PROCEEDINGS OF THE AMERICAN MATHEMATICAL SOCIETY Volume 00, Number 0, Pages 000–000 S 0002-9939(XX)0000-0

A RIGIDITY THEOREM FOR COMPLETE CMC HYPERSURFACES IN LORENTZ MANIFOLDS

A. CAMINHA

Abstract. In this paper we use the standard formula for the Laplacian of the squared norm of the second fundamental form and the asymptotic maximum principle of H. Omori and S. T. Yau to classify complete CMC spacelike hypersurfaces of a Lorentz ambient space of nonnegative constant sectional curvature, under appropriate bounds on the scalar curvature.

1. Introduction

In the past decades there has been an increasing interest in studying the structure of spacelike hypersurfaces of Lorentz manifolds of constant sectional curvature. This goes back to 1976, when S. Y. Cheng and S. T. Yau proved ([?]) the Calabi- Bernstein conjecture concerning complete maximal spacelike hypersurfaces of the Lorentz-Minkowsky space, namely, that the only ones are the spacelike hyperplanes.

For the De Sitter space, A. J. Goddard conjectured in [?] that complete CMC spacelike hypersurfaces should be totally umbilical. This turned out to be true only for compact hypersurfaces, due to independent work of S. Montiel ([?]) and J. L. Barbosa and V. Oliker ([?]). For the noncompact case, studying the behavior of the squared norm of the second fundamental form of the immersion A. Brasil, A. Colares and O. Palmas were able to find, in [?], new examples of non-totally umbilical complete CMC hypersurfaces of the De Sitter space.

Our aim in this paper is to study the structure of complete CMC spacelike hypersurfaces M^n of Lorentz ambient spaces of constant sectional curvature c ≥ 0, once one asks that M has scalar curvature R ≥ c. In this case, a structure theorem can be proved which gives strong rigidity to M. Indeed, one can classify (and we will do so) all such M as (n − 1)−cilinders over certain plane curves when c = 0, or as totally geodesic hypersurfaces when c > 0.

2. Preliminaries

To get into detail, the first tool we need is an asymptopic maximum principle due to H. Omori and S. T. Yau, which we now recall:

Theorem 2.1 ([?]). Let M^n denote an n−dimensional complete Riemannian manifold having Ricci curvature bounded from below. If f : M → R is a C^2 function

Received by the editors and, in revised form, .

2000 Mathematics Subject Classification. Primary 53C42; Secondary 53B30, 53C50, 53Z05, 83C99.

Key words and phrases. Differential geometry, Lorentz-Minkowsky space. The author wishes to thank A. Brasil and L. Alías for some valuable comments.

© 1997 American Mathematical Society 1

2 A. CAMINHA

on M such that inf_M f > −∞, then there exists a sequence (p_k)_{k≥1} of points in M such that the following hold:

f(p_k) < inf_M f + 1 k , |∇f|(p_k) < 1 k , Δf(p_k) > − 1 k . The above theorem has the following useful corollary, which appeared in a weaker form in [?].

Corollary 2.2. Let M^n denote an n−dimensional complete Riemannian manifold having Ricci curvature bounded from below. If f : M → R is a nonnegative C^2 function on M, such that Δf ≥ af^β for some real numbers a > 0 and β > 1, then f ≡ 0.

Proof. Let ϕ : R^∗_+ → R^∗_+ be a smooth function to be chosen later, and g = ϕ ∘ f. Then ∇g = ϕ^′(f)∇f and Δg = div(∇g) = ϕ^′(f)Δf + ϕ^{′′}(f)|∇f|^2

= ϕ^′(f)Δf + ϕ^{′′}(f) ϕ^′(f)^2

|∇g|^2,

so that − ϕ^{′′}(f) ϕ^′(f)^2

|∇g|^2 + Δg = ϕ^′(f)Δf.

Letting ϕ(t) =^1_{(1+t)α} , α > 0, one gets

ϕ^′(t) = −αϕ(t)^{α+1α} , ϕ^{′′}(f) ϕ^′(f)^2 = ( α + 1 α ) 1 ϕ(t) , and hence ( α + 1 α ) |∇g|^2 − ϕ(f)Δg = αϕ(f)^{2α+1α} Δf ≥ aα f^β (1 + f)^{2α+1} . If one now takes α =^{β−1}_2 > 0, we arrive at

(2.1) ( α + 1 α ) |∇g|^2 − gΔg ≥ aα ( f 1 + f

)_β . Since g is C^2 and bounded from below, by the previous theorem we get a sequence (p_k) of points in M such that

g(p_k) < inf_M g + 1 k , |∇g|(p_k) < 1 k , Δg(p_k) > − 1 k . Therefore, f(p_k) → sup_M f, and substituting into (??) we get α + 1 αk^2 − 1 k ( inf_M g + 1 k ) ≥ aα ( f(p_k) 1 + f(p_k)

)_β . Making k → +∞, we get sup_M f = 0, and since f ≥ 0 this gives f ≡ 0. □ The second tool is a formula for the Laplacian of the squared norm of the second fundamental form of an isometric immersion. In order to properly state the result, let us recall some facts about isometric immersions:

Any spacelike hypersurface x : M^n → M^{n+1} of an (n + 1)−dimensional, timeoriented Lorentz manifold M is orientable. Moreover, one can choose a globally defined timelike unit normal vector field N on M. If A denotes the second fundamental form of x with respect to N then, at each p ∈ M, A restricts to a self-adjoint

A RIGIDITY THEOREM FOR COMPLETE CMC HYPERSURFACES 3

linear map A_p : T_pM → T_pM. For 1 ≤ r ≤ n, let S_r(p) denote the r−th elementary symmetric function on the eigenvalues of A_p; this way one gets n smooth functions S_r : M → R, such that

det(tI − A) = n∑ k=0 (−1)^kS_kt^{n−k},

where S_0 = 1 by definition. If p ∈ M and {e_k} is a basis of T_pM formed by eigenvectors of A_p, with corresponding eigenvalues {λ_k}, one immediately sees that

S_r = σ_r (λ_1, . . . , λ_n),

where σ_r ∈ R[X_1, . . . , X_n] is the r−th elementary symmetric polynomial on the indeterminates X_1, . . . , X_n. In particular, if |A|^2 stands for tr(A^2) then it is immediate to check that

(2.2) 2S_2 + |A|^2 = S^2_1 .

Also, when the ambient space M has constant sectional curvature c, Gauss equation allows one to immediately check that the scalar curvature R of M relates to S_2 in the following manner:

(2.3) 2S_2 = n(n − 1)(c − R).

For 1 ≤ r ≤ n, one defines the r − th mean curvature H_r of x by

H_r =

(−1)^r (_n r ) S_r = 1 (_n r ) σ_r(−λ_1, . . . , −λ_n).

In particular, H_1 = H is the mean curvature of x. Such functions satisfy a very useful set of algebraic inequalities, usually reffered to as Newton’s inequalities. A proof of them for positive real numbers can be found in [?]. Here, we present a more general version of them, together with a sharp condition for equality. For the proof, recall that if a polynomial f ∈ R[X] has k ≥ 1 real roots, then its derivative f^′ has at least k − 1 real roots. In particular, if all roots of f are real, then the same is true of all roots of f^′.

Proposition 2.3. Let n > 1 be an integer, and λ_1, . . . , λ_n be real numbers. Define, for 0 ≤ r ≤ n, S_r = S_r(λ_i) as above, and H_r = H_r(λ_i) =

(_n r )_{−1} S_r(λ_i).

(a) For 1 ≤ r < n, one has H^2_r ≥ H_{r−1}H_{r+1}. Moreover, if equality happens for r = 1 or for some 1 < r < n, with H_{r+1} ≠ 0 in this case, then λ_1 = · · · = λ_n.

(b) If H_1, H_2, . . . , H_r > 0 for some 1 < r ≤ n, then H_1 ≥ √ H_2 ≥^3 √ H_3 ≥ · · · ≥^r √ H_r. Moreover, if equality happens for some 1 ≤ j < r, then λ_1 = · · · = λ_n.

(c) If, for some 1 ≤ r < n, one has H_r = H_{r+1} = 0, then H_j = 0 for all r ≤ j ≤ n. In particular, at most r − 1 of the λ_i are different from zero.

Proof. In order to prove (a) we use induction on the number n > 1 of real numbers. For n = 2, H^2_1 ≥ H_0H_2 is equivalent to (λ_1 − λ_2)^2 ≥ 0, with equality if and only if λ_1 = λ_2. Suppose the inequalities true for n − 1 real numbers, with equality when H_{r+1} ≠ 0 if and only if all of them are equal. Given n ≥ 3 real numbers λ_1, . . . , λ_n, let f(x) = (x + λ_1) . . . (x + λ_n) = n∑ r=0 ( n r ) H_r(λ_i)x^{n−r}.

4 A. CAMINHA

Then

f^′(x) = n−1∑ r=0 (n − r) ( n r ) H_r(λ_i)x^{n−r−1}.

On the other hand, there exist real numbers γ_1, . . . , γ_{n−1} such that

f^′(x) = n(x + γ_1) · · · (x + γ_{n−1}) = n n−1∑ r=0 S_r(γ_i)x^{n−1−r}

= n−1∑ r=0 n ( n − 1 r ) H_r(γ_i)x^{n−1−r} .

Since (n − r)

(_n r ) = n (_{n−1} r ) , comparing coefficients gives us H_r(λ_i) = H_r(γ_i) for 0 ≤ r ≤ n − 1. Hence, it follows from the induction hypothesis that, for 1 ≤ r ≤ n − 2,

H^2_r (λ_i) = H^2_r (γ_i) ≥ H_{r−1}(γ_i)H_{r+1}(γ_i) = H_{r−1}(λ_i)H_{r+1}(λ_i).

Moreover, if equality happens for the λ_i, with H_{r+1}(λ_i) ≠ 0, then it will also happen for the γ_i, with H_{r+1}(γ_i) ≠ 0. Again from the induction hypothesis, it follows that γ_1 = · · · = γ_{n−1}, and thus λ_1 = · · · = λ_n.

To finish, it suffices to prove that H^2_{n−1}(λ_i) ≥ H_{n−2}(λ_i)H_n(λ_i), with equality for H_n ≠ 0 if and only if all of the λ_i are equal. If λ_i = 0 for some 1 ≤ i ≤ n, equality is obvious. If not, H_n ≠ 0 and

H^2_{n−1} ≥ H_{n−2}H_n ⇔ [( n n − 1

)_{−1} ∑ i H_n λ_i

]_2 ≥ ( n n − 2

)_{−1} ∑ i<j H_n λ_iλ_j

H_n

⇔ (n − 1) ( ∑ i 1 λ_i

)_2

≥ 2n ∑ i<j 1 λ_iλ_j . Denoting α_i = 1/λ_i, the last inequality above is equivalent to

(n − 1)

(_n ∑ i=1 α_i

)_2

≥ 2n ∑ i<j α_iα_j .

Letting T (α_i) = (n − 1) (

∑_n

i=1 α_i)^2 − 2n ∑ i<j α_iα_j , we get

T (α_i) = n

(_n ∑ i=1 α_i

)_2 − (_n ∑ i=1 α_i

)_2 − 2n ∑ i<j α_iα_j

= n (_n ∑ i=1 α_i

)_2 − 2 ∑ i<j α_iα_j − (_n ∑ i=1 α_i

)_2

= n n∑ i=1 α^2_i −

(_n ∑ i=1 α_i

)_2

≥ 0,

by Cauchy-Schwarz inequality. Also, in this case equality happens if and only if all of the α_i (and then all of the λ_i) are equal. Note that the above reasoning also proves that H^2_1 = H_2 if and only if all of the λ_i are equal, for T (λ_i) = n^2(n − 1)[H^2_1 (λ_i) − H_2(λ_i)].

A RIGIDITY THEOREM FOR COMPLETE CMC HYPERSURFACES 5

Regarding (b), observe that H_1 ≥ H^{1/2}_2 follows from (a). On the other hand, if H_1 ≥ H^{1/2}_2 ≥ · · · ≥ H^{1/k}_k for some 2 ≤ k < r, then

H^2_k ≥ H_{k−1}H_{k+1} ≥ H^{k−1k}_k H_{k+1},

or still H^{1/k}_k ≥ H^{1/(k+1)}_{k+1} . It now follows immediately from the above inequalities that, if H^{1/k}_k = H^{1/(k+1)}_{k+1} for some 1 ≤ k < r, then H^2_k = H_{k−1}H_{k+1}. Therefore, item (a) gives λ_1 = · · · = λ_n.

To prove (c) suppose, without loss of generality, r < n−1. Since H_r = H_{r+1} = 0, one has equality in Newton’s inequality H^2_{r+1} ≥ H_rH_{r+2}.

If H_{r+2} ≠ 0, it follows from (a) that λ_1 = · · · = λ_n = λ. Hence, H_r = 0 ⇒ λ = 0, from where H_{r+2} = 0, a contradiction. Therefore H_{r+2} = 0, and analogously H_j = 0 for all r ≤ j ≤ n. To finish, it suffices to note that the polynomial f(x) of item (a) is, in this case, just

f(x) = n∑ j=0 S_j x^{n−j} = r−1∑ j=0 S_j x^{n−j} . □ For 0 ≤ r ≤ n one defines the r−th Newton transformation P_r on M by setting P_0 = I (the identity operator) and, for 1 ≤ r ≤ n, via the recurrence relation (2.4) P_r = (−1)^rS_rI + AP_{r−1}. A trivial induction shows that P_r = (−1)^r(S_rI − S_{r−1}A + S_{r−2}A^2 − · · · + (−1)^rA^r), so that Cayley-Hamilton theorem gives P_n = 0. Moreover, since P_r is a polynomial in A for every r, it is also self-adjoint and commutes with A. Therefore, all bases of T_pM diagonalizing A at p ∈ M also diagonalize all of the P_r at p. Let {e_k} be such a basis. Denoting by A_i the restriction of A to ⟨e_i⟩^⊥ ⊂ T_pM, it is easy to see that

det(tI − A_i) = n−1∑ k=0 (−1)^kS_k(A_i)t^{n−1−k},

where S_k(A_i) = ∑ 1≤j1 <...<jk ≤n

j_1 ,...,j_k ≠i

λ_{j1} · · · λ_{jk} .

With the above notations, it is also immediate to check that P_re_i = (−1)^rS_r(A_i)e_i, so that (lemma 2.1 of [?])

(a) S_r(A_i) = S_r − λ_iS_{r−1}(A_i). (b) tr(P_r) = (−1)^r

∑_n

i=1 S_r(A_i) = (−1)^r(n − r)S_r. (c) tr(AP_r ) = (−1)^r

∑_n

i=1 λ_iS_r(A_i) = (−1)^r(r + 1)S_{r+1}. (d) tr(A^2P_r) = (−1)^r

∑_n

i=1 λ^2_i S_r(A_i) = (−1)^r(S_1S_{r+1} − (r + 2)S_{r+2}).

Associated to each Newton transformation P_r one has the second order linear differential operator L_r : D(M) → D(M), given by L_r(f) = tr(P_rHessf).

6 A. CAMINHA

When M^{n+1} is a constant sectional curvature Riemannian space, it was proved by H. Rosenberg in [?] that (2.5) L_r(f) = div(P_r ∇f), where div stands for the divergence of a vector field on M, and his proof works as well for Lorentz ambient spaces M^{n+1}. Therefore, for f, g ∈ D(M), it follows from the properties of the divergence of vector fields that (2.6) L_r(fg) = fL_r(g) + gL_r(f) + 2⟨P_r∇f, ∇g⟩.

With the above notations, the following result is by now classical. For a proof, we refer the reader to [?] or [?]. L_1(S_1) = −ΔS_2 − |∇A|^2 + |∇S_1|^2

(2.7) −tr(AP_1)(|A|^2 + cn) + S_1[tr(A^2P_1) + ctr(P_1)], Substituting (??), (??) and (??) into (??), and taking into account the properties of the divergence of vector fields, after some manipulations one easily arrives at 1 2 Δ|A|^2 = div(A∇S_1) + |∇A|^2 − |∇S_1|^2

(2.8) +tr(AP_1)(|A|^2 + cn) − S_1[tr(A^2P_1) + ctr(P_1)].

3. CMC hypersurfaces having bounds on the scalar curvature In what follows, M^{n+1}_c denotes complete a Lorentz manifold of constant sectional curvature c.

Theorem 3.1. Let x : M^n → M^{n+1}_c , c ≥ 0, be a complete spacelike hypersurface of constant mean curvature H. If M has scalar curvature R ≥ c, then:

(a) R = c on M.

(b) If c = 0 and H ≠ 0, then S_j = 0 for all 2 ≤ j ≤ n. (c) If c > 0, then M is totally geodesic and closed.

Proof. It follows from equation (??) that (3.1) 1 2 Δ|A|^2 = |∇A|^2 + tr(AP_1)|A|^2 − S_1tr(A^2P_1) + c[ntr(AP_1) − S_1tr(P_1)], and an easy computation shows that (3.2) tr(AP_1)|A|^2 − S_1tr(A^2P_1) = −2S_2|A|^2 + S^2_1 S_2 − 3S_1S_3 and (3.3) ntr(AP_1) − S_1tr(P_1) = −2nS_2 + (n − 1)S^2_1 .

Now, applying the second one of Newton’s inequalities, one gets S_1S_3 n (_n 3 ) = H_1H_3 ≤ H^2_2 =

S^2_2 (_n 2 )_2

so that (3.4) 3S_1S_3 ≤

2(n − 2) n − 1

S^2_2 .

On the other hand, the first of Newton’s inequalities gives (3.5) (n − 1)S^2_1 − 2nS_2 = (n − 1)n^2(H^2_1 − H_2) ≥ 0.

A RIGIDITY THEOREM FOR COMPLETE CMC HYPERSURFACES 7

Let’s now interpret the condition on R in terms of |A|^2: from (??) we get S_2 ≤ 0. Therefore, (3.6) |A|^2 − S^2_1 = −2S_2 ≥ 0.

Substituting (??), (??), (??) and (??) into (??), and taking into account that c ≥ 0, one successively gets 1 2 Δ(|A|^2 − S^2_1 ) = 1 2 Δ|A|^2 ≥ −2S_2|A|^2 + S^2_1 S_2 −

2(n − 2) n − 1

S^2_2

= −2S_2 ( |A|^2 −

S^2_1 2 + ( n − 2 n − 1 ) ( S^2_1 − |A|^2 2 ))

= n 2(n − 1)

(|A|^2 − S^2_1 ) ( |A|^2 −

S^2_1 n )

≥ n 2(n − 1)

(|A|^2 − S^2_1 )^2.

(3.7)

Our purpose is to apply corollary ?? to |A|^2 in (??). To this end, we also need to know that our manifold M has Ricci curvature bounded from below. Take p ∈ M, a unit vector v ∈ T_pM and an orthonormal basis {e_1, . . . , e_{n−1}, e_n = v} of T_pM. Gauss equation gives

(n − 1)Ric_p(v) = ∑ i<n R(e_i, e_n, e_i, e_n)

= (n − 1)c + ∑ i<n [−⟨Ae_i, e_i⟩⟨Ae_n, e_n⟩ + ⟨Ae_i, e_n⟩^2]

= (n − 1)c − (S_1 − ⟨Ae_n, e_n⟩)⟨Ae_n, e_n⟩ + ∑ i<n ⟨Ae_i, e_n⟩^2

≥ (n − 1)c + ⟨Ae_n, e_n⟩^2 − S_1⟨Ae_n, e_n⟩

≥ (n − 1)c −

S^2_1 4 . (3.8)

Therefore, applying corollary ?? with β = 2 we get |A|^2 = S^2_1 on M, which is the same as S_2 = 0, or R = c on M. To prove items (b) and (c), it now follows immediately from (??), (??), (??) and (??) that ∇A = 0, H_1H_3 = H^2_2 = 0 and cH^2_1 = cH_2 = 0 on M.

If c > 0 then H^2_1 = H_2 = 0 on M, so that M totally geodesic. Moreover, (??) shows that the Ricci curvature of M satisfies Ric ≥ 1, so that M is closed, by Myers’ theorem. If c = 0 and H_1 = H ≠ 0, then H_3 = 0 on M, and item (c) of proposition ?? gives S_j = 0 on M, for all 2 ≤ j ≤ n. □ Hereafter, by L^{n+1} we mean the standard (n+1)−dimensional Lorentz-Minkows-ky space of zero sectional curvature. More precisely, L^{n+1} is the (n+1)−dimensional Euclidean space E^{n+1} with coordinates (x_1, . . . , x_{n+1}), furnished with the Lorentz metric corresponding to the quadratic form q(x) = x^2_1 + · · · + x^2_n − x^2_{n+1}.

Also, S^{n+1}_1 denotes the (n + 1)−dimensional De Sitter space, that is, S^{n+1}_1 = {p ∈ L^{n+2}; ⟨p, p⟩ = 1}.

It is a standard result that S^{n+1}_1 is a Lorentz manifold of constant sectional curvature identically 1.

8 A. CAMINHA

Corollary 3.2. Let x : M^n → S^{n+1}_1 be a complete spacelike hypersurface of constant mean curvature H in the De Sitter space. If M has scalar curvature R ≥ 1, then x(M) = {p ∈ S^{n+1}_1 ; ⟨p, w⟩ = 0}, for some w ∈ L^{n+2} such that ⟨w, w⟩ = −1.

Proof. In [?] and [?], the authors characterized closed CMC spacelike hypersurfaces of S^{n+1}_1 as being totally umbilical. More precisely, any such hypersurface equals

M_{τ,w} = {x ∈ S^{n+1}_1 ; ⟨x, w⟩ = τ}, for some τ ∈ R and w ∈ L^{n+2} such that ⟨w, w⟩ = −1. The corollary now follows from the fact that M_{τ,w} has mean curvature^τ_{τ 2+1} . □

Corollary 3.3. Let x : M^n → L^{n+1} be a complete spacelike hypersurface of constant mean curvature H > 0. If the scalar curvature R of M is nonnegative, then x(M) is an (n − 1)−cilinder over a plane curve γ. Moreover, up to isometries of L^{n+1}, one has γ(x_1, . . . , x_n) = (0, . . . , 0, g(x_1)), where

g(x_1) = √ |c| nH − ( x_1 − √ c^2 − 1 nH )_2 + 1 n^2H^2

and c ∈ R is arbitrary such that |c| ≥ 1.

Proof. It follows from the preceding theorem that the relative nullity ν of M is identically n − 1. Therefore, from a theorem of Ferus ([?], chap. 5) the distribution of relative nullity is smooth and integrable, and the leaves are complete and totally geodesic in M^n and in L^{n+1}. Hence, the argument of the proof of Hartman- Nirenberg’s theorem (see also chap. 5 of [?]) works ipsis literis, and any such M is a cilinder over a plane curve.

On the other hand, it is well known ([?]) that every complete spacelike hypersurface M^n of L^{n+1} is the graph (x_1, . . . , x_n) → (x_1, . . . , x_n, f(x_1, . . . , x_n)) of some function f : R^n → R having gradient |∇f| < 1. Moreover, in this case (see also [?]) the mean curvature H of M satisfies

nH = −div ( ∇f √ 1 − |∇f|^2 ) . Hence, up to an isometry of L^{n+1}, we can assume that M is the graph of f(x_1, . . . , x_n) = g(x_1), and the equation above for the mean curvature of M becomes, after an easy manipulation,

nH = − g^{′′} [1 − (g^′)^2]^{3/2} . This ODE gives

nHg^′ + g^′g^{′′} [1 − (g^′)^2]^{3/2}

= 0,

A RIGIDITY THEOREM FOR COMPLETE CMC HYPERSURFACES 9

and integrating from 0 to x_1 (assuming g(0) = 0 without loss of generality) we get

nHg + 1 √ 1 − (g^′)^2

= c,

where c is some real constant such that |c| ≥ 1. Now, it is not difficult to check that g(x_1) = √ α^2 + β^2 − √ (x_1 − α)^2 + β^2 is the solution for the above ODE, where α = √ c^2 − 1 nH , β = 1 nH . □ Remark 3.4. Some nonnegativity on the scalar curvature R is necessary for theorem ?? to be true. Indeed, the hyperbolic space H^n(r) ⊂ L^{n+1}, of constant sectional curvature −1/r^2, is CMC with H = ±1/r, but has scalar curvature R = −1/r. For the De Sitter space, the examples of A. Brasil, A. Colares and O. Palmas in [?] are of non-totally umbilical, complete CMC hypersurfaces, thus not having nonnegative scalar curvature.

References

1. H. Alencar, M. do Carmo and G. Colares, Stable Hypersurfaces with Constant Scalar Curvature, Math. Z., 213 (1993), 117–131.

2. J. L. M. Barbosa and V. Oliker, Spacelike Hypersurfaces with Constant Mean Curvature in Lorentz Space, Matem. Contemp., 4 (1993), 27–44.

3. J. L. M. Barbosa and A. G. Colares, Stability of Hypersurfaces with Constant r−Mean Curvature, Ann. Global Anal. Geom., 15 (1997), 277–297.

4. A. Brasil Jr., A. G. Colares and O. Palmas, Complete Spacelike Hypersurfaces with Constant Mean Curvature in the De Sitter Space: a Gap Theorem, Illinois J. of Math., 47 (2003), 847–866.

5. A. Caminha, On Spacelike Hypersurfaces of Constant Sectional Curvature Lorentz Manifolds, preprint (2004).

6. S. Y. Cheng and S. T. Yau, Maximal Spacelike Hypersurfaces in the Lorentz-Minkowski Space, Ann. of Math., 104 (1976), 407–419.

7. M. Dajczer et al. Submanifolds and Isometric Immersions. Publish or Perish, Houston, 1990. 8. A. J. Goddard, Some Remarks on the Existence of Spacelike Hypersurfaces of Constant Mean Curvature, Math. Proc. Cambridge Phil. Soc., 82 (1977), 489–495.

9. G. Hardy, J. E. Littlewood and G. Pólya. Inequalities. Cambridge Mathematical Library, Cambridge, 1989.

10. H. Li, Global Rigidity Theorems of Hypersurfaces, Ark. Mat., 35, 327–351 (1997). 11. S. Montiel, An Integral Inequality for Compact Spacelike Hypersurfaces in the De Sitter Space and Applications to the Case of Constant Mean Curvature, Indiana Univ. Math. J., 37 (1988), 909–917.

12. B. O’Neill, Semi-Riemannian Geometry, with Applications to Relativity. New York: Academic Press (1983).

13. H. Rosenberg, Hypersurfaces of Constant Curvature in Space Forms, Bull. Sc. Math., 117 (1993), 217–239.

14. J. Simons, Minimal Varieties in Riemannian Manifolds, Ann. of Math., 88 (1968), 62–105. 15. S. T. Yau, Harmonic Functions on Complete Riemannian Manifolds, Comm. in Pure and Appl. Math., 28 (1975), 201–228.

Departamento de Matemática, Universidade Federal do Ceará, Fortaleza, Ceará, Brazil. 60455-760

E-mail address: caminha@mat.ufc.br