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ABSTRACT

This paper is devoted to quantitative stability of a given primal-dual solution of the Karush—
Kuhn—Tucker system subject to parametric perturbations. We are mainly concerned with
those cases when the dual solution associated to the base primal solution is nonunique.
Starting with a review of known results regarding the Lipschitz-stable case, supplied by
simple direct justifications based on piecewise analysis, we then proceed with new results for
the cases of Holder (square-root) stability. Our results include characterizations of asymptotic
behavior and upper estimates of perturbed solutions, as well as some sufficient conditions for
(the specific kinds of) stability of a given solution subject to directional perturbations. We
argue that Lipschitz stability of strictly complementary multipliers is highly unlikely to occur,
and we employ the recently introduced notion of a critical multiplier for dealing with Holder
stability.
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1 Introduction

We consider the parametric Karush-Kuhn—Tucker (KKT) system

O(o, x) + (%(U, x))T)\—i— (%%(0, ac))Tu =0, F(o,z)=0, (1.1)
w>0, G(o,x)<0, (u, G(o,x)) =0,

with respect to (2, A, 1) € R"xR!xR™, where o € R is a parameter, and ®R*xR"” — R",
F:R*xR" = Rl G: R x R — R™ are sufficiently smooth mappings.
If for some smooth function f : R®* x R®™ — R it holds that

O(o, x) = %(0’, z), oce€R’ zeR", (1.2)

then, as is well-known, (1.1) is the KKT optimality system for the parametric mathematical
programming (MP) problem

minimize (o, z)

subject to  F(o, ) =0, G(o, x) <0, (1.3)

characterizing stationary points and associated Lagrange multipliers of the latter problem.
However, KKT systems with non-gradient ® have some important applications beyond the
field of MP (say, in the theory of variational inequalities).

Let (Z, A\, i) € R" x R/ x R™ be a solution of (1.1) for some fixed (base) parameter value
o =& € R®. Define the index sets

A=A(o,z)={i=1,...,m| G, z) =0},

N=N@,z)={i=1,...,m| Gia, T) <0}.
Let us recall some standard constraint qualifications, to be used in the sequel. The Manga-
sarian—Fromovitz constraint qualification (MFCQ) consists of saying that rank %—5(6, z)=1
and there exists & € ker %—5(5, z) such that BE%A(&, 7)€ < 0. Here ker A stands for the
kernel (null space) of a linear operator A, and for a vector z, z; stands for its subvector with
components z;, ¢ € I. The strict Mangasarian—Fromovitz constraint qualification (SMFCQ)
is a combination of MFCQ and the requirement that (A, 1) is the unique dual solution

(multiplier) of system (1.1) with 0 = &, associated with the primal solution Z. The stronger
linear independence constraint qualification (LICQ) consists of saying that

OF (=~ -
R N R
ran ( ang(i 7) I+ 4],

where |I| stands for the cardinality of a finite set 1.

We are interested in behavior of the primal-dual solution (z, A, fi) subject to small para-
metric perturbations of (1.1), and of our main concern are the cases when (), fi) is possibly
a nonunique multiplier associated with the primal solution Z. This means that we do not
assume LICQ (or even SMFCQ) to hold at & (for (), 1)) for the constraint system

F(,2)=0, G(g,z)<0 (1.4)



(though some results provided below are meaningful and new in the case of a unique multiplier
as well, and some even subsume uniqueness, or even SMFCQ). To this end, let M = M(a, )
stand for the set of multipliers associated with Z, i.e., pairs (X, x) € R! x R™ such that
(Z, A\, p) satisfies (1.1) for o = &.

Let us note that in this work, we understand stability in a very weak sense: we say that
the given primal-dual solution (Z, A, fi) (or the multiplier (), /1) associated with the primal
solution Z) is stable if it is persistent subject to some arbitrarily small perturbations. This
means that there exists a sequence {o¥} C R* such that {o*} — &, and for any k system
(1.1) for ¢ = o* has a solution (¥, A\¥, u*) such that {zF} — z, {\} — X\ {y*} — f.
Moreover, we will often be talking about stability with respect to some subclass of possible
perturbations, that is, for ¢ in some subset of a neighborhood of &.

Furthermore, define the index sets

A+:A+(67j’ﬂ):{ieA|ﬂi>0}’
A():Ao(a',f,ﬂ):{iEA|ﬂ¢:0}.

Condition Ag = () is known as the strict complementarity condition. One of the main mes-
sages of this work is that, surprisingly, stability of strictly complementary multipliers is in a
sense a more subtle issue than that of those multipliers that violate strict complementarity
condition, and in particular, one should not expect Lipschitz stability of strictly complemen-
tary multipliers (we emphasize again that we are concerned with the case when multiplier
is not unique). Thus, the highly developed tools for treating the Lipschitzian behavior are
not applicable in this context. At the same time, as the reader will see below, dealing with
Holder stable case requires much more burdensome constructions.

The basic tool of our analysis is the local piecewise decomposition of the solution set
of (1.1). Denote by A the set of all partitions of Ay, that is, pairs (I, I2) of index sets
satisfying I Uy = Ag, I1 NI, = (. For each partition (I, I3) € Ap, define the branch system

T T
O(o, z) + (%(U, a:)) A+ (%%(U, a:)) p=0, F(o,z)=0, Ga,(o,z)=0, (1.5)
ur, >0, Gr(o,x)=0, wpn=0, Gr(o,z)<0, unx=0.

It can be easily checked that for o € R? close enough to &, the solution set of (1.1) near
(%, A, i) is the union of the solution sets of these branch systems, and that (z, A, fi) is a
solution of each branch system for ¢ = . This piecewise decomposition allows for simple
direct proofs of many sensitivity results, avoiding any use of multifunctions theory and/or
generalized differentiation.

2 Lipschitz Stability
Define the mapping ¥ : R®* x R” x R! x R™ — R",

U(o, z, \, u) = ®(o, z) + (gi(a, ac))T)\ + ((Zf(a, x))T,u. (2.1)

When (1.2) holds, ¥ is the gradient of the Lagrangian of problem (1.3) with respect to x.



In this section, which is mostly a survey, we discuss the cases when one can expect Lip-
schitz stability of the given primal-dual solution. To that end, we start with the following
simple (though still very important) result on asymptotic behavior of solutions of the per-
turbed KKT systems.

Theorem 2.1 Let (Z, A\, i) € R” x R! x R™ be a solution of system (1.1) for 0 = & € R®.
Let sequences {oF} c R®, {2*} c R™, {\F} c R, {/F} € R™ and {t;.} € Ry \ {0} be such
that {o*} — &, {2*} — z, (N} — X, {4*} — 4, {t,} — 0, and such that for each k the
point (zF, N, 1F) is a solution of system (1.1) for o = o,

Then any limit point (d, £, n, () € R®* x R" x RE x R™ of the sequence {(o* — 7, 2% —
T, \F — X\, uF — i) /tp} satisfies the system

ov (7, %, A\, i)d ov (7, z, A, )€+ (8F(6, :E))Tn—l— (é)G(a :E))TC =0, (2.2)

23 " £ ox Or
OF OF
870'(6-7 j)d + %(6’, i’)f = 07 (23)
0G A, (&, T)d+ 0Ga, (&, 2)€ = 0, (2.4)
oG oG

Ca9 2 0, 6;0 (7, z)d + 6;() (7, 7)€ <0, (2.5)

an _ 8Gl o )
Gi << 55 O ), d> + < 5 (7, ), €>> =0, i € A, (2.6)
v =0. (2.7)

This result can be found in the literature in various forms, and with various levels of
generality; see, e.g., [14], [2, Theorem 5.10], [16], and the earlier works [12, 13, 15]. Perhaps
the simplest way to derive this result is to employ the piecewise decomposition of system
(1.1); see [6]. (For each partition (I3, I2) € Ag, consider the branch system (1.5) linearized
at (7, Z, A\, i), and take the union of solution cones of such linearized systems. This will
result in (2.2)—(2.7). A more subtle version of this argument will be employed below in
Theorem 3.1.)

Note that Theorem 2.1 does not establish neither the existence of solutions of perturbed
KKT systems nor the existence of limit points for the sequence {(¢* —&, 2* — 2, \¥ — X, pF —
fi)/tx}. The latter can be guaranteed for t; = ||o* — &|| if the local Lipschitz upper estimate
of the distance from (Z, \, 1) to the solution set of the perturbed KKT system (1.1) holds.
Sufficient conditions for this property (known in the literature under various names; see [14])
are contained in the next theorem which can be found, e.g., in [9], [2, Theorem 5.9], [14], [11,

Theorem 8.11 and Corollary 8.13], [16]. Consider the system

oV - OF T oG T
%(6, z, A\, )€ + (&U(a, 95)) N+ (&C(a, x)) ¢ =0, (2.8)
e me=0 (2.9)



0G4,

5 (0 DE=0, (2.10)

Cap 20, ag;(’ (6, ) <0, (2.11)
G (G €) =0 i€ A, (212)
(v =0, (2.13)

which is just system (2.2)—(2.7) for d = 0.

Theorem 2.2 Let (z, \, i) € R x R x R™ be a solution of system (1.1) for o = & € R®.
Suppose that system (2.8)—(2.13) has only the trivial solution (&, n, ¢) = (0, 0, 0).

Then for each o € R® close enough to &, any solution (x(c), N(o), p(o)) of system (1.1)
with x(o) close enough to T satisfies the estimate

lz() =zl + |M(e) = Al + (o) = izl = O(llo — a])). (2.14)

This theorem follows immediately from Theorem 2.1 (applied with ¢, = |lz(c%) — Z|| +
IA(0®) — || + ||u(c®) — fi|| for a given sequence {c*} C R* convergent to &) and a simple
additional argument showing that if system (2.8)—(2.13) has only the trivial solution then
closedeness of o to & and x(c) to Z necessarily implies closeness of (A(a), (o)) to (A, fi).

We stress again that Theorem 2.2 still does not establish the existence of solutions of
perturbed KKT systems.

Evidently, (2.8)-(2.13) can be regarded as the KKT system for the QP problem

minimize %8*( z, A, mE, € (2.15)
subject to £ € .
where
8F 8GA+ 86;’AO

CzC(&,i):{geRn

5o 0e =0, A a)e =0, T o <o)

Oox
is the critical cone of the KKT system (1.1) for 0 = ¢ at z. Hence, system (2.8)—(2.13) has
only the trivial solution if and only if for any stationary point £ of problem (2.15) and any
associated Lagrange multiplier (1, 4, , C4,), it holds that (£, 1, 4, ¢a,) = (0, 0, 0, 0) (this
fact was pointed out in [11, Corollary 8.18], in a somewhat different form).

Note, however, that estimate (2.14) implies that (Z, A, fi) is an isolated solution of system
(1.1) for 0 = 6. Moreover, it is evident that if the system (2.8)—(2.13) has only the trivial
solution then SMFCQ holds at z for (A, fi), and this is not the main case of interest in this
work. To this end, we state the following theorem.

Theorem 2.3 Let (z, A\, i) € R x R x R™ be a solution of system (1.1) for o = & € R®.
Suppose that for any solution (§, n, ¢) of system (2.8)—(2.13) it holds that £ = 0.

Then for each o € R® close enough to &, any solution (z(c), A(o), u(o)) of system (1.1)
close enough to (Z, \, i) satisfies the estimate

(o) = z[| + dist((Mo), p(0)), M) = O([lo — ). (2.16)



This theorem can be derived from the results in [3]. Let us however provide a simple
direct proof, based on piecewise decomposition.

Proof. We first prove the estimate
[z(0) —Z[ = O(llo — o). (2.17)

Suppose that this is not the case. Then there exist sequences {o*} C R\ {o}, {zF} c R™,
{\F} ¢ R! and {¢*} € R™ such that {o*} — &, {2*} — Z, {\*} — X, {y¥} — [, for each k
the point (z¥, \¥, 1¥) is a solution of system (1.1) for o = ¢*, and

E_ =
M — 00, (2.18)
lo* — o]
or the other way round,
lo* — 5]l = o(la* — ) (2.19)

((2.18) certainly implies that ¥ # # for all k large enough).

We may suppose that there exists (I1, Is) € A such that the point (z¥, \¥, i*) is a
solution of the branch system (1.5) for ¢ = o, for each k. Employing notation (2.1), and
taking into account (2.19) and the definition of the index sets involved, we then have

0 = ok, %) + <8F(O.k’ gck))T)\k + <8G(0k, xk))Tuk

ox Ox
T T
= vt A+ (Gt ) =R+ (k) -
T T
= vt A p+ (e ) (-0 + (T ) @ -+ ot - o)
ov oF

T
- %(a, z, A f)(zF — ) + (895(0’ x)) (A=)

0Ga, . \" i oG, _\\" .
(520 0) - pa+ (20 ) i +ollet ), (2:20)
and similarly

0 = F(oF, zF)
oF k

— %(6, z)(2F — 2) + o(||z* — 7)), (2.21)
0 = GA+U11(U]€; $k>
= TONn o )k 3+ oft 7)), (2.22)

0 2 GIQ(O'k,xk)
dG1,

_ k
N Ox(

Qi

,2) (2" = 2) + o(||2" — z|)), (2.23)



i >0, Wy =0, (2.24)

Let im A stand for the image (range space) of a linear operator A. Taking into account
the inequality in (2.24), relation (2.20) implies the inclusion

—im (?;(6, :Tc))T —im <8§2+ (7, :7:))T

_<8Gh(5, z))T(Rf') > %(5’ z, A, p)(a* - 7)

+o(||z* — z|), (2.25)

where the set in the left-hand side is a closed cone (as a sum of two linear subspaces and a
polyhedral cone).

Suppose further that the entire sequence {(z* — z)/||z* — Z||} converges to some ¢ € R™,
||| = 1. Dividing (2.25) and (2.21)—(2.23) by ||z* —Z||, and passing onto the limit as k — oo,
we then obtain

owv _ OF T oG T e T
%(5’ T, >\’ ﬂ)f € —im (81‘ (67 ZE)) —im < a;+ (5'7 l')) - ( 85611 (5'7 Z')) (R‘il') R
(2.26)
oF oG L oG, _
5. @ DE=0, =SNG, B)E=0, (o, D)E <O, (2.27)

Inclusion (2.26) means that there exist € R! and ¢ € R™ satisfying (2.8), and such that

>0, Fon=0.

Combining this with (2.27) we obtain that (£, n, () satisfies (2.8)—(2.13), which is a contra-
diction, since £ # 0. We thus proved (2.17).
In order to establish the remaining estimate

dist((A(0), p(0)), M) = O(llo —al)), (2.28)

observe that M is the solution set of the linear system

OF T oG T
(m(a, x)) A+ <ax(a, x)) w=—-®(a,z), pa>0, pun=0.

Employing Hoffman’s lemma (see, e.g., [2, Theorem 2.200]) and (1.1), for & € R"™ close
enough to & we now obtain that

dist((A(0), p(0)), M) = O (qu(f;, z, Mo), p(@))|l + > min{0, pi(0)} + ||MN(U)”>
i€A
O([[¥ (o, z(0), (), u(0)) = ¥(a, T, (o), u(o))l])
O(llo = al)) + O(l|z(o) — []), (2.29)

and (2.28) now follows by the above-proved estimate (2.17). This completes the proof. n



Note that the condition that & = 0 for any solution (&, n, ¢) of system (2.8)-(2.13) can
be expressed as follows: £ = 0 is a unique stationary point of problem (2.15). As a sufficient

condition for these equivalent properties, let us mention the following one (pointed out in [9];
see also [11, Theorem 8.24)):

ov

(0,5 A BIE € A0 YEEC\ {0

This follows immediately by multiplying (2.8) by £ and employing (2.9)—(2.13).
Let us for a moment turn our attention to the parametric KKT system with canonical
perturbations:

T T

O(o, z) + (%g(a, :c)) A+ (%(U, :c)) uw=a, F(o,x)=0, (2.30)
w>0, G(o,x)<ec, (u, Go,z)—c)=0,
where a € R", b € R! and ¢ € R™ are additional (canonical) parameters. It is well known that
in this case, the outer estimate of limiting directions presented in Theorem 2.1 is exact: each
tuple (d, &, 1, ¢) satisfying (2.2)-(2.7) is in fact a limit point of the sequence {(c* — &, z¥ —
z, \F— X\, y¥ — )/t } for some {a*}, {z*}, {\F}, {i*} and {t;} with the properties specified
in Theorem 2.1. Moreover, the sufficient condition for the estimate (2.14), established in
Theorem 2.2, is also necessary in this case (see [10, 9, 16], and [11, Theorem 8.11]). Moreover,
the sufficient condition for the estimate (2.16) established in Theorem 2.3, is also necessary
in this case (it is actually necessary for the estimate (2.17)). These facts can be proved by
explicitly constructing the needed perturbations; see the related discussion in Remark 3.3
below.

The results presented above still do not answer the question about solvability of perturbed
KKT systems. The next result pointed out in [6] establishes sufficient conditions for Lipschitz
stability of (z, A, 1) with a given (A, i) € M subject to directional perturbations. More
precisely, for a given tuple (d, &, n, ), and a given mapping p : Ry — R such that p(t) =
o(t), we consider the arc o(t) = ¢ + td + p(t) in the space of parameter values, and we are
searching for solutions of the form (z + t&, X\ + tn, i + t¢) + o(t) of system (1.1), t > 0.
Recall that, according to Theorem 2.1, we can expect this to hold only for tuples (d, &, 1, ¢)
satisfying (2.2)—(2.7). Moreover, Theorem 2.1 implies that for a given d, we can expect
Lipschitz stability of (Z, A, i) with some specific (), i) € M subject to perturbations of
the kind specified above only provided the corresponding system (2.2)—(2.7) with respect to
(&, m, €) is solvable.

Define the index sets

Af = AH (o, 2, i d, &, C) = {z € 4o

A= A5, 7, i d, €, C) = {z € Ao

AY = AN (5, 7, i d, €, <>={ier




Let AJ stand for the set of all partitions of A, that is, pairs (I}, I3) of index sets satisfying
IUI2 = A}, I} N I3 = 0. Note that for an arbitrary partition (I}, I3) € A9, the pair (I1, I3)
of index sets defined by I} = I} U A and I = I2 U A}’ belongs to Ay.

For each index set I C A define the matrix

ov

_ T p T
) W An (e ) (%6 0)
Dy = DI(57 z, A, ﬂ) = %*F(7, f}) 0 0 : (231)
88—%(5, z) 0 0

The next theorem is a direct corollary of [2, Theorem 4.9 (iii)]; it employs Gollan’s condition
for the branch system (1.5) for ¢ = & at (7, Z, A, i) in a direction d, which can be stated as
follows:

det Da,up, # 0, (2.32)

and there exists a tuple (£, 7, ) € R™ x R! x R™ such that

T T
ov (7, Z, \, i)d + (?)i(a, T, \ )€+ (ai(a, x)) 0+ (aG(a, x)) (=0, (2.33)

do 0 Oz
oF ,_ _ or,_ _ - 0Ga, ,_ _ 0Ga, ,_ =
%(Ua l‘)d—F %(Ua Zﬁ)f - 07 o (Ua l‘)d—F ox (Ua l‘)f - 07 (234)
oG . aGL .
W(O’, .fU)d + W(O’, ZL’)§ =0, ([1 > 0, (235)
oG, . 9GL . - -
50 (6, T)d + 5 (6,2)¢ <0, (1, =0, (2.36)
(v =0. (2.37)

Theorem 2.4 Let (z, A\, i) € R x R x R™ be a solution of system (1.1) for o = & € R®.
Suppose that a tuple (d, €, 1, ¢) € R®* x R™ x R! x R™ satisfies (2.2)(2.7), and there exists a
partition (I}, I3) € AY such that for I = I} U AJ and I = I3 U A}, condition (2.32) holds,
and there exists (€, 7, () € R™ x RE x R™ satisfying (2.33)(2.37).

Then for any mapping p : Ry — 3 such that p(t) = o(t), and any t > 0 small enough,
system (1.1) for o = & +td + p(t) has a solution of the form (T + t&, X + tn, fi + t{) + o(t).

It is interesting to note that if Ay # () then Gollan’s condition for the branch system does
not imply not only LICQ but even MFCQ for the constrains (1.4) at Z.

Example 2.1 Let s =4, n =2,1=0, m =2, f(o, x) = 23/2 + o121 + 0912, G(0, ) =
(—x1 + 23/2 — 03, ¥1 — 23 — 04). Then = 0 is a solution of problem (1.3) for ¢ = & = 0,
and moreover, Z paired with any element of M = {u € R? | u3 = pp > 0} satisfies the
corresponding system (1.1) with ® defined according to (1.2), even though MFCQ does not
hold at z for the constraints G(a, =) < 0.

Take i = 0 (the unique multiplier in M violating the strict complementarity condition).
It can be easily checked that for any d € R* such that d; > 0, d3 + dy > 0, Theorem 2.4 is
applicable with the corresponding (¢, ¢) € R? x R2.



Thus, Theorem 2.4 is an appropriate tool for dealing with multipliers violating strict
complementarity, and in particular, one can expect Lipschitz stability of (some of) such
multipliers.

But what about strictly complementary multipliers: can they be stable, what kind of
quantitative stability can be expected for them, and what sufficient conditions for this can be
suggested? Theorem 2.4 is not appropriate for answering these questions. Indeed, if A9 = 0
then Gollan’s condition for the branch system implies LICQ, the case we do not deal with in
this work.

Moreover, according to [6, Lemma 4.1], if for a given pair (d, §) € R® x R" there exist
n € R! and ¢ € R™ satisfying (2.2)(2.7) then (X, fi) is a solution of the LP problem

maximize <)\, g—i(&, i)d> + <u, g—g(&, f)d> (2.38)

T T 2.38

subject to (%—5(5’, :E)) A+ (%—5(5, :E)) = —%(5, ), pa>0, uny=0.

For generic 2—5(5, z) and ‘g—g(&, z), and for a typical d € R"™, one should expect that solutions

of this LP problem will belong to the relative boundary of its feasible set (which is M), and

the relative boundary is comprised by multipliers violating strict complementarity. More

precisely, it follows from (2.3), (2.4) that the strictly complementary multipliers may exist
only provided 3 R
OF OF

a—af“(&, 7)d € im 8—;‘(5, %), (2.39)

where for any index set I C A, the aggregated constraint mapping F7 : R®* x R" — R! x Rl

is given by }
Fi(o, ) = (F(o, x), Gi(0, x)). (2.40)

The set in the right-hand side of (2.39) is a proper subspace in R! x RI4I, unless LICQ holds,
and this is a very severe restriction on the left-hand side of (2.39).

According to Theorem 2.1, this means that, generically, one should not expect Lipschitz
stability of strictly complementary multipliers. However, as will be demonstrated in the
next section, this does not mean that all strictly complementary multipliers are generically
unstable. We will specify the subclass of such multipliers which can be expected to be stable
(though not Lipschitz-stable).

In Example 2.1, if d3 + d4 > 0 then A = 0 is the unique solution of problem (2.38); if
d3 4+ dg < 0 then (2.38) has no solutions; and only if d3 + dy = 0 then (2.39) holds, and any
point in M is a solution of (2.38).

3 Holder Stability

In Theorem 3.4 below we provide a sufficient condition for Holder (square-root) stability of
a strictly complementary multiplier. Let us, however, first present the result on asymptotic
behavior of Holder-stable solutions of the perturbed KKT systems, and the results on local
Holder upper estimate of the distance from (Z, A, i) and from Z x M to the solution set of
the perturbed KKT system (1.1). These results do not assume strict complementarity of the
multiplier in question.



Theorem 3.1 Let (z, A\, i) € R x R! x R™ be a solution of system (1.1) for o = & € R®.
Let sequences {0} C R®, {2*} c R™, {\¥} Cc R, {/F} € R™ and {t;.} C Ry \ {0} be such
that {o*} — &, {2F} — 7, (M} — X\, {¥} — @, {tx} — 0, and such that for each k the
point (z¥, \F, u¥) is a solution of system (1.1) for o = o,

Then any limit point (d, &, 1, ¢) € R*xR* xR xR™ of the sequence {((o*F —a)/t2, (xF —
Z)/t, (N = N)/te, (uF — [@)/tr)} satisfies the system (2.8)—(2.11), (2.13), and there exist
r € R", A€ R! and p € R™ such that

o < 1020 _
5(5’, Ii‘, )\, ﬂ)d+ Qw(ﬁa jv )‘7 ﬂ)[f, ﬂ
O2F 5 e * o _
+<ax2(0’ x)[§]> 77+<a:62(07 I)[ﬂ) C = _%(67 f7 >‘v ﬂ)l‘
oF T oG, \T
~(50.9) A= (5@ ) n
(3.1)
oF 19%F oF
%( , T) +§W(5’ T)[¢, 5]_—%(5’, T)z, (3.2)
0Ga, ,_ _ 162GA+ _ _ 0Ga, ,_
oo (, )d 5 Ox2 (Uv )Ev f] ox (7 ), (33)
oG 10%G oG
pag 20, =200, D)d + 5 50 (0, D €] < —— 220, D), (3.4)

0G;
ox

@, D, €] +< (6, 7)

8
~_—
N———
|
=
.

m

BN
e
—~

w

ot
~—

pn = 0. (3.6)

Proof. Evidently, we can split the sequence {(c”, ¥ \¥, /*)} into a finite number of

subsequences corresponding to different partitions (I3, I2) € Ap, so that all points of each
subsequence satisfy (1.5) for the same (I3, I5).

Fix some (11, Is) € Ap, and suppose for convenience that the point (z*, A\¥, ) is a
solution of the branch system (1.5) for ¢ = o*, for each k. Suppose further that the entire
sequence {((c* —&)/t2, (2% —Z)/tx, (A\F = X)/ty, (u¥ —@)/t)} converges to (d, &, 1, ¢). Then
this sequence is bounded, which implies the following relations:

lo* =5l = O0(&). lla" —zll=0t), N =Xl=0t), lu*~all=0W). (3.7

10



Employing notation (2.1), by (1.5), (3.7) and the definition of the index sets involved, we
then obtain

OF T oG T
— k .k k .k k k .k k
0 = (I)(U’x)+(8m(g’$>>>\+(8w(0’w)>u

T T
= weh A+ (k) =R+ (Gt ) -
= ?93—’(0’ z, N f)(o* —5) + gi(a, z, A\, i) (zF — 7)
T T T
HEen) 0 -+ (20 0) h-pa+ (SR D)
2 2 T
L o E A ) 7 x]+<§9§<o, xwx]) ()
2 T 2 T
(T it a) - a (G et -a1)
Yo(id), (39

and similarly

aF k 8F _ k

= %(67 IE)(O' _6)+ 85[7(0-7 .'IZ‘)(CE _:E)
10°F _ _
5@@ z)[a* — 2, 2" — 2] + o(t}), (3.9)
0 = GA+U]1(O'k, .’I}k)
B BGAJrU[l _ k _ aGA+u11 _ k _
= T(Ua z)(o 0)—1—7(0,:1:)(% z)
2
by U (o, )k — 2, ok ] + o),
(3.10)
0 > GIQ(O'k, ask)
oG, . 9G,, .
= 2@, 7)o" —0) + 7 2(0, 1) (a* ~ )
2
OOk (5, Bl 7, 0 7] (), (3.11)
p >0, phun =0. (3.12)

Dividing (3.8)—(3.12) by t, and passing onto the limit as k¥ — oo, we obtain (2.8)—(2.10),
(2.13) and the relations

oGy,

Ox

9G,

>0
Ch_ ) O

(63 j)g =0, <I2 =0,

(3, 2)€ <0. (3.13)

11



Define the matrix

woran (£6.0) (en) (o)
B ,8*5 g, T) 0 0 0
b=D(, 2 A n= da%’%:(f,p 0 0 0
1 (5, 7) 0 0 0
%5 (5, z) 0 0 0
(3.14)

and the vector

% (5, 7 A i)+ 3225, 7 A pIE € + (25, D) 7
<82GA+ o\t 02Gr i)
5@, 2)) G+ (TR e D) G
w= 9@ B+ 5ok (@ D), €]
82+ (67 'f)d + % 2(9:E2+ (67 j)["ga 5]
Bk (0. 2)d + 3 (0, DE, €]
85;2 (67 j)d + %885212 (67 j) [57 5]

?9%(0-7 z, )" M)(Uk - 6-) + %ai\g (07 z, 5" ﬂ)[xk - T, xk - ‘T]
0°F (~ k_ =1\T vk
+ (55 @, D)k — 7)) (- X)
022G o T _ 02Gr, ,_ _ T
+ gt (@, D)k — 7)) (= p)a, + (et (6, D) - 7)) uf
. oz oz 1
i 5@, D) (0" ~5) + 3 5k (0, D)a* — 7, 2F — 1]
lel o*a
246, 7) (0 — ) + (5, T)[aF — 7, 2 — 7]
2
(3, &)~ 5) + § 2t (5, )l — 7, 2F - 7]
OGr, ,— _ _ 0°Gr, ,— _
(901-2 (Ua x)(ak U) + % 3;,;212 (07 x)[xk -, xk - ;E]
Taking into account the inequality in (3.12), relations (3.8)—(3.11) imply the inclusion

-D (R" x R x R+ x RIM)

—{0} x {0} x {0} x {0} x R'2l 5wk +0(t2), (3.15)
where the set in the left-hand side is a closed cone (as a sum of polyhedral cones).
Note that {w*/t2} — w. Dividing (3.15) by ¢2, and passing onto the limit as k — oo, we
thus obtain

we—D (R" x R! x R4+l x R‘f') — {0} x {0} x {0} x {0} x R, (3.16)

Inclusion (3.16) means that there exist 2 € R™, A € R! and p € R™ satisfying (3.1)(3.3),
(3.6), and the relations

oG, 102Gy,

12251 > 07 oo (5-7 j)d_‘_ § Ox2 (_7 j)[ga g] =

oGy, ,_
-k (5, 2)a,

12



oGy, 192Gy, oG,
80’ (U) SU) +§ (91’2 (07 $)[§, é.] S - 821? (U’ .I)I'

These relations combined with (3.13) imply (2.11), (3.4) and (3.5). This completes the proof.
(]

iy = 0,

For d = 0, relations (3.1)—(3.6) take the form

L0 65 e 4
X (gg(g, x)[§]>Tn+ (gi(j(a, x)[§]>T< = —?;;(a, T, \, i)
- (5. :z))T (S f))Tu,
(3.17)
L e o 0= -2 e (3.15)
1000 6wt g = 2026, oy, (3.19)
par 20, 20 e g < P 5 (3.20)

. 207, .
(G + pa) <<%(; (5, T), §> n %38;1 (7, )¢, €] + <aai’(5, 7), x>> —=0,i€ Ay, (3.21)
py = 0. (3.22)

Theorem 3.2 Let (z, A\, i) € R x R x R™ be a solution of system (1.1) for o = & € R®.
Suppose that for any solution (£, n, ) of system (2.8)—(2.11), (2.13) such that there exist
z € R", A € R! and u € R™ satisfying (3.17)-(3.22), it holds that (£, n, ¢) = (0, 0, 0).

Then for each o € R® close enough to &, any solution (z(c), N(o), p(o)) of system (1.1)
close enough to (T, \, 1) satisfies the estimate

lz(0) = 2| + [IA(@) = M| + [|u(o) — all = O(llo — ]| /?). (3.23)

This theorem is an immediate consequence of Theorem 3.1 applied with ¢, = |z(o*) —
z|| + |A(0®) — A + ||u(c®) — ]| for a given sequence {o*} C R* convergent to .
System (2.8)—(2.11), (2.13), (3.17)-(3.22) is similar to the KKT system for the MP prob-

lem

minimize  9%(a, 7, A, @)[E, 2] + 5 2% (5, 7, A, D, &, €]

subject to  9E (3, T)z + 125 (5, 1)[¢, €] =0, 8Gaz+ (7, T)x + ;32;2+ (7, )€, & =0,
"o (5, M+ 5@, D), € <0
(o, 1) =0, “pt(o, )6 =0, “52(c, 2)€ <0

13



in variables £, z € R™, though (3.21) is stronger than the usual complementary slackness
condition for this problem. In particular, if for any stationary point (£, ) of problem (3.24)
and any associated Lagrange multiplier (1, (a,, Cag, A, 1A, f4,) it holds that (&, n, () =
(0, 0, 0) then Theorem 3.2 is applicable.

The use of Theorem 3.2 is demonstrated by the following

Example 3.1 Let s =3, n=2,1=1,m =0, ®(0, z) = (1 + 22 + 01, 3+ 09), F(o, x) =
x1 — o3. Then (z, ) = (0, —1) is the unique solution of system (1.1) for & = 0.
For any o € R3 with o < 0, system (1.1) has two solution of the form

(z(0), A(9)) = ((03, £V —02), =1 F V=02 — 01),
and thus (Z, \) is only Hélder stable.
It can be easily checked that Theorem 3.2 is applicable in this example.

Remark 3.1 Along with Theorem 3.1, the same way one can derive some other asymptotic
results, e.g., for sequences of the form {((o* — &) /t2, (2% — Z) /t,, (\* = N) /2, (uF — p)/t2)}.
Accordingly, along with Theorem 3.2, one can derive sufficient conditions for the (2.17) and
the stronger estimate for multipliers:

IA(e) = All + lln(e) = all = O(llo — &)

We skip this statement, in order to save space, and because the reader can easily restore it.

Example 3.1 demonstrates the difference between the unmodified and thus modified ver-
sions of Theorem 3.2: the modified Theorem 3.2 will work if we remove the term zo in the
first component of ®.

Note, however, that estimate (3.23), though weaker than (2.14), still implies that (Z, A, fi)
is an isolated solution of system (1.1) for ¢ = &, and hence, (), i) is a unique multiplier
associated with z. Moreover, it is evident that if the system comprised by (2.8)-(2.11),
(2.13) and (3.17)—(3.22) with x = 0, A = 0 and p = 0 has only the trivial solution then
SMFCQ still holds at Z for (X, ).

Theorem 3.3 Let (z, A\, i) € R x R x R™ be a solution of system (1.1) for o = & € R®.
Suppose that:

(i) For any solution (&, n, ¢) of system (2.8)—(2.11), (2.13) such that there exist x € R",
A€ R! and € R™ satisfying (3.17)-(3.22) it holds that £ = 0.

(i) For any (&, n, ¢) such that there exist x, T € R™, A, A e R and p, i € R™ satisfying
o°r N\ (o¢, \T v
(axg(a-v .’E)[ﬂ) n+ <8$2 (O’, $)[€]) C - 7%(O_a €L, )‘a H)CC

(Zon) 5 (Len) &

(3.25)

14



OF T oG T
ov - OF T oG T
o= (5ea) A (50.0) u (3.27)
1 0%F oOF
92 3:52( ) )[57 5] = _871/‘(0-7 7).%, (328)
102G oG
5 a6 D= -2, ), (3.29)
192G oG
Cag 20, 575300, DE §) < —— 0 (0, 7 (3.30)
(v =0, (3.31)
2—5(5, 7)i =0, (3.32)
66;;‘* (7, %)i =0, (3.33)
0Gay, ..
pay =0, O ( ) )I <0, (334)
iy =0, (3.35)
)
a—i(&, 7)€ =0, (3.36)
oG
(0, B¢ =0, (3.37)
N 0G4y, _
pa, = 0, O ( ) .T)f <0, (338)
fin =0, (3.39)

(%2 (200.0.6)+ (G 0.5)

it holds that £ =0 or (n, ¢) = (0, 0).

0, i € Ay, (3.40)

Then for each o € R® close enough to &, any solution (x(c), X(o), p(o)) of system (1.1)

close enough to (Z, \, i) satisfies the estimate

lz(0) — Z|| + dist((A0), u(0)), M) = O(llo — || '/?).

15
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Proof. We need to prove the estimate
lz(o) — 2| = O(llo — &|'/?). (3.42)
The remaining estimate
dist((\(0), p(0)), M) = O(||o —&[|'/?),

will then follow from (2.29) (obtained the same way as in Theorem 2.3) and (3.42).
Suppose that (3.42) does not hold. Then there exist sequences {o*} C R*\ {7}, {z*}
R", {\*} c R! and {pF} € R™ such that {o¥} — &, {z*} — z, {\*} — X, {F} — [, for

each k the point (z¥, A\¥, 1i*) is a solution of system (1.1) for o = o*, and
=% — ]|
Tk o[\ — 00, (3.43)
or the other way round,
lo* = || = o(||2* — z[|?) (3.44)

((3.43) implies that z* # Z for all k large enough).
Suppose further that the entire sequence {(z* — z)/||2* — Z||} converges to some £ € R™,
Il€|l = 1. Consider first the case when

IV =X, 1 = @)l = O(lla* — zI). (3.45)

Then we may suppose that the entire sequence {(A\* — X, ¥ — i) /||2* — Z||} converges to some
(n, ¢) € R! x R™. Applying Theorem 3.1 with ¢, = ||z* — Z||, and taking into account (3.44),
we conclude that (&, n, () satisfies (2.8)—(2.11), (2.13) and (3.17)—(3.22) with some z € R",
A € Rl and € R™, which is a contradiction, since & # 0.

Let now (3.45) be violated. Then we may assume that

lz* — 2] = o(|(\* = A, u* = m)I)- (3.46)

Perhaps, some appropriate generalizations of Theorem 3.1 may help in this case as well, but
we prefer to give a direct proof.

By the same argument as in Theorem 3.1, we may suppose that there exists (11, I2) € Ay
such that for all k

T T
0 = et b+ (Tt b)) N (Gt )

T 0
T T
= vt A+ (Gt ) =R+ (k) -
T T
= vt A+ (e ) (-0 + (T ) @ -+ ot - o)
= (Z—i(&, z, A i)(2F — 7)
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+o(l|lz" —Z[*), (347)
where (3.46) was taken into account, and similarly

0 = F(o, zF)

OF 10°F ,_ k

e kE_ = -5 = - kE__ =12
= (a, )(z" — &) + 5 52 (, z)[z" — &, 2" — Z] + o(||z" — Z||), (3.48)
0 = Gaunloh, s
_ 0Gaun ok 162GA+U11 = Nk = k= k=2
- ox (Ua J})(I‘ _$)+2 o2 (Ua 1‘)[.’13 -, T —x]—i—O(H[IJ —.’B” )a
(3.49)
0 > Gp(o", 25
oGy, 10°Gy,

(7, Z)[z* — Z, 2% — 7] + o(||2* — Z||?), (3.50)

_ S
- Oz (7, 2)(= x)—|—2 Ox?

i >0, oy =0. (3.51)
From (3.47) and the inequality in (3.51), we obtain the inclusion

~im (?f;(&, i:))T —im (ag;;” (5, E))T

8G[1 ~ = 5 [I1] ov
_(ax(a, x)) (R+) =) 836(0’ z,

pel

s _)( b i‘) + O(ka - iH):

with the closed cone in the left-hand side. Dividing this inclusion and (3.48)-(3.50) by
|z* — Z||, and passing onto the limit as k — oo, we obtain the inclusion

ov (7,2, \, 1) € —im (m;(a, x))T —im (8GA+ (7, a:))T

Ox 0 Ox
0Gr . * [T
and the relations (3.36), (3.37), and
8G[1 _ _ aGIg — —
= < 0. .
(7, 5)6 =0, (5, 7)€ <0 (3.53)



Inclusion (3.52) means that there exist A € R! and x4 € R™ satisfying (3.27), (3.35) and such
that

pr, >0, pr, =0. (3.54)
Furthermore, relations (3.48)—(3.50) can be re-written in the form
(5, 2)
%4+ (3, z)
—im op A7
oG,
ol (@, 2)
Io /— —
8:1:2 (U’ .CL')
88275(6, T)[zF — 7, 2F — 7
1| 2o (7, Z)[zF — z, 2F — 7]
—{0} x {0} x {0y xRIPD 50 o g TS T (et — ),
=+ (0, T)[2" — 7, 2" — 7]
885212 (7, 7)[z* — z, 2F — 7]

with the closed cone in the left-hand side. Dividing this inclusion by ||z¥ — Z||?, and passing
onto the limit as £ — 0o, we obtain the inclusion

peACAIIN 4@ 7)
R | L, 3 i
= e—im| % 70|~ {0} x {0} x {0} x RIZ,
2 Qx21(07 .CE)[§, 5] 8%35 g, ‘T)

2ok (5, D, €] 7 (0, 7)

which means the existence of z € R" satisfying (3.28), (3.29) and the relations

19°G oG 10°G
5 o (@ D €=~ M@ Dr, 53t (7, 76, €] <

oGr, ,_ _

Suppose now that the entire sequence {(\¥ — X, u* — 1) /[|(\F — X, p¥ — i)||} converges to
some (1, ¢) € R x R™, |[(n, Q|| = 1.

Dividing (3.47), (3.51) by |[(A\¥ =\, u* — )|, employing (3.46), and passing onto the limit
as k — oo, we obtain (3.26), (3.31) and the relations

¢n =20, ¢,=0. (3.56)

Define the vector w € R" x R! x R4+ x Rt x R,

(5@ 2el) e+ <823G£+(6, z
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Furthermore, for each k define the vector w* € R x R} x R4+| x Rl x Rz,

+ (Tt et - )) (k-

Taking into account the inequality in (3.51), and (3.46), relations (3.47)—(3.50) imply the
inclusion
~D (R" x R' x R+ x RI)
{0} {0} x {0} x {0} x RED 5 wb o(fla® — 2|V = A, 4~ ),
(3.57)

where D is defined in (3.14), and the set in the left-hand side is a closed cone.
~ Note that {wh/(||z* — Z||||(AF — X, ¥ — @)|)} — w. Dividing (3.57) by |lz* — z||||(\F —
A, 1iF — )|, and passing onto the limit as k — oo, we thus obtain

we D (R* x R x R RIT) — {0} x {0} x {0} x {0} x R (3.58)
Inclusion (3.58) means that there exist # € R™, A € R! and i € R™ satisfying (3.25),

(3.32), (3.33), (3.39) and the relations

oG,
ox

(7, ©)F =0,

pr, 20,  pr, =0.
These relations combined with (3.53)—(3.56) imply (3.30), (3.38), (3.34) and (3.40). Thus

(&, m, ¢) satisfies (3.25)(3.40) with some z, Z € R", A\, A € R! and p, i € R™, which is a
contradiction, since £ # 0 and (7, ¢) # 0. This completes the proof. [

System (3.25)—(3.40) is similar to the KKT system for the MP problem

minimize %—5(6, T, \, )¢, 7
x

subject to %—5(6, Z)x + %W(fi z)[¢, £] =0,
Wi (5, 2)e + 150 (5, 7)[e, €] = 0,
"o o, Bhe + 150, )i, 6 <0, (359
Yo mE=0, g, DE=0, e D0
(g, 2)E=0, “5=(o,m)E=0, 55, 2)E<0

in variables &, z, z € R", though (3.40) is again stronger than the usual complementary
slackness condition. In particular, if for any stationary point (£, ) of problem (3.24) it
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holds that £ = 0, and if for any stationary point (£, x, &) of problem (3.59) and any as-
sociated Lagrange multiplier (1, Ca,, Cags A AL > HAgs A, fid., fA,) it holds that £ = 0 or
(n, Cay» Cay) = (0, 0, 0), then Theorem 3.3 is applicable.

Example 2.1 above demonstrates that estimate (3.41) in Theorem 3.3 cannot be improved.

Remark 3.2 If in Theorem 3.3 we replace system (3.25)—(3.40) by

OF _ _\" oG, _\* ov ., -
(83;(0’ 53)) n+(8x(0’ 1’)) C——%(a, T, A, 1)
ov ., OF _ _\* oG~ _\*
%(07 z, A M)f——<8x(0» 33)) )\—(ax(Ua 1’)) M,
10%°F oF ,_ _
5@(07 T)[€, 5]2—87(07 T)r,
10°G oG
5 a0, D) = - (e, 2,
102G, 0G4, ,_ _
5 o (@ D <~ (7, T)a,
(v =0,
oF ,_ . _
%(U, ).’L'—O,
0Ga,
P (6, ) =0,
0G4, ,_ 5
<
Or (07 )..’E_O,
/’LN—O7
oF
%(U; ) =0,
G, Ve
81' ( 7x>€_07
0G4, ,
<
ax (07 x)f_O,
10°G; ,_ _
A /’LZ a 2 O',.I' ’
161+ 11D ( 5 5@ D) €

0G; ,_ _ 0G; ,_ _ oG ,_ _. . B ,
+< o (o, ), x> +< o (¢, ), §> —|—< o (e, T), x>> = 0, i€ A,
then, along with the estimate (3.42), we obtain the stronger estimate for multipliers:
dist((A(o), u(o)), M) = O([lo —a|).
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In order to prove this, one should not apply Hoffman’s lemma but rather argue directly, by
a contradiction, similarly to the proof of Theorem 3.3, but using the projections of (A\*, u*)
on M instead of (A, fi).

Observe that if for any (£, n, ¢) such that there exist z, # € R?, A € R! and p € R™
satisfying (3.60)—(3.73) it holds that £ = 0 or (n, ) = (0, 0), then the same holds for any
for any (&, , ¢) such that there exist z, & € R, A\, A € R! and p, i € R™ satisfying (3.25)~
(3.40). Indeed, if (&, n, ¢) satisfies the latter, it evidently satisfies the former with the same

x, A and u, and with £ = 0. Note that Example 2.1 violates the former condition.

Remark 3.3 In the case of parametric KKT system with canonical perturbations (2.30),
the outer estimate of limiting directions presented in Theorem 3.1 is exact. More precisely,
for each tuple (d, &, n, ¢) satisfying (2.8)—(2.11), (2.13) and (3.1)—(3.6) with some x € R",
A€ R and g € R™, and for each t > 0, system (2.30) with ¢ = & + t2d and some
(a(t), b(t), c(t)) = o(t?) has a solution of the form (Z + t& + t2z, A + tn + 2\, i + t¢ + t2p)
This can be demonstrated by explicitly choosing the needed a(t), b(t) and c(t). Moreover,
by the same argument applied with d = 0, one can prove that the sufficient condition for
estimate (3.23), established in Theorem 3.2, is also necessary in this case. Similarly, the
first condition in Theorem 3.3 (concerned with system (2.8)—(2.11), (2.13), (3.17)—(3.22)) is
necessary for the estimate (3.42) (and even so more for the estimate (3.41)). However, the
second condition (concerned with system (3.25)—(3.40)) is most likely not necessary. It would
have been necessary with the additional relations

10%W -
5@(57 z, )‘7 ﬁ>[§7 d
>*F B 0°G * ow _
+ (8%2(&7 f)[ﬁ]) A+ (8%2(&, f)[ﬁ]) no= _%(5, z, A, /_1,):6'

- (S x>)TX - (56 x>)Tﬂ,

fag =20, v =0,
including additional auxiliary variables A € R! and o € R™, and with (3.40) replaced by

10°Gi,_ _
5 12 ( ,IL‘)[&, 5]

0G; 0G; oG,
1= — 1/ — — 1= — ~ — . A .
+<3x<a,x>,az>+<ax<a,x>,5>+<ax<a,x>,x>> 0, i€ A
In order to prove the necessity, one can fix an arbitrary 6 € (0, 1), and for each ¢t > 0, explicitly
find (a(t), b(t), c(t)) = o(t*1+9)) such that system (2.30) with ¢ = & has the solution of the

form (E+t1+9§+t2+93ﬁ+t2(1+9):c, 5\+t77+t1+9/\+t2+95\+t2(1+9)5\, ﬂ+tC+t1+9M+t2+9ﬂ+
t2(1+0)ﬂ)

(C¢+m+m+ﬂ)<

We will now employ the notion of a critical multiplier which was originally introduced in
[4] for equality-constrained optimization problems. This notion was extended to the mixed-
constrained case in [7], and it was extensively used in [8, 7] in order to study the dual behavior
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of Newton-type methods for constrained optimization problems with nonunique multiplier
associated to a solution. Furthermore, this notion was employed in [4] and in [5, Section 4]
in the context of sensitivity analysis for Lagrange optimality systems, and in the rest of this
paper, we extend this analysis to the mixed-constrained case.

For a given index set I C A, define the linear subspace

~ T
ov, - . oFr,_ _
%(U, Z, \, i)z € im (ax(a, :c)) }

in R™, where we have used notation (2.40). Note that

Qr=Q(c, %, A\, i) = {x € ker %Fl(a, )
X

reQr <= 3I(y, z) € Rl x R™ such that (z, y, z4) € ker Dy,

and if %—3(6, T, A, i) is a symmetric matrix (which automatically holds in the case of (1.2))
then
reQr <= (x,0,0)€imDy, (3.75)

where we have used notation (2.31). )
According to [7, Definition 2.2], the multiplier (A, 1) is refereed to as critical with respect
to the index set I if jig\; =0 and

Q1 # {0}. (3.76)

Criticality of (A, fi) with respect to I certainly subsumes that A\ I C Ay, i.e., I D A,.
Evidently, if the set of multipliers which are not critical with respect to any index set I (such
that A C I C A) is nonempty then this set of multipliers is open and dense within M.
However, the next result imposes a restriction on the kind of perturbations subject to which
such multipliers can be stable.

Consider arbitrary sequences {o*} € R*\ {7}, {#*} c R", {)\*} c R! and {p*} Cc R™
such that {o*} — &, {2*} — Z, {\*} — X, and {i*} — [, and such that for each k the point
(xF, A¥, %) is a solution of system (1.1) for & = o*. The latter means that (z*, \¥, u¥) is
a solution of branch system (1.5) for some partition (I3, I2) € Ay, and since there is a finite
number of such partitions, after passing to subsequences (if necessary) we can assume that
(I1, I3) does not depend on k.

Proposition 3.1 Let (Z, A, i) € R™ x R! x R™ be a solution of system (1.1) for 0 = & €
R®. Suppose that for some partition (I1, I) € Ag there exist sequences {o*} C R*\ {7},
{zF} ¢ R™, {N\*} ¢ R! and {pF} € R™ such that {o*} — &, {2¥} — z, {\*} — X, and
{u*}y — [i, and such that for each k the point (z¥, \F, u¥) is a solution of system (1.5) for
o = o®. Suppose further that the multiplier (X, i) is not critical with respect to the index set

AL UL

Then
2" =z = O(llo" - a]), (3.77)

and every limit point (d, £) € R® x R™ of the sequence {(c* — &, 2% — %) /||o* — 5|} satisfies
the equalities

oF o oF L 8GA+U11

%(0—7 l‘)d + 7(0—a :E)g =0, o

aGA+ ul
ox +

(6. 2)d + == (5, )¢ = 0. (3.78)

22



Proof. Set I = Ay U I, and consider the parametric system comprised by the equalities

contained in (1.5):

~ T
O(o, )+ (881;‘](0, x)) A=0, Filo,z)=0, (3.79)

with respect to (z, \) € R” x (R! x RV, Evidently, (z*, (A, uk)) is a solution of this system
for 0 = 0¥, and for each k. Evidently, (Z, (), fir)) is a solution of (3.79) for o = &.
Furthermore, consider the system

. ; ' OF
%(&7 T, A, ﬁ)g + (6[]3(6—’ j)) n =20, 871’[(&7 j)‘f =0, (380)

with 7 € R! x Rl playing the same role for system (3.79) as system (2.8)(2.13) plays for
system (1.1).

Suppose that there exist & € R™\ {0} and 7 € R! x R/l such that the pair (¢, 7) is a
solution of system (3.80). We then obtain that

7)€ =0,

ov oF; \' OF1 o
) 856 UJ

%(6, z, \, 1)€ € im (ax(a, 7)

which contradicts (3.76). We thus proved that & = 0 holds for any solution (&, 77) of system
(3.80), and hence, Theorem 2.3 yields the estimate (3.77).
Employing (3.77) and the second equality in (3.79), we obtain

0 = Fylo®, 2%
L) L) y kg
= i 50 - 2)+ Lo, 1) 3) +ollo* - )

Dividing by ||c¥ — || and passing onto the limit along the appropriate subsequence gives
(3.78) (recall (2.40) and the definition of I). ]

Note that according to (3.77), a limit point (d, &) of the sequence {(c* — &, 2% —7)/||o" —
a|l} exists, and (3.78) implies the inclusion

oF oF
(o, 2)d € im —t 2 (5, ), (3.81)
which is very restrictive unless
OF
rankAAi%igé(5,j)::l4—L4+!+-UjL (3.82)
x

Thus, if (3.82) is violated for any partition (I1, I;) € A, the multiplier (X, i) which is
noncritical with respect to Ay U I; for any such partition can be stable only subject to very
special perturbations.
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This is precisely what happens when Ay = (). Then (3.82) is just LICQ), the case we do not
deal with in this work, and (3.81) turns into (2.39), a very restrictive condition, as discussed
above. It is thus natural to proceed with analysis of quantitative stability of critical (with
respect to A = A, ) strictly complementary multipliers.

According to (1.5), in the case of strict complementarity, for o € R* close enough to
7, the solution set of (1.1) near (Z, A, fi) coincided with the solution set of a single branch
system of the form

(3.83)

This is a pure system of equations, and it can be regarded as the parametric Lagrange sys-
tem. When (1.2) holds, (3.83) is essentially the Lagrange optimality system for the equality-
constrained problem

minimize  f(o, )
subject to F(o,z) =0, Ga(o, z)=0.

Furthermore, in the strictly complementary case, relations (2.10)—(2.12) in Theorem 3.1
should be replaced by the single relation

0Ga
5, (0 2)§=0, (3.84)

while relations (3.3)—(3.5) should be replaced by the single relation

oG 10°G _0G
o (0. 2)d + 5o (o, D €] =~

(G, T)x, (3.85)

The following result is obtained by deciphering the statement of [1, Theorem 4] for the
specific parametric system of equations (3.83).

Theorem 3.4 Let (z, A\, i) € R x R! x R™ be a solution of system (1.1) for o = & € R?,
and let Ay = (). Suppose that a tuple (d, &, 1, ) € R* x R® x R! x R™ satisfies (2.8), (2.9),
(2.13), (3.84) and (3.1), (3.2), (3.6), (3.85) with some x € R", A € R! and p € R™, and the
linear system

T T
gi(a, T, \ gzt + (gi(a, :c)) y'+ (gf (5, x)) 2t
2
+ e N e, )
2 T 2p T
+(2§< ,@m) y +(‘Zx2< M) "
2 T 2 T
+<i§<a, :f:>m> : +(g;;< -M) c=0 38



OF O*F

21
520 DT + 556, D6, 2] =0, (3.87)
86%4(5’ )z’ + 835; (7, )¢, 2% =0, (3.88)
oy =0, 2y =0, (3.89)

with the additional restrictions (zt, y', zY) € (ker D)t and (22, 32, 2%) € ker D4 has only
the trivial solution.

Then for any mapping p : Ry — X such that p(t) = o(t), and any t > 0 small enough,
system (1.1) for o = G +td+ p(t) has a solution of the form (z +tY/26, X+t'/2n, p+tY/2¢) +
o(t'/?).

Employing (2.31), we can rewrite the essential part of system (3.86)—(3.89) with 22 = 0
in the form

z! 2L D)) v+ (2% @, 7)) 2
o) (4 ) O(a ) 4 L
2y 0

Hence, if 2 (a T, A\, i) is a symmetric matrix then employing (2. 40) and (3.75) we ob-
tain that system (3.86)—(3.89) with the additional restrictions (x!, y!, 2}) € (ker D4)* and
(22, o2, 2124) € ker D 4 having only the trivial solution implies that the system

2 F T 2 T
@f;(o, x)[a) e Qk, (6;;4(0, x>> =0

with respect to 7% = (y2,

to the following:

2124) has only the trivial solution. The latter condition is equivalent

OF O*F
ima—;(ﬁ, D+ A5, )¢, Qa] =R x R (3.90)

This condition is somewhat more restrictive than the well-known 2-regularity of the mapping
F4(7, -) in the direction £, which is obtained from (3.90) by replacing Q4 with the generally

8;; A (g, ). In particular, (3.90) subsumes the inequality

F
corank aaA(U, z) <dimQa4,
x

and (3.90) cannot hold for a noncritical multiplier (A, r) unless LICQ is satisfied.
Suppose finally that %—i’(&, T, A, i) is a symmetric matrix, (3.90) holds, and

0*v <
W(a-u X )‘ 5’ ‘/E xZ]

O*F %G

+ <777 W(5—7 j)[a:j T ]> <<A7 A 0, >
2 2

+2 <y7 (891,2 ( g, E)[&? 1132]> +2 <ZA7 8aCT;A T >

25

£ 0 (3.91)



holds for all 22 € @ \ {0} satisfying (3.87), (3.88) with some ! € R!, and for the unique
solution (y, z4) of the system

oF T 0Ga, . _\\" ov . _ o
(ax(o-a l‘)) Y+ <axA(J’ .CU)) RA = _%(07 T, A, M)$2

in im %%(6, z) = (ker 88%(6, z))t. It can be easily seen by a standard argument that
under these assumptions, system (3.86)—(3.89) with the additional restrictions (z!, y!, 24) €
(ker D4)* and (22, 42, 2%) € ker D has only the trivial solution, and hence, Theorem 3.4 is
applicable.

We complete this discussion with three examples taken from [7], illustrating the results
obtained above. The first example is very simple; it is the canonically parameterized version
of [7, Example 3.2].

Example 3.2 Let s =2, n=1,1 =0, m =1, f(o, 2) = —2? + o1z, G(0, 2) = 2> — 09.
Then Z = 0 is a solution and a stationary point of problem (1.3) for c =6 =0, and M = Ry
for the corresponding system (1.1) with ® defined according to (1.2).

One can directly check that for any o € R? such that oo > 0 system (1.1) has a solu-
tions of the form (z(o), u(o)) = (O’%/2, 1-— 01/(20;/2)) if o1 < 2/09, and (z(0), u(o)) =
(—05/2, 1+ 01/(205/2)) if oy < —2,/02. Moreover, if if 400 > o2 then there is one more
solution (z(o), (o)) = (01/2, 0). The latter solution corresponds to the multiplier i = 0
violating strict complementarity, which is thus Lipschitz-stable (actually just insensitive) sub-
ject to perturbations of the specified kind. If o1 = 0(0;/ 2), the former pair of solutions gives
in the limit (as ¢ — 0) the strictly complementary critical multiplier i = 1, which is thus
stable but not Lipschitz-stable. If we take oo = O(0%), then we can obtain in the limit any
multiplier in M, and thus, any multiplier can be stable subject to some special kind of per-
turbations. Note that if o9 = o(o1) then the limiting direction d of the normalized differences
o — ¢ satisfies da = 0, and hence, (2.39) holds.

Consider now directional perturbations: let o = td with some d € R? such that dy > 0,
and with ¢ > 0 small enough. Then there is the pair of solutions (z(t), u(t)) = (0, 1) +
t1/2(:|:d§/2, $d1/(2d§/2)) and the solution (z(t), u(t)) = t(d1/2, 0). For the former, putting
i = 1, we obtain that (&, ¢) = (+d3/% Fdi/(2dy/?)) satisfies (2.8), (2.9), (2.13), (3.84)
(trivially) and (3.1), (3.2), (3.6), (3.85) (with any € R and p € R), and moreover, the
specified (£, ¢) are the only pairs satisfying these relations. Finally, for these (£, ¢), one can
easily verify that (3.90) is satisfied, and (3.91) holds for all 22 # 0 (with z4 = 0), and hence,
Theorem 3.4 is applicable.

The next example is the canonically parameterized version of [7, Example 3.3]. Note that
the constraints in this example satisfy MFCQ.

Example 3.3 Let s =4, n=2,1=0, m =2, f(o,x) = —x1 + o121 + 0222, G(0, z) =
(1 — 23 — 03, ¥1 + 23 — 04). Then T = 0 is a solution and a stationary point of problem (1.3)
for 0 =& =0, and M = {p € R% | 1 + p2 = 1} for the corresponding system (1.1) with @
defined according to (1.2).
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For any o € R* such that o4 > o3 and

1—01 o9 >0
2 2\/5\/0'4—03 -

system (1.1) has two solutions of the form

(z(0), p(o)) = <<U3;—04,i\/04;703>, (1—201’ 1—201>>

(0 (sma= =)
\20Vayoi—os  2v2Voi o3

Moreover, if o4 > 03 + 03/(2(1 — 01)?) and 1 < 1 then there is one more solution

@wxuw»:((Mﬁﬁny+a&%;?mﬂ,u—ahm)

while if 04 < 03+ 03/(2(1 — 01)?) and 1 < 1 then there is a solution

0'2 g
(z(0), p(o)) = ((—4(1_201)2 + 04, —2(1_201)> , (0,1 —01)> .

As o — 0, the last two solutions tend to the multipliers g = (1, 0) and g = (0, 1), respectively,
both violating strict complementarity, and both these multipliers are thus Lipschitz-stable
subject to perturbations of the specified kind. The limiting behavior the former pair of
solutions depends on the relation between oy and o4 — o3, but if o5 = o((04 — 03)'/2) then
in the limit we obtain the strictly complementary critical multiplier g = (1/2, 1/2), which is

thus stable but not Lipschitz-stable.

Let now ¢ = td with some d € R* such that d4 > ds3, and with ¢ > 0 small enough. Then

there is the pair of solutions

@ u) = (0 (55))
itl/z(( /d4— ) (2\[m 2@%))
a((550). (%)

and the solution

(@(t) 1) = 0. (1, 0) + ¢ (. gz ) (=1 0)) + 2 (G722 0) 0.

For the former, putting i = (1/2,1/2), we obtain that (£, ¢) with

_ dy —d3 _ da da
&= (0’ * 2 ) o= <i2\/§\/d4—d37 VAV —d3>
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satisfies (2.8), (2.9), (2.13), (3.84) and (3.1), (3.2), (3.6), (3.85) (with any x € R? such that
r1 = (d3 +d4)/2, and any pu € R? such that p; + pus = —dj), and moreover, the specified
(&, €) are the only pairs satisfying these relations. Finally, for these (&, ¢), (3.90) holds, and
the set of 22 € Q satisfying (3.87), (3.88) with some x! € R? is trivial. Hence, Theorem 3.4
is applicable.

Our last example demonstrates the case of Holder stability of a multiplier violating strict
complementarity. This is the canonically parameterized version of [7, Example 3.4] (the
original source is [17, (63)]).

Example 3.4 Let s =4, n =21 =0, m =2, f(o,z) = 1 + 0121 + 0229, G(o, x) =
(—x1 — 03, (v1 — 2)2 4+ 23 —4 — 04). Then # = 0 is a solution and a stationary point of
problem (1.3) for 0 = 6 =0, and M = { € R? | ug = 1 — 4, 0 < pp < 1/4} for the
corresponding system (1.1) with ® defined according to (1.2).

We are concerned with the multiplier iz = (1, 0), which is not strictly complementary, but
is critical with respect to the index set I = A = {1, 2}.

For any o € R* such that o9 # 0, 4 + 04 > (03 + 2)?, system (1.1) has near (7, ji) the
unique solution of the form

(2(0), u(o)) = (<—03, it — (o5 + 2)2) (140, 0))

+<O < o2(03 +2) B o2 ))
"\VA+oi—(03+2)? 24404 (03+2)?

if 00 <0, and

(@(0), (o)) = <<—03, Y R 2)2> (1401, 0))

—(O < o2(03 +2) B 09 ))
"\VA+os—(03+2)?2 2/4+04— (03+2)2

if o9 > 0. In the sequel, we deal with the former case (the latter can be considered similarly).
Let o = td with some d € R* such that dy < 0, dy > 4ds, and with ¢ > 0 small enough.
Then the solution has the form

(2(t), (1)) = (0, (1, 0)) + £/ ((o, Vi —idy), ( Vﬁ*% - wzd—m)) +ot1?),

Thus, the multiplier i = (1, 0) is Holder stable subject to perturbations of the specified class.
It is not difficult to check that the corresponding pair

2ds do ))
= (0, Vdy — 4d —
(57 <) <( ) 4 3)7 (\/m? QM
satisfies (2.8)—(2.11), (2.13) and (3.1)—(3.6) (with appropriate * € R? and u € R?), and
moreover, the specified (£, ¢) is the only pair satisfying these relations.

Let us mention that Examples 3.2-3.4 all demonstrate the use of Theorem 3.3. Moreover,
they all satisfy the stronger assumption stated in Remark 3.2, and that is why estimate (3.74)
is valid in these examples.
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