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Chapter 1

Introduction

To any smooth manifold M (and a choice of w € H3(M,Z)) satisfying some mild
topological properties (the first Pontryagin class vanishes), Malikov, Schechtmann
and Vaintrob [13] and independently Beilinson and Drinfeld [5] attach a sheaf of
vertex algebras O} called the sheaf of chiral differential operators. In the simplest

case when w = 0, locally on a coordinate patch U with coordinates {xi}i:1 i M?

the sections O¢%(U) form an dim M-dimensional fy-system, i.e., the vertex algebra
generated by fields {B;,7'},_, 4.\, satisfying the OPE

Biz) v (@) ~ =, Bilz)- Bi(w) ~ 7(2) - 7 (w) ~ .

zZ—w

On intersections of coordinate patches, the fields o' change as coordinates do while
the fields B; change as vector fields.

This construction works in the algebraic, holomorphic, real-analytic or C*-setting.
In this work we will be mainly concerned with the C*-setting. Little is known about
the structure of the global sections Vy := I'(M, Ot) of this sheaf. Only recently in
the context of supermanifolds, Bailin Song proved that, in the holomorphic setting,
the vertex algebra V)1 coincides with the simple small N = 4 super-vertex algebra at
central charge ¢ = 6 when M = T*[1]N is the shifted cotangent bundle to a K3 sur-
face N [14]. In this thesis we will describe explicitly Vi)y when M is the Heisenberg
3-dimensional nilmanifold.

The vertex algebra V) (or rather its super-extension) is expected to play a central
role in Mirror-Symmetry. In particular, for M and N a mirror pair of Calabi-Yau
manifolds, one expects a natural isomorphism Vj; >~ Vy of vertex algebras. Their
characters are known to be equal by work of Borisov and Libgober [6].

If M is non-simply-connected, a subtle phenomenon arises as one needs to consider
non-trivial windings. Aldi and Heluani showed in [1], based on ideas of C. Hull [11],
that when (M, w) is the three torus T® with its generator of H3(T?,Z) ~ Z, or if M
is its mirror dual: the Heisenberg 3-dimensional nilmanifold N with vanishing w,
the vertex algebra V)1 can be naturally represented in a Hilbert space. This Hilbert
space is associated to a 6-dimensional nilmanifold Y which fibers over both T2 and
N.

For certain M, we can describe explicitly Vs in terms of a larger manifold fibering
over M. Suppose that the w-twisted Courant algebroid TM @ T*M of M is paral-
lellizable. That is, there exists a global frame of vector fields {B;} and dual basis
of differential forms {wi} such that [B;, ﬁ]] Lie + 1p;Lp;w is a constant combination of
Bi’s and a'’s, and Lieﬁiucj is a constant linear combination of the a!’s. In other words,
there exists a Lie algebra g, dimg = 2dim M, with a symmetric invariant bilinear
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pairing of signature (dim M, dim M), and a trivialization TM & T*M =~ g x M. The
Courant-Doffman bracket of the frame {B;,a'} is given by the bracket in g.

The approach, following ideas of C. Hull [11] and exploited for example in [7] is
that one may try to find a manifold N with the property that dim N = 2dim M. It
fibers over M, N — M and its parallelizable, such that TN ~ g x N, that is, the Lie
bracket of vectors in a frame is identified with the Lie bracket of g. In this situation
we consider the g-module C*(N), the Kac-Moody affinization § of g and its induced
module from C®(N). We have an embedding C®(M) — C%(N) given by pullback,
inducing the sequence of embeddings:

Vl(g) C Ind] C®(M) C H :=Ind] C*(N),

where the first module is induced from the constant function 1, coincides with the
vacuum module for the algebra § and is known to be a vertex algebra. The second
module coincides with the vertex algebra Vi and is here represented as a subspace

of H.

Given the situation above one would expect H to be naturally a module over the
vertex algebra V)1. However, as we will see in this thesis, logarithms in the fields
might be unavoidable. It turns out that this situation provides a natural family
of examples of logarithmic modules over vertex algebras, as defined and studied by
Bakalov in [4].

We apply the above remarks to describe Vys, Viy and H as vector spaces as follows.
Let g be the two step nilpotent Lie algebra of rank 3, that is a central extension of IR®

by IR®. It has a basis {;, &' }1.21’2’3 with only non-vanishing commutators

B, Bj] = Z 61]k"‘

Where € is the totally antisymmetric tensor. The Lie algebra g carries a non-degenerate
invariant symmetric bilinear form (, ) with non-vanishing pairings

<,Bi,ucj> =4l

There arises its Kac-Moody affinization § = g ® C[t,t"!] ® CK, with non-trivial
brackets

[@m, bn] = [a,b]msn +m(a,b) 6pm—nK, a,beg, mmnéeZ,

wherea, =a®t" fora € gand n € Z.

Let G be the unipotent Lie group with Lie algebra g. It is also an extension of R3 by
R3. Let T C G be the subgroup generated by a basis of the quotient R® of G. Itis a
cocompact subgroup, the quotient Y = G /T is a six-dimensional nilmanifold which
is a non-trivial T®-fibration over T3. In fact we have the central extensions:

0>R*>3G—oR*—=0

1.1
02723 —>T—-5273>0 D

Showing Y as a T® = R3/Z3 fibration over T°.
The Lie group G acts on L?(Y) and its Lie algebra g acts on C®(Y). We extend the
g = g®1t® C §action on C®(Y) into a representation of §; := g ® C[t] & CK by
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letting K act by 1 and a, act by 0 if n > 0. The vector space H is the corresponding
g-induced module

H :=1Ind] C(Y).

Properly speaking H is its L? completion, but we will not care about unitarity prop-
erties in this thesis.

Notice that the constant function 1 defines an embedding V'(g) — H of the vac-
uum representation of § into H. As it is well known V1(g) is a vertex algebra
and this embedding makes # into a V!(g)-module. Consider now the three Torus
T® = R®/Z3, the morphism Y — T3 provides an embedding C®(T3) < C®(Y). It
is easy to see that this is an embedding of g-modules. The induced §-module coin-
cides with Vs, that is

Vl(g) C Vqs ~ Ind} C*(T?) C H.

However a little work is required to check that H is a vertex algebra module over
Vis. The fields associated to vectors f € C*(T?) involve explicitly logarithms of the
formal variable z. The situation is very similar to that of the lattice vertex algebra
where the logarithms only appear exponentiated, hence appealing to the identity
exp(log(z)) = z one can get rid of them.

The situation with the Heisenberg nilmanifold is a quite different. Any line £ C R3
determines a central character x. : Z(G) ~ R® — R of G. We can view L as a one
dimensional subgroup of G (in the quotient R%). The subgroup K = ker x, & £ C G
is normal and its cokernel

0 - K— G — Heis(R) — 0,

is the 3-dimensional real Heisenberg group. If the line £ is generated by an element
of I', this sequence is compatible with I' in the sense that there exists an analogous
sequence

0 — Kr =T — Heis(Z) — 0,

whose quotient is now the integer Heisenberg group. This construction shows Y as
a fibration over the Heisenberg nilmanifold N = Heis(R)/Heis(Z) (it is not hard
to see that the fiber is also a three torus T3).

We obtain thus an embedding C*(N) — C®(Y). As before it is easy to see that
this is an embedding of g-modules. It turns out that the induced §-module is also
isomorphic to the vertex algebra Vy:

Vl(g) C Vy ~ Ind] C*(N) C H.

This time however, logarithms are unavoidable. In fact, the fields associated to vec-
tors of Viy have explicit logarithms of z on them when acting on H. It is only by re-
stricting to Vy C H that they disappear by use of the same identity exp(log(z)) = z.
However, when analyzing the action of Viy on H these logarithms remain, making
‘H a logarithmic module over Vy.

In order to describe explicitly the fields of Viy and their action on H, we need to
use certain results from harmonic analysis. In particular, since the representation of
G in L2(Y) is unitary, it decomposes into direct sum of irreducible representations.
These representations turn out to be induced from unitary irreducible representa-
tions of the real Heisenberg group, and by the Stone-von Neumann theorem they
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are unique once we choose a central character. One can choose explicit cyclic vec-
tors for these representations: they are given by appropriate constant (the vacuum
vector), exponential (functions from T?), or Jacobi theta functions. We construct ver-
tex operators associated to these Jacobi theta functions in complete analogy as how
one constructs vertex operators associated to exponential functions. These operators
however, carry an explicit dependency on the logarithm of the formal variable. We
show by explicit computation the locality and translation invariant property as well
as the axioms for a logarithmic module as in [4].

In fact we construct vertex operators associated to any vector in #. One would
expect to have a vertex-algebra-like structure on H with these vertex operators. As
we have already pointed out, logarithms are unavoidable. In latter years there has
been an effort to include logarithmic singularities in the OPE of fields, B. Bakalov has
defined logarithmic vertex algebras to allow for these singularities. However, in our
situation, the singularities are dilogarithmic. If we replace C*(Y) in the definition of
H by functions on the universal cover G we show that by making use of an analytic
identity satisfied by the dilogarithm (analogous to that of exp(log(z)) = z) we can
prove a version of locality for these vertex operators.

The structure of this thesis is as follows. In the first chapter we provide a brief
summary of the theory of quantum fields, vertex algebras, logarithmic vertex al-
gebras and logarithmic modules; in this chapter are also stated several equivalent
definitions of vertex algebras, logarithmic modules and some classical results on
vertex algebras as well. The second chapter is dedicated completely to study func-
tions on the double twisted torus, initially we only consider the induced module to
the whole Kac-Moody algebra from the the polynomial functions submodule and
we prove that it has the structure of logarithmic module, moreover we also try to
endow it with a more complicated structure (logarithmic vertex algebra) but some
problems arise, finally we managed to prove that the induced module to the whole
Kac-Moody algebra can be endowed with the structure of logarithmic module over
some carefully chosen submodules, specifically we prove the following theorems:

Theorem 1.1 H has the structure of Vys-module.

Theorem 1.2 H has the structure of logarithmic Viy-module.



Chapter 2

Vertex Algebras and Logarithms

2.1 Vertex Algebras

Let V be a vector space over C, the quantum fields on V are defined as Field (V) =
Hom (V,V((z))) where V((z)) = V[z]][z7!] = V ® C[z][z!] denotes the space of
Laurent series on V; i.e. a field on V is a formal series a(z) = }_,c» a(n)z*P” where
a(y) € End (V) and for each v € V, a(,,)v = 0 for n large enough.

Two quantum fields a(z1), b(zy) are called local if there is N € IN such that

(z1 —22)" [a(z1), b(z2)] = 0. (2.1)

The n-product of two local fields is defined as

(ae)wb(z)) @0 =0 (21— 22)Va(z)b(z2)o)

(2.2)

z1=2p=z

forve V,n < N, and (a(zl)(n)b(zz)) (z)v=0ifn > N.

Notation: Given and operator A we will use the notation AK) = ‘2—;(.

It can be proved that the n-product of two local field defined by 2.2 is equivalent to
(az)b(z2)) (2o = res, (iz,52(z1 — 2)"a(z1)b(2)o — ooz, (21 — 2)"b(2)a(z1)o).

Given a field a(z) = ¥ ,cz a(n)z*“” the annihilation and creation parts of a(z) are
defined respectively as:

The normally ordered product of two fields a(z1), b(z2) is defined by

ca(z1)b(z2): = a(z1)1+b(z2) + b(z2)a(z1)-.

Definition 2.1.1 [9] A vertex algebra is the data of a vector space V called space of states,
a distinguished vector 1 € V called vacuum vector, an endomorphism T € End (V) called
translation and a set of fields F C Field (V') such that:

(vacuum axiom) T1 =0,
(translation invariance) [T,a(z)] = 9d,a(z) for every a(z) € F,

(locality axiom) All fields in F are pairwise local,
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(completeness axiom) V = Span {a%nl)a%nz) . .alznk)]l}.

Following [8] let g be a Lie algebra with a non degenerate symmetric invariant
bilinear form (-,-) : g x g — C, for instance, every finite dimensional semisimple
Lie algebra has such bilinear form. The Kac-Moody affine Lie algebra g is defined as
vector space by § = g[t,t 1] & CK and the following commutator:

[at™, bt"] = [a, b] """ +m (a,b) 8 —nK,

where K is central. Let us introduce the notation a, = at”".

Consider the subalgebra of the Kac-Moody affine algebra given by g[t] & CK and
consider the one dimensional representation C1, where K acts by multiplication by
a given scalar k and the elements of g[t] acts by zero.

Proposition 2.1.1 The g module

VE(g) = Indy ool ~ U (8) Suqgnack) Cl
has a vertex algebra structure.

Proof:

To prove V*(g) is a vertex algebra we must define a set of fields, a vacuum vector and a trans-
lation endomorphism. Consider the following set of fields F = {a(z) = L,ez anz 1", a € g},
the module V*(g) already has a distinguished vector 1 ® 1, still denoted by 1.

Now because of the Poincare-Birkhoff-Witt theorem (PBW) and because the a, for n > 0act
by zero, the V¥(g) is spanned as vector space by element of the form al,nk a”p, 1. From
this last observation it is trivial that the completeness axiom is satisfied.

Now define T : V¥(g) — V¥(g) recursively as T1 = 0 and [T,a,] = —na,_1, from this
definition is obvious that the translation axiom holds. Finally the last axiom to prove is the

locality butif a(zy) = Y,z anzflf” and b(z3) = ¥cz buzy 1", then

[a(z1),b(z2)] = ZZ Mz T [am, ba)
= ZZ 5 [a,b] m+n + Zzl 2_1_”111 (a,b) 6m,—nK
= Zzl (a bl pyin 2o A= (men ) +Zz Mo 1M (a,b) K

= 5(er22) [a,b] (z2) + (a,b) K0z,6(z1,22),

where 0(z1,22) = Luezz; ' "z, and it is straightforward that (z; — 22)é(z,w) = 0 and

(z1 — 22)?0w0(z1,22) = 0, then (21 — 22)? [a(z1), b(2z2)] = 0. O

This vertex algebra V*(g) is called the universal affine vertex algebra of level k or the
Kac-Moody vertex algebra of level k.

Proposition 2.1.2 (Dong’s Lemma ) [12] Let a(z),b(z),c(z) be pairwise local fields on
V then a(z) ,)b(z),9.a(z), b(z),c(z) n € Z are also pairwise local fields.

The set of fields in the definition of vertex algebra could be enlarged to a minimal
subspace of Field (V) containing idy, closed by 0, and all n-products, we will still
denote it by F then the main result of vertex algebras [9] is V ~ F, known as state
fields correspondence. Then it makes sense to state a more practical definition of vertex
algebra.
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Definition 2.1.2 A vertex algebra is a vector space V, a distinguished vector 1 € V and
linear map
Y,:V — Field(V), v+~ Y(v,z2),

such that the following axioms are satisfied:
(vacuum axiom) Y (1,z) =1id, Y(v,z)1 € V[z], Y(v,2)1|,=0 = v;
(translation invariance) [T,Y(v,z)] = 0,Y(v,z);

(locality axiom) For every vy,v, € V thereis N large enough such that
(21 = 22)" [z, (01), Yoy (02)] = 0.
Where the translation endomorphism T € End (V) is defined as Tv = 9,Y (v, z)1|,—o.

For example, in the universal affine vertex algebra the map Y : V¥(g) — Field (V¥(g))
is defined as

Y(a_1l,z) =) a,z 1", aey,

nez

and in general for the generators of V*(g)

N

0l Y (0l 1,2) - 0 Y (a1, 2):

(lel — 1)' s (nk, — 1)'

Y(al, ---a", 1,z)=

Ny Ny

(2.3)
Definition 2.1.3 A module over a vertex algebra V is a vector space W equipped with a
linear map Y, : V. — Field (W) such that:

e Y(1) =id

e Y(agb) =Y(a),)Y(b) foralln € Z.

There is yet another useful definition for vertex algebras using Lie Conformal Alge-
bras.

Definition 2.1.4 A Lie conformal algebra is a C[d]-module R equipped with a C-linear map
(called lambda bracket) [-5-] : R® R — C[A] ® R such that:

a. [aa/\b] =-A [ﬂ/\b],
b. 0 [a)\b] = [Ba;\b] + [IZ/\ab],

C. [b;\a] = — [a,)\,ab],
d. [[arb]ys¢] = [an [buc]] = [b [ac] ).

It is convenient to express [ab] = ¥,,50(a(,)b)%; so the expression [a_,_b] is in-

terpreted as }_,,~((a(y)b) (%{!a)n , from this it becomes clear that the definition of Lie

conformal algebra can be translated into the language of n-products (n > 0). Then
as proven in [9] the following definition is equivalent to the previous definitions of
vertex algebras:

Definition 2.1.5 A vertex algebra is the data of a vector space V, a distinguished vector
1 € V, an endomorphism 0 € End (V), a linear map [-)-] : VRV — C[A]® V and a
linear map :: :V @ V. — V such that
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a. (V,9,[-a+]) is a Lie conformal algebra,
b. (V,1,0,::) is a unital differential algebra satisfying

0
:ab:—:ba::/ [a\b] dA
)

and

vwab:c:—:a:bcu= /d)uz ) [bac] : /d)\c axcl)

c. The non-commutative Wick formula holds
A
[ap : be:] =:[apb]c: 4 :blaxc] : —1—/0 [[aAb]Hc} du.

Remark: The integrals of the form : ( foa dAa) [byc] : are interpreted in the following
sense: expand the lambda bracket, such that the powers of A fall under the integral
sign and then compute the formal integral, in this case would be

: (/Oa dAa) [byc] :=: (/a v %d/\a ( ) Z (1) ( c) = n;)a(_n_z) (b(n)

0 n>0

Trivially every vertex algebra is a Lie conformal algebra, the forgetful functor has
a left adjoint R — V(R) which assigns to every Lie conformal algebra its universal
enveloping vertex algebra [9], i.e.,

HomLCA (R, V) ~ HomVA (V(R), V) .

Similarly to the PBW theorem which explicitly describes the structure of the univer-
sal enveloping algebra of a Lie algebra there is an analogous result for the universal
enveloping vertex algebra of a Lie conformal algebra.

Proposition 2.1.3 Any ordered basis of R freely generates V (R).

For a more detailed explanation see [9, section 1.7].

2.2 Logarithmic Fields and Logarithmic Modules

It is convenient to extend the notion of quantum fields defined before to include
logarithms, i.e., it is often needed to have the notion of logarithm in the formal theory
of fields, in this section the basic results of logarithmic vector field will be stated
following the ideas developed by Bojko Bakalov in [4]. Let’s start by introducing the
formal variable log(z) which intuitively can be thought as the logarithm of z. Since
there are now two formal variables we have two possible derivations

D: =0:+2 'Oog(z)y  Diog(z) = 20 + diog(z)-

Notice that here we are using the derivatives D, and D)y, instead of d; and dy,,;)
because the former derivations carry formally the data coded in the analytic equa-
tion "9, log(z) = 1" while the latter derivations do not.

Let W be a Vector space over C, let &« € C/Z and define

LField,(W) = Hom (W, Wlog(z)][z]z %),

)
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the space of logarithmic quantum fields on W is defined to be

LField (W) = €P LField,(W).
weC/Z

Notation: The logarithmic fields will be denoted as a(z) instead of a(log(z), z) when
no confusion arise.

Definition 2.2.1 Two logarithmic fields a(z1), b(zz) are local if for N >> 0 holds:
(z1 — 22)N [a(z1),b(2z2)] = 0. (2.4)

Definition 2.2.2 The n-product of two local logarithmic fields a(z1) and b(z,) is defined as

(a(z0)wb(z2)) () = D" (21 = 22)Va(z1)b(z2)w) 2.5)
Z1=2Zp=2Z
forw € Wandn < N. For n > N the n-product is defined by <a(zl)(n)b(zz)> =0.
It is easy to derive the following properties from the Leibniz rule
(Dza)(b = —nag,_1)b, (2.6)
D, (a(n)b) = (Dza)(n)b + a(n)(Dzb)r (27)
(alog(z)a(n)b) = (810g(z)a) () b+ ﬂ(n) (alog(z)b) . (28)
Once again there is a Dong’s Lemma for logarithmic fields:
Proposition 2.2.1 Let a(z),b(z), c(z) be pairwise local logarithmic fields then
a. a(z)(,)b(z) and c(z) are local fields for all n € Z,
b. D.a(z), b(z) and Diog(-)a(z) are pairwise local.
Proof:
The part a is proven in [4], for the part b just notice that D-a(z) = a(z)(_2)id, Diog(,) = zD:
then use part a. g

In order to define the normally ordered product for logarithmic fields some extra
step is required, for « € C/Z select a representative wy such that —1 < Re(ap) <0
then any element a(z) € LField,(W) can be uniquely expressed as

a(z) = ) an (log(z))z "%,

nez

where for every w € W holds a, (log(z)) w = 0 for n >> 0. The annihilation and
creation parts of a(z) are defined:

a(z)- =} an (log(z))z™ "™,

n>1

a(z)s = ¥ a, (log(z)) 2",

n<0
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and this concepts can be extended linearly to LField (W); then the normally ordered
product of logarithmic fields is defined by the usual formula

ca(z1)b(z2): =a(z1)4+b(z2) + b(z2)a(z1)-.
The propagator of two logarithmic fields a(z;), b(z») is defined as
P(a,b;z1,22) = [a(z1)—,b(z2)] = a(z1)b(z2)— : a(z1)b(z2) : .
The propagator can be used to compute the n-products [4]:

Proposition 2.2.2 If a(z1), b(z2) are local logarithmic fields then the n-product for n > 0
can be computed by the formula

<a(zl)(n)b(zz)> (z)w = DNV ((zl — 2))NP(a, b; zl,zz)w>

Z1=Zp=Z

where N is large enough such that the equation 2.4 holds and n < N.

Definition 2.2.3 A logarithmic module over a vertex algebra V is a vector space W equipped
with a linear map Y, : V. — LField (W) such that:

o Y(1)=id
e Y(ag)b) =Y(a),)Y(b) foralln € Z.

Moreover, if V is a vertex algebra equipped with an automorphism ¢ and W is a
logarithmic module over V such that Y (ga) = ¢*™Pis Y (a) holds for every a € V,
then W is called a ¢-twisted logarithmic module [4].

Let W be a vector space and let W C LField (W) be a collection of logarithmic
fields which are pairwise local, denote by W the smallest C[Dyog(z)] submodule of
LField (W) containing W U {id} and closed under n-products; then, because of
Proposition 2.2.1, W is again a collection of pairwise local logarithmic fields.

Theorem 2.1 (Bakalov) Let W be a vector space and YW be defined as above. Then W
with the n-product of logarithmic fields has the structure of vertex algebra where the vacuum
vector is id and the translation operator is D,.

From this it becomes clear that W is a logarithmic module over W, just take the
map Y : W — LField (W) to be the inclusion map; moreover, it is e*™ios-) -twisted
module.

Corollary 2.2.1 Let V be a vertex algebra and W a vector space, then giving a logarithmic
V-module structure on W is equivalent to give a vertex algebra morphism V. — W for a
local collection of logarithmic fields VW C LField (W), moreover, if V is equipped with an
automorphism ¢ then the module will be twisted if and only the associated vertex algebra
morphism transforms @ into e*™ s,

2.3 Logarithmic Vertex Algebras and special functions

It is convenient now to study a new type algebra structure similar to vertex algebras
involving the logarithmic fields, it is indeed the theory of logarithmic vertex algebras
developed by Bojko Bakalov [3].
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Definition 2.3.1 A logarithmic vertex algebra is a vector space V (space of states), a distin-
guished vector 1 € V, linear map

Y, :V — LField (V), v+~ Y(v,2z),

and a locally nilpotent operator N' € End (V ® V) such that the following axioms are
satisfied:

(vacuum axiom) Y(1,z) =id, Y(v,z)1 € V[z], Y(v,2)1|;20 = v;
(translation invariance) [T,Y(v,z)] = D,Y(v,z);
(locality axiom) For every vy,vo € V thereis N large enough such that

(21— 22)Vp (Yo, @ Ya,) e8E—2N (0 @ 0p) = (21 — 20) N (Y, @ Yz, ) €982 20N (0, 0 vp) ;. (2.9)

where the translation endomorphism T € End (V) is defined as Tv = 9,Y (v, z)1|,—0 and
u:End (V) ® End (V) — End (V) denotes the composition.

Note that the role of the endomorphism A on the definition is to handle the log-
arithm in the locality axiom. Also note that every vertex algebra is trivially a loga-
rithmic vertex algebra declaring N = 0.

Remark: Even when the expression log(z) is a formal variable we may define for-
mally

log (xy) = log(x)+log(y), (2.10)

log (;) = log(x)—1log(y), (2.11)

log(l—x) = —)_ x—n, (2.12)
n>0 1

therefore the expression log (z; — z2) might be interpreted in the following way:

log (z1 — z2) = log (z1) + log <1 — ZZ> =log(z1) — Z al ZZ.
Z1 n>0 n

The polylogarithm function is defined as

n

Liy(z) =Y =, (2.13)
g n>0 n?
specifically we will be interested in the dilogarithm
Zﬂ
Liy(z) = ) =. (2.14)
n>0 "t

Now we will proceed for the dilogarithm exactly as we did for the logarithm, were
the logarithm of the product and the quotient was defined such that the usual ana-
lytic identities were satisfied. Finally we formally define

2

Lip(1—z) = % —log(z) log (1 — z) — Lis(2). (2.15)
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Chapter 3

Functions on the double twisted
torus

3.1 Kac-Moody Lie algebra and double twisted torus

Let V be a 3-dimensional real vector space and consider G the extension

0 N2V G |4 0

with internal law
(v,0) (v, 7)) = (047, 0+ +oAd), 00 €V, eV

making G into a group. Using a coordinate system {xi, X7 } , 1=1,2,3, where {xi}
are the coordinates on the canonical basis {e'} of V and {x}} are coordinates on the
basis {e;‘ = el-jkef A ek} of A2V, this product translates as

(xi'x?> (fr.‘/?) = (xi‘l‘]/i,x;k +yr + ;eijkxjyk> ,

where ¢;j; denotes the totally antisymmetric tensor. The double twisted torus Y is
defined as the quotient of G modulo the subgroup T generated by ¢',i = 1,2,3 the
standard basis of V ~ R3. The tangent bundle TY is trivialized by the left invariant
vector fields of G:

. 1 ,
zx’ = ax’%«, 51’ = axi — Eei]-kx]ax;,

being [B;, Bj] = €jja* the only non trivial commutators, therefore they span a Lie
algebra g; moreover this Lie algebra is equipped with a non degenerate symmetric
invariant bilinear form '

<,Bl', Dé]> = 51',]'.

Now consider the space of polynomials C[x’, x}] which is a g-module via the re-
striction of the action on C®(G), let § = g[t,t~!] @& CK be the affine Kac-Moody Lie
algebra associated to g and extend the action for the elements a, = at",a € g,n > 1
by zero and make K act as the identity, then define the g-module

H=1Ind%,  Clx,x]] 3.1)

[f]&CK

Notice that # has naturally the structure of V!(g)-module.
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Let’s start by defining some operators on H that will be useful later, particularly
when we try to fit H into an algebraic structure:

Define the operators xil = —%tx; for n # 0, note that those operators commute
with each other, define x{, acting on an element of C[x’, x/] as f + x'f, impose that

{x{;, xé} =0and [Bj,, xi] = 8;,in,0K; therefore x} can be extended to H.
Define the operators Wi .= txf) on?H fori=1,2,3 and

) 1 .
— J a7k J k
Pi:=Bio+ €l']'kx0W - Eeijk E MX_, X,
m

note that since all the a!, commute with each other then all the x;, and W/ commute
with each other. Also define the operators

Xfy = - (ﬁi,n + €jjexh WK — SEilk Y mx) x|, n#0,
m

the operators x;, will be defined acting on functions as f ~ x; f with the commuta-

. : * | _ * * _ * . 1. .k | Ak N
tion relations [xi,o'xn} = [xilo,leo} =0, [xiro, ,B],n} = 5€ijkXp, [Wf,xilo} = J; ;K.

Remark: The operators P; and x7, are well defined because even when the sum ap-

pearing in the last term runs over the integers it is actually finite since x/, acts by
zero for m big enough.

It would be convenient to compute explicitly for later reuse all the commutators of
the previously defined operators. It is obvious that

| =0, (3.2)
[5j,m/xf1: = 0ij0n,-mK, (3.3)
[a;'ﬂ,wf —_— (3.4)
Bim W] =0, (3.5)
[a{ﬂ,x;in: = 500 wK (3.6)
@, P] = 0 (3.7)
[Pi,wf — 0. (3.8)

For ,B]m and x;, withn # 0 it holds
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1 €; €;
* _ Pq p pq P q
[ﬁj,m/ xi,n] - T [:Bj,mr :Bi,n] T [,Bj,nw xan] + o ZS [,Bj,mf xn—sxs]

Cijk k €ipg ewq wq
= 7D¢n+m T 6j,p0m, W7+ ZS .B],mr n— s xd+ sts ,B],mr n— s]

€ijk k €ijk k , Eipg lpq p
= &= ——O0m- W + Zséj, 56— axd Zs m,—sXp_g

n n 2n 5

€ijk x €ijk k z]k k ez;k k

= —u« — 0, —nW" + m+n + ——mx
n n+m n n n ( ) m—i—n n m—+n
= (-0, n)enk ]1f1+m + Om,—n— ‘X}r(Hrm - ﬂ‘sm WK+ (1 =5y, —n) 2 S (m +n)x, Xy + (1= Om,—n) ”kmmern + Om,—n> = mx’;,ﬂ,
= (1=0m-n) (e,;k ﬁ+m + szi,k (m+ ") Xppyn + Z‘memM) + Om,—n (lTk £+m EUk Wk + zlff m+n>
= (1 - 5’11,—”) ( & (m + l’l) ntm T 62’;: (ﬂl + I’Z) mtn T 62,;: mxm+n> + 5771 —n (e;le“I[; - elTika egkx];n+11)
_ Cijk _k Cijk _k
- _(1 - Jm,*ﬂ)Txm—s—n - ém,fﬂ7xm+n
Cijk _k
= T tww
notice that x}, was defined in a way such that the previous formula is also satisfied.
For 3, and P! the bracket is computed as follows
j qu
,B j,ms Pl - [ﬁ j,ms ﬁiO} + €i [,B ',m/ ,B M x XZ]
] ] pq L] ]
e.
k qu pq
= €kl + €ipg [,Bj,rn/ xg] Z ]m/ XZ - T anﬁn [,Bj,m/ xm
n

= —€ijltly, + €ipg pOmoWT — l’”q Zn(s] O Xy — % Y " 18;00m,-nx",
n

eijkm k €ixjm
2 " 2

— enak e WK ek

- €ijkly + €ijkOm,0 GZ]kmx

€ijk (1 — Omo) (— wk —mxk)) + €ipkZ0m,0(— ok + WK

€ijk(1 — Omo) (mxk, — mxk ) + €ipkZ0m,0(— Wk + Wk

0.

k
Om,—nXoy

Kk Kk
= —€jjklty, + €ijkOmoW" —

Similarly, the remaining commutators can be computed obtaining:

x* €ijk
[:8],711’ z,n] = _%xﬁprn/ (3.9)
[Bim D] = 0, (3.10)
[P, Pj] = —€ijka, (3.11)
X = ook, (3.12)

m-+n
[x,m, } = B e+ e”kw St - (3.13)

Let us define the fields

= Za;z_l_”,
n
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Z) = Z,Bi,nz_l_nl
n

and the logarithmic fields

x'(z) = W'log(z +sz”,

nez

xf(z) = Plog(z) + Y xhz "+ gz(z)eijkwjxk(z),

nez

Note that following differential equation holds
D.x'(z) = a'(z), (3.14)

it will be useful to find a similar equation for the derivative of x(z):

9:xf(z) = 0, (Pilog(z) (len ) ;f"az (log(z)wka(z)>
_ « _1-n , Cijk P €ijk ;
= Pz l-— ;nxi,n (z)z 17" + %xk(z)W]z 1y 7] log(z)Wia.xk(z)

_ ' _ €ijk ' _
= Pioz 1+eijkx]0sz L2y x',;z !

2 —m
m
, ; €
+ Y Bz e Y xhz UTWE - l]k ) men Xk z i
n##0 n#£0 n#0 m
€ijk g \ioi—1, Eilk _
+ X (z)W/z7" + 710g(z)Wfazx (z)
= Zﬁ;z’l’”—kei]’kaLz’”sz’l Z]kZan oz )k =1
n
elk] ky-1 . Sik j
+ X (z)Wkz 710g(z)W]82x (z)

= B e - (2 ) <Z>
2 (2) Wz *1+%log(z)wfazxk(z)

= B +epd (W + %x’ (2)2.%(2) — ?xf (z)Whz !
+ %log(z)wja K (2)

= B+ DEIW + D (@t (2) ~ Dl we
+ %log(z)wjazxk(z)

= F2) + S (20 (2) — FWIWFlog(2)z

= F(2)+ L (2)a.2(2).

Here we denote #/(z) = x/(z) — W/log(z), and note that €;xW/W* = 0 since W/
commutes with W¥. So finally we obtained a differential equation for x}(z):
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Doxf(2) = i(2) + el (2)D:r* (). (3.15)

3.1.1 H as alogarithmic module

The goal now is to endow H with the structure of logarithmic module over a vertex
algebra.
Define R to be the Lie conformal algebra

_ Di—1,3C [0]Bi Di=1,3C [a]xi @ C[J]K
oK

R

with lambda bracket defined by

] = ok
[BinBj] = eqoxt.
Define the logarithmic fields

Bi(z) = Y Binz 7",

neZ
X(z) = Wilog(z)+ ) xiz "
nezZ
The collection of fields W = {x'(z), Bi(z) },_, , ,  LField (H) islocal: (x'(z), x/(z))
are local because W' and x' commute with each other, (8;(z), B;(z)) are local because
from the proof of Proposition 2.1.1 it is known that

(z1 — 22) [Bi(z1), Bj(22)] =0,
and for (8;(z), x'(z))

n

= 2 [ﬁi,n/ X;n] zl_l_"zz_m

n,m

_ o —1-n_—m
= Y 6iibu-mz "z,

n,

m
_ - —1-n_n
= ) 7 7%

n

= 0;;6(z1,22),

Bi(z1), ¥ ()] = [Zﬁi,nzﬁ”,Wflog<22)+2x¥nzz’”

and so (z1 — z2) [Bi(z1), ¥/ (22)] = 0.
Because of Theorem 2.1 the set W has the structure of vertex algebra. Define the
following map

p: R — W
Bi — Bi(z)
Xt = x(z)
K — id.
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Let us check that ¢ is a morphism of Lie conformal algebras, i.e., that ¢ is compatible
with all n-products for (n > 0). Trivially, B;(z1) ¥/ (z2) = Bi(z1) () Bj(z2) = 0 for
n > 1, the other cases are

(B 0¥ (=) &) = (- =)P(Bixiz,2))

Z1=2Zp=Z
= (z1—22) E {,Bi,n,x{n} zl_l_”zz_m
n>0,meZ 21=2=2

= (Z1 — 22)(51',]‘ Z Zlflfnzg

n=>0 Z1=2p=2

1

= (z1—22)d;;

21 — 22 Z1=2p=2

(Bilz)@Bi(22)) (2) = ((z21—2)P(B Bz 2))., ., .
= €ijk06k(z)

eijszxk(z)

¢ (€;x0x")

ﬁo(ﬁi(o)ﬁj)-

Therefore ¢ : R — W is indeed a morphism of Lie conformal algebras and because
of the corollary of Theorem 2.1 there is a vertex algebras morphism that will be de-
noted again by ¢ : V1(R) — W from the universal enveloping algebra of R (modulo
K = 1) into W,i.e., H is a logarithmic module over V;(R).

3.2 An algebraic structure for H

The main goal of this section is trying to equip H with a logarithmic vertex alge-
bra structure according to Bakalov’s definition (see Section 2.3), we define a locally
nilpotent endomorphism and compute the locality condition for logarithmic vertex
algebras (equation 2.9) and we shall see that it does not close to form a logarithmic
vertex algebra.

First we take the vacuum vector as 1 := 1 ® 1, then we must give a logarithmic field

for each vector in H = Indg[[ C[xi, x}]i=1,23, the elements on H can be obtained

z] ©CK
from the elements: Apy, Oy, @ 1, wherea_,, € g ¥ =1®xandx/ :=1®x7,
then the fields associated to elements a_,, - -- a_p, @1 would be exactly the same

fields used to define the Kac-Moody vertex algebra in Section 2.3, i.e., they would
be fields without logarithms; for the other two type of elements we use the fields
defined in section 3.1:

Y(xl,z) = x'(z) = W' log(z) + L ez xiz7",
Y(xf,z) = x{(z) = P;log(z) + Lyez x},27" + %ei]-kwka(z).

Then Y, can be extended to a linear map Y; : ¥ — LField () via the normally
ordered product of the above fields.
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It is also required to define a locally nilpotent endomorphism of . We define
N € End (H ® H) acting on elements of C[x;, x}];—123 as:

1 ; 1 '
N = — Z (ax:‘ ® <axi + 2€ijkx]ax;:> + (axi + 2€ijkx]axz> ®ax;«> . (316)

i=1,2,3

The vacuum axiom is clearly satisfied.

For the translation axiom we define T : H — H on the elements &/, and B, , exactly
as we did for the Kac-Moody vertex algebra, i.e., we define T1 = 0 and extend it by
the formulas [T, a}| = —na!,_,, [T, Biu] = —npBi 1, for xi, we define

T(x') =o' 1,

and extend it forcing the commutation [T, x;] = a! . We have just defined T such
that the equation

[T, xi(z)} =al(z) = D,x'(2)
holds. We would like to continue defining T such that the equation [T, x}(z)] =
D.x;}(z) be valid, but since P;, and x},, (for n # 0) are defined in terms of x}, a;, Bik
and W' there is no need to define [T, xi’in} and [T, P;|, moreover since T is defined so

that the translation invariance is valid for x’(z) we get that the equation
1 ,
[T, x; (2)) = Bi2) + 5€iir! (2) D=2"(2) = D} (2)

is almost valid possibly failing only on the term [T, x; 0} , because it was not yet
defined, so in order to make the last equation valid it is only needed to define

1 .
[T, xj0] = i1+ 5€ijk Y maxxk .
m

Let us prove the locality condition starting with the fields x?(z1), x/(z2). Note that
in this case the locality condition (2.9) is just the commutator; then

nez meZ

[xi(zl),xj(zz)] = [Wi log (z1) + Y_ xiz;", Wilog (z2) + ¥, xf.ﬂzz_’” =0

because W', W/, xi,, X!,

are local.
Let us try to prove that the fields x"(z1), x} (z2) are local. Notice that

commute with each other, therefore the fields x(z; ) and x/(z3)

o8- 2IN (x @ ) = id + log (z1 — ) N(x" @ x7) = id — log (z1 — 22) 6,4,

082 "2N (% @ ¥") = id + log (22 — 21) N (xf @ x7) = id — log (z2 — 21) b,

therefore the locality condition (2.9) is:

[x"(z1), %7 (2z2)] — 6,,i1log (z1 — 22) + &,,1l0g (22 — z1)

1 .
= |W" 10g (Zl) + Z xflzl‘”, Pz' log (Zz) + E X;(mzz_m + E 10g (Zz) eijkW]xk(zz)

nez meZ
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—oyilog (z1 — z2) + &, ilog (z2 — z1),

now because W', W/, Xy, x* (z2) commute the last equation is reduced to

- [W’ log (z1) + Y xpz; ", Pilog (z2) + )| xz-*,mzz_m]

nez meZ
—o,ilog (z1 — z2) + &ylog (z2 — z1)

= [W’, P]log (z1) log (z2) +log (z2) Y [x}, Pz, " +log (z1) ) [W,x},,] 2"
nez meZ

+ Y (6 x5, 22" = by ilog (21 — 22) + 6, ilog (22 — 1),

nme#z
because W', P; commute, [WT, x;ﬁo} = —[x0, P = by, [xg, xl-*,o} = 0 and [xk, ] -
[Wr, x:"k} =0, [xg, xi*,k} = %5;’,1‘(55,—1( for k # 0 it follows:

MmM~—m
212

= —6,ilog (z2) + dyilog (z1) + 6, )
m#0

—0ylog (21 — 22) + 6y log (22 — z1)

= =0y (log (22) = L1 ) + 0 (log (21) = L1 Z;TZZ) = dpilog (21 — 22) + 6y, log (22 — 21)
= —6,ilog(z0 —z1) + 6, 1log (z1 — 22) — &ylog (z1 — 22) + 01 log (z2 — z1) = 0.

Finally it is only left to prove the locality of the fields x}(z1), X (z2). Let us start by
analyzing the condition (2.9) in this case N does not act trivially on x} ® Xj 80

1 1
N(Xl* ® x]*) = *eijkl ® Xk — Eeijkxk ®1,

2

. N 1 1
N(x] ®xi) = —Eeijk1®xk+§

so the condition of locality in this case can be translated as:

eijkxk ®1,

1 1
[x;‘ (21),x;‘ (zz)} + S Cijk log (z1 — z2) xk(zz) ~ 5Cijk log (z1 — z2) xk(zl)

S€ijklog (zo — z1) xk(zz) = 0.

1
+5€ijk log (z2 — 21) xk(zl) ~3

2

The commutator [xl* (z1), X (zz)} was already computed by M. Aldi and R. Heluani
in [1], they found:

{x;‘(zl),x}‘ (zz)] = e Wk (Lzz( )+ Lip(2 )) + 1exWr(log (z2) — log (21)) log (l — 7>

+LejjW(10g (z1) — log (z2)) log (1 — 2) + Leyi(log (21 — 22) — log (22 = 21)) (T ¥biz ™ — L ¥z ™).

Then the locality condition is
el-]-kW (Lzz( 2) + Lzz(zl )) + %eijka(log (z2) —log (z1)) log ( — %) + %e,-jkwk(log (z1) —log (z2)) log (1 — %)

+i€ii(log (z1 — 22) —log (22 — 21)) (T Xbzy " — L Xhzy ™) + Séijilog (21 — 22) xK(22)

f%eijk log (z1 — z2) x¥(z1) + %eijk log (zo — z1) x*(z1) — %eijk log (z2 — z1) x¥(22),
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substituting x*(z) = W¥log(z) + ¥, xt,z; ™ and simplifying it is equal to
— e (Lia(2) + Lio(2) ) + SespWH (log (22) — log (z1)) 1og (1~ 2 ) + LeyuW*(log (21) — log (z2)) log (1~ 2 )
+%e,-jka log (Z] — Zz) log (Zz) — %Gi]'kwk lOg (Z1 — Zz) lOg (Zl) + %e,-]-kwk log (Zz — Zl) log (21) — %e,-]-kwk log (Zz — Zl) lOg (Zz) ,

writing log (z1 — z2) = log (z1) + log (1 - —) rearranging and using 2.15 we get:
z . (z
eZJkW Lip ( > +61]kW (log (z2) —log (z1)) log <1 — Zi) +€ijkaL12 (Z;> +

z 1
e (log (1) —log (22)) log (1= 21 ) = JeuW* (log (z1) ~ log (=)

= %zei]-kw el]kW Li, ( — %) %ze,-]-kW el]kaLzz ( — ;2) - —e,]kW (log (z1) — log (zz))2

? . z
= ?eijkwk —eijkaLzz (1 — Zi) —eijkaLZZ ( ) el]kW (log (z1) — log (zz))2
and using the formula Lip(1 — z) + Lio(1 —z7!) = —3 (log (z ))? we have
1 1 k , 1 k
ez;kw 3 -l- zeljkW (10g (Zl) — log (Zz)) — Eel’fkw (10g (Zl) — log (Zz)) = ?eijkW .

It turns out that # is not a logarithmic vertex algebra failing the locality axiom for
the logarithmic fields corresponding to the vectors x7, x;. The natural way to solve

this is to change the space, because if we have fields of the form e* (%), ¢ %) will be
able to get rid of the W* since it would act diagonally.
There is another deeper problem in this attempt that can not be solve: the formula

Li(1—2) + Lio(1 — 2 ') = — (log (2))?

was never claimed to be true, moreover it looks to be false in the theory of logarith-
mic fields developed by Bojko Bakalov [4]. Right now I do not have a canonical way
to enlarge Bakalov’s theory of logarithmic vertex algebras in a way that this equa-
tion, which is true as an analytic formula would be valid. Now I prefer to attack the
problem of studying functions on the double twisted torus with another algebraic
structure (logarithmic modules).

3.3 Functions on the double twisted torus as logarithmic mod-
ule

Our goal in this section will be proving that Ind® alf] C*®(G/T) is a module over

@CK
the vertex algebra Vqs.

Let us go back to the point we started, i.e., let us focus again on the double twisted
torus G /I but generalizing what was done previously in Section 3.1, now for smooth
functions on the double twisted torus instead of polynomials.

As it was noticed at the beginning of the chapter, the group G acts on L?(G/T) as
left translations and therefore the Lie algebra g acts on smooth functions on G/T as
left invariant vector fields, i.e., g acts on a dense subspace of LZ(G/ I'); so similarly
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to the case of polynomials it is possible to obtain a g-module out of it inducing
H = Ind® olackC “(G/T),

where as usual a/, and B; , act as zero when n > 0 and K acts as the identity.

The space of smooth functions on G/I" is much more complex than the space of
polynomials, but every function f € C®(G/T') can be interpreted as a rapidly de-
creasing smooth function in six variables f = f(x',x}) invariant under the action
of I' on the right, i.e. for every (7/,77) € T holds f(x',x}) = f(x' + ', xf + 7 +
%ei]-kxf 7k) Such functions can be decomposed in a Fourier series with respect to the

sk
orthonormal system {e*™«ii } . as:

weZ

Z eZniw,-xffw(xi),

weZ3

where f,, satisfies f,(x' + ') = e~ i 7" fu(xh).

Define
Co = { 27iw; X} f f 1R3 —C, f(x +’)’) —”ieijkwixj’ykf(xi)},
then
2(G/T) =~ P Ca,
weZ3

specifically for w = 0 we have

= {f i f ) = f) } = P e

peZ3

Define also

— g — g 27ip; Ce2mipi i
Vs = Indi[t}@CKCO = I“dﬁ[t]@cx D cer = P Indg[t ockCe.
p€EZ3 p€EZ3

Theorem 3.1 Vs is a vertex algebra.

Proof:
Define the vacuum vector 1 as the constant 1 function, and consider the state field corre-
spondence map

Y : Vos — Field (VTs)

2Oy 2T (2) 270 270V ey (27ripi Y. x%z‘”) exp <2ﬂipi ) x@z‘”) ,
n<0 n>0
a1 al(z),
Bi 11— Bi(z).
Let us quickly check the vertex algebra axioms :

Y(eznipfxi,z)ﬂ — eZnipix .

z=0

= 2mipixg2mip W' gy (27ripi Y x%z‘”) exp (27‘[1p1 g _”> 1

n<0 n>0

z=0

The fields of the form Y (20 x z) commute with each other because all the xi, and W' com-
mute, therefore they are local. The fields of the form a'(z), B;(z) are pairwise local. Now

because {tx{ﬂ,x"(zz)} = 0 it is deduced that a/(z; ) and Y(eznipi"i,zz) commute.
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The locality for the fields f/(z;) and ¢27i0ix' (22) s checked as follows:

[,8]'/,1, xi(Zz)} = (Si,]‘KZS,

then _ )
114l . L
[,Bj,n/ e27T1sz (zz)} _ 5i,j27npie2mp,x (zz)zg’

from this follows

[/sj(zl),ezmpix%zn} -y {ﬁjln,eznipiwm} o

n

=0;j ZZnipiezniPi"l (22)21_1_”23 = 5z',j27Tip,»62”iPixl (22)5(21,22),
n

therefore the fields f/(z) and ¢2i¥'(2) are local. The locality for any other pair of fields
follows from Dong’s Lemma 2.1.2.

The last condition remaining to be proved is the translation invariance of the fields, let us
define the translation endomorphism T in Vqs. Initially it is convenient to define T acting on
xi, T(x') should be a vector such that Y(T(x"),z) = 9.Y(x/,z), but this equation is satisfied
by «'(z) because of the equation (3.14), so it becomes natural to define T(x') = a’ ;1.

Now it easy to define T on any function as

T (ezn’ipixi) — znipiezﬂ'ipixi’r(xi) — ZﬂipiEZNipixial;lll. (317)

We define T (1) = 1and in the same way as it is done in the Kac-Moody algebra we extend T
recursively by the formula [T, a,] = —na,_1 and impose the commutation relation [T, x})] =
«_1q, finally T extends to the whole Vs as a derivation of the normally ordered product.

Note that T was defined in a way so it satisfies translation invariance for the fields ! (z) and
Bi(z), and for x*(z) holds

{T, xi(z)} = {T, Wl} log(z) + ) [T, x;} z7 "= {T, zxf)} log(z) + Z—% {T, zxﬂ z "

n n
1 i —n i —1-n i i
= Z—;(—n)zxn_lz =) ayz =a'(z) = 9.4/ (2),
n n
SO now we can compute
[T, eZnipixi(z)} _ znipiEZHipixi(z) [T, xi(z)] _ zn,ipiezmp,-xi(z)azxi(z) _ azezmp,-x"(z).

O

Recall that the operators x/, and x;,, (m # 0) are still well defined using the same
formal formulas described in 3.1.
Now it becomes natural to claim

Theorem 3.2 The space H has the structure of Vs-module.
Proof:

We must define a field for each vector of V. Set

Y(eZHipixi, Z) _ eZnipixi(Z),
Y(a'(1,z) = ai(z),
Y(Bi—1L,z) = Bi(z),

and for the rest of the elements define the associated field by the normally ordered product,
exactly as in the Kac-Moody algebra, for example

Y(txi,lezmpij) =: zx"(z)emipij(z): )
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Note that we are defining the fields exactly as in the proof of theorem 3.1 and proving
the locality condition for those fields we never used the fact that the logarithmic terms dis-
appeared, i.e., what we actually prove there was that those logarithmic fields are pairwise
local.

Now in this way because of 2.6 and because the normally ordered product of two fields
is the —1-product, the function Y : V3 — Field (H) commutes with the n-products when
n < 0. For any two pairs of fields of the form a’(z) and B/(z), it is trivial to see that the

n-product condition holds. So it is only left to check it for pair of fields (ai(z), eznipixj(z)),
(ﬁi(z),ezmpjxf(z)), (eZHipixi(Z)’eZﬂipixi(Z)) and for n > 0.

As ¢270ix'(2) and ¢2™¥' (%) commute we know that ezﬂipixi(z)(n>62”ipixj(z) = 0forn > 0but
e2mipix' (n)ezmpfx] = 0 as well, the same situation repeats for the fields (ai(z), eZ”ipf"](z)) .

For the last pair of fields (,Bi(z), ezmpfx/(z)> we only need to compute for n =0,

ﬁi(z)(o)ezﬂipjxf(z) = (z1—12) [ﬁi(zl)—,ezmpij(zz)]

Z1=2p=2Z
_ . 27tip;x) (2
= 27T1§1',]‘p]‘€ Pj ()
Y (27‘[ip]‘5i,]'€2nipjxj, Z)

- Y <ﬁi’71]1(0)627rip]-x1',z) )

3.4 Functions on the double twisted torus and the Heisen-
berg nilmanifold

The goal of this section is proving that H = Indg[t] +cxC*(G/T) is a logarithmic
module over another vertex algebra, we will do this by carefully restricting to a sub-
space of C*(G/T) such the vector fields identify with the Heisenberg Lie algebra.
In order to achieve that it will be required to use some techniques from harmonic
analysis on the Heisenberg group to deduce the structure of the space and therefore
define the quantum vectors (logarithmic) fields for the algebra and for the module
‘H. The reader interested in a deeper study of harmonic analysis of the Heisenberg

group may consult [2].

Define the symbol ‘:ijk as C123 = (231 = G312 = 1 and (jl-]-k = 0 for the remaining
cases. Notice that it holds that ¢;jx — Gixj = €ijk-
It is convenient to change the coordinates

X=X
* * 1 j~k
Xjp = X G

so that the group law turns into

(L)) = (K + Y xF +yf + Spddy),
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and the action of a’ and B in these coordinates looks like

zx’ = ax_*

1

,Bi = axi —+ ijkxkax;«.
We still have the Fourier type decomposition L2(G/T) ~ @,z C, but this time
Cu is given by
C, = {EZHiw,—xj‘f; £ R = C, f(xi _’_,yi) _ efZHiw,-gijkxiﬂykf(xi)}.

Consider vectors w € Z of the form w = (0,0, n)

- . : I SRR B i
Coon = {€2m”x3f0,0,n t foon(X ') =e Zminxy fo,o,n(xl)} ,

now those functions f, can be decomposed into Fourier series once again

03
foon(x',x%,2%) = Y & fo 0 m(xt, x2),
meZ

from this it follows the decomposition of C(g 9,y = @ez Co,0,1,m)- Let us takem =0
and consider the elements from C(g ) for all n € Z, i.e. the functions f;, : R? - C
such that f, (x! + 7, x2 + 92) = e 277 £, (x1 x?). Define

Q:O = @ C(O,O,I’I,O) — {ZEZHinngn(x1’x2)} C LZ(G/F)
neZ n

Note that restricting to elements of G of the form (xl, x2,0,0,0, xg‘) is the same as
working in Heis(IR), the (polarized) Heisenberg group

1 xt x
0 1 «? ,
0O 0 1

so Heis(RR) acts on Cp,,0 by right translations, i.e., looking at the functions on Y
depending only on the variables x!, x2, x} is the same as looking at the Heisenberg
nilmanifold N = Heis(R)/Heis(Z).

Remark: The space €, constructed above using Fourier analysis can be described
intrinsically as follows: since the Heisenberg group is a central extension

1 - R — Heis(R) — R? — 1,

and if we take a one dimensional complex representation of the center, i.e., a central
character x, : R — C*, xu(x}) = ™" then Clo0n0) = CoIndEels(R)C

can be expressed as

x» and &y

Q:O = @ C(O,O,H,O) = @ COIndHI:eis(]R)CXn.
nez nez
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Define for n # 0 and m € {0,1,... |n| — 1} the k-linear map @, : L*(R) — C(g0,,0)
as

©n(g)(x!,22,0,0,0,x%) = 2mimss Y7 p2rilnkimxl g (2 4 py, (3.18)
keZ

and for 4!, 9% € Z it holds

O (g)(x" + 91, 6% +92,0,0,0,x5) = i Y7 2rilkem (¥t o (32 1 42 4 k)
keZ

_ eZninx§ Z eZni(nk+m)x1g(x2 + 72 —|—k),
kez

making s = k + 2

_ . 1.2 . % . 1 _ O 1,2
= ¢ AT AT} AT g (22 4 5) = ¢TI @y(8) (x7,42,0,0,0,43),
seZ

then ©,,(g) € Coon0, SO Oy is a well defined linear, because of the orthogonality
relations between the exponentials the maps ©,, are monomorphisms so then they
define a unique monomorphism

O: L2 (R) X C‘n‘ — C(O,O,n,O)'

Let 2% f be an element in C0,0,1,0) then because f(x' 4+1,x%) = f(x',x?) it can be
decomposed into Fourier series

ezninx;f(x1,x2 2mnx3 Z ekax f Z 27inxg Z eZni(nk+m)x1fkn+m(x2),

keZ m=0 keZ

from the property f(x!, x2 +42) = =227 £(x1 x2) it follows fyppm(x2) = fu (2 +
k) so

2mnx3f X 2 Z mnx§ Z eZni(nk+m)x1fm(x2 —l—k),

m=0 keZ

this means that any function in Co,0 is uniquely determined by fo, f1, ..., fju/-1,
i.e., there is a linear injection

®:Coono — LHR)@CM
fo= (foreos fin-1)

moreover ® and @,, are inverse functions, so we can make L?(R) ® C"l a Heis(RR)-
module.

Now because of the Stone-von Neumann theorem[10], L?(RR) is the only irreducible
unitary representation of Heis(IR) with the central character x,(t) = ¢¥"* and there
is a unique decomposition C(g,,0) ~ L*(R) ® CP* being © an isomorphism and
|n| = pn. A fully detailed proof of this can be found in [2].

Proposition 3.4.1 If n # 0 then C(y,0) =~ I2(R) © C" and for n = 0 it holds that
C0,0,1,0) = L2(T?), ie.,

¢~ AT & P LA(R) o C" ~ @ ™ @ P LA(R) @ .
n#0 peZ? n#0
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Proposition 3.4.1 means that the G-module € identifies with the g-module

P cme o P S(R) o Cl,

peZ? n#0

where S(IR) denotes the Schwartz space of rapidly decreasing smooth functions in
R. We will also denote this space by €. Since one space is the completion of the
other one and it will always be clear to distinguish which one we are using.

Define the action of elements of at" € tg[t] on €y by zero and the action of K as the
identity so it is possible now to induce

— Ind® — Ind? 2rip;
Vy=IndS, € =Mnd, | P oPSR)eC"
pEZ? n#0

P27ip; i g
= @D Indg[t]@CK T o P Indly o S(R) © C
peZ? n#0

Theorem 3.3 The space Vi has a vertex algebra structure.

Remark. Notice that after the change of coordinates previously done the fields x'(z)
remain invariant but the fields x;(z) don not, specifically x}(z) transforms into

P |
x3(z) = Pslog(z) + Y x5,z ' +log(z)W' Y x?z~ + Y afx Z_Z_J—FEWlWZ (log(2))?,
icZ icZ z;eZ

Moreover P; and W' act trivially on Vy so all the terms with logarithms in x}(z) and
x!(z) are zero.

Proof:

The vacuum vector 1 € Vi will be the 1 constant function, let us start defining fields for the
basis elements: once again the fields associated to elements of the form A—py, = Ay, ®1

witha_p, € g will be the same as for the Kac-Moody vertex algebra, for elements 2o e
define

Y(eznipij) = o(2mini'(2) .= exp (Znipixi(z)+) exp (Znipixi(z)_) ,
which can also be written as

Y(ezﬂipix )= Q27Hpixg exp (27‘(1p1 Y iz ”) exp <2nipi ) xiz‘”) .

n<0 n>0
Denote F;; € € the image of o= (%) by Oy, i.e.
E, = 0O, (ef(xz)z) _ Z eZni(nk+m)xle27tinx§ ef(x2+k)2,
kez

and define

Y(Fu,z) = Y :exp (27mtinx;(z)) exp (27i(nk +m)x'(z) ) exp ( —(x*(2))* — 2kx*(z) — k) ¢,
k
€z

since [x5(z)+,x'(z)5] = {xé‘(z)i, (xz(z))]F} = [xi(z)i, (xz(z))jF} = 0 fori = 1,2 one can
write

Y(Ey,z) = k% exp (2minx}(z)+) exp (Zni(nk + m)xl(z)+) exp (—(xz(z))i — 2k (z) 4 — k2) :
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exp (2mrinxz (z)— ) exp (Zni(nk + m)xl(z),) exp (—(xz(z))z, - 2kx2(z),) ,

so for every ¢ € g it holds Y (Fy)g € Vn((z)). Now fora = By, a = B, or a = &®> we would
like to define Y (f) for every f € @, S(R) ® Cl"l imposing the following equation

[a(z1), Y(f,22)] = Y(af,22)é(z1, 22). (3.19)
Define Y (aFy,) by the formula

Y(aFy) = agY (Fy) — Y (F)ao,

clearly if ¢ € €y then Y(aF,)g € Vn((z)), note that since L?(RR) is an irreducible heis(IR)-
mod then every element f € @,,.0S(R) ® Cl"l is obtained acting successively on F,, with
{B1,B2,4°} and adding, so with the above formula it is proven that Y(f)g € Vn((z)) for
every functions f, g. It remains to prove that Y(f)v € Vi ((z)) for every function f and every
v = ay, ...ay,§ € Vy, this can be done by induction on k, the base case (k = 0) is already
proven, for the recursive case just write v = a;w where Y(f)w € Vy((z)), so expanding the
equation 3.19 we get

Y(f,z2)a(z1)w = a(z1)Y(f,z2)w — Y(aof,z2)0(z1,z2)w,

multiplying by z? and taking residues we get

reszlz1 Y(f,zp)a(z1)w = reszlzl (z1)Y(f, z2)w reszlz1 Y(aof,22)0(z1,22)w,
Y(f,z2)aqw = agY(f,z0)w —z3Y(aof,22)d(z1,22)w,
Y(f,z2)x = agY(f,z2)w—z3Y(aof,22)6(z1,22) .

but a,Y(f,z2)w € Vn((z)) and z3Y(agf,22)6(z1,z2)w € Vin((z)) because the induction hy-
pothesis and then follows the desired result.

From this Y : Viy — Field (Vy) is fully determined since the field for the remaining vectors
is determined by taking the normally ordered product of the above fields and by linearity.

From the previous analysis it is also deduced that Y (F,;)1 € Vy([z] and from this it follows
that Y(v,x)1 € Vy[z] for all v € Vy, and it is clear that Y(F,,z)1|,_, = Fy so it holds for
every element in Vy.

The computations to check the locality condition for the fields a’(z), B;(z), Y (¥, z) are
analogous to the ones done for the Kac-Moody vertex algebra and the Theorem 3.1. Since
the field x°(z) commute with itself, the fields Y(Fy,,z1) and Y(Fy,, z) commute, therefore
the only remaining pairs to check are {a’(z1), Y (Ey,2z2) } and {B'(z1), Y (En, 22) }-

From [al, x}(z2)] = 637} it follows that

. - . -
[“;, p27inx; (zz)} — 27'(11’125627(””3 (22)51',3/
and so

{ai,Y(Fm,Zﬂ} = [0, ez exp (2mina(z2)) exp (27 (nk + m)x (z)) exp (— (x2(22))? — 2ko2(z3) —

3
Yrez [l exp (2minxg(zo ))] exp (27ti(nk + m)x!(z2)) exp (—(x*(2))? — 2kx2(zp) — kz)
Yrez exp (2minx}(z2)) [al, exp (27ti(nk + m)x'(z2))] exp (—(x2(22))? — 2kx?(z3) —
) g
5(

+ +

Yrez exp (2minx(z2)) exp (2mi(nk + m)xl(z2)) [al, exp (—(x2(z2))? — 2kx?(z2) — kz)}
Yrez [0l exp (2tinx(z2))] exp (27i(nk + m)xl(z2)) exp (—(x(22))? — 2kx?(z) — k?)

27inzhd; 3 ez €55 32) exp (2mri(nk + m)x! (z2)) exp (—(x2(22))? — 2kx?(z2) — k?)

2minzy0;3Y (Fu, 22),
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so finally this leads to

[“i(zﬁlY(Fm,Zz)] = Z [Dci,Y(Fm,zz)} zl’l”
reZ
= 2mind;3Y (Fn,22) Y, 2z " = 27tind; 3Y (Fu, 22)8(21, 22).
reZ

So the fields a/(z1), Y (Fy, z2) are a local pair.

From 3.2 and 3.9 follows that f3(z1) and Y (Fy, z2) are a local pair.

Let’s prove that B,(z1) and Y (Fy, z2) are local, from the relations proven in section 3.1 we
deduce

[Bor x3(22)] = W'zhlog(z),
[ﬁz,w x! (Zz)} =0,
[ﬁz,rr X (Zz)} = K,

B ()] = 2,

from this follows

[ Bo,, 2713 (zz): — 2 inWle2miny;(z2) 25 log (z2),
{ Bars 2rti(nk-+m)x! (z)] — 0,
{ Bar 672kx2(22): = —2kz} 672kx2(zz)’
{ler,e_(xz(m)z- = —ZZExz(zz)e_(’(z(zZ))z,
which finally leads to
[ﬁz(zl),ezni”xé(ﬁ)_ = 2minW! e (z2) log (z2) 6(z1,22),
[52(21), o2t (nk-m)x! (22): _—
[ﬁ2(zl>/ e_kaz(ZZ): = —2ke Z¥(2)5(z,29),
[[32(21),6("2(22))2_ = —2x? (zz)e*(xz(ZZ)f(S(zl,zz).

Now we can compute the brackets

[B2(21),Y(En,z2)] = [Ba(z1), Tkez exp (2minx}(z2)) exp (2mi(nk + m)x 1( 2)) exp (—(x2(z2))? — 2kx2(z2) — k?) ]

= Yiez [B2(z1), exp (2minx}(z2))] exp (27ti(nk + m)x!(z2)) exp (—(x2(z))? — 2kx2(zp) — k2)
Yrez exp (2mtinx}(z2)) [B2(z1), exp (27wi(nk + m)xl( ))] exp (—(x2(22))? — 2kx2(zp) — k?)
Yrez exp (27tinx}(z2)) exp (27ti(nk + m)xt(z2)) [B2(z1), exp (—(x%(22))?)] exp (—2kx?(zp) — k?)
Yz exp (2minx}(z2)) exp (2mi(nk 4+ m)x!(z2)) exp (—(¥*(22))?) [B2(z1), exp ( 2kx?(z 2))] exp(—k?)
2minW'log (22) 8(z1, 22) Lyez exp (2inx}(z2)) exp (27‘[1(1’1k +m)x!(z2)) exp ( (2))? — 2kx?(zp) — K?)

(22)) exp (—(x2(2))? — 2kx2(z2) — k?)

—26(z1,22) Lyez kexp (2minx}(z2)) exp (2mi(nk 4+ m)x!(z )) exp (— (xz(z))2 2kx?(zp) — k?)
27tinWY (Fy, z2) log (22) 6(z1,22) — 2Y (@m(xe_ 2),22) 8(z1,22),

+ o+ +

—20(z1,22)x%(22) ez exp (2minx} (z2)) exp (27ti(nk + m)

+ +

therefore (z1 — z2) [B2(21), Y(Fm, z2)] = 0, so they are local.
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Let’s prove that B1(z1) and Y(Fy, z2) are local, once again from the relations proven in
section 3.1 we get

[B1r, %3 (22)] = 25(x*(22) — W2log (z2)) = 252 (22),

here we use the notation % (z) = x'(z) — W'log (z) = ¥, ¥,z ", it holds
[51 X Zz)} = K,
|:ﬁ1 ‘r‘/ ZZ)}
2
|:ﬁ1 rs ) :|
which means
[ﬁl,rr eZninxé‘(zz)_ _ zn,inZSXZ(ZZ)eZninx; (zz),
[,Bl iy leri(nker)xl(zz)_ _ 27'(1(nk+m) r 2n1(nk+m)x (zz)
] = g
|:,Bl r€ (x ZZ)) | = 0/
and this translates into
{ﬁl z1), 27N (z2) } = 2mini?(2;)6(z1,22),
[ﬁl (Zl) 27ti (nk-+m)x } _ 27Ti(7’lk + m)627ri(nk+m)x1(zz)5(zllZZ),
[ﬁl Zl 72kx (22 } 0,
[prten),e 7)) = o
Now the commutator of the fields is computed
(B1(z1), Y (Fn,22)] = [B1(21), Lez exp (2mtinxj(z2)) exp (27i(nk + m)x Zz)) exp (—(x*(22))? — 2kx?(z3) — k?)]
= Yiez [Bi(z1) exp (2minx}(z2))] exp (27i(nk + m)x!(z2)) exp (— (xz(z — 2kx%(zp) — k?)
+  Lrezexp (27tinx(z2)) [B1(z1), exp (27wi(nk + m)x' (z ))} exp (—(x%(z2))? — 2kx*(z3) — k2)
+  Yrezexp (2minx}(z;)) exp (27i(nk 4 m)x (2 2)) [B1(z1), exp (— (xz(zz))z)] exp (— 2kx?(zp) — k?)
+  Trezexp (2minxg(zz)) exp (2mi(nk + m)xl(z2)) exp (—( 2(22 )?) [B1(z1 exp (—2kx?(z2))] exp(—k?)
= 27i#%(22)0(z1, 22) Tpez exp (27minx (z2)) exp (2mi(nk + m)x!(z;)) exp (—(x%(2))? — 2kx2(zp) — k?)
4+ 2mi(nk +m)d(z1,22) Tpez exp (2minx(z2)) exp (27i(nk + m)x (z2)) exp ( (x2(2))? — 2kx2(z) — k?)
= Zninfz(zz)Y(Fm,22)(5(21,22) +27timY (Fy, 22)6(21, 22) — nxz( 22)Y (Fin, 22)6(21, 22)
+  n2mi(x?(22) + k)8(21, 22) Liez exp (2minx;(z2)) exp (27i(nk 4+ m)xl(z2)) exp (—(x2(2))? — 2kx*(z2) — k?)

= 2minW?Y(Fy,22)l0g (22) 8(z1,22) + 2mimY (Fu, 22)6(21, 22) + 27TinY(®m(xe*xz),22)5(21,22).
The locality condition for the remaining fields follows from Dong’s Lemma.

Now it is only left to prove the translation invariance of the fields, we will proceed similarly
to the proof of Theorem 3.1, let us define the translation endomorphism T in V. We already
know how to define T(x') and proceeding exactly as in the proof of 3.1 we get that the fields

e2pix'(2) satisfy the translation invariance condition.

For T(x3) the situation is similar but slightly more complicated, once again a vector such

that Y(T ( 3),2) = 0:Y(x3,z) is needed, but unfortunately the equation 3.15 is a little bit
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more complicated. We start noticing that after the change of coordinates we made the equa-
tion 3.15 was transformed into

9:x7 (2) = Bilz) — Eijex(2)0:/ (2),

so taking i = 3, acting on the vacuum vector and evaluating z = 0 it becomes clear that
T(x3) should be defined as

T(x3) = B3,—11 — a{lxéﬂ,

and force the commutation relation
* €3jk j k
[T,x30] = B3,—1— 5 Y mx
m
Now it is easy to define T on any function as

T(f) = 0 fT(x") + 0, fT(x%) + 8y fT(x5).

To make computations easier here we will actually use the fact that W!, W? and P act by
zero so we have no logarithms in the fields.

Consider the field #;(z) = ¥, xjz7", it is convenient to prove that translation invariance
holds for the field %}(z), for n # 0 we have

[T, x3,] = l ﬁ3" 3]k Zm - m]
1
= — [T Psnl + 3]k Zm {T X mx’,ﬂ
= PB3n-1+ ik Zm {T, xn,m} X + % me{;,m [T, xfn}

€3jk
= PBan- 1+ Zm"‘n 1 T35 = me]n o

_ E3jk
= P3n— 1—72"1 ] e ] Zm mx;—l
€3jk k_ €3jk k
= :83,71—1_ Zm x]fmflxm_ n Z( +1) n m—1%m
m m

€3jk ]
= Pan-1-— 2] me]n—m—lxlfcﬂ’
m
then [T, #3(z)] expands as
T.5E)] = YITx,]z"
n
_ €3jk _
- Zﬁ?’ﬂ’l—lz - ] szxn m— 1ka !
n
_n—1_ S3jk —n—
= ) Baaz" 1—72] Y'Y mal
n n m
€a; ,
= Balx) = L Xz ez
n m

= 133(2)—1-% (;ﬂﬂ”) (Z —nxkz7" 1>

= pa(2) + 2 ()24 (2)
= 0:%3(z),

here the last equality hold because 3.15 and #3(z) coincides with the x3(z) as defined in
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section 3.1 when setting the formal variable log(z) = 0, i.e., when deleting all terms with P,
W1 and W2. Now the field x}(z) after the change of coordinates (without the logarithmic
terms) can be written as:

5(2) = () + 36 (21 (2),

but now it becomes easy to prove translation invariance for x3(z) as we already know it
holds for x!(z) and x?(z)

156 = [L5E]+, [T E@20)

Finally we have the tools for proving the translation invariance condition for the fields
Y (Fu, z)

[T,Y(Fu,z)] = lT, Y exp (2minx3(z)) exp (27‘[1 (nk+m) > exp ( — 2kx?(z) — kz)]
kez

= Y [T, exp (2minxj(z))] exp (27‘(1 (nk+m) ) exp ( — 2kx?(z) — k2)
kez

+ ) exp (2minx3(z)) {T exp (Zm (nk +m) )] exp ( )2 — 2kx?(z) — kz)
keZ

+ Y exp (2minxs(z)) exp (2m(nk +m)xl(z )) [T, exp ( (x2(2))? — 2kx?(z) — kz)]
kez

= Yiez2min[T,x}(z)] exp (2minx; (z)) exp (27i(nk + m)xl(z)) exp (—(x? (z)) — 2kx? ( ) —

+  Yiez2mi(nk +m)exp (2minxg(z)) [T, x'(z)] exp (an(nk +m)x!(z)) exp (—(

+  Ykez —2(x*(2) + k) exp (27inxj(z)) exp (27i(nk + m)x' (2)) [T, x*(2)] exp ( ))

= Yiez2mind: (x3(z)) exp (2mrinx}(z)) exp (27ti(nk + m)xl(z)) exp (—(x*(z))? — 2kx?(z) —

+  Yrez2mi(nk + m)exp (27tinx3(z)) 9; (x1(2)) exp (27i(nk + m)xl(z)) exp (—( 2(2

+  Yhez —2(x%(z) + k) exp (2minx}(z)) exp (2mi(nk + m)x!(z)) 92 ( 2(z)) exp (—(

= Yiez - (exp (2minx}(z))) exp (2mi(nk + m)x!(z)) exp (—(x2(z))? — 2kx%(z) — kz)

+  Tiezexp (2minx}(z)) 9, (exp (27i(nk + m)xl(z))) exp (—(x*(2))? — 2kx?(z) — k?)

+  Trezexp (2minxi(z)) exp (27ti(nk + m)x!(z)) 9; (exp (—(x%(2))? — 2kx2(z) — k?))

keZ
0;Y (Fy, z).

O

Knowing that Vy is a vertex algebra it is natural to endow H with the structure of
logarithmic module

Theorem 3.4 The space H has the structure of logarithmic Vi-module.

0 (Z exp (2mrinx;3(z)) exp (27ri(nk + m)x?t (z)) exp (—(xz(z))2 — 2kx*(z) — k2>
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Proof:

We must define a logarithmic module for each vector of Vy, set

7

(27r1p1 ,Z) — leripix"(z)
Y(al1,z) = ai(z),
Y(Bi-1lz) = Bi(z),

)

Y(Fy,z) = kz exp (2rinx;(z)) exp (27‘[i(nk + m)x! (z)) exp (—(xz(z))2 — 2kx?(z) — kz) ,
€z

Now we extend Y to any function f € @, S(R) ® Cl"l exactly as we did in the previous
theorem 3.3, i.e., through the formula 3.19, in particular for every a € g the logarithmic field
Y(aFy, z) is defined by the formula Y (aFy,z) = [ag, Fx] and finally we extend Y to the rest
of the vectors via the normally ordered product.

Notice that during all the analysis made in the proof of 3.3 to show that Y(f) was actually
a field was never used the fact that the logarithmic terms acted by zero, so what we actually
prove back there was that the Y(f) for any function was actually a logarithmic field. Simi-
larly we proceeded, on propose, when proving that the fields were pairwise local, so what
we actually prove was that those are pairwise local logarithmic fields.

Let’s prove that the function Y : Viy — LField (H) preserves the n-products, because
of the way we defined the fields and equation 2.6 it is clear that Y preserves all negative
n-products. For positive n-products involving only the fields e2i%'(2), ai(z), Bi(z) the n-
product condition holds, the analysis is complete analogous to the one made in the proof of
theorem 3.2. It is also clear that forn > 0

Y (Fony () Fngr 2) = 0 = Y (Fuy, 2) ()Y (Finy, 2)

because Y (Fy,,z) and Y (Fy,,z) commute.
For a’(z) and Y (Fy, z) we have

& (2)0)Y(Fnz) = (z21-2) [zx"(zl),,Y(Fm,zz)}
= 2mind;3Y (Fy,z)
= Y(rxéo)Fm,z).

z1=2p=2

For the fields B3(z) and Y (F, z) there is nothing to prove since they commute.
For the fields B,(z) and Y (F, z) holds

B2(2) ()Y (Fm,z) = (21 —22) [Ba(z1)—, Y (Fm, 22)]15,—zp—s
= 27inWY(Fy,2p) log (z2) — 2Y (@m(xe_xz),zz)
= [Bao, Y (Fn, 2)]
= (,82 me )-

Finally for B1(z) and Y (Fy, z) holds

B1(2) )Y (Fm,z) = (z1—22) [B1(z1)—, Y(Fm, 22)] |5,y
= —2minW2Y(Fy, z2)log (z2) + 27imY (Ey, z2) + 27TinY(®m(xe*x2), 23).
= [Bro, Y(Fm 2)]
= Y(,Bl(o)Fer)-

Therefore H is a logarithmic Vy-module.






35

Chapter 4

Conclusions and Future work

In this thesis we computed explicitly the vertex algebra of (twisted) chiral differ-
ential operator on a nilmanifold and we found its logarithmic module which is a
highly non-trivial example of logarithmic vertex algebra modules. However from
the analysis we made two new problems for future research appear:

1. In section 3.2 we were unable to prove that the induced space of C[x, x}] was
a logarithmic vertex algebra, essentially because we could not prove that the
identity

Lip(1—z) + Lip(1—2z71) = —% (log (2))

is valid in the theory of logarithmic quantum fields. Any attempt of forcing the
equation by brute force (i.e. taking a quotient) looks unclean, would rise many
other problems but above all it would be desirable to enlarge Bojko Bakalov’s
theory in a canonical way such that all analytics equations mixing logarithms
and polylogarithms would be true. It is a fantastic and non trivial problem for
future work.

2. In this thesis we considered only a degree one fibration S' — N; — T? so the nat-
ural generalization of this work is analyzing the structure for degree k fibration
and a general w € Z = H3(N, Z).
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