out of Rj.

Lemma 2.1. For any Ay € (0,log2) and § > 0, the following holds for (a,b) close to (2,0).
Let 2 € Ry be such that z, f(2), -+, f"1(2) & I(d), and let v be a tangent vector at z with
slope(v) < v/b. Then:

(a) slope(D f"(2)v) < Vb and | Df"(2)vl| = de"v]|;

(b) if, in addition, f"(z) € I(0), then | Df™(2)v| > e*"||v]|.
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Proof. If z, f(2), -, f" ' (2) € Ry, then (a) (b) follow from the closeness of f to the top
quadratic map. Otherwise, the orbit splits into the part z, f(2), -+, f*1(2) (k < n) in Ry,
and the rest out of Ry. (b) is vacuous because of f*(z) ¢ I(§). We have slope(Df*(2)v) <
Vb and | Df*(z)v| > §e*¥||v)|. Combining these with (M2) we obtain (a). O

2.3. Quadratic behavior. The letter C' denotes any generic constants which depend only
on (f,) restricted to [—2,2]?. Let us agree that a ~ b indicates that C~' < a/b < C holds for
some C > 1.

In the next lemma we assume v is a horizontal curve, that is, a C?-curve such that the
slopes of its tangent directions are < 1/10 and the curvature is everywhere < 1/10. For z € 7,
let ¢(2) denote any unit vector tangent to v at z. In addition, we assume there exists ¢ € =
such that slope(Df(()t(¢)) > Cv/b. Let e denote any unit vector tangent to f(v) at f(¢).
Split Df(2)t(z) = A(z) (§) + B(2)e.

Lemma 2.2. ([27] Lemma 2.2.) There exists C' such that for all z € yNI(9), |z — (| = |A(2)]
and |B(z)| < CV/b.

Remark 2.1. Let T' be a C' curve located near f(¢) of the form I' = {(z(y),y): |2/| <
CV/b, |ly| < Vb}. By Lemma 2.2, either: T is tangent to f(v) and the tangency is quadratic;
or I' intersects f(7) exactly at two points.

2.4. Most contracting directions. Some versions of results in this section were obtained
in [5, 18]. Our presentation follows [30]. Let M be a 2 x 2 matrix. Denote by e the unit vector
(up to sign) such that ||[Me| < ||[Mu|| holds for any unit vector u. We call e, when it exists,
the most contracting direction of M.

For a sequence of matrices My, M, - - -, we use M@ to denote the matrix product M; - - - My Mj,
and e; to denote the mostly contracting direction of M®.

Hypothesis for Sect.2.2. The matrices M; satisfy | det M;| < Cb and | M;|| < Cp.

Lemma 2.3. ([30] Lemma 2.1.) Let i > 2, and suppose that ||[M@| > &% and || M~V || > i1
for some x > b/, Then e; and e;_; are well-defined, and satisfy

Cb i—1
||€Z' X 67;_1H S (?) .

Corollary 2.1. ([30] Corollary 2.1.) If || M®|| > &' for 1 <1i < n, then:

(a) llen — el < 52

(b) [MDe,|| < (£2)" holds for 1 <i < n.

Next we consider for each i a parametrized family of matrices M;(s, s2,s3) such that
|07 det M;(s1, s2,83)|| < C{b, and |07 M;(s1,s2,83)] < C¢ for each 0 < 5 < 3. Here, &’
represents any one of the partial derivatives of order j with respect to si, s9, or ss.

Corollary 2.2. ([30] Corollary 2.2.) Suppose that || M@ (sy, s, s3)|| > &' for 1 <i < n. Then
for j=1,2,3and 2 <i < n,

‘ Cb i—1
2) Plexanl<(Ge)
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Let e;(z) denote the most contracting direction of D f(z) when it makes sense. From the
form of our map (1), e1(2) is defined for all z ¢ I(v/b). In view of [[18] pp. 21], we have

(4) slope(e;) > C/vVb and  ||de;|| < CVb.

Definition 2.1. We say z is k-expanding up to time n, or simply expanding, if there exists a
tangent vector v at z and x > b/ such that for every 1 <i < n,

IDf ()]l = &v]].
For n > 1, let e,(z) denote the most contracting direction of D f(z) when it makes sense.
From Corollaries 2.1, 2.2 and (4) we get
Corollary 2.3. If z is k-expanding up to time n, then slope(e,) > C/v/b and ||de, || < .
2.5. Long stable leaves. A C?-curve I' of the form
L= {(z(y),9): [yl < Vb, |2 (y)] < CVO, |2"(y)| < CVB}.
is called a vertical curve. A C*-distance between two vertical curves is measured by regarding

them as C?-functions on [—v/b, V/b].

Lemma 2.4. (cf.[18] Section 6.) Let x > 6. If z is k-expanding up to time n, then for
every 1 <1 < n, the mazimal integral curve I'; of e; through z contains a vertical curve. In
addition, for every 1 < i <n, de2(T;,T;_1) < (%)Z_l.

By a long stable leaf of order i through z we mean the curve I'; as in the statement.

Remark 2.2. In the construction of long stable leaves, the relation between the lengths of
leaves and the value of & is crucial [18]. In [6], long stable leaves of length ~~ 1/5 are used. To
this end, they require x > e~20. For our purpose, long stable leaves of length ~ 2v/b suffices.
Hence, £ > 6% suffices.

Lemma 2.5. (cf.[6] Proposition 2.4.) Let k > §'°. If z is k-expanding, the stable set W*(z)
contains a vertical curve I'w(2) through z, and |f"(§) — f"(n)| < (%)n holds for all £, n €
F'w(2) and n > 1. Moreover, if z1, zo are expanding, then

angle(tr(&1), tr(&)) < CVD|&G — &,
where tr(&;) denotes any unit vector tangent to I'no(2;) at &, i =1, 2.

We call a long stable leaf through z the curve T'yo(z) as in the statement, and a stable leaf
any compact curve having some iterate contained in a long stable leaf.

Let I'w(21), ['so(22) be as in Corollary 2.5 and &,m; € ['(21). Let &, 1o denote the points
in ' (22) whose y-coordinate coincides with that of & and 7, correspondingly. Lemma 2.5
and the Gronwall inequality give

(5) &1 — & < eC\/B’nl — 1l
In particular, two distinct long stable leaves do not intersect each other.

Notation. Let z € 1(§) and suppose that f(z) is 6'°-expanding up to time n. The long stable
leaf of order n through f(z) is denoted by T',(2). If f(2) is §'5-expanding, then the long stable
leaf through f(z) is denoted by I'(2).
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2.6. Recovering expansion. Let v be a horizontal curve and n > M. We say ( € v is a
critical approximation of order n on ~y if:

) DO = 1/10 for 1 < i <m
(ii) e, (f(€)) is tangent to D f(C)t(¢), where ¢({) is any unit vector tangent to vy at (.
Notation. For z € I(§) and ¢ > 1, let w;(z) = D7 f(2)) (§)-

We now introduce three conditions, which are taken as inductive assumptions in the con-
struction of the parameter set A. Let A := \g/2, where )¢ is the one in Lemma 2.1. A critical
approximation ¢ of order n on v has a good critical behavior up to time k > M if:

(G1) lwi(Q)[| > X~V for 1 < i < k;

(G2) [w; (Ol = e?*[lwi(Q)|| for 1 <i < j < k;

(G3) there exists a monotone increasing function x: [M, k]NN O such that for each j € [M, k]
there exists x(j) € [(1 — /)7, j] such that ||w,;)({)|| > d]|w;(¢)]| holds for 0 < i < x(j).

Hypothesis for the rest of Sect.2.6: ( is a critical approximation of order n on v, and
has a good critical behavior up to time 20n.

For M <k <20n —1, let
_ _—3ak - w917
Di(Q) =e %lilgkig?g?ﬂ llw; (O|*

Represent the long stable leaf of order n through f({) as a graph of a function I',,(f(¢)) =

{(zn(y),y): ly|Vb}. Let
Vi ={(2.9): [z = 2n(y)| < Di()/2,|y] < VB}.

Take a monotone increasing function x satisfying condition (G3). Let v denote any nonzero
vector tangent to v at z. If f(z) € Vi \ Viy1, then we say v is in admissible position relative
to €. Define a bound period p = p((, z) by

p = x(k),
and a fold period ¢ = q((, z) by
g=min{i € [1,p): [¢ — 2|* w1 ()| =1 for every i < j < p},
where
2log Cy
log1/b’

It is easy to check that (G1-3) and the assumption on z give [¢ — z|* - |w,(¢)|| > 1. Hence ¢
is well-defined. If f(z) € Vag,_1, then we say v is in critical position relative to (.

(6) &=

Proposition 2.1. ([27] Proposition 2.2.) Let v, (, z, v be as above.

(i) If v is in admissible position relative to ¢ and f(z) € Vi \ Viy1, then:
) log ¢ — 2| 7% < p <log|¢ — 2| 3;

b) ¢ < Cap;

o) [F1(Q) = f1(2)| < e for 1 <i < p;

d) [¢ = 2l < [[DfI(2)v]| < [C = 2[*Jo]l;

R M N

IDfP(z)oll = (6/10)|Df!(z)v]| for 0 < i < p;

(
(
(
(
(e
(f
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(ii) If v is in critical position relative to ¢, then ||Df™(2)v| < e=8||v]|.

A proof of this proposition follows the line that is now well understood [5, 18, 30]. We split
D f(z)v into the direction of () and that of e,(f(z)), iterate them separately, and put them
together at the expiration of the fold period.

Proposition 2.1 indicates the usefulness of the following terminology. Let ¢ be a critical
approximation on a horizontal curve 7. Let £({) denote any unit vector tangent to v at (. A
nonzero vector v is in tangential position relative to ( if there exists a horizontal curve which
is tangent to both v and ¢(().

3. EXISTENCE OF BINDING POINTS

To deal with returns to the region 1(d), we look for suitable critical approximations and use
them as guides to keep further evolution in track. Such critical approximations, if exists, are
called binding points. In this section we recall the procedure in [27] for finding binding points.

3.1. Creation of new critical approximations. By a C?(b)-curve we mean a C*-curve
such that the slopes of all its tangent vectors are < Vb and the curvature is everywhere < Vb.
The next two lemmas are used to create new critical approximations around the existing ones.
For corresponding versions, see: [5] p.113, Lemma 6.1; [18] Sect.7A, 7B; [30] Lemma 2.10,
2.11.

Lemma 3.1. Let v be a C?(b)-curve in 1(6) parameterized by arc length and such that ~(0)
s a critical approximation of order n. Suppose that:

(i) v(s) is defined for s € [—b%,b%];

(i) there exists m € [n/3,20n] such that ||Df*(f~(0))]| > 1 for 1 <i < m.

There erists so € [—bi,bi] such that v(so) is a critical approvimation of order m on 7.

Next we consider two C?(b)-curves 1, 72 in I(§) parametrized by arc length, in a way that
the z-coordinate of 71 (0) coincides with that of 5(0). Let t,(s) denote any unit vector tangent
to v, at Y, (s), 0 =1, 2.

Lemma 3.2. Let vy, 72 be as above and suppose that:

(1) 11(s), 12(s) are defined for s € [—e2,e2], e < Cy°;

(ii) 71(0) s a critical approzimation of order n on vy and ||DfY(fy(0)|| > 1 for 1 <i < n;
(1) [11(0) — 12(0)] < " and angle(t1(0), £2(0)) < ="

There exists sy € [—e3,e3] such that yo(so) is a critical approximation of order n on 7,.

3.2. Hyperbolic times. Let
(7) 0=a kro=0Cy".

Let v be a tangent vector at z and let m > 1. We say v is r-reqular up to time m if for
0 <1< m,
[Df™(2)v| = rol| D f*(z)v]].
1
We say p € [0,m] is an m-hyperbolic time of v if D f*(z)v is k¢-expanding up tp time m — p.

Results related to the next lemma can be found in [[5] Lemma 6.6], [[18] Lemma 9.1], [[30]
Claim 5.1].
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Lemma 3.3. ([27] Lemma 2.12; Abundance of well-distributed hyperbolic times) Let m >
log(1/6) and suppose that a tangent vector v at z is 1/10-reqular up to time m. There ezist
s > 2 and a sequence i < fig < --- < s of m-hyperbolic times of v such that:

(a) || DfH(2)v|| is /ﬁzé-expandmg up to time m — pu;;
(b) 1/16 < (m — jigon)/(m — ;) < 1/4 for 1< j < s — 1;
() 0 <y <m/2 and m —log(1/6) < pus < m —log(1/9)/2.

3.3. Nice critical approximations. Let ( be a critical approximation of order n on a hor-
izontal curve v. We say ( is nice if:

(CO DO =1 for 1 < i <my

(C2) f7(C) € [+2.2) x [=Vb, VB] for 1 < i < [On];

(C3) let t(¢) denote any unit vector tangent to v at (. Then D f~(()t(¢) is ki-expanding
and ¢/10-regular, both up to time [0n].

Here, the square bracket denotes the integer part.

Hypothesis for the rest of Sect.3: m, n are integers with m > log(1/4), n > log(1/J),
and:

e each nice critical approximation ¢ has a good critical behavior up to time 20 min(n, §), where
¢ is the order of (;

e a tangent vector v at z is ro-regular up to time m, and f™(z) € 1(9).

3.4. Binding procedure. We describe how to choose a binding point relative to which
Df™(z)v is in horizontal position. Fix once and for all a sequence py < pg < -+ < fis
of m-hyperbolic times of v satisfying

1 1 — I
(8) m—pu < 6n, 510g(1/5)§m—us§log(1/5), —<Mf0r1§i<s.

16 = m —
The existence of such a sequence is guaranteed by Lemma 3.3. Any sequence does the job.
Correspondingly, fix once and for all a sequence n > n; > -+ >ng > ngy > -+ >ng, =M
of integers such that

9) m—p;=[0n] for 1 <i<s, my=ni+1 fors<i<s.

Lemma 3.4. ([27] Proposition 3.1.) There exist i € [1,s] and a critical approzimation (; of
order n; such that D f™(z)v is in tangential position relative to (;.

Sketch of the proof. One way to find such n; and (; are described as follows. Let [; denote the
straight segment of length 3™ centered at f*i(z) and tangent to D f*(z)v. Then ~; := f#(1;)
is a C2(b)-curve extending to both sides around f™(z) to length > x¢™. Lemma 3.1, Lemma
3.2 and the hypothesis of f allow us to show the following: if D f™(z)v is in critical position
relative to a critical approximation of order n; on ~;, then there exists a critical approximation
of order n;_; on 7;_; relative to which D f™(z)v is in horizontal position. A recursive use of

this argument yields the conclusion. ([l

Definition 3.1. Let ig € [1,s| denote the largest integer such that there exists a critical
approximation of order n;, relative to which D f™(z)v is in tangential position. We call any
such critical approximation a binding point for D f™(z)v.



PREVALENT DYNAMICS AT THE FIRST BIFURCATION OF HENON-LIKE FAMILIES 11

Vi

\ Gi fm(2)
T—e
e L4
_ Cit1
77,+1

FIGURE 5. critical approximations on C?(b)-curves

Remark 3.1. Obviously, critical approximations eligible as binding points of D f™(z)v are
not unique. This does not matter.

Let ¢ denote any binding point for D f™(z)v. By the definitions in Sect.2.6, there are two
mutually exclusive cases:

(a) ip = 1, and f™(z) is in critical position relative to (;
(b) Df™(z)(v) is in admissible position relative to .

Remark 3.2. Let ¢, ¢’ denote two different binding points for D f™(z)v. If (a) occurs for (,
then (a) has to occur for ¢’ as well, for otherwise one can find a horizontal curve on which ¢
and (' lie, a contradiction.

In case (a), the contraction estimate (ii) in Proposition 2.1 is in place. In case (b), all the
estimates in (i) in Proposition 2.1 are in place: the loss of expansion and regularity suffered
from the return are recovered at the end of the bound period.

In addition, in case (b), one can repeat the binding procedure in the following manner.
Write m = m;. Let p; denote the bound period. (e,f) Proposition 2.1 implies that v is 1/10-
regular up to time my + p;. Let my > my + p; denote the smallest such that f™2(z) € I1(9).
By Lemma 2.1, v is 1/10-regular up to time msy. Subsequently one may repeat the binding
procedure once again, replacing m — mq, f™(z) — f™2(2), Df™(2)v — Df™2(z)v.

In this way, one can (if (a) does not occur) define integers

my <myp+p <mg<mg+p <mz<---

inductively as follows: for k > 1, let pj be the bound period of f™*(z), and let my,; be the
smallest j > my, + py. such that f7(z) € I(). (Note that an orbit may return to 7(4) during
its bound periods, i.e. (my) are not the only return times to 7(4).) This decomposes the orbit
of z into segments corresponding to time intervals (my, my + px) and [my + pg, myy1], during
which we describe the orbit of z as being“bound” and “free” states respectively; m; are called
times of free returns.

Remark 3.3. Let us consider the case where the above hypothesis is satisfied for every
n > log(1/0). Then, the binding procedure allows us to keep in track the evolution of any
individual complete orbit in W*, decomposing it into bound and free segments. However, this
procedure is not well-adapted to our phase-space construction in later sections, because:

e the choice of binding points relies only on the individual orbit under consideration and
neglects a global information on W*;
e there are ambiguities in the choice of binding points.

These issues will be resolved in Section 5, for parameters in A.
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4. PARAMETER EXCLUSION

In this section we construct the parameter set A in the theorem, having a* as a full density
point. The construction is done by induction: A =, ., A,, where A, is constructed at step
n, excluding from A,,_; all those undesirable parameters for which some critical approximation
may not have good critical behavior up to time 20n.

4.1. Critical approximations of f,- are non-recurrent. The construction of A and a
measure estimate of it closely follow [27], in which a positive measure set of parameters was
constructed corresponding to Hénon-like maps with nonuniformly hyperbolic behavior. One
key difference from [27] is the assertion that a* is a full density point of A. A key ingredient
for this is the next proposition, which states that the orbit of every critical approximation of
far 18 non-recurrent.

Proposition 4.1. For every critical approzimation ¢ of fu« of order n, fi.(¢) € {(x,y) €
R?: |z| > 9/10} holds for every 1 < i < 20n.

We postpone a proof of this proposition to Sect.4.10.

4.2. Definition of parameter sets. Let
N = [0‘1log(1/6)} .

Choose sufficiently small gy and b so that for any f € {f,: a € [a* — g9,a*|}, any critical
approximation has a good critical behavior up to time 20/N. This requirement is feasible by the
elementary fact that all critical approximations are contained in I(v/b). Set A, = [a* — ¢, a’]
for 1 <n<N.

Definition 4.1. Let n > N, a € A,,_; and suppose that f, has a good critical behavior up
to time 20(n — 1). Let 20(n — 1) < m < 20n. We say a nice critical approximation ¢ of f, of
order > n satisfies (G),, if:

(i) there is an well-defined decomposition of the orbit f(¢), f2(¢), -+, f™(¢) into bound and
free segments in the sense of Sect.3.4;

(ii) let ny < my < --- < ng < m denote all the free return times of ¢, with zy,--- , z, the
corresponding binding points. They are of order < n and

(10) Zlog 1f(¢) — 2| > —am.

Forn > N, define A, to be the set of all a € A,,_; for which every nice critical approximation
of order > n satisfies (G)a0,—1. In other words,

a€A,_1: (G),, fails for some 20(n — 1) < m < 20n
A1\ A, = ; i A .
and some nice critical approximation of order > n of f,
The next proposition allows us to proceed to the definition of A, with no vicious cycle.
Proposition 4.2. ([27] Proposition 5.1.) Let a € A,, and let ¢ be a nice critical approzimation

of order > n of f,. Then  has a good critical behavior up to time 20n.

Sketch of the proof. We just sketch the proofs of (G1), (G2). By the definition of A,,, ( satisfies
(G)20n—1- The length of the total bound states in the first 20n iterates of ¢ is bounded by
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(a) Proposition 2.1 and Condition (10). It follows that the total length of free states is
proportional to 20n. Lemma 2.1 gives (G1).

The function y in (G3) is defined as follows. Let j € [M,20n] and hy := j. Define a finite
sequence hy > --- > hy(;) of free return times of ¢ inductively as follows. Let }Alk-+1 denote the
largest free return time before h;, when it makes sense. Let py,; denote the corresponding
bound period. If

(11) P — Ty — prst < (1/X0) log(106),

then let hpyy = hyi1. In all other cases, hgyy is undefined, namely k = ¢(j). Define x(j) =
hy(j)- Obviously, x(j) < j holds. If (1 — y/a)j < x(j) did not hold, (11) would imply that
the total number of bound iterates in the interval [(1 — \/«)j, j] were bigger than a constant
multiple of /aj. While by condition (G), the total number of bound states in the interval
is smaller than a constant multiple of «j. If « is small, then these two estimates are not
compatible. O

4.3. Combinatorics. To estimate the measure of A,,_1\A,,, we first decompose it into a finite
number of subsets, based on certain combinatorics on itineraries of critical approximations.
We then estimate the measure of each subset separately, and unify them at the end. In this
subsection we introduce two integral components of the combinatorics.

Definition 4.2. Let f € {f,: a € A,_1\ A,}. Let ¢ be a critical approximation of f of order
> n. Let v < 20n be a free return time of {, with the binding point z. If v is not the first
return time to 1(9), then let ny < --- < n; denote all the free return times of ¢ before v, with
21, , 2 the corresponding binding points. Write ny1; = v and 2,41 = 2. We say v is a deep
return time, if it is the first return time to I(9), or else for 1 < s <,

t+1

(12) > 2log|f(C) = | < log|f™(¢) — -

j=s+1

Remark 4.1. If v is not a deep return time, by definition, the reverse inequality holds for
some i € [1,t]. This means that the effect of the free return at time v is negligible, compared
to that of the free return at time n;

Let f,( be as above and v a deep return time. Let pg, gs (1 < s < t) denote the corre-
sponding bound and fold periods. For each n, let

_ Jwnta (O

o, (¢) = T (O
where § = 4. For each i € [1,v) \ U<, [1s, 75 + ps — 1], let
oy lwia (9]
7O = Tl

Define

It is understood that the sum runs over all i such that f7(¢) is free.
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Lemma 4.1. ([27] Lemma 5.2.) For the above f,(, v, z, if v is a deep return time of ¢, then

[w, (O1,(C)] = |F7(C) — 2|2

Definition 4.3. (Addresses on the horizontal H) For each p > M, we fix a subdivision of
R x {+/b} into right-open horizontals of equal length /43” . We label all of them intersecting the
horizontal H := [—2,2] x {\/l_)} with [ = 1,2,3,---, from the left to the right. By a u-address
of a point x on H we mean the integer [ which is a label of the horizontal containing x.

4.4. Decomposition of the exclude parameter set at step n. Fix positive integers
m € [20(n — 1),20n), s, t, R. Fix the following combinatorics:

e sequences (p1, - , ), (T1,- -+ ,x5) of s positive integers;
e sequences (v1,- - 1), (N1, ,n), (r1,--+,r), (y1,- -+ ,y;) of t positive integers.

Let E, (%) = Enstr(---) denote the set of all @ € A, \ A, for which there exists a nice
critical approximation ¢ of f, = f of order n’ > n such that the following holds:
(Z1) (G).m—1 holds, and (G),, fails;
(Z2) 1 < --- < ps is a maximal sequence of [An']-hyperbolic times of the tangent vector
DfIL(F(C))ew (£(Q)) satistying

1 1 1

(13) §log(1/5) <n'—ps <log(1/0), n'—pm <6n, 6= wop 1
Since [In'] > log(1/6), Lemma 3.3 ensures the existence of such a maximal sequence;
(Z3) the point of intersection between H and the long stable leaf of order [6n'] — u; through
f1O71H0 () has 25 as its [On'] — p-address;
(Z4) 11 < -+- < v, = m are all the free return times in the first m iterates of ¢, with (y,---
the corresponding binding points;
(Z5) for each k € [1,t], the order of (} is n, < n. If v < m, then ry is such that |(, — f**({)| €
le=" e 1) holds. If v, = m, which means k =t and v; = m, then 7, is defined as follows.
If |f™(C) — 2| > e ™, then r; is such that |f™(¢) — 2| € [e™™, e ") holds. Otherwise,
Ty = am;
(Z6) the point of intersection between H and the long stable leaf of order [fny] through
771 (¢,) has g as its [Ang]-address.

forl1 <i<s.

Definition 4.4. If a € E, (%), then any nice critical approximation of f, of order > n for
which (Z1-6) hold is called responsible for a. The parameter set E,(*) an n-class.

By definition, any parameter excluded from A,,_; belongs to some n-class. We estimate the
measure of A, 1\ A, by estimating a contribution from each n-class first, and then counting
the total number of n-classes.

4.5. Digestive remarks on the combinatorics. Let us give some remarks on the meanings
of the hypotheses in the definition of E,,(x). (Z1) is a completely reasonable hypothesis. (Z4),
(Z5) are also reasonable. The remaining three hypotheses will be used to deal with two
problems intrinsic to two-dimension.

o Infinitely many responsible critical approximations. The first problem is that critical approx-
imations responsible for a single parameter are far from unique, and even infinite. Of course,
all of them have to be taken into consideration in the measure estimate of E, (). Conditions
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(Z2), (Z3) are used to deal with this problem. They allow us to reduce our consideration to
a finite number of parameter-dependent orbits, called deformations, introduced in Sect.4.7.

e [nfinitely many binding points. Binding points are far from unique, because of the way of
our definition of binding points in Sect.3.4. (Z6) allows us to deal with this problem, with the
help of deformations.

4.6. Full Lebesgue density at the first bifurcation parameter. We conclude that A
has a* as a full Lebesgue density point. Let |-| denote the one-dimensional Lebesgue measure.
For a compact interval I centered at z and r > 0, let r - I denote the interval of length 7|/
centered at . One main step is a proof of the next

Proposition 4.3. (Covering by intervals) Let m € [20(n—1),20n), s, t, R be positive integers.
For any n-class E,(m,s,t,R,---,) = E,(x), for any € € (0,e9), k € [1,t], there exist a finite
number of pairwise disjoint intervals {Jy;}i with the following properties:

(a) En(x)Na* —¢,a*] C Uz e~Tk/3 . i i;

(b) ift > 1, then for each k € [2,t] and Jy; there exists Jy_1; such that Jy; C 2e_rk—1/3~Jk,1J;
(c) 22 |1l < 3e.

This sort of covering originates in the works Tsujii [28, 29], and has been used in [27] for the
construction of positive measure set of parameters corresponding to maps with nonuniformly
hyperbolic behavior. For our purpose we need to develop it further.

Proposition 4.3 gives |E,(¥) N[a* —¢,a*]| < 3ee~38, where R = r1 475 - - - +r,. To conclude,
we need to count the number of all feasible n-classes. The counting argument in [27] shows
ﬁ((ﬂlaxl)v T (“8’ ZL‘S)) < “Ewn
and o
ﬁ(yh ) Vt)ﬁ(rh U 7Tt)ﬁ<n17 U 7nt)ﬁ(y17 e 7yt> < 67—(6)”4_577

where 7(§) — 0 as 6 — 0. [[27] Lemma 5.3] gives r; + - - - + 1 > am/2. Taking contributions
from all n-classes into consideration,

(A \A) N[ —ea][ <> Y Y |Eum.s,t,Rx)Na" —e,a7]]

m,s,t R>am/2 r1+-+rt=R

R
< e Z exp (_E) < ge /8,

R>an
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Let

1 2e
14 = l — .
(14) ) = 5o Og(ws)

The next lemma indicates that no parameter is deleted from [a* — ¢, a*] up to step [ng(g)/20],
namely [a* — €,a*] C A, holds for every 0 < n < [ng(e)/20].

Lemma 4.2. Let ag € [a* —¢,a*], and let {y be a critical approzimation of fa,. Then f7 (o) ¢
1(0) holds for every 1 < mn < min (ng(g),20§), where & is the order of (.

Therefore

IAN[a" —e,a*]| = |Ag N [a* —&,a*] y—Z| Ant \ AN a* —e,a’]|

=c— > (A \A)N[a—gaT]|[>e | 1- emon
n>[no(e)/20] n>[no(c)/20]
Since ng(e) — oo as € — 0, we obtain lim. o '|A N[a* —€,a*]| = 1 as desired. O

4.7. Parameter dependence of nice critical approximations. The rest of this section
is entirely devoted to the proof of Proposition 4.3 and Lemma 4.2. A key ingredient is a
deformation of a quasi critical approximation, developed in [[27] Section 4,5] for dealing with
the parameter dependence of critical approximations.

Definition 4.5. Let ¢ be a critical approximation of order n on a C?(b)-curve . We say (
1
is a quasi critical approzimation of order n on v if Df~"(()t(¢) is kZ-expanding up to time

[0n], where ¢(() denotes any unit vector tangent to v at .

For the purpose of introducing deformations, we make the following assumption. Let a €
la* — €g,a*]. Write f for f;. Let v be a C?(b)-curve in I(§). Let ¢ be a quasi critical
approximation of order n on «y. Assume:

 IDF(O)] 2 1 for L<i <

1

o Df7In(()t(¢) is k{-expanding and 6/160-regular, both up to time [On).

Let r denote the point of intersection between H and the long stable leaf of order [0n]
through ¢. Let | C H denote the horizontal of length 2x3’" centered at . By [[27] Lemma
4.1], ff[le" (1) is a C?*(b)-curve, and there ex1sts a quasi critical approximation of order n on it,

denoted by ¢(a) for which |¢ — ¢(a)] < (Cb)T holds.
It turns out that this picture persists, for a small variation of parameters. Let

(15) I,(a) = [a — K§, a + Ky

By [[27] Lemma 4.2, for all a € I,(a), fX™(1) is a C2(b)-curve. By [[27] Proposition 4.1,
there exists a quasi critical approximation of order n of f, on it, which we denote by ((a).

Definition 4.6. The map a € [,,(a) — ((a) is called a deformation of (.

The next lemma states that the “speeds” of deformations are uniformly bounded. Let “ -
” denote the differentiation with respect to a.
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Lemma 4.3. ([27] Proposition 4.2.) The a € I,,(a) — ((a) is C? and for all a € I,,(a),

max (K@) I€(@)]) < w52,

To introduce a main proposition we need some notation. Let ( be a nice critical approxima-
tion of f; of order n. For the deformation a € I,,(a) — ((a) of ¢ and ¢ > 0, let fi({(a)) = (;(a).
If v < 20n, f¥(¢) is free and ¢ has good critical behavior up to time v, then define

Jv(a, Q) = la—0,(¢), a+ 6,(C)].

Proposition 4.4. [[27] Section 5] Let ay € A,_1 and let {y be a nice critical approzimation
of fay, with a good critical behavior time v and f¥((y) is free. There exist an integer m and a
quasi critical approximation ¢ of order m such that:
(1) [ far (Go) = far (O] < (Cb)z;
(ii) the deformation a € I,,(ag) — ((a) satisfies:

(a) JV(C(),G()) C [m(ao)i

(b) the set {¢,(a): a € J,(ag, (o)} is a horizontal curve;

(e) [I6v(a) = &) = [[w(Co)llla = bl < 1 for all a,b € J,(Co, ao)-

4.8. Proof of Proposition 4.3. We choose each Jj,; so that it has the form Jy; = J,, (ak,i, Cei),
where ay; € E,(x) N[a* —¢,a"] and (; is some responsible critical approximation of f,, ;. In
what follows we describe how to choose (a.i, Cx;)i-

Start with & = 1. We describe how to choose (ay,(1); such that (a) holds with k£ = 1.
First, choose arbitrary a;; € E,(x) N [a* —¢,a*]. Let (i1 denote any responsible critical
approximation of f,, ;. We show

(16) En(*) N (Jl,l \ €7T1/3J1’1> = (Z)

If Ji 1 covers E,(x), then the desired inclusion follows. Otherwise, choose a2 € E,, () — Jy 1.
We claim that

(17) JiiNJig=0.

If Ji1NJy 2 covers E, (%), then the desired inclusion follows. Otherwise, choose a1 3 € E, (%) —
J11 U Jio. Repeat this. As the length of these intervals are uniformly bounded from below,
there must come a point when the inclusion is fulfilled.

Below we sketch the proofs of (16) and (17). To ease notation, write a; := a1, ¢ := (14
and Jl = Jl,z'; 1= 1, 2.

Sketch of the proof of (16). Choose an inter m, a quasi critical approximation ¢ of f,, of order
m, and its deformation a € I,,(a;) — ((a) for which the conclusions of Proposition 4.4 hold

up to time vy. In fact, (Z2), (Z3) allow us to choose such a deformation so that the following
holds:

o [/ (Q) = S (Clan) < e
e if a € Jy N E,(x) and z is any responsible critical approximation of f,, then |f*(z) —

f(Cla))] < e,

The second item states that, although responsible critical approximations for a single pa-
rameter a are not unique, all of their positions at time v} are well-approximated by that of

fi(C(a)).
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Now, let z; denote the binding point of order n; for f¥1(¢1) and let a € I, (a1) — 2 (a)

denote its deformation. (Z6) allows us to show that this deformation satisfies:

o |21 — z1(ay)]| < e

e if a € J1 N E,(x) and z is any responsible critical approximation of f,, with y a binding
point for f(x), then |y — z;1(a)| < e™".

The second item states that, although binding points are not unique, they are well approxi-
mated by z(a).

These four conditions altogether prohibit any parameter in a € Jy; \ e /3 . Ji1 from
belonging to E,(x), and consequently (16) holds. To see this, suppose that this is not the case
and a € Jyq \ e /3. Ji1, a € E,(x). Let x denote any critical approximation responsible for
a. Let y denote any binding point for f*(z). The triangle inequality gives

[f (@) =yl > £ (C(a) — fa (Clar))| = | £ (C(a) — fa (2)| — | f2H (Clar)) — £ ()
—f5(¢G) = 21l = 21 = 21(a)| = [z1(a) =y,

where, for the last term, z;(a) makes sense, because of J; C I,,(a;). On the first term,
Proposition 4.4 and Lemma 4.1 give

[for (Car)) = [ (Cla)) = flw, (G| - lax — a > 7"

The remaining four terms are < e ". It follows that |f¥'(z) — y| > e ™. This yields a
contradiction to the assumption that x is responsible for a. Hence a ¢ E, () holds.

Sketch of the proof of (17). For the discussions to follow, we need to introduce critical param-
eters [27]). For the purpose of this we make the following assumption and observation. Let

a € E,(x) and let 5 denote any critical approximation responsible for a. Let z denote any

~

binding point for f;*(¢), and let a € I,,, (@) — z(a) denote its deformation. Take an integer
m, a quasi critical approximation ¢ of f; of order m, and its deformation a € I,,,(a) — ((a)
for which the conclusions of Proposition 4.4 hold up to time v,. The “speed” of z(a) as a
sweeps in the interval I,,, (@) is bounded from above by in Lemma 4.3. On the other hand, the
“speed” of (,, (a) as a sweeps in the interval .J,, (a, ¢ ) is much faster, by Proposition 4.4. From
the proposition, J,, (a, Qt) C I, (a) holds. Hence, the comparison of the speeds and Lemma

4.1 together imply that there exists a unique parameter cq € e~ "/3 . Jy, (a, é’) such that the
x-coordinate of (,, (¢o) coincides with that of z(co).

Definition 4.7. The ¢ is called a critical parameter in J,, (a, ().

A proof of (17) is outlined as follows. Let co, ¢, denote the critical parameters in .J; 1, Ji o
respectively. Suppose that (17) does not hold. Then, from a distortion argument, |J; 1| = |.J1 2|
follows. As a2 ¢ Ji1, this implies ¢y # ¢,. In addition, it is possible to extend the domain
of definition of the deformation of (;; to the larger interval J; ; U Jj 2, so that all the above
properties of the deformation continue to hold. As a5 ¢ Ji 1, the argument used in the proof
of (16) gives a; o ¢ F,(*). This is a contradiction. Hence (17) holds.

Having chosen (aj_1,i, (4—1,); and the corresponding intervals (Jy_1 ), we choose (ay.j, Ck ;)
as follows. For each Ji_1;, in the same way as the proof of (16) it is possible to choose a
finite number of parameters a1, ayz, -+ in E,(*) N [a* —&,a*] N e ™1/3. J,_;; such that
the corresponding intervals Jy 1, Jy 2, -+ are pairwise disjoint and altogether cover K, (x) N
e Tk-1/3 . Ji—1,;- Now the issue is to show the inclusion Uj Ji; C Qe Th-1/3 . Ji—1,. This is a
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consequence of the fact that the center ay; of each Ji; belongs to e Th=1/3 . Ji—14, and any
Ji; does not contain the critical parameter in Jy_q . O

Lemma 4.4. For every i, ©,,(¢1;) < 2e.

As the intervals (J;;); are pairwise disjoint and intersect [a* — ¢,a*], Lemma 4.4 gives
> i 1414 < 3e. This proves (c).

It is left to prove Lemma 4.4. We use the following which can be proved by slightly extending
the arguments in Sect.4.1 and using the definition of quasi critical approximations.

Claim 4.1. Let ¢ be a quasi critical approximation of order n of f.«. There exists a critical
point z of for such that | — z| < (Cb)%en.

Proof of Lemma 4.4. Take an integer m, a quasi critical approximation ¢ of f,, , of order m,
and its deformation a € I,,(a1;) — ((a) for which the conclusions of Proposition 4.4 hold up
to time vy. If |J; ;| > 2¢, then a* € Jy; holds, because of a;; € [a* —¢,a*]. Then ((a*) makes
sense and we have /21 (¢1.) — G (0)] < 1121 (C1) = G (a10)| + G (a1) — G (") < 1. As 14

is a return time, f;? (1) € () holds. It follows that (,, (a*) is near 1(5). On the other hand,

Proposition 4.1 and Claim 4.1 together imply ¢, (a*) € {(z,y): |x| > 4/5}. A contradiction
arises. U

4.9. Proof of Lemma 4.2. A proof of this lemma also relies on deformations. We argue
by induction. Let (y be an arbitrary critical approximation of f,, of order £. Let 20N <
k < min (ng(e),20£) and suppose that fi (o) ¢ I(0) holds for 1 < i < k — 1. Note that this
assumption for k = 20N is satisfied. We show f¥ (¢) ¢ I(6). As (o is arbitrary, the claim
follows.

By the assumption of induction, ffo((o) is free. Take an integer m, a quasi critical approx-
imation ¢ of f,, of order m, and its deformation a € I,,(a) — ((a) for which the conclusions
of Proposition 4.4 hold up to time k. The definition of the interval J(ap,(p) and (14) give

| Jx(ag, Go)| > KodCy2F > 2¢.

As ag € [a* —€,a"], a* € Ji(ap,p) holds. Proposition 4.4, ((a*) makes sense and we have
| fE(Co) — Gula®)] < | fE (Co) — Crlao)] + |Ck(ao) — Ge(a*)| < 1. Proposition 4.1 and Claim 4.1
give G(a*) & {(x,y): |z| < 4/5}. Hence f5 (¢o) ¢ 1(6) follows. O

4.10. Proof of Proposition 4.1. In this subsection, all dynamical objects pertain to f,,
and f indicates f,-. Let r denote the point of the quadratic tangency near (0,0). Let S denote
the lenticular compact domain in 7(4) bounded by the segment in W* and the parabola in
W*(Q) containing r (cf. Figure 1). By (M1), all points in f(S) do not return to Ry under
positive iteration, and thus they are expanding. By Proposition 2.3, f(S) is foliated by long
stable leaves. Note that the leaf through f(r) contains the boundary of Ry.

Definition 4.8. Let v be a C?(b)-curve in W*(Q) stretching across I(d). We say ¢ € v is
a critical point on v if z € S, and the long stable leaf through f(z) is tangent to W"(Q) at

f(2).

A proof of Proposition 4.1 is briefly outlined as follows. We approximate any critical
approximation by a critical point. By definition, the orbit of every critical point do not return
to Ry. Hence the claim follows.
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Lemma 4.5. Let v be a C*(b)-curve in W*(Q) stretching across 1(6). There exists a unique
critical point on vy. In addition, For everyn > M there exists a critical approximation of order
n on vy within the distance (Cb)7 from the critical point.

Proof. Let I' denote any long stable leaf which is at the right of I'(r). By Remark 2.1,
[ intersects f(7y) at two points, or else I' is tangent to f() and the point of tangency is
quadratic. There exists only one leaf for which the latter holds, for otherwise two distinct
leaves intersect each other, a contradiction to the remark below Lemma 2.5. The pull-back of
the point of tangency is a critical point on «, denoted by (. Hence, the first statement holds.

Take z € vy with | —z| = b4, and write f(z) = (0, %0). Represent the two long stable leaves
as graphs of functions on [—v/b, Vb]: T(2) = {(x(y),y)} and I,(¢) = {(Z(y),y)}. Since the
Hausdorff distance between I',,(¢) and I'(¢) is < (Cb)", Lemma 2.2 gives |x(yo) — Z(yo)| =
|2zo—Z(yo)| =~ bZ. Since e, is Lipschitz, it follows that |z(y)—Z(y)| = Cb% for all y € [—v/b, VD).
Hence f~!'(T',(z)) intersects v at two points within (Cb)" from (. This and Remark 2.1
together imply the second statement. U

Let (y denote the critical point which is closest to @) in the Riemannian distance in W*(Q).
Let G denote the segment in W*(Q) with endpoints @, f((y). A proof of the next lemma is
given in Appendix.

Lemma 4.6. For every n > 0, any component of f™"(G) N1(8) is a C?*(b)-curve.

Proof Proposition 4.1. If |f~1"(¢) — f(r)| < 1/10, then let m = [#n] — 1. Otherwise, let
m = [In]. Then f~™(() is expanding. Let z denote the point of intersection between the long
stable leaf of order m through f~™({) and G. It is possible to take a curve v in G extending
both sides around z to length b3 . For otherwise the contraction along the long stable leaf gives
f™(Q) € I1(9), a contradiction because @ is a fixed point and @ ¢ I(4). By the definition of
m, y avoids the turn near f((p), and hence is C?(b). Then f™(v) is a C?*(b)-curve extending
both sides around f™(z) to length > b% . By Lemma 3.2, there exists a critical approximation
% of order n on f™(v) such that |¢ — 2| < (Cb)F holds. By Lemma 4.5and Lemma 4.6, there
exist a C?%(b)-curve 7/ in W* containing f™(v) and stretching across I(§), and a critical point
¢” on +' such that |z —¢”| < (Cb)F. It follows that | f1(C) — f(¢")] < (Cb)F for 1 < i < 20n.
As the orbit of (" is out of Ry, the claim holds. O

Standing hypothesis for the rest of the paper: f € {f,: a € AN (a*™,a*]}. Recall that
a** is the parameter corresponding to the manifold organization as in Figure 3. The positive
measure sets of parameters constructed in [5, 18, 30| corresponding to Hénon-like strange
attractors are not concerned, because they are at the left of a**.

5. DYNAMICS ON THE UNSTABLE MANIFOLD

In this section we develop a one-dimensional analysis on the unstable manifold W". In
Sect.5.1, we define a critical set C in W", as a set of accumulation points of critical approx-
imations. Each element of C is called a critical point. In Sect.5.2, 5.3 we prove some key
estimates on critical points. In Sect.5.4 we identify a geometric structure of W* near the
critical set.

Notation. For z € W*| let t(z) denote any unit vector tangent to the unstable manifold at z.
The boundaries of Ry in W" is called unstable sides, and denoted by ORy. Let OR,, := f"(ORy).



PREVALENT DYNAMICS AT THE FIRST BIFURCATION OF HENON-LIKE FAMILIES 21

5.1. The critical set. In the case W* = W*(Q), fix a fundamental domain F in W% (Q).
For z € F, define a sequence ny < ny+p; < ng < ng+ps < ng < --- inductively as follows: n;
is the smallest such that f"1(z) € I(J) and p; is the bound period of f™ (2); ng > ng_1 + Pr—1
is the smallest such that f"(z) € I1(d), and py, is the bound period of f"(z). From the fact
that @) is a fixed saddle, it follows that this sequence is defined indefinitely, or else there exists
an integer m such that Df™(z)t(z) is in critical position relative to critical approximations
of arbitrarily high order. If the latter case occurs, we let f™(z) € C. Since each such point is
isolated in W*", C is a countable set. In the case W* = W*(P), C is constructed in the same
way, with () replaced by P.

Proposition 5.1. The following holds for each ¢ € C:

(2) [lwa ()]l = X for n > 1;

(b) [lw; (O = e lwi ()| for 1 < i < j;

(c) there exists a monotone increasing function x: N O such that for each n, x(n) € [(1 —

Vayn,n] and (O > 8wl for 1< k < x(n);
(d) the long stable leaf T'(fC) is tangent to W™ at f(C) and the tangency is quadratic.

Proof. By definition, for each ( € C there exists a strictly increasing sequence m; < mgy < - - -
of integers and a sequence (,,,, Gn,, - -+ of critical approximations with good critical behavior,
such that (,, is of order my, and (,,, — ¢ as £ — oo. (a) (b) (c) are direct consequences
of this convergence. By the definition of C and (ii) in Proposition 2.1, #({) is contracted
exponentially by positive iterations. Thus ¢(f(()) is tangent to I'(f{). By Remark 2.1, this
tangency is quadratic, and (d) holds. O

Remark 5.1. In the creation of the theory of nonuniformly hyperbolic strange attractors
[5, 8,9, 18, 30], a key point of the arguments is to consider critical sets, which play the role
of critical points in one-dimensional dynamics. Our set C is designed to play the same role in
our context.

In the attractor context, critical sets have dynamically intrinsic characterizations [30], as
unique sources of non-hyperbolicity. On the other hand, our C may not have an intrinsic
meaning, because of possible escapes from Ry. If this happens for orbits of C, that means that
C depends on the initial modification of the maps on Dy, as in Section 2.2.

Nevertheless, the set C has to do with the hyperbolicity of the system in the following
sense. For each ( € C, let n(¢) > 0 denote the smallest such that f*(() is out of Ry.
If no such integer exists, let n({) = oo. The system is uniformly hyperbolic if and only
if supeec{n(¢)} < oo. This criterion is reminiscent of the classical fact in one-dimensional
dynamics [17], which states that an invariant set is uniformly hyperbolic if and only if it does
not contain critical points.

5.2. Recovering expansion. In this and the next subsection we assume that ( is a critical
point on a horizontal curve 7 in I(d). By this we mean I'(f() is tangent to f(v) at f({). We
state a version of Proposition 2.1. The difference is that ( is no longer an approximation and
a “genuine” critical point, and thus the estimates are available entirely on ~.

Write T(f¢) = {(z(y),y): ly] < Vb}. For each k > M, let Vi, = {(z,y): |z — z(y)| <
Di(O)/2, ly| < Vb}. If f(2) € Vi \ Viys, define a bound period p = p(C, z) by

p=x(k),
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I
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FIGURE 7. The relation between C%*~1 and C*). The shaded regions are com-
ponents of C*),
and a fold period ¢ = q((, z) by
g =min{i € [1,p): [ — 2" w1 (Ol = L for i < j <p}.
The next proposition is proved similarly to the proof of Proposition 2.1.

Proposition 5.2. Let z € v\ {C} and let t(z) denote any unit vector tangent to vy at z. Then:
_3
(a) p <log ¢ —2[73;

(b) ¢ < Cdp,

(c) [fH(Q) = fi(2)| < e for 1 <i < p;

(d) [¢ =2l < IDfI)H)] < I — 2] C:L

(&) [DfP (=) > [¢ — 2| Foce > e

(£) 1DfP(2)t(2)|| = (6/10)| D f(2)t(2)]| for O < i < p;
(&) IDf (2)t(2)|| = [¢ = 2llwi( Ol for g < i < p;

() [Df(2)(2)] <1 for 1 <i<gq.

5.3. Critical partitions. Using the family (V}) of vertical strips, we construct a critical
partition of 7 as follows. By Remark 2.1, v N f~}(V4 \ Viy1) consists of two components, one
at the right ¢ and the other at the left. For simplicity, let us denote both by 7. If f(vx)
does not intersect the vertical boundary of Vi, then we take v, together with the adjacent

Yrr1. We cut each v, into [e3**]-number of curves of equal length, and denote them by 7
(s=1,2,---).
Let dist(xs, () denote the distance between 7y s and (. Let
1
(18) Qo - — —GlogCO i 2

A proof of the next lemma is given in Appendix.

Lemma 5.1. For each ;s we have:

(a) length(ve,s) < dist(,s, C)1+m;

b) XK (y,.4) is a C*(b)-curve of length > e,
(b) fX (s, f leng ;
(c) For all £,m € s,

IDAB L]
D AXE ()t (n)

1] <[P0 - PO,
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5.4. Geometry of critical regions. We identify a geometric structure of critical regions,
close the one depicted in ([30] Sect.1.2). Let C9 = {(z,y) € Ro: |z| < §}.

Proposition 5.3. There exists a nested sequence C© > CM > C? > ... such that the
following holds for k =0,1,2,---:

(S1) C™® has a finite number of components called Q®) each one of which is diffeomorphic
to a rectangle. The boundary of Q¥ is made up of two C%(b)-curves of ORy, connected by
two wvertical lines: the horizontal boundaries are ~ min(28, k%) in length, and the Hausdorff

distance between them is O(b2);

(S2) On each horizontal boundary «y of each component Q%) of C¥) | there is a critical point
located within (’)(b%) of the midpoint of .

(S3) C™ s related to C*=Y) as follows: Q*~Y N Ry, has at most finitely many components,
each of which lies between two C?(b) subsegments of ORy, that stretch across Q%Y as shown
in FIGURE 7. Each component of Q%Y N Ry, contains exactly one component of C*).

(S4) Let Z®) denote the set of critical points on the horizontal boundaries of U?:o CY). Then
C= Uk:>0 =W

The rest of this section is entirely devoted to an inductive proof of (S1), (52), (S3). (S4) is
a direct consequence of this. In Section 5.5, we first describe a structure of the induction, to
make clear how to proceed from one to the next step. In Section 5.6 we treat an initial step
of the induction. In Section 5.7 we treat a generic step.

This induction includes a selection of binding points for orbits in W*. In view of our
construction in later sections, and to resolve the problems mentioned in Remark 3.3, these
binding points are selected from C according to a definite rule, and fixed once and for all.

5.5. Structure of induction. (S1), (S2) for £ = 0 are trivial. (S3) for £ = 0 is an empty
condition. Let us say that Ry is controlled up to time 0 by Z© . Using the critical partition
in Sect.5.3, we assign to all points in dRyNI(§) their binding points in Z(®) and bound periods.
This makes sense to refer to points in OR; as being free or bound.

Definition 5.1. Let j > 1 and assume:
(I)j_1: (S1-3) hold for 0 < k < j — 1, and Ry is controlled up to time j — 1 by ZU-b.
Under this assumption, we say:

e a segment in OR; is a free segment if all points on it are free;

¢ a maximal free segment in OR; is a free segment in OR; which is not contained in any other
free segment in OR;;

e a bound segment in JR; is any connected component of OR;\{maximal free segment in OR,}.

In the sequel we need two curvature-related estimates.
Lemma 5.2. Any free segment in OR; is a C*(b)-curve.

Proof. Let v be a free segment in dR;. Then 1 > C§||Df~"(2)t(z)|| holds for all z € v and

n > 0. Hence, the curvature of v is < v/b, by the curvature estimate in [[27] Lemma 2.4] and
the boundedness of the curvature of Wi.. The inequality for n = —1 implies that the slopes

of the tangent directions of  are < v/b. 0

Lemma 5.3. For any free segment v and n > 0, the curvature of f~"(v) is everywhere < 437,
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Proof. For z € 7, let k_,(z) denote the curvature of f~"(v) at f~"(z). If f7"(2) is free, then
K_n(z) < Vb, by Lemma 5.2. Otherwise, let m < —n denote the largest integer such that
f™(2) is a free return. [[27] Lemma 2.4] and k,,(z) < v/b give

o IDFREE L D))
wen(?) S VUOD ™M S Ciar T 2 O e

Since z is free, [|[Df~"(2)t(2)|| < 1/(rod), and thus for 1 < < —n —m,
DS R
IDf= ()t~

Replacing all these in the above inequality, we obtain x_,(z) < Cb§—343" < 437, O

(7,05)—14n'

Definition 5.2. Suppose that (S1-3) hold for every 0 < k < j. We say dRy is controlled up
to time j by ZU), if for any maximal free segment ~ in OR; there exist a horizontal curve ¥
which contains v and a critical point ¢ € ZU) on 7.

At step j — 1 of the induction, we show the implication (/),;—1 == (I);. Then, for all points
in OR; N 1(6) which are free, we assign their binding points as follows. For a maximal free
segment v in JR;, take (7,() as in Definition 5.2. We use ¢ as a common binding point for
points in y N I(0). Their bound periods are given by considering the critical partition of 4.
This makes sense to refer to points in OR;; as being free or bound.

5.6. From step 0 to step N. Let 1 < j < N and suppose (/);_;. The bound parts of OR;
do not come back to C¥; and R; N I(§) consists of C?(b) curves, each of which admits a
critical point. Define CY¥) = R; N C®. (I); obviously holds.

5.7. From step 2™N to 2™ N. The same argument cannot be continued indefinitely, be-
cause bound segments return to 1(J). To deal with these returns, we need the help of critical
points.

Lemma 5.4. For each ( € C there exist positive integers ny < ni+p1 < No < No+pa < ng <
-+ such that, for each ny, f™(C¢) € 1(6), and there exists a critical approzimation Z; relative
to which wy, (C) is in admissible position, with |f™(¢) — 2| > e~ ™.

The integers nq,no, - -+ are called free return times of .

Proof. We argue by induction. First, let n; = min{n > 0: f™*({) € 1(d)}. As I(J) is open,
ny = min{n > 0: f"((n,) € 1(6)} holds for all sufficiently large ¢. Let z,,, denote the binding
point for f™((,,), with a bound period p,,,. Passing to subsequences, we may assume that
both converge as ¢ — oo. Define 2y, p; to be the corresponding limits.

Given (ng, 2, pr), define ngy1 = min{n > ng + pr: f"(¢) € 1(0)}. Passing to subsequences
again, we may assume that f"*+1((p,,) is a free return to I(d), with a binding point 2,,, and
a bound period p,,,, both converging as ¢ — oo. Define Z11, pry1 to be the corresponding
limits. U

Definition 5.3. Let ¢ € C, with nq,ns, -+ and Z;, 2s,--- as in Lemma 5.4. We say ( is
controlled up to time n by Z*) if, for each n; < n there exists z; € Z*) such that |z — 2| =

O(b%), where ¢ is the order of Z;. Such z; is called a binding point for (.
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Clearly, every ¢ € C is controlled up to time 2N by ZN)  To proceed from step 2™ N to
step 2" N | it suffices to show

Lemma 5.5. Let m > 0. Suppose that (I)emn holds, and that every ¢ € C is controlled up to
time 2N by ZR™OND - Then:

(a) () holds for 2"N < k < 2™*IN;
(b) every ¢ € C s controlled up to time om+2 |\ by (2™ +10N])

Proof of (a). Assume (I);_; for some 2™ N < j < 2™+*!N. Then ZU~Y makes sense. We prove
(I); in three steps.

Step 1: Treatment of bound segments in OR,;.

Lemma 5.6. Let B be a bound segment in OR;. There exist N <1 < j and ( € = 201 such
that f'(¢) is free and d(f1(¢), B) < e~2,

Proof. We define a sequence zp, - - - , 2, in 2V~ and a sequence nq, - - - , n, of positive integers
inductively as follows. By the definition of bound segments, there exists 0 < ny < k such that
f~"(B) contains a critical point in = =0-m0) denoted by z,. If f70 (z0) is bound, let n; < ng
denote the free return time of z; with bound period pq, such that n; < ng < ny; + p;. Let
2z denote the corresponding binding point, which is in Z(1) ¢ Z6=1 by the assumption of
induction. If f0~"(z1) is bound, then let ny < ng—n; denote the free return time of z; with
bound period po, such that 0 < ny < ng —ny; < ny + ps. Let 25 denote the binding point,
which is in 22D ¢ ZU-1 and so on.

We must reach some ng and z, such that f0~"17"""(z,) is free. By the inductive assump-
tion, each z; is controlled up to time £ — 1. Hence, for each i = 1,--- , s we have p; < 47api_1.
Let d denote the Hausdorff distance. We have

d(B, fr7m T (25)) <d(B, [ (20)) + 1" (20) = [7 7 ()] + 1707 (z1) = f77M T (20)]
+ .-+ |fn0—n1—'"—n571(zs_1) o fno—n1—-~~—ns (Zs)|

S
< Z 2€f2apk < 36720493 < 36720‘(”0*"1*“'*%)7

k=0
where we have used Proposition 2.1 for the second inequality. As z, ; is bound at time
Ng— Ny — -+ —Ng_1, Mg — N3 — +++ — Ng_q1 < Ps holds. Hence ng —n; —--- — ny, < ps and the
last inequality holds. Take | = ny—n; —--- —ng and ( = z,. The argument shows N < [. [

Corollary 5.1. For any bound segment B in OR; and aj <i < j, BNCY =

Proof. Take [ < j and ¢ € V=Y such that the conclusion of Lemma 5.6 holds. If f(¢) € I(9),
then let z € =090 denote the binding point. We have d(B, z) > |f!(¢) — z| — diam(B) >
e~ — 622! > ¢=2al This implies BN C1) = (), and the claim holds. If f!(¢) ¢ I(d), then
let O = (0,0). If [ is large so that d(B,0) > |f'(¢) — O] — diam(B) > § — 2e72* > §/2 holds,
then the claim follows, because j > 0. If [ is so small that the last inequality does not hold,
then f!(¢) is near f(I(4)), which is away from I(4). O

Step 2: Construction of CY). Let QU= denote any component of CV~Y) which intersects IR;.
By Corollary 5.1, bound segments in dR; do not intersect CU~Y. Hence, each component of
QU=Y N R; is bounded by two free segments stretching across QU—1.
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Lemma 5.7. For any free segment v in OR; stretching across QU=Y | there exists a critical
point on vy within (’)(b%) of the midpoint of .

This lemma allows us to construct C%) so that (S2) (S3) hold.

Proof. By the closeness and the disjointness of the boundaries of QU=Y their tangent direc-
tions are close enough, for Lemma 3.2 to yield a critical approximation ¢y of order mg := j on
7, within O(b3) of the midpoint of .

We inductively construct a sequence (g, (1, - - - , of nice critical approximations on +, of order
mo < my < ---, such that: (a) myy € [Bm;/4,20m,); (b) |G — G| < (C)2 . The limit of
the sequence ((;); is a critical point with the desired property.

Given (; of order m; for some ¢ > 0, (;41 is constructed as follows. Let p; < po < ---
denote any infinite sequence of integers such that 1—16 < ﬁ < i for j = 1,2,---, and

pi—k
| D fE=H (G ()| > KOJT for 0 < k < pj. Lemma 3.3 ensures the existence of such a
sequence. Let p;;) be such that pj;) < 200m; < pjiy41. Define m;y; to be the smallest
integer such that [#m;;1] = p;i) holds. We have 0m 1 > f1ji)41/16 > 50m; /4. (a) allows us
to use Lemma 3.1, to create a critical approximation of order m;;1, denoted by ;1. (b) is a
consequence of Lemma 3.1.

We show that (;; is a nice critical approximation of order m;,; on . To this end, it suffices
to show the two conditions in (C3) in Sect.8. The second one is straightforward, because 7 is
a free segment. The first one is checked as follows. Since v is a free segment,

|l () — MRl (¢ )] < (red)TH(CB) 7

Let 4" denote the curve in f~"(y) connecting these two points. Lemma 5.3 implies, for
1< j < [0mia],

2
K4 > K3.

W=

IDf (2)t(2)] =

DN | —

This completes the construction of (¢;); and also the proof of Lemma 5.7. O

Step 3: Verification of (I);. To show the assertion on the Hausdorff distance in (S1), we
regard the horizontal boundaries of the component of CY=—1 N R; containing QU) as graphs
of functions 7;, 7, defined on an interval I of length 2x)7". Let L(z) = |y1(x) — v2(x)]. (S1)
gives L2 (z) < (C’b)% < length(I). Moreover |7, () — +4(z)| < L2 (z) holds, for otherwise v,
intersects v,. By this and the C2(b)-property, L(y) > L(z) — (L2 (z) — Cvblz — y|)|z — |
holds for z,y € I, which is > L(z)/2 provided |z — y| < L3 (z). Hence, area(QW) > L3 (z)/2
holds. If L(z) > b%, then area(QV)) > b%/Q, which yields a contradiction to area(QV)) <
area(R;) < (Cb).

We show that OR, is controlled up to time j. Let 7 denote any maximal free segment in
OR; intersecting I(§). We indicate how to choose the horizontal curve 7.

If vy QU~=Y =£ ) then v stretches across a component QU~1 and there exists a critical
point on 7, by Lemma 5.7. In this case, we take ¥ = 7. If yN Q*1D = let ky < k — 1
denote the largest such that C*) N~ # (). Let Q%) denote the component intersecting . Let
Qlko+1) denote any component of C*o+1) in Qo) Since the bound segments are small, there
exists a horizontal curve 4 which contains v and a critical point on 7.
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(Proof of (b)). Let ¢ € C, 2™ N < n; < 2™2N and suppose that n; is a free return time of ¢.
Let # denote the binding point of order ¢, as in Lemma 5.4. If f~(23)) ¢ f(I(5)), then the
long stable leaf of order [#¢] through f~l%(Z;) intersects ORy at one point, which we denote
by x. Otherwise, the long stable leaf of order [0¢] — 1 through f~1%4+1(%)) intersects OR, at
one point, which we denote by . In either of the two cases, | fI%(x) — 2| < (Cb)%, and

£ < Cany < 2™MN.
Claim 5.1. fl%(x) is free.
Proof. Suppose the contrary. Let B denote the bound segment containing f%¢(z), which is
in ORpg. By Lemma 5.6, B C I(0) and there exists | < [0¢], 2 € 2= such that f!(2) is

free and d(f!(z), B) < e??!. Let 2’ denote the binding point for f!(z). It follows that ¢ and
Z' lie on the same horizontal curve, a contradiction. 0

Let v denote the maximal free segment containing f%/(z). Lemma 5.6 implies that
stretches across Q%11 By the assumption of induction, there exists z, € 26 ¢ Z(2™10N])
located within O(b@) of the midpoint of v N Q¥I-1) By Lemma 3.2, there exists a critical
approximation z of order £ on 7 such that |f%(z) —z| = O(b%f). Lemma 3.1 implies |z, —z| <

(Ch) 5. Hence
o

20— 2] < |2 — f[eﬂ(ac)| + |f[9§](x) —z|+ |z =2z =0(0b%),

which means that ¢ is controlled up to time n, by Z(™6ND,

Proposition 5.3.

This completes the proof of

6. THE MEASURE OF W*N K+

Let | - | denote the arc length measure on W* (we will also denote by | - | the two-dimensional
Lebesgue measure, but never for both things simultaneously). The aim of this section is to
prove

Proposition 6.1. [W*N K*| =0.
The main step in the proof of this proposition is the next

Lemma 6.1. (Abundance of stopping times) Suppose that w is an element of some critical
partition constructed in Section 5.2. If w N Kt has positive Lebesque measure, there exist a
sequence QW) Q@) ... of collections of pairwise interior-disjoint curves in W*, and a sequence
of stopping time functions Sy, Ss---, Sp: Q%) — N such that:
(a) for a.e. z € WNK™ there exists a sequence wY) D w? > .. of curves such that w®*) ¢ Q)
for each k > 1 and {z} = o, w¥(2);
(b) 0 < Sy(wM) < Sy(w?) < ---, and “Dfsk(w::;>(5)t(5)|| < e for all £,n € w®;

D f5E D (m)e(n) |
(c) fo(w®) is a C%(b)-curve, stretching across one of the components of 1(115/10) \ I(9).

This is a direct consequence of the next large deviation estimate.

Lemma 6.2. (Growth to a fixed size) Let wy be an element of a critical partition, or a free
segment not intersecting 1(9) and stretching across one of the components of 1(116/10)\ 1(9).
If woN K™ has positive Lebesque measure, there exist a collection Q of pairwise interior-disjoint
curves in W* and a stopping time function S: Q — N such that:
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(a) for a.e. z € wog N K™, there exists w € Q containing z;

(b) for each w € Q, f5“\(w) is a free segment not intersecting 1(8) and stretching across one
of the components of 1(115/10) \ 1(8). The distortion of f5“)|w is uniformly bounded;

(c) there exists a constant C' depending only on the length of wy such that for every n > 0,

(19) {S>n} <Ce .
Here, {S > n} denotes the union of all w € Q such that S(w) > n.

A large part of this section is devoted to the proof of Lemma 6.2. In Section 6.1 we define
and describe the combinatorics of the partition Q and the stopping time S. In Section 6.2
we estimate the size of a curve with a given combinatorics, and combine it with a counting
argument, and prove Lemma 6.2. Lemma 6.1 follows from this. In Section 6.3 we show that
stable manifolds with ”good shapes” are more or less dense. Combining this topological result
with Lemma 6.1 we complete the proof of Proposition 6.1.

6.1. Combinatorial structure. Let wy be a free segment in W* as in Lemma 6.2. For each
n > 0, considering n-iterates we construct a partition P, of wp, and its subset Q,,. Each
element of P, is a countable union of elements of P, ;. Each element of Q is an element of
some Q,. If we QN Q,, then S(w) = n holds.

If wy is an element of a critical partition, let py denote the bound period. Otherwise, that
is, if woyNI(d) =0, let po = 0. Let ny = min{n > py: f"(w)NI(0) # 0}. For every 0 < n < ny,
set P, = {wp}, the trivial partition of wy.

Let n > ny. Given w € P,_1, Pn|w is defined as follows. The n is either cutting time or
non-cutting time of w. If n is a cutting time of w, f™(w) is cut into pieces. A pull-back of this
partition defines P,|w. If n is a non-cutting time of w, let Pp,|lw = {w}.

We describe when n is a cutting or non-cutting time of w. If f™(w)N1(0) =0, or f™(w) is
bound, then n is a non-cutting time of w. If f*(w)NI(6) # 0 and f"(w) is free, Proposition
5.5 ensures the existence of a C?(b)-curve 7 containing f"(w), and a critical point on v (any
C?(b)-curve with this property does the job). There are two mutually exclusive cases:

e wy contains at least one element of the critical partition {v; s} of 7. In this case, n is a
cutting time of wy. We cut w N I(0) into pieces, by intersecting it with the elements of
{7Vk.s}. The partition elements containing the boundary of w N I(§) are taken together
with the adjacent ones, so that all the resultant elements contains exactly one element
of {7ks}. If the component of w\ I(J) is > §/10 in length, then we treat it as an
element of our partition of w. Otherwise, we take it together with the adjacent vy .

e wy contains no element of {v;}. In this case, n is a non-cutting time of w.

Lemma 6.3. For each w € P, and all §,n € w and every k € [0,n] such that f"(w) is free,

DO C e
1D i < strae " (©) = f1 @I

If f7(€), f"(n) € I(116/10), then the factor 5'T*° can be dropped.

Proof. Let k < n and suppose that f*(w) is free. The time interval [k, n| is decomposed into
bound and free segments. Applying Proposition 5.2 to each bound segment and Lemma 2.1
to cach free segment, we have ||Df"*(2)t(z)|| > cde3™® for all z € f*(w). Since f¥(w) and
f™(w) are C?(b), it then follows that

(20) [F5E) = [E )] < (ed) e

log

A
3

CRIFE) = ()
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If f7(&), f*(n) € 1(116/10), then the factor § can be dropped, by Lemma 2.1.
Let n; < --- < ng < ngyq := n denote all the free returns in the first n-iterates of w, with
p; the corresponding bound period. Let

DU
% =108 o s e () ) 29 =
By Lemma 5.1 and (20),

DSy <Y (€)= [t ()| < 5a0\f’"‘( )= ().
=0 i=0

| D frosmramra(fra s ()™ ()]
|D frasr=na=ps (fra e (n) )L (fr74Pi () )]

log

By Lemma 2.1, f*(w) is a C?(b)-curve outside of I(d), for n; + p; < i < n;;;. Hence

-
IEED DI o LEHEL £ 5 > 17—l < S

J=0 i=n;+p; J=0 1=n;+p;

In addition, if f™(&), f™(n) € 1(116/10), then the factor § can be dropped. O

Definition 6.1. We say w € P, is an escaping element if (i) w N KT # 0; (ii) n is a cutting
time of the element of P,_; containing w, and f™(w) N I(d) = () holds.

Remark 6.1. By construction, if w € Q,, is an escaping element, then f"(w) is a free segment,
not intersecting I(8) and stretching across one of the components of I(156) \ 1(6).

Let Q,, denote the collection of all escaping elements of Q' which is not contained in escaping
elements in U0§k<n Q). Define Q@ = |J,, Q.. Define a stopping time function S: @ — N by
S(w) = n for each w € Q.

6.2. Large deviations. We show (19). By construction, this would imply that the elements
of P altogether cover wy N K.

Let @/ denote the collection of all w € Q,, such that there exists no element of Uo <ten Dk
containing w, and let |Q)| = 3" o |w|. Clearly, |Q), \ Q7| = {w € Q: S(w) > n}| holds.

Let ny > 0 denote the cutting time of wy. It is finite, and depends only on the length of wy.
This implies that, for n > ny, any element of Q' has an well-defined itinerary that is described
as follows. For each w, € Q/ \ Q7 there exist a sequence of integers 0 < n; < --- <ny < n
called essential free returns, and an associated sequence w; D --- D w, D w such that w; is
the element of Q,,. containing w, and n; is a cutting time of w; 1, with f™(w;) C I(20). Let
¢; € C denote the binding point for f™i(w;_1). Let p; denote the bound period. By an itinerary
of w we mean the sequence (nq,+p1, (1), (N2, £pa, Ca), -+, (g, £ps, (s), where +, — indicates
whether f™i(w;) is at the right or left of ;.

From this point on we assume

(21) n > 2n;.

By construction, f™(w;) and f™*Pi(w,,) are free segments. The following estimates are used
in the proof:
] < € and [§ )| 2 e
The first one follows from the definition of the critical partition. The second one is from
Lemma 5.1.
Let ngyq denote the cutting time of w,, which is well-defined because w, intersects K.
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20p1

Claim 6.1. n; 1 —n; — p; < for every 1 <i < s.

Proof. Since f™+1(w;) is also a free segment, in view of Proposition 5.2 and Lemma 2.1 we have
3> | fr(wy)| > cdes (nit1—ni=pi) g—4ap; Rearranging gives n; 1—n;—p; < % (log(1/6) + bap;) <

log1/8
2log2* O

2—/\0pi, where the last inequality follows from p; >

By definition, ngy; > n holds. Summing the above inequality over all 1 < k < s and then
using (21), we have

(22) n < _sz

Write w = wsi1. By f™*(w;11) C I1(116/10), the better version of the bounded distortion
estimate in Lemma 6.3 is available and we have

|w| < |ws’ ‘ 1| |W2| .. M < 95— 1 H ‘f 7‘+1 wz+1 < 7()\*304)(p1+-.-+ps—1)e*/\ps < e*()\f?)a)R’
jwi|  Jws—1] | fries (w

where R = Y7 | p;, which is > 3% by (22). Hence

2N =>" > < ZZQS ( ) OSSR ¢ Ttk < (S0

p1+'--ips=R R>Mn/40

For the last inequality we have used s/R < 2log2/log(1/6) and (£) < e#OE where 3(§) — 0
as 0 — 0, which follows from Stirling’s formula for factorials.

Proof of Lemma 6.1. 1t is now straightforward to define the sequence Q;, Q,, - - - of collections
of pairwise interior-disjoint curves in wy and an associated sequence of stopping time functions
S1,99,+++ in Lemma 6.1. Let Q; = O and S; = S. Given Qp and S, for each w € Oy
define a partition Q' of f%(“)(w) and a stopping time function S’: Q" — N, replacing wy in
Lemma 6.2 by f%®)(w). This defines Qi1 in the obvious way. For w’ € Q1 we define
Spa1(W) = Sp(w) + S (f«)(w'), and so on. The bounded distortion follows from Lemma
6.3.

6.3. Proof of Proposition 6.1. The next lemma relies on a continuity argument within a
small parameter range containing the first bifurcation parameter a*, and is not valid for the
parameter ranges treated in [5, 18, 30]. Recall that a** denotes the parameter corresponding
to the manifold organization indicated in Figure 3.

Lemma 6.4. There exist e, € (0,a*—a**) and o € (0, 1) such that for any a € [a*—e1,a*] and
any C?(b)-curve ~ in W stretching across one component of I1(156)\ 1(8), [yN K| < o -|y].

We finish the proof of Proposition 6.1 assuming the conclusion of the lemma. Assume
|[W* N K*| > 0. Then one can choose an element w of some critical partition for which
lw N K| > 0 holds. By Lemma 6.1 and Lemma 6.4, for a.e. z € wN K there exists an
arbitrarily small neighborhood of z in W™ in which the set of points which eventually escape
from Ry has a definite proportion. It follows that z is not a Lebesgue density point of wN K.
This yields a contradiction to the Lebesgue density theorem.
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It is left to prove Lemma 6.4. The following elementary observation is used, on the top
quadratic map go: [—1,1] O, g2(x) = 1 — 22%: 1/2 is a repelling fixed point, and the set of
preimages | J,,~o g2 "(1/2) is dense in [—1, 1], not containing 0.

By a vertical curve we mean a curve such that the slopes of its tangent directions are > 1.
Let lp € W*(Q) denote the segment in W*(P) which contains P and stretches across R.
Clearly, [y is a vertical curve. Iterating [, backward, it is possible to choose an integer N,
independent of b, and to define a sequence Iy, [, - ,lxy, of vertical curves in W#*(P) which
stretch across Ry, and with the property that any C?(b)-curve as in the statement of the
lemma intersects one of them in its middle third. This picture persists for all a € (a™,a*)
sufficiently close to a*. By the definition of a**, W*(P) is not contained in [—2,2]%. By
Inclination lemma, the conclusion holds. 0

7. DYNAMICS OF LEBESGUE TYPICAL POINTS

In this last section we show (,~, f~"(Ro) has zero Lebesgue measure, and completes the
proof of the theorem. The main step is a statistical argument, which enables us to show that
the occurrence of infinitely many close returns is improbable. This sort of argument has been
successfully undertaken by Benedicks and Viana [6] in the attractor context. We adapt it
to our non-attracting context, with the help of the geometric structure of critical regions in
Proposition 5.3. In addition, we dispense with any assumption on the Jacobian, which was
assumed in [6, 30].

As a preliminary step, in Sect.7.1 we construct a family long stable leaves near each critical
point. In Sect.7.2, using these leaves we define critical rectangles. In Sect.7.3 we introduce
close return times as particular return times to critical rectangles, and show that the theorem
follows from Proposition 7.2, which states that the occurrence of infinitely many close return
times is improbable.

For the proof of Proposition 7.2, based on preliminary geometric constructions in Sect.7.4,
7.5, we construct in Sect.7.6 an infinite nested sequence 2y D €7 D ---. Each € is decom-
posed into rectangles, bordered by stable leaves and pieces of W* and denoted by Rj,..,.
The sequence (ig, - - - , i) records the recurrent behavior of the iterates of the rectangle to the
critical set. Combining these geometric ingredients with key analytic estimates in Sect.7.7,7.8,
we complete the proof of Proposition 7.2 in Sect.7.9.

7.1. Construction of long stable leaves. For the purpose of stating the next proposition,
we introduce a distance de(-) to C as follows. Let z € W*\ |, ., f"(C) and suppose that z
is free. If z ¢ I(0), then let de(z) = |z|, where z = (z,y). Otherwise, let { € C denote the
binding point for z and let de(z) = |z — ¢|. If 2z is bound, then d¢(z) is undefined. For a free
segment w, let de(w) = min, e, de(2).

The next proposition indicates the existence of a family of long stable leaves near each
critical value. In addition, these leaves have a slow recurrence property to C.

Proposition 7.1. (Long stable leaves through slowly recurrent points) Let ( be a critical
point on a free segment . For each element wqy of the critical partition of v there exists z € wy

such that de(f"(z)) > 6e~>*™ holds for every n > 0 such that f"(z) is free. In addition, the
long stable leaf through f(z) ezists.
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Proof. We divide the proof into three steps. First, we prove the existence of z € wy with the
property as in the first half of the statements. Next, we give an angle estimate. Finally, we
show the existence of long stable leaves through f(z).

Stepl. Construction of slowly recurrent points. Let ng = 0. Let py denote the bound period

of wy. Let Py, Py, P, denote the sequence of partitions of wy constructed in the same
way as in Sect.6.1. We construct a (possibly finite) sequence pg < ny < ny < --- and a
nested sequence wy D wy; D we D --- of curves for which the following holds for every k£ > 0.

Obviously, any point in the intersection (), ,ws satisfies the desired property:

e wi; € P,,, and for every 0 < n < ny, such that f"(wy) is free, de(f"wy) > de "
® 1,1 is a cutting time of wy. If there exists no cutting time of wy, then n;; is undefined.

The construction of the sequence is by induction that is described as follows. Given ny,
Wk € Py, such that f™(wg) C ](%5), with a bound period py, define ng 1 > ny + py to be the
cutting time of wy. We claim that f™+1(wy) is a free segment of length > de =™ +1. Indeed,
by Lemma 5.1, f™*Pk(w,) is a free segment of length > e~4°Pk. Using Lemma 2.1 from time
Ng+Pr 10 N g1, | F54 (wi)| > 8| f TP+ (wy )| > de~@™+1. Hence, it is possible to take an element
Wi+1 € Ph,,, such that w1 C wy, [ (We1) C I(%(S) and de(f™ 1wy, 1) > de omk+1, To
recover the assumption of the induction, it suffices to show de(f"wi) > de >*" for every
ny +pr < n < ngyq such that f"(wy) is free. If f*(wy) NI(6) = 0, then de(f"wy) > § > de "
holds. To treat the case where n is a free return time, we need

Sublemma 7.1. Let ny < --- < g denote all the free return times of wy in [ng + pr, Nks1),
with p1,- -+, Pps the corresponding bound periods. Then

- . 13c

P+ +ps < )\pk-

Proof. Splitting the time interval [ng + pg,ng11) into bound and free segments, for all z €
FrtPE () we have || D free1=m Pk (2)t(z)|| > 3@+ +P5) Combining this with | f™ 7+ (w;,)| >
e~1ePk from Lemma 5.1, 3 > | f™+1(wy,)| > e3Pr+Ps) 40Pk The first inequality is due to the
elementary fact that the forward iterates of wy cannot grow to a free segment of length > 3
without intersecting I(d). Taking logs we obtain the desired inequality. U

_logCqg ~ _ 5alogCy

For each n; we have de(f™(w)) > e 3 Pi > e~ x Pk > §e 2" The last inequality
follows from p;, < —3 log(de™?2").

Step2. Angle estimates. We introduce a useful language along the way.

Definition 7.1. Let z € I(§) \ C. A tangent vector v at z is in tangential position relative to
¢ € C if there exists a horizontal curve v which is tangent to both v and ¢(().

Let z € wp have the property in Lemma 7.1. Let 6,, = angle(D f"(2)t(z), w,(z)). Let 0 =:
ng < niy <ng < --- denote all the free return times of z, with (o, (1, (s, -+ the corresponding
binding points. The next lemma allows us to use (j as a binding point for w,, ({).

Lemma 7.1. For every free return time ng > 0 of z, 0, < (Cb)3 holds. In addition, w,, (z)
15 1n tangential position relative to (.
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Proof. Let pi denote the binding period for ny. The next three angle estimates follow from
[[27] Sublemma 3.2.]:

o IDFEUE] T oo
(23) 0 < OO0 D i ) T ) = O

(24) 9”k+1 < 9”k+pk

o D o ()]
COb)k+1=nk=Pk)/2 H k+Pr for k > 0;
(C%) D7 (] [was ()]

) b < g (Copr PPN oG

1D fretee ()t (2) || [1wnyi (2)]
Using these, we prove the statement by induction on k. Take & = 0 in (24). By (23) and
Lemma 2.1, the two fractions of the right-hand side are < 1/6 and 6,,, < (Cb)™/3 holds. This
estimate and the distance bound in Lemma 7.1 implies that w,, (z) is in tangential position
relative to ¢;. Then, taking k = 1 in (25) we get 0,1, < (Cb)™1+P)/3. Taking k = 2 in (24)
we get 6, < (Cb)"2/3, and that w,,(2) is in tangential position relative to (5, and so on. [

Step 3. The existence of long stable leaves. In view of Lemma 2.5, it suffices to show that
f(z) is expanding.

Lemma 7.2. Forn > 1, |[w,(2)| > min(5e%n,4_3aTn).

Proof. The inequality clearly holds for every 1 < n < py. Suppose that f"(z) is free.
Applying Lemma 2.1 to each free segment and Proposition 2.1 to each bound segment, we
have [|w,(z)| > se™5". Suppose that f™(2) is bound, that is, ny < n < ny + p holds
for some ny. A better estimate ||wy,+p, (2)| > e3(mtpe—) > 1 dropping the factor d and
|IDf|| <4 give ||lw,(2)| > 4’("k+p’“’")||wnk+pk(z)|| > 47Pk, Substituting pr < 30‘% < ?’O‘T” into
the exponent yields the desired estimate. This completes the proof of Lemma 7.2 and hence
that of Proposition 7.1. O

7.2. Critical rectangles. Let Q®) denote any component of C*). Let (y,(; denote the
critical points on the horizontal boundaries of Q*). Take curves 7, 1 of length § 16 in the
horizontal boundaries of Q%) so that: (i) 7o (resp. 71) contains (o (resp. ¢;) within O(b1) of
the midpoint of it; (i) o, 71 are connected by two vertical lines. Let B*) ¢ Q%) denote the
region bordered by 7, is connected to ; by the two vertical lines through their endpoints.

We construct a region Bék) C B® as follows. Assume I'((p) is at the right of I'((;). Choose
a point z € v, for which 6% < |z — (4| < 8%, and de(f"2) > de~5" holds for every n > 1.
Proposition 7.1 ensures the existence of such a point. For the reason explained in Sect.7.4,

['(z) intersects f(v;) exactly at two points.
By (5), the Hausdorff distance between I'(z) and I'({y) is < C|f(z) — f(&)| + C|f(¢) —

f(Co)| < C8%. Hence, I'(z) intersects f(7) at one point. For the reason explained in Sect.7.4,
['(z) intersects f(7) exactly at two points. Define B(()k) to be the region bordered by 7o, 71
and the parabola f~1(I'(z)). By construction, the horizontal boundaries of B((Jk) extend both
sides around (g, (; to length from ~ 6% to ~ §3. We call B(()k) a critical rectangle of order k.
Let A® denote the collection of all Bék).
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Definition 7.2. We say z € I(6) is controlled up to time v > 0 if f"(z) ¢ A™ holds for every
1 <n <v. Wesay z is controlled if it is controlled up to any time.

The next lemma indicates that, if z is controlled, then there exists a long stable leaf through

f(2).

Lemma 7.3. If z € I(6) is controlled up to time v, then |[w,(z)|| > 6~ x  holds for 1 <n <
v.

Proof. We inductively define a sequence 0 < ny < ni+p; < ng < no+py < -+ <ng < ng+ps <
v of integers and critical points (y, (o, - - - , (s such that: (i) f™(z) € I(9) for each n;, and wy, (2)
is in tangential position relative to ¢;, with p; the bound period and |f™(z) — (,,| > §*™; (ii)
141 is the next time of returns to () after n; + p;.

Given ny, ¢; and py, let ngyq > ny + p; denote the smallest such that f™+1(z) € 1(4). By the
assumption, f™+1(z) ¢ A+ holds. Let k denote the largest integer such that fm+1(z) € C*),
and let Q) denote the component of C*) containing f™+1(z). By (S3), f™+(z) is in tangential
position relative to critical points on the horizontal boundaries of the component of C*~1)
containing Q*). Choose one of them as (4.

Suppose that n; < n < n;+p; holds. In the same way as in the proof of Lemma 7.2, we have
|w,(2)| > 4771 Substituting p; < %2 1og(1/6) into the exponent yields the desired inequality.
For all other n it is immediate to show the desired inequality, in the same way as in the proof
of Lemma 7.2. O

7.3. Infinitely many close returns are improbable.

Definition 7.3. We say z € I(J) makes a close return at time v if z is controlled up to time
v and f¥(z) € AY). We say v is a close return time of 2.

Let z € 1(5). Let vy, vs,--- be defined inductively as follows: v is a close return time of z;
given vy, -+ , 1, let vy be the close return time of f*1+*2+ v (2) € [(§). If vy,--- 1 are
defined in this way, we say z has k close return times. If the sequence is defined is indefinitely,
we say z has infinitely close return times. Otherwise, we say z only finitely many close return
times.

Let ko be a large integer. In what follows, we request that ky is sufficiently large, only
finitely many times. Let . denote the set of all z € A%*0) which has infinitely many close
return times. We have Qo = ()~ &, where ; denotes the set of all z € A%0) which has k
close return times. The inclusion €, C Q)_; is obvious from the definition.

Proposition 7.2. |Q|/|Q%k-1] = 0 exponentially fast, as k — co. In particular, Qs has zero
Lebesgue measure.

Let A = (50 f"(Ro). We show how |A| = 0 follows from this proposition. To see this,
suppose |A| > 0. Lemma 2.1 indicates that A intersects |J, -, f~"(I(0)) in a set with positive
Lebesgue measure. For almost every z € A N, -, f"(1(5)), define m(z) > 0 to be the
smallest such that f™®(z) is controlled. Let us see m(z) is well-defined. This is clear in
the case z ¢ [, -, f"(A*)). Otherwise, take ig(2) > 0 such that f©®)(z) € Akl By
Proposition 7.2, one of the following holds almost surely: either (i) f()(z) is controlled,

or else (ii) f%®)(2) has only finitely many close return times, denoted by vi,--- 1. By
definition, flot1+ (2} is controlled.
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Let V; = {z € ANU,>0 [ "(L(5)): m(z) = j}. Take j such that |V;| > 0. By definition,
any point in f7(V}) is controlled, and thus f77!(V}) is foliated by long stable leaves. Consider
the projection 7: fIT1(V;) — OR, along the long stable leaves. (5) says that 7 is Lipschitz
continuous. In particular, w(f71(V})) has positive one-dimensional Lebesgue measure in W*.
By the contraction along the leaves, w(f7™(V;)) € K holds. This yields a contradiction to
Proposition 6.1.

The rest of this paper is devoted to the proof of Proposition 7.2. Before proceeding, let us
give some estimates on close return times which will be used in the sequel. Let z € ), and
let vy, -+, denote the corresponding sequence of k close return times of z. By definition,
for every 1 <1<k —1, f*(z) € A™ holds. Let ¢ denote any critical point on the horizontal
boundary of the component of A™) containing f*(z). By definition, |f*(z)—(| < C§ 7 holds.
Then

170 (2) — Q)] S 0674 < e for 1 < i < 4y,
This implies
(26) v >4y for 1 <[ <k.
The same reasoning gives v; > 4kg, and thus

(27) v > 4ky for1 <1<k

7.4. Partitions of critical rectangles. By a rectangle R we mean a compact region bounded
by two disjoint curves in W* and two disjoint stable leaves. The boundaries of R in W™ are
called unstable sides. The boundaries in the stable leaves are called stable sides.

We define partitions of rectangles, using the families of long stable leaves constructed in
Section 7.1. To this end, let us fix once and for all an enumeration C = {(,}5_, of all the
critical points and let 7,, denote the maximal free segment containing (,,. We deal with a
rectangle R in I(6) such that:

(R1) the unstable sides of R are made up of two free segments, each contained in 7,,, and
Yo, - In addition, |Gy — G, < (Cb)?2 holds for some k > 1;

(R2) the unstable sides of R extend to both sides around (., (m, to length ~ §%;

(R3) T'(¢my) is at the right of T'((p, );

(R4) there exists a long stable leaf T'y, such that f~!(T',) contains the stable sides of R.

One situation we have in mind is that two maximal free segments in OR,, stretch across B((]k),
where k < v. If this happens, then the region bounded by the two maximal free segments and
the stable sides of B(()k) is a rectangle satisfying all the requirements.

By Lemma 7.1, in each element of the critical partition of ,,, there exists a point z such
that the long stable leaf through f(z) exists. Take just one such point from each element
of the partition and denote the associated countable number of long stable leaves by I'a,
A =—1,-2-3,--- from the left to the right. We repeat essentially the same construction
for v, The difference is that, only those of the elements of the critical partition of ~,,, come
into play whose f-image is at the right of ['((,,,). We denote by I'a the associated countable
number of long stable leaves at the right of I'((,, ), where A = 1,23, -+ from the left to the
right.

We claim that, if A > 0, then f~'(Ta) intersects the unstable side of R containing (,,
exactly at two points, one on the right of (,,, and the other on the left. To see this, Let
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FIGURE 8. critical rectangle and its partition with long stable leaves

z € f7YTa) be on the unstable side and split D f(2)t(z) = A(z) (§) + B(2)tr,(z), where the
first component of ¢(z) is positive and tr, (z) denotes any unit vector tangent at f(z) to ['a.
The proof of Lemma 2.2 and (5) show |A(z)| > 0 and A(z1)A(z2) > 0 if and only if 21, 2, are
on the same side of (,,,. Hence the claim follows.

If A <0, then f~}(T'a) intersects the stable side of R containing (,,,. By the above claim,
S~ (Ta) intersects each of the unstable sides of R exactly at two points. These observations
and the Lipschitz continuity of the tangent directions of long stable leaves as in (5) altogether
indicate that the family of long stable leaves induces a partition of R. Each element of the
partition is a rectangle, bounded by the unstable sides of R and two neighboring parabolas

fHTa), f (T ag).

7.5. Symbolic coding. Each rectangle in the partition of R constructed in Section 7.4 is
denoted by R(p, €, A, p). Here, the meanings of (p, e, A, p) are as follows:

e if the unstable sides of R(p, ¢, A, p) intersect both 7,,, and 7,,,, then p = m;. Otherwise,
p = My;

o if p = my, then e = 0. If p = my, then e = + or ¢ = —, depending on whether the unstable
sides of R(p, €, A,p) is at the “right” or the “left” of (,,, and (,,;

e the stable sides of f(R(p,€,A,p)) are contained in ['a UT'a41.

e p = max{p(¢,s 2): 2 € 3, N R(p, &, A,p)}.

The integer p is called a bound period of R(p,e, A, p). By the monotonicity of the function
p(Cp, 2), the maximum is attained at one of the edges of R(p, e, A, p). It is immediate to see
the following:

(i) all points in f(R(p, €, A, p)) are expanding up to time p;, — 1;
(ii) for all £&,m € R(p, e, A,p) and every 1 <7 < p, |[Jw;(§)]|/||wi(n)] < 2.
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Lemma 7.4. (Geometry of rectangles at the end of bound periods) For all z in the unstable
sides of R(p,e, A\, p), ||DfP(2)t(z)]| > CO||Df(2)t(2)] holds for every 0 < i < p. In particular,
the unstable sides of fP(R(p,e,A,p)) are made up of two C?(b)-curves.

Let us say that z,2’ € OR;, belong to different unstable sides of R;, if they belong to
different components of OR;,. Otherwise we say they belong to the same unstable side.

Proof. Let ¢ denote the critical point on the unstable side of R which contains z. Let p((, 2), ¢((, 2)
denote the bound and fold periods of z with respect to (, as defined in Sect.5.2. In view of
(ii) as above and (g) Proposition 5.2,

(28) IDf ()t ()]~ IC = 2] - [lwi(O]l for q(¢, 2) < i < max(p(C, 2),p).

Let &1,&9, &5, &4 denote the edges, namely, the points which belong to both the stable and
the unstable sides of R(p, ¢, A, p). In the discussion to follow, we assume that &;, &, are on the
same unstable side of R, and f(&;), f(&4+2) (i = 1,2) are connected by the long stable leaf
which contains the stable side of f(R(p,€, A, p)).

Case 1: ¢ = 0. In this case, &1, &2, &3, &4 are on the same unstable side of R. We suppose that &;
is closest to (. Then p = max(p((,&1),p(¢, &)) holds. (5) and Lemma 2.2 give |(—&;| ~ [(—&;5].
Hence, (a,b) Proposition 5.2 gives

¢(¢. ) < Camax(log|¢ — & log ¢ — &[71) < p.
This means that (28) holds for ¢(¢, z) < i < p and therefore

IDFEE] (O]
D@~ e =

For 1 <i < ¢q((, 2),

IDfP()t)]]
1D f(2)t(2)]

The first inequality follows from (h) Proposition 5.2. The second inequality follows from
|wp(Q)]| = Céllwpc,2)(¢)]]. For the third inequality we have used |¢ — z|||wpc)(C)]] > |¢ —

z|_1+ﬁ > 6 "= which follows from (e) Proposition 5.2.

Since the unstable sides of R(p, ¢, A,p) are C*(b), these two inequalities and the curvature
estimate in [[27] Lemma 2.3] together imply that the unstable sides of fP(R(p,€e, A,p)) are
C?(b).

Case 2: ¢ = + or —. & and & (resp. & and &) belong to different unstable sides of R.
We suppose that I'(f(&)) is at the right of I'(f(£2)), and that & and ¢ belong to the same
unstable side of R. Let ¢’ denote the other critical point of R on the unstable side of R. Then
p = max{p((,&1),p(¢,&)} holds. By (5) and Lemma 2.2 again, |( — z| > C|¢ — &| and
IC — 2| > C|¢ — &]l. Hence, q(¢,z) < Calog|¢ — z|7' < p. This means that (28) holds for
q(¢, z) < i < p. The rest of the argument is analogous to that in Case 1. O

> DU 2 COlC — lllwpes Ol > C5= > 6
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FIGURE 9. Situation in Proposition 7.3

7.6. Construction of partitions. Let Qy = A®*°) Putting the results in Sections 7.4, 7.5
together, for each k£ > 0 we inductively construct a partition of €2 into a countable number of
rectangles. Each element of the partition of 25, will be denoted by R, ...;,, where (i, - - - , i) are
itineraries which record the behavior of the rectangle under iteration, up to time vy + - - - 4 1.

Construction of the partition of Qy. Take a component of A%*°) and denote it by R. Following
the steps in Sect.7.4, define a partition of R with the family of long stable leaves. To each
element of the partition, assign the set of symbols according to the rule described in Sect.7.5.
Each element is denoted by R;,, where iqg = (po, €0, Do, Po) and R;, = R(po, €0, Do, po). We do
the same construction for any component of Alko),

Construction of the partition of . Given the partition {Rj,...., , }ig. in_, Of Qx—1 for some
k > 1, define Ry, (k) = {z € Riyip_, : Vk is a close return time of f*t +"-1(z)}. Here
and for the rest of this section we adopt the next

Convention. vy = 0.
By definition, ; = U(io,~~~,ik_1) Uyk Riy...i,_,(vx) holds.

Proposition 7.3. (Geometry of rectangles at close return times) Let z € for-1(R; ;. )
and suppose f"¥(z) € Béy’“) C BW). Then the unstable sides of f'* T (Ry,.i,_,) N BY) are
C2(b)-curves stretching across B¥x).

We finish the construction of the partition of €2, assuming the conclusion of the proposition.

Take a component of f'* (R, ;. (1)) and denote it by R. By the proposition and
the geometric structure of critical regions in Proposition 5.3, on each unstable side of R
there exists a critical point, within O(b%k) of its midpoint. In particular, R meets all the
requirements (R1-4) in Sect.7.4. Following the steps in Sect.7.4, 7.5, define a partition of
R with the family of long stable leaves and assign to each element the set of symbols. Let
Rigoip_yiy = f~UT ) (R(py, €, Mg, pr)), where i, = (pg, €r, Ag, Pr, ). We do the same
construction for any component of f1* (R, ;. . (v)). This finishes the construction of
the partition of €.

Proof of Proposition 7.3. Let T, _1(2) = {(x(y),%): ly| < vb}. Consider the vertical strip
V={(z,y): |z —2(y)| < 62, |y| < Vb}.

Lemma 7.5. V does not intersect the stable sides of f*o 1T (R, ;).
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Proof. Let o denote any stable side of f*ott-1(R; ., ). By construction, there exists y €
W*No such that de(f"(y)) > de 5" holds whenever f"(y) is free, and f(o) C I'(y). Suppose
VN f(o)#0, and let £ € VN f(o). Let n denote the point of intersection between I' and the
horizontal through €. The definition of V gives |¢ —n| < 0%, and thus | f*+~(n) — f+1(€)| <
5. Since n € T, [f(2) — f%~1(n)] < (Cb)**~! holds. Hence |f*(z) — f=1(&)] < (Cb)6
follows. Meanwhile |f+~1(&) — f“~1(y)| < (Cb)**~! holds, and the assumption on z gives
¢ — f¢(2)] < C§%, where ( is any critical point on the unstable sides of Béy’“). Therefore

€= AW S IC= A1) = PO+ 17 - 47 )] < 6%

This estimate and the proof of Corollary 5.1 together indicate that f“*~1(y) is free. Hence,
Proposition 7.1 gives a critical point ¢’ relative to which |/ — f“~1(y)| > de >**. Then
it is possible to choose a horizontal curve 7 such that both ¢ and ¢’ are on ~. This is a
contradiction. O

By Lemma 7.5, V cuts a segment in each unstable side of f*ot +-1+t(R, . ) denoted
by 7. Let (' denote the critical point on the same unstable side of f*F *"-1(R; . )
as that of f~'(v). Let 2’ be an arbitrary point in 7. Let py_; denote the bound period of
frottrer(Ry ). As z is controlled up to time vy, the distortion control gives || D f7(f(z2))]] ~
|IDfI(2")|| = ||w;(2)]| for 1 < j < vy, and thus for py_1 — 1 < j < v,

(29) ID () =~ [f7H) = T IDF ) = L) = ¢ Hlwg(2)]]-
By Lemma 7.4, fP*-171(v) is C%(b). Then, by [[27] Lemma 2.3.] and (29), the curvature of
f"7Y(v) is everywhere bounded from above by

ey 1O g S s lan (I
fwu P 4= e, ()]

Since ||w,, (2)|| > Cdl|wji1(2)]| for pr—1 < j < v, it follows that the curvature of f*~1(v) is
everywhere < v/b. (29) also implies that the slopes of the tangent directions of f*~'(y) are
< v/b. Hence, f*() is a C?(b)-curve.

Parametrize v by arc length s. Using |lw,, (2)]| > 1, [¢ — f 1 (7(s))| > e~ 3P-1196C0 for all s
and the fact that the width of the strip V' is 5%,

J 1D ot e)lds = Clu ()| [[16 - £ ((s)ids = Cednoscog » 5%,
This implies that f“*~!(v) stretches across B). This completes the proof of (a). O

7.7. Unstable sides are roughly parallel. Central to the proof of Proposition 7.2 is an
estimate of the measure of the set

R

ioin (k) = {2 € Riyip_, : vk is a close return time of fort-1(z)}.

This subsection and the next are devoted to obtaining this estimate. For the purpose of

stating the next proposition we need some definitions.

e Choose (4, Cy as follows: |det Df| > Cy on Ry; for all £, in the unstable sides of any
6

component of A%) angle(u(€),u(n)) < Colé —n|. Let C3 = Coe™e%%
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e We attach a collar to each rectangle in the following way. For each R;, C Qo, let Q(R;,)
denote the component of A®*0) containing R;,. Let K > 1. For each R,..;, C €, By Propo-
sition 7.3, there exists exactly one component B%) of A¥) containing f“1+ - (R;, ;). Let
Q(Ry,...;;) denote the component of f~*1+-+)(BW)) N R containing R

107tk —1 (R

e For any z in a free segment of W*", let u(z) denote the unit vector tangent to W* at z such
that the sign of the first component is positive.

Proposition 7.4. For every j > 0 and any £, n in the unstable side of f*°r " TiQ(R;,...;),
(30) angle(u(§), u(n)) < C2C3"[€ — |

Proof of Proposition 7.4. We argue by induction on j. The choice of C5 and the convention
v = 0 give (30) for j = 0. Let k£ > 1 and assume (30) for j =k — 1.

Lemma 7.6. For any &, n in the unstable sides of f*r 1T Q(R;y.i_,),
angle(D f(§)u(€), Df(n)u(n)) < C2C5*[f(€) — f(n)l.
Proof. Let 0; = angle(D f*(&)u(€), Df (n)u(n)), i = 0,1. We have

Cbby + C|& — )

0, < .
" IDFEuONIDS (m)uln)]]
Hence 0, < 1, provided ky is sufficiently large. Hence

61 < CCT(|§ — ] + angle(u(€), u(n))).

The inequality follows from the following elementary fact: for any nonzero vectors u, v such
that angle(u,v) < 1, angle(u, v) < 2|u — v|/ min{||u||, ||v||}. (30) with j =k —1 and | — 7| <
CTF(E) — f(n)] give

1€ — | + angle(u(€), u(n)) < 207 CLCEH | F(€) — F(n)]-

Replacing this in the previous inequality,

01 < COT2 0™ £(€) = f(n)] < CaCi¥I£(€) = f )]
The last inequality holds for sufficiently large ko, because of C5"*" < C¥* from (26). O

For any ¢ on the unstable sides of f*o+ t-1H1Q(R; ), let
(31) v(€) = p- DF(fTHEON(fTHE)),

where p > 0 is the normalizing constant. If kg is sufficiently large, then v(§) has a large slope.
By the definition of u(-), the sign of the second component of v(§) is constant for all &.

By Proposition 7.3 and the distortion control, the contractive field e,, _; is well-defined
on frort—tt1Q(R;, ;). Fix once and for all the orientation of e,, 1 so that the second
component of e,, 1 and that of v(£) have the same sign. Let f,, _1 denote the unit vector field

orthogonal to e,, ;. Split v(§) = A(§)e,,—1(&) + B(§) fu—1(§)-
Lemma 7.7. For any &1,& on the unstable sides of fror =1 t1Q(R; ;. ),
max{|A(&1) — A(&)], [B(&1) — B(&)|} < 2C205* & — &l
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Proof. The following elementary fact is used. For u; = (C.Os 9?), 0<6;<mi=1,234,

sin 6;
langle(uq, ug) — angle(us, uy)| < angle(uy, us) + angle(ug, uy).
This can be checked using angle(u;, u;) = |6; — 6;] and the triangle inequality.

We have A(&;) = (e,,—1(&),v(&)) = cos (angle(e,, —1(&), v(&;))) , where the bracket denotes
the scholar product. By the above definition of e,, 1, angle(e,, _1(&),v(&)) € [0, 7] (in fact,
it is ~ 0). Considering arccos: [—1,1] — [0, 7] and |arccos’| > 1 we have |A(&) — A(&)| <
| arccos(A(&;)) — arccos(A(&2))|, and

| arccos(A(&1)) — arccos(A(€2))| = angle(e,, —1(&1), v(€1)) — angle(ey, 1(€2), v(&2))
S angle(v(gl)a U(§2>) + angle(evk—1(€1)7 Gyk_1(€2))
< 205036 — &l

The first factor in the second line is bounded by Lemma 7.6. The second factor is bounded
by Lemma 2.3. In the same way, we have B; = (f,, —1(&), v(&)) = cos (angle(f,,—1(&),v(&)))
and angle(f,,—1(&),v(&)) € [0, 7] (in fact, it is ~ 7/2). Then

| arccos(B(&1)) — arccos(B(&2))| = |angle(f.,—1(£1),v(&1)) — angle(f,, —1(&2), v(&2))|
< angle(v(§1),v(&2)) + angle(f,, —1(&1), fu,—1(82))
< 205C5% € — &l

For the last inequality we have used the orthogonality of f,, 1 to e, _1. [

Lemma 7.8. There is a C* vector field ¢o on frorTe—1t1Q(R; ;) such that ||¢o|| < 2 and
IDgo|| < 4C5C5".

Proof. Recall the symbolic coding ix_1 = (pr_1, €x—1, *, Dr—1, *). We deal with two cases sepa-
rately.

Casel: €,_; # 0. We introduce a C! coordinate (&,y) on for -1t Q(R; ., ) such
that 9/10 < [0:]| < 10/9, 10, = 1, (0,05 = 0, (05, (fC)) = 1, T(&) = {2 = o},
I'(¢2) = {# = ¢}, where (; = (,,_, and (3 is the critical point other than {; on the unstable
side of fot +t"-1Q(R;,...,_, ), and cis a constant. It is possible to choose such a coordinate, by
the Lipschitz continuity of the tangent directions of I'(¢;) and I'((2) as in (5). Let T": (z,y) —
(Z,79) denote the coordinate transformation.

With respect to (%, ¢)-coordinate, we represent the unstable sides of fot -1t Q(R; ;)
by graphs of functions 1, v2, 71(%) < v2(&). For all £ in the unstable sides the rectangle, let

(32) (2(2) = (%)) - v(€) = A(€)en,—1(6) + B(€) fu—1(8),

where v(§) is the one in (31) and T'(§) = (2,9). We extend A, B to C' functions on the entire
frot et lQ(Ry, ) so that max(||All, || B]]) < 1 and max(||DA||, ||DB||) < 3C,C3". For
all z in the rectangle, define

(33) do(2) = A(2)ev,—1(2) + B(2) fuy—1 (2).

Of course, ¢ is tangent to the unstable sides of the rectangle. Since ||De,, .||, [|Df.,_,| are
bounded by Lemma 2.3, this yields the desired inequality.

To simplify notation, write A o T~! for A, and the same for B, A, B. On the assumption
that both 7;(Z) and 75(2) make sense, we extend A affinely along the g-direction. In other
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words, for § € [y1(),v2(2)], define

(34) Az,9) = A&, (@) + (§ — 1 (2)) (A(Z,12(2)) — A&, 11(2))) -
In the same way, we extend B affinely along the j-direction. If, for instance, 71(Z) makes
sense and 2(Z) does not, we enlarge the domain of definition of ~, so that v,(Z) makes sense.
It is possible to show, using the long stable leaf of order v — 1 through ~;(z), that 75(Z) is
sufficiently close to the unstable sides of the rectangle, so that all the preceding arguments go
through. 3 3

The definition gives max(||A|l,||B]|) < 72(z) — 7 (2) < 1. Lemma 7.7 and the choice of
(2, )-coordinate give max(||9;Al|,[|0;B||) < 3C2C%*. To evaluate the norms of -derivatives,
we assume that (, and f~!(v,(2)) belong to the same unstable side, o = 1,2. The choice of
the coordinate implies

d’YO' A C ?’pk;l SA
< elogCy < elogCy |
(%) & | =S G =g =T =
Sublemma 7.7 gives
dA d o _BvE
(36) ‘%(i/ﬁr(f))‘ < 300" ix(i’) < 3020?610850.
As A(#,75(2)) = (12(&) = 71(2)) A&, 7 (2)),
dA _Bvp_
(37) %(j\j’/yo_(i»>> S C’QCgkelogéO X

Differentiating (34) with # and then using (35) (36) (37), we obtain [|9;A|| < CoC3"*. In the
same way we obtain the desired upper estimate of ||0; B||. Transforming all these derivative
estimates back to the original (x,y)-coordinate, we obtain the desired estimates.

Case 2: €x_1 = 0. We introduce a C* coordinate (#,7) on frot -+t lQ(R; ;) such that
9/10 < 951] < 10/9, [135]] = 1, (05,05) = 0, (95, £(fCyy )} = 1, T(Gyy,) = {# = O}. With
respect to (Z,§)-coordinate, represent the unstable sides of ot +“-1t1Q(R; ;) by graphs
of functions v1, v, 71 (&) < 72(&). Define functions A, B on the unstable sides on the rectangle
in the same say as (32), and extend it to the entire rectangle as in Case 1. Define ¢y in the
same way as (33). Derivative estimates of ¢, are completely analogous to Case 1. 0

We now introduce the projectivization f, of Df, given by f.(,v) = Df(&)v/||Df(&)v],
and define vector fields ¢; on frot -1t HIQ(R, ) for 1 < j < vy, by push-forward under

Ja:
0j(2) = fu(F71(2), 01 (F ().

Lemma 7.9. For all z € f7 T Q(Ry,..i,), || Dby, —1(2)|| < CoLC5%.

(30) for j = k is a direct consequence of this lemma. If e,y # 0, then for all {7 in
the unstable side of £+ 4 Q(Ry.,), angle(u(€), u(n)) — angle(Gu, 1(€), bu,1(n)) holds. If
er—1 = 0, then angle(u(€),u(n)) < angle(¢,, _1(£), ¢, —1(n)) holds.

It is left to prove Lemma 7.9. The following estimates, proved in Appendix, are used:

[det DS (©)
(39) .16, 0)| < 20
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D2 F Il
(39) [0ef.(§,v)] < DR el

Differentiating the formula of ¢; and using the result recursively we get

l/k—l

Dou1(2) = Y 0uf7 (17 (=), 60 0ef(f7(2), bya-) DI ()
i=1

+ 0, fOTH T N(2), 00) Do (f 7 (2)) D (2),
where ¢, _1_; means ¢,, _1_;(f*(z)). In this computation we have used D f~(f~12)Df~!(z) =
Df72(2), Oufu(f7H(2), ¢5-1)0u f(f2(2), @j2) = Ouf2(f%(2), dj—2(f3(2))), and so on.
By (38), for every 1 <i <y,
| det Df(f™2)| i1 |det DfH(f2)|
Vi —i 2 =2 — — .
h ol = H DI 90maal© TDF 200, P

We evaluate the fraction on the rlght—hand—51de as follows. First,

DS~ )|l
IDf=+1 )1

(40)  [|9ufi(f (=)

[det DfFH(f2) =

(39) gives
10 fo(f 7 (2)s buye—1-) DI ()| < 10 fi (= ), ue-1-1) Df HFTRIIID T )]

CIDI U DIDI O iy s
< B < CCPDS ().

Plugging these into (40),

IDF )
DS (2o, P

10 fH(F 71 (2), Gy —i) O o (FTH(2), Gy 1) DT (2) || < 271 CCT?
Replacing all these in the above equality,

vEp—1 ; i
" it o DT TR [ DS ()|l
2-toC? : ,
I< Z ! IIDfH(f—”lz)cbykﬂ—i|I2+IIDf”k—l(f—”'f“z)eboH2

Lemma 7.10. For all £ in the unstable sides of for t-1t1Q(R; ;) and 0 < j < v,
1f0—1 ()] = C6llps(E)]I-
Proof. Let ¢ denote the critical point on the same unstable side of f* T-1Q(R; ., ) as

that of f=1(£). Let q((, €) denote the fold period. In view of Proposition 5.2 and the bounded

distortion of f“*~! on the rectangle, for ¢((, €) < j < v, we have H¢>H»£ (z)ﬁ)” C’”w”’“(f 15)”” > (9,
7

and for 0 < 7 < q(C, ), |9gc.oll > |@j(€)]|- These two inequalities yield the desu"ed one. [

D¢, —1(2) Do (f~2)]I.

Lemma 7.8 and Lemma 7.10 give
vp—1

Dy, —1(2)[| < Y C6728" + C5 4 CHC3 < CHC3™.
=1

The last inequality holds for sufficiently large kq. This completes the proof of Lemma 7.9 and
hence that of Proposition 7.4.
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7.8. Area distortion bounds. Proposition 7.4 and the next area distortion bounds together
allow us to estimate the Lebesgue measure of the set in question.

Proposition 7.5. For every k > 1 and all §&,& € for ™ =1Q(Ry,..i, ),

| det D f7+ (&) < ot
| det D fvx(&)| —
Proof. Let v denote one of the unstable sides of fot +-1t1Q(R; ; ). Let n, denote the
point of intersection between I',, _;(&,) and v (0 = 1,2). If n; and 7, are on the unstable side
of frot - -1t1Q(R;,..;, ), Lemma 7.10 implies for every 0 < i < vy, — 1,
£ Om) = Fim)| < COTH M) — 7 ()] < CO71oTH
By the contraction along the long stable leaves, | fi(f(&,)) — fi(n.)| < (Cb)2|f(€,) — o] <

(Cb)*=" holds for every 1 < i < v — 1. It follows that |fi(&) — fi(&)] < C6~16T for every
1 < < vg. This yields

vip—1

Z\f (&) - fi&e) <c.

Combining this with || D log | det D f || £ CbC;* we obtain the desired inequality. Even if
7 or 7 is not on the unstable side of for T1T1Q(R; ), the constants in Lemma 7.10
are not significantly affected because f(&), f(&) € fot t-1H1Q(R,, ;) holds. Hence we
obtain the same conclusion. O

7.9. Proof of Proposition 7.2. In what follows, we assume k > kj is large so that 0205’% <
C3”. Denote by 7, and v, the two unstable sides of f*0+ +*Q(R;,..;,), and consider their
graph representations v1 = {(z,m(2))}, 72 = {(z,72(2))}. Let L(z) = |n(x) — ()]
Proposition 7.4 and the Gronwall inequality give L(x)/L(y) < eCa o=yl for all x, y. As
|z —y| < C616, L(x)/L(y) < 2 holds.

Let Sy, 1,5, 2, - denote the components of R;,..; (), the total number of which is
clearly < 2". For each S,, ,,, the above estimate and Proposition 7.3 give

[BEY 0 f (Sym)
For T QR

Proposition 7.5 gives }jez g;:ﬁi i;’;glgl < 1k for all 1,6 € Q(R;,...i, ). Hence

<25,

[f~ ot (BE) 1 S, < |f~ @0 (BE) 1 S,
|Ri0"'ik—1| - |Q( 10" lk)l

The first inequality follows from the obvious inclusion Q(R,... i,) C Rig-ip_; -
over all component, and then for all feasible vy,

|SVk m| Ol Xk 1k 4F kg
<2 2Me™1 P et foTe .
22 TR 15 2

Z )
0 lp—1 I/k24kko

< 201 k5

Summing this

Therefore

’Qk| = Z |Rzozk‘ = Z zo - 1|Z| Vkml 1k(5 6 ‘Qk 1|

. . . - z g |
(0, six) (207"'7%71) V,m 07 k-1
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The multiplicative constant goes to 0 as k — oo. This completes the proof of Proposition 7.2.

7.10. Transitivity on K. Finally we show f is transitive on K. Let H(Q) denote the closure
of transverse homoclinic points of ). Then H(Q) C K holds. It suffices to show the reverse
inclusion. Let z € K, and let U be an open set containing z. Since the Lebesgue measure of
UN KT is zero, U intersects W*(Q). It follows that W#(Q) is dense in K. Inclination lemma
implies that z is accumulated by transverse homoclinic points of (). Hence K C H(Q) holds.

APPENDIX

A.1. Proof of Lemma 4.6. For z € W*(Q), let t(z) denote any unit vector tangent to
W*(Q) at z.

Sublemma 7.2. Let n >0 and z € G. Either fi(z) & 1(0) for every 0 < i < n, or else there
exists a sequence 0 < ny < ny+p; < ng <ng+ps < ng < --- < n of integers such that:

(a) f"(2) € 1(0);

(b) f(2) € {(z,y) € R®: [z[ > 9/10} forn; + 1 < j < my; +pi;

(©) IDF™ () > (3/10) [DF)e()]| for 0 < j < s

Then it follows that f"(G)NI(d) is made up of C?(b)-curves, and the conclusion of Lemma
4.6 holds.

It is left to prove Sublemma 7.2. The correct order for the reader is to go over Sect.5.2, 5.3
first before getting into the details of this proof.

The argument is an induction on n. For n = 0, the assertions are direct consequences of the
definition of GG. Suppose that they hold for n = k. From the fact that the orbits of all critical
points on W*(Q) are out of Ry, all the estimates in Proposition 5.2 remain to hold for them.
This allows us to decompose the orbit of z into bound and free segments as follows: n; < k
is a return time to 1(d). By the assumption of the induction, there exists a C?(b)-curve in
W*(Q) tangent to D ™ (2)t(z) stretching across I(d). Let p; denote the bound period, given
by the critical point on the C?(b)-curve and an associated critical partition in Sect.5.3. Let
niy1 denote the next return time to 1(5). By (c) in Proposition 5.2, bound parts of f*1(G)
do not return to 7(d). This recovers all the assertions for n = k + 1. O

A.2. Proof of Lemma 5.1. For M < k < 20n — 1, we show

(41) e Di(¢) € Dy (¢) < e Dy(Q).
To this end, let dj(i) = minjep; p41] ||‘|w]((C§||5 and dj41(7) = minjef pig HZJ) E ;” Then
Dk+1(o _3am1nie[1,k+1] dk+1( ) < _3aminz’e[1,k] dk+1( ) < 30
D (¢) minep g de(i) min;ep g de(i) — ’

and the second inequality holds.
(G2) gives ||wyi2(Q)]| > e 22E+ w1 1(¢)|), and thus for 1 < i <k,

i) = min i Fwr42(O1* ook g () > o—da(k+l)
dein (i) {dm el }z de(i) > Di(0).

Using [lwy1(O)|l < Collwi(Q)]] and [lw;(Q)]] = e7***[[w;—1 (O] from (G2),

|w; ()7 _3 _da(k : Jw;—1(¢)[? 3
d k+1 min 2NN s o=8pdatktl) gy TITIGR a3 o —da(kl) g (1.
en(btl) =l T QF = 0 et o QP @ +(F)
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These two inequalities yield the first inequality in (41).
Using Dy41(¢) > Cy®* and length(v;) < Ce?**\/Dyy1(¢) which follows from (41),
length(vs.s) < e 3 - length(;) < D,irl‘“"gco (€).
This completes the proof (a).

From (f) Proposition 5.2, [[27] Lemma 2.3] and the fact that v is C2(b), fX®(vy,,) is a
C?(b)-curve. Using (41),

length(fX®r;.0) > Ce™* |wy o (Ol (Dr(C) — Diya(€)) = Ce™ o (O DR(Q) (1 — e73)
> Ce™ |y, Q)| Di(Q)Cy V™ (1 — e7%) > etk

The third inequality follows from |Jwyq (C)] = Co ¥ X |we(¢)]] and k — x(k) < Vak in
(G2). This completes the proof of (b). For the proof of (c), see [[27] Lemma 5.11]. O

A.3. Derivative estimates of projectivization. We prove (38) (39). Let v denotes any
unit vector orthogonal to v. Then

B 1 Df(&)(v+ Advt) Df(&v

%]l = || 2a (an( Ot AL DA )H
_IDFOV || L DA€ ~ DA€o+ A HH
< DrEe] AR | A D7 @E0]

MDAt | det DF(E)|
||Df( )| IDf(&)v]l?
Let &€ = (x,y). Writing &, = £ 4+ (Ax,0) we have

ous (el = i | (pre - R |
o

Ao\ 22 D7)l ~ e

L (D& - DF©r D]~ IDFER]

= A, Ax( IDF )0l RGE ||||Df(£$)v|| Dil&) )H
L DAE) DR 2 (0,

<20m e [Dr@Ew] ‘ BIGH (afo@) |

In the same way we get

(el < e | (572710 o
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