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Abstract

In this paper, we propose an infeasible interior proximal method for
solving variational inequality problems with maximal monotone oper-
ators and linear constraints. The interior proximal method proposed
by Auslender, Teboulle and Ben-Tiba [3] is a proximal method using a
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sec:1

distance-like barrier function and it has a global convergence property
under mild assumptions. However this method is applicable only to
problems whose feasible region has nonempty interior. The algorithm
proposed in this paper is applicable to problems whose feasible region
may have empty interior. Moreover, a new kind of inexact scheme is
used. We present a full convergence analysis for our algorithm.

Key words. maximal monotone operators, outer approximation al-
gorithm, interior point method, global convergence.

AMS subject classifications.

1 Introduction

Let C' C IR™ be a closed and convex set, and T:IR" = IR™ be a maxi-
mal monotone point-to-set operator. We consider the variational inequality
problem associated with T and C: Find T such that there exists v € T'(T)
satisfying

(U,y—7) >0, forally € C. (1.1)

This problem will be denoted by VIP(T,C). In the particular case in which
T is the subdifferential of f: IR" — IR U {oco}, where f is proper, convex and
lower semicontinuous, (1.1) reduces to the constrained convezr optimization
problem: Find T such that

f(@) < f(y), forally € C. (1.2)
We will be concerned in this work with C' a polyhedral set on IR™ defined by
C:={zx € R"| Ax <}, (1.3)

where A is an m x n real matrix, b € IR™ and m > n. Well-known methods
for solving VIP(T, C') are the so-called generalized proximal schemes, which
involve a regularization term that incorporates the constraint set C' in such
a way that all the subproblems have solutions in the interior of C'. For this
reason, these methods are also called interior prorimal methods. Examples
of these regularizing functionals are the Bregman distances (see, e.g. [1, 8,
12, 13, 19, 24]), ¢-divergences ([25, 5, 14, 17, 18, 26, 27]) and log-quadratic
regularizations ([3, 4]). Being interior point methods, it is a basic assumption
that the topological interior of C' is nonempty. Otherwise, the iterates are



not well-defined. However, a set C' as above may usually have empty interior.
In order to solve problem (1.2) for an arbitrary set C' # ) of the kind given
in (1.3), Yamasita et al.[28] devised an interior-point scheme in which the
subproblems deal with a constraint set C* given by

C* .= {r € R"| Az < b+ 6"}, (1.4)

where the vectors §* have positive coordinates and are such that Y 77 ||6%|| <
0o. So, if C' # 0, it holds C' C int C* and hence a regularizing functional
Dy, can be associated to the set C*. More precisely, the subproblems find an
approximate solution z* € int C* of the inclusion

0e )\kagkf(iﬁk) + Vle(l’k,.iEk_l)7

where Ay > 0 and O.f is the e-subdifferential of f[6] and Dy is the regu-
larization functional proposed by Auslender, Teboulle and Ben-Tiba [3, 4].
Yamasita et al. allow an error e in the inclusion above, and they prove con-
vergence under summability assumptions on the “error” sequences {e;}, {€*}
and {6*}. We want to extend the above scheme to the more general problem
(1.1), so we are concerned with iterations of the kind: Find an approximate
solution z* € int C* of

0€e )\kTEk (.Z'k) + Vle<xk7xkil)7

where Ay > 0 and 7 is an enlargement of the operator 7' [10, 9]. In our
scheme, we will require no summability assumption on the parameters {g}
and {eF} (the latter sequence controlling the error in the inclusion above).
Instead, we define a criterium which can be checked at each iteration. How-
ever, we still need here the summability assumptions on {d;} for obtaining
convergence results. Our relative error analysis is inspired in the one given
by Burachik and Svaiter in [11], which yields a more pratical framework. Ad-
ditionally, for the proposed algorithm we establish global convergence with
assumptions weaker than those used in [28].

The paper is organized as follows. In Section 2 we give some basic defini-
tions and properties of the family of regularizations, as well as some known
results on monotone operators. In the same section, the extension 7 is re-
viewed, together with its elementary features. In Section 3, we describe the
algorithm, prove its well-definedness and give its inexact version. We finish
this section with the convergence proof.
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2 Basic assumptions and properties

A point-to-set valued map T: IR™ = IR™ is an operator which associates with
each point x € IR™ a set (possibly empty) T'(z) C IR". The domain and the
graph of a point-to-set valued map T are defined as:

Dom T :={x € R"| T(z) # 0},

G(T) ={(x,v) e R" x R"|x € Dom T, v € T(x)}.

A point-to-set operator T is said to be monotone if
(u—v,x—y) >0, YueT(z), veTl(y).

A monotone operator T is said to be mazimal when its graph is not properly
contained in the graph of any other monotone operator. The well-known
result below has been proved in [23, Theorem 1]. Denote by ir A the relative
interior of the set A.

Proposition 2.1 Let Ty, T> mazimal monotone operators. If ir D(Ty) N
ir D(Ty) # 0, then Ty + Ty is mazimal monotone.

The theorem bellow is an essential tool for our analysis. We denote by
fo the asymptotic function [2, Definition 2.5.1] associated with the function

f:R" — RU {+oo}.

Theorem 2.2 (/3, Proposition 3.1]) Let f:IR" — IR U {400} be a closed
proper convex function with dom(f) open. Assume that f is differentiable on
dom(f) and such that fo(d) = +00 V d # 0. Let A be an m x n matriz

with m > n and rank =n, b € IR™ with (b— A(R™) Ndom(f) # 0, and set
h(z) == f(b— Az). Let T: IR* = IR" be a mazimal monotone operator such
that D(T) N dom(h) # 0 and set

Ulz) = { T(x)+ Vh(z) ifz € D(T)ND(Vh),

10 otherwise.
Then Vh(x) is onto. Moreover, there exists x solution of equation
0e€U(x),

which s unique if f is strictly convex on its domain.
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We describe below the family of regularizations we will use. From now
on, the function ¢: IR, — (—o00, 00| is given by

(1) = ph(t) + (v/2)(t — 1) (2.1)

where h is a closed and proper convex function satisfying the following ad-
ditional properties:

(1) A is twice continuously differentiable on int(dom h) = (0, +00),

(2) h is strictly convex on its domain,

(3) limy_o+ h'(t) = —o0,

(4) h(1) =R (1) =0 and 2"(1) > 0, and

(5) fort >0

h'(1) (1 —~ %) <R () <h"(1)(t—1). (2.2)

Items (1) — (4) and (1) — (5) were used in [4] to define, respectively, the
families ® and ®,. The positive parameters u, v shall verify the following
inequality

v > puh (1) > 0. (2.3)

Note that conditions above imply

"

ph” (1) (1 — %) +u(t—1) <@ (t) <vh (1)t - 1), (2.4)

therefore tlim ¢ (t) = +o0.

The generalized distance induced by ¢, is denoted by d,(z,y) and defined
as:

dy(z,y) == Z vie(i/ys), (2.5)

forz,y e R}, :={2z € R" |z >0V i=1,...,n}. Since tlimgp’(t) = +00

follows that [dy(-,y*!)]e(d) = +o0o, V d # 0 and denoting by V; the
gradient with respect to the first variable, it holds that
(Vidy(z,y)]i = yi'(x;/y;) forall i =1,... n.

dfi
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The following lemma has a crucial role in the convergence analysis. Its
first part has been established in [3]. Define

0:=v+pu, 7:=v—ppandp:=h"(1). (2.6)

Lemma 2.3 For all w,z € R}, andv € R} = {2 € R" |2 >0V i=
1,...,n}, it holds that

(i) (Vidp(w, 2),w —v) > §(|lw —vl* — [lz = v|*) + Fllw — 2%
(ii) (v, Vidy(w, 2)) < 0jvl[[jw — =]

Proof. For part (i), see [3, Lemma 3.4]. We proceed to prove (ii). Since
©(t) = ph(t) +5(t — 1), we have that ¢/(t) = ph'(t)+v(t—1). By (2.2) and
(2.3) we get ¢'(t) < (v + pp)(t — 1). Letting ¢ = * and multiplying both
sides by v;z; yield
vz (—0) < Bugzi( = — 1),
i Zi
for all i = 1,...,n. Therefore,
(v, Vidy(w, 2)) < 0{v,w — z).

Using the Cauchy-Schwartz inequality in the expression above, we get (ii). m

The result below is known as Hoffman’s lemma[15].

Lemma 2.4 Let C = {z € IR"| Az < b} and C* = {x € R"| Ax < b+ 6~}
where A is matriz m x n with m > n and b, 6" € R™. Given =¥ € C* there
exists a constant o > 0 such that

dist(a*, C) := inf |ly — 2| = []p* — 2*|| < o|6"|
yeC

where p* is projection of ¥ in C.

We recall next two technical results on nonnegative sequences of real
numbers. The first one was taken from [21] and the second from [20].

Lemma 2.5 Let {0y} and {fr} be nonnegative sequences of real numbers
satisfying:

(i) oxs1 < ok + O



(i1) >po, B < oc.

Then the sequence {o}} converges.

Lemma 2.6 Let {\} be a sequence of positive numbers, and {a} be a se-
quence of real numbers. Let oy, := Zle A and by = ot Z?:l Naj. If
o, — 00, then

(1) liminfy_ar < liminfy_ by < limsup,_ . br < limsup,_,  ax;
(i) If limg_ooar = a < 00, then limy_ by = a.

In our analysis, we will relax the inclusion v* € T'(z*), by means of an
e-extension of the operator 7' [9]: Given T a monotone operator, define

T¢(z) ={v e RY | (v—w,z —y) > —eVye R, weT(y)} (2.7)

This extension has many useful properties, similar to the e-subdifferential of
a proper closed convex function f. Indeed, when 7' = Jf, we have (see [9])

0. () C T ().
For an arbitrary maximal monotone operator T, the relation
T°(x) = T(z)
holds trivially. Furthermore, for ¢’ > ¢ > 0, we have
T=(x) C T ().
In particular, for each € > 0,

T(x) C T%(x).

3 The Algorithm

In this section, we propose an infeasible interior proximal method for the
solution of VIP(T,C) (1.1). To state formally our algorithm, we consider

C* = {x € " Az < b+ 6"} where 8" € 7, and > ||| < oo,

k=1



which is considered a perturbation of the original the constraint set C'. More-
over, if C' # ), then C C intC* # ) for all k. Since 6 — 0 as k — oo,
the sequence {C*} converges to the set C. Now, if a; denotes the row i of
the matrix A, for each z € C* we consider y*(z) = (y§ (), v5(z), ..., y* (2))T,
where y¥(z) = b; + 6 — (a;, z) with i = 1,2,...,n. Therefore, we have the
function Dy, : int C* x int C*¥ — IR defined by

Dy(x, 2) = dy(y"(x),y"(2))- (3.1)

;From the definition of d,,, for each a* € int C*, 2%~ € int C*~!, we have

ViDy(2*, 25" = —ATV d, (y*(2"),y" (") . (3.2)

In the method proposed in [28] for the convex optimization problem (1.2)
with C' defined as in (1.3), the exact algorithm of the iteration k is given by:
For \;, > 0, 6* > 0 and ("1, y*71) € int C*! x R, , find (z,y) € int C* x
IR, and u € IR" such that

u € of(x),
Mt + Vi Dy (z, 2% 1) = 0,

where y € IR, can be seen as a slack variable associated to x € int C*.
The corresponding inezact iteration is given by:

ue o, f(x),
AU+ Vle(%, J,’k_l) = ek, (33)
7 — (b— A7) _ sk,

Following this approach, the exact version of our algorithm is obtained
replacing 0f by an arbitrary maximal monotone operator 7. Namely, given
Ak >0, 0% > 0and (zF71, y*1) € int C* P x RT,, find (z,y) € int C* x R,
and u € IR" such that

u € T(z),
AU+ lek(ZE, l’k_l) = 0, (34)
y— (b— Ax) = o

It is important to guarantee the existence of (z*, y*) € int C* x IR, satisfy-
ing (3.4). In fact, the next proposition shows that there exists a unique pair
(2%, y*) € int C* x R, satisfying (3.4) under the following two assumptions:

8
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(Hy) irCNir D(T) # 0;
(Hy) rank(A)=n (and therefore, A injective).

Proposition 3.1 Suppose that (H,) and (Hy) hold. For every \j, > 0, 6* >
0 and ("1, y"1) € int C* x RT,, there exists a unique pair (z*,y*) €

int C* x R, satisfying (3.4).

Proof. Define the operator T%(x) := T'(z) + Nex(z) + M 'Vh(z), where
h := Dy(-,2%71). We will prove that we are in the conditions of Theorem
2.2 for T := T + Nex, f(-) = dy(-,y*") and b := b+ 6*. Indeed, the
operator T+ Ngw is maximal monotone by (H;) and the fact that C' C
C* (we are using here Proposition 2.1(ii)). The function d,(-,y*!) is by
definition convex, proper and differentiable on its (open) domain IR, and
(4,5 )]oold) = +00, ¥ d £ 0.

By (H3), A has maximal rank. We claim that (b+d*—A(IR"))Ndom(d,) #
(). Indeed, fix x € C. It holds that

b+ 6F — Az > 6% > 0, (3.5) [ult

and therefore b + 6* — Az € R}, = dom(d,)(-,y* ).
The only hypothesis that remains to be checked is: D(T') N dom(h) # 0,
where dom(h) = int C*. Indeed, by (H;) and by definition of the C* we get

0 # CND(T) CintC*ND(T) C D(T).

Hence § # C N D(T) ¢ D(T) Nint C* = D(T) Ndom(h). So the hypotheses
of Theorem 2.2 are satisfied and therefore there exists z* a solution of the

equation
0 € T(z) + Nex(z) + N\ Vi Dy(z, 2571). (3.6)
This solution is unique, because d, (-, y*~!) is strictly convex on its do-
main.

In this way, there exists u* € T'(z¥), v¥ € New(2F) and 28 = V Dy (2%, 257 1) =
Vidy (b + 6% — A(z"), y*=1), such that

0=u"+ 0"+ 2~ (3.7)

Making b+0* — Az* =: y* we have that y" is also unique. Since y* € R, ,
it holds that z* € int C*, thus v* = 0. Hence by (3.7) there exists a unique

9
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[ob:6.1]

pair (2%, y*) € int C* x R, satisfying

uk € T(2F),
uf + ANV Dy (2F, 2% = 0,
yk - (b o A$k> = 5k7
which completes the proof. [

To deal with approximations, we will relax the inclusion and the equation
of the exact system (3.4) in a way similar to (3.3):

u € T (1),
ALl + Vle(i‘/, :L‘kfl) = ek, (38)
where T° is the enlargement of 7" given in (2.7).
In the exact solution, we have ¢, = 0 and e¥ = 0. An approximate

solution should have ¢ and e* “small 7.

Our aim is to use a relative error criteria as the one used in [11] to control
the size of €, and e¥. The intuitive idea is to perform an extragradient step
from zF7! to x, using the direction @ (see (3.9)), and then check whether the
“error terms” of the iteration, given by e + (4, Z — ) and ||y — y|| are small
enough with respect to the previous step.

Definition 3.2 . Let 0 € [0,1) and v > 0. We say that (z,y,u,ex) in (3.8)
is an approximated solution of system (3.4) with tolerance o and v if for
(x,y) such that

(3.9)

)\kﬂ—i—Vle(x,xk_l) = 0,
y— (b— Ax) = o

s holds that -
Melew+ {77~ a)) < oL ly — A7 (3.10)
17—yl <~lly —y*|- (3.11)
Remark 3.3 .
(i) Since the domain of d,(-,y*™') is R, for T,u, e and x as in Definition

3.2, it holds that
T,x € intC*.

10
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(i) If (x,y,u) verifies (3.4), then (z,y,u,0) is an approzimated solution of
system (3.4) with tolerance o, for any o € [0,1) and v > 0. It is clear
that in this case ek = 0. Conversely, if (T,y,,¢e;) is an approzimated
solution of system (3.4) with tolerance o = 0 and v > 0 arbitrary, then
we must have e, = 0 and (Z,y,u) satisfying (3.4). Indeed, since v > 0
is arbitrary, we get y = y. Using the fact that A is one-to-one, we get
x = . From the fact that o0 = 0, we conclude that ¢, = 0.

(iii) If (Hy) and (Hs) hold, by Proposition 3.1 the system (3.8) with e =0
and e, = 0 has a solution. By (ii), this solution generates an approxi-
mated solution.

We describe below formally our algorithm, which we call Extragradient
Algorithm.
Extragradient Algorithm-EA
Initialize: Take A > 0,0 € [0,1),y > 0,2° € IR" and y° € IR™, such that
0" =y’ — (b— A2") € RY,.
Iteration: For k=1,2....,
Step 1. Take \; with A < Ay and 0 < 6F < §F~1. Find (2%, 3", 0", &) an
approximated solution of system (3.4) with tolerance o, .
Step 2. Compute (z*,4*) such that

~F k k—1 _
{)\ku + ViDy(z%, 2" = 0, (3.12)

y* — (b — Ax®) = "

Step 3. Set k := k + 1, and return to Step 1.

3.1 Convergence analysis

In this section, we prove convergence of the Algorithm above. From now

on {a*} AT} AT}, {v*}, {a*}, {en}, {\} and {6;} are sequences generated
by EA with approximating criteria (3.10)-(3.11). The main result we shall
prove is that the sequence {z*} converges to a solution of VIP(T,C).

The next proposition is essential for the convergence analysis, to show
this we need the following further assumptions

(Hs) The solution set S of VIP(T,C) is nonempty.

11



Proposition 3.4 . Suppose that (Hs) holds and let T € S and u € T(Z).
Definey := b — Ax. Then, fork=1,2, ..,

lv* =gl < v ' =7l* =30 —o)lly* —y* |

2 -l o,
where 0,7 are as in (2.6) and « is as in Lemma 2.4
Proof. Fix k > 0 and take u* € T=+(z*). For all (z,u) € G(T) we have that

Mol — T u — ) > —M\ep.
Therefore,

Ak(x—fk,u) Z /\k<x—§k,ﬂ > /\kéfk

/\k<ZL’—l‘ ,u > +/\k< —5k,ﬂk> _)\kgk- (314)

Using (3.9) and (3.10) in the inequality above, we get

.
Mlo = 70) 2 (o = b, =it ) — oLl — R (315)

Now, using (3.2) we have

(v —a*, =V Dp(a*, 2" ) = (x—a* ATVid,(y", y* "))
= (A(x — "), Vidy(y", y*1))
= (" =y, Vado(yF, 41)) — (8%, Vad (v, o)),

where y = b — Az. Combining the equality above with (3.15), we get
~ _ _ T _
>‘k<x_xk’u> Z <yk_y’ vld@(yk7yk 1)>_<5k>vld¢(ykayk 1)>_U§”yk_?/k 1H2'

Applying Lemma 2.3 in this inequality yields

~ 0 - T - -
M=) 2 S ([l =ylP=lly" ™ =yl*)+5 (1=o)ly" =" =010 | lly* ="'

(310

The inequality above is valid in particular for (x,u) := (Z,u) with 7 € S
and 7 such that § = b — Ax. Therefore,

L _ _
M@= ) > S (" =gl°=lly" ="+ (1 o)y =y =010 ly*—y*~ 1H

317
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On the other hand, for 7 € S, there exists w € T'(Z) such that
(T —z,u) <0VazeCl.
Let p* be the projection of ¥ onto C'. Since p* € C, we have that
(T —p",u) <0,

and therefore
(T — 2" 1) < (p* — 7" 7).

Using the Cauchy-Schwarz inequality and multiplying by A\x > 0, we get
A(T = 7%, 3) < Ml[al] | - p").

By Lemma 2.4 we conclude that

M@ = 7,7) < Meal]10"], (319

for some a > 0. Combining (3.17) and (3.18), we get (3.13). n

The next corollary guarantees boundedness of the sequence {y* — y*~1}.

Corollary 3.5 Suppose that (Hs) holds, then the sequence {||y* — y*~1||} is
bounded.

Proof. Assume the sequence {||y* — ¥*7!||} is unbounded. Then there is
a subsequence {||y* — y* || }rex such that ||y* — y*7!|| — oo for k € K,
whereas the complementary subsequence {||y* — y**||} ¢k is bounded (note

that this complementary subsequence could be finite or even empty). From
(3.13), we have

o [T _ 1 - _ 2.
Iy =[50 = 0l = 1 = 20680] < N1y~ TPl ~F 1P+ Melal 6]

(319

Summing the inequalities (3.13) over k = 1,2, ..., n gives
_ T _ 1
S I o G- ol - gl +
k=1,...n

k¢ K

13



1 | T _ 1
S I G- ol - - 5l <
k=1,...n
ke K

B o T n B T— n
Iy =91 = lly™ =51 + ag Xlal 3 116" < ly” = 51" + ag Xl 3 [1]16*])
k=1

k=1
Setting
k k=1 | T k k—1 Lo
D S U [ M BT
k=1,...,n
k¢ K
b — k_ k=112 — ko k—1 _151@
D DR A B PO [ e T R
k=1,...n
ke K
and

_ T N
o =y’ —7lI*+ agAla] > llsk],
k=1

it follows from the >}, ||6%|| < oo that limec, < co. We will show that

{a,} is bounded below and lim b, = oo, which is a contradiction and this

will complete the proof. Since, {||y* — y*7|}x¢rx is bounded, there is L such
that ||y* — y*~Y| < L for all k ¢ K, then

1 1 _ T _ 1 _
=5 LIS < =5 lly* =y 6 < 2 (1 =o)lly" —y" M= S lly" =y [16¥],
2 2 0 2
: : » 1 K :
summing the inequalities, we have —§L Z |10%]] < a,, it follows
k=1,...,n
k¢ K

that the sequence {a,} is bounded below because >_,_, [|6*]| < oco.
Since in K the sequence {||y*—y*~!||} is unbounded and {||§*||} converges
to zero, there exists an kg € K such that

T _ 1
5(1 —o)|ly* =" - §||5k|’ > L >0,

14



therefore,

_ = k. k-1 = ko k=1 | T k k—1 Lk
A N e D S e ] e e B
k’>k0 k>k0
ke K ke K
it follows that lim b,, = co. n

Corollary 3.6 Suppose that (Hs) holds. Then, for T,u,y as in Proposition
3.4, it holds that

(i) {llv* —7ll} converges (and hence {y*} is bounded);
(i) limy [Jy* =y = 0;

(iii) {||A(z* — Z)||} converges (hence {||x* — ||} converges and {z*} is
bounded);

(iv) limg ||2% — 2%|| = 0;
(v) {2*} is bounded.
Proof. (i) From (3.13) we have that
Iy =71 < lly" =" = gl* + 208 lly" — "1 + Oég/\kHﬂHHfSkH vk (3.20)
Define
o = [ly* = glI* and Gy := 2]|0"|[[ly" — "1 + O%Ak|lﬂll||5k||-
Since {|ly* — y*~!||} is bounded by Corollary 3.5 and >, ||6*]| < oo, then

S oo I8%]] < oo. Therefore the sequences {ox} and {3} are in the condi-

tions of Lemma 2.5. This implies that {||y* — 7|/} converges and therefore
{y*} is bounded.
(ii) It follows from (i) and Proposition 3.4 that

o0
Dol =y < oo
k=1

15



therefore limy, ||y* — ¢*~1| =0
(iii) Since y* — 7 = A(Z — 2*) + 6%, we get that

ly* =7l = 1641] < -A@ = 2| < lly* — 7l + 118"

Being {||y* — ¥||} convergent and {||0*||} convergent to zero, we conclude
from the expression above that {||A(Z — 2%)||} is also convergent. By (Hs),
the function u — |Ju||4 := ||Aul| is a norm in /R", and then it follows that
{||=* — Z||} converges and therefore {z*} is bounded.

(iv) From (ii) and (3.11), it follows that limy . [|[J¥ — y*|| = 0. Therefore

limy o [|A(@Z* — 2%)| = 0. Again, the assumptions on A imply that
(v) Follows from (iii) and (iv). =

We will show below that the sequence {z*} converges to a solution of
VIP(T,C). Denote by Acc(z*) the set of accumulation points of the sequence

{z"}.

Theorem 3.7 . Suppose that (Hy)-(Hs) hold. Then {z*} converges to an
element of S.

Proof. By Corollary 3.6 (iii) and (iv) then Acc(z%) = Acc(x¥) # 0. We

prove first that every element of Acc(z%) = Acc(x") is a solution of VIP(T, C).

Indeed, by (3.16), for all (z,u) € G(T) it holds

(@ =7 u) = ) EUY" =yl = v = yl?) (3.21)

(
+(1 = o)glly" =y P = Ollo* ] ly* — "]

Using Corollary 3.6 (ii) and (iii), we have that {z*} and {y*} are bounded
and limy, |y* — y*71|| = 0. These facts, together with the identity

Iy = yll* =" =yl = lly" = o712+ 20" =y =),
yield
iy = ylf* = [ly*" = yl* = 0.
Let {z%} C {Z*} be a subsequence converging to z*, we have that

(x — 2%, u) = lim(zx — 2"

i) > limkinf<:c — 7% u). (3.22)
j
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Using the above inequality and the fact that A\, > A > 0, we obtain the
following expression by taking limits for £ — oo in (3.21):

(x —a*u)y >0 V (z,u) € G(T). (3.23)

By definition, y* = b+ 6% — Ax* with y* > 0. We know that {y"}
converges to y* = b — Ax*, with y* > 0. Therefore Az* < b. Equivalently,
x* € C. By definition of N¢, we have

(x —a*,w) >0 VY (z,w) € G(Ng). (3.24)
Combining (3.23) and (3.24), we conclude that
(r—z"u+w) >0 V (z,u+w) € G(T+ N¢).

By (H;) and Proposition 2.1, T'+ N¢ is maximal monotone. Then the above
inequality implies that 0 € (T + N¢)(z*), i.e, ¥ € S. Recall that a* is
also an accumulation point of {z*}. Using Corollary 3.6(iii), we have that
the sequence {||z* — z¥||} is convergent. Since it has a subsequence that
converges to zero , the whole sequence {||z* — 2*||} must converge to zero.
This completes the proof. n
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