SMOOTH DEFORMATIONS OF PIECEWISE EXPANDING
UNIMODAL MAPS

VIVIANE BALADI AND DANIEL SMANIA

ABSTRACT. In the space of C* piecewise expanding unimodal maps, k > 1,
we characterize the C! smooth families of maps where the topological dy-
namics does not change (the “smooth deformations”) as the families tangent
to a continuous distribution of codimension-one subspaces (the “horizontal”
directions) in that space. Furthermore such codimension-one subspaces are de-
fined as the kernels of an explicit class of linear functionals. As a consequence
we show the existence of C*~1+LiP deformations tangent to every given C¥
horizontal direction, for k > 2.

1. INTRODUCTION

The topological class of a dynamical system f is the set of all maps topologically
conjugate with f. A smooth deformation of a dynamical system fy is a smooth
family of dynamical systems ¢ — f; inside the topological class of f;. We also say
that a smooth deformation f; is a family with “no bifurcations.” Deciding whether
or not there are bifurcations in a family is one of the primary problems concerning
dynamical systems.

In the theory of complex dynamical systems, specially for rational functions,
this type of study was very sucessful. One of the most powerful tools in complex
dynamics are the quasiconformal methods: quasiconformal maps, quasiconformal
vector fields, and holomorphic motions. For example, they allow us to easily find
a holomorphic deformation between two holomorphic dynamical systems which are
conjugate by a quasiconformal map, using the so-called Beltrami path. Beltrami
paths are examples of holomorphic motions, whose importance in complex dynam-
ics can not be overstated since the time they were introduced in the seminal work
by Mané, Sad and Sullivan [9]. Holomorphic motions are a key tool in the charac-
terization of structurally stable rational maps and families of rational maps with
no bifurcations [9] (see also [10]). The study of the regularity of hybrid classes of
quadratic-like maps [7] and topological classes of analytic unimodal maps [2] also
depends heavily on quasiconformal methods.

Unfortunately quasiconformal methods do not seem to be applicable for real one-
dimensional maps which do not have a holomorphic extension to the complex plane,
like piecewise expanding C? unimodal maps (see Section 2 for formal definitions).

In our first main result, Theorem 1 (Section 4), we characterize all smooth fam-
ilies in the space of piecewise expanding unimodal maps which are smooth defor-
mations: they are precisely the families tangent to a continuous distribution of
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codimension-one subspaces in that space. Following the notation in [7], these sub-
spaces will be called “horizontal directions.” See Section 3 for the definition of the
linear functional J(f,-) whose kernel defines the horizontal directions.

We observe that for families of smooth unimodal maps, the condition

J(fto> Ocftlt=t,) # 0

is the “nondegeneracy condition” for a family f; at a Collet-Eckmann parameter
ft, that appeared in a generalization of Jakobson’s Theorem by Tsujii [11]. On the
other hand, the condition J(f,v) = 0 for v to be horizontal is the same which is
well-known for smooth unimodal maps satisfying certain summability condition (see
e.g. [1], [2]). This condition first appeared in the context of piecewise expanding
maps in [3].

One can wonder if there exist deformations of a given piecewise expanding uni-
modal map which are non trivial, i.e., so that the f; are not smoothly conjugate
to fo . (Not only because this is an intrisically natural question, but also because
it recently became clear that this is crucial to understand some dynamically de-
fined quantities, see below.) We answer this question in Theorem 2 (Section 5). In
particular, for each “good” piecewise expanding unimodal map fy and each hori-
zontal direction v, we construct a smooth deformation of fy tangent to v at fy, i.e.,
Ot ft|t=0 = v. In other words, Theorem 2 shows that the theory of smooth deforma-
tions is very rich, since there are plenty of deformations of a piecewise expanding
unimodal map in “horizontal” directions.

In both theorems we heavily use “smooth motions,” that is, we exploit the fact
that the conjugacies h; depend smoothy on ¢. In Theorem 1, B = C (see [4]), we
use them in the phase space, and in Theorem 2, in the parameter space.

Given a smooth family of dynamical systems, one can ask how dynamically
defined quantities, such as the average of a given observable with respect to the
SRB measures, the Lyapunov exponents, and the Hausdorff dimension of invariant
sets, change along this family. Studying smoothness of these quantities can be
a tricky issue. For example, SRB measures are often described as eigenvectors
of Ruelle-Perron-Frobenius operators acting on infinite-dimensional spaces with a
complicated structure.

In the case of piecewise expanding maps, Holder continuity of SRB measures (for
all exponents < 1) has been known for a long time [5]. However any hope of higher
regularity for families transversal to the topological class was annihilated by the
examples in [3] (see also [8]). In order to have a satisfactory theory about smooth
variation of dynamically defined quantities, at least in the case of the SRB measure
of piecewise expanding unimodal maps, it was recently discovered that we need to
restrict ourselves to families tangent to topological classes [4]. Theorem 2 and its
corollaries imply the result announced as Theorem 2.8 in [4]. This result was not
used to obtain the other claims in [4], but it shows that there are plenty of families
satisfying the restriction of tangency to the topological class needed there.

2. PRELIMINARIES

Denote I = [—1,1] and N=Z,.
For k > 0, we define the set B¥(I) of piecewise C* functions to be the linear
space of continuous functions f: I — R such that f is C* on the intervals [—1,0]
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and [0, 1], with f(1) = f(—1). Then B*(I) is a Banach space for the norm

| £l = max{|f|cri—1,00, |flckp,11}, Where | flor o) = Ofgf%}kﬂDiﬂLoo(Q)}-

For k > 1, we define the set U* of piecewise expanding C* unimodal maps to be
the set of maps f € B*(I) such that

I. (Invariance of 0I) f(—1) = f(1) = —1.
II. (Ezpanding condition) infye—1 0y Df(z) > 1 and sup,¢jo ) Df(z) < —1.
ITI. (Invariance of I) f(0) <1 (by I-IL this implies f(I) C I).

The set U* is a convex subset of the affine subspace

{feBMI) st f(-1) = f(1) = 1}

and U* N {f € B*(I): f(0) < 1} is a convex and open set of the same affine
subspace. We call elements of I simply piecewise expanding unimodal maps. The
point ¢ = 0 is called the critical point of a piecewise expanding unimodal map. Set

Af =min|Df(z)| > 1.
€T
The itinerary of x € I for a piecewise expanding unimodal map f is the sequence
(o0(z),01(x),09(x),...) € {L,C, R}

such that o;(z) = L if fi(x) < ¢, oi(x) = Cif fi(x) = ¢, and o;(z) = Rif fi(x) > c.
We write o; = 0;(c).

Let 1 < j <k, with k£ an integer, and j either an integer or j = k — 1+ Lip. A
C7 family f; of piecewise expanding C* unimodal maps is a C7 map

(1) t s f; from [—6,6] to U".

(In particular, for such a family, the map (¢, z) — f;(z) is continuous on [—4, §] x I,
and it is C? on the sets [, 4] x [~1,0] and [—4, 6] x [0, 1].)
If f; is a family of piecewise expanding unimodal maps, we consider

Ry :={(i,j) e Nx N: fi(c) = fl(c) and i < j},

the set of critical relations of fi. Note that if the forward orbit of ¢ (also called
posteritical orbit) is infinite then R, is empty.

We say that a piecewise expanding unimodal map f is good if either ¢ is not
periodic or, writing p > 2 for the prime period of ¢, if

(2) [DfPH(f(e))| min{[DfF(c)[, D (e)]} > 2.
A map f: I — [ is e-expansive if for every interval L C I there is ¢ > 1 so that
[f1(L)] > e.

A piecewise expanding unimodal map fy is stably e-expansive if every piecewise
expanding unimodal map f close enough to fo (for |- |1) is e-expansive. We give
the easy proof of the following useful result for completeness:

Proposition 2.1. Let f be a piecewise expanding unimodal map. Then there exists
€ > 0 so that f is e-expansive. If we assume furthermore that f is good, then there
exists € > 0 so that f is stably e-expansive.
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Proof. Choose Ny such that %A}VO*I > Ar, and € such that
c ¢ int (f'[—e,€]) fori=1,..., Ny.
Then for every interval @ C [—e¢, €] we have

(3) @1 > M@l

If the turning point is not periodic it is easy to see that (3) remains true for any
small enough perturbation of f.

Consider an interval @ C I and suppose that | f*(Q)| < € for every i € N. Define
ng = 0 and ny,ns, ns, ... in the following way: If

c ¢ Qs = fno+n1+-~+ns (Q)

define ns41 = 1. In this case
|Qs41] = |f(Qs)| = )‘f‘Qs|'
Otherwise set ns11 = Np. Note that Qs C [—¢, €] and that (3) implies

‘Qs+1| = ‘fNO(QSN > )‘f|QS|7

so [@s| > A%|Q/, which implies that |Q| = 0, proving that f is e-expansive.
If ¢ is periodic but (2) holds, the argument above can be easily modified to show
stable e-expansiveness. O

3. THE LINEAR FUNCTIONAL J(f, ")

3.1. Definition and relation with the twisted cohomological equation. We
shall associate a bounded linear functional J(f,:) € (L*°(I))* to each piecewise
expanding unimodal map f. This functional will play a main role in this work. Let
v: I — R be a bounded function. If the critical point ¢ is not periodic, we define

Hh =30 2
, V) = —_
2 DF(f(e))
The above expression is not well defined if the critical point ¢ is periodic, since the
derivative at the critical point does not exist. If ¢ has prime period p we set

- (i)
J(f,v)= —_—
(0 = 2 Dty
Note that in both cases (non periodic and periodic critical points) we have

|U|Loo
J(f,v)] < :
s

It is easy to see that v — J(f,v) is not the zero functional on C(I), so for every
k € N, by the density of C*(I) in C(I), there exists v € C*(I) with J(f,v) # 0.

The meaning of the expression for J(f,v) can be clarified by the following com-
ments. Let f; be a C! family of piecewise expanding C' unimodal maps such that
Otftlt=0 = v, fo = f. (We shall sometimes call the argument v of J(f,v) a vector
field.) Then, for any k > 1, if fi(x) #cfor 1 <j<k—1

k—1
Ouff (@)li=o = D DI (@) - o(f (),

=0



SMOOTH DEFORMATIONS OF PIECEWISE EXPANDING UNIMODAL MAPS 5

so if fi(x) #cfor 1 < j < k—1, then

815 t t= Z
(4) DfJI: 1 | 0 Z v x))

So, if ¢ has prime period k, then
O ft(c)le=o

(5) J(f,v) = DfT(f(c))’ (v = 04 ftli=0, f = fo),
and if ¢ is not periodic for f, then

- O St (c)le=o _ -
(6) J(f,v) = lim (v = ¢ filt=0, f = fo).

k—oo D fF=1(f(c))’
In other words, the derivatives in the phase and parameter spaces along the critical
orbit are related by J(f,v).

We also mention that if v = X o f then J(f,v) = s7 *J(f, X), where s; < 0 is the
jump s; = —lim,_,1 p(z) at 1 of the invariant density p of f, and where J(f, X)
was introduced in [3] and used in [4]. It was observed in [4] (see also Proposition 3.1

below) that elements v of the kernel of J(f, ) satisfy > .=, 5’}f (;?)C))) =0 if ¢ is not

periodic and > "5~ 01 J;f(}?c))) = 0 if ¢ has prime period p. Such v € Ker ((J(f,))
deserve to be called horizontal vector fields, by analogy with the theory for smooth
unimodal maps ([7], [2]) and in view of the results in [4] (in particular Corollary
2.6 and Remark 2.7 there). Our Theorems 1 and 2 also justify this terminology.
We next recall the relation between J(f,v) and the twisted cohomological equa-

tion (7) from [4, Lemma 2.2].

Proposition 3.1. For every piecewise expanding unimodal map f and v € L>(I)
the following holds: Let D be the set of x € I with a forward orbit that does not
contain c. There exists a unique bounded function a: D — R such that

(7) v(z) = ao f(x) = Df(z) - o),
for every x € D. There exists a unique bounded function a: I — R such that
a(c) =0 and (7) holds for every x # c.

Furthermore J(f,v) = 0 if and only if v(c) = a(f(c)).

Proof. We refer to [4, Lemma 2.2]. We just recall that for each x € D
vo fi(x
Z DfH—l
and for z € I \ D, with z # ¢, setting k = min{i > 0 : fi(z) = ¢},
vo fi(z
Z sz+1
O

3.2. Continuity of Ker (J(f,-)). Observe that f +— J(f,v) is continuous at piece-
wise expanding unimodal maps with non periodic critical point:

Proposition 3.2. Let fy € U' be a piecewise expanding unimodal map. If the
critical point of fo is not periodic then
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A. For every n > 0 there exists a neighborhood W of fo in U' such that
|J(f,v) — J(fo,v)| < nlv|y for every v € BY(I) and f € W.

B. For every vo € BY(I) the function f — J(f,vo) is continuous at f = fo,
considering the U' norm.

Proof of Claim A. Taking W small enough, we have 6 = inf ey inf, |D f(x)] > 1.

Let N be such that % < ¢. Reducing W, if necessary, we can assume that

fi(f(c)) # c for every f € W and i < N, and that

1 1

i<N

'-P\d

Then

W) e

[T(f,0) = I (fo,v)] < : ]+
= (f(e))  Dfg(fo(
] ; o(f T e) e (e)
Estimating ). P IRICIG) lfl(fo(c)) by
S o | | 3 I §0)
2 BRI~ DR = DRl
we get the claim from (8) and our choice of N. O

Proof of Claim B. We can assume that |vg| < 1. Fix n, and let W and N be like
in the proof of Claim A. Reducing W if necessary, we have

D o f1(e)) — vo(file))] < Z,Vf cwW.

i<N
The calculations in the proof of Claim A imply that |J(f,v) — J(fo,v)| < 7. O

Continuity of f — J(f,v) fails at maps fy with periodic critical points. However,
to prove Theorem 2, the next result (which, losely speaking, implies that when
ft — fo then J(ft,v) — 0 if and only if J(fo,v) = 0) will suffice:

Proposition 3.3. Let fy be a good piecewise expanding C' unimodal map with
periodic critical point of prime period pg. There exist C,C_ > 0, such that:

A. For every n > 0, there exists a neighborhood W of fo in U' such that,
setting

(9) M={feW: fro(c)=c, fi(c)#c fori<npol,

the set W \ M has two connected components, Wy and W_, so that, for
any v € BY(I), if f € M then |J(f,v) — J(fo,v)| < nlv|1, if f € Wy then
T(F,0)=Cd (fo 0)] < mlols, if £ € W then |T(f,0)~C— T (fo,0)| < nlul.
B. For every v € B(I) and n > 0, there exists a neighborhood W of fo in U*
such that W\ M (with M defined by (9)) has two connected components,
W, and W_, so that if f € M then |J(f,v) — J(fo,v)| < n, if f € W,
then |1(f,0) — CJ(fo, )] < n, if f € W then |J(F,0) — C_J(fo,0)| <.

A consequence of Propositions 3.2 and 3.3 (B.) is that Ker (J(f,-)) is a continuous
distribution of codimension-one subspaces for any good f:
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Corollary 3.1 (Continuity of Ker (J(f,-))). Let f be a good piecewise expanding C*
unimodal map. Suppose that f, is a sequence of piecewise expanding C* unimodal
maps with |f, — fl1 — 0, and that v, € B°(I) and v € B(I) are such that
|vn, —v|o — 0 and J(fn,vn) =0,Vn
then J(f,v) = 0.
Proof of Proposition 3.3. Since
J(fo,) s {u € BY(I),u(~1) = u(1) =0} = R
is a non trivial linear functional, there is w € BY(I), with w(—1) = w(1) = 0, so
that J(fo,w) > 0. Define the subspace
K ={ue B'(I), u(-1) = u(1) =0, J(fo,u) = 0}.

We can identify a neighborhood of fy in U* with a neighborhood W of (0,0) in
K xR via (u,a) — fo+ u+ aw. Consider the functional F': W — R defined by

F(u,a) = (fo+u+aw)™(c) —c,

where pg denotes the prime period of ¢ for fy.
Note that F is a C! Fréchet differentiable function and (recall (4))

(10) 8aF’|(u,a)=(O,O) =D 6)071(]00(0))‘](.]“0710) # 0.

So by the Implicit Function Theorem for C! Fréchet differentiable functions on
Banach spaces (see [6, page 17]), there exists a neighborhood W C U! of fy in
which M C W, defined by (9), is a C! Banach submanifold and so that W \ M
has two connected components.

Let W, be the connected component containing the maps f satisfying

fPo(e) > e,
and let W_ be the other component.
We claim that our assumption that fj is stably e-expansive implies that for every
n there exist neighborhoods W,, C W, _1 of fy with the following properties: the
sets W, N W and W,, N W are connected and the critical point ¢ of every map

few,\M
is either non periodic or periodic with prime period > n. Indeed, consider open
intervals Iy, Iy, ..., Ip,—1, with pairwise disjoint closures, such that

|I;] < e and fi(c) € I, for every 0 < i < py.
Let W,, be a small enough neighbourhood of fy so that every f € W, satisfies
(11) JM(C) C Ii mod po>s

for every 0 < i < n. In particular, if f has a critical point with prime period p < n
then (11) holds for every i. We claim that fP°(c) = ¢. It is enough to show that
{=#{f'(c): filoeh}=1
Define
y=inf{f(c) : fi(c) e}
Then
Ty, ()] C Lit1 mod p, for every i.
Since f is e-expansive, this implies that y = f(c), so that £ = 1, as desired.
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Consequently, the itinerary of the critical point up to the n-th iteration is the
same for all maps in W,, N W,. The same statement holds for W, N W_. In
particular there exist sequences

o= (o =C,0f,0f,...)and o_ = (0, =C,0y,0,5,...), o/ ,0; €{R,L},

(A ?

such that the itinerary of the critical point of a map f € W, converges to oy (in the
product topology of {C, R, L}) when the map converges to fy, and an analogous
statement holds for o and W_. It is not difficult to see that if o = (C, 01,09,...)
is the itinerary of the critical point of fy, then af =0, =0;if pg #i.

Define

o0

C—i— :_Z[Dfpo 1 HDan

where we put D fy r(c) = limy_c g5 Dfo( ), Dfo r(c) = hmzawj@ D fo(x), and
Dfy c(c) =1. Since fy is good there is 3 > 1 so that

D fo.s(e) DI (fole))| > 2

for s € {L, R}, so
1252 23
< < —
2828 -1 —C+ ~28-1
Set A :=infycw inf, |Df(z)| > 1. For each f € Wy \ M we have

i—1

1 1
’jl:[o [D fro=1(firo+1(c)] D f(fG+Dro(c)) [Dfp0 Y H Df, ;po 0)‘
(12) <ATPO Y1 << m,
and
T ! ! N~ )
‘ 2:: U:[O [D fro=L(firo+i(c))] D f(fla+1ro (C))} ; Dﬂ(f”““(C))‘
)\*Pom|v|0
D
Also, we have
U APy |
|C T (fo,v) — Z[Dfpo T HD © (va”)|§1_7A_1O~

]PO

Fix 6 > 0 and let m > 1 be such 2mA™Po™ < §. If we assume, as in Claim A,
that v € BY(I), it is not difficult to see that there is a neighborhood Ws.pom of fo
such that if f € W5 pom N W4 N Wy, then

Po—1 o(fPoite(c))

(13) | Z Do) = J(fo,v)| < dJvl1, for every 0 <i < m.
Consequently if f € W(;,pom N Wy N Wy then
38 )
[J(f,v) = C1J(fo,v)] < ﬁh’b + mwl

This proves Claim A for W,.
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To show Claim B for W, , consider, without loss of generality, v € B°(I) with
|v]o < 1. Then we can find W; p,,,, such that
R y(froite(c))

|ZDf£fp—ol+l))_J(fovv)|§57 VO<i<m,

holds for every f € W(;,pom N W4 N Wpom. Then
30 4]
|J(f,’l)) - C+J(f07’())| < 1— )21 + 1— \—Po’

completing the proof of Claim B for W,..
We can apply a similar argument to f € Wpom NW_ and

7ZDP01 HD —C)’

28—2 23
WlthQBQB 1<C’ < 5T

The proof of the claims for f € M is easier. O

4. BIFURCATIONS IN FAMILIES OF EXPANDING UNIMODAL MAPS

We are going to see in this section that if a C! family f, of good piecewise
expanding C' unimodal maps is tangent to the distribution of codimension-one
subspaces

f — Ker (J(f7 ))
then there are no bifurcations in this family, that is, there are homeomorphisms
h: such that h; o fo = fi o hy for every t. In other words, the family is a smooth
deformation of fy. The reverse statement also holds: If f; is a family such that
J(fo, 0 ftlt=0) # 0 and if fj is good, then there are bifurcations in this family.

Theorem 1 (Characterization of smooth deformation). Let f;, t € (—9,0), be a C*
family of piecewise expanding C* unimodal maps, with k > 1. Then the following
properties are equivalent:
A. For small t, the set of critical relations Ry is constant.
B. For small t, there exists a family hy: I — I of homeomorphisms so that
ht is a conjugacy between fy and ft,

hio fo = fiohy.

C. For small t, there are conjugacies hy, as in B, and we have that
(@,t) = hy(2)

is continuous and for each x € I the function t — hy(z) is CF1TLP,
Furthermore if we restrict t to a compact interval Q@ C (—e, €) we have that

this family is a bounded subset in C*~1TEP(Q). (In fact, there is a universal

1|f/\\k1 )

constant C' so that the diameter of this subset is < C’supte

Furthermore A, B and C imply
D. For small t we have that J(fi,0sfs|s=t) = 0.

Note that for these implications we do not assume that fy is good. But if we assume
in addition that fo is stably e-expansive, then D is equivalent to A, B, and C.

Proof. Note that C trivially implies B and A. O
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Proof of A implies B. This implication is a consequence of Milnor-Thurston theory
of kneading invariants, but we will give a self-contained argument.

Let & > 0 be so that R; is constant for ¢ € (—4,0). Note that the itinerary o’
of the critical point of f; is constant for ¢ € (=6, 6). Indeed, if f{(c) = c¢ for some i
and some ¢, then by definition (0,4) € R;, and assumption A implies fi(c) = ¢ for
every small s. By the continuity of the family f;, this implies that the itinerary of
c is constant (also if Ry = 0).

Let P; be the set of points which are either periodic or eventually periodic points
of f;, and whose forward orbit does not contain the critical point. It is easy to see
that P; is dense in I. We claim that up to taking a smaller § > 0, each point p € Py
has an analytic continuation h:(p), defined for every |t| < §. Moreover

hi: Po — Py

is a bijection. In fact, since the forward orbit of p does not contain the critical
point, we can find a maximal open interval (), where the analytic continuation
ht(p) is (uniquely) defined. If there exists to € 9Q N (—4,9), choose t,, € Q, with
My — ooty = too-

Since @ is maximal, every accumulation point ¢ of the sequence h;, (p) has a
priori the itinerary of p, replacing at least one of its symbols by C'. But note that
since the f; are piecewise expanding, and since we proved that the itinerary of
the critical point under f; is constant, every itinerary obtained by replacing C' by
either R or L symbols in the itinerary of the critical point is forbidden for p. So
QN (—0,8) = B and hy(p) is defined for every ¢. Of course hy(p) € Py. Furthermore
hy is injective, since hg(p) has the same itinerary as p and distinct points in Py have
distinct itineraries.

It remains to prove that hy,(Po) = Pi,, for every to. This can be achieved by
considering a smooth re-parametrization g,, of the family f; such that gy = f;, and
and applying the argument above to construct h;ol.

Due the uniqueness of the analytic continuation

(14) hiof = fiohy

on Py. Moreover p < ¢ implies h¢(p) < hi(q) for every t. By the density of Py, for
every t, we can extend h; to a homeomorphism h;: I — I. The continuity of h;
and Eq. (14) imply that fy is conjugate to f; by hy. O

Proof of B implies C. See [4, Proposition 2.4] (the proof there works for k > 1). O

Proof of A, B, C implies D. It is enough to show that A. implies D. First, suppose
that R; # (). Then f; has a periodic critical point with prime period p, for all small
t, that is, ftp_l(ft(c)) = ¢ for small ¢t. Differentiating with respect to ¢, we obtain

Ouft (fule) + DI (fille)) Dufule) = 0.
So (using (5) for f; and 0 f¢)

A(ff o fi)(e) _ Bt (fule))
Dff M (fe(e))  DIFT(fele))
Now assume that R; = @ for small ¢ and suppose for a contradiction that

I (ftos Ot ftlt=t,) # 0O for some small ¢y. By Proposition 3.2, Claim B., either
J(ft,0:ft) = & > 0 for every t close to tg, or J(f,0cft) < & < 0 for every ¢

J(ft78tft) =

+ 6tft(c) =0.
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close to tp. Without loss of generality, assume the first case. Using (6) for f; and
Ot ft, and the fact that 0 = inf, , |D fi(x)| > 1, we find 6 > 0 and ko > 1 so that

k
(zt_ffi(c) > §, V|t — to| < 6,Vk > k.
Dfi (file)) — 2
So,
2> [ 7fs(e) — I €)= S0,
for every k > kg, which is absurd since 6 > 1. O

Proof of D implies A. We assume stable e-expansivity of fo. Consider the set of
uniformly bounded functions

en: {t: |t <6} — I,
with ¢, (t) = fi*(c). We claim that this family is equicontinuous.

Write vy = 05 fs|s=¢. By Proposition 3.1, there exists for each ¢ a unique bounded
function ay: I — R satisfying a(c) = 0 and

(15) vi(x) = au(fe(2)) — D fi(x)ou ()
for every z # c. In addition, since we assumed J(f;,v;) = 0, we have
(16) ve(e) = ae(fi(e)), Vt.

Consider a solution g: {t: |t| < 0} — I of the differential equation

dg
E(S) = as(g(s))-

We claim that the function G: {¢t: |t| < 6} — I defined by
G(t) = fi(g(®))
is also a solution of (17). Indeed, as a consequence of (15), if g(to) # ¢, we have

T (1) = wng(t0)) + Dy (0(t0)) 2 (1)

= vt (9(t0)) + D fro(9(t0)) e, (9(t0)) = ay (feo (9(t0))) = ey (G(to)).-
If g(to) = c then by (17) we have %(to) = 0. Therefore, using that the f; are
piecewise uniformly Lipschitz and the family is C*, we get
Glto +n) = G(to) _ frosn(9(to + 1)) = frosn(9(t0)) | fro+n(9(to)) = J1(9(to))
n n n

_ Olglto & Z) —90) 4, (g(t0)) + olh) = viy(g(to)) + o).

(17)

So
d
g(to) = v, (9(t0)) = vty (c) = uy (f1o(€)) = o (f1o(gt0)))-
Consequently g, (t) = f{*(g(t))) is a solution of (17), for every n.
Of course the constant function co(¢) = ¢ is a solution of (17). Since the functions
a; can be uniformly bounded by a constant which is independent of ¢, we conclude
by (17) that the set of functions ¢, () is equicontinuous.
Suppose now that there is ¢y so that c is a periodic point of f;,. If the prime
period of ¢ is p, choose open intervals Iy, I1, ... I,,_1, with pairwise disjoint closures,
|I;] < €, and such that

fZO(C) cl;, mod p V1.
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Since {c,,(+)} is an equicontinuous set of functions, there exists dp > 0 such that
(18) )€l wmod p
for every i and every t such that |t — to| < dp. We claim that if |t — tg| < Jp then

the map f; has a periodic critical point with the same itinerary as that of ¢ for f,.
By (18), it is enough to show that

N =#{fi(c):i mod p=1}=1.
Define ,
y=1inf{f;/(c): ¢ mod p=1}.
The definition of y implies

ftp[y7ft(c)] - [y7ft(c)]7
and
ftz[yv ft(c)] - Ii+1 mod p
for every p. This implies | f{([y, f:(c)])| < € for every i. By the stable e-expansivity
of fo we must have y = fi(c) which implies N = 1.

So we conclude that for every itinerary o of length p, the set of parameters O
such that f; has a p-periodic critical point with itinerary o is an open set. Of
course for all parameters in the closure of O, f; has a p-periodic critical point,
but, a priori, not with prime period p. But if we apply the same argument to this
boundary parameter, we conclude that its critical point has the same itinerary as
points in O. This implies that either O =@ or O = {¢: |t| < §}. If O = for each
finite orbit, then each f; has an infinite postcritical orbit and an empty R;. So the
set of critical relations R; does not depend on ¢. ]

We mention an easy consequence of Theorem 1 which will be useful in the proof
of Theorem 2:

Corollary 4.1 (Unstable families). Let f; be a C* family of piecewise expanding
C' unimodal maps such that fo is good and

J(fo, Ot ftlt=0) # 0.

A. If fo has a periodic critical point then there exists a sequence of parameters
tn, — 0 such that the critical point of fi, is not periodic.

B. If fo has a non periodic critical point then there exists a sequence of pa-
rameters t, — 0 such that the critical point of f;, is periodic.

Proof of Claim A. By Corollary 3.1 and the continuity of ¢ +— 9;f; in the B°(I)
norm, there exists 6 > 0 such that

(19) J(ft; 0 fsls=t) # 0, V[t| < do.
Suppose by contradiction that for all parameters |t| < §; < dg the critical point of
ft is periodic. Define

P,:={t: fi*(c)=cand |t| <&}

Of course P, is closed. By the Baire Theorem there exists ng > 1 so that P,,
contains a nonempty connected open set () C P,,. For each 1 < i < ng, let
P! C P,, be set of parameters for which f; has a critical point whose prime period
is equal or larger than i. Of course each P/ is an open subset of P,,. Let

p=max{i: P/ #0}.
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Then there exists an open set U such that the critical point of f; has prime period
p if ¢ € U. In particular the set of critical relations R; is constant on U. By the
implication A = D in Theorem 1, J(f;,0; f;) = 0 for every t € U, which contradicts
(19). O

Proof of Claim B. The proof in this case is even easier. By Proposition 3.2 B., we
have (19) for some dy > 0. If there are non periodic critical points for f; for all
small enough ¢, then the set of critical relations R, is empty for those t. By A = D
in Theorem 1, J(ft, d:f:) = 0 for all small enough ¢, which contradicts (19). O

5. FINDING OR APPROXIMATING FAMILIES TANGENT TO A GIVEN HORIZONTAL
DIRECTION

We can now state and prove our second main result:

Theorem 2. Let k > 2, let f be a good piecewise expanding C* unimodal map,
and let v,w € B*(I) satisfy v(—1) = v(1) = w(=1) = w(1) = 0, J(f,v) = 0 and
J(f,w) # 0. Then for every C* family f; of piecewise expanding C* unimodal
maps such that fo = f and O ft|t—0 = v, there exists § > 0 and a unique continuous
function b : (=6,0) — R, such that b(0) = 0 and that

fr=fi +b(t)w

is topologically conjugate with f for all |t| <.

Furthermore this unique function b is in fact C*~1+LP and satisfies b'(0) = 0
(in particular Oy fi|i—o = v), and the family f; is a C*~1TLP_family of piecewise
expanding C* unimodal maps.

In addition, there exists a sequence of C* families of piecewise expanding C*
unimodal maps t — g, (t € (—6,0)) such that

- the map g, is topologically conjugate with go r, for each t and n,
- the critical point of go is periodic for each n,
- For each t the map g converges to the map f; in the BE=1(I) topology.

Proof of the existence of f;. Note that if fo(e) = +1, then either fi(c) = +1 for
all small enough ¢ (in which case we may take b(t) = 0, so that existence of ft is
proved) or f;(c) < 1 for all nonzero small enough ¢. Denote vy = Jsfs|s=¢. For
small n > 0 set M, = {|t| <7, |0] < n} and consider

(20) foy=fe+0w, (t.0) € M,

(In fact, if fo(c) = +1 but fi(c) < 1 for all small nonzero t we must take M, =
{It| < n,10] < ©(t)} with © a C! function so that ©(0) = 0, ©(t) > 0 for t # 0.)
Since J(fo,v0) = 0 but J(fo,w) # 0, Propositions 3.3 and 3.2 and Corollary 3.1
imply that if 7 is small enough then for all (¢,60) € M, the linear space

L(t,0) = {(o, B) € R? : J(f1.0), vy + Bw) = 0}

is a one-dimensional subspace of R?, which depends continuously on (¢, 6) and never
coincides with the vertical line {0} x R. In other words: There exists a uniquely
defined function d : M, — R so that

(21) vp +d(t,0)w € Ker (J(fir.0)-))-
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In addition, d(0,0) = 0 and d is continuous. Consider the C'-integral curve b of
the ordinary differential equation

db

— =d(t,b(t b(0) = 0.

D~ d(e,5(0), b0)

Since d(0,0) = 0, if n is small, then the solution b is defined for |t| < 7. As a

consequence, the family ft = fe.bt)) = ft +b(t)w satisfies

J(ft, 05 fsls=t) =0, V|t <n.
By D = B in Theorem 1, ft is topologically conjugate with fy for small ¢. ([

Proof of the uniqueness of f;. Suppose that b, b are two continuous functions with
b(0) = b(0) = 0 and such that both maps

(22) fi+b(t)w,  fi+b(t)w,
are topologically conjugate to f for each small |t| < ¢. Using the map d: M,, — R
from (21) in the proof of the existence of f;, choose 0 < 77 < 77 < n such that if
(to,00) € Mj then the ordinary differential equation

db(t)

(23) - d(t,b(t))

with initial condition b(tg) = 6, has a Cl-solution defined for every |t| < 7, and,
moreover, we have |b(t)| < 7 for |t| < 7. Such 7, 7 exist, since d(0,0) = 0.

Suppose there is [to| < /) such that b(ty) # b(to). Since b and b are continuous,
up to taking a smaller t, we may assume that max(|b(to)l, |b(to)]) < 7. To fix
ideas, assume 0 < b(tg) < b(tp) (the other cases are similar). Then for every

0o € (b(to), b(to)) we can find a solution
b: (_ﬁ7 ﬁ) —R
for (23) such that b(tg) = 6. By the Intermediate Value Theorem, there exists
t € [O,to) such that b(tl) = b(tl)
Note that by (23) and the definition of d(-,-)
(24) J(fr + b(t)w, vy + b (H)w) = 0.
Thus, by D = B in Theorem 1 for b, and by assumption for b, b, all maps
fe+b®w,  fi+btw, fi+bt)w, |t <7

are in the topological class of f. As a consequence, for every 0 € (b(to),b(to)), the
map fi, + 6w is topologically conjugate with f. Consequently there is no change
of combinatorics in the C* family of piecewise expanding C* unimodal maps

SHfto+(90+5)w’ ‘S‘ <T’(00)7
and B = D in Theorem 1 gives J(f, + fow,w) = 0.
Taking a sequence t,, — 0 such that b(¢,) # b(t,), the argument above gives a

sequence 0, — 0so that J(f;, +0,w,w) = 0, and Corollary 3.1 implies J(fo, w) = 0,
contradicting the assumption on w. ([

Proof of the C*=1TL¥ regularity, construction of g . Recall (20) and the charac-
terization (21) of d(-,-). By Corollary 4.1.B, there exists a sequence 6,, — 0 such
that f(,0,) has a periodic critical point (if fo has a periodic critical point, define
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0, = 0, for every n). Consider the C''-integral curves b,, of the ordinary differential
equation

(25) % = d(t,bn(t)), ba(0) = O,

Note that since d(0,0) = 0, if n is small, then the solution b, is defined for
|t| < n, provided n is large enough. As a consequence, for all large enough n,

(26) Gtn = fepn)) = fe +on(t)w
satisfies
(27) J(Gt.n> OsGsmls=t) =0, VI[t| <n.

Let p, be the prime period of the turning point of g, 0 = f0,6,). By (27) and
D = B in Theorem 1 we have that g; , is topologically conjugate with g, 0, S0 g¢.n
has a critical point with the same prime period p,,.

We shall first prove that each g;,, € U*(I), by showing that each function b,, is
C*. Indeed consider the non-linear functional

Fo(t,0) = f(zzlg)(c) —C

Then F,, is C* on M), and if f(; ) has a periodic point with prime period p, our
assumption on w gives (recalling (4), as for (10))

OpF(t,0) = Df(pt'?@jl(f@,e) () (fit,0),w) # 0.

Since F),(t,b,(t)) = 0, the Implicit Function Theorem implies that t + b, (t) is C*.
For further use, note also that

O F(t,bn(t)) + 9g F(t, b (t))by,(t) = 0,
and since 0y F,(t,0) = Dfp"fl(f(w)(c))g](gt,n,vt), we obtain

(t.0)

J(gtn Ut)
28 W) = — 2\ Itna V)
(28) "= = T mw)

We shall next show that the families {(¢,z) — g¢n(x), n € N} form a bounded
subset of C? (in the sense of families (1)) as the first step in the inductive proof
that this set is bounded for C*. Let A = inf; ,, A, . We have A > 1.

Since f; and w are in B%(I), and b, b/, are uniformly bounded in n (use (25)),
there exist by the definition (26) uniform upper bounds for the derivatives

Oy 9t,n» O 9t,n» 5’2 9t,n» 3215 gt,n, 8,:236 Gt,n-

So we must only estimate 97 gi,. By (26), it is enough to show that {b,}, is a
bounded subset in C?. Since we already know that each b, is C2, it is enough to
get an n-uniform bound on the Lipschitz constant of b/,. In view of (28), we first
show that for every vector field u € B*(I), the map ¢ — J(g¢ n,u) is Lipschitz, and
its Lipschitz norm does not depend on n. By B = C'in Theorem 1, the conjugacies
Rt 0Go.n = Gt.nohtn are such that (the C* =1L map) t +— hy , () is K-Lipschitz,
with

. sup, v + b (t)w
K <é p,|t\<1n|t)rl (H)wlo

This implies in particular that ¢ — (g} ,,(c)) is Lipschitz uniformly in ¢, i and n.
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So (we omit n in g;,, and h; ,to avoid a cumbersome notation)

g; u(gi(c))
(29) |J (g5, u) — (g, u)| < ; ’D9t+5;+5 () a Dgg(gt(c))’

[u(hits(gd(c)) — u(he(gi(c))|
Z |Dg;, 5(g:(c))|
Pn—1 1 1
+ Z ulgi(c ‘\Dgt+5<gt+5< ) Dgéwt@)"

Note that
(30)

o~ s
Dy, 5(g9:(c))  Dgi(ge(c))

1 1
= j;o A ‘D9t+6(ht+6(9‘3+1(0))) ~ Dagi(he(gg ™ (€))) ‘

o1 (“\ L Lo
~ NN Dgrys(hess(gh T (€))  Dar(hass(gh T (c))
1 1 7
— - C—5.
" ‘Dgth( 7710))  Dgi(hulg ﬂ“@)))’) =N

In the last step we used that 02, g;,, is bounded uniformly in n. So (29) gives

Pl rClulys fuloid
Tgesst) ~ oo < 3 [Cohdy J0B] o 5

=0

which proves that t — J(g¢n,u) is C|u|;-Lipschitz, uniformly in n.
Next, we obtain from (28) that

(1)) < |J (G186, vVevs) — J(gevs, ve)| + 1 (grrs, ve) — J(ge, ve)
T | (gt+5,w)|

1 1
J(gers,w)  J(ge,w)
We used that J(g,-) is linear and that J(gn,w) is bounded away from zero and
infinity, uniformly in n and [¢| < n (by Propositions 3.2 and 3.3 since g; ,, and fo
are B?(I)-close, using that sup,, , |bn(t)] < 00).

This proves our claim that b, is C**%% and thus C?, uniformly in n, and thus
the uniform C? claim on ¢;,. Note that by B = C in Theorem 1 the maps
t = hypn(x) are CTTEP yniformly in n and x. If k = 2, we are done. If k > 3, we
have concluded the first step in the induction.

Before we perform the inductive step, we introduce some notation and terminol-
ogy. Let X be a set and let fy, A € A, be an indexed family F of functions on X.
For each formal monomial A\ Az ...\, we can associate the function fi, fx, ... fa,-
This function is called a F-monomial combination of degree n. A F-polynomial
combination of degree n is a finite sum of F-monomials whose maximal degree is
n. Note that if A; is a finite subset of A and P, € N,,[A4] is a polynomial with non
negative integer coefficients, we can associate to it a F-polynomial combination of
degree n. We will call this combination the P-combination of the family F.

b, (t+6)—b

+ [ (g, ve)| < K5maX(sgp|vt|1, [w|1).



SMOOTH DEFORMATIONS OF PIECEWISE EXPANDING UNIMODAL MAPS 17

If 71 and F5 are families indexed by A; and As, we will denote by F; U Fs the
disjoint union of these families, indexed by the disjoint union A; and As.

If X is an open interval, all functions in F are differentiable and F’ is the
indexed family of derivatives of functions in F, then the derivative of a sum of m
S-monomials of degree n is a sum of m - n F U F’-monomials of degree n.

Suppose by induction that {b,}, is a bounded family in C?, with 2 < g < k.
Then g;, is a C? family. By B = C in Theorem 1, the conjugacies h;, 0 go.n =
Gt.n © hy  are such that t — hy ,(z) € C97 L% uniformly in n and z, and, setting

Coit = {0 hen(g5n(0): 1<) <q-10<1},
then
(31) UnCL
is a bounded family in C*. Note also that for every x # ¢
0800 gr.n () = OPO%grn(x) = 02 fi(x) + OFbn(t) O%w(x)

for every a < k and b < ¢. In particular for each i < p,, if we define the indexed
families of functions

Gl o ={0507 gt (hin(96,,(c): b<gqa<q1<l<i}
then
(32) U"gg,pnfl

is also a bounded subset in C*%P. It is easy to show by induction on ¢ that there
exist Cy and d4 such that for each 1 < ¢ < p,,, there exists a P, ;-combination ¢, ¢ 4
of the family Cg}l UG, , such that

q—1 1 w"»&q

o D (@on(@)) ~ (Dgenlielghn@NF

and P, is a sum of at most C;; monomials of maximal degree d,. In particular if
we define the indexed families

Fuit=10]

:0<r<qg—-1,1<?<p,}

then
(33) UpFI L

T,Pn

is a bounded set in CL.
Let u € B¥(I). We claim that {.J(gs.n,u)}» is a bounded subset of functions in
C9~1+Lp  Indeed, for each n and i < p,,, define the indexed families of functions

O = {Diulhen(gh () 0<j<qg—1,1<0<i},

Of course
(34) Un O -1
is a bounded subset of functions in CL,
Note that for each i < p,
u(g; ,,(c)) ; d 1
UQ,in ‘= = U(ht,n(go,n(c)))

Dg; n(9t.n(c)) g Dgi.n(he.n(96,(c)))’
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in particular there exists a monomial Fp; of degree i 4 1 such that ug;y, is a Fy ;-
combination of the family Cg’i U }“2,2» U O?L’i. It can be easily proven by induction
on ¢ that for every 1 < i < p,, there exists a polynomial P, ; such that

u(gin(c))
Dg; ,(9t,n(c))

is a P, ;-combination of the family C!~; ! U]—"q 1y Oq ! Furthermore P, ; is the sum
of at most (i + ¢ —1)!/i! monomials Wlth maxunal degree i+ g, and each monomial
contains at least max{0,i — ¢ 4+ 1} indexes in ]:0 So if

et surs, quoi) .
n

g—1
<

belongs to the ball of radius R in CL%, it is easy to see that

qg—1
(35) |8371J(gt,na |sz

=0 i>q

Thus, by (28), b, belongs to a bounded subset in C4+L% and thus in C9*!. That
concludes the induction step. In particular {g: ,(z),n} belongs to a bounded set
of C* families (in the sense of families (1)).

We can thus choose a convergent subsequence lim; .« gn; .t = goo,¢ in the BF1(I)-
topology, where the family g.. ¢ is a C*~1TE% family of piecewise expanding C*
unimodal maps. Note that g0 = f. Since J(g¢n, Orgr.n) = 0 and

<.

lim 8tgnj,t|t:t0 = 5tgoo,t =
J—0o0

in the B%(I) topology, we conclude, by Corollary 3.1, that J(geo ¢, Osgoo.s|s=t) = 0.
By D = B in Theorem 1, the map g..: is topologically conjugate with f. By
uniqueness, goo,: = f¢ and lim, .o b, = b. O

For k > 2, let f € U*(I) be a good map, and let w € B¥(I) be such that w(—1) =
w(1) = 0 and J(f,w) # 0. Using a technique similar to the proof of Theorem 2,
one can prove that there exist a neighborhood V; of f and a neighborhood Vs of
0 in Ker J(f,-) (we consider J(f,) : {v € B*¥,v(—1) = v(1) = 0} — R) such that
each topological class in V; is of the form {f + v+ ¢ (v)w: v € Va}, where ¢ is a
CF=1+Lip real-valued function defined in V. Moreover if f,, € V) for all integers
n > 0, with lim,, . fr, = foo € V1, and if ¢, : Vo — R defines the topological class
of f, in Vi, then lim,, _ . 1, = oo in C*~1 defines the topological class of fa.

We end by mentioning two immediate corollaries of Theorem 2.

Corollary 5.1. Let f be a piecewise expanding C* unimodal map and v € B*(I),
with k > 2, such that v(=1) = v(1) = 0 and J(f,v) = 0. Then there exists a
CF=1+Lp family of piecewise expanding C* unimodal maps f, such that fo = f,
atft|t o= and f; is topologically conjugate with f, for every t.

Proof. Choose w € B¥(I) with w(—1) = w(1) = 0 such that J(f,w) # 0. Consider
the family f; = f + tv and apply Theorem 2. (]

Corollary 5.2. Let f, be a C* family of piecewise expanding C* unimodal maps,
k > 2, such that f; is topologically conjugate with fo, for every t. Then there exists
a sequence of C*-families t € (—6,68) — gy, such that
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- The map gt s topologically conjugate with go.n, for every t.
- The critical point of go.n is periodic.
- The families gy, converge to the family f; in the B*~1 topology.

Proof. Apply Theorem 2 to the family f;, noting that Theorem 1 implies that
J(fo, 01 ftlt=0) = 0. So there exists a unique family f; such that f; is topologically
conjugate with fy, for every small ¢. We conclude that f; = ft To finish, apply
the last claim in Theorem 2. g
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