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ABSTRACT

A germ of diffeomorphism has convergent normal form if it is formally
conjugated to the exponential of a germ of vector field. We prove
that there are complex analytic unipotent germs of diffeomorphisms
at (C",0) (n > 1) such that they do not have a convergent normal
form. The examples are contained in a family in which the absence
of convergence normal form is linked to a geometrical phenomenon.
The proof is based on several reductions; it relies on the properties of
some linear functional operators that we obtain through the study of
polynomial families of diffeomorphisms via potential theory.

1. INTRODUCTION
In this paper we prove

Main Theorem. There exists a unipotent germ of complex analytic
diffeomorphism at (C?,0) without convergent normal form.

Normal forms are very important to study geometrical objects and
in particular diffeomorphisms. We denote by Diff (C",0) the set of
germs of analytic diffeomorphisms at (C",0) whereas Diff (C™,0) is the
formal completion of Diff (C",0). A normal form for ¢ € Diff (C",0)
is a diffeomorphism formally conjugated to ¢ but somehow simpler.
Every ¢ € Diff (C",0) admits a unique Jordan decomposition

¥ = Ps O Py = Pu O Ps

where ¢, € Diff (C,0) is semisimple and ¢, € Diff (C,0) is unipo-
tent. In other words ¢, is formally linearizable and j'¢, — Id is nilpo-
tent. Then ¢, has the natural normal form jl¢,. In spite of that ¢, is
not formally linearizable unless ¢, = Id, we need a different approach.
Anyway, a unipotent ¢ € Diff (C",0) is always the exponential of a
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unique formal nilpotent vector field log¢. In general logp is diver-
gent but even if so it is geometrically significant. We are dealing with
a well-behaved case when log ¢ is formally conjugated to X for some
germ of vector field X. We say then that ¢ has convergent normal form
exp(X). The convergent normal form provides a continuous model to
compare the discrete dynamics of the original diffeomorphism with.

A unipotent ¢ € Diff (C,0) satisfies jl¢ = Id; it always has a
convergent normal form exp(X). The study of the regions (Fatou
petals) in which ¢ is analytically conjugated to exp(X) provides the
basis to construct the Ecalle-Voronin system of complete invariants
(see [2]). The same strategy can be applied in bigger dimension. For
instance Voronin classifies analytically the unipotent diffeomorphisms
in Diff (C2,0) whose normal form is of the form z¥0/dy [2]. In spite
of this the Main Theorem claims that such a nice model is not always
available. In fact we prove that there exist elements of Diff (C?,0) of
the form

oru(r,y) = (x+yly —2)K(z,y),y + y(y — z)u(z,y))

with no convergent normal form. Moreover, the obstruction is of geo-
metrical type.

The proof of the Main Theorem is based on the study of the trans-
port mapping . Suppose log g, is a germ of vector field. Then
log ¢ u/y(y — )] is regular and transversal to both y = 0 and y = «.

Real picture of the transport mapping

We can define a correspondence T'rg, associating to each point P
in y = 0 the unique point in y = z contained in the trajectory of
log o u/ly(y — x)] passing through P. This correspondence is the
transport mapping. Even if log ¢k, is divergent we manage to de-
fine T'rk ,; it is a formal invariant. Moreover we prove that if ¢k, has
a convergent normal form then its transport mapping is an analytic

mapping.
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Fix u € C{z,y} \ (z,y) such that In¢pg, is not a germ of vector
field. The rest of the paper is devoted to prove that there exists K in
C{xz,y} N (x,y) such that Trg, diverges. We argue by contradiction.
Note that Trg, can be analytic (for example Trg,(z,0) = (x,x))
whereas log ¢k, is divergent. The divergence of Tk, is even stronger
than the non existence of a germ of vector field collinear to In ¢k ,,. It
is obtained through a fine analysis of the nature of the family (¢x.)x

We consider polynomial families on A € C of the form

ornun(,y) = (x + Ay(y — 2)A(z, y), y + y(y — 2)u(z,y)).

The absence of convergent normal form for all A € C allows to find by
deriving with respect to A and evaluating at A = 0 a linear equation

¢ —€opou =y(y —x)A

such that éx(z,z) — éa(x,0) € C{z} for every solution éx € Cl[[z,y]].
The proof of the convergence of éx(x, ) —éa(z,0) is based on potential
theory techniques. The equation é — €0 g, = y(y — x)A has a formal
solution €éx for all A € C[[z,y]], moreover éx(z,x) — éa(x,0) does not
depend on the choice of é5. Then the operator S, : C[[z,y]] — C[[z]]
such that

Su(A) = éa(z,x) — én(x,0)

is linear, well-defined and S, (C{z,y} N (z,y)) is contained in C{z}.
The situation is much improved. Now it is enough to study a linear
operator attached to a diffeomorphism ¢, which is dynamically sim-
ple, in particular the property x o g, = x will be key to prove that
Su(C{x,y} N (x,y)) contains divergent elements.

The operator S, was defined in terms of a difference equation. The
difference equation can be replaced by a diffeArential equation easier to

handle. More precisely S,(A) = I'(z,z) — I'(x,0) for every solution
' € Cllz, y]] of

log pou(I') = —y(y — x)A.
Since log g, is divergent and x o g, = x then log ¢, = uy(y —x)d/dy
for some divergent @ € C[[z,y]]. The collinearity of log ¢, and the germ
of vector field 9/0y and some standard functional analysis techniques
can be used to prove that S,(C{z,y} N (z,y)) C C{x} implies that
u € C{z,y}. Here we have our contradiction.

We do not say anything about the nature of the transport mapping,
besides the fact that it is generically divergent. It would be interest-
ing to know what divergent mappings can be obtained as transport
mappings of diffeomorphisms of type g .
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2. BASIC FACTS

In this section we introduce some well-known facts about diffeomor-
phisms and vector fields for the sake of completeness.

We say that a formal vector field X = > iy (@1, 2,)0/ 0
where a; € C[[z, ..., x,]] for all 1 < j < n is nilpotent if X(0) = 0
and j'X is nilpotent. We denote by Xy(C",0) and Xy(C”,0) the
sets of formal nilpotent vector fields and germs of nilpotent vector
fields respectively. We define X°(§) = § and X7t! = X(X7(§)) for all
X € Xn(C",0) and § € C[[z1,...,x,]]. For a formal nilpotent vector
field X the exponential mapping

R P O
exp(tX) = (Z ﬁXJ (21),..., Z FXJ(xn))
=0 =0
is well-defined and its components belong to C[t|[[x1,...,x,]]. More-

over if X converges then exp(tX)(z,y) is the point that we obtain
by travelling time ¢ along the trajectory of X passing through (z,y).
Obviously we have exp(0X) = Id.

We say that 6 = (64, ...,6,)NC[[zy,...,x,]]" is a formal diffeomor-
phism if jlo is a linear isomorphism. We denote by Diff (C™,0) and
Diff (C",0) the set of formal diffeomorphisms and germs of diffeomor-
phism respectively. If 7'6 is unipotent (i.e. if 1 is the only eigenvalue of
j'6) then we say that & is unipotent. We denote by Diff «(C™,0) the set
of formal unipotent diffeomorphisms. The next result is well-known.

Proposition 2.1. The exponential mapping X +— exp(lX) maps bi-
jectively Xy (C",0) onto Diff ,(C",0).

Let & € Diff «(C™,0); we denote by log ¢ the unique formal nilpotent
vector field such that exp(logd) = 4.

Consider an ideal I C C[[zy,...,z,]]. We denote by Z(I) the set
of formal curves 4 € (C[[t]] N (¢))" such that ho4 = 0 for all h € I.
Reciprocally, for A C (C[[t]] N (t))" we define I(A) as the set of series
h e C[[z1,..., )] such that ho4 =0 for all 4 € A. We have

Proposition 2.2 (Formal theorem of zeros [8], pages 49-50). Let I be
an ideal of Cl[xy,...,x,]]. Then
1zl = V1.
Let Y be a formal vector field. We consider the set

~

FIY)={ge€C[[x1,...,2,]] : Y(§) =0}
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of first integrals of Y. We say that f € FI(Y) is primitive if 1/ f does
not belong to C[[zy,...,z,]] for k > 1. If FI(Y) # () there exists a
primitive formal first integral f; moreover we have [6]

FI(Y)=C[[]]o f.

The primitive first integral can be chosen in C{xy,...,x,} if Y is a
germ of vector field [6].

We can give an alternative characterization for the first integrals of
the logarithm of a unipotent diffeomorphism.

Lemma 2.1. Let o € ]ji?fu((:”, 0) and f € Cl[zy,...,2,]]. Then

loga(f)zO(:)foazf.

Proof. We have

A~ A A 2 A
foexp(tlogo) = f +tloga(f)+ (log 0)*(f) +

Therefore log a(f) = 0 implies foo = f.

Suppose f oo = f. We obtain f o exp(tlogo) — f =0 for all t € Z
and then for all ¢ € C since both sides belong to C[t][[x, y]]. That leads
us to

. foexp(tlogo) — f
t—»O t

log & (f) = = 0.

3. FORMAL CONJUGACY

Throughout this paper we work with germs of diffeomorphism in

(C2,0) of the form

oru(r,y) = (x+yly —2)K(z,y),y + y(y — z)u(z,y))

where u, K € C{z,y} and u(0,0) # 0 = K(0,0). In this section
we describe a geometrical condition for ¢k, not to have a convergent
normal form.

We denote by Fixo the fixed points set of a germ of diffeomorphism
o. Next, we describe the structure of log ¢k .

Lemma 3.1. The formal vector field log ¢k, is of the form

0
log orcu = yly — ) (u(O, 0)8_3/ + h.o.t.) )
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Proof. Since [y(y — =) = 0] = Fizpk, then

eXp<t log @K,u)(mao) = (.1',0) and eXp(tlog @K,u)('xwr) = (l‘,m)
for all t € Z. Indeed, the result is still true for every ¢ € C since
exp(tlog vk ) (z,0) and exp(tlog ¢ ) (x, x) belong to (C[t][[:lc]])2 We
have

=0.

t1 w)(,0) — 01 «) (2,0
log pru(,0) = 11 1 exp(tlog pic) (. 0) ; exp(0log pic.u) (. 0)
We deduce that y divides log ¢k . In an analogous way we obtain that
y — x divides log ¢k . Then log ¢ ./(y(y —z)) = u(0,0)0/dy + h.o.t.
as it can be proved by using undetermined coefficients. O

Lemma 3.2. Fiz pk, and § € C|[z ]] There exists a unique f in
Cllz, )] such that log xca(f) = 0 and f(z,0) = §(x).

Proof. We denote Y = log ¢k ./ (y(y —)). By lemma 3.1 we have that
Y (y) is a unit. Then

of _ _Y(@)of

IOg @K,u(f) =0«

dy  Y(y) Oz
As a consequence there is a unique formal solution of the previous
equation fulfilling the initial condition f(z,0) = g(z). O

We want to introduce the formal invariants of ¢k ,. The first formal
invariant is the fixed points set.

Proposition 3.1. Let 7,5 € Diff (C",0) and ¢ € Diff (C",0) such
that 6 o1 = 1 06. Then we have 6(FixT) = FixTs.

An equivalent statement is the following: Let I; = I (FizT) and
I, = I(FizTy). Then we have Iy 06 = I;.

Proof. Let 4 € C[[t]]" N Z(I;). We have 71 0 4(t) = 4(t); we obtain
(

(t);
gon(y(t)) = 00(Y(t)) = T2 00(Y(t)) = 6(¥(t)).
We deduce that 609(t) belongs to Z(I,) and then 6(Z(1,)) C Z(I). By
the analogous argument applied to 6(=1) we obtain Z (f ) Co(Z (Il))
and then O'(Z(Il>> Z(I5). That is equivalent to IZ(l5) 06 = 1Z(1h).
Since [1 and Ig are radical ideals then 12 of = [1 is a consequence of
the formal theorem of zeros. O

Remark 3.1. It is no required the formal theorem of zeros to prove
the previous proposition but this proof makes clear that the image by
o of a parametrization Y(t) of a formal curve contained in Fixr is a
parametrization 6 o 4(t) of a formal curve contained in Fixt,.
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Lemma 3.3. Let ¢, 7 € Diff (C2,0) and & € Diff (C2,0) such that
00pgy=T100. Then
(1) FixT is an analytic set.
(2) FixzT has two irreducible components fi = 0 and fo = 0, both
of them are smooth curves.

(3) G.(log pru) = logT.

(4) 7°(log 7/(f1f2)) is transversal to both fi =0 and fo = 0.

(5) Let f be a primitive element of FI(logpku). Then fodtD s
a primitive element of F1(logT).

(6) fo&l(f_llz)o and fo&‘(sz)o are "injective”. In other Awords, if (t) is
a minimal parametrization of f; = 0 we have v(foo(=Yo4) = 1.

Proof. Condition (1) is obvious. Conditions (2) and (4) are a conse-
quence of proposition 3.1 and j'6 being an isomorphism. Conditions
(3) and (5) can be deduced of the uniqueness of the logarithm. Condi-
tion (6) is equivalent to prove that v(f(z,0)) = v(f(x,z)) = 1 for every
primitive f in FI(log k). We can suppose that f(m,O) = x since
then f is primitive and the set of primitive elements of F'I(log ¢k ) is
Diff (C,0) o f. The relation log px./(y(y — x)) = u(0,0)d/dy + h.o.t
implies j' f = z. Therefore y(f(x,())) = V(f(x,x)) =1. O

Consider a couple (5, g) where S is a germ of analytic set and ¢ is a
function on S. We typically consider a couple (7, |Jacyk u|y) where v is
a germ of curve contained in Fizyg,, and |Jacpk,| is the determinant
of the jacobien matrix.

Proposition 3.2. The couples
(y = 0,[Jacpruly=0) and (y = z,[Jacokuly=2)
are formal invariants of Y .
Proof. Suppose 60 @y, = 706 for 7 € Diff (C2,0) and & € Diff (C2,0).
We have
(|Jaco| o pru)|Jacoku| = (|Jact| o 6)|Jaca|

by the chain rule. Let v(t) € (C{t} N (¢))? be a parametrization of
either y = 0 or y = . We have g, 0 y(t) = ¥(t); that implies

[Jacoru| 0 y(t) = [Jact| o (6 0(t))
as we wanted to prove. O

Consider the formal mapping Trk, : (y = 0) — (y = z) such that
frwo Trxy = frxau Where fik, is a primitive formal first integral of
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log ¢k By condition (6) in lemma 3.3/ we have that f ,(z,0) and
fu(z, ) belong to Diff (C,0). As a consequence we obtain

Trica(®) = (ficu(z, 7)o fiu(z,0)

The mapping Tk, does not depend on the choice of fK’u. We call
Trg,, the transport mapping. If log ¢k, is a germ of vector field then
Trg.(x) is the only point in y = x contained in the same trajectory of
log ¢ru/ly(y — x)] than (z,0).

Proposition 3.3. The transport mapping T'rk ., associated to a diffeo-
morphism pg,, 15 a formal invariant.

Suppose ¢ o 9., = 7o ¢ for T € Diff (C?,0) and 6 € Diff (C%,0).
By proposition [3.1 the formal curves 73 = 6(y = 0) and v = 6(y = )
are in fact analytic. We define T'r; : 4 — 75 such that goTr, = g for
every primitive ¢ in F'I(logT).

Proof. We keep the notations in the previous paragraph. We choose
d(x,0) and &(x,z) as formal parameterizations of +; and -, respec-
tively. We choose a primitive f € FI(log YK.u); the series g = fosth
is a primitive element of F'I(log7) (lemma [3.3). We obtain

Tro(z) = (f o670 (6(x,2))) "V o (f 060 V(6(x,0))) = Tru().
U

Now we introduce an obstruction to have a convergent normal form.
A unipotent diffeomorphism 7 has convergent normal form if log 7 is
formally conjugated to the exponential of a germ of vector field.

Proposition 3.4. Suppose that there exist X € Xn(C%0) and 6 in
Diff (C2,0) such that 6o¢k,, = exp(X)od. Then Trg,, is a convergent
mapping.

Proof. The expression of Trg, in coordinates z +— (z,0), x — (x,x)
and of T'rexp(x) in coordinates x +— &(x,0), x +— &(x,x) are the same.
Since it is clear that the expression of T (x) in convergent coordinates
is convergent then it is enough to prove that ¢(z,0) and &(x, x) belong
to C{z}>.

We have |Jacpg | = 1+(2y—=x)u(0,0)+h.o.t. Therefore |Jacyk u|y=o
is injective. Consider a convergent minimal parametrization n(z) of
6(y = 0); there exists h € Diff (C,0) such that &(x,0) = n o h(x).
Since |Jac(exp(X))| o 6(x,0) = |Jacyk|(x,0) then

9 aelexp(X))] 0 n(e)) (0) = — 400

Ox ~ 9h/0x(0) 70
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As a consequence
h = (|Jac(exp(X)| o n(x) = 1)V o (| Jacor,ul(x,0) = 1)

belongs to Diff (C,0). That implies &(x,0) = noh € C{z}?. The proof
for 6(z, z) is analogous. O

Remark 3.2. In order to find a unipotent diffeomorphism without con-
vergent normal form it is enough to exhibit a @k, such that Tri,, is
divergent.

Remark 3.3. We do not prove it in this paper but a diffeomorphism
Yru such that Trg, is an analytic mapping has convergent normal
form. In particular a diffeomorphism o, = (x,y + y(y — z)u(z,y))
has convergent normal form.

4. POLYNOMIAL FAMILIES
We define
rux = (T +Ay(y —2)K(z,9),y + y(y — v)u(z,y)

where u(0,0) # 0 = K(0,0) and A\ € C. We denote by fy the only ele-
ment of FI(log @k, ) such that fy(x,0) = z. The transport mapping
T'ryk . satisfies

Traga(®) = (2, 2) " o fu(2,0) = (fi(w, 2))

As a consequence T'ryg,, is convergent if and only if fx(x, x) € C{z}.

(=1

Lemma 4.1. We have

log vk u, 0 0
D8P _ (Z allc,l(/\)xkyl> I + <Z ai,z(k)wkyl) a_y

y(y — ) 0<k,l 0<k,l
where a?;l € O(C) for all k,1 >0 and j € {1,2}.
The lemma can be proved by using undetermined coefficients.

Proposition 4.1. Let fA be the unique formal first integral of 1og @ .z
such that f\(x,0) = x. Then f\ can be expressed in the form

h=a+y D> fisNaly
k1

where fj, € C[A] and deg fj, < j+k forallj+k>1.
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Proof. We can use undetermined coefficients, the lemma 4.1 and the

equation

log Y un, »
o =0

to prove that f;, € O(C) for all j + %k > 1. Now consider

T
TK,u,A(xa y) = <Xa %) o SDK,uJ/)\ o (/\JZ, /\y>

We have

TkunT,y) = ( +y(y — 2) KAz, M\y), vy + Ay(y — 2)u(Az, Ay)).

We can proceed like in lemma 3.1 to prove

0
log T un(,y) = Ay(y — z) (u(o, O)a_y + h.o.t.) .

There is an analogue of lemma 4.1/ for log 7., 2/ (Ay(y — x)). Again
such an expression can be used to prove that the unique first integral

h=z+y Z gin(N)zy*
k=1

of log 7k u.» such that g, (z,0) = x satisfies g;, € O(C) for all j+k > 1.
The relation between g, and 7, » implies

fl/A(A$7 )\y) = )\g)\(JT, y)

We obtain f;x(1/A)N T = g, (\) for all j + k > 1. Since f;x and g;x
are integer functions we deduce that f; is a polynomial of degree at
most j + k for all j +k > 1. O

We have fy(z,z) = = + > iko1 Fie(N)27TEE Next result is crucial.

Proposition 4.2 ([5,4]). Let P = >0 Pi(A)2? where P; € C[A] and
deg P; < Aj+ B for some A, B € R and all j € N. Then either P()\, x)

is convergent in a neighborhood of x = 0 or P(\) € C[[z]] \ C{z} for
all A € C outside a polar set.

A polar set is pretty small. Its measure is zero as well as its Hauss-
dorff dimension. Moreover, it is totally disconnected.

Corollary 4.1. Fiz K € C{z,y} N (z,y) and u € C{z,y} \ (z,y).
FEither (A, x) — Trigu(x) is convergent in a neighborhood of x =0 or
x+— Tragu(z) is divergent for all A € C outside a polar set.
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Proposition 4.3. Fiz u € C{z,y} \ (z,y). Suppose vk, has a con-
vergent normal form for all K € C{x,y} N (x,y). Then the equation

é€—¢€opgy =yly—z)A(z,y)

has a solution éx € C[[z,y]] such that éa(z,z) — éa(x,0) € C{z} for
all A € C{z,y} N (x,y).

Proof. Fix A € C{x,y} N (z,y). Let fx be the unique first integral of
log @ 4. such that fy(z,0) = x. We have fyopa )= frforall A € C
by lemma 2.1. That implies

O(fx 0 paun) _ ofs
O\ P=0 O\ a=0

Since fo = z then

yly — z)A(x,y) + (ml/\_()) O You = ap\:o'

We define éa(z,y) = (8f2/0N)(x,y,0). We have éx(z,0) = 0 by de-
finition of fA. By the hypothesis and the proposition 4.2 we obtain
that (X, z) — fr(z,z) is convergent in a neighborhood of z = 0. As a
consequence éa(z,z) € C{x} and then éx(z,z) — éa(z,0) € C{z}. O

The diffeomorphism ¢y, satisfies z o ¢y, = x, moreover it has a
convergent normal form. That is a significant progress since in order
to find a ¢k, without a convergent normal form we only have to deal
with simpler diffeomorphisms.

5. THE EQUATION € — €0 g, = y(y —z)A(z,y)

The main in result in this section is proving that the difference equa-
tion can be replaced by a differential equation. This is a key tool in
proving the main theorem.

We denote o, = (z,y +y(y — x)u(r,y)) by @u.
Lemma 5.1. log ¢, is of the form y(y — z)(u(0,0) + h.o.t.)0/0y.

Proof. By lemma 3.1 it is enough to prove that logy,(x) = 0. We
have that z o exp(tlog¢,) —x = 0 for ¢ € Z; moreover since both sides
belong to C[t][[x,y]] we obtain z o exp(tlog¢,) = z for t € C. Hence

tlog o) —
log%(x)zpn%xoem( ;gw) x

=0.
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Lemma 5.2. The equation é — éo p, = y(y — x)A(x,y) has a solution
€ = én € Cl[z,y]] for all A € C[[z,y]].

Proof. We define Ay = A. Consider the equation

log vu(e(A)) = —y(y — x)Ao.

Since log ¢, /(y(y—x)) is regular there exists a solution €(Ag) € C[[z, y]]
such that v(e(Ag)) > v(Ap) + 1. We consider

(e(Ap) + €1) — (€(Ag) + €1) 0 pu = y(y — ) Ay.

This equation is equivalent to

qr— o pu =Y mllog ) (~yly — ) (z,1).

k>2

We denote the term in the right-hand side by y(y — x)A;; we have
V(A1) > v(Ag)+1. We can proceed by induction. Given A; there exists
€(A;) such that log p,(e(A;)) = —y(y — x)A; and v(e;) > v(4;) + 1.
As previously we define

By = 3 illog ) oty - 2)8(z.0).

k>2

We obtain v(Aji1) > v(A;) + 1 for all j > 0. Therefore ), e(A;)

converges in the Krull topology to a solution éx € Cl[[z,y]] of the
equation € — € o ¢, = y(y — z)A(z,y). O

Lemma 5.3. Fiz A € C|[z,y]]. The series éa(x,x)—éa(x,0) does not
depend on the solution éx € Cl[z,y]] of € — €0 @, = y(y — 2)A(x,y).

Proof. 1t is enough to prove that é(z,z) — é(z,0) = 0 for a solution
¢ € Cl[z,y]] of € — €0 ¢, = 0. The series é belongs to FI(log,) by
lemma 2.1. Moreover, lemma 5.1 implies 0¢/0y = 0. Hence € belongs
to Cl[[z]] and clearly é(x, x) — é(z,0) = 0. O

Given A € C|[z,y]] and a solution éx € C[[z,y]] of the equation
€ —¢éoyp, = yly — x)A(x,y) we define S,(A) = éa(z,x) — éa(x,0).
The lemmas 5.2/ and 5.3 imply that S, : Cl[[z,y]] — C[[z]] is a well-

defined linear functional. Proposition 4.3/ implies that if there is no ¢k,
without convergent normal form then S, (C{z,y} N (z,y)) C C{z}.

Lemma 5.4. Let u € C{z,y} \ (z,y). Then we have

log ¢, B
s, (mwy - x)A(w,y)]) 0

for all A € Cl[z, y]].
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Proof. Let &y € Cl[x,y]] be a solution of é — € 0 ¢, = y(y — z)A(z,y).
Now €, = € o exp(tIn g, ) satisfies the equation

& — € opu = [y(y — )A(z,y)] o exp(tlng,)
for all t € C. Moreover, we have
coexp(ting,)(z,z) — €oexp(tiny,)(x,0) = é(z, x) — é(x,0).
That implies
ShCmy—@AWwﬂmeﬂmmrﬂmy—@A@wﬂ>:0

ty(y — x)
for all ¢ € C*. By deriving with respect to t and evaluating at t = 0 we
obtain the thesis of the lemma. U

Next we replace our difference equation with a differential equation.

Proposition 5.1. Let u € C{z,y}\ (x,y) and A € C|[z,y]]. Consider
a solution T'x of log v, (") = —y(y — x)A. Then we have

Su(A) = Ta(z,z) — Ta(z,0).
Proof. We have

Ta—Taopu =y(y—z)A+logp, (Z (log gﬁ)k_QLy(Z!_ x)A(x’y») .

k>2

Consider a solution éx € C[[z,y]] of € — €0 ¢, = y(y — z)A(x,y). We
have

(Ca —éa)(z,2) — (Ta — éa)(2,0) =0

by lemma 5.4. O
Corollary 5.1. Suppose logp, € Xn(C?%0). Then S, (C{z,y}) is
contained in C{x}.

Remark 5.1. Even if logp, € Xx(C?0) implies S,(A) € C{z} (for
A € C{z,y}) in general there is no convergent solution éx of the equa-
tion € — €0 o, = y(y — x)A(z,y). The divergence of Sy, (A) is subtler
than the divergence of every éa.

6. THE INDUCED DIFFERENTIAL EQUATION

Let v € C[[z,y]]. We can define the operator D, : C{z,y} — C{z}
such that D,(H) = ég(z,z)—€éx(x,0) where ég € Cl[z, y]] is a solution
of 0¢/0y = vH. The definition of D, (H ) does not depend on the choice
of éy. This section is devoted to prove

Proposition 6.1. Let v € C[[z,y]]. If D,(C{z,y}) C C{x} then v
belongs to C{x,y}.
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Fix €,0 > 0. We define the Banach space B.; whose elements are
the series H = Y7 Hjz’y" such that

1Hlles = Y [Hjule'd* < +oo.
0<jk
We have B s C C{z,y}. Moreover, a function H € B, s is holomorphic
in B(0,¢) x B(0,6) and continuous in B(0,¢) x B(0,d). Given v in
Cl[z,y]] we can define for j > 1 the linear functionals DJ : B, — C

such that
D,(H) =Y Dj(H)z/
j=1
for all H € B, .

Lemma 6.1. Let v € Cl[z,y]]. Then DJ is a linear continuous func-
tional for all 5 € N.

Proof. We denote H =3, Hy. (H)x*y'. We have that
Dj =Y c,H
k+i<y

where c,i,l € Cforall j > 1and k+1 < j. As a consequence it is
enough to prove that Hy; : B.s — C is a continuous functional for all
0 < k,l. We apply Cauchy’s integration formula to obtain

1 H(z,y)
H.,(H) = —— ——— " dxdy.
wi(H) (2mi)? /8B(O,e)><8B(O,6) phtlyl+t e

That implies

SUPsB(0,6)xdB(0,6) |H| HHHeﬁ
ekl = ekl

As a consequence ||Hy || < e %6 O

|Hy(H)| <

Lemma 6.2. Let v € C[[z,y]]. Either limsup, . {/ ||D}|| < 400 or
D,(H) ¢ C{z} for all H in a dense subset of B ;.

Proof. Suppose limsup; ., {/ || D3]] = +00. We choose a sequence (a;)
of positive numbers such that a; — oo and
{/11D3]]

lim sup = +00.
j—oo G

Hence limsup; HDZ)/azH = 4o00. We deduce that
lim sup |D%(H)|/a§ = 400

J—00
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for all H in a dense subset E of B.s; by the uniform boundedness
principle. Moreover, since

lim sup {/|D4(H)| > lim inf a; = +oo
j—o0 j—00
then D,(H) ¢ C{z} for all H € E. O

Proposition 6.2. Let v € C[[z,y]]. Suppose D,(B.s) C C{z}. Then
there exists n.s > 0 such that D,(H) € O(B(0,1.s)) for all H € B, .

Proof. There exists 7.5 > 0 such that limsup; ., {/ |D}|| < 1/nes by
lemma 6.2. As a consequence

lim sup \j/ \D{,(H)\ < lim sup (\j/ HD%H{/ HHH€75> < 1/Nes.
Jj—o0 Jj—0o0

That implies that D,(H) € O(B(0,7.s)) for all H € B, . O

Proof of proposition6.1. Since D,(H) € C{z} for all H € By, there

exists C' > 1 such that ||[DJ|| < CY for all 7 > 1 by lemma [6.2. We
denote v = Y, vkiz™y'. We have

Dy(1) =vo0 = |voo| < |[Dy]]|[1]]11 < C.

v

We want to estimate vy, ..., vo for all £ > 0. We obtain
Uk,0 Dy+i(1)
ik Uk—'1,1 _ Df?(y)
U(;,k Dq?}k—i-'l(yk)

where Hil* is the (k+1) x (k+1) Hilbert matrix; this is a real symmetric
matrix such that Hz’l’;b =1/(a+b—1)forall<ab<k+1 The
Hilbert matrix is the matrix associated to the bilinear form

< PQ >:/O P(r)Q(r)dr

in the basis 1, ..., 2* of the space of real polynomials in one variable of
degree at most k. Therefore Hil* is not singular and all its eigenvalues
are positive numbers. In order to estimate ||vgg, ..., V0|2 We want

to estimate the spectral norm of the inverse of Hil*, i.e. ||(Hilk)71||2.
Since (Hil’“f1 is hermitian then
1

min eigenvalues(Hilk)

H(Hilk)_lﬂg = max eigenvalues(([—[ilk)_l) =
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Let p =14 /2 and K = (872%4)/(1 + \/§)4; we obtain

ICHE) ™l = 221+ 0(1)

as k — 0o [3]. We have [DE1(y)| < [|DE[[[y]1 < CFHL As
a consequence we obtain

E+1

p4k
||vk‘,07"'7v0,k||2 S K\/E (1+0<1))

Then

0 4(1+m)

Uim| <
ol < 27—

for 0 < I, m where lim;;,, .o 0(1) = 0. We deduce that v belongs to
O(B(0,1/(p*C?)) x B(0,1/(p*C?))). O

——==V/[+m + 1C*H (1 + o(1))

7. END OF THE PROOF OF THE MAIN THEOREM

The following proposition basically implies the Main Theorem.

Proposition 7.1. Let u € C{z,y}\ (z,y). Suppose that log ¢y, is not
convergent. Then there exists K € C{x,y} N (x,y) such that vk, does
not have a convergent normal form.

Proof. Suppose the result is false. Hence S,(C{z,y} N (x,y)) C C{z}
by proposition 4.3 Let @ € C|[z,y]] be the formal unit such that
log wo.u = y(y — x)u(x,y)0/Jy (see lemma [5.1). By hypothesis @ is a
divergent power series. By proposition 5.1 the series I'a(x, z) —T'a(z, 0)
belongs to C{x} for all solution I'a € C[[z, y]] of

or  Ax,y)

dy  ulr,y)
and all A € C{z,y} N (z,y). Since D_,/3(C{x,y}) C C{x} then
—z/u € C{x,y} by proposition 6.1. We deduce that @ € C{xz,y}; that
is a contradiction. O

To end the proof of the Main Theorem it is enough to exhibit an
example of a diffeomorphism ¢, such that log ¢y, is divergent by
proposition [7.1.

If u(0,y) € O(C) then (y o po.)(0,y) is an integer function different
than y. Then log(¢ou) =0 is divergent [I]. That implies 4(0,y) & C{y}
and then u(x,y) € C{x,y}. In particular we can choose u = 1.
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8. REMARKS AND GENERALIZATIONS

In our approach a unipotent 7 € Diff (C™,0) has convergent normal
form if log 7 does. We can say then that the normal form is strong.
There is an alternative definition: We say that 7 € Diff (C",0) has a
weak convergent normal form if there exists a germ of vector field Y
vanishing at 0 whose exponential is formally conjugated to 7. This
definition is suppler but not so geometrically significant. For instance
Id = exp(0) € Diff (C,0) is the exponential of every germ of vector
field whose first jet is 27iz0/0z. It is natural to restrict our study to
the strong case. Anyway, in the family (k) the strong and weak
concepts of convergent normal form coincide. Hence a general ¢,
does not have a weak convergent normal form.

There exists ¢k, ., Without convergent normal form. That is the
generic situation. Consider the set

E ={¢ku: K € (x,y) and u(0,0) = 1} C Diff ,(C?,0).

For every ¢, there exists p € C* such that (z/u, y/p) ok ..o (pz, py)
is in E. Then to study the existence of convergent normal forms in the
family (@) we can restrict ourselves to E. In particular we can
suppose ¢k, € E. The set E is an affine space whose underlying
vector space is (z,y) X (z,y). Then E is the union of the complex lines

Lap: A QKo+ rAug+AB-

where A, B € C{z,y}N(z,y). By arguing like in section 4 and applying
proposition 4.2/ we can prove that for all line L4 p through ¢g, ., the
transport mapping is divergent outside of a polar set. The absence of
convergent normal form is clearly the generic situation in FE.

Consider K,u such that ¢k, does not have a convergent normal
form. We define

SO?W = (21 + 22(22 — 21) K (21, 22), 22 + 22(22 — 21)u(21, 22), 23, - - -, 2n).-

Then ¢, € Diff «(C™, 0)NDiff (C™, 0) does not have convergent normal

form for all n > 2. Hence there are unipotent germs of diffeomorphism

without convergent normal form for any dimension greater than 2.
Let f € C{x,y} N (x,y). Consider the family

Whw =@+ flz,y)K(z,y),y+ fz,y)u(z,y))
where K(0,0) = 0 # u(0,0). The choice f = y(y — z) is by no means

special.  We can choose f such that its decomposition z™f{" ... f,”
in irreducible factors satisfies v((fi... f,)(0,y)) > 1. This condition
means that in a suitable domain §((f = 0) N (x = ¢)) > 1 for all

¢ # 0 in a neighborhood of 0. It is the condition we need to define an
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analogue of the transport mapping. Fix u such that In ap{iu is divergent;

we can adapt the results in this paper to prove that there exists gpfm
with no convergent normal form for some K € C{z,y} N (x,y). The
two main difficulties in the proof are:

[1]

8]

e The formal invariants are slightly more complicated [7]. This
phenomenon is isolated in the example f = y*(y — x)*" for
aj € N. If a; > 1 the function |Jacyg u|y=j. is identically
equal to 1, it is a trivial formal invariant. Anyway, there are
always non-constant functions on y = 0 and y = = which are
formal invariants. This is crucial to prove proposition 3.4 since
otherwise we can not claim that the action of a formal conjuga-
tion on a fixed points curve is convergent. The rest of the proof
is basically the same.

e The technical details in the proofs are in general trickier. That
is the situation if the curve f = 0 is complicated, for instance if
its components are singular. Anyway, the proof basically follows
the same lines. The additions are intended to make the strategy
in this paper work. We chose the case f = y(y — x) because the
presentation is clearer but it contains all the main ideas.
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