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ABSTRACT. In this paper we study the generalized BO-ZK equation in two
dimensions. We classify the existence and non-existence of solitary waves
depending on the sign of the dispersions and on the nonlinearity. By using the
approach introduced by Cazenave and Lions we study the nonlinear stability
of solitary waves. We also prove some decay and regularity properties of such
waves.

1. INTRODUCTION

This paper is concerned with (non)existence, stability and some decay proper-
ties of solitary wave solutions for the two-dimensional generalized Benjamin-Ono-
Zakharov-Kuznetsov equation (BO-ZK henceforth),

Uy + uPUy + AUy + EUgyy =0,  (z,y) eR?, teR™". (1.1)
Here p > 0 is a real constant, the constant ¢ measures the transverse dispersion
effects and is normalized to +1, the constant « is a real parameter and 7 is the
Hilbert transform defined by

m r—z

1 t
Hu(z,y,t) = p.V.*/ ulz9,t) dz,
R

where p.v. denotes the Cauchy principal value. When p = 1, the equation (1.1)
appears in electromigration and the interaction of the nanoconductor with the
surrounding medium [21, 26], by considering Benjamin-Ono dispersive term with
the anisotropic effects included via weak dispersion of ZK-type. In fact, the equation
(1.1) is a generalization of the one-dimensional Benjamin-Ono equation (see also
[15).

Now a days, several physical situations in two dimensions are described by gen-
eralizations of well-known one-dimensional equations. The most known and studied
are the KP and ZK equations, which are generalizations of the KdV equation. As
far as we know, equation (1.1) was recently derived in [26], where from the physical
viewpoint existence of solitary waves was studied.

The generalized Benjamin-Ono equation,

u + uPuy + alug, =0, z€R, teRT
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has been studied by several authors considering both the initial value problem
and the nonlinear stability. The initial value problem has been studied, recently,
for instance in [8, 23, 24, 31, 35, 37], whereas the issue of existence and stability
of solitary waves has been studied in [1]-[5]. On the other hand, the Zakharov-
Kuznetsov equation

Ut + uPuy + QUggy + EUgyy = 0, (z,y) € R?, t € RT,

has been less studied. Indeed, as far as we know the only results concerning the ex-
istence and nonlinear stability of solitary waves was given in [12] and well-posedness
(for p = 1) was studied in [19].

It can be seen that the flow associated to (1.1) satisfies the conservation quantities
% and F, where

F(u) = %/RZUQ dxdy

and

1 2
Euw) == 2 _ S Y )
(u) 5 /}R2 (Euy audtuy TESCES) u > dxdy

In the present paper we will investigate the existence of solitary wave solutions of
(1.1) and some of their properties. As it was pointed out in [26] there are no exact
solitary waves to (1.1).

In order to describe our results, the space 2 shall denote the closure of C§°(R?)
for the norm

2

1.2
. (1.2)

2
ol = lplZae) + o2, + | D3]

where D}c/ 2@ denotes the fractional derivative of order 1/2 with respect to x, defined

via Fourier transform by Dy/%p(&1, &) = €11 /2.

The solitary waves we are interested in are of the form v = p(x — ct,y), where
u € & and ¢ # 0 is the wave speed; so, substituting this form of » in (1.1) and
integrating once, we see that ¢ must satisfy

1
— — P atp, =0. 1.3
C‘P+p+190 + QIO Py + EQyy (1.3)

REMARK 1.1. Note that we can assume that |c| = 1, since the scale change

— eV [ 2 Y
Uay) = I go<c|, ﬁ)

transforms (1.3) in @, into the same in 1, but with |c| = 1.

We begin our results classifying where solitary waves do not exist. We use
Pohojaev type identities to prove that depending on p and on the signs of € and «,
solitary waves do not exist (see Theorem 2.1). Furthermore, we prove the existence
of solitary wave solutions in some of the remaining cases. Our strategy is to consider
a suitable minimization problem and use the concentration-compactness principle
of Lions [27, 28] (see Theorem 2.2). To fix ideas, we prove for instance that for
c>0,a<0,e>0and 0 < p < 4, solitary waves do exist. Moreover, we prove
that such solitary waves also are ground states (see Theorem 2.7). These results
are similar to the ones given for KP equation in [13] and [14].
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With the solitary waves at hand, the natural question arising is when such waves
are or not orbitally stable. In this regard, by using the variational approach intro-
duced by Cazenave and Lions [10] we show that for ac < 0, ca < 0 and 0 < p < 4/3
the solitary waves are stable. We note that in this case the value p = 4/3 is critical
(as for the KP equation) in the sense that solitary waves are stable for 0 < p < 4/3
and unstable for 4/3 < p < 4. This last question has been addressed in [16].

At last, we prove some decay and regularity properties of the solitary waves.
We show that such waves are positive, analytic and symmetric with respect to
the transverse and propagation directions. Moreover, we prove that solitary waves
decay exponentially in the transverse direction and algebraically in the propagation
direction. We point out that Theorem 2.7 and Corollary 4.22 are very useful to
prove our instability results in [16].

Concerning well-posedness results, we note that by the parabolic regularization
theory, one can show that the initial value problem associated to (1.1) is locally
well-posed in the Sobolev space H*(R?), s > 2. Improvement of this result will
appear somewhere else (see [18]).

REMARK 1.2. The scale invariant spaces for the BO-ZK equations (1.1) are
H552(R?), 251 +59 = 5 — 2 (see definitions below). Hence a reasonable framework
for studying the local well posedness of the BO-ZK equation (1.1) is the family of
spaces H5152(R?), 25y + 59 > 3 — 2 (566 [18]).

REMARK 1.3. The n-dimensional version of (1.1) is the equation

n

up + uPuy, + adluy, o + Zeiulwm =0, (1.4)
i=2
where t € RT, (z1,29,...,2,) € R" and a,e; € R, i = 2,...,n. Existence and

stability of solitary waves for (1.4) in the same spirit of this paper are addressed in
[17].

Notation and Preliminaries. Throughout this paper we shall refer to equation
(1.1) as BO-ZK equation. The exponent p in (1.1) will be a rational number of
the form p = k/m, where m is odd and m and k are relatively prime. Function j?
denotes the Fourier transform of f = f(x,y), defined as

Fler ) = [ o9 (a,y) dudy,
R2
For any s € R, space H® := H*(R?) denotes the usual isotropic Sobolev space.
Let s1,s2 € R. We define the anisotropic Sobolev spaces H®1:%2 ;= H%1:52 (R2) to
be the set of all distributions f such that
|w%m:/ﬁuﬁﬁu+@”m@@%mm<w.
R

We also define the fractional Sobolev-Liouville spaces H(s1 $2) H]gsl’”) (RQ),
1 < p < o0, to be the set of all functions f € LP(R?) such that

[ ||f|\Lp<R2>+ZHD”f|\LP 2y < 9,
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where D3 f denotes the Bessel derivative of order s; with respect to x; (see e.g.
[25], [29]). For short, we denote HS" (R?) as the space HS"* (R2) and H(s1:52) (R?)
as p = 2. Note that H®) = H*.

REMARK 1.4. Observe that 2 = H'/?0 (R?) N H%! (R?) = H(1/2D (R?).
It is easy to see that for a > 0,
(1+2*)" S+ (-9 (1+y°)",
and
(1+2)" S 1+ @-yH)" +(1+y7)".
So,

REMARK 1.5. Let2 <p<oo. If1—
embedding are continuous

Fs1tse (RQ) <y [5152 (RQ) — H? (R2) — [P (R2) .

% < s < min{sj, s2}, then the following

Theorem 1 in [25] (see also [32, 33]) and Remark 1.5 imply the following embed-
ding of & in LP (Rz) spaces:

2 — L? (R?), forall pe€[2,6]. (1.5)
See also [34].

2. (NON)EXISTENCE

This section is devoted to establish our existence and non-existence results of
solitary waves. We begin with the non-existence one.

THEOREM 2.1. The equation (1.3) do not admit any nontrivial solitary wave
solution ¢ € Z if none of the following cases occurs:
(i)e=1,¢>0,a<0,p<4;
(i) e=-1,¢<0,a>0,p<4;
(iii) e=1,¢<0, a<0, p>4;
(iv) e=—-1,¢>0,a>0,p>4.

Proof. To prove the theorem, we apply a truncation argument to gain the regular-
ity we need, then by using the Lebesgue dominated convergence theorem, we obtain
some useful identities (see e.g. [13]). In fact, by multiplying the equation (1.3) by
©, T, and yp,, respectively; and integrating over R2?, then by the properties of
the Hilbert Transform (see [15]), we obtain the following relations:

1
2 2 —+2
_ Ao, — = P2 dady =0, 2.1
/Rz(cso + ap Ay ewy+p+1¢ ) zdy (2.1)
2
2 2_ % P2 dady =0 2.2
/]RZ (CSD ey p+Dp+2)” ) e 22)
2
2 2 +2 _
—apHpy — e — ——— P2 dpdy = 0. 2.3
R? (ap G T T D +2)” ) o 23)

By adding (2.1) and (2.2), we get

o p p+2 T =0. .
/Rz(%%ﬂ%+(p+1)(p+2)w )ddy 0 24



BO-ZK EQUATION 5

Also by adding (2.2) and (2.3) yields

2 @ 2 +2
T A P dxdy = 0. 2.5
/R2(C<P g $H e = ¥ )zy (2.5)
Eliminating P2 from (2.4) and (2.5) leads to
/ (2pcp® + a(4 — p)pHp,) drdy = 0. (2.6)
R2
On the other hand, adding (2.1) and (2.3) yields
p
202 — ——— = p+2> dzdy = 0. 2.7
[ (26 i) e =0
Plugging (2.2) in (2.7) we obtain
/R2 (pc® +2(p — 4)p2) dady = 0. (2.8)
The proof follows from (2.6) and (2.8). ]

Now we prove the existence of solitary wave solutions of (1.1).

THEOREM 2.2. Let ag,ca < 0 and p = % < 4, where m € N is odd and m
and k are relatively prime. Then the equation (1.3) admits a nontrivial solution

peZ.

Proof. The proof is based on the concentration-compactness principle [27, 28]. We
suppose that a < 0. The proof for a > 0 is similar. Without loss of generality we

assume that a = —1 and ¢ = 1. We consider the minimization problem
I, = inf {I(w) ;e Jp) = / pP+? dedy = /\}, (2.9)
RQ

where A > 0 and

1
I(p) = 5 /]Rz (@* + @ oy + @) dudy.

Let {¢n} C Z be a minimizing sequence of Iy. By using the embedding (1.5), we
obtain that

pt2
A= ‘/ P2 dxdy’ < Ollpl5? < CIf‘z ,
]RZ

for any ¢ € & and p < 4. Hence Iy < co and I > 0 for any positive A\. Also, the

fact that I(p) = 1(|¢[|% implies ||¢n|| 2 < oco.

Now, for r > 0, we define the concentration functions

Qn(r) = sup / pn dzdy,
(@y)er? J
B (z,y)

2
where p, = |on|® + )D;/ngn‘ + \8y<pn|2 and B,(x,y) denotes the ball of radius
r > 0 centered at (z,y) € R2. If the evanescence occurs, i.e., that for any R > 0,
lim  sup / pn dxdy = 0,

n=too (zger?  J
B, (z,y)
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then by using the embedding (1.5), we obtain that lim,_ ||¢n| rs+2 = 0, which
would contradict the constraint of the minimization problem. Now suppose that
v € (0, I), where

vy= lim lim sup / pn dxdy.
r—-+o0 n—4o00 (EE,@)E]RQ /

~(Z,)

By the definition of ~, for € > 0, there exist r; € R and N € N such that
Y= e<Qn(r) SQu2r) <y <7+

for any r > r; and n > N. Hence, there exists a sequence {(Z,¥,)} C R? such
that
Pn dxdy > v — €, / pn dxdy < v+ €.
B (ZTn,Yn) B2 (Zn,Yn)
Let (¢,%) be in (C§°(R?))? satisfying
e supp ¢ C B2(0,0), ¢ =1 on B1(0,0) and 0 < ¢ <
e supp ¥ C R2 \ B2(0,0), ¥ =1o0n R2 \ B1(0,0)

Now we define

o
]
ST
()
IA
<
IA
_

gn(2,y) = ¢ ((2,y) = (Tn, Un))pn  and  hu(z,y) = e ((2,y) — (T, Un))Pns

where s ( (@) ) and  4h,(z,y) = ¥ <W> .

r

One can see that g,,h, € 2. The following commutator estimate lemma is
fruitful to obtain the splitting lemma below.

LEMMA 2.3 ([9, 11]). Let g € C®(R) with ¢’ € L*(R). Then [, 9]0, is a
bounded linear operator from L*(R) into L*(R) with

1172, 9102 f || 12 ) < Cllg Lo ) 1f 1| 22 () -

The following splitting lemma enables us to rule out the dichotomy case in the
concentration-compactness principle (see also [15]).

LEMMA 2.4. Let {g,}nen and {hy}nen be as above. Then for every e > 0, there
exist 6(€) > 0 with lim._,0d(e) =0, o € (0,1)), no € N and p € (0, \) satisfying the
following for n > ng :
[ (en) — I(gn) — I(hn)] < d(e), (

[(gn) — ol <0(e),  [I(hn) = In+ o] < d(e), (

[ (gn) — Pl < 6(€), | J(hn) = A+ p| < 6(e). (
Proof. Obviously supp g, Nsupp h, = (. For simplicity, we write g, = ¢, and
hy, = Y¥r@yn. Thus, we have

21(gn) = ~/]R? ¢% [90721 + Pn0: 7 on + (35%)2} dxdy + 2~/]R? ¢r§0n(ay¢r)(ay90n) dxdy

+ / [0y 00 )02 + pndr I (0n0udy)] dudy + / P [, D)0, 0 dady
R2 R2
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and

2I(hy) = /]R ) P2 [go% + 00 7 0p + (ag%)‘z} dzdy + 2 /R ] Vron (0y0r) (Oyipn) dady

+/ [(ayql)r)QSDi + (inrt%p(@naxwr)] dxdy +/ Onthr[H, 1] 0x P ddy.
R2 R2

Since [[¢pllze = [[¢rlle = 1, [Vorllree < 2V~ and [[Vip |z < 1|V Lee,
it follows from Lemma 2.3 that

1 1

and

1

1
1) =5 [ 62 [+ et on+ (020) dxdy‘ <150,

The above inequalities imply (2.10). From this, one infers that there exists g(e) €
[0, I,] (and taking subsequences if necessary) such that lim, . I(g,) = o(€), and
thus

[1(gn) — In + o] < d(e).

Analogously, from (2.10), the fact that supp g, N supp h, = 0 and the embedding
(1.5), one can obtain

|J(§On) - J(gn) - J(hn)‘ < 5(5)

Therefore we assume that

lim J(g,) = ple), lim_J(hy) = p(e)

n—-+o0o n—-+4oo
with |A — p(e) — p(e)] < d(e). If lime—,g p(e) = 0, then choosing e sufficiently small,
1
we have J(h,) > 0, for n large enough. Hence by considering (p(€)J(hy,))7+2 hy,
we obtain that (note that J ((ﬁ(e)J(hn))ﬁ hn) = p(e))

I < limjnff(hn) < Iy —v+6(e),

which leads to a contradiction since lim._,g p(€) = A. Thus p = lim._,¢ p(e) > 0.
Necessarily p < A, because the case p = X is ruled out in the same manner with
h,, instead of g,. Since p € (0, \), one infers that necessarily ¢ = lim,_ 1, 0(¢€) €
(0,I). This completes the proof of the lemma. [ ]

Now, we come back to the proof of Theorem 2.2. The previous lemma implies
that

Ly >1,+ I (2.14)

This inequality contradicts the subadditivity condition of I, coming from Iy =
\2/P+2) [, Hence we rule out the dichotomy.

Therefore the remaining case in the concentration-compactness principle is lo-

cally compactness. Then there exists a sequence { (2, ¥n)}nen C R2, such that for
all € > 0, there exist finite R > 0 and ng > 0, with

/ Pn dzdy > 1) — €,
BR(znvyn)
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for n > ng, where
1y = lim pn dzdy.
n—-+4oo R2

This implies that for n large enough

/ lon|? dady > / lon|? drdy — 2e.
BR($nayn) R2

Since ¢, is bounded in the Hilbert space 2, there exists ¢ € 2 such that a
subsequence of {©, (- — (Tn,Yn)) }nen (denoted by the same) converges weakly in
% . We then have

/ lo|? dady < liminf/ lon|? dedy < liminf/ lon|? dady + 2e.
R2 n—-+4oo R2 n—-+oo BR(mn,ayn)

But we know the compactness embedding 2 into L? on bounded sets. Consequently
{tn(- = (Tn,Yn)) }nen converges strongly in L7 (R?). But the last inequality above
implies that this strong convergence also takes place in L?(R?). Thus by the em-
bedding (1.5), {©n(: = (Zn,Yn)) }nen also converges to ¢ strongly in LPT2(R?) so
that J(¢) = A and

Iy= lim I(pn) = I(y),

n—-+o0o

that is, ¢ is a solution of I}.

Now by using the Lagrange multiplier theorem, there exists 8 € R such that
O — Py — Qyy = 0(p +2)pP T, (2.15)
in 2 (the dual space of 2 in L?—duality). By a scale change, ¢ satisfies (1.3). B

REMARK 2.5. Theorem 2.2 shows the existence of solitary wave solutions of
(1.1) when (i) and (ii) occur in Theorem 2.1. Unfortunately, we do not know exis-
tence or nonexistence of solitary wave in the cases (iil) and (iv) .

Now we are going to prove that the minima of Theorem 2.2 are exactly the
ground state solutions of the equation (1.3). The proof is close to Lemma 2.1 in
[14].

DEFINITION 2.6. A solution ¢ of the equation (1.3) is called a ground state, if
© minimaizes the action

S(u) = E(u) + ¢Z (u)
among all solutions of the equation (1.3).
THEOREM 2.7. There is a real number \* such that for u* € Z the following
affirmations are equivalent modulo a scale change:

(i) J(u*) = X* and u* is a minimum of Iy,
(ii) K(u*) =0 and

inf {/ uHuy dedy, w € Z, u#0, K(u) = 0} = / u* I, dedy,
R2 R2

*

(iii) w* is a ground state,



BO-ZK EQUATION 9
(iv) K(u*) =0 and

inf{lC(u), ueZ, u#0, / uSl Uy, dmdy:/
R2

u* AU, dmdy} =0,
R2

where

1

D

1
K(u) = 5/]Rz cu? +u§ dxdy —

Proof. We set \* = (2(p + 1)[1)%2
(i) = (ii) : Assume that u* satisfies (i). Let u € £ with u # 0 and K(u) = 0,
which implies that J(u) > 0. Thus we set

J(u*)
J(u)’

so that J(u,) = J(u*) and K(u,) = 0. Since u* is a minimum of Iy«, one can see
that C(u*) = 0 and

lC(u*)—kaJ(u*)—k%/

R2

uu(z,y) = u (my> , with p=
"

u* Aul dedy < lC(u#)—ﬁ—CpJ(uu)—f—%/ up I (uy)y dedy,
R2

where C, ; this implies that

_ 1

= (D) (p+2)
/ w* ), dedy S/ uFlu, drdy,
R2 R2

and (ii) holds.
(ii) = (iii) : If u* satisfies (ii), then there is a Lagrange multiplier 6 such that

*\p+1 _
P (u*) 0.
By multiplying the above equation by u*, integrating by parts and using K(u*) = 0,
we can see that 6 is positive. Hence the scale change u,(z,y) = u*(0x,y) satisfies
the equation (1.3).
On the other hand, the identity S(u) = KC(u) + & [42 u#'u, dudy shows that if
u is a solution of (1.3), then

S(u) = %/wuﬁﬁuz dxdy > %/

R2

* * *
cu’ —uy, + 07,

w* Hu, dedy = %/ U IO (U)o dxdy = S(uy);

R2
hence u, is a ground state.

(iii) = (i) : By using the proof of Theorem 2.1, one can see that if u is a
solution of (1.3), then K(u) = 0 and

I(u) = % (1 + 2) /}R2 udluy drdy. (2.16)

Hence if u* is a ground state, then u* minimizes both I(u) and [,, us#u, drdy
among all the solutions of (1.3). Let A = J(u) and @ be a minimum of I,. Then

I, =1I(u) < I(u")
and there is a positive number 6 such that

~ o~ ~ ~p+1
CU — Uyy + Uy = uPT,

+1
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Using the equations satisfied by u and u*, the preceding inequality is written as
RS

p+1 " p+1
hence 6 < 1. On the other hand, u, = 6Pu satisfies the equation (1.3), and since
u* is a ground state, we have

I(u*) < I(uy) < 0*1(),

so that § > 1. Thusly v* = @ is a minimum of I, with A = \*.

(ii) = (iv) : Letu € 2 with [p, ulu, dedy = [p, u* H#u}, dxdy. Suppose that
K(u) < 0. Since K(Tu) > 0 for 7 > 0 sufficiently small, then there is a 75 € (0,1)
such that K(mu) = 0. Thus by setting u = Tou, one has u € 2, K(u) = 0 and

/ uIu, drdy </ uIlu, drdy :/ u* Hu), dedy,
R2 R2 R2

which contradicts (ii) and shows that u* satisfies (iv) because K(u*) = 0.
(iv) = (ii) : Let u € 2 with C(u) = 0 and u # 0. Suppose that

/ uIlu, drdy </ u* Hu), drdy.
R2 R2

But since K(7u) < 0 for 7 > 1, then one can find 79 > 1 with

/ (Tou) 7 (Tou), dedy = / u* Hu), dedy
R2

R2

and K(rou) < 0. This contradicts (iv). Hence [z, uilu, dzdy > [p, u*su} drdy
and (ii) holds. [ |

REMARK 2.8. Note that the proof of the above theorem shows that, indeed, (i)
and (iii) are equivalent and imply (i) and (iv); which are also equivalent; but the
converse holds modulo a scale change.

REMARK 2.9. It has been shown that these ground state solutions are exactly
the minimizers of E(u) under a suitable constraint F(u) = u* (see [16, 17]).

3. STABILITY
We start by defining our notion of orbital stability:

DEFINITION 3.1. Let . be a solitary wave solution of (1.1). We say that ¢,
is orbitally stable if for all n > 0, there is a § > 0 such that for any ug € H® (Rz),
s> 2, with ||ug — ||z < 0, the corresponding solution u(t) of (1.1) with u(0) = ug
satisfies

sup inf ||u(t) — we(- — )]z < 7.
t>0 rER?

The following theorem is a consequence of Theorem 2.2 and it will be main
key to obtain our stability results of the solitary waves for the BO-ZK equations.
Hereafter, without loss of generality we assume that « = —1 and ¢ > 0.

THEOREM 3.2. Let A > 0. Then,
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(i) every minimizing sequence to I converges, up to a translation, in % to an
element of the minimizers set

My={pe Z; I(p) = I, J(p) = A}.
(ii) Let {¢n} be a minimizing sequence for Ix. Then we have

I inf +2) — =0, 3.1
niToowezvle,zeW”(p"( = vlz 3

lim inf [, — )2 = 0. 3.2
S inf flon =42 (3.2)

Proof. (i) Let {¢,} be a minimizing sequence for I. By defining

_1_
Ap+2

Un

Pn,

 lenllzes
we obtain that J(¢,) = A and

I, < 1(1%) < I(‘pn)-

This implies that {t,, } is a minimizing sequence for I. Then there is a subsequence
of {1, }, denoted by the same, and a sequence {r,} C R? such that

'l/}n( + /rn) — 1/1,

as n — oo in Z—norm and 1» € M. On the other hand, we have that the sequence
22/ (p+2)
{ lenllLr+ }
converges, up to a subsequence, to a real number ¢ € [0,1]. Using the equality

M)\ = lim I('LZJn) :g_[)\,

we obtain that £ = 1. Now we will show that {¢, (- +7,)} converges strongly in &
to an element of M)y. Indeed, we have

lim o, (- +7r,) = lim ¥, (- +r,) =,
in 2. By the embedding (1.5), it follows that ¢, (- + r,) — % in LPT2 as n — oc.
Hence

Finally, since I(¢) = I, we have that ) € M. This shows the first part of the
theorem.

(if) If (ii) does not hold, then there exists a subsequence of {¢,}, denoted by
the same, and € > 0 such that

= inf . — g >
%= el llonc 1) = vl 2 e

for all n. Since {¢,} is a minimizing sequence for I, by using (i), we have that
there exists a sequence {r, } C R? such that, up to a subsequence, @, (- +1,) — ¢
in & as n — oco. So for n large enough, we have

€
52 lon(-+71) = tlle > w>e
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This contradiction shows (3.1).
The proof of (3.2) follows from the fact that if v € M), then (- +r) € I, for
all » € R?, and the following equality:

inf [lop —¢lz= inf  inf [lg,—9(—7)z= inf [pu(+r)— |
inf Jlon —lly = ot inf flgn = (= nllz = nt len-+1) =¥l

P hEM,rER? YEM

This completes the proof of the theorem. |

The following lemma easily shows that there exists a A > 0 such that every el-
ement in the set of minimizers satisfies (1.3).

p+2

LEMMA 3.3. For A= (2(p+ 1)I1) » in our minimization problem, we have that
if ¢ € My, then ¢ is a solitary wave solution for the BO-ZK equation (1.3).

Now for A in the above lemma, we define the set
Me={p e Z; J(p)=2(p+1)I(p) = A}.

One can see that M) = .. Next for any ¢ > 0 and any ¢ € 4, we define the
function

d(c) = E(p) + cF (p).

LEMMA 3.4. d(c) is constant on A, differentiable and strictly increasing for
c>0andp< %. Moreover, d”’(c) > 0 if and only if p < %.

Proof. It is easy to see that

2
1 p p2p+1))r =2
dlc) =1 - ] N SU— AT ) e
=1 e+’ Y T e 'Y T s D
Therefore,
d(c) = b b (p)
200+ 1P +2) ’
where 9 (x,y) = 07%90 (i, \y[) Note that ¢ satisfies (1.3), with ¢ = 1. But we
c
know that
() = 1 ()
P+1Dp+2) 4—p
Thusly, we obtain that
2 3
0= (2-3) bz
This proves the lemma. |

Now we are going to study the behavior of d in a neighborhood of the set ..

LEMMA 3.5. Let ¢ > 0. Then there exists a small positive number € and a
Cl-map v : B.(A.) — (0,+0c0) defined by

-1 p
vw)=d <2<p+1><p+2>‘](*")>’

such that v(p) = ¢ for every ¢ € A, where

B, (N) = ¥ inf |lo— .
() ={eezi it lo-vlx <cf
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Proof. Without loss of generality we assume that ¢ = 1. It is easy to see that A,
is a bounded set in 2. Moreover

Ao C B(0,r) C Z,
pt2
where r = (2(p + 1))%11T and B(0,r) is the ball of radius r > 0 centered at the
origin in Z. Let p > 0 be sufficiently large such that 4. C B(0,p) C & . Since the
function v — J(u) is uniformly continuous on bounded sets, there exists € > 0 such
that if u,v € B(0,p) and ||ju — v||z < 2€ then |J(u) — J(v)| < p. Considering the
neighborhoods .# = (d(c) — p,d(c) + p) and B.(A:) of d(c) and .4;, respectively,
we have that if u € B.(A,) then J(u) € .#. Therefore v is well defined on B, (A7)
and satisfies v(p) = ¢, for all p € . [ |

Next, we establish the main inequality in our study of stability.

LEMMA 3.6. Let ¢ > 0 and suppose that d’(c) > 0. Then for all u € B.(A.) and
any ¢ € N,

Bu) ~ Blg) + o(u) (F(w) ~ F(¢)) > 1" ()]o(u) — cf.
Proof. Let
L(p) = %/}RQ (w? + oy + ©7) dady
and ¢, any element of .4,. Then, we have
1

E(u) + v(u)F (u) = Ly (u) — m«](u)~

On the other hand, we have J(u) = J (¢,()), since d(v(u)) =
u € B( M) and d(v(u)) = mJ (¢o(w))- Thusly,
Ly () 2 Loy (Pofu)) -

Therefore by using the Taylor expansion of d at ¢, we obtain that

1
wrnpry’ )

= d(v(u)) = d(c) + F(p)(v(u) = ¢) + id”(C)\v(U) —cf

sernGry o (v) for

E(u) + v(u)F (u) > L) (Po(u)) =

1
= E(p) + o(w) F () + 7" (0)|o(u) — cf*.
This completes the lemma. |
Before proving our stability result, we state a well-posedness result for (1.1); which
can be proved by using the parabolic regularization theory (see [20]).

THEOREM 3.7. Let s > 2. Then for any ug € H*(R?), there evist T =
T(|luo|ler=) > 0 and a unique solution u € C([0,T]; H*(R?)) of the equation (1.1)
with u(0) = ug and u(t) depends on ug continuously in the H*—norm. In addition,
u(t) satisfies E(u(t)) = E(ug), F(u(t)) = F(u), for allt € [0,T).

Now we will prove our nonlinear stability result of the set .4, in Z.
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THEOREM 3.8. Let ¢ >0 and A = (2(p+ 1)[1)171#. Then the set N, = M) is
Z -stable with regard to the flow of the BO-ZK equation if p < 4/3, that is, for all
positive €, there is a positive § such that if ug € H®, s > 2, and ||ug — ||z < 0,
then the solution u(t) of (1.1) with w(0) = ug satisfies

sup inf ||u(t) — ¢l <e.
up i, u(t) ~

c

Proof. Assume that 4, is Z-unstable with regard to the flow of the BO-ZK
equation. Then there is a sequence of initial data ux(0) € B1 ()N H® (RQ),
s > 2, such that

sup inf |lug(t) — ¢z >, (3.3)

te[0,T) PENe

where ug(t) is the solution of (1.1) with initial data ux(0). So we can find, for k
large enough, a time t; such that
€
57
by continuity in ¢. Now since E and .# are conserved, we can find ¢ € A4, such
that

inf tr) — , = 4
nf, luk (tr) — ¢l 2 (3.4)

|E(uk(tr)) = E(or)| = [E(ux(0)) — E(er)| — 0, (3.5)
|7 (uk () — F (o) = [F (uk (0)) — F(¢r)| — 0,

as k — 4o00. By using Lemma 3.6, we have

E(ug(ty)) — E(pr) + o(ur(te)) (F (ur(tr)) — F(or)) > id//(cﬂv(uk(tk)) —d?,

by choosing k large enough. This implies that v(uk(tx)) — ¢ as k — 400, since
ug(tx) is uniformly bounded in k. Hence, by the definition of » and continuity of
d, we have

—
w
D

~

2p+1)(p+2)

kEToo J(ug(ty)) = " d(c). (3.7)
On the other hand, by Lemma 3.4, we have
1
I(uk(ty)) = E(ug(te)) + cF (ug(te)) + m'](uk(tk))
=d(c) + E(uk(tr)) — E(pr) + ¢ (F (ur(te)) — F(gr)) + rn 1)1(p 9 I (up(tr))-
Then by (3.7), we obtain that
JimTux() = P22 di0) = 2+ 1) 17 (3.8)

By defining
1
One(tr) = (J (un(tn))) 72 un(tr),
in 2, we obtain that J (¥4 (tx)) = 1. Therefore by using (3.7), (3.8) and Lemma
3.4, we obtain that
i HI_iI_l I(’l?k(tk)) == Il. (39)

Hence {¥(tx)} is a minimizing sequence of Iy, so, from Theorem 3.2, there exists
a sequence Y C M; such that

(|95 (tk) — Yrll = 0. (3.10)
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On the other hand, from the Lagrange multiplier theorem, there exist 8; € R such
that

H (1), + ctbr — (), = Or(p + 200, (3.11)
so 211 = 0k (p + 2), which implies 6, = 0 for all k. By scaling py = piby, with
p’=0(p+1)(p+2)=2(p+1)h,

we obtain that oy, satisfy (1.3) and 2(p + 1)I(px) = J(px) = pP+2, which implies
that ¢ € A for all k. Also, by (3.7)-(3.10) and Lemma 3.4, we have

lun(t) = ell 2 = (I (e (b)) 7 || ua(t))™ 7 (wete) = )|

1 _ _ 1
< (J(uk(ty))) 72 (Hﬁk(tk) — 17 on| g+ 1 el — (T (un(tr))) P“’) :
This implies that
1. — g — N
S ek (te) = erllz = 0;

which contradicts (3.4); and the proof is complete. [ |

4. DECAY AND REGULARITY

In order to investigate the regularity and the decaying properties of the solitary
wave solutions of (1.1), we need to study the kernel of (1.3). So we remind the
reader some properties of the anisotropic Sobolev spaces.

LEMMA 4.1. If s; > % , fori=1,2, then H*"°2 is an algebra.
One can prove the following interpolation in the anisotropic spaces.
LEMMA 4.2. Ifs1; < 0; < s2;, 1 =1,2, with
(01,02) = 0(s1,1,51,2) + (1 — 0)(s52,1,52,2)
and 0 € [0,1], then
I Flzreres < WflGreraere 1F 15000 (4.1)

REMARK 4.3. Note that by using the Residue theorem, the kernel of the solution
of (1.3) can be written in the following form

o alvit —(ct-s-ﬁ)
K = —_ i) dt 4.2
@) =C [ Gate , (4.2
~ 1
where C' > 0 is independent of «, x and y, and K(&,n) = g Also by

Fubini’s theorem, we obtain that
—+o0 2 +oo
K|z = C/ / 2|O;|\[ 5 ~(et+47) dxdydt = C(a)/ et dt.
R2 @°t° +1x 0
Therefore,
LEMMA 4.4. K is an even (in x and y) positive function, decreases in the
x—direction and y—direction, tends to zero at infinity and belongs to C> (R*\ {(0,0)}).

Furthermore, K € LP(R2), for any p € (3/2,40c] and K € LP(R?), for any
p € [1,400).
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THEOREM 4.5. Any solitary wave solution ¢ of (1.3), with p € N, belongs to

Hr(k), for all k € N and all v € [1,400]. Furthermore, if 0 < p < 4, any solitary
wave solution o is continuous, belongs to L>(R?) and tends to zero at infinity.

p+1

Proof. Setting g = — Ld (1.3) yields

p+1’

Y A
¢ —alg] +en?

This implies that ¢ € H%’l(RQ) N H%2(R?) N HY°(R?). By using Lemma 4.2 and
the embedding (1.5), we obtain that ¢ € H*2(1=%)(R2), for any s € [0,1]. By a
bootstrapping argument and using the Lemmata 4.2 and 4.1, the proof of first part
will be complete. The second part follows from the embedding (1.5), the Young
inequality and the properties of K in Lemma 4.4. |

5= (4.3)

Now, we are going to study the symmetry properties of the solitay wave solutions
of (1.1). Here, for u : R? — R, u* will represent the Steiner symmetrization of u
with respect to {z = 0} and u* the Steiner symmetrization of u with respect to
{y = 0} (see for example [7, 22, 36]).

LEMMA 4.6. If f € &, then f*, f%,|f| € Z.
Proof. Remember the kernel of K in (4.2). By setting g = | f|, then we have
(fLK*[)<(9.K*g),

for every ¢ > 0. Therefore

Rt || dedn = s 4 1) < oK ) = [ Rim) el dean

R2
So, we have

[e(r=ck) el dsin< [ e(1-ck) [fen| dan @)

since HfHLZ = [|g|| 2. By taking the limit as ¢ — +o00 on both sides of (4.4) and

using the Monotone Convergence Theorem, we obtain that

~ 2
[ ) tatenl? dedn < [ (612 |fien| dedn
R2 R2

which shows that |f| € Z.
Let us prove that ff € 2. One can see that K = K = K*. Then the Reisz-
Sobolev rearrangement inequality (see [7, 22, 36]) implies that

. fla,y) f(s,t)K(z—s,y—t) dsdt dedy < /4 Az, y) ff (s, t) K (2—s, y—t) dsdt dzdy.
Tﬂien it follows that ’
| &en|fen| < [ &enl|fen
On the other hand, by using the fact that
171 gy = 10y = 1770 oy = | 7]

‘ 2

L2(R2 L2(R2)’
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a similar analysis as in the preceding proof shows that f! € 2. Analogously, one
can prove that f* € Z. [ |

REMARK 4.7. Note that the function K(x,y) is not radial.
LEMMA 4.8. If ¢ € My, then o', ¢* € M.

Proof. Since Steiner symmetrization preserves the LP*2—norm, it follows that
J(p) = J(¢*). So, by using Lemma 4.6, we get

I <I(9") <I(p) =1y
Therefore, we have that of € My. Similarly, ¢* € M. |

Now, we prove our theorem concerning the symmetry properties of the solitary
wave solutions of the equation (1.1).

THEOREM 4.9. The solitary wave solutions of the equation (1.1) are radially
symmetric with respect to the transverse direction and the propagation direction.

Proof. By Theorems 2.2 and 4.5, there is the function ¢ satisfying (1.3). By
choosing ¢ = 1*, we have that ¢ is a solitary wave solution of the equation (1.1)
which is symmetric with respect to {x = 0} and {y = 0}. |

REMARK 4.10. Note that by the definition of the Steiner rearrangement, we
have that p** = ot* .

REMARK 4.11. One may also obtain the symmetry properties of the solitary
wave solutions of (1.1) by using the reflection method and a unique continuation
result (see [30] and [18]).

Now, we are going to establish the positivity of the solitary wave solutions of
(1.1).
THEOREM 4.12. The solitary wave solution ¢ obtained in Theorem 2.2 is

positive.

Proof. The proof follows from the proof of the Theorem 2.2, Lemmata 4.4 and
4.6, Theorem 4.5 and the following identity

1
o(z,y) = ]mK « Pz, y). (4.5)
m

Regarding on the decay properties of the solitary wave solutions of (1.1), one
can prove easily the following properties of the kernel K.
LEMMA 4.13. K € 50 (RQ) N HOs2 (RQ), for any s1 < % and s9 < % More-
over, K € H™* (R2) N H(s1:52) (R2), where 183 + 881 = s182 and r € [0,1].

LEMMA 4.14. (i) K € H**° (R?) N H**2 (R?), for any s1 < 3 and s3 € R.
Moreover, K ¢ H™® (RQ) N H(s1:52) (RQ), where rsy + ss1 = S189 and
r € [0,1].



18 AMIN ESFAHANI AND ADEMIR PASTOR
~ 1
(i) K € H,§51’S2) (R%), for any s1 <1+ =, p>2 and s3 € R.
p
1 1
(ili) |z]*|y|*2K € LP (R?), for any s1 <2——, 2s1+s2 > 3 (1 — ) andp > 1.
p p

LEMMA 4.15. Let £ and m be two constants satisfying 0 < £ < m — 2. Then
there exists C > 0, depending only on £ and m, such that for all € > 0, we have

lyl* C |l
/R2 (1 + ely)m(1 + |z —y|)™ 1+ ca)™ || (4.6)
1 c ,
dy < . VzeR2 4.7
./11@2 (1+ely)™(1+ |z —y])™ (1+ ez|)™ (4.7)

The proof of Lemma 4.15 is elementary and is essentially the same as the proof
of Lemma 3.1.1 in [6].
THEOREM 4.16. For any solitary wave solution of (1.3), we have

() |z|*ly|e(z,y) € LP (R2) for allp € (1,400), any £ € [0,1) and any o > 0,
(ii) |(z,y)|°¢(z,y) € LP (R?) for all p € (1,+00) and any 6 € [0,1),
(i) ¢ € L' (R?).

1 1
Proof. (i) Choose ¢ € {0,51 —1—|—) and p > 1, where s; < 2 — —. For
p p
0 < e < 1, we denote

ﬁﬁ(xa y) = ,‘Zle(x,y) <p(x,y),

where
|z[“|y|®
(L + efx])® (1 + ely)*2

Az, y) =

1 /

and sy > 3 <1 - ) Then f. € LP (R?), where p’ = -2 Using Holder’s inequal-
p

ity, we obtain that

A
Iy

o)l < Clorosap) [ 16wl deaw) "

where

5(£)(z,w)
(o= 2 (L + fy— wh

g(sz) =

sty 52,p) = 1L+ )™ (1 + [y) 2 K | e -

Note that the fact that ¢ — 0 as |(z,y)| — +oo implies that for every § > 0, there
exists Rs > 1 such that if |(z,y)| > Rs, we have

l7(e)(z,y)| < 8le(z,y)l.
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By using Holder’s inequality, we obtain that

/ e, y)|”" dady = / e (@, )P~ A" (2, y)|p(x, )| dxdy
R2\B(0,Rs) R2\B(0,Rs)
< 0(81782,p)r/ e (2, )77 (,9) G0 2 (2, ) dady
R2\B(0,Rs)

T P/—T "
< Clsws 52:0) el 2 B0, i) H A6l e2) L¥' (R2\ B(0,Rs))

Thusly,
/ |ﬁe(l‘,y)|p/ dxdy < C(s1, Sz,p)p// ﬂp,(aj,y)HgHip,(Rz) dzdy.
R2\B(0,Rs) R2\B(0,Rs)
Using Fubini’s theorem and Lemma 4.15, we obtain
2" (z,y - x,y) drdy
Lo & @0 0

’ /qpl
= [ ol (| dil) ,
R2 R2\B(0,R,) (1 + |z = 2[)P*1 (1 + |y — w|)P's

< C/ 9(2) (2, w)[” 27 (2, w) dzduw
R2\B(0,R5)

5 dxdy) dzdw

! ,‘Zl”,(x,y)
+/ () (z,w)|” / , — dady | dzdw.
B(0,Rs) | | R2\B(0,R,) (1 + |7 — 2[)P'51(1 + |y — w])P's2

The last integral is bounded by a constant ¢’ depending on ¢ and Rs and indepen-
dent of e. Therefore, by using the fact that |g(¢)(x,y)| < 8l¢(z, y)| on R*\B(0, Ry),
we get

/ (e, )P dady < Cls,s2,p)” (asp' / e )P dady + c') .
R2\ B(0,Rs) R2\B(0,Rs)
Choosing 6 such that C(sq, SQ,p)éC”% < 1, from the last inequality, we deduce that

[ kel ey <c (1)
R2\B(0,R5)

where C is a constant independent of ¢. Now, we let ¢ — 0 in (4.8) and apply
Fatou’s lemma to obtain that

/ |7 [y] | (, )| daedy < c.
R2\ B(0,R;)
Hence |z|*|y|?p(z,y) € LY (R?), for p' = ]%

Now by taking the limits p — 1 and p — 400, we obtain that { — 1 and
p’ € (1,400). This proves part (i) of the theorem.

(ii) The proof follows from (i).

(iii) Let s > 1 and g, § and Rs be the same above in (i). Define

1

A =
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Therefore, we have

/ (2, 9)| %z, ) dedy
IR2\B(O,R,;)

R2 R2\B(0,R5)

1

2

< Lq(go)(z;w)’ (/ ﬂ;2(x—z,y—w)}(2(x—z,y—w) dmdy)
R2 R2\B(0,Rs)

1

. (/ 2 (x — 2,y —w)a2(z,y) dzdy) dzdw
R2\ B(0,R;)
< C(S)C% / fg((p)(z,w)| A (z,w) dzdw
R2

< C(s)cts / oz w)| A (2, w) dzdw
Rz\B(O,R,s)

4 C(s)ch / 19(0) (2, w)| dzduw,
B(O,R(s)

by using Fubini’s theorem, Lemma 4.15 and the fact that ¢, 4. € L? (Rz) and
04, € L! (Rz). Hence by the restriction on 4, and using Fatou’s lemma as € — 0,
we conclude that ¢ € L1 (Rz). ]

The following corollary is an immediate consequence of (4.5), Theorem 4.16
and the inequality

[t? <c(|t—s®+1s|%), for 6>0. (4.9)
Corollary 4.17. Suppose that ¢ € L> (R?) satisfies (1.3) and ¢ — 0 at infinity.
Then
() |z||y|2e(z,y) € L™= (Rz), for all ¢ € [0,1) and any o > 0,
(i) [(z,9)|°¢(z,y) € L= (R?), for all 6 € [0,1).
LEMMA 4.18. |z||y|°K € L> (R?), for any { <2 and any ¢ > 0.

Proof. Suppose that |z| > 1, so we have

+o00 €_Ct\/£ 42 400 e—ct\/i 4\ 7 C(a)
T4t < — =
K(z,y) < C(a)/o PR dt < C(a)/o . (yQ) dt pETETE

for any v > 0. On the other hand, for 0 < |z| < 1, by a change of variables, we
have that

K <
(xay) = 1 +012t2

+oo —t|z| v
< C’(a)/ e~ tely/t <4m|t) gt < C’(oz)’
TVl Joo T\ g2 ~lyl

for any v > 0. This completes the proof. |

+oo —t[a| 2
Clo) / Wt
Vx| Jo




BO-ZK EQUATION 21

Corollary 4.19. |z|‘|y|¢p(z,y) € L™ (R?), for any ¢ <2 and any o0 > 0.

Proof. Without loss of generality, we assume that ¢ = 0. Let £ < 1 and v =
min{2, (p + 1)¢}. Because

2 e+ @) < (1o wllel7T) (et p)llal77)"

then by using (4.9), Corollary 4.17, Lemma 4.18 and Theorem 4.16, we obtain that
lz["p(z,y) € L™= (R?). If v = (p+ 1){, one may use the above argument to show
that [z|7¢(z,y) € L (R?) for v = min {2, (p + 1)2¢}. Then repeating this argu-
ment at most finitely many times leads to the conclusion. |

The following corollary follows from (4.9), Corollary 4.17 and Theorem 4.16.

Corollary 4.20. (i) |z|“ly|ep(z,y) € L' (R?), for all € € [0,1) and any ¢ > 0,
(ii) |(z,y)|°¢(z,y) € L' (R?), for all 6 € [0,1).

LEMMA 4.21. There exists oo > 0 such that for any o < 0¢ and any s < 2 5
have

(i) |z]*e“W K € L? (R?)
(i) K e LV L, (R%); for any 1 < p < oo,
(iil) |z|*e’ VK € L2L; (R?); where || - lLsre@e) = HH'HL@(R)‘

Li®)

Proof. By a change of variables, K can be written in the following form

oo gelelt /o NE 2
K(z,y) |a|/ 1T o <x|> e~ =T dt.

+oo 2 3
a/ i || 251 e‘2c|$‘t/ 2ol =T dyda ’ dt
L2(R?) o 1+a®t? \Jp i
e N 25—1 —2falt(c—0?) e 2 ’
a—— —2|z|t(c—0c — y dud dt
O‘/O 1+a2t2 /'x‘ /_a [zt yer
oo 4 2 —2|z|t(c—0?) :
< C - é—* x c—0o d dt
. (a)/o o (/ . x)

28 —+ +o0 t?is
dt
( 2(c—o0?) 5+4/ 1+a22
which is finite for any o < /c and any s < 5.
The proof of (ii) follows from the following identity:

oo —ct—4—i
K]z = C(a) ° dt = C(a) e—Velul,
0

Vi Ve
The proof of (iii) is similar. [ |
The following corollary is a consequence of the Young inequality:

Hence,

IA

Hms Uly\K‘

If *9||L§L’;(R2) < Hf”LglLﬁl(]Rz)||g||ngL£2(R2)a

where 1 < p, q,p1,q1,p2,q2 < 00, 1+%=p%+pi2 and 1—&—%:%1—&-(1%.
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Corollary 4.22. ¢ € LELL (R?), for any 1 < p < cc.
Now we state our main result of decaying of the solitary wave solutions.

THEOREM 4.23. Let og > 0 be in Lemma 4.21. Then for any o € [0,00) and
any s < 3, we have that |z|*e?Wlp(z,y) € L' (R?) N L™ (R?).

Proof. Without loss of generality we assume that s = 0. By using Lemma 4.21 and
the proof of Corollary 3.14 in [6], with natural modifications, there exists o > oy
such that e”‘y‘go(x,y) c L! (RQ), for any 0 < 0. Now by using the following
inequality:

|z, y)le” < / K (2 = 2y — w)|e (2, w) e p(z, w) [P dzdw, (4.10)
R2

and the facts p(z,y)e’! € L (R?), ¢ € L™ (R?) and K (z,y)e?l € L? (R?), for
any o < 0p, we obtain that o(z,y)e’ ¥l € L>® (Rz), for any o < 0. |
Finally, the following theorem shows that analyticity of our solitary wave solutions.

THEOREM 4.24. Let 1 < p < 4 be integer. Then there exist o > 0 and an
holomorphic function f of two variables z1 and zo2, defined in the domain

Hy = {(21,22) eC?; Im(z1)] < o, [Im(z2)| < U}
such that f(x,y) = ¢(z,y) for all (x,y) € R2.

Proof. By the Cauchy-Schwarz inequality, we have that $ € L* (Rz). The equation
(1.3) implies that

p+1
[ 21 m), (4.11)
- | ](&,m).- (4.12)

p+1

€11l (& m) < |
Il 1l (€;m) <|

@l -
| * -
We denote 71 (|@]) = || and for m > 1, T 4+1(|¢]) = T (|@]) *|@|. Tt can be easily
seen by induction that

™81 ) < (m =D (p+ 1) Tnpa (1) (€, m), (4.13)
where 7 = |(§,n)|. Then we have
r™181(E ) < (m =D m+ D)™ | Tp s (18D Lo (g2
< (m =D+ )™ T (8D ey |18 2e)
< (m = 1! (m+ )" B e 181122 ge)-

Let

(m _ 1)! (m + 1)m71||@||?1p(R2)”‘2”%2(]1{2)

A = I
m:

then it is clear that
Am41 ~
Gt (o DI e

m
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as m — 4o00. Therefore the series > °_ t™r™|p|(£,n)/m! converges uniformly in
L®(R?),if0<t<o= ﬁ”@”ﬁ}w). Hence e'"@(¢,m) € L2 (R?), for t < 0.
We define the function

Flarza) = [ =g dean

By the Paley-Wiener Theorem, f is well defined and analytic in #; and by
Plancherel’s Theorem, we have f(z,y) = ¢(x,y) for all (z,y) € R?. This proves
the theorem. ]
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