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Abstract. In this work we discuss detection of changes in a random medium when
the measurements are not perfect, i.e. a noise from the electronic devices is included.
We study a regime in which the typical length scales involved are well-separated.
Moreover, since detection procedures based on the analysis of the reflected signals can
fail because of the lack of coherency, we introduce a technique based on time reversal
which can take advantage of both the coherent time-reversed signal and the additional
incoherency induced by the measurement device.

We use asymptotic analysis of time-reversed signals in a changing medium to guide
us in the selection of a statistical decision technique.

The proposed technique is illustrated by a series of numerical simulations. The
results show a remarkable agreement with the asymptotic analysis and also highlight
the robustness of this technique.

PACS numbers: 42.25.Dd, 43.60.Pt, 43.60.Bf

1. Introduction

Detection and imaging problems arise in various fields of science and technology (e.g.
geophysics and medicine). In many situations the detection/imaging procedure relies
on the propagation of a probing wave in the medium. In this context, special attention
may have to be devoted to the situation when the propagation medium is heterogeneous
on a fine scale.

Many of the conventional imaging methods use information provided by the direct
reflection from the object of interest. In those cases a coherent reflected signal is
produced by a large contrast in the impedance of the background medium, allowing one
to establish the presence of an object and to estimate the distance from the object to
the receiver. Other techniques admit a time reversal or cross correlation interpretation
and consequently possess a statistical stabilization property which is important in a
heterogeneous environment, see for instance [3, 1, 2]. Here, our focus will be on situations
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when there is both strong medium heterogeneity as well as strong measurement noise
so that the measured signal may not have a any discernible coherent component.

In [4], a detection/imaging procedure that uses physical time reversal was developed
for the case where the macroscopic (effective) equation for the wave energy is a diffusion
equation (this occurs for instance in the high-frequency regime when the random
fluctuations of the medium are weak and isotropic). Their detection procedure allows for
the presence of measurement errors in the time-reversed signal. A high contrast between
the diffusion coefficients for the background and the inclusion allows the detection and
characterization of the buried object.

More recently, in [5, 6] a detection/imaging procedure for a reflector embedded in a
randomly layered medium based on physical time reversal was developed. The statistical
stability of the time-reversed refocused signal allows the use of this procedure even when
the reflected signal is not coherent (i.e. there is no contrast between the impedance of
the background and the reflector). The presence of the reflector is detected from the
information contained in the time reversal refocusing kernel. In fact, that information
is extracted from a continuous family of time reversal refocusing kernels.

In this paper, we are interested in detecting an object buried in a randomly layered
medium. We analyse a regime in which the probing pulse has a support larger than
the random fluctuations of the medium and propagates deep into the medium. We
use the measurements obtained after propagating the probing pulse in this medium,
during two different periods of time in order to determine whether the properties of the
medium has changed or not. When there is no coherent reflection and a relatively strong
measurement noise is present the information contained in the measured reflected signals
is not good enough to detect the inclusion. By time-reversing the difference of these
reflected signals and back-propagating them into the medium we obtain a secondary
reflection containing some coherent information. Unfortunately, if the noise level is
relatively high, the signal to noise ratio is too low and it is difficult to detect the
coherent signal. However, as we will show, the information contained in the random
fluctuations induced by the measurements noise can still be very useful.

This paper is organized as follows, in Section 2 we briefly recall some key results
about time reversal in a one-dimensional acoustic random medium. Section 3 is devoted
to the presentation of time reversal in two media, and the generalization of related results
obtained in previous works. In particular, we introduce here the time reversal of signal
difference procedure that constitutes the basis of our detection technique. In Section 4,
we introduce the detection technique by deriving the appropriate hypothesis test, after
analysing the effect of measurements errors on the time-reversed signal difference and
characterizing its asymptotic behaviour. The results obtained in numerical simulations
are presented in Section 5 to show the reliability of the proposed detection technique.
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2. Time reversal in a random medium

In this section we briefly present the asymptotic description of time reversal. We start by
introducing the model equations for propagation of acoustic waves in a one-dimensional
random medium. In this simplified framework, we are able to model and analyze the
most important features of the wave propagation for the problem at hand. Subsequently,
we shall use this analysis in a more complex setting.

2.1. One-dimensional acoustic model

We consider acoustic wave propagation in a one-dimensional heterogeneous medium
modeled by the following equations for the pressure p and the velocity u

o2 (e t) 5 plz, 1) = 0 (1a)
ﬁ%p(z,t) + Lz =0 (10)

where p and K represent density and bulk modulus respectively.

We are interested in the situation where the medium consists of a homogeneous
and a heterogeneous half-spaces separated by an interface. Furthermore, we assume
that the medium properties in the heterogeneous half-space are rapidly varying and
random. More specifically, the properties are characterized by a deterministic smoothly
varying profile about which there are modulating random fluctuations.

We shall study the situation when an incident pulse can be used to probe the
effective (background) medium. More specifically, we consider the asymptotic regime in
which

__ fluctuations correl. length  width of the pulse

width of the pulse - propagation distance
By considering an appropriate re-scaling of the space-time variables, and other
involved magnitudes [7], we can rewrite the equations above in a dimensionless form.
Accordingly, we assume that the medium properties are given by

) oo(2) (1417 (2)), for 2 <0
o(2) = { 00(0), for z >0 (20)
) KN+ pf(z),  for2<0
K (2) = { Ko_l(()), for z >0 (20)

where go(z) and Ky(z) are the nonrandom (dimensionless) background density and
bulk modulus, respectively, and 7°(z), pu°(z) are mean-zero, random functions. These
are bounded (almost surely) by a deterministic constant C' > —1 from below, and have
correlation lengths of O(e?), where € < 1, emphasizing that the disordered fluctuations
are rapidly varying. This representation of the medium properties is consistent with the
homogenization theory, the ‘locally’ homogenized medium properties are given by gq(2)
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and Ko(z). The corresponding homogenized (dimensionless) sound speed and acoustic
impedance are given by

Ko(Z)

co(2) 20(2) and  (p(2) 00(2)Ko(2), (3)
respectively. For the fluctuations we use the following model
z z
7]€<Z> - 77(37 ?) and Me(z) - M<Z7 ?)7 (4)

where for each fixed z, 7(z, s) and u(z, s) are mean-zero, stationary stochastic processes
with correlation lengths in s of O(1) (for example: the components of a stationary
ergodic Markov process or a process with strong mixing properties). Since the
fluctuations are not assumed to be small, this scaling is called strong fluctuations regime.

2.2. Time reversal in reflection

Next, we briefly obtain a representation of the refocused pulse for time reversal in
reflection. We consider a regime/scaling in which the typical wavelength of the incident
pulse is longer than the correlation length of the fluctuations, and where the wave
propagates over a long distance. In this situation, the long term effect of the medium
fluctuations plays an important role in the formation of a coherent refocused signal.

As the incident wave, we assume a downward traveling pulse that impinges upon
the interface z = 0, it is described as a time signal given by

-1/2 t 1/2 t
GO o - SO0 &)

where f is a smooth function with compact support contained in [0, +00). Here the

uinc(07 t) = -

time scaling emphasizes that the typical wavelength of the incident wave is of O(e).
The corresponding signal scattered at the interface is given in terms of the reflection
coefficient R®(w) for the frequency w as follows

G (0)B() )/ 2(0)B(1)

uref(07t) = 9 5 pref(oat) = OTv (6)

with
1

~or

B = 5 [ e MR flw)d
where f(-) is the Fourier transform of the function f(-).

During the time reversal procedure, we record (part of) this reflected signal, at
the Time Reversal Mirror (TRM), and re-emit it back into the random half-space after
time-reversing its direction (i.e. the last recorded part is re-emitted first).

We characterize the TRM by the cutoff function Gy,(-) supported on the recording
time interval [0, to] (or rapidly decaying outside it). Finally, we observe the time-reversed
reflected signal in a scaled time window centred at t¢;:

—~1/2 He, TR 1/2 e, TR
Co / Bfo,tl (5) 0/ Bteo,tl (3)

UTR<07 tl + 58) = 9 ) prTclg(Oﬂ tl + 58) - 9 )

ref
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15 1 iw
B(s) = W//e (

x RE(w + gh)ﬁ(w - gh)dwdh.

where

fl:fO )e—i%(h —to+€8)ei‘”s}(w + gh)é_to(h)

Note that the recording and observation times ¢y, and t;, respectively, are O(1).
Hence, the pulse travels a distance of O(1), which is much longer than its typical
wavelength. Moreover, we observe the time-reversed reflected pulse in a time window
scaled in accordance with the incident wave.

2.83. Time reversal asymptotics

Important information on the time-reversed acoustic field is obtained by an asymptotic
analysis of Bf{ﬁ? as € approaches zero. This analysis relies on the characterization of the
limiting statistical moments of the time-reversed reflection Bfff(s) using a diffusion-
approximation theorem.

In order to characterize the limiting statistical moments, we have to study the
asymptotics of the correlations of the reflection coefficient at nearby frequencies. For
instance, the asymptotics of E{ R*(w+ £h)R*(w — £h)} is used to determine the limiting
averaged time-reversed reflection.

The analysis yields

lim E{R*(w + gh)ﬁ(w —SR)Y = w(w, h)

2
where w(w,h) = lim, . w(z,¥;w,h), and w(z,1;w,h) satisfies the Kolmogorov
backward equation
0
(5 + LNw = 0, for z <0 (7)

with final condition w|,—¢ = €¥. The differential operator £ is the generator of a
diffusion on the circle, and is given by

2h an(2)
U: 4 2N
SRR P LT P9

(1 — cos)d;,

where

an(z) = /000 E{n(z, s)n(z,0)}ds, n(z,s) = iz 5) ;7](2,3)'

A further analysis leads to the following asymptotic description of the time-reversed
reflection in probability:

BIR(s) when ¢ty =t
1. BE,TR _ to ) 0 1 8
5%1 tor (5) { 0, otherwise, (8)
where
1 L —
BINS) = 5 [ € RIN @) o = (KIC) = F(=)6).
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with *, ~ denoting convolution with respect to t. The time reversal refocusing kernel
K ®(-) is given through the following equations

KIR(w) = (AW, ) % Giy(—))(0), (9a)
A(w, )(h) = b(w, h). (9)

In the case where Gy, (-) = 1j04,(-) (the indicator function of the interval [0,]) (9a)
simplifies to
— to
KR (w) = / A(w, s)ds. (10)
0

In equation (8), we state that the refocusing takes place only when the recording
and observation times coincide. Furthermore, the refocusing pulse is statistically stable,
that is, it is deterministic.

The function A(w,t) also appears in the characterization of the covariance function
of the reflected signal [8], and it is called the (normalized) power spectral density of the
reflected pulse.

2.4. Transport equations and the refocusing kernel

For a more detailed characterization of the refocusing kernel (9a), we proceed by solving
equation (7) using a Fourier series in 1

V(z,;w,h) Z NNy,

N=—o0
We then obtain a system of backward stochastic differential equations for the coefficients
VY when N >0

oVN 2N an(2)
VN 2 2+
0z * co(2) e c2(2)
with the final conditions
VN’Z:O = 5N,17

where the operator (7V)N = (N+1)2VNT1 _2N2V N+ (N —1)2V N1 and 6, 5 represents
the Kronecker delta. Furthermore, for N < 0 one gets that V¥ = 0, and we finally have
that

(TV)N =0, forz<0

w(w,h) = lim VO(z;w,h).

Z——00

Introducing the inverse Fourier transform

1
U = / MYV Ndh, for N >0, (11)
2m
and the travel time 7 = 7( f cy ' (s)ds as a new coordinate, we obtain the transport
equations
ourN ourN
+2N—— — 20?3, (T)(TU)N =0, for 7 > 0, (12)

or ot
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with the initial conditions
UN| o = 6n16(2), (13)

where (3, (1) = a,(&(7))/co(§(7)), and £(7) represents the inverse function of the travel
time 7 = 7(2).

We obtained a system of hyperbolic partial differential equations, reflecting the fact
that the waves propagate in the random medium with a finite speed. As a consequence,
we have that

A(t,w) = U7, t,w)

for any 7/ > % Moreover, since we are interested in values of ¢t < ty, we have that
t

A(t,w) = UO(EO,t,w). (14)
Therefore, if the cutoff function Gy (-) = 1jg4(-) then the refocusing kernel can be
written as

— to to

K (w) :/ UO(E,s,w) ds. (15)

0

3. Time reversal in two media

This section contains a generalization of some results that were presented in [9, 10],
concerning time reversal in reflection in a changing medium. More specifically, in this
paper we consider the case where the background as well as the random fluctuations
of the media involved in the time reversal procedure are different. We allow the semi-
infinite random medium to change, but assume that the homogeneous half-spaces remain
unchanged. In the cited references, the background properties also remain unchanged.

The time reversal in reflection procedure in two media is now described as follows,
a pulse traveling from the right impinges upon the interface z = 0, the reflected signal
is recorded by a TRM during the time interval [0, ¢o], time reversed and sent back, now
into a different medium. As a result after tg units of time, a coherent pulse traveling
to the right emerges at the interface. This phenomenon is known as time reversal
refocusing, and this emerging pulse is the so-called refocused pulse. In general, its shape
is determined by the initial pulse waveform and the particular medium realization.
Nevertheless, there are some interesting situations in which the form of the refocused
pulse asymptotically does not depend on the media realizations but only on the medium
statistics, i.e. it is statistically stable (or self-averaging).

Let the involved media be characterized by the densities g;(z), and bulk moduli

K;(z), where the index j = 1,2 refers to the first or second medium, respectively.
Furthermore, we have that
0j0(2)(L +n5(2)), for2<0
() = 16
0;(2) { 00(0), for z> 0 (16a)

SR Pt
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where 0jo(2) and Kjo(z), represent the corresponding background properties, and
n5(2) = n;(2, &), p5(2) = p;(z, ) their associated random fluctuations, j = 1, 2.
The effective (or background) sound speed and acoustic impedance are given by

cjo(z) = [;2—8 and  Cjo(2) = 1/ 0jo(2) Kjo(2),

respectively, with j = 1, 2.

The impinging acoustic pulse is the time signal given by (5). The scattering effect of
the two random half-spaces is characterized by the reflection coefficients R (w),j=1,2.
The cutoff function Gy, () characterizes the TRM.

By observing the reflected signal at the interface, in a scaled time window centered
at t1, we have that

—1/2B€,TR g 1/QBE,TR s
CO to,t1 ( ) prTe?(O,tl + 58) _ 0 to,t1 ( )

TR
0,t =
Uyor (0,21 + €5) 5 : 5 ;

ref

with
1 . - . .= e =
Bteoth{(s) _ (2ﬂ)2 //elw(tlgto)e—lg(tl—t0+€s)elwsf(w + §h)Gto(h)

. S €
X Ri(w+ §h)R2(w b

Very useful information on the time-reversed acoustic field is obtained by analysing

the asymptotic behaviour of the signal BfOth{() as € approaches zero. We briefly present

h)dwdh.

this analysis in the next section.

3.1. Characterization of the limiting refocused pulse

The general characterization as € | 0 of the refocused pulse is obtained by an asymptotic
analysis of the time-reversed reflected signal Bf(;,th{(s) using a diffusion-approximation
theorem and the It6 formula. The calculations generalizes those presented in [9].

In the case where the recording and observation times are different, i.e. t; # tq, it
is very simple. Indeed, in this situation the fast phase (20 “Lills” the integral and
we have that Bfﬁf{(s) converges in probability to the null process. This means that if
we do not synchronize the recording and observation times, for ¢ < 1 we observe just a
weak noisy signal.

For the case where ty, = t;, the description of the asymptotics of the process
By™() = BfOTt?() as £ | 0 is more complicated.

We introduce the differential operator

: 2 10( z 1 1
Lo=h(— 020(22))@ + 4w {(am1<z> oy + )
_m(@m<2) + 5an(2) 1n=n}(2) cos w)}ai (17)
where

am(2) = /OOO E{mi(z,s)m1(z,0)}ds = /000 E{ma(z, s)ms(z,0)}ds
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G (2) = /0 " E{ima (2, s)ma(z,0)}ds = /0 " E{ma(z, s)ma (2,0 }ds
an(z) = /000 E{ni(z,s)n1(z,0)}ds = /000 E{ny(z, s)na(z,0)}ds
Gn(2) = /0 T E{na (2, $)na(z, 0)}ds — /O T E{na(2, 5)na (2, 0)}ds

with

my(2,5) = 5 (15(29) 112, ))

mi(2,8) = gz —nylzs)), F=12
Furthermore, 1 —.,}(-) denotes the indicator function of the set {z < 0: 7(2) = 7(2)}
where 7;(2) = ZO Cjo (s)ds, j = 1,2 are the travel time from location z to the interface
in the corresponding background medium.

Let W, be a standard one-dimensional Brownian motion with s € [0, +00) defined
on a complete probability space. Define a new stochastic process W,, z € (—o0,0]
by setting W, = W_, almost surely, this is a backward (standard) one-dimensional
Brownian motion, which is a backward martingale [11]. The (backward) stochastic
integral with respect to W, can be defined as

/Z T = - [ E(—s)aW,

where HWZ represents the backward Ito’s differential of WZ
Consider the second order backward It6 stochastic partial differential equation

dw + (L,w) dz + 2w/ (2) Opw AW, =0, for z <0 (18)
with final condition
wl.— = ", (19)

where

() = 2 (@) s + ) — 2—mE) Y,

clo(2)  3o(2) c10(2)c20(2)
From [11, 12], we know that the stochastic equation (18) has a unique solution
w(z,¥;w, h), which is a backward semimartingale.
Let us define

w(w, h) = Zgr_noow(z,w;w, h) (20)
and set

A(w, ) (h) = @(w, h), (21a)

KIR(w) = (Aw, <) % Giy(—))(0). (210)

Notice that in general these are random functions. In the important case where
Gt () = Ljou)(+) (the indicator function of the interval [0,%]) (21b) simplifies to

—

K ®(w) :/OOA(w,s) ds. (22)
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e, TR

Finally, we have that the time-reversed reflected signal B

distribution as € | 0 to the random signal

(s) converges in

BINs) = (KEC) F=)(s) = o= [ RN @) (o) do (23)

where the (random) time reversal refocusing kernel KI® is given by (21b). In deriving
this result, we first establish the tightness of this family of time-reversed signals to
ensure that the limit exist. Then, using a diffusion-approximation theorem, we are
able to characterize the limit of the corresponding finite-dimensional distributions by
determining all their associated statistical moments. Finally, using the Ito formula one
arrives to the representation above.

We next make some remarks about the stochastic equation (18). Note that it is
not stochastic when ~,, = 0, a condition which is fulfilled if and only if ¢;9 = c99 and
Pm = Qm/am = 1.

Let

Zy =sup{z < 0:cio(z) # c0(2) or pm(z) # 1},

with the understanding that if the set over which we take the supremum happens to be
empty we put Zy = —oo. In this particular case (i.e. when Z; = —o0) we have that
the refocused pulse is statistically stable, this is related to the fact that the propagation
velocity remains unperturbed as was remarked in [10]. We refer to the interval [Z, 0]
as the unperturbed propagation velocity region (or slab).

Observe that the factor 14 —.,3(2) in (17) switches on and off the dependence of
L. on v, in particular if

Zy =inf{z <0:7(2) = m(2)} > —0

one can explicitly find w(z,%) for 2 < Z; as a function of wy(v) = w(Z], ).
Furthermore, we obtain that

1

wwngglwwmw. (24)

In particular, if Z; = 0, we have that w(w,h) = 0 so the refocused pulse is the null
signal. This is an extreme situation in which the travel time difference in the forward
and backward propagation generates fast phases that ultimately annihilates the time-
reversed reflected pulse. We called the interval (—oo, Z1] the asynchronous travel time
region (or interval).

3.1.1. Statistically stable refocusing It should be noted that statistical stability means
that the limiting time reversed reflected signal (23) is deterministic and therefore the
convergence occurs in probability. We now discuss an interesting situation in which we
have a statistically stable refocusing.

Note that —oo < 77 < Zy < 0. Suppose that Z; = Z;, i.e. the unperturbed velocity
and asynchronous travel time regions complement each other, then from the observations
above we have that under this condition the refocusing is statistically stable. Indeed,
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from the definition of Z; we get that w(Zy,v) = w(Z;", 1) is a deterministic function,
thus from (24) and the representation given by (21a)-(21b) the result follows.

This is a very interesting situation in which the statistical stability comes from
the fact that the propagation velocity remains unperturbed down to some depth below
which the fast phase associated with the travel time difference kills out the effect of
velocity perturbations.

This occurs for instance if dc = ¢99 — ¢19 > 0 (or < 0), suppdc = [Z], Z}] (or
suppdc = (—o0, Zj]) and p,(z) = 1 for Z[ < z < 0. In this case we say that the
medium is changed by increasing (decreasing) the propagation velocity. We are specially
interested in the case where dc is compactly supported as a model for the analysis of
inclusion effects.

We remark that in the statistically stable case, for instance under the conditions
stated before, we have convergence in probability whereas in the general situation the
convergence occurs in distribution. This means that in the former case the refocused
signal (for a small €) remains close to the limiting deterministic signal (described by
equations (18)—(21b) and (23)) with high probability.

Next, we continue to study the solution of (18) and its relationship with the
refocusing kernel (210).

3.2. Stochastic transport equations and the (random) refocusing kernel

We proceed by solving equation (18) using a Fourier series in 9

V(z,hsw,h) = > VNN, (25)

N=—o00

We obtain a system of backward stochastic differential equations for the coefficients V'V
when N > 0

%hN
dv¥y
+{ Zo(2)

VN 4 2025, (2) (N + 12V 4 (V= 12V = B (2) V2V Y] 2

—|—21w\/’ym(z)NVN(EWZ =0,
for z < 0 with the final conditions
VN|z:0 - 5N,17

where d) s represents the Kronecker delta and

L1t
50(2) - 2 010(2’) 020(2) ’

. an(2) .
ﬁn(Z’) - 010(2’)020(2> 1{7'1:7'2}( )7

1 1
Bon(2) = m(2) F 02} s + )

Furthermore, for N < 0 one gets that V¥ = 0, and we finally have that
w(w,h) = lim VO(z;w,h).

Z——00
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Introducing the inverse Fourier transform

UN(z,t,w) = ! /eihtVN(z;w, h)dh, for N >0, (26)

o
and the averaged travel time 7 = (71(2) + 72(2))/2 as a new coordinate, we obtain the
stochastic transport equations

dU™ + ZNG;N dr = 2w2{19n(f)[(N + 120N 4 (N = 120N
—19mn(?)N2UN} 47 + 2iw\/Fm (T)NUY d M (27)
for 7> 0, N > 0, with U~! = 0 and the initial conditions
UN|rzo = 6n16(t). (28)

The coefficients are given by

Tm(T) = 1m(&(T))

Un(T) = o(8(7))5n(E(7))

U (T) = €0 (§(7)) B (6(7))
where £(7) represents the inverse function of the averaged travel time, dM;: the It6
differential of the (forward) martingale Mz = W_¢z) and §(t) the Dirac §-function.

This is a system of stochastic hyperbolic equations, reflecting the fact that the pulse
propagates with a finite speed. As a consequence, we have that

A(t,w) = U (7, t,w)

for any 7 > £. On the other hand, from (24) and (25) we have that w(w,h) =

VO(Z{;w, h), and consequently
A(t,w) = U(Th, t,w) (29)

where Ty = 7(Z;) = m2(Z;) is the time required to reach depth Z; and also the
time required to get from there back to the interface. Therefore, if the cutoff function
Gio(+) = L) (+) then the refocusing kernel can be written as

— to t
KR (w) = /0 U°(Ty A Eo,s,w) ds (30)

This means that the refocused pulse does not depend on the media properties below
depth Z;, regardless of how large the recording time t; is. In particular, when the
unperturbed velocity and asynchronous travel time regions complement each other (i.e.
Zo = Z1) the refocused pulse does not carry information about the inclusion.

3.3. Time reversal of the signal difference

We introduce the time reversal of the signal difference corresponding to the two media.
The reflections of similar pulses that impinges upon the interfaces of the initial and
modified media are recorded. The difference of these reflected signals is time reversed
and sent back into the modified medium by using a TRM. The corresponding secondary
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reflections that emerge at the interface are called time-reversed difference reflection. The
resulting signal correspond to the difference of two time-reversed signals, the first one
obtained by time reversal in the modified medium (that remains unchanged during the
procedure) and the second one corresponding to time reversal in a changing medium
(i.e. involving these two media).

The time-reversed difference reflection Bf&;f{D(-) can be characterized in a similar
way as before. In fact, one gets the following asymptotics

0 - { iy R
The refocused limiting time-reversed difference reflection BLRP is given as

By, (s) = (K () * f(=))(s), (32)
where

KETP(w) = (AR, ) = Giy (=) (0), (330)

AD (@, )(h) = a(w, B) — ina(w, B). (330)

Furthermore, was(w, h) = lim,_,_ w(z,v;w, h) where w(z,1) solves the Kolmogorov
backward equation

(0. + LYw = 0, for z <0 (34)
with the final condition w|.,—o = e'¥, where the generator is given by
2h an(z)
L0= "0y + 4w* ==L (1 — cosap) 02,
c20(2) v 030(2)( V)0

On the other hand wya(w, h) = lim,_, o, w(z, ¥;w, h) where w(z, 1) solves the stochastic
partial differential equation (18).

Notice that gy corresponds to time reversal in the modified medium while it
remains unchanged during the time reversal procedure, whereas ;> comes from time
reversal in a changing medium (propagating forward in the initial medium and backward
in the modified one). Consequently, if the refocused pulse for time reversal in a changing
medium is statistically stable then the time-reversed difference reflection also has this
property.

We have the following representation for the time reversal difference refocusing
kernel

g t t
K;ERD(W) = /Gto(s)(Ug2(§07 Saw) - U{)Q(Tl A an Saw)) ds

where UL, N > 0 satisfy the transport equations

UYoUYL an(&()
or T e T 6

with initial conditions (28). The operator

(TUN = (N +1)2UN*t —2N2UN (N — 120N

(TU)™ (35)
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and & (1) represents the inverse of the function 7(z) = fzo Coq (s)ds. Furthermore, U,
N > 0 solve the stochastic transport equations (27) with similar initial conditions.
Moreover, if the cutoff function Gy, (-) = 1jg4,(-), then

— to ¢ +
K%RD(Q)) = / (U202(§0, S,w) — U&(Tl A\ 50, s,w))ds
0

which in the case where the unperturbed velocity and asynchronous travel time regions
complement each other (i.e. Zy = Z;), can be re-written as

2

Notice, that when the incident pulse does not penetrate into the medium modifications

—_— to t t
K;I(;RD(W) = \/0 (USQ(E(]?S’W) - U§2(T0 A\ _O,S,W)) ds. (36)

(i.e. to/2 < Tp) the time-reversed difference reflection is the null signal.

4. Time reversal detection

4.1. Detection problem

We now return to the problem of detecting changes in a highly heterogeneous medium.
We probe the medium during different periods of time and want to know if any change
has occurred in the medium properties. More specifically, if we think of the medium
during these two periods of time, as been modeled by equations (16a) (for media ‘1" and
‘2%), we are interesting in determining if co9(2) # c10(z). To probe the media we use an
incident pulse that scales as (5), and search for information in the reflected signal but
when there is no coherent reflection, all the information is hidden in the noisy signals
and a straightforward application of detection techniques are difficult to use, because of
the low signal to noise ratio. Nevertheless, the statistics of the reflected signals are well
understood and it is possible to extract information about the medium properties (see
(13, 14, 8)]).

We introduce here a method based on the time reversal difference procedure
presented in section 3.3 and a hypothesis testing technique, that is advantageous relative
to just using the reflected signals. Since the time reversal difference procedure yields
a coherent signal, one usually has a high signal to noise ratio and therefore standard
detection techniques perform well. Moreover, when the refocused signal is statistically
stable the randomness associated with the medium fluctuations is reduced to a minimum
level and consequently good performance of the detection technique. We shall show that
our approach works well in very noisy environments. First, we present important aspects
concerning the modeling and begin by introducing the measurement errors.

4.2. Measured time-reversed difference reflection

As a result of the data acquisition process, some errors are introduced in the measured
quantities. The quantities we are interesting in are signals smoothly varying on the
scale . Consequently, the error introduced during a direct measurement is modeled as
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an additive ‘noise’ with the corresponding scaling, that is the measured signal g2 .. (%)
associated with the actual signal ¢°(¢) is given as

Grwnelt) = 9°(8) + ()

where v(-) is a mean zero, stationary Gaussian random process defined on a certain
probability space (N, NV, P). Note that the noise is fluctuating on the same scale as the
incoherent wave reflections. We have the following representations for noise process and
its covariance

v(s) = /ei“’SCDV(dw), E{v(s)v(0)} = /eiwsFy(dw)

where ®,(-) and F,(-) are the so called random spectral and power spectral measures,
respectively [15] and E{-} represents expectation with respect to the probability measure
P. Furthermore, the measurement error intensity is characterized by

o2 = E{v*(0)} = /F,,(dw).

During the time reversal procedure we introduce direct measurement errors three
times, during the acquisition of the two primary reflected signals and also the refocused
signal. We assume that these direct noise sources are statistically independent.
Consequently, the measurement error in the whole time reversal procedure is given by the
random vector-process v = (v, o, 13) defined on the product space N = N x N x N with
the corresponding product measure, and v(-,n) = (v1(-,n1), (-, n2),v3(-,n3)) where
n = (ny,ng,n3) € N.

After some straightforward calculations we get that

Bpwo(s) = By (s) + Bf, L, (s) (37a)
By ,(s) = B, 5,(5) + v3(s). (37b)

The first term in the decomposition of (37a) represents the actual time reversal
signal difference (when no errors are introduced during the process) and the second
is associated with measurements errors. Moreover, it arises from the propagation of
the difference of the direct measurements noise associated with the primary reflections
ov(-) = va(-) — v1(-) and the error in the direct measurement of the time-reversed
difference reflection (cf. (37b)). The primary reflections propagated noise can be written
as

1 . N
Bzfo 61/(8) = 2_ //el(w_sh)sRZ(w - 5h)Gto(h>q>§u(dw)dh
’ T
where @, () is the random spectral measure on N given by

O, (-, mn) = D,(+,n2) — D, (-, 1)

for n = (ny,n2,n3) € N.
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4.8. Asymptotics of the measured time-reversed difference reflection

We now focus our analysis on the case where the velocity changes in an
increasing/decreasing fashion. This implies that Bf(;TRD(s) converges in probability to
the deterministic signal B P (s) given by (32).

By using that the random process dv(-) is stationary, Gaussian and centred and
the asymptotics for the moments of the reflection coefficient R5 one can establish the
convergence in distribution as € | 0 of By ;,(s) to a stationary, centred Gaussian process
B, 5v(s) with covariance function given by

Cungn(s) =2 [ =Kl y(w)Fo(d) 39
where

RE2(0) = (Ao, ) G (=))(0) = [ Aaale5)Gh (s)ds, (390)

Koo, ) () = dnlw, ) = lim w(z, 50, ), (390)

and w(z,1)) satisfies the partial differential equation (34).

Furthermore, since dv(-) and v3(-) are statistically independent we finally get that
B,
process with a covariance function given by

Chon(s) = / 5 (1 4+ 2KF ,(w)) F) (dw). (40)

e, TRD
Bto ,meas

(s) converges in distribution as € | 0 to a mean zero, stationary, Gaussian random

Finally, from the Slutsky’s theorem [16], it follows that
distribution as € | 0 to a Gaussian random process with mean By *P(s) given by (32)

(s) converges in

and covariance function given by (40).

We remark that for time reversal in a random medium which remains fixed, a
similar analysis of the measured refocused pulse yields the convergence in distribution
to a Gaussian random process whose mean is the limiting deterministic refocused signal
and the covariance function is similar to (40) except for the prefactor 2. Moreover,
for time reversal in a changing medium a similar result holds as long as the limiting
refocused signal (when no error measurements are present) is deterministic.

4.4. Statistical test

The detection problem can be stated as a hypothesis testing problem for the following
general hypotheses:

Hy: there are no changes in the medium (null hypothesis)
H,: the medium has changed (alternate hypothesis)

According to the general theory of hypothesis testing [17], the statistical test
consists of a procedure to decide whether the null hypothesis can be accepted or rejected.

In general, a region in the space where the sample lives is selected and when the sample
belongs to it the hypothesis is rejected. This region is the so-called rejection region. In a



Time reversal for inclusion detection in randomly layered media 17

test two types of independent errors can be made. Type I errors correspond to rejecting

Hy when it is correct (false alarm) and type II errors to accepting Hy when it is false

(missed detection). Their probabilities play an important role in the design of a test.
The probability of type I errors is given by

a = Pr{rejecting Hy | Hy is true},
while the probability of type II errors is expressed as
3 = Pr{accepting Hy | H, is true}.

Since generally, both errors can not be kept small at the same time a guideline for
designing the test is to select the rejection region in such a way that the probability
of type II errors () is minimized when the probability of type I errors («) is fixed.
The probability « is called the level of significance of the test. The success of the test
(probability of detection) is called the power of the test and equals 1 — 3. In detection
applications it is usually presented graphically as the Receiver Operating Curve (ROC)
that represents the power of the test as a function of the level of significance.

The asymptotic description of the measured time reversal difference signal as a
Gaussian random process presented above allows us to select an appropriate statistical
test for this detection problem. In what follows, we consider the detection problem for
the asymptotic characterization of the measured time reversal difference signal.

We consider the (finite) discrete time sampling of the time reversed signal x =
(BiRDas(s1), - Bl ((sar))" with uniform sampling rate h = s;41 — s; and centred

at 0 (= (s1+ swm)/2). The hypotheses can be reformulated as follows

Hp: x is a sample of the random variable Xq ~ A(0, Cy)

H,: x is a sample of a random variable X, ~ N (u,, C,),

where the mean vector p, = (BE"P(s1), - -+, B (sp))" with the B RP(-) given by (32)
and the elements of the covariance matrices (Cy);j, (Ca)qj are of the form Cy, ,((j —4)h)
given by (38) with K ,(-) corresponding to the initial and second (changed) media,
respectively.

The covariance matrices are symmetric Toeplitz matrices. Furthermore, if the power
spectral measure of the measurement noise is absolutely continuous with a Radon-

Nikodym derivative f,(w) = F,(dw)/dw in L'(R) then we have that
1 / 6y
B i i(j—i)A
(Coly = 5- fax
where
N 2T A+ 2km A+ 2k
F =203 T @ arg, M) (41)

with thé »(+) corresponding to the initial and second (changed) media in the expressions
for fo and f,, respectively. In order to explicitly write the dependence of the covariance
matrix on the function f.(-), we set Co = Ty (fo) and C, = Ths(fa).
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Let us introduce the function

[e.9]

~ 2T A+ 2k
fA) = 7 > f”(T)’
k=—o0
and its extreme values m; = essinf 1, M; = esssup f.  Since fu(A) > 0 and
0 < Kf5(X) <1, we get that
essinf f, = mp > my, esssup fo = M; < 3M;. (42)

Consequently, the corresponding Toeplitz determinant [Ty, (f.)| satisfies the estimates
(mp)™ < T (fa)l < (BMpM.

In what follows, we assume that m; > 0.

In general, the covariance matrix Cy is unknown, however it can be estimated by
performing a time reversal experiment in the unchanged medium. (In the case of a
homogeneous medium it can be explicitly computed from equation (38).) Thus, we now
assume that Cy is given, or equivalently that we know fo. Concerning the covariance
matrix C,, since it is completely characterized by fa, we assume that a set of admissible
functions F is given.

We can reformulate the problem as follows: given a sample x of a random variable
distributed as N'(u, C) test the hypotheses Hy vs. H,, where

e Hy: p=0and C=C,
o Ho: p# 0 and C = Ty (f) with f € F.
The set F consists of the functions that can be represented as in (41), where the

kernel K%, corresponds to an admissible random medium through the relations (39a)-
(39b). Here we consider the set of functions f, satisfying (42).

4.4.1. The Maximum Likelihood Ratio Test The Neyman-Pearson lemma indicates an
effective way for selecting the rejection region [17], that leads to the Mazimum Likelihood
Ratio (MLR) Test. Although in the situation at hand this criterion does not give an
optimal result, we consider it as a starting point. Later on, after some asymptotic
analysis we shall slightly modify this test in order to achieve a better performance.
The rejection region at significance level « is given by R, = {x: I'(x) > ¢,} where

8D, el T ()72 exp{—5(x — )Ty (F)(x — p)}
|Co|~1/2 exp{—1x'Cy'x} ’

and ¢, is determined from the equation Pr{x € R,| Hy} = a.

['(x)

After some simple algebra, we arrive at the test statistic Qu(x) = x'Cy'x and
get that R, = {x: Qu(x) > x3,(1 — a)}, where x3,(-) represents the inverse of the
cumulative y2-distribution function with M degrees of freedom. This is a consequence
of the boundedness of |T(f)| and the fact that under Hy, Qy(x) has a x?-distribution
with M degrees of freedom.
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In order to measure the performance of the test, we now have to determine its power
as a function of the significance level, i.e. the probability of rejection under the alternate
hypothesis for each value of a. Since the alternate hypothesis is composite the power of
the test is parameterized by the mean vector p and the covariance matrix C. We find
P(a;pu, C) = Pr{x!Cy'x > x3,(1 — a)|x ~ N (i, C)}. This is the complement of the
cumulative distribution function for a quadratic form of a normally distributed random
variable, and we have [18] that P(a;u, C) = G(x3;(1 — a); X, €). The function G(-)
corresponds to the complement of the cumulative distribution function of the random
variable Zj\il A\ (W; — &;)? where the W;’s are mutually independent A/(0,1) random
variables, the \;’s are the eigenvalues of the matrix CCy’, the vector £ = O'L~'y, L is
the lower triangular matrix in the Cholesky decomposition of C and O is an orthogonal
matrix formed by the eigenvectors of L‘Cy'L. Furthermore, we have the following
integral representation

u

—ico

where the path of integration is indented toward the right at u = 0, and we have set

o) = 5 e Gy, 1) gl — 200}

This integral can be efficiently evaluated with a high accuracy by using a Gauss-
Chebyshev quadrature formula [19].

4.4.2. Asymptotics of the MLR test statistic In this section we study the asymptotic
behaviour for large M of the scaled test statistic Qu(x) = Qar(x)/M when x ~
N(p, C).

The mean and variance of Qs are given by

M

N 1 _ B 1

figar = TATH(OC ") + ' Cy i} = = S (1 +€D),
j=1

M

. 2 _ N _ 2

Gou = 7 {Tr(CCy) +2p' G CCy )y = 55 ) A1 +2€).
j=1

Consider the normalized statistics zy; = (Q M — fio.m) /0o We claim that the random
variable zy is asymptotically normally distributed as N'(0,1) for large M.
The characteristic function ¢ (u) = E{e™*™} is given by

M
1 1 -
lo u:—E 2(————— — 1) — log(1 — 2ia\;)} — iq
g (u) 2j1{§J(1_2m}\j ) g( y)} HQ,M

where u = 5Q“M and S\j = M~!),. Furthermore, we have the following estimate

2

U
log ¥ (u) = 5 + v,
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M
u 3 2713
ral < Al=—" ) (1 +&)A;-

where the constant A does not depend on M. Consequently, it is enough to prove that
ry — 0as M — +oo.

Since, the covariance matrices are Toeplitz matrices, we get the following (uniformly
in M) bounds for the eigenvalues of CCy" [20]

mg PR - 3Mj
0 < ——— <essinf(fa/fo) < A; <esssup(fa/fo) < — < +o0. (44)
3M m

f
As a consequence, one has the estimates

2 A
~92 2 1
UQ’MZ_M2 E /\'2_7\('

Moreover, one can obtain uniform bounds similar to (44), for the eigenvalues of the
covariance matrices Cy and C. Consequently, we get the estimates

M — _ — _
o A ICCC )l _ Ay |G pIII(CC, )
2\13 2 0 0 2 0 0
2 (L +EA] =t M3 Sae Tt M3
j=1

2 2 /
C A Al At Al A
- M? M3 M? - M?
Thus, we have that |ry;| < A’|u[>M~/2 and the claim follows.
Next, we focus on the asymptotic behaviour of the power of the test. Let us

assume that Z]Ail pi5 < oo uniformly in M and the set of admissible functions F,
is contained within the Wiener class (in other words the series » 77 Cy, . (jh) are
absolutely convergent). Applying Szegd’s theorem on the distribution of eigenvalues
of Toeplitz matrices [20], one gets that

_ L[ &ds +o(1) = (fa/ fo) + (1),

o = 11= | 2] ds +o(g) = 20U R + oM7),

Recall, that x3,(1 —a) = 3(®71(1 —a) + v2M — 1)* +o(1), where ®(-) represents
the cumulative distribution function of a standard normal random variable. Hence, we
have that

M3, (1 —a) — ji
P(OZ;[J,, C) _ PI'{ZM Z XM( Oé) MQ,M}

oQ,M
R Vi v e LY YR v}
2((fa/ f0)?)>

Therefore, for a fixed significance level o, when (f./fo) > 1 we have that P(a; u, C) — 1
as M — +oo. Moreover, asymptotically the rate of convergence does not depend on the
measurement noise intensity nor the time-reversed signal energy.
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Unfortunately, in the case where ( fa / f0> < 1 the test does not behave well, for M
large its power approaches zero. In particular, this shows that for a large M the MLR
test is biased.

4.4.8. The modified MLR test In order to remedy this problem we slightly modify this
test by introducing two-tailed rejection regions

Ra = {x: Qu(x) < x3(a/2) or Qu(x) > x3,(1 — a/2)}.
Now, we have that the power of the modified test

P(o; p, ©) = 1+ By VM) — (g 1sVM),
where y; pr < Yy and

1 — (fa/ fo)
You —
2((fa/ f0)*)2
as M — +oo. Consequently, when (f./fo) # 1 we get that P(a;p, C) — 1. Again,
asymptotically the convergence rate does not depend on the noise intensity nor the
time-reversed signal energy.

Asymptotically, we are testing whether (f,/fo) is equal one or not. This quantity
can be interpreted as an average (in frequency space) of the amplification/reduction
ratio of the measurement-induced noise in the changed medium to the corresponding
noise in the initial medium.

5. Numerical results

In order to establish how well the introduced detection technique works we carry out
several Monte-Carlo simulations by numerically solving the model equations (1a)-(1b).
In doing that we address several key aspects of our approach to the detection problem.
First, we illustrate the reliability of this detection technique by showing that the
probability of detection observed in the simulations, is in complete agreement with the
results predicted by the asymptotic theory, despite the fact that in simulations the small
parameter ¢ is finite. Finally, we show the robustness of this technique to assumptions
made in the asymptotic analysis.

5.1. Detecting an inclusion

In this series of simulations we address the realibility of the proposed detection technique.
We illustrate how using time reversal enhances the signal to noise ratio when compared
with relaying only on the reflected signals. Furthermore, we establish that the level of
success of this detection test predicted from the asymptotic theory is actually achieved
in the numerical simulations.

We consider the detection of an inclusion, that extends from x = 25 to x = 50,
on an initial medium with a homogeneous background with g9 = Kj9p = 1. The
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relative changes induced by the inclusion in the background and local sound speed are
approximately of 12.3% and 12.9%, respectively. We only consider random fluctuations
of the media density which have a 30% maximum intensity and a 17% standard
deviation. One realization of the profiles of the sound speed before and after inclusion
is presented in figure 2. In the time reversal numerical procedure the incident pulse
is a Gaussian of amplitude and width equal to one unit, and the recording time is
to = 90 time units. In the scaling we have chosen the small parameter ¢ ~ 0.1.
The numerical solution of the corresponding acoustic equations is carried out using a
Lagrangian numerical scheme with discretization stepsizes At = Az = 0.01 (see details
in [21]).

First, we carry out several time reversal experiments corresponding to an inclusion
as depicted in figure 2 (upper left corner plot) for different levels of the measurement
noise (o, = 0.05 — 0.5). In figure 1 we plot the signal to noise ratio associated to the
reflected signals and the time-reversed difference reflection, respectively, with respect
to the measurement noise intensity. It is apparent from the figure that time reversal
enhances the signal to noise ratio, emphasizing the advantage of this approach.

Signal to Noise Ratio
T T T

T T T T
SNR for reflected
1 signals
SNR for TR
¢ ¢ difference

SNR

L L L L L L L L L
0 0.02 004 006 008 01 012 014 016 018 0.2
Noise level

Figure 1. Signal to noise ratio corresponding to the reflected signals and the time-
reversed difference reflection.

We made three sets of Monte-Carlo simulations corresponding to three different
levels of the measurement noise (o, = 0.05,0.15 and 0.50) with 500 realizations of the
time reversal experiment per set.

In figure 2 we compare the ROCs corresponding to the asymptotic theory and the
simulations. The theoretical ROCs are obtained from the appropriate expression of the
power of the test 15() by numerically evaluating the integral (43) after estimating the
required parameters & and A from the corresponding Monte-Carlo simulations. The
ROC corresponding to simulations is obtained by computing the rate of success in each
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Figure 2. One realization of the profile of the propagation velocity corresponding
to an inclusion. Theoretical Receiver Operating Curves (ROCs) and probability of
detection obtained from a series of Monte-Carlo simulation with 500 realizations of the
time reversal experiment using different values of the measurement noise (o, = 0.05,
0.15 and 0.50).

set of Monte-Carlo simulations for different levels of significance «. The test statistics
is computed from samples with size M = 200 and time sampling rate h = 0.01. From
this figure we conclude that there is a remarkable agreement between the ROCs from
the asymptotic theory and the simulations. It is also apparent that the probability of
detection is not very sensitive to the intensity of the measurement noise as predicted by
our theory.

Finally, we briefly illustrate the influence of the time sampling rate h and the sample
size M. In figure 3, the three ROCs corresponding to (M, h) = (100, 0.02), (100,0.01)
and (200,0.01), respectively, are shown. We can see that doubling the sample size
produced a remarkable increase of the power of the test, whereas halving the sampling
rate slightly reduced the power of the test.

5.2. Detecting a fluctuating slab

The next example concerns the robustness of the proposed detection technique. Recall
that the corresponding statistical test was obtained under the assumption that the
time-reversed difference reflection is statistically stable. However, this happens under
very specific conditions, for instance when one has an increasing/decreasing velocity
inclusion. Furthermore, in typical situations we do not know that these conditions
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Figure 3. Comparison of the Theoretical Receiver Operating Curves (ROCs) for
different sampling rates (h = 0.01 and 0.02) and different sample size (M = 100 and
200).

are fulfilled. Nonetheless, we show that the proposed detection technique is reliable
under less restrictive conditions, namely in the case where the change occurs only in the
fluctuations.

We let the fluctuations change only in the finite slab from x = 24 to x = 44 of the
medium, while the background propagation velocity remains unchanged and equal to 1.

The first plot in figure 4 represents one realization of the profile of the sound speed.
The time reversal setup is similar as in the previous section, we use the same incident
Gaussian pulse, recording time t; = 90 and a small parameter € ~ 0.1.

We run three sets of Monte-Carlo simulations corresponding to the measurement
noise levels o, = 0.05, 0.15 and 0.50, with 500 realizations each, to estimate all the
necessary parameters in order to apply the statistical test and obtain its probability of
detection for different values of the level of significance . The estimated parameters
are also used to get the curves generated by ]5() using the equations corresponding to
the statistically stable case.

The results are presented in figure 4. There is a remarkable agreement between the
(statistically stable) power of the test curve and the probability of detection obtained in
the Monte-Carlo simulations. The results are slightly better than those presented in the
previous section, demonstrating that this approach may be very efficient for estimation
in certain scaling regimes. Moreover, as in the previous section the results are not very
sensitive to the intensity of the measurement noise.
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Figure 4. One realization of the profile of the propagation velocities corresponding
to two media that only differ in terms of the fluctuations. Theoretical ROCs and
probability of detection obtained from a series of Monte-Carlo simulation with 500
realizations of the time reversal experiment using different values of the measurement
noise (o, = 0.05, 0.15 and 0.50).

6. Concluding remarks

In this paper, we introduce a statistical technique for the detection of inclusions in
a random medium, that considers the effect of measurement errors. This detection
technique relies on a time-reversal procedure and a statistical hypothesis testing
approach. For the derivation of the statistical test, we take advantage of the asymptotic
behaviour of the time-reversed difference signal as a small parameter ¢, approaches zero.

The statistical test was specifically designed for the case where the time-reversed
difference reflection satisfies the celebrated statistical stabilization property. We
established this property for a situation that models a general class of inclusions.

Through a series of Monte-Carlo simulations we established the reliability of this
detection technique when ¢ is small but finite, and we also established its robustness
concerning the statistical stability property. More specifically, we showed that the
probability of success of this detection test observed during simulations are in a
remarkable agreement with those predicted by the asymptotic theory. Moreover, similar
results are obtained in simulations where the statistical stability property is no longer
valid. We also showed that by increasing the size of the sample we improve the
performance of the detection technique.
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