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Abstract

In this thesis we study sample complezity issues of a Monte Carlo sampling-based
approach that is used for approximating general stochastic programming problems.
The thesis is divided into two parts.

In the first part of the text, we derive sample complexity estimates for a class of
risk averse stochastic programming problems assuming standard regularity condi-
tions. We consider the class of Optimized Certainty Equivalent (OCE) risk measures.
We derive estimates either for static or two-stage problems as for dynamic or T'-stage
problems (7" € N). Our results extend the ones obtained previously for risk neutral
stochastic programming problems in the static and dynamic settings. In particular,
we derive exponential rates of convergence of the statistical estimators associated
with the approximate problem to their true counterparts. We note that the con-
stants associated with the exponential rate of convergence deteriorate depending of
how large is the Lipschitz constant of the problem’s risk measure and of the number
of stages T. In this case, our results indicate that in the risk averse setting one
needs to construct a scenario tree using a relatively larger number of samples than
in the risk neutral setting in order to obtain a good approximation for the solution
of the original problem.

In the second part of the thesis, we derive a tight lower bound for the sample
complexity of a class of risk neutral T-stage stochastic programming problems. An
upper bound estimate was derived previously in the literature. Treating the number
of stages T" as a varying parameter, our result shows that the number of scenarios
needed for approximating the true problem with a desirable level of confidence grows
more rapidly with respect to 7" than ezponentially. This work was published in [53].

Keywords:  Stochastic programming, Monte Carlo sampling, Sample average
method, Sample complexity, Risk averse optimization
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Resumo

Nesta tese estudamos questoes de complexidade amostral de métodos de simulagao
de Monte Carlo que sao usados a fim de aproximar problemas gerais de otimizagao
estocdastica. A tese se divide em duas partes.

Na primeira parte do texto, derivamos estimativas de complexidade amostral
para uma classe de problemas de programacao estocastica avessos ao risco assu-
mindo condicoes de regularidade padrao. Consideramos a classe de medidas de
risco conhecida como Equivalente Certo Otimizado (ECO). Derivamos estimati-
vas de complexidade amostral tanto para problemas estdticos ou de dois estagios
quanto para problemas dinamicos ou de multiestigios. Nossos resultados se asseme-
lham aos obtidos anteriormente para problemas de otimizacao estocastica neutros
ao risco estaticos e dinamicos. Em particular, derivamos tazas exponenciais de
convergencia dos estimadores estatisticos associados ao problema de aproximao as
suas verdadeiras contrapartes. Observamos que as constantes associadas a taxa
exponencial de convergéncia deterioram-se dependendo de quao grande é a cons-
tante de Lipschitz da medida de risco do problema e do nimero de estdagios T do
problema. Neste caso, nossos resultados indicam que para problemas risco avessos
deve-se construir uma drvore de cendrios usando-se um numero relativamente maior
de amostras do que para problemas neutros ao risco a fim de se obter uma solugao
aproximada do problema original.

Na segunda parte da tese, derivamos um limite inferior justo para a comple-
xidade amostral de uma classe de problemas multiestgios de programao estocstica
neutros ao risco. Uma estimativa do limite superior foi derivada anteriormente na
literatura. Tratando o nmero de estgios T como um parametro variavel, nosso re-
sultado mostra que o nimero de cendrios necessarios para aproximar o problema
original com um nvel de confianga especificado cresce mais rapidamente em relagao
a T do que ezponencialmente. Esse trabalho foi publicado em [53].
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CHAPTER 1

Introduction

Stochastic programming problems are a class of optimization problems involving
uncertainty parameters. In many real-life applications, uncertainty is present in the
decision making process. At the time a decision must be made, like producing a
good, relevant data may not be known by the decision maker, like future demands
of the good. In stochastic programming formulations, the uncertainty quantities
are modeled via the theory of probability. One usually assumes that the (joint)
probability distribution of the random quantities is known or can be estimated from
historical data. Stochastic programming provides useful tools that are used in real-
life applications. These models occur in many areas of science and engineering, like
energy [16], 26], 46|, [72], [76], finance [15] 20] [49] [57] and transportation [24] 27], to
mention a few.

There exists a myriad of stochastic programming paradigms for dealing with a
multitude of decision making situations. The models can be classified as two-stage
and multistage models with recourse, linear and nonlinear models, models with
chance constraints and models with deterministic constraints, risk neutral and risk
averse models, etc. We begin our exposition by considering the following general
stochastic programming problem

min {f(z) == EF(z,¢)}, (1.0.1)

zeX

where £ = (&,...,&) is a random vector defined on a probability space (2, F,P);
x € R”™ represents the decision variables; X C R™ is the feasible set and F' : R™ x
R? — R is a measurable function. At the time the decision x must be made,
the optimizer does not know the value assumed by the random vector &, only its
probability distribution P. We assume that P does not depend on the decision z, the
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set X is deterministic and the function F' is known or we can evaluate F(z, &) with
low computational Cos7 for each z € R™ and ¢ € R?. Before knowing the realization
of the random vector &, F'(z, &) represents a random cost, for each z € R™. One way
to summarize the random cost into a real number is by considering the expected
cost function f(x) := EF(x,£). This is precisely the case in risk neutral problems
like problem (1.0.1)), where the objective function is the expected cost function. Of
course, problem is well-defined if and only if the expected value of F(z,¢&) is
well-defined?], for each z € X.

Typically the decision maker does not know, a priori, a closed form formulaﬂ of
function f, and so, he must somehow evaluate it. Let us discuss some possibilities
to evaluate f. If the random vector £ has an absolutely continuous distribution
with respect to the Lebesgue measure on R?, then f(z) is a d-dimensional integral,
for each € R™. In very simple situations, it is possible to obtain a closed form
formula for f(x) using symbolic integration, but this is atypical for stochastic pro-
gramming problems. Another approach for evaluating f(x) would be via numerical
integration techniques, like quadrature methods. It is well-known (see [23, Section
1.2]) that the integration problem suffers from the dimensional effect or the curse
of dimensionality. Numerical integration techniques tends to deteriorate rapidly
in performance when dimension d grows. Many stochastic programming problems
occurring in practice deal with high dimensional random vectors. As argued in
[T7, Page 3], classical numerical integration techniques, such as the product-Gauss
quadrature, are only manageable for evaluating integrals of dimension up to 5. Even
more sophisticated techniques, such as lattice methods, cannot evaluate accurately
integrals of dimension greater than 20 (see [77, Page 1]). Another situation that
often occurs in practice is when the support of the random vector £ is finite, but
has very large cardinality. In this case, f(z) becomes a weighted sum. Even in that
situation it is usually not possible to evaluate f(z) exactly. Indeed, suppose that
{& :i=1,...,d} are independent binary random variables. It follows that the total
number of elements of supp ¢ is 2%. So, the order of magnitude of the cardinality
of the support is 10%°, if d = 100. In that case we need to make 103° functions
evaluations only to calculate f(x) at a single point! This is an astronomically large
number from the computational point of view. In such cases it is appealing to resort
to sampling techniques.

Here, we consider a standard Monte Carlo approach for replacing problem (|1.0.1))

IThis is usually the case for linear two-stage models with recourse, although the situation
changes dramatically for (linear) multistage models.

2In principle, the expected value of F(z,&) could assume the values +oo, for some z € X.

3If a closed form formula of function f is known, then there is typically no point in treating
problem as stochastic programming problem. The challenge in solving this kind of problems
is that f is not known and it is usually not possible to evaluate it accurately even at a single point
reX.
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CHAPTER 1. INTRODUCTION

with a manageable approximation. One considers an independent and identically
distributed (i.i.d.) random sample {£!,... &N} of € and solves the Stochastic Av-
erage Approximation (SAA) problem

gl{f]v(x) = %ZF@,&)}. (1.0.2)

i=1

This approach is commonly known in the stochastic programming literature as the
SAAE] or the external sampling approach, but this idea has appeared in the litera-
ture under different denominations. For example, it is called the sample-path opti-
mization method in [52] [56], whereas in [61] it is called the stochastic counterpart
method. Let us point out that there exists a variety of sampling-based approaches
for solving stochastic programming problems. In [30] the authors present a recent
survey on Monte Carlo sampling-based methods for stochastic programming prob-
lems and consider, beyond the standard SAA method, other approaches like the
Stochastic Approximation (SA) method [55] and variations, the Stochastic Decom-
position method of Higle and Sen [2§], variance reduction techniques [4] [15] [38], 45],
to mention a few. In [40] the authors make an empirical study of the behavior
of sampling-based methods for solving stochastic programming problems. Here we
focus only on the standard SAA method.

Given a sample realization {&1,... &V} of €, problem (1.0.2)) can be seen either
as a deterministic optimization problem or as a stochastic programming problem
with the empirical probability distribution

B(B) =~ 6:(B), VB € BRY), (1.0.3)

where §,(-) gives total mass at the point y € R%. Indeed, let f be a random variable
having the empirical probability distribution above, it follows that

N

Y F(z,&)Vr e X. (1.0.4)

=1

A - 1
So, either suitable algorithms for deterministic optimization problems or also algo-
rithms for stochastic programming problems can be used for solving problem .
However, note that the particular algorithm used to solve problem goes be-
yond the conceptual framework of the SAA approach and such algorithms are not
discussed here. Many interesting questions already arise regarding, for example, in
what sense problem (|1.0.2)) approximates the true problem . In order to pose
those questions, let us introduce some basic notation.

4To the best of our knowledge, this term was first coined in [37].
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CHAPTER 1. INTRODUCTION

Denote the optimal values of problems ((1.0.1)) and (1.0.2)), respectively, by f*
and f%. Note that f% depends on the random sample {&!,... &V}, and therefore

is a random variable. This quantity can be seen as a statistical estimator of f*.
We can also consider an optimal solution Z and the set of optimal solutions Sy of
problem . These random quantities are also statistical estimators of 2* and S,
respectively, where S is the set of optimal solutions of problem and x* € S.
Many questions involving how well these statistical estimators approximate their
true counterparts were already answered in the literature. In the sequel we present
an extensive overview of these results. In the end of this chapter, we show some
new results for an important class of risk averse stochastic programming problems
that have not been addressed yet. Before presenting our results, let us begin with
the review of the literature.

A natural question that arises is under which conditions the sequences of SAA
estimators are (strongly) consistent with respect to their true counterparts. Consid-
ering different regularity conditions on the problem data, the strong consistency of
sequences of SAA estimators was shown in [21], [36] [56] following the epiconvergence
approach. In [73] Section 5.1.1] the consistency of the SAA estimators is derived in
an accessible way. Let us summarize the main results presented there. Supposing
that w.p.1 fN(x) — f(x) uniformly in z € X, as N — oo, it follows immediately
that f — f* w.p.1 (see [73, Proposition 5.2]). It is worth mentioning that if we
only assume that f(z) = EF(z,§) is finite, for every z € X, and that {&/ : j € N}
are independent copies of £, then the strong law of large numbers (see [22, Theorem
2.4.1]) implies the pointwise convergence of fN to f, that is: for every z € X W.p.
fN(:B) — f(x), as N — oo. However, it is not possible to obtain the uniform conver-
gence only assuming these two conditions.ﬁ. What is needed is an uniform strong
law of large numbersﬂ for establishing this result. In [73] Theorem 7.55] sufficient
conditions on the problem data are presented for guaranteeing that fN(x) converges
to f(z) w.p.1 uniformly on X. A set of sufficient conditions is: (i) the compactness
of the (nonempty) feasible set X, (ii) the convexity of the functions F(-,¢), for £
in a set of probability 1, (iii) the finiteness of f(z), for every x in a neighborhood

of X, and (iv) the strong law of large numbers PP fN(a:) — f(z), as N — oo] =1

5This means that there exists A, € F such that P(A,) = 1 and fx(z, & (w), - , &N (W) = f(x),
as N — oo, for allw € A,. Of course, we suppose that the sequence of random vectors {&7 : j € N}
is defined on a common probability space (2, F,P).

SFor example, let us assume that F(z,&) = &, € & Gaussian(0,1), and X = R. Note
that f(z) = EF(z,£) = 0, for all € R, and fy(z) = z€y, where £y := (1/N) vazlfl 4
Gaussian(0,1/N). We claim that fy(z) does not converge to f(z) = 0 uniformly on z € R.
Indeed, take any e¢ > 0. Note that P {supweR )fN(x)‘ > 6] =P[{y#0] =1, for all N € N.
Nevertheless, we have that w.p.1 fy(z) — 0, for every z € R.

"In that case, there exists A € F (that does not depend on x € X) that has probability 1 such
that fy(z, &' (w), -, &N (w)) = f(z) uniformly on 2 € X, as N — oo, for every w € A.
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CHAPTER 1. INTRODUCTION

holds, for every x in a neighborhood of XFE] The key result for proving [73, Theorem
7.55] is the characterization of epiconvergence of functions (see [73, Theorem 7.31]).
See also [73, Theorem 7.53] for a different set of assumptions guaranteeing that fN
converges uniformly w.p.1 to f on X. In this approach it is not assumed the con-
vexity of F'(-,€), but its continuity, for £ in a set of probability 1. This addresses
the strong consistency of the SAA optimal values estimators. In order to establish
consistency of the SAA estimators of optimal solutions, slightly stronger conditions
are assumed (see [73, Theorem 5.3 and 5.4]). In these theorems it was proved that

D(Sy,S) — 0 w.p.1. as N — oo, where

D(A, B) := supdist (z, B)
€A
is the deviation of set A from B.

Given the consistency of the SAA estimators, it makes sense to analyze at which
rate they converge to their true counterparts values. This analysis was carried out
in many publications and can be divided into two types: (a) asymptotic results and
(b) non-asymptotic results. The former is related to large sample theoryﬂ, whereas
the later obtains results that are also valid in small samples.

The asymptotic results were derived in [63] 64, [65] and in [35] following two
different approaches. Assuming some regularity conditions, the asymptotics of the
SAA optimal values estimators were derived in [64]. The asymptotics of the SAA
optimal solutions were derived in [65]. In [66] the asymptotics of both the optimal
values and the optimal solutions are presented (see also [73, Sections 5.1.2 and
5.1.3]). Here we mention just some results.

Concerning the SAA optimal values estimators, it was shown under some regu-

larity conditions that
NYV2(fr — ) % inf ¥ (z), (1.0.5)
BAS

where Y : (2, F) — (C(X),B(C(X))) is a random element taking values on the set
of continuous functions on (the compact set) X equipped with the sup-norm:

16 = Wl = sup |6(z) = ()], Y6, 9 € C(X). (1.0.6)
Te
Given any x1, ..., 2, € X, the finite-dimensional distribution of the random element
Y is given by:
(Y(z1),...,Y(21) L N (0, (1,...,20)), (1.0.7)

8This condition is superfluous if the sequence of random vectors {£° : i € N} is taken i.i.d. with
&l 4 . Indeed, this condition follows immediately from condition (iii) by the strong law of large
numbers. However, condition (iv) is used as a way for relaxing the i.i.d. assumption of the random
sample. This is particularly useful in order to derive consistency results for nonstandard Monte
Carlo sampling-based methods (see, e.g., [29]).

9In this setting, the results are obtained by letting the sample size N tend to infinity.
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where ;; = cov [F(x;,€), F(x;,€)], for all 1 <4, < H] When S is a singleton, it
follows from ([1.0.5)) and (1.0.7) that f% has asymptotically normal distribution with
mean f* and variance Var [F(z,£)] /N, where Z is the unique solution of problem
(1.0.1)). This addresses the convergence in distribution of the SAA optimal value

estimators. It was also proved that

lim P [NW <iI€1£fN(x) - fj*v) > e} =0, (1.0.8)

N—o0

for any € > 0. These results are based on the functional central limit theorem ([2,
Corollary 7.17]) and on the delta method in Banach spaces (see [73, Section 7.2.8]).
The delta method was used for obtaining a first order approximation of the optimal
value function defined on (C(X), [|-[|,,)

Vi(g) := xig)f(g(x),Vg e C(X). (1.0.9)

The following conditions are assumed for deriving results (1.0.5)) and ((1.0.8)): (a)
X C R" is a nonempty compact set, (b) the sequence of random vectors {£* : i € N}
is iid. with &8 < ¢, (¢) F(x,€) has finite variance, for every x € X and (d) there

exists a measurable function y : supp& — R, having finite second moment such
that:

|F(2',€) = F(z,§)] < x(§) [|2" — | (1.0.10)
for every 2/, x € X and w.p.1 £&. We will not discuss here the asymptotics of the
SAA optimal solutions carried out in [65]. Let us just point out that this analysis
was done assuming further regularity conditions on the problem data and by using
a second order expansion (second order delta method) of the optimal value function
(1.0.9). For more details about this topic one should consult [73, Section 5.1.3]
or [66]. Before presenting the non-asymptotic results, let us just mention that the
results obtained in [35] are based on a generalized implicit function theorem.

Now we discuss non-asymptotic results for the SAA estimators. This type of
results is particularly useful since the involved estimates are valid for any sample
size N € N. Before proceeding, let us introduce some notation. Given ¢ > 0, we
denote the set of e-optimal solutions of problems and by S¢ and S'fv,
respectively. When ¢ = 0, we drop the superscripts in S¢ and S’j\, and just write S
and S’N, respectively. Note also that:

S¢ = {reX: f(r) < f"+e}, and (1.0.11)
Sy = {zeX:fy) < fi+e) (1.0.12)

Making use of some results of large deviations theory it is possible to show under
some regularity conditions that

i <[Sj‘v c Sﬂ N [S?V v @]) >1— Cexp{—Ng}, (1.0.13)

10We drop the dependence of ¥ on 1, ...,z for notational simplicity.
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CHAPTER 1. INTRODUCTION

where C' and [ are positive real numbers and ¢ > 0 and 0 < § < € can be taken
arbitrarily. In fact, a bound like was obtained in [74] for e = § = 0 assuming
that the problem data satisfies “nice” regularity conditions. In some sense the
assumed regularity conditions are not very restrictive, since they are satisfied by two-
stage linear stochastic programming problems with a finite number of scenariosiﬂ.
In the sequel we will see how C' and  depend on the problem data and on the
parameters € and ¢ under different regularity conditions. Now, let us point out that
estimate is valid for any sample size N and it shows that the probability of
the event “3?\, C S approaches 1 exponentially fast with the increase of the sample
size N. Note that the event

[S*fv C Se] N [S?V v fi)} (1.0.14)

means that the set of d-optimal solutions of the SAA problem is nonempty and is
contained in the set of e-optimal solution of the “true” problem. If e = § = 0, then
every optimal solution of the SAA problem is an (exact) optimal solution of the true
problem whenever the event oCCurs.

Although it is quite remarkable to obtain this type of result for the case ¢ =
d = 0, in more general situations one is just able to obtain (or is already satisfied in
obtaining) an approximate optimal solution of an optimization problem, instead of
an exact optimal solution. This analysis can be done by taking e > 0 and 0 < § <.
Let us recall that in the SAA approach the optimizer solves (maybe approximately)
the SAA problem and hopes that its solution is a good approximation of the optimal
solution of the true problem. So, estimate (1.0.13]) can be seen as a lower bound of
the likelihood of the success of the SAA approach. Equation can also be
used for obtaining an estimate of the sample size N in order to guarantee that the
probability of the event is at least 1 —6, where @ € (0, 1) is a desired valud?]
Indeed, making the right-side of to be greater than or equal to 1 — 6 and
solving for NV, we obtain the following estimate for the sample size

;mg <C> (1.0.15)

This is an estimate of the sample complexity of the SAA approach. In Chapter [2] we
define precisely this concept in terms of the parameters 9, € and 6.

Now, let us give more details about the results obtained in the literature regard-
ing estimates like . To the best of our knowledge, the first reference that
established sufficient conditions for the exponential rate of convergence of the event
(1.0.14) is [74]. In that reference the authors analyzed the case e = § = 0. Consider

UTn fact, I dare say that this is the most common type of stochastic programming problem
solved in real-life applications.
2Usually, # << 1, like # = 0.10 or 0.05 or even 0.01.
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CHAPTER 1. INTRODUCTION

the following assumptions: (a) f(z) is well-defined and finite, for every z € X, (b)
F(-,€) is convex, for every £ € supp&, (¢) X is closed and convex, (d) {¢':i € N}
are independent random copies of £, and (e) there exists ¢ > 0 and z* € X such
that

flz) > f(z*) +cllz — 27|, Vo € X. (1.0.16)

Observe that condition (e) implies that S = {z*} and f* = f(z*). Assuming
conditions (a)-(e), the authors proved that w.p.1 for N large enough
Sy =85. (1.0.17)

Note that since S is a singleton, the events [SN = S} and [S”N - S] N [S’N #+ (7)} are
the same. Equivalently, they have shown that the event
lim inf [SN - S} = N [SN - S} (1.0.18)
MeN N>M

has probability 1. Of course, the index M € N such that [SN = S], for every

N > M depends on the sequence realization {£(w) : 7 € N}. Assuming additionally
that supp ¢ is finitd™] they have shown that there exist C' > 0 and 3 > 0 such that

P ([SN - S] N [SN £ @D >1— Cexp{—NB},¥N € N, (1.0.19)
In fact, it was proved that there exists f > 0 such that
. 1 A
th;ljolip N log (IP [SN # S]) < =P, (1.0.20)

which is equivalent to ((1.0.19)), see, for example, Proposition [2.8.7l Note also that

since

P [S‘N £ S] < Cexp{—Np} (1.0.21)
we have that Cexp{—NB)
S P [SN ”] S] < _e;?jp{_Nﬁ} < o0 (1.0.22)
NeN

It follows from the Borel-Cantelli Lemma (see [22] Theorem 2.3.1]) that

lim sup [SN #* S}
N—o00
is a set of null probability, equivalently

hNHLio%f [S’N = S} = (limsup [gN #* S])C

N—o0

3Indeed, for showing this result the authors assumed an even less restrictive condition than the
finite number of scenarios (see [74, Assumption B] or [73] Page 192, assumption (M4)]).
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is a set of probability@ 1.

In the same reference, the authors have shown a similar result without assuming
that S is a singleton. For proving this result, they assumed conditions (a) and (d)
as before, and: (b’) F(-,£) is a polyhedral function (see Definition , for every
¢ € suppé, (¢’) X is a polyhedron (see Definition [2.5.4), (¢’) there exists ¢ > 0 and
A C X nonemepty bounded such that

flz) > f(z¥) + cdist (z, A) (1.0.23)

for any x € X and z* € A. Condition (e’) implies that S = A. Assuming addition-
ally that supp¢ is finite, the authors proved that S is a compact polyhedron and
that there exists positive real numbers C' and  such that

P ([SN is a face of set S] N [S‘N # (Z)D >1—Cexp{—Np}, VN € N. (1.0.24)

Note that the event [SN is a face of set S'||"’| is contained in the event [5’ N C S|,
which implies that the lower bound ((1.0.24]) is also valid for the event (1.0.14)).
Moreover, again by the Borel-Cantelli Lemma, we also conclude that w.p.1 for N
large enough the event occurs. It is worth mentioning that two-stage linear
stochastic programming problems with a finite number of scenarios satisfy all these
conditions (see also [73, Section 5.3.3]) provided that f is proper and S is nonempty
and bounded.

In [37] the authors analyzed how well SAA estimators approximate their true
counterparts for discrete stochastic programming problems, i.e. assuming that the
feasible set X is finite. Assuming additionally that: (a) for any x € X, the random
variable F(z, ) has finite expected value f(z), and (b) {£ : i € N} are independent
copies of &, they proved that for any given numbers ¢ > 0 and 0 < § < ¢, the
following statements hold true:

(i) w.p.1 fi — f*, as N — oo.
(i) w.p.1 for N large enough S C S¢.

The key step for proving items (i) and (ii) is to show that w.p.1. fN(x) — f(x)
uniformly in z € X. This result follows from the finiteness of X and the fact that
w.p.1 fx(z) = f(z), as N — 0o, by the strong law of large numbers. Now, items
(i) and (ii) follow easily['¥]

14This remark shows the well-known fact that results like are stronger than just showing
that w.p.1 for IV large enough [SN = S]

15In Definition we recall the definition of a face of a convex set.

16Let us point out that the finiteness of X also guarantees that S # () and that w.p.1 Sy £,
for all N € N. So, we also have that w.p.1 for N large enough [5‘}{, - SE} N [S’?\, # (Z)} happens.
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Rates of convergence for the SAA estimators were also derived. Here we present
the result for the SAA optimal solutions. Take any ¢ > 0 and 0 < § < e. If
X\S¢ = 0, then S§ C X = S¢ immediately. So, take X\S¢ # (). Assuming
that: (c) there exists u : X\S¢ — X such for each x € X\ S the random variable
Zy = F(u(z),€) — F(x,¢) has finite moment generating function (henceforth called
m.g.f.) in a neighborhood of 0; they proved that

P@ggsﬂ21—mmduw?mmq—Nm,VNeN, (1.0.25)

where u satisfies f(u(z)) < f(x) — ¢, for all x € X\S¢, and 8 = S(¢,6) > 0 is given
by:
f:= min [,(—0). (1.0.26)

reX\S*e
The function I,(-) is known in the large deviation theory as a rate function. This
particular rate function is defined as the convex conjugate of the log-moment gen-
erating function of the random variable Z,, that is:
L.(s) = (1og M,)" (s) = sup{st — log M,(1)},
teR

where
M,(t) :=Eexp{tZ,}.

Let us give more details about some points related to the derivation of the
exponential rate of convergence . First, note that there exists a function
u: X\S¢ — X satisfying f(u(z)) — f(z) < ¢, for all z € X\S°. Indeed, we can
always define u(z) € 9, for any x € X\S¢. Then,

flz)> f"+e= f(u(z)) +¢ Ve e X\S“ (1.0.27)

Second, note that the assumption (c) is weaker than the following: V2’ € S, Va €
X\S, the m.g.f. M, .(t) of the random variable Z,/ , := F(2/,§) — F(z,£) is finite
for t in a neighborhood of 0. Third, observe that

EZ, = f(u(z)) — f(z) < = min (f(z) - f(u(z))) = —€ < —¢, (1.0.28)

zeX\Se
since X'\ S¢ is finite. Now, let us obtain a lower bound for 5 = f(e,d) > 0 that is
valid for any ¢ > 0 sufficiently small and any 0 < § < e. We begin by noting that
since M,(+) is finite in a neighborhood of zero, we have that

(s —EZ,)?
L(s) =7

for s in a neighborhood of EZ, = f(u(z)) — f(z), where o2 := Var[Z,] for all
r € X\S¢ Using again that X\ S¢ is finite, we obtain that there exists ¢y > 0 such
that

+o (s — EZ,|*) (1.0.29)

(s —EZ,)”

I.(s) > )
(s) 2 302

(1.0.30)
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for EZ, < s <EZ, + ¢ and for all x € X\S¢. Taking ¢y > 0 smaller if necessary,
we can assume without loss of generality that ¢y < mingex\s(f(x) — f*). We claim
that for any 0 < € < ¢y and any 0 < 9 < ¢, the following inequality is satisfied

i (60 _ 5)2 €

L(=8) > 29 vy e x\SF, (1.0.31)
30—12118,)(

where 02, = max;ex\sc 02. Before showing that inequality (1.0.31) is satisfied,

observe that it gives the following lower bound for 8 > (¢y — 6)?/302,, > 0. Using
this lower bound in ((1.0.25]) we obtain:

P [Sjsv C Se} > 1 — card (X\9) exp {—N(EO—_(S)Q} (1.0.32)

302

max

for any € > 0 sufficiently small and 0 < § < e. For showing that (/1.0.31)) holds,
let us first observe that EZ, < —ey < —e < =4, for any z € X\S. If —§ €
[EZ.,EZ, + €], then

(_5 — EZI)2

2
307

(€0 — 0)°

2 Y
30—1‘[13,)(

> (1.0.33)
since 02, > oc2and 0 < e — 8§ < —0 —EZ,. If =6 > EZ, + ¢, then using the fact
that I,.(-) is monotone in [EZ,, c0) we obtain that

2 2

€0 (€0 — 0)
> .

302 = 302

xT max

[,(—6) > L(EZ, + ) > (1.0.34)

For finishing the review of [37] regarding properties of SAA estimators for discrete
problems, let us just say that asymptotic results for the SAA optimal value estimator
were derived using the central limit theorem.

In [75] the authors derived sample complexity estimates for general static or
two-stage stochastic programming problems. There, they do not suppose that X
is finite or that the random data ¢ has finite support or even that w.p.1 F(-,¢)
is convex. Instead, they suppose that X has finite diameter and that the random
costs { F(z,€) : € X} do not present “wild” randomness. The results were derived
using the large deviation theory, in particular the upper bound of Cramer’s large
deviation theorem. For such, one must suppose the finiteness (in a neighborhood of
0) of the m.g.f. of the involved random variables. Moreover, they suppose that the
differences F'(x,&)—F (', €), for all z, 2" € X, also do not present “wild” randomness
and that the closer = and 2z’ are to each other, the higher is the probability that
F(z,£) — F(2/,€) is close to 0. For the record, let us enumerate precisely these
assumptions: (a) f(x) = EF(x,&) is finite, for any = € X, (b) the (nonempty)
feasible set X has finite diameter D, (c) {¢': i € N} are independent copies of &,
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(d) for all z,2" € X, the random variable (F(z,&) — F(2/,€)) — (f(z) — f(2')) has
m.g.f. My ,(t) satistying!|

1
M, .(t) < exp {502752} , Vt € R, (1.0.35)

where o > 0 is a finite constant, and (e) there exists a measurable function x :
supp & — R, that has finite m.g.f. in a neighborhood of 0, and that satisﬁeﬂ

|F(x,8) = F(2', )] < x(§) ]z — 2, (1.0.36)

for all z,2" € X and all £ € supp&. Assuming conditions (a)-(e), in [75, Theorem
1] the authors obtained an estimate of the sample size N that guarantees that with
probability at least 1 — @ every d-optimal solution of the SAA problem is an e-
optimal solution of the true problem (see [75, Equation (22)]). A similar derivation
is obtained in [73, Theorem 5.18] that we present below. Take any ¢ > 0 and
0 <6 < e. It was shown that

P [va C Sﬁ] >1—exp{—Nj} — (45{4D>nexp {_M} (1.0.37)

) Q02

for all N € N. Let us make some remarks about the quantities appearing in equation
(1.0.37). First, M can be taken as any number greater than M = Ey(¢) < 400
that is finite since M, (¢) is finite in a neighborhood of 0 by hypothesis (e) (see
also Proposition . The constant § is equal to I, (M) € (0, +oc] that we know
is positive (maybe even equal to 4+00), since M > Ex(£) (see also Remark .
Finally, p is a universal constant that is related to v-nets in R™ (see Definition
. Let us assume that the diameter of X is a positive real numbeﬂ. It is a
well-known fact that there exists a positive absolute constant 4% such that for every
0 <v <D :=diam X there exists a v-net X of X such that

~ D\"
card X < (p_> : (1.0.38)
v
The proof of [73, Theorem 5.18] (or equivalently [75, Theorem 1]) used the sample
complexity estimate obtained in [37] for discrete stochastic programming problems
for deriving an estimate for general stochastic problems with bounded feasible sets.

I"We say that a random variable satisfying is a o-sub-Gaussian random variable (see
Section .

8More precisely, they have supposed that inequality is satisfied with right-side equal to
x(&) |lx — 2'||”, where v > 0. Here, we just present the case v = 1.

9f D = 0, then X is a singleton and we always have that 5% C S¢ = X.

20Tn Proposition we proved that p can be taken less than or equal to 5.
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Given any € > 0 and 0 < § < ¢, take any M > M and consider a v-net X of X,
satisfying

. (4pDM\"
card X < ( p ) ,
6_
where 5
V= €_~ 0.
AM

Now, one can consider the true and the SAA problems restricted to the net X,
instead of the original set X. Considering appropriate parameters 0 < ¢’ < € < e,
one can derive the following estimate

202

M} (1.0.40)

202

P [5}5\; c 5 ] > 1 —card (X\§€/> exp {—M} (1.0.39)

[V
—_
|
Y
W
I e
=
> o
N—
3
D
]
ko)
—N—
|

using the estimate derived for discrete stochastic programming problems (this gives

the estimate of the last term of the right-side of ((1.0.37)) by considering ¢ — 0" =
(e — 0)/2)). Furthermore, since I,(t) is finite for ¢ in a neighborhood of 0 and
M > Ex(&), the upper bound of the Cramer’s large deviation theorem implies that

P [% ; x(€) > M] <exp{—Npj}, (1.0.41)

where 8 = I, (M) > 0. Tt is also readily seen that fu is (% Zfil X(g))-Lipschitz

continuous in X. So, whenever the event [% Zf\il x(E) <M } happens, we have

that fN is M-Lipschitz continuous in X. Noting also that f is M-Lipschitz in X,

one can show that the event [S?V cS E} happens, whenever the event

[S?V’ c g ] N [% S x(E) < M (1.0.42)

occurs. Observe that the right-side of equation (1.0.37)) is just a lower estimate
for the probability of the event ((1.0.42)). It is also possible to prove that, under

the assumed regularity conditions, the event [S N # (7)] has probability 1. So, the

probability of the event (|1.0.14)) is equal to the left-side of (1.0.37)). That is the
general idea of the proof. One should consult |73, Theorem 5.18] for more details.

We also derive a similar lower bound in Section [2.1.1] applying directly the uniform
exponential bound theorem (see Theorem [2.1.5)).
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From (|1.0.37)) it is possible to obtain an estimate of the sample size N that
guarantees that with probability at least 1 — 6, for § € (0, 1) given, every J-optimal
solution of the SAA problem is an e-optimal solution of the true problem. One
way for achieving this is to derive the minimum value of N € N such that both
inequalities

exp{—N]X(M)} < —, and (1.0.43)

apMD\" N(e — §)?
T <
( e—9 > P { 8o? -

hold true. This gives us the following estimate for N

802 4pM D 2 1 2
N>—+|nl e 1 — — 1 — 1.0.45
_(6—5)2 [TL 0g(6_5)+0g(9)]\/ IX(M) Og(e)]v ( )
where a Vb := max{a, b}, for all a,b € R. Treating 0 < § < € as varying parameters,

we note that the maximum in (1.0.45) is achieved by its first term for sufficiently
small values of € — 0 > 0. Moreover, if assumption (e) is satisfied with x(§) = M

for £ in a set of probability 1, then I, (M) = 400, for any M > M. In that case,
the second term in the maximum (|1.0.45)) vanishes, and it suffices to take

N> (68_;'2)2 [nlog (45%?) +log (%)} . (1.0.46)

Although the authors have pointed out in [75] that sample complexity estimates like

(1.0.44)

({1.0.45)) or (1.0.46)) are too conservative to be useful in practice, these type of results

provide a theoretical guarantee that static or two-stage stochastic programming
problems, that are in some sense well-behaved (see assumptions (a)-(e)), can be
efficiently approximated by the Monte Carlo sampling-based approach provided that
we do not ask for too much accuracy, that is, values of € that are too small. Indeed,
if € is too small, then estimate indicates that the SAA approach could be
impractical for obtaining an e-optimal solution of the true problem. Another point
of concern is if the SAA problem can be efficiently solved. This typically depends
also if it is possible to evaluate efficiently the function values F'(x,§), for any z € R”
and £ € supp¢, and/or if the functions F'(-, &) and the feasible set X are convexlﬂ.

For closing the review of [75], let us just mention that the authors also commented
about sample complexity estimates for the multistage setting. They reasoned that
although it is possible to write the multistage problem as a static or two-stage prob-
lem using the cost-to-go functions, there is an important difference between both

2Tn that case, by calling an oracle one can usually also obtain a subgradient s(z, &) € 9, F(z, €),
for every x € R™ and £ € supp&. Proceeding in that way, one can obtain a polyhedral function
gn(-) that approximates fy(-) from below in X.
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settings. Indeed, for multistage problems it is not possible to evaluate F'(z,§) accu-
rately. For example, for 3-stage problems, the exact evaluation of F(x,&) involves
solving ezactly a two-stage problem with initial conditions determined by x and &.
We are not saying that one needs to evaluate F(x,§) exactly in order to obtain
a reasonable approximation of the true problem. What we are trying to convey is
that, differently from two-stage problems, F'(z, &) cannot be accurately evaluated for
T-stage problems (7' > 3) and that this has important consequences in the sample
complexity estimates for multistage problems.

In the multistage setting, the SAA approach consists in building a scenario tree
(see Section using a conditional sampling scheme (see Section . Supposing
that for each node of the scenario tree at level t = 1,...,T — 1, one generates N,
children nodes, the constructed SAA scenario tree has

T
N=]]M™ (1.0.47)
t=2

number of scenarios. In [67] it was shown that in order to obtain consistency results
for the SAA estimators in the multistage setting, one has to make N; — oo, for
each t = 2,...,T. This is a first indicator that in order for the SAA problem
approximates arbitrarily well the true problem, the total number of scenarios in the
multistage setting must grow exponentially fast with respect to the number of stages
T.

The analysis of the exponential rates of convergence of the SAA estimators in the
multistage setting was carried out in [69]. In this paper the author obtained sample
complexity estimates for a 3-stage stochastic programming problem under similar
hypothesis considered in the analysis of two-stage problems (see [69] or Section m
for more details). In a nutshell, he proves that if one takes Ny = Nﬂ satisfying

2
Ny > 0(612)0 {(nl + n2) log (%) + log (%)} , (1.0.48)
then
PSViy, €8] =10 (1.0.49)

where € > 0 and 6 € (0,1) are given. This estimate suggests that the total number
of scenarios Hthg N, in the scenario tree grows at least to order of

(02(n1 I nTl))Tl |

(1.0.50)

€2

In Section we extend this analysis for T-stage stochastic programming problems
with arbitrary 7" € N obtaining an estimate like (|1.0.50).

22This point is not important and it is made here only for simplifying the exposition. In [69)]
this assumption was not used to derive the sample complexity estimates.
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Note that all references discussed so far derived results for risk neutral stochas-
tic programming problems. A relevant question that can be posed is: why do we
optimize the expected value of the random cost? If one has to repeat the optimiza-
tion procedure many times under the same initial conditions, then, by the law of
large numbers, optimizing the expected value gives an optimal decision in the long
run. However, this reasoning does not appeal to all decision making situations. A
typical example occurs in the area of portfolio selection where a trade-off between
risk and return is taken into account in the optimization problem. For instance, a
strategy that invests all wealth in just one asset, the one that has the maximum
expected return, appeals to almost nobody, although this is the optimal strategy
for the portfolio selection problem considering as the optimization criterion just the
expected value operator. The drawback of this strategy is clear, one does not give
any importance to deviations of the portfolio return with respect to its expected
return Pl The trade-off between return and risk is the cornerstone of the modern
theory of portfolio selection introduced in the pioneering work of [41] and further
analyzed in |42, 43]. In the mean-variance models introduced by Markowitz, besides
considering the expected portfolio return (or cost) one uses the standard deviation
of the portfolio return as a way to penalize deviations from its expected cost. Many
theoretical advances were made in this area in recent decades [1I, [, [1'7, 25l 47, [58]
and much attention has been given to risk averse stochastic programming problems
[19, 26, 31, 39, 511, 57, [70L [76], to mention a few. In this type of problems, one uses
a risk averse risk measure p in order to summarize the random cost that depends
on the decision x € X into a real number. A general risk averse static stochastic
programming problem is formulated as

min {v(z) == p (F(z,§))}, (1.0.51)

zeX

where &, z, X and F are defined as before (see paragraph after (1.0.1])).
When p is a (regular ] law invariant™| risk measure (see Section[2.7)), also known

as versiton independent risk measure, and it is possible to sample from the random

ZFor example, consider that there are two possible scenarios {1,2} each with equal probability
of occurring, and assets A and B. An investor wants to allocate all of his wealth on this two assets.
Asset A returns —100% when scenario 1 occurs and +200% when scenario 2 occurs. Asset B returns
50% in both scenarios. Observe that the expected return of these two assets are equal to 50%.
Therefore, the portfolios that invest all wealth in each asset are equally good using the expected
return criterion. However, note that investing in asset A is much more risky than investing in asset
B. Indeed, the investor has 50% of chance of losing all his wealth if he invests only in asset A.

24See [73), Definition 6.45].

%In a nutshell, a (regular) law invariant risk measure u : L, (2, F,P) — R, p € [1,00), can
be seen as defined on the set of all cumulative distributions functions of R. In that case we
can write pu(Z) = pu(Fz), where Fz(z) := P[Z < z], for all z € R, is the cumulative distribution
function of the random variable Z. Given a sample realization {Z1, ..., Zxn} of the random variable
Z, we consider the empirical cumulative distribution function F N(z) = % Ziil liz,<-} that is,
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vector £, one can easily consider Monte Carlo sampling-based approaches to ap-
proximate problem (|1.0.51)) by its empirical counterpart. Given a random sample
{€:1=1,...,N} of & consider the following problem

min {@N(x) =i (F(x,@)}, (1.0.52)

zeX

where F(z,€) has the empirical cumulative distribution function
| N
Hy(z,z) = N Zl 1{p(zei)<zy, for every z € R,

and [ (F(x, é)) =l (ﬁN(:U, )) Here we also denote problem (|1.0.52) as the SAA
problem. Akin to the risk neutral case, we can see the SAA optimal value and the

SAA optimal solutions as statistical estimators of their true counterparts. The same
questions regarding the: (a) (strong) consistency, (b) asymptotic distribution, and
(c) rates of convergence of these statistical estimators can be considered in the risk
averse setting.

Let us make a brief review of the literature addressing these questions. [71] is
the only reference that we are aware of that studies the convergence of empirical
estimates of risk averse stochastic programming problems. Although many other
references like [11, B2 [33 B0, 80] have established either the strong consistency
and/or the asymptotic distribution of the empirical estimates for some risk measures.
However, it is important to differentiate these type of results. In the latter type,
one considers as given a risk measure g satisfying some regularity conditions and
shows that, for a fixed random variable Z, its statistical estimator jin(Z) converges
in some sense to its true counterpart p(7), when N goes to oo. In [71] this kind of
result was also proved for a broad class of risk measures, but also that the statistical
estimators associated with the risk averse stochastic programming problem, that
is, the optimal value estimator v} and the set of optimal solutions estimator Sy
converged in some sense to their true counterparts v* and S, respectively. As it
was shown in the risk neutral case, these results follows by proving that fiy(F(z, ¢ )
converges to p(F(z,§)) uniformly on z € X.

Now we make a brief presentation of the main results in [71]. The author begun
by investigating convergence properties of the empirical estimates of law invariant
convex risk measures. In Section [2.7] we recall the definition of this type of risk

in fact, a valid cumulative distribution function of R (see Section . Therefore, the random
quantity g (ﬁ' N) is the empirical estimate of u (F). The expected value operator is an example
of law invariant risk measure. We will see many other examples in the sequel. Given a sample
realization {Z; : 1 <i < N} of a random variable Z, note that the sample mean Z = % va Z;
is just the expected value of the random variable Z that has cumulative distribution function

En(z):= 25N 1(z.<.y, ie, Z=EZ.
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measures. It is worth mentioning that this is a broad@ class of risk measures. Take
any Z € L, (Q,F,P), p € [1,00), and consider a sequence {Z* : i € N} of i.i.d.
copies of Z defined also on L, (2, F,P). Let Fz(z) := P[Z < 2| be the cumulative
distribution function of Z. Moreover, for every N € N and w € €2, let

N

1
Fy(z,w) =+ ; 1 (7 (w)<2) (1.0.53)
be the empirical cumulative distribution function associated with the sequence of
random variables {Z* : ¢ € N}. In [71, Theorem 2.1] it was proved that if p :
L,(Q,F,P) =R, pe[l,o0),is a (finite-valued) law invariant convex risk measure,

then w.p.1
It (FN> = pu(Fz), (1.0.54)
as IV goes to co. Now consider the risk averse stochastic programming problem
min {v(r) = 4 (F(z, )}, (1.0.55)

where ¢ : Q — R? is the random data, F : R” x R — R is the random cost function,
i is a law invariant risk measure and X C R" is the feasible set. We also consider
a sequence {¢': i € N} of i.i.d. copies of ¢ defined on (€, F,P). For every x € R",
w € ) and every N € N consider

~

N
1
HN<;U,(,L), ) = N Z ]l{F(ac,fi(w))S-} (1056)
1=1

the empirical distribution function associated with the sequence of random variables
{F(z,&%) :i € N}. Define

Oy (z,w) == p (]:IN(ZL‘,(U)> , V(z,w) € R" x Q. (1.0.57)

Under appropriate regularity conditions it follows that v(-) is a L.s.c. function and vy
epiconverges to v w.p.1. In fact, the following conditions are sufficient for deriving
these result (see [71, Theorem 3.1]): (a) p : L, (2, F,P) — R is a law invariant
convex risk measure, (b) (z,w) € R" x Q — F(x,&(w)) is a normal integrand (see
Definition [2.6.12), (c) for every x € R", the function w € Q — F(x,&(w)) belongs
to L, (2, F,P), and (d) for every & € R" there exists a neighborhood V; of # and a
function h € L, (2, F,P) such that F'(z,&(-)) > h(-), for every x € V.

Assuming additionally that F(-,€) is a convex function w.p.1 £, as a consequence
of the epiconvergence of y(+) to v(-), it follows that vy (z,w) — v(x) uniformly on

26Every coherent risk measure is also a convex risk measure. It is also true that every Optimized
Certainty Equivalent (OCE) risk measure is also a law invariant and convex risk measure. For

more details see Section and Section
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x € K, for every (nonempty) compact set K C R™. Therefore, assuming that X is
a nonempty compact set, it follows that w.p.1

oy — v, as N — oo, (1.0.58)
D (SN,S) = 0, as N — oo. (1.0.59)

This completes the presentation of the main results of [71].

Now we present some results concerning exponential rates of convergence for
empirical estimates of some risk measures. It is worth mentioning that we are not
aware of any publication obtaining large deviations bounds results for the empirical
estimates of the optimal value and the optimal solutions of risk averse stochastic
programming problems. Indeed, one of the contributions of our work is precisely
to derive this type of results. There are, however, some large deviations results for
empirical estimates of some important type of risk measures, such as the Average
Value-at-Risk and more broadly the class of Optimized Certainty Equivalent (OCE)
risk measures. In [I2] the author derived an exponential rate of convergence for the
empirical estimator of the AV@QR;_,(+) risk measurd®}, for a € [0, 1). He considered
separately the upper and lower deviations of the statistical estimator with respect to
its true counterpart. Different constants in the exponential rate of convergence were
obtained for each side of the deviation, as well as different classes of risk measures
were considered for each side. Let us present more details about these results. Let Z
be a bounded random variable that satisfies, without loss of generality, the following
inequalities

0<Z<U<+o0 (1.0.60)

w.p.1, where U is a positive real number. Consider N € N i.i.d. copies {Z%: 1 <
i < N} of the random variable Z defined on a common probability space. First we
present the exponential bound for the upper deviation. In this setting, he obtained
results for the class of OCE risk measures (see Section in particular, Definition
and Remark [3.1.2). The OCE of a random variable Z under ¢ € @ (see
Definition [3.1.1]) is defined as

pe(Z) = ;IEIIE {s+Eo(Z—59)}. (1.0.61)

Its empirical estimator is given by

N
i (Z',...,2N) = igﬂf{{snL%Z(b(Zi—s)}. (1.0.62)
1=1

27As it is common place in the literature the author denoted this risk measure by the term
Conditional Value-at-Risk. We prefer to adopt this other nomenclature here in order to avoid any
possible confusion with conditional risk measures considered in multistage risk averse stochastic
programming problems (see Section .
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The author proved that the following inequality holdﬁ

Plag(Z', ..., Z") > py(Z) + €] < exp {_%} : (1.0.63)

for every € > 0 and N € N. The AVQR,;_,(+) risk measure, for a € [0,1), is an
example of OCE risk measure (see also Example [3.1.8). In fact, AVQR,;_,(-) =

fig,_. (), where ¢1_o(2) := == max {z,0}. In that case, equation (1.0.63) becomes
— . N (1 — )%
P |[AV@R,_(Z",...,ZV) > AV@Rl_a(Z)+e] < exp{ 2N
(1.0.64)

For the lower deviation bound the author supposed additionally that Z has a con-
tinuous distribution function. The lower deviation bound was obtained for the
AV@R, _,, risk measures, for a € [0, 1), rather than for the whole class of OCE risk
measures (satisfying ¢(U) < +00). The author stated that

2

PAVGR, ,(2',...,2") < AVAR, o(2) — ] < Sexp{—(l/S)(l —a) 5N

(1.0.65)
for any € > 0 and NV € N. Note that this bound is sharper than the other one for
sufficiently large N for a greater than O.ﬂ. It is worth mentioning that the upper
deviation bound was derived using: (a) the McDiarmid’s bounded difference
inequality (see [44]) to obtain an exponential bound for

Plig(Z',..., ZN) = Blg(Zy, ..., Zy) > €], (1.0.66)

and (b) the fact that Efi4(Z1, ..., 2Zy) < pue(Z) (see [12, Proposition 3.1]).

In [73 Section 6.6.1] the authors derived statistical properties of the empirical
estimator of the Average Value-at-Risk risk measure. In their analysis it was taken
as given an integrable (not necessarily bounded) random variable Z and a sample
{Z',...,ZN} of i.i.d. random variables defined on the same probability space having
the same distribution as Z. Besides proving the strong consistency of the empirical
estimator and besides deriving asymptotic results for this estimator, the authors also
derived large deviations-type bounds for the convergence of A/V@h,a(Z L., ZN)
to AV@R,_,(Z). They followed a different approach from the one used in [12].
It is worth mentioning that our results were derived following a similar approach,
although there are important differences between their range of applicability and
some involved hypotheses. We consider statistical estimators related to the optimal

%Since ¢ € ® and U > 0, we have that 0 < ¢(U) < +oo. Note that the inequality is
trivially satisfied if ¢(U) = +o00, however, in that case, we do not obtain an exponential rate of
convergence. When ¢(U) < +o0, it follows that 3 = 2 (¢/¢(U))” is positive.

290n risk management applications one usually takes o € {0.95,0.99,0.997}.
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value and optimal solutions of a risk averse stochastic programming problem whereas
in [73, Section 6.6.1] the result was obtained for a fixed random variable Z. Indeed,
our results also extend to the multistage setting. Moreover, while in [73, Section
6.6.1] the results are obtained for the Average Value-at-Risk risk measure, our results
are applicable to a broader class of risk measures. In fact, we derive large deviations-
type results for the class of OCE risk measures, where ¢ € ® is assumed Lipschitz
continuous. For finishing this brief comparison it is worth mentioning that differently
from [12] and similarly to [73 Section 6.6.1] we do not restrict our analysis to
bounded random variables. Now we give more details about exponential bound
results obtained in 73] Section 6.6.1].
Let us begin by recalling the fact that (see also Proposition :

1
argmin {h(s) =5+ 1

seR —

E[Z — s]+} (1.0.67)

is equal to the set of a-quantiles [q; (Z), ¢} (Z)] of Z (see Section [2.3). This set is
a nonempty bounded closed interval, whenever o € (0,1). So, let us suppose that
a € (0,1 Taking any real numbers u < ¢ (Z) < ¢} (Z) < U , it follows that
A := s min{h(u)—AVQR,_,(Z), (U)—AV@R;_,(Z)} > 0. Foru < s < U, assume
that the random variables W, := [Z — s], —E[Z — 5], are a—sub—Gaussianm that
is,

+

M,(z) := Eexp (W,z) < exp{c?2?/2}, for all z € R. (1.0.68)
It can be shown that (see [73, Proposition 6.63]):

P Hmm(zl, 2N - AV@Rl,a(Z)( > 6} < S o [_%] |
(1.0.69)
for any 0 < € < A. Therefore, given a confidence level of § € (0,1), if we take the

sample size

8(U — u) ) 3202 (1.0.70)

N >1
=8 ((1 —a)fe) (1 —a)?e?’
then the probability in ((1.0.69)) is less than or equal to 6. This completes the
presentation of selected results in [73 Section 6.6.1].

As we have said previously, to the best of our knowledge sample complexity
estimates for risk averse stochastic programming problems were not derived yet

30When o = 0 it is a well-known fact (see also Proposition and Remark [3.1.12) that
AV@R,(Z) = EZ, for any integrable random variable Z.

3n [73 Section 6.6.1] the authors suppose that the family of random variables W, for u <
s < U, are (o, a)-sub-exponential instead of o-sub-Gaussian, where o and a are positive constants.
That means that the inequality is satisfied for |z| < a rather than for all 2 € R. Of
course, every o-sub-Gaussian random variable is a (o, a)-sub-exponential random variable, but the
converse is not true in general. Therefore, we are assuming here a more strict condition. This
simplifies a little bit the exposition.
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in the literature. One contribution of this thesis is to derive sample complexity
estimates for a class of risk averse stochastic programming problems. We derive
results for static or two-stage problems and for dynamic or multistage problems
that have a finite number of stages.

In this thesis, we consider the class of Optimized Certainty Equivalent (OCE)
risk measures. As far as we can tell the class of OCE risk measures is a sufficiently
broad class. In fact, many risk averse stochastic problems solved in practice [19,
39, b1l 57, [70], [72], [76] adopts a risk measure that belongs to this Clasﬁ (see also
Example . We recall some properties of OCE risk measures in Section and
establish new results that we use in the sequel.

The remainder of this thesis is organized as follows. In Chapter [2] we present
some background material, such as known propositions and definitions, that are
used along the thesis. Our objective in doing so is to make the thesis more self-
contained. Although we prove some results in this chapter, in many occasions the
proofs are omitted and we just give a pointer to the standard literature in case one

wishes to have more details. In Sections [2.1.1] and [2.1.2] we give more details about

the derivation of sample complexity estimates for static and dynamic, respectively,
risk neutral stochastic programming problems. We derive the results by using the
uniform exponential bound theorem (see Theorem . We follow this approach
here because we use this particular tool for extending the sample complexity results
to the risk averse setting. As mentioned previously, we extend in Section the
analysis done in [69]. Here we derive the results considering slightly weaker regularity
assumptions. Moreover, we allow the parameters T" and d to be, respectively, T" > 3
and 0 < § < ¢, instead of ' = 3 and § = €¢/2. These are minor differences with
respect to [68]. What we consider is the most important difference, is that working
directly with T-stage problems it is possible to show that the sample complexity
of multistage problems grows even faster than what a first look in the estimate
provided in [69] for 3-stage problems might suggest. The remainder of Chapter
can be skipped without loss and it can be consulted as the need arises.

Starting from Chapter [3, most of the results presented in this thesis are new.
In Chapter |3| we derive the sample complexity estimates for static stochastic pro-
gramming problems with OCE risk measures. We recall in Section the definition
of this class of risk measures and provide some of its properties. In Section 3.2
we present the extended formulation for this class of problems, and explain the
approach used for deriving the sample complexity estimates by using the theory
already developed for risk neutral problems. It is worth mentioning that the de-
veloped theory cannot be applied directly, since when we deal with the extended
formulation the feasible set of the optimization problem becomes unbounded. We

32 Although it is worth noting that most of these references never mention that the considered
risk measure is an OCE risk measure.
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properly derive the sample complexity estimates in Section [3.3] We obtain a lower
bound for the probability of the event that is valid for every N € N and
that approaches one exponentially fast when we make N to infinity. The estimate
is akin to the one obtained for the risk neutral case, although the dependence on
some problem data parameters differs. One important difference is the dependence
with respect to the parameter L(¢), that is the Lipschitz constant of the function
¢ € ® (see Section B.1). Our estimate also provides a theoretical guarantee that
static or two-stage stochastic programming problems with OCE risk measures can
be efficiently approximated by Monte Carlo sampling-based approaches. Now, the
result depends not only in not asking for obtaining a too much accurate solution of
the true problem (e > 0 too small), but also in not using an OCE risk measure with
L(¢) that is too large.

In Chapter [4 we extend the results of Chapter [3] considering the dynamic or mul-
tistage stochastic programming problems with nested OCE risk measures. Similar
to the risk neutral setting, the derived sample complexity estimates for multistage
problems present an order of growth that is even faster than the exponential with
respect to the number of stages T (see (£.0.77)). Indeed, a multiplicative term
(T —1)2T=1) appears when one obtain an estimate for the total number of scenarios
in the scenario tree.

One could ask if the sample complexity estimates obtained for stochastic pro-
gramming problems are in some sense tight. One possibility would be that the
derived estimates were too gross and much bigger than the “best possible” estimate.
Maybe much smaller sample sizes could be sufficient for guaranteeing that with a
desirable level of probability the SAA optimal solutions would be approximate op-
timal solutions of the true problem. In particular, one could ask if the exponential
growth of the sample complexity estimates for multistage problems with respect to
the number of stages is really an unavoidable phenomenon or if maybe we just have
not derived sufficiently tight estimates that do not present this behavior and, in
some sense, do not suffer from the curse of dimensionality. In Chapter |5 we have
shown that an order of growth exhibited by the sample complexity estimates derived
in [69] (see also Section is unavoidable for some problems. We construct a
family of risk neutral T-stage problems whose members satisfy all the regularity con-
ditions assumed in order to derive the sample complexity estimates for multistage
problems and show that the number of scenarios needed for obtaining approximate
optimal solutions of the true problem with high probability grows even faster than
the exponential function with respect to 7. This study was published in [53].
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CHAPTER 2

Background material and preliminary results

2.1 Risk neutral stochastic programming prob-

lems

2.1.1 The static case

In this section we recall some sample complexity results on the SAA method for static
risk neutral stochastic programming problems. To the best of our knowledge, these
results were first developed in [75] for general stochastic programming problems.
This type of results were obtained previously for specialized kind of problems such
as problems with discrete decision variables (see [37]) and problems with a finite
number of scenarios (see [74]). Here we follow closely reference [73], although we
derive the results as a direct consequence of the uniform exponential bound theoremﬂ
(see [73, Theorem 7.75]).

We consider the general static risk neutral stochastic programming problem
(SRN-SPP):

min { f(z) := EF(x,€)}, (2.1.1)

zeX

1As a consequence, some constants appearing in our estimates differs from their counterparts
n [73]. Of course, this is a minor difference between both presentations.
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where £ = (&,...,&;) is a random vector defined on a probability space (2, F,P);
x € R™ are the decision variables; X C R” is the feasible set and F : R" x R? — R
is a measurable function.

As discussed in Chapter |1}, one difficulty in solving problem is that it is
not possible, in general, to evaluate with accuracy the objective function f(z) at
xz € R"™. In fact, we have that f(z) is a d-dimensional integral. When it is possible
to obtain a random sample from £, the SAA method can be used to circumvent this
difficulty. In the SAA method, one takes a random sample {&!,... &N} of € and
considers the SAA problem:

. 1 X i
grg)l?{f]v(x) = N;F(x,g)} (2.1.2)
In the static case we usually assume that it is possible to evaluate F'(zx,¢), for
r € R" and £ € supp(§). It turns out that given a sample realization of £ the SAA’s
objective function fN can now be evaluated accurately. The SAA problem is usually
easier to solve than the “true” problem, although one must keep in mind that the
problem we are really trying to solve is problem .

In a nutshell, the sample complexity of the SAA method for SRN-SPP studies
how large the sample size N should be in order for (approximate) solutions of prob-
lem be approximate solutions of problem ([2.1.1)) with high probability. In
order to obtain results of this nature, one must assume some regularity conditions to
be fulfilled by the problem instance. Let us recall some notation before proceeding.

We denote the optimal values of problems (2.1.1]) and (2.1.2)) by:

vto= ;g}f(f(:v), and (2.1.3)
Oy = ég)f(fN(x), (2.1.4)

respectively. Given ¢ > 0, we denote the set of e-optimal solutions of problems

and (ZL3) by

S¢ = {xeX: f(x) <o +¢€}, (2.1.5)
Sy = {reX: fnlx) <0y +e), (2.1.6)

respectively. When dealing with exact optimal solutions, i.e. ¢ = 0, we drop the
superscript and write S and Sy instead of S¢ and S’JEV, respectively.

Let us assume that the true optimization problem is solvable, i.e. S # Qﬂ We
assume that the optimizer aims at obtaining an e-solution of the true problem,
where € > 0 is a given tolerance parameter. For such, he will solve the SAA problem

2In fact, this will follow from the regularity conditions used for deriving the sample complexity
estimates.
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obtaining a d-optimal solution of this problem. This approach is guaranteed to work
whenever every d-optimal solution of the SAA problem is an e-solution of the true
problem, assuming that there exists a §-optimal solution of the SAA problem’| So
let us consider the favorable event:

[S*?V c SE] N [S*;‘V £ (Z)] . (2.1.7)

More rigorously, in the study of the sample complexity of the SAA method one
determines how large N should be in order to:

P([ﬁ?vgsﬂ N [3;27&@}) >1-0, (2.1.8)

where € > 0,0 < § < e and 0 € (0,1) are the sample complexity parameters.
One strategy for deriving this kind of result consists of bounding from below the
probability of the event:
A €—90

sup | f (@) = f(2)] =
rzeX

, (2.1.9)

in terms of N and € —d > 0. The uniform exponential bound theorem is a key tool
for obtaining such an estimate. Before presenting this theorem, let us consider the
following regularity conditions:

(A1) For every x € X, f(x) = EF(x,¢) is finite.

(A2) There exists 0 € R, such that F(z,§) — f(z) is a o-sub-Gaussian random
variable, for every x € X, that is:

M,(s) := Eexp{s (F(z,¢) — f(x))} < exp{o?®s®/2}, Vs € R.

(A3) There exists a measurable function x : supp(§) — R, whose moment generat-
ing function M, (s) is finite, for s in a neighborhood of zero, such that

|F(x,&) — F(', )] < x(§) |lz — 2], (2.1.10)
for all ', € X and £ € E C supp{{}, where P[¢ € E] = 1.
(A4) X C R" is a nonempty compact set with diameter D.

(A5) {&" :i € N} is an independent and identically distributed (i.i.d.) sequence of
random vectors defined on a probability space (€, F,P) such that &* 4 €.

31f 5';5\, = (), then S'jsv C 5S¢ immediately. However this situation is not favorable, since the
optimizer does not obtain an e-solution of the true problem.
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Remark 2.1.1. In principle, the function F(x,§) restricted to the set X x supp(§)
can assume the values 00 (see Example . Let us point out that this is not a
frivolous mathematical generality. Later we will show that two-stage stochastic pro-
gramming problems can be cast as static problems. Moreover, for two-stage stochastic
problems, let us recall that F(x,§) = 400, whenever the feasible set of the second
stage problem, that depends on x and on &, is empty.

Of course, the regularity conditions (A1)-(A4) impose some restrictions on the
problems instances that we will consider here. Assumption (A1) guarantees that
F(z,&) is finite for almost every & € supp(§), since the random variable F(x,§) has
finite expected value. This means that there exists a measurable set E, C supp(§)
such that Pl € E,] =1 and F(z,£) € R, for every & € E,.. For two-stage stochastic
programming problems this implies that the recourse is relatively complete. Note
that (A1) does not imply, in general, that there exists a measurable set E that has
probability 1 such that F(x,§) is finite, for every & € E and v € X. However,
assumption (A3) does imply that stronger condition. In fact, by assumption (A3),
it follows that:

0<|F(2',&) — F(x,8)| < x(&) ||2' — || < +o0, V&', x € X, VE€ E. (2.1.11)
Therefore, it follows that F(x,&) is finite, for every x € X and § € E. O

The following example is a modification of the one presented in [9, Page 109].
We show that even if the problem data satisfies the regularity (A1l)-(A4), the cost
function F(x,§) can assume non-finite values, for some x € X and £ € supp¢.

Example 2.1.2. Consider the feasible set X = [0,1] C R and the random data &
having the following c.d.f.

0, if 2 <0
He(z) = exp{—i}, 250 (2.1.12)

3
Note that supp & = [0,00). Now, consider the following function:
F(z,§) :=inf{y>0:¢y=1—a}. (2.1.13)

Note that (x,0) € X xsupp&, for every 0 < z < 1. Moreover, observe that F(x,0) =
oo, for every x € [0,1). Therefore, it is not true that F(x,§) is finite, for every
r € X and & € supp&. However, it is worth noting that P [ = 0] =0 and F(z,§) =
(1 — x)/€ is finite, for every v € X, whenever & > 0. Of course, P[{¢ > 0] = 1.
In fact, one can verify that the problem data satisfy all the reqularity conditions
(AJ)—(A4E]. This fact is an elementary consequence of the following:

4Recall that condition (A5) is about the sampling method and not about the problem data.
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Claim 2.1.3. The random variable Z = 1/£ is a 9-random variable (see Section

.

Before proving the claim, let us show that it implies the validity of the conditions
(A1)-(A4). (A4) is valid since X = [0,1]. Since Z is a g-random variable, it
follows that Z — EZ is a o-sub-Gaussian random variable, for some o > 0. Since
F(z,8) = (1—2)Z w.p.1, it follows that f(x) := EF(x,£) is finite, for every x € [0,1]
and

F(z,8)— f(x)=(1—2)(Z -EZ) (2.1.14)

is a o-sub-Gaussian random variable, for every x € [0,1]. Finally, note that

|F(x, &) — F(2', ) :%|x—m’|, (2.1.15)

for every x,z’ € [0,1] and & > 0. Since Z is a 9-random variable, we have in
particular that Mz(t) is finite, for everyt € R. Thus, condition (A4) is also satisfied.

Proof. (of the Claim [2.1.3) For showing that Z is a t¢»-random variable we verify
that its tails decay sufficiently fast to zero (see Proposition [2.4.2), i.e., that there
exists a finite K > 0 such that

P[|Z| > s] <exp (1 —s*/K?) Vs > 0. (2.1.16)
Take any s > 0. Since £ > 0 w.p.1, we have that

Pllz|>s] = P[Z>s]
P1/€ > s]
= P[¢<1/s]
= exp{—sg}
< exp{l—sQ}.

Thus, (2.1.16) is satisfied with K = 1. This completes the proof of the claim. n

In the next proposition we show that, as a consequence of the previous regularity
conditions, S # () and P[Sy # 0] = 1.

Proposition 2.1.4. Let N € N be given. The following statements hold:

(a) If conditions (Al) and (A3) hold, then f : X — R is Lipschitz continuous on
X.

(b) Assuming additionally that condition (A4) holds, then S # ().

(¢) If conditions (A1) and (A3) — (A5) hold, then P[Sy # 0] = 1.
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Proof. Suppose that (A1) and (A3) hold. By (A3) there exists a measurable E C
supp(§) that has probability 1 such that inequality holds, for every z’, x €
X and £ € E. Moreover, since x(£) has finite moment generating function in a
neighborhood of zero, Proposition [2.8.6| implies that:

E|x(€)|" < +oo, (2.1.17)

for all £ € N. In particular, we have that M := Ex(§) < +oo. Since (Al) is also
satisfied, we conclude that:

|f(z) = f(@)] = [EF(z,§) —EF(2',¢) (2.1.18)
= |E[F(z,§) — F(2',9)]| (2.1.19)
< E|F(z,§) — F(2', )] (2.1.20)
= E[|F(z,§) = F(«',&)| Licer] (2.1.21)
< E[x(©)llz — 2| Ligen] (2.1.22)
= Mllz -2, (2.1.23)

for all x,2’ € X. Observe that the second equality is valid because F'(z,£) and
F(2',&) are both integrable by (Al)ﬂ. The third and fourth equalities hold because
P[¢ € E] = 1. We obtain that f is M-Lipschitz continuous on X.

Additionally, if we assume that condition (A4) holds, we obtain that problem
has an optimal solution, since X is a nonempty compact set.

Finally, let us consider that condition (A5) is also satisfied and let N € N be

given. Since {£': 1 € N} are identically distributed and ¢&* £ &, we have that:

Pl¢' € E] =1, (2.1.24)
for all 7 € N. It follows that:
N 400
1>P [ﬂ[gl € E) ¢ eE]| =1 (2.1.25)
i=1 i=1
When ¢ € E, for alli =1,..., N, we have that:
for all z,2' € X and 0 < x(&') < +o00. So,
L
fn(@) = fx(a) NZ:: )|z — 2|, (2.1.27)
for all x,2’ € X and + Zl L X(€) < +o0, i.e. fy is Lipschitz continuous on X
w.p.1. Therefore, P[SN # 0] = 1. O

5Tt is not true, in general, that E[Z — Y] = EZ —EY. Consider arbitrary (finite-valued) random
variables Z = Y satisfying EZ = 4o00. Although Z —Y = 0 and E[Z — Y] = 0, we have that
EZ —EY = 400 — (+00) = 400.
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Now we state the uniform exponential bound theorem (see |73, Theorem 7.75]).

Theorem 2.1.5. Consider a general SRN-SPP such as (2.1.1) and suppose that
conditions (A1)-(A5) are satisfied. Take any M > M = Ex(&) finite. Then, for
e >0 and N € N, we have that:

P [sup i) - F@)| 2 ] < exp{—Nm} +2

reX 3202

20DM | Ne?
P ] exp{ ‘ } (2.1.28)
€

where m € (0, +00] is a quantity depending on M and x(€), D and o® are constants
depending on the problem data, and p is a universal constant.

Proof. For a proof see [(3, Sec. 7.2.10], particularly Theorems 7.73 and 7.75. Let
us point out that assumptions (A1) and (A5) were stated in the first paragraph of
reference’s section (see page 450 of [73]). Moreover, conditions (C2) and (C3) of
the reference were agglutinated in assumption (A2) in our presentation. Finally,
condition (C4) is just assumption (A2). O

Remark 2.1.6. Our notation is slightly different from that of reference [75]. Here
we denote by M the expected value of x (), instead of L. We proceed in that way in
order to avoid any possible confusion to the constant L(¢p) that will be defined when
we present the OCE risk measures (see section|3.1). The constant m € (0, 4+00] was
denoted by | on [73, Theorem 7.75]. Observe that it can assume the value +00 and,
in that case, we assume the following convention:

exp{—oc} 1= xEIPOO exp{z} = 0. (2.1.29)

U

Remark 2.1.7. (A glimpse on Large Deviation Theory) In order to give more details
about how m was obtained from the problem data, we give a very short presentation
of some concepts and result of the large deviation theory. All the results presented
here are taken from [73, Section 7.2.9]. For a more detailed presentation of this
topic, the reader should also consult [18, Chapter 2]. Let Z be a random variable.
We denote its moment generating function by Myz(s) := Eexp{sZ} € (0,+o0], for
every s € R. It is well-known that Myz(-) is a convex function, Mz(0) = 1 and
dom My is an interval of R. Suppose that EZ = p € R. Given {Z,...,Zy} i.i.d.
copies of Z, the upper bound of Cramer’s Large Deviation theorem gives

1 N
P[NZZiZZ

=1

<exp{—NIz(z)} (2.1.30)

for every z > i, where I7(-) := (log Mz)" (+) is known as the LD rate function of Z
and* denotes the convex conjugate operator. The rate function I4(-) is a nonnegative
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convez function and Iz(pn) = 0. Note that I7(-) attains its minimum value at z = .
If the moment generating function Myz(s) is finite for s in a neighborhood of s = 0,
then I7(z) € (0, +0o0], for any z # 0, and satisfies

(z = p)?

53 +o(la—pu), (2.1.31)

Iz(z) =

where 0 := Var [Z] < +o00. This finishes our presentation of this topic.
Now, let us consider the definition of m. Assuming that x(§) has finite moment
generating function in a neighborhood of 0 and taking any M > M = Ex(¢) € R,

m is given by I, (M) € (0,+o0]. If{&, ... &N} arei.i.d. copies of €, then

P [% ; x(€) > M] <exp{—Nm} (2.1.32)

or every N € N. A similar bound is also valid for P |+ J\; Y(€1) < M| where
N =1

M < M and m = I, (M) € (0,+00]. This means that the sample mean ~ SV x(E)
concentrates around the expected value M exponentially fast with respect to the sam-
ple size N. O

Remark 2.1.8. We have shown in Proposition that the absolute constant
p > 0 appearing in equation is less than or equal to 5. O

Theorem shows that the SAA objective function fy () converges in prob-
ability to f(z), uniformly on X, as N — +o0o. Now we present as its corollary the
sample complexity estimate of the SAA method for SRN-SPP satisfying the stated
regularity conditions.

Corollary 2.1.9. Consider a general SRN-SPP such as (2.1.1) and suppose that
conditions (A1) — (AB) are satisfied. Take any M > M = Ex(£). Let € > 0,
0<d<eand N € N be given. We have that:

e—0 12802
(2.1.33)
where m := I, (M) € (0,+occ], D = diam X and o? are constants depending on the

P <[5’§5\, C SE] N [SY # @]) >1—exp{—Nm} —2 [4pDM]neXp{—N<E—_6)2}7

problem data; and p is a universal constant.

Proof. We begin by showing that:

[sup finta) - )| < < 5} c [ cs]. (2.134)

rzeX
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If {¢1, ..., &N} is such that 5S¢ =, then there is nothing to be done: S'f\, C S€ triv-
ially. Suppose that {£!, ..., £V} is such that the events [supxeX ‘fN(x) — f(x)) < %]

and [3}‘\] # @} occur. Assume z € S%,. We have that:

fo -0 < el (2.1.35)
< s (2.1.36)
< (v*+€;5>+6 (2.1.37)
_ *+€;5, (2.1.38)

ie. f(x) < v*+e, therefore x € S¢. Let us point out that we have applied Proposition
2.8.4] (observe that inf,cx f(x) > —oo by Proposition [2.1.4)) in the third inequality
above in order to conclude that:

oy —v'| = |inf fn(2) - inf f(z) (2.1.39)
< sup|fu(@) - ()], (2.1.40)

zeX

We have also used the fact that the event [supme x

fv(z) — f(l')‘ < ?] occurs. By
Proposition [2.1.4] we have that:

1> P[S% # 0] > P[Sy # 0] =1, (2.1.41)

P[S% # 0] = 1. Applying Theorem we conclude that:

([SN c SE] 198, + (z)]) - P [S*;‘V C SE] (2.1.42)
> {Sup ‘fN (ZL‘)’ <= (5} (2.1.43)
zeX
> 1—exp{—Nm} (2.1.44)
4pDM ! N(e—4)?
which proves the corollary. O]

Now, we present the result in terms of the three sample complexity parameters:
€e>0,0<d<eandf e (0,1). Given real numbers a,b, we denote max{a, b} by
aVb.

Corollary 2.1.10. Consider a general SRN-SPP such as and suppose that
conditions (A1) — (A5) are satisfied. Take any M > M. Let e>0,0<9d<e
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0 € (0,1) and N € N be given. If the sample size N satisfies:

o 2 o (S2) e (V) e

where the constants m, M and p are as in the previous corollary, then:

V

P([Shcs]nish#0)=1-0. (2.1.47)

Proof. Given € > 0,0 < < e and 0 € (0,1), just take N sufficiently large so that:

0
exp{—Nm} < 2 and (2.1.48)
4pDM | N(e—3)2) _ 6
2 —_— s < = 2.1.49
[ —5] eXp{ 12802 [ =2 (2.1.49)
are satisfied. The result follows from the previous corollary. m

Now, let us present an important class of problems, known as two-stage stochas-
tic programming problems. As we have briefly discussed previously, this class of
problems can be cast as static stochastic programming problems. Consider the
general two-stage (risk neutral) stochastic programming problem:

min {Fl(xl) +E Lﬁ;{r;(fxl’g) Fg(xg,g)} } : (2.1.50)
where £ = (&1, ...,&y) is the random data; z; € R™ and x5 € R™ are the first and
second stage decision variables, respectively; F} : R™ — R is a continuous function
and F, : R™ xR? — R is a normal integrand (see Deﬁnition; X; CR™ is the
feasible set of the first stage problem and X, : R™ x R4 = R™ is a closed-valued
multifunction (see Definition [2.6.2), where Xy (z,-) is measurable (see Definition
2.6.8), for every z € R™.

The optimal value function of the second stage problem is known as the recourse
function Qs : R™ x R? — R that is given by:

Q2(x1,€) == inf  Fy(z9,8). (2.1.51)
r2€X2(21,)

Under the conditions considered above, Q2(x1,+) is a measurable function, for any
xr1 € R™. In fact, given z; € R™ | we have that X5(z1,-) is a closed-valued measur-
able multifunction and F3 is a normal integrand. It follows from Corollary

that Q2(x1,-) is measurable.
In this class of problems, the optimizer has to make a decision z; in the first
stage before knowing the realization of the random data £. After that, he observes
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¢ and must solve the second stage problem, given that x; was already chosen and
that ¢ is known:

min  Fh(xo, §). 2.1.52
pciin  Fo(w2,€) ( )

For casting two-stage stochastic programming problems as static ones, first note
that we can write:

F(x1,£) == Fi(z1) + Qa(21, §). (2.1.53)
Moreover, note that the objective-function of problem ([2.1.50)) is:
Fi(21) + E[Q2(21,8)] = E[Fi(21) + Q2(1,§)] = EF (21, §). (2.1.54)

So, the same sample complexity results are valid for two-stage stochastic program-
ming problems. For closing this section let us just rewrite the regularity conditions
for two-stage problems. This will prepare the terrain to present the regularity con-
ditions for multistage stochastic programming problems.

(A1") For every x1 € Xy, Qa(z1) := EQ2(z1,§) is finite.

(A2’) There exists 0 € R such that Qa(x1,&) — Q2(z1) is a o-sub-Gaussian random
variable, for all z; € X3, that is:

My, (s) == Eexp{s (Qa(21,£) — Qa(a1))} < exp{o?s’/2}, Vs € R.

(A3’) There exists a measurable function x : supp(§) — R, whose moment generat-
ing function M, (s) is finite, for s in a neighborhood of 0, such that:

|Qa(21, &) — Q2(2, &) < X(&) [lz — 2|,
for all 2}, 77 € X and £ € E C supp &, where P[§ € E] = 1.
(A4’) X; CR™ is a nonempty compact set with diameter D;.

(A5) {¢":i € N} is an i.i.d. sequence of random variables defined on a probability
space (2, F,P) such that &! 4 £.

Remark 2.1.11. Writing F(x1,§) = Fi(x1) + Q2(x1,§), for every x1 € R™ and
£ eRY and X = X, it follows that all the reqularity conditions above are equivalent
to the ones considered previously, excepting for condition (A3’). In fact,

|[F(x1,6) = F(21, )| = [Fi(a1) + Qa(w1,§) — Fi(2}) — Qa(21,¢)) (2.1.55)

that we cannot bound, in general, by an expression akin to the right hand side of
2.1.10). Indeed, F| was assumed just continuous, instead of Lipschitz contmuomﬂ

6Consider, for instance, Qa(r1,€) = Qo(z],&), for all z1,2) € X; and ¢ € R Note that
item (A3’) is satisfied, although item (A3) is not, if we take a non-Lipschitz continuous function
F:X, =R
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This difference is irrelevant in order to derive the sample complexity results for
two-stage stochastic programming problems. In fact, note that:

f(x1) = Fi(x1) +EQ2(x1,§), and (2.1.56)
fnlz) = Fl(x1)+%ZQ2(xl,gi). (2.1.57)

So, the difference:

~

In(z1) — f(xl)

N
= ‘%Z%(%fi) — EQx(21,¢)
i=1

does not depend on the function Fy. It follows that the uniform exponential bound
theorem can be applied for two-stage stochastic programming problems assuming

(A3’) instead of (A3). O

This finishes the presentation of the sample complexity results for static and
two-stage risk neutral stochastic programming problems. In the next section we
consider multistage problems.

2.1.2 The dynamic case

In this section we present the sample complexity estimates of the SAA method
for multistage risk neutral stochastic programming problems. To the best of our
knowledge, these results were first derived in [69)].

Let us begin with the problem formulation. We follow closely [73, Section 3.1].
Consider the T-stage risk neutral stochastic programming problem

in | Fi(z1) +Eg, | inf  Fy(as, 4B ..
xrlrg)r(ll{ 1(21) + Epe Legl(zh&) h(22,&2) € |

(2.1.58)
FEjg LTGXTi(I}I:fT_l,gT) Fr(zr, §T>] = } } 5
where {1, ..., {1} is a stochastic process defined on some probability space (2, F, P).
For every t =1,...,T, & is a d;-dimensional random vector and &; is deterministic.
Here, 2, € R™,t = 1,...,T, are the decisions variables, F} : R™ x R%* — R, t =
2,...,T, are Carathéodory functions (see Definition , and X, : R x R% =
R™, t = 2,...,T, are measurable multifunctions. We assume that the function
F; : R™ — R is continuous, and X; C R™ is a nonempty closed set. Unless
otherwise stated, all these features are automatically assumed when we consider
multistage stochastic programs in this thesis.

Program has a finite number of stages T > 2. The case T = 2 was
already considered in the previous section. So, here we assume that T' > 3, although
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the derived results are also valid for "= 2. Foreach t = 1,..., T, {y = (&, .., &)
represents the history of the stochastic process up to stage ¢t. In this kind of problems,
one has to make a sequence of decisions x1, - - - , x7 while the information about the
random process unfolds sequentially at the beginning of each stage. The vector &; is
already known when the decision 1 € X; must be made, but the remaining random
vectors &, ..., & are unknown at this time. After x; is chosen, the decision maker
observes a realization of the random vector £ and must choose x5 € Xy(z1, &) before
knowing &3,...,&r. The process continues stage after stage, and, at the final stage
t = T, having already decided xr_1 € Xr_1(z7_2,&r_1) in stage T'— 1 and having
observed &7 at the begin of stage T, the optimizer must choose x1 € Xr(xp_1,&r).
Therefore, each decision z; should depend only on the history up to stage ¢, that is
§u, for t = 1,...,T. These are commonly refereed in the stochastic programming
literature as the nonanticipativity constraints.

The use of the conditional expectations in instead of the unconditional
expectations has to deal with the fact that when one must choose x; at the begin
of stage t, the history of the process until stage t is already known by the decision
maker. In general, the distribution of the future uncertainties &.1,...,&r could
depend on ). Thus, one should make the decision x; in order to minimize the sum
of the t-stage cost “F(x4,&)” and the conditional expected costs of the future stages
t+1,...,T given that £ happened.

In the nested formulation one stresses the fact that the optimizer must
solve a sequence of optimization problems at the begin of each stage t = 1,...,T.
This is particularly suitable for considering the dynamic programming equationsﬂ.

Problem ([2.1.58)) can be written as

min {f(21) = Fi(21) + Qa(w1, &)} (2.1.59)
where
Qs(21,&1) = Eig, [Q2(21, )] (2.1.60)

7An equivalent way to present multistage stochastic programming problems is to consider the
decision variables x; as policy functions of the data process £ up to stage t. In this approach
a solution candidate of problem is a decision policy {z(-) : t = 1,...,T} defined on
(Q,F,P) that is adapted to the filtration {F;:=0 (§),t=1,...,T} generated by the data
process ;) up to stage ¢ and that satisfies w.p.1 the feasibility conditions z; € Xi,74(§y) €
Xi(xe-1(&e-1))5 &) t = 2,...,T. A policy is said to be implementable if it is adapted to the
filtration {ft =0 (f[t]) t=1,..., T} and it is said to be feasible if it satisfies w.p.1 the feasibility
conditions z1 € X1, 2:(§y) € Xe(xe-1(8—1)),&t), t = 2,...,T. Therefore a solution (if it exists)
of the T-stage stochastic programming problem is an implementable and feasible policy that min-
imizes the expected value E [Fy(z1) + Fa(22(§2))) + - - - + Fr(@r))]. See Section [73, Section 3.1]
for more information about this topic, in particular its Remark 3 where the equivalence between
both formulations is discussed in details.
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and

Qg(ml,f[g]) = inf {Fg(l'g,fz) + ]Eg[Q] |: inf F3(£C3,€3) + E£[3] [ ..

r2€X2(21,62) r3€X3(22,63)

E inf F o
’ =i |:$T€XT1(I'~1ET175T) T(xT’ fT):| ] } ’
(2.1.61)

Given the history process & up to stage ¢ = 2, the function Q2(z1,&y) relates
each first-stage decision x; to the conditional expected value of the total costs of
the stages t = 2,...,T assuming that the optimizer chooses the best possible de-
cisions g, ...,zr7 on the remaining stages t = 2,...,T. Of course when we say
that decisions zs,...,xr are the best possible ones, we are considering a specific
criterion to compare future decisions. In risk neutral problems, the conditional ex-
pectation given the available information about the data process is the functional
used to compare future decisions. Note also that Qa(x1,&)) is Fo-measurable, thus
its value is unknown in stage 1. In stage 1, the optimizer must choose x; in order
to minimize the sum of the first stage costs Fj(x1) and the expected recourse cost
Qs(21,&) = Ejg, Q2(x1,&[27). The function Qo(z1,&[) is known as a cost-to-go func-
tion and it can also be obtained recursively, going backward in stages. For seeing
this, let us consider the last-stage problem

min FT<JJT,£T) (2162)

zrE€X(xi—1,6T)

whose optimal value Q7 (xr_1, {r) depends on the decision vector zr_; and data &r.
Although the decision z7_; depends on {r_y), note that Qr : R x Rér — R does
not depend directly on the terms &;,...,&r_1. Observe that the last term of the

sum in ([2.1.58]) is
Qr(zr-1,§r-1)) = Eigy_yy [Qr (w71, 67)] (2.1.63)

This function depends directly on the variables &p_y), although Q7(xr_1,&r) does
not. This dependence is due only to the conditional expectation in (2.1.63]). Given
xrp_o and data {r_q, the optimal value of the (7" — 1)-stage problem is

Qr—1(rr—2,{r—1]) = inf {Fr_i(zr_1,&r-1) + Qr(wr-1,&r-1)) }
rr_1€XT_1(TT-2,6T-1)
(2.1.64)
Again, we can consider the expected value of this random variable with respect to
2]
QT—I(J:T—27 f[T—Q]) = E|§[T,2] [QT—l(«'ET—% §T—1)] . (2~1~65)

Continuing this process backward until ¢ = 2, we obtain that

Qz(-’ﬂl,f[ﬂ) = inf {F2($2,§2) + Q3($2,§[2])} (2.1.66)

r2€X2(21,62)
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obtaining the mentioned recursion relationship.
The optimal value of problem ([2.1.59)) is

v* = inf {f(.l’1> = Fl(azl) + Q2(x17£1>}7 (2167)

T1€X1

and its set of e-solutions is given by
S = {xl € Xl . f(l'l) S v* + 6}, (2168)

where € > 0. When € = 0 we write just S instead of S°. Note that S is the set of
first stage optimal solutions of the multistage problem considering the policy formu-
lation. The policy and nested formulations are linked by the dynamic programming
equations

Qt(l'tfl,f[t}) = EXi(Hf £) {Ft($t,§t) + Qt+1(fﬂt,f[t])} ) (2-1-69)
for t = 2,... ,Tﬁ in the following sense: an implementable policy z;({y), t =
1,...,T,is optimal if and only if Z; is an optimal solution of the first stage problem,
ie. €S, andfort=2,...,T

;zt(g[t]) = argmin {Ft(%, &) + Qi (T, f[t])} w.p.1. (2.1.70)
@ € X (Te—1(8pe—1))-6¢)

Note that in the policy formulation the optimal solution of a multistage stochastic
programming problem depends on the process data, since Z;(:) is F;-measurable.
In the sequel we discuss how one can use Monte Carlo sampling-based methods to
approximate problem by one which has a finite number of scenarios. We
continue to denote the approximating problem as the SAA problem. Note that a
solution of the SAA problem considering the policy formulation consists of functions
of the sampled scenarios that are adapted to the sample history process. Therefore,
in general, the SAA optimal policy is not an implementable policy for the true
problem. However, one can still consider how well the first stage solution of the
SAA problem approximates the first stage solution of the true problem.

The sample complexity estimates in the multistage setting are obtained assuming
that the random data &, ..., & are stagewise independent. Let us present some of
the consequences of this assumption. First, note that under the stagewise indepen-
dent hypothesis the conditional distribution of & given &1y (or equivalently F;_;) is
equal to its unconditional or marginal distribution, for every t = 2,...,T. Moreover,
for every Borel-measurable function g : R* — R such that g(&) is integrable,

B¢, 19(&) = Eg(&) (2.1.71)

8For t = T, we define Qr1(-) appearing in the right-side of (2.1.69)) as the zero function.
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is satisfied. Therefore, the following equality holds in the stagewise independent

case
Or(zr-1,§r-1) = Eig,_, [Qr(zr-1,¢7)]

= E [QT(SCTA? §T)] :
This means that Qp(-) does not depend on &r_qj, which implies that (see equation

(2.1.63)) Q7r-1(-) does not depend on the entire history process {r_1] up to stage
T—1, but just on &7 (and naturally also on z7_5). Continuing backward in stages,

(2.1.72)

we obtain that

Qi(w-1,&) = . exi&f, ) {F(4,&) + Qiya(ze)}, and (2.1.73)
Qi(x1-1) = EQu(x1-1, &), (2.1.74)

forevery t =T —1,...,2.

Let us recall that even in the static setting, it is in general not possible to evaluate
accurately the objective function f(x1) := Fi(z1)+ Qa2(x1) = Fi(z1) +EQ2 (1, &) at
a point 1 € R™. Naturally, the situation gets even worse in the multistage setting.
Note that if T > 3, then even the accurate evaluation of Qq(z1,&2) is not possible
anymore (except on trivial cases). Indeed, for evaluating Q2 (1, &) exactly, one must
solve a (T'—1)-stage stochastic programming problem. Fortunately, akin to the static
case, one can consider Monte Carlo sampling-based approaches for approximating
problem by a problem that has a finite (and hopefully manageable) number
of scenarios.

We present two sampling schemes for obtaining a discrete state space stochastic
process that approximates the original one. In both procedures we build a scenario
tree to represent the stochastic process generated by the sampling scheme. We say
that the generated stochastic process is the SAA stochastic process as opposed to
the true stochastic process. In Section we make an exposition about scenario
trees. A scenario tree is composed by a set of nodes A and a set of arcs A C N x N.
The nodes are organized in 1" > 2 levels, each one corresponding to the stages of
the T-stage stochastic program. The set of nodes of level ¢ is denoted by N;. There
is only one node at level 1 that is the root node ¢;. Every node ¢, of level t + 1 is
connected by an arc (¢4, t441) € A to a unique node ¢; of level ¢, for t =1,..., T — 1.
In that case, we say that ¢, is the parent node a(tsy1) of t;41. Equivalently, we say
that ¢;41 is a child node of ¢;. Of course, a node can have more than one child and we
denote by C,, C Ny, the set of all children nodes of ¢;. The leaves nodes of the tree
are the nodes at level T'. These nodes do not have any children and are also denoted
as the terminal nodes of the tree. In a scenario tree one moves from the root node
at level t = 1 to a leaf node at level ¢ = T' by following a path (1, to, ..., tr), where
(tgy0001) € A, for t = 1,...,T — 1. A scenario tree is also composed by a family
of positive real numbers p = {p, : a € A} satisfying condition (2.2.6). Take any
(tt,te41) € A, where t; € Ny, 141 € Nyyq and t < T. The quantity p,, ,,,,) represents
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the conditional probability of moving from node ¢; to node ;11 given that we are
at node ¢;. Finally, a scenario tree is also composed by a family of real vectors
E={& eR™: e Nt =1,...,T} that we assume satisfies condition (2.2.5). A
key assumption for implementing the sampling schemes to be described in the sequel
is that one is able to obtain independent observations ff 41 of the random vector &4
conditional to the history process £y up to stage t < T'. So, the distribution of every
§tj 41 is equal to the distribution of §.; given §.

First we consider the independent conditional sampling scheme. We begin by
associating the root node ¢; with the value of & that is already known at stage 1,
ie. &' =& . Then, we obtain an i.i.d. sample 5;', j=1,..., Ny, of fﬂ, and create as
many nodes at level t = 2 as different values of {&] : j = 1,..., N}, connecting each
created node ¢y to the root node ¢; through the arc (1, t). By selecting appropriate
indices 1 <j; <--- < Jeardc,, < N, it follows that

card C,, = card {fg,j =1,... ,NQ} = card {ggk, kE=1,... ,cardC’Ll} < N,.
(2.1.75)
We associate to each node 15 € C,, a vector £2 := £} in such a way that all different
vectors are related to one node of C,,. For every 1y € C,, define

card{1 < j < Np: & = &2}
Plre2) = N,

> 0. (2.1.76)

This completes the definition of N5 = C,,. Note that E@ecbl P(i12) = 1, and that

if 19 # 1}, then &7 # 552

We continue the definition of the scenario tree inductively for 2 < ¢ < T. Con-
sider as given N7 = {1}, Ny =U,._en._,C.._,, for s =2,... t, and A = {(1s, ts11) :
ts € Ngytsi1 €C,,8s=1,...,t —1}. We also consider that there exists a family of
vectors {& € R™ : 1, € Ny, s = 1,...,t} such that for every 2 < s < ¢, if 15 # ¢}
are nodes at level s, there exists 2 < r < s such that

g8 ) o ot (k) (2.1.77)

Consider also as given a family of positive numbers {p, : a € A} satisfying

Z Plsitsr1) = L, (2178)

ls+1 GCLS

for every v, € Nyand s = 1,...,t—1. For every node «;, € N, we obtain a conditional
iid. sample {1 : j =1,..., Nij1} of the random vector &1 given that the history
process up to stage t is equal to & = £*, &1 = fﬁf), Lo b= éft_l(”). We create as

many children nodes C,, as different values of {€/%} : j = 1,..., Ny, } and connect

9Gince ¢; is deterministic, the marginal distribution of &5 is equal to the conditional distribution
of & given & .
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every created node ;41 with ¢; through the arc (i, ¢41). By selecting appropriate
indeces 1 < j1 <+ < jeardc,, < Niga, it follows that

card C,, = card {gjﬁl,] =1,..., N1 } = card {féfﬂl’ﬂ, k=1,...,cardC, } < Nyi1.
(2.1.79)
To every node ¢4 € C,,, we associate a vector &' := &%} in such a way that all
different vectors are related to one node of C,,. For every node ;1 € C,,, we define
card{l <j < Ny 1 &, = &4

Plurerr) = N > 0. (2.1.80)

This completes the definition of C,,. Repeating this procedure for every ¢, € N;, we
construct all nodes N, at level ¢ + 1

N1 = Uen,Cl,. (2.1.81)

Note that
Z Pleesiepr) = 1, (2.1.82)

t+1€C,
for every ¢, € N;. Let 1441 # i, be any nodes at level ¢ + 1. If a(u41) = a(t4,),

then &' # &', Otherwise their parents nodes ¢; = a(1441) and ¢ := a(d}, ) are
different, then by the induction hypothesis there exists 2 < s < ¢,

a7 ) = g ) 4 gat W) - gg““(%m'
We assume that all conditional samples at each stage are independent of each other.
This finishes the definition of the independent conditional sampling scheme.

This scheme can be used to approximate any stochastic process £ = (&1,...,&r)
by one that has finite state space. Note however that the scheme suffers from a
serious drawback. To fix the ideas, suppose that for every ¢t = 2,...,T and every
realization {;_y) of the history process up to stage ¢t — 1 the conditional distribution
of the random vector & given §j_) is continuous. Therefore, we draw conditional
i.i.d. samples of a continuous random vector at every node of the tree. Moreover the
samples are also independent from each other. This implies that w.p.1 all samples are
different from each other. Thus, one needs to generate and store Hi:g N, vectors
at each level ¢ = 2,...,T of the tree. Assuming that N; > N > 2, for every
t=2,...,T, we have to generate and store at least

NT -1

14+ N+...+NT-1 =
+ N+ + N1

=0 (N (2.1.83)

number of vectors. This number grows exponentially with respect to the number
of stages T'. This can be a serious limitation for the application of this scheme for
multistage problems with a large number of stages.
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In many applications one supposes that the stochastic process (or a suitable
transformation of it) is stagewise independent. Even in that case, if one generates
the scenario tree following the independent conditional sampling scheme, then, in
general, the SAA stochastic process will not inherit the stagewise independence
property from the true process. Many algorithms used to solve multistage stochastic
programming problems, like the Stochastic Dual Dynamic Programming (SDDP)
method (see [46]), take advantage of the stagewise independence hypothesis. In
fact, we have already pointed that if the random data is stagewise independent,
then the expected cost-to-go functions Q (x4, &y—1)) = Qe(x4), t = 2,...,T, do not
depend on the history process {;_;) up to stage ¢ — 1. This property implies that
the cuts generated in the stage t of the backward step of the method improves all
cost-to-go functions of this stage at oncd™}

The previous remarks motivate the consideration of a sampling scheme that is
able to approximate a stagewise independent stochastic process in such a way that:

i) the number of samples does not grow exponentially with respect to the number
g
of stages,

(ii) the constructed SAA stochastic process has stagewise indepedent random data.

The following scheme is known as the identical conditional sampling scheme and
it accomplishes both tasks above. Given sample sizes Ns,..., Ny € N, one draws
i.i.d. samples 51{7 7 =1,..., N, of the marginal distribution of &, fort =1,...,T.
We also assume that the set of random vectors

{¢:t=2,....,T, j=1,...,N;} (2.1.84)

is independent.

The following steps of the procedure are similar. At level ¢ = 1 of the tree we
create the root node ¢; and relate with it the value of &, i.e. &' 1= &. At level
t = 2, we create as many nodes as different realizations of {§tj cj = 1,...,No},
connecting each created node ¢y to the root node ¢; through the arc (11,t9). We
select appropriate indeces 1 < j; < -+ < jearac,, such that

{6:5=1,....No} ={&JF :k=1,...,card C,, }, (2.1.85)

and associate to each node 1, € C,, a vector &2 := £J* in such a way that all different
vectors are related to one node of C,,. For every 1y € C,, define

card{1 < j < Ny: & = &2}
Pliie) = N,

> 0. (2.1.86)

0Saying in a different way, the generated cuts in the stage ¢ of the backward step are shared
between all cost-to-go of stage t.
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As in the previous sampling scheme, this completes the definition of Ny = C,,. We
also have that szecbl Paue) = 1, and that if 1o # i), then &2 # &2

For the remaining levels t = 3,...,T of the tree, we use the same sample ft”‘l’j =
&, j=1,..., Ny, at every node ;1 at level t — 1. We create as many children nodes
for ¢;_1 as different values of &/, j = 1,..., Ny, connecting every children node ¢; of

ty—1 through an arc (¢;_1,¢). We relate to each element of C,, ;| a different element

ti—1
of {&,7=1,...,N;} and define

Ccard{1<j< N, g =)
Plre—1,t) = Nt

>0, (2.1.87)

for every ¢, € C,,_,. This finishes the definition of the scenario tree.

Given a scenario tree (N, A, {& : 1, e Nyt =1,..., T}, {pa : a € A}) constructed
either way by some sampling scheme (such as any of the ones described previously),
we consider its associated stochastic procesé = (él, fg, e ,éT)

~

E(tay.yir) = (&1 62, ... &) (2.1.88)

defined on the set of all scenarios of the tree
S={(t1,...ytr) ENy X+ X Np:1aeC,,i3€C,,....t7 €Cy,} (2.1.89)

where each scenario s = (11, ..., tr) € S has the following probability of occurring

T-1
Ps = | | pbt7Lt+1'
t=1

In the next proposition we show that if the scenario tree is constructed via the
1dentical conditional sampling scheme, then é is stagewise independent. We also
provide formulas in either sampling schemes for the conditional expectation of a
function of étﬂ given the history process é[t] up to stage t. This is particularly
useful for deriving expressions of the cost-to-go functions under either the sampling
schemes considered previously.

Proposition 2.1.12. Take any integer T > 3 and let Ny, ..., Ny € N be the sample
sizes. The following assertions hold:
(a) If the scenario tree is constructed via the identical conditional sampling scheme,
then é = (él, e ,éT) 15 stagewise independent:

ﬁcard{l <i< N & =61

Ny

I@[g}: 2= ;T} - (2.1.90)

t=2
_ ﬁl@ & =¢]. (2.1.91)
t=2

fOTl S]t SNt CI,TLdt:2,...,T.
HFor more details, see Section
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(b) Take any function g : R — R, where 1 <t < T —1 is given. If the scenario
tree 1s constructed either via the independent conditional sampling scheme or
the identical conditional sampling scheme, then

Blo(Gn)]é-erb-g] - 5= ol). Lo

Remark 2.1.13. In item (b), equation simplifies, as one should expect, to

2 [o (6n)

when the scenario tree is constructed via the identical conditional sampling scheme.
O

Nit1

él =&, 7ét = ét} = Ntl—H Z g (fgﬂ) =K [g <ét+1)] (2.1.93)

j=1

Proof. (a) Given 1 < j, < Ny, for t = 2,...,T, there exists a unique scenario
(t1,05,...,1%) € S such that &' =&, for t =2,...,T. It follows that

P [52 =8 8 = F Plasir) = P Pgs) - P i) (2.1.94)
Now, note that

card{l1 <i < N;: & = tL?}

Pus up) = N, (2.1.95)
card{1 <7 < N, : ff - tﬁ}

2.1.96

Ny ’ ( )

since ff = ¢ for t = 2,...,T. This proves the first equality of item (a). Let us
show the second one. Take any 1 < j; < Ny, where 2 < ¢t < T is given. We have
that

P [ét B ﬂ - > Pt semir) (2.1.97)
(Ll,...,LT> GS

Lt __ ¢t
t T 5t

Note that every node ¢;_; at level t—1 has one and only one child node ¢,(¢,—1) € C,,_,

satisfying §t”(”’l) = &', Therefore, we can write the sum on the right-side of equation
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(2.1.97)) as the iterated sum

I@) [gt - tjt] - Z c Z Z t Z Pl,eostt—1,t(bt—1)5eetr)

L2€CL1 Lt71€CLt72 Lt+1€CLt(Lt,1) LTGCI/T71

= Z Plurg) " Z Plus—z.0t-1) " Plee—1,ee(te-1)) "~ Z P(ur—1ur)

12€Cy, 1—1€C tr€C

Lt—2 tr—1
= E : Pleree) " E : Plet—2,i-1) * Plue—1,ee(te—1)) """ E : Pler—awr—1)
L2€CL1 Lt—leth,Q LT,1€CLT72

= Z Pleea) " Z Plee—2,t-1) " Pleg—1,e(te—-1))>

LZECLl Lt—lecbt_Q

where we have used above that }° .. pu,_,..) = 1, for every 1,1 € N,y and

s=1T,...,t+ 1. Note also that

1

Cal"d{l <i<N;: g; _ ;t(Lt—l))}

Plie—1,0e(te—1)) — Nt (2198)

card{1 <i < N, : & = &'}
- 2.1.99
Nt ) ( )

for every 1,_; € N;_i. Therefore, o y = C does not depend on ¢;_; € Ni_1.

It follows that

te—1,tt(Le—1

P [gt = gt] = C Z Pliaus) """ Z Plue—2,te-1)

12€Cyy t—1€C,_,
= C
card{1 <i < N, : & = ¢’}
N, ’

using the fact that 37, .o p(. 1. =1, forevery i, € Nypand s =2, 11
in the second equality. This completes the proof of item (a).

(b) First, let us consider that the scenario tree was generated using the indepen-
dent conditional sampling scheme. We have that

E [9 (§t+1> ‘51 — 6 = ét] = N Dl (657 . (2.1.100)

w+1€C,,

For every i1 € C,,, define J(141) := {1 < j < Nyyp 2 €4 = &'}, We have that

{1,... N1} = U J(ts1), (2.1.101)

t+1€C,
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where this union is disjoint and each one of its members is a nonempty set. Moreover,

Li+1 1 Lt41
plustern)g (647) = » card J(t141)g (§57) (2.1.102)
1 "
= > gEw) (2.1.103)
L eI ()
1
= > (&) (2.1.104)

1.
JEJ (te+1)

Summing up, we obtain

. . . . 1 »
E [9 <ft+1) =& ., &= ;f} = N Z Z g (&41)(2.1.105)
J(be41)

1 .
14+1€C,, j€

_ 1 Lty
= ¥ > g (&%) (2.1.106)

i€ U J(u+1)

tt41€C
1 Nty
- Iy 2.1.107
Nios ]Z1 g( t+1) ( )

which proves the result for the independent conditional sampling scheme. The re-
sult for the identical conditional sampling scheme follows immediately noting that

tﬁ]l = ffﬂ, for every 1y € Ny and j = 1,..., Nyyq, that is, we use the same sample
{&,1 7 =1,..., Ny} for generating the children nodes of every node at level
t=1,...,7T — 1. m

It is possible to obtain sample complexity estimates in the multistage setting
for the SAA method considering that the scenario tree is generated using the in-
dependent conditional sampling scheme (see [69]). However, here we just present
the results assuming that the scenario tree is generated via the identical conditional
sampling scheme. As pointed out previously, this sampling scheme is particularly
appealing for computational implementations. The following result is an immediate

corollary of Proposition [2.1.12]

Corollary 2.1.14. Take any integer T > 3 and let Ns,..., Ny € N be the sam-
ple sizes. If we generate the scenario tree using the identical conditional sampling
scheme, then the following formulas for the SAA cost-to-go functions and the SAA
expected cost-to-go functions hold:

~

Qi (z-1,8) = inf {Ft (xt,ﬁf)+Qt+1(xt)} (2.1.108)

$t€Xt(It717§g)

A

N
Qt(xt—l) = Ni ZQt (xtflagg) ) (2-1-109)
t o1
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for1<j<N,andt=2,.... 713

Proof. The result follows immediately from item (a) of Proposition [2.1.12] since
é = (él, e ,£T> is stagewise independent. ]

Before proceeding, we introduce some notation that will be used when we present
in the sequel the regularity conditions for a T-stage stochastic programming problem:

X, = {0} CR, (2.1.110)
Xl(xo,fl) = Xl, VIO S Xg, (21111)
QT+1($T) = 0, Vo € R+, (21112)

We introduce these objects only for the uniformity of notation. Now we enumerate
some regularity conditions for a T-stage stochastic programming problem:

(MO) the random data &1, &, ..., &r is stagewise independent.

(M1) the family of random vectors {55 :j € Nt = 2,...,T} is independent and
satisfies 5{ < &, forall jeN andt=2,... ,.

Foreacht=1,...,T —1:

(Mt.1) There exist a compact set X; with finite diameter D; such that X;(z;_1,&) C
Xy, for every x;, 1 € X1 and & € supp(&).

(Mt.2) For every x; € Xy, Qui1(y) = EQuy1(y, &) is finite.

(Mt.3) There exists a finite constant o; > 0 such that for any = € &, the following
inequality holds

M, (s) == E[exp (s(Qis1(, &41) — Qi1 (2))] < exp (075°/2), Vs € R.
(2.1.113)

(Mt.4) There exists a measurable function x; : supp(&+1) — R, whose moment
generating function M, (s) is finite, for s in a neighborhood of zero, such that

|Qt+l<x;7€t+1) - Qt+l<xt7£t+1)’ < Xe(&ev1) ng - xt” (2-1-114)
holds, for all z}, z; € X, and &1 € Fyy1 C supp&yq, where P[4 € Eyq] = 1.

(Mt.5) W.p.1 &1 the multifunction X, q(-, 1) restricted to A} is continuous (see
Definition [2.6.3]).

12 As usual we consider the boundary condition QT+1(xT) =0, for every zp € R"7.
13Since &; is deterministic, it is not necessary to sample from it.
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We make some remarks about the stated conditions. Similar to the analysis
done in [69] and [73], Section 5.8.2], here we are assuming the stagewise independence
hypothesis (M0). As discussed previously this allows us to generate the scenario tree
using the identical conditional sampling scheme. In this thesis we present the sample
complexity estimates assuming always that the SAA scenario tree is constructed via
the identical conditional sampling scheme. This is accomplished by considering the
samples {&/ : 1 =,...,N;}, for t =2,..., T, where N, ..., Ny are the sample sizes.
(M1) asserts that this family of random vectors is independent and that f{ 4 &,
for every j = 1,..., Ny and t = 2,...,T (compare with assumption (A5’) of the
static case). Item (M1.1) asserts that there exists a compact set X; that contains
X;. Since X is assumed nonempty closed (see the paragraph following equation
(2.1.58])), this is equivalent to assume that X is compact (compare with assumption
(A4’) in the static case). For the remainder of the stages ¢t = 2,...,7 — 1, it is
assumed that the multifunctions X;(z;_1,&;) are uniformly bounded for z; ; € X, 4
and & € supp&;. This allow us to apply the uniform exponential bound theorem
considering appropriate family of random variables indexed in A}, fort =1,...,T—1.
The set of assumptions (Mt.2) implies that the multistage problem has relatively
complete recourse (compare with assumption (A1’) of the static case). Assumptions
(Mt.2) and (Mt.3) are akin to assumptions (A2’) and (A3’), respectively, of the static
case. Finally, assumptions (Mt.5) are technical conditions that guarantee that w.p.1.
the SAA objective function how ny(+) is continuous on X; (see Proposition .
This implies that w.p.1 S'NQ,“_,NT # (.

Before proceeding let us introduce some notation. Whenever we assume condi-
tions (Mt.4), fort =1,...,T — 1, we denote the expected value of x;(&.1) by

M, = Ex¢(&a1)- (2.1.115)

Since the random variable x;(&;+1) > 0 has finite moment generating function in a
neighborhood of 0, it follows that 0 < M; < 400, fort =1,...,T—1. In Proposition
2.1.15| we consider some consequences of the stated regularity conditions.

Proposition 2.1.15. Consider a general T-stage stochastic programming problem
such as , where T > 3 is an arbitrary integer. The following assertions hold:

(a) If the problem satisfies the reqularity conditions (MO0), (Mt.1), (Mt.2), and
(Mt.4), fort =1,...,T —1, then Qi+1(-,&+1) is a Lipschitz continuous func-
tion on X, w.p.1, fort =1,...,T—1. It also follows that X; C dom X;1(,&41)
w.p.1 and Qu1(+) is My-Lipschitz continuous on Xy, fort =1,..., T — 1. In
particular, we conclude that the first stage objective function

f(z1) = Fi(z1) + Qa(z1)

of the true problem restricted to x1 € X is finite-valued and continuous and
the set of first stage optimal solutions S is nonempty.
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(b) Consider given the sample sizes N,...,Npr € N. If the problem satisfies
the reqularity conditions (M0), (M1), (Mt.1), (Mt.4) and (Mt.5), for t =
1,...,T — 1, and the SAA scenario tree is constructed using the identical
conditional sampling scheme, then the SAA objective function fN2,...,NT($1)
restricted to the set Xy is finite-valued and continuous w.p.1. In particular,

P [9N2,...,NT 40| =1.

Proof. Let us recall that the stagewise independent hypothesis (MO0) implies that
the dependence of the cost-to-go functions Q41 (-, ) relative to the history process
§[t+1) up to stage t + 1 is limited only to the random vector & instead of {4y,
for t = 1,...,7 — 1. In particular, the expected cost-to-go functions Qy1(-) do
not depend on the random data. The proof of item (a) is similar to the proof of
items (a) and (b) of Proposition 2.1.4f Note that condition (Mt.4) implies that,
for every &11 € Eir1, Qur1(+,&1) 18 Xi(&o1)-Lipschitz continuous on X, where
E; 11 Csupp&;yq satisfies
P&y € B =1,

for t = 1,...,7 — 1. In particular, we have that Q;;1(-,&+1) is a finite-valued
function on A, for every &1 € Ey 1. Since

Quy1(7y,&y1) = inf {Fii1 (1, &ea1) + Qrpa(wi1) ) (2.1.116)
41 E€X 41 (e,6041)
it follows that X (x4, §41) # 0, forall 2y, € Xy and &1 € Eypq,ie. dom Xy (-, &41)
D&, forallt=1,..., 7 — 1. Assuming conditions (Mt.2), for t =1,...,7 — 1, it
follows that

Qi1 () — Qera(@e)| < Exa(&ern) [lzy — 24 (2.1.117)
= M|z, — x|, (2.1.118)

for every z},x; € X;. The first stage objective function of the true problem is just
f(z1) = Fi(z1) + Qa2(z1), where F} : R" — R is a finite-valued continuous function.
It follows that the restriction of f to the compact set X; O X; is continuous and
that S = argmin, .y, f(z1) # 0, since X; is nonempty compact. This completes
the proof of item (a).

Now, we prove item (b). Condition (Mt.5) says that there exists Fy 1 € supp &1
satisfying P [§41 € Fy1] = 1 such that X;9(+,&41) © A = Xy is a continuous
multifunction, for every &, € F;,q and for every t = 1,...,T — 1. Since conditions
(M1) and (Mt.4) also hold true, for t = 1,...,T — 1, we claim that the following
event has probability 1

£ =

T-1
ﬂ [l € Ecpn N Fp] (2.1.119)
=1 jeN

t
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This is a consequence of the following facts: (a) a countable intersection of almost
sure eventﬁ is also an almost sure event, (b) P[&1 € Eyyq N Fyyq] = 1, for every
t=1,...,7T—1, and (c) 5{+1 iétﬂ,foreverijNandtzl,...,T—

Take any sample sizes Ns, ..., Ny € N. We have that

T—1 Nty '
Enpe = () [ [€11 € Ba N Fi] D€, (2.1.120)
t=1 j=1
therefore P (En,. . ;) = 1. Now, we show that whenever the event Ey, ., happens,
every SAA expected cost-to-go function
Nty '
Qi1 (xy) = Z Qa1 (24, & 11), Var € A, (2.1.121)
j=1
is finite-valued and continuous on X}, for t = 1,...,T — 1, where
Qry1 (4, &) = inf {Ft+1($t+17 §iq1) + Qt+2($t+1)} (2.1.122)

@1 €X 41 (2,60, 1)

are the SAA cost-to-go functions, fort =1,...,T —1. As usual we set QT+1(xT) =
0, for every xzp € Xp, for uniformity of notation. For proving the result we show
that if Qtﬂ : Xy — R is finite-valued and continuous, then Qt : X1 — Ris also
finite-valued and continuous, for ¢t =T, ...,2. We also verify that QT() cXr_1 — R
is finite-valued and continuous (base case in order to apply the induction step). Note
that

Qr(rr_1,ér) = Qr(vr_1,&r), (2.1.123)

for every xp_1 € Xpr_1 and & € suppér.
Whenever the event £y, n, happens, we have in particular that &. € Er, for
every j = 1,..., Np. So, it follows from item (a) that

rp_1 € Xp_y = Qp(wr_1, &) (2.1.124)

is finite-valued and continuous (since this is a Lipschitz continuous mapping), for
every j = 1,..., Np. It follows that

A

Nt
1 .
Or(zr_y) = Ny ZQT(mbefJT), Vor_1 € Xp_q, (2.1.125)
=1

is finite-valued and continuous. This shows the base case.

4That is, events having probability 1.
15Note that we are not using here the fact that the random vectors {ﬁiﬂ jeNt=1,...,T-1}
are independent.
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Now we prove the induction step. Assume that Qtﬂ : X; — R is finite-valued
and continuous for some ¢ + 1 < T["%l We claim that

2 €X¢(ze—1,8])

Ouxi1,6) = inf {Ft(:ct,g;f)JrQtﬂ(xt)},vxt_lext_l, (2.1.126)

is finite-valued and continuous, for every j = 1,..., N;, whenever the event En, . N,
happens. In fact, let us verify that the hypotheses of the Berge’s Maximum Theorem

.....

ri_1 € X1 and 1 < 57 < N;. Note that
(i) 2,1 € X,_y C dom X,(-, &), since & € Ey,

(i) g: X x Xy — R defined as g(x;, x_1) = Fy(x, &) + Qpp1(ay) is continuous,
since Fi(-,-) is a Carathéodory function and Qq1(-) is continuous (induction
hypothesis),

(iif) X;(-,&]) is continuous at x,_,, since & € F,

(iv) Defining V := X,_; and noting that X,(V,&) C A, (condition (Mt.1)), it
follows that V' is a neighborhood of z;_; in A;_; and the image of V' through the
continuous multifunction X, (-,&/) is a compact metric space (see Proposition
2.6.6)).

Therefore, the BMT implies that Qt(-, §§) : Xi—1 — R is continuous at x;_1 € X,_;.
Since ;1 and 1 < j < N, are arbitrary, we conclude that Qt() X1 —> Ris
continuous. Thus, fN27---,NT : X1 — R is continuous, whenever the event Ey, .,
occurs. Finally, since X) is compact, it follows that

Eny..Np € | SNy, .Np F (Z)] ,

ie. P [SNQMNT £ @} ~1. O

In Proposition we considered sufficient conditions that guarantee the solv-
ability of the true and the SAA stochastic programming problemd”’| Now we apply
Theorem for proving that, under appropriate regularity conditions, the prob-
ability that the first stage SAA objective function stays arbitrarily close to the first
stage true objective function uniformly in X; approaches 1 exponentially fast with
respect to the sample sizes N, ..., Ny. This result is an extension of Theorem
to the multistage setting. In the sequel, we apply it for obtaining the sample
complexity estimates of the SAA method for risk neutral stochastic programming
problems in the multistage setting.

1680, we are considering the range t =2,...,T — 1.
170f course, we can only state that the SAA problem is solvable w.p.1.
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Proposition 2.1.16. Toke any integer T > 3. Consider a T-stage stochastic
programming problem satisfying conditions (M0), (M1), and (Mt.1)-(Mt.4), for
t=1,...,T — 1. Denote the stage sample sizes by No,..., Ny € N, and suppose
that the scenario tree is constructed via the identical conditional sampling scheme.
Let M, > M, =F [Xt(&41)] € Ry be given real numbers, t =1,...,T — 1. Then, for
any € > 0, the following estimate holds

v vp (1) = f(1)

> e] < j;l (eXp {_NtJrlIXt(Mt)} +

20Dy M, n Niy1€?
2|:€/p(Tt713:| eXp{_:'sza?t{Tlfl)?} ’
(21.127)
where 1,,(-) is the LD rate function (see Remark of the random wvariable

Xt(§t+1), fort=1,...,T —1.

Proof. The idea of the proof is to bound from above w.p.1 the random quantity

(2.1.128)

T1€X1

by a sum of random variables, such that we have a control of the tail decay of its
terms with respect to the sample sizes Nyyq, for t =1,...,T — 1. In fact, we show
that we can take each term of the sum as

Nit1
Z, = sup > [Qu(@n &) = Quaa)]|, t=1,....T—1.  (2.1.129)
r1€Xy Nt+1 j=1

In the final step, we apply Theorem for each Z;, t = 1,...,T — 1, obtaining
an upper bound for the probability of Z; be greater or equal than ¢/(7T— 1) as a
function that depends on the problem data and on the sample size Ny, ;.

From (M1) and (Mt.4), t =1,...,7 — 1, it follows that the event

T N

Ennne = [ € € E] (2.1.130)

t=2j=1

has probability 1, where E; are the measurable sets appearing in condition (Mt.4),

fort =1,...,7 — 1. We claim that whenever the event €y, . n, happens,

.....

T—1
SUp | fvy.onve (1) = fla1)| <D 20 (2.1.131)
r1€X1 —1

11111

finite, for every x; € Xj, it follows that

A

Frir () = fl@1)] = | Qalar) — Qafan)

: (2.1.132)
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for every x; € X;. Therefore, it is sufficient to bound from above the expression

A

sup |Qa(x1) — Qa(z1)]|. (2.1.133)

r1€X1

We divide the proof into two steps. In the first one, we show that whenever the
event €y, . n, occurs the following inequality holds

Qt+1($t) — Qpy1(x)

sup
TLEX:

< Z;,+ sup

Ti41E€EX 41

Quia(wes1) — Qt+2(flft+1)) v (2.1.134)

fort =1,...,T — 1. Let us prove this statement. Take any z; € X}, where 1 <t <
T — 1 is arbitrary. By the triangular inequality, it follows that

Nty

ﬁ Z [Qt-}-l(xt)gg) - Qt-i—l(xt)] ‘ +

t=1

Qrr1(m) — Qe ()| <

(2.1.135)

Niy1

1
Nii1 Z

t=1

Qrr1(s, fi) - Qt+1($t7 fi)

i

using also that
Nit1

> Quia(e &) (2.1.136)

j=1
The first term on the right-side of (2.1.135) is less than or equal to Z;. Applying the
inf-sup inequality (see Proposition [2.8.4) we obtain an upper bound for the second
term. For this, we need to verify that: (1) Xyp1(2, &) # 0, for every z, € X, and
for every j =1,..., Nyyq, and

(i1) Qi1 (xta§g+1) = inf {Ft+1 (xt+17£g+1) + Qt+2(l’t+1)} > —00,

@pr1€Xe 41 (2,60, )

for every z;, € X, and j = 1,...,N;;;. By item (a) of Proposition [2.1.15 both
conditions (i) and (ii) hold whenever the event €y, . n, occurs. Therefore,

Qt+1($t) =

Nit1

’Qtﬂ(ilﬁnfgﬂ) - Qt+1<$ta fgﬂ) =

—

inf {Fis1 (2,8,1) + Quya(2)} — inf {Ft+1 (z.6,1) + Qt+2($)}|

wEXt+1(:Bz,£g+1 1’€Xt+1($t,£g+1
< s [ Quae) - Qualo)]
:rJEXt+1(It,§§+1)
< sup | Qura(7) — Qpya()
$€Xt+1
(2.1.137)

since Xyi1 (w4, &41) C Xy, for every x; € Xy and €41 € Eyyq C supp &yq. Summing
up, we have shown that

Y

Quirlw) = Q)| < Zi+ sup |Quaale) = Quia()] (2.1.138)

T€Xt+1
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holds, for every x; € X;. Taking the supremum in X; we obtain that (2.1.135)) holds,
for every t = 1,...,T —1, whenever the event €y, . n, happens. It follow that w.p.1

.....

sup |Qa(z1) — QQ(%) <Zi+--+Zr_1+ sup |Qryi(x) — QT+1($)‘

r1€X1 TER"T

=21+ + 2,

since Qp1(x) =0 = Qg (x), for every z € R,
Note that we can apply Theorem for every Z;, t = 1,...,T — 1, since
conditions (M1) and (Mt.1)-(Mt.4) are satisfied. Thus, the following bound

n

Ne?
ex e ——
P\ 22T — 12

(2.1.139)

QthMt

g {Zt - ﬁ} < exp {~Neaahy (W) 42| G,

holds, for every e > 0 and NV;;; € N. Since

T-1 P
(U |:Zt2 T—1:|) m‘C/‘N2 ----- Np

t=1

and P (€, ny) = 1, it follows that
T-1
5 €
P|sup |fyy. Np(x1) — f(z1)| >€] < P U Zy >
r1€Xq T — 1
t=1
T-1 .
< P|Z > ]
T-1
t=1
T-1
< <exp {_Nt+1]Xt (Mt> } +
t=1
, | 20000, " Ne
/T —1)| TP\ 32027 — 10
This completes the proof of the proposition. n

Let us make some remarks about Proposition [2.1.16] Note that it was not nec-
essary to assume conditions (Mt.5), for ¢ = 1,...,7 — 1, in order to derive the
exponential bound ([2.1.127). Moreover, since f : X; — R is continuous under

,,,,,

whenever the event

~

fNo Ny (1) — f(21)

{ sup < e} (2.1.140)

r1€X1
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occurs, where € > 0 is arbitrary. So, whenever this event occurs, it automatically
follows that S'f\,z ~y 7 0 provided that 6 > 0. However, if 6 = 0, then it is not
clear that S No,..Np 7 () and some additional regularity conditions such as (Mt.5),
t=1,...,7 — 1, must be assumed in order to guarantee that the SAA problem is
solvable.

Akin to the static case, given € > 0, 0 < § < € and 6 € (0,1), it is possible to
obtain sample complexity estimates for a T-stage stochastic programming problem
applying Proposition 2.1.16(% In [69, [73] sample complexity estimates were derived
for arbitrary € > 0 by taking 7'= 3 and 0 := ¢/2 > 0. In these references, instead of
conditions (Mt.4), it was assumed that there exists M; € R, t =1,...,7 — 1, such
that

Qi1 (2, §1) — Quin (e, &1 < My ||y — 24| (2.1.141)
for all o}, x; € Xy and w.p.1 &1, t = 1,2. One advantage of assuming these slightly
stronger regularity conditions is that, defining x;({r41) :== My, fort =1,..., T — 1,
it follows that IXt(Mt) becomes equal to +oo, for every M, > M,. So, one can
simplify the upper bound getting rid of the terms

exp {—NtHIXt (Mt> } : (2.1.142)

fort =1,...,T — 1, since they vanish in that case. However, we prefer to present
the result considering these slightly weaker regularity conditions. Here we also
consider the case 6 = 0. When we derive in Chapter [5| a lower bound for the sample
complexity of a class of T-stage stochastic programming problems, it will become
clear that these two generalizations are important in order to make a fair comparison
between the derived upper and lower bounds for this class of problems.

In Proposition we obtain the sample complexity estimates for the multi-
stage setting.

Proposition 2.1.17. Take any integer T > 3. Consider a T-stage stochastic
programming problem that satisfies conditions (M0), (M1) and (Mt.1)-(Mt.4), for
t =1,...,T —1. Denote the sample sizes by Na,..., Ny € N and suppose that
the scenario tree is constructed via the identical conditional sampling scheme. Let
M, > M; == E[x¢(&1)] € Ry, t = 1,...,T — 1, be arbitrary real numbers. For
€>0,0¢€0,¢) and 6 € (0,1), deﬁneN(e,é,@) CNx---xN as:

T-1

(Noy...,Np) e NT-1. % (exp{_Nt+1IXt(Mt)}+

t=1

4pDi N | Niyi(e—5)2
2 [(efg)/t(Til)} exXp {_12;%(%1)2} <0

(2.1.143)

8More precisely, this holds for 0 < § < e. For § = 0, the result follows by invoking also

Proposition @}
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If (Ny, ..., Np) € N(€,6,0) and § > 0, then

P ([S}SV o C SE] [S*?VQ o # Q)D >1-0. (2.1.144)

..........

If, additionally, conditions (Mt.5) are satisfied, fort =1,...,T — 1, then (2.1.144
also holds for 6 = 0.

Proof. Before proceeding, let us introduce the following (local) notation:

N

INo, g (21) — f(l'1>‘ < 6} , (2.1.145)

for € > 0. Assume that conditions (MO0), (M1) and (Mt.1)-(Mt.4) hold, for ¢ =
1,...,T—1. Take any ¢ > 0, § € [0,¢) and 6 € (0,1). Since (¢ — 4)/2 > 0, we have
by Proposition [2.1.16| that
s
P (EN§ NT(X1)> >1-0, (2.1.146)

.....

whenever (N, ..., Np) € N(e,6,6). Note that

Ex.ng (X1) € [3%2 e Sﬂ : (2.1.147)

-----

Indeed, since X is a nonempty compact set and f is continuous on X, it follows that

v* € R. So, whenever the event EN2 np(X1) occurs, it follows from Proposition

2.8.4] that

.....

e—0

<
2

INg.np (1) — f(21)

(2.1.148)

.....

e—0 _ . N e—9
f(ZE) — S fN2 ..... NT(.%‘) S U}k\b ..... Nr + ) S (U* + T) + (5, (21149)
i.e. x € S°. This proves that the inclusion (2.1.147) is always satisfied (if SfVQ ..... Ny =
0, then S}SVQ Ny © S€ is automatically satisfied).

-----

event F (X1) happens, it follows that 5%, ., # 0. We conclude that
=98
P([80me €50 [Shme 20]) > PB4, (X))

> 1-9,

whenever (Ny,...,Ny) € N(e,6,0). Now, suppose additionally that conditions
(Mt.5), for t = 1,...,T — 1, are satisfied. From item (b) of Proposition [2.1.15 we
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obtain that P [3%27...7NT #+ @] > P [SNQ,...,NT #* @] = 1, for every 6 > 0. Therefore,
for given € > 0, 0 € [0,¢€) and 6 € (0,1), we have that

P([80me €5 0[S 20]) > P (B0 (X000 [82 oy £ 0])

= P(B. (X)) 210,
whenever (Ns, ..., Ny) € ./\7(6, 9,0). This completes the proof of the proposition. [

In general the number of scenarios of a SAA scenario tree constructed via the
wdentical conditional sampling scheme is at most equal to

T
1. (2.1.150)
t=2

where Ns, ..., Ny € N are the number of samples taken from each random vector &,

fort =2,...,T. We have already pointed that if each random vector &,t =2,...,T,
has a continuous marginal distributionEL then the number of scenarios is exactly
equal to w.p.1. Thus, in the multistage setting, we study how quantity
(2.1.150) grows with respect to: (a) the sample complexity parameters ¢ > 0, § €
[0,€), 8 € (0,1), (b) the problem data such as M, o7 and Dy, for t = 1,...,T — 1,
and (c) the number of stages T' > 3.

Consider the following quantity

N(e,6,0) := inf {ﬁ N, : (Ny,...,Np) € N(e, 6, 9)}, (2.1.151)

t=2

where € > 0, 6 € [0,¢), and 6 € (0,1). Since N(e,6,6) # the infimum in
(2.1.151) is achieved for some (N3,..., N3) € N(e,8,6). In fact, the set in (2.1.151)
is discrete, since it is a subset of N. The quantity N (€,0,0) is an upper bound for the
sample complexity of T-stage stochastic programming problems satisfying the stated
regularity conditions. Maybe it is not easy to obtain a closed formula expression
for N (e, d,0); however it is not difficult to derive lower and upper estimates for this
quantity (see Lemma . In the sequel, we use these estimates in order to study
the behavior of N (€,0,0) with respect to the sample complexity parameters, the
problem data and the number of stages.

9Let us recall that we are assuming here the stagewise independent hypothesis.
~ 2
20Tn fact, one just needs to take each Ny sufficiently large, since I, (M;) > 0 and % >
t

0,fort=1,..., T —1.
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Lemma 2.1.18. Take any integer T > 3. Given 0 € (0,1), consider the following
subset of NT~1;

T-1
‘ﬁ = { (NQ, Ce ,NT) - NT_I . Z [exp {_Bl,tNH»l} + Ct exp {_B2tht+1}j| S 6 } s

t=1

(2.1.152)

where P14, Pou and Cy are positive real numbers, fort = 1,...,T — 1. Define the
following quantity

N = inf{ﬁNt : (Na,...,Ny) € m} (2.1.153)

t=2

We have that 91 C 0N C ‘)_T, where

exp{—F1,Nis1} < ﬁ and }

Cyexp{—02:Ni11} < ﬁu for1<t<T -1

eXP{—ﬁl,tNtH} <0 and C; eXP{—ﬁ2,tNt+1} <40,
fort=1,...,T—1 '

m = {(N27"'7NT>:
N = {(NQ,...,NT):
In particular,

T T
inf{HNt - (Na,...,Np) e%‘t} §N§inf{HNt:(N2,...,NT) eNn
t=2 t=2
(2.1.154)

Proof. Take any (Na, ..., Nr) € N. It follows that

S

T-1 -1

lexp{—F1+Ni11} + Crexp {—PatNey1}] <

t=1 t

1 [2@0— 5o 1>} -

(2.1.155)

ie. (Ng,...,Np) €N

Now, take any (Na, ..., Ny) € 9. Since each term exp {—31 N1} and Cyexp{
—B2,.4Ni11} is nonnegative, for t = 1,...,7 — 1, and their sum is less than or equal
to 0, it follows that each term is also less than or equal to @, i.e. (Ny,..., Ny) € 9.
This completes the proof of the inclusions 91 C 9 C N. Equation 1} follows
immediately from these inclusions. O]

Note that it is elementary to obtain closed form formulae for inf {Hfzz Ny

(Na,..., Ny) € R} and inf{HtTZQ N, : (Na,...,Ny) € m} In fact, (N, ..., Ny) €

N if and only if
1 1 1 C’t>-‘
Nept > |—log [ =) | v|=—1og [ 2) |, 9.1.156
A [51,1: § <9H [ 2 ( 0 ( )
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fort =1,...,T — 1. Therefore,

inf{tliNt:(NQ,...,NT) eﬁ} :t]jlld%log (%ﬂ v [%’tlog (%)D

Similarly, (Na, ..., Nr) € N if and only if

Nijt > [i log (@H Y, [% log (W) w (2.1.158)

fort=1,...,T — 1. Therefore,

o T ‘ B T-1 1 o(T—1)
m HNt~(N27~--7NT)Em —H mlOg 0 \
t=2 ’

(2.1.159)
2(T-1)Cy
ko (2150) |).

Now we discuss the implications of Lemma [2.1.18 on the sample complexity
estimate for T-stage stochastic programming problems. Consider a T-stage problem
satisfying conditions (M0), (M1), (Mt.1)-(Mt.5), for t = 1,...,T — 1. Let M, > M,
be given real numbers and consider the sample complexity parameters e > 0, § €
[0,¢) and @ € (0,1). For such values, we have that

Bie = I, (Mt) (2.1.160)
(e —4)°
12802(T — 1)’

[4thMt(T —1)
2
€—0

Ba and (2.1.161)

n

Ct:

, (2.1.162)

fort=1,...,T —1.
Now, note that by taking T = 2 and using equation (2.1.156) we obtain that
N (e, 6,0) is greater than or equal to

()]« (2% s (222 s 2)]). o

This recovers the sample complexity estimate obtained for 2-stage stochastic pro-
gramming problems (see estimate ) As discussed previously, for sufficiently
small values of € —§ > 0 the second term of the maximum (2.1.163)) is greater than
its first term. In that case, the sample complexity estimate for 2-stage problems is

, .
= ((128;1)2 [nl log (%) + log (%)D . (2.1.164)
- —
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In order to fix some ideas, we assume that

01 =09 =+ =07-1, (21165)
DMy = DyMy = --- = Dyp_y Myp_y, (2.1.166)
ny=mng=-+-++="nNpr_1q. (21167)

Using again equation ([2.1.156)) we obtain that

B T-1 -
Ne.60) > I1 (S5 [relos (#2552 +102 ()] )

t=1

~ T—-1
> (=120 (20 [ log (2247 ) +10g (2))])

(2.1.168)

Therefore, the sample complexity estimate for T-stage problems is like the estimate
obtained for 2-stage problems to the power of T' — 1 multiplied by the factor

(T . 1)2(T—1) )

Treating the number of stages T as a varying parameter, it follows that
has an order of growth with respect to the T" that is much greater than simply the
estimate obtained for static problems to the power of T" — 1. Indeed, the factor
(T — 1)2T=1) grows even faster than the factorial function 7! with respect to T
Recall that the factorial function grows much faster than the exponential function
c’', for ¢ > 1 constant. It is worth mentioning that in Chapter |5| (see also [53])
we show that this is an unavoidable phenomenon for some T-stage stochastic pro-
gramming problems. In fact, we have shown that even some problems satisfying
“nice” regularity conditions such as the ones considered here can present this kind
of behavior with respect to T

Now, let us consider how the sample complexity parameters €,  and 6 affects
estimate N (e, 8,0). N(e,,0) depends on € and & only through the difference e — 4 >
0. So, without loss of generality, take 6 = 0. Of course, the sample complexity
estimate grows whenever we ask for obtaining a more accurate solution of the true
problem, i.e. for smaller values of € > 0. Then, ceteris pm’ibus[ﬂ7

N(e)=0 (W;—D {log (%)]T_l> (2.1.169)

when € > 0 approaches 0. Furthermore, note that the sample complexity grows
whenever we ask for obtaining an approximate solution with higher degree of cer-
tainty, i.e. for § > 0 small. The dependence of N(e,d,0) with respect to 6 is of

order ) =0 (10% G)“) | (2.1.170)

2IThat is, considering the remaining parameters fixed.
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ceteris paribus.
It is worth noting that assumptions (2.1.165)), (2.1.166)), and (2.1.167) are not
essential for obtaining this order of growth. In fact, we can apply the same reasoning

by considering in (2.1.168)) the following quantities

o = min oy, (2.1.171)
1<t<T—1

D = min D, (2.1.172)
1<i<T—1

M = min M, (2.1.173)
1<i<T-1

n = min mny, (2.1.174)
1<i<T—1

respectively, instead of considering oy, Dy, M, and n;.
In Chapter [4] we extend the analysis done here for multistage stochastic pro-
gramming problems with nested OCE risk measures.

2.2 Scenario Trees

In this section we make a detailed exposition of scenario trees that are objects
commonly used by the stochastic programming community for representing finite
state space stochastic processes £ = (&1, ...,&r), where T' > 2.

Let us begin by defining a directed rooted tree.

Definition 2.2.1. (directed rooted trees) A directed rooted tree is a tree (N, A) in
which a node v; was selected as a root node, N is the set of nodes of the tree, and
A C N x N is the set of arcs of the tree. Here we always assume that every arc of
the tree points away from the root ty.

We always assume that ANV # ) is finite. Now, let us present some standard
terminology concerning trees. Take any directed rooted tree (N, A) and let 1; € N
be its root node. ¢y is the unique node of the tree at level t = 1, i.e. N7 = {11},
where N, is the set of nodes of the tree at level ¢ € N. For each node ¢ we consider
the set C, C N of children of ¢

C,={/eN:(,)e A}.

If C, = (), then we say that ¢ is a leaf node of the tree or a terminal node. For ¢ > 2,
the set of nodes N, at level ¢ of the tree is given by

Ny:={u, e N:for s=1,...,t—1 there exists 15,1 € C,,}. (2.2.1)

This means that the (unique) path (¢, ¢9,...,¢) connecting the root node ¢; with
node «; has length t. Since A is finite, N; = 0, for ¢t > card V. The depth of the
tree is given by

T :=max{t € N: N; # 0}. (2.2.2)
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Note that .
N =N, (2.2.3)
t=1

and NV; NN, = 0, for s # t. Except when otherwise stated, we assume that the path
connecting the root node to any leaf node has length 7' > 2. Equivalently, we have
that C, # 0, for all . € N, and 1 <t < T. The following equalities are also satisfied

Nl = {Ll}, NQ = CL17 Ng = U CL, ceey NT = U CL. (224)
LeEN2 LeENT_1

Every node ¢ # ¢; has a unique parent node a(¢) that is characterized as the unique
node that satisfies (a(¢),t) € A. Note also that ¢ € Cy,).

In order to introduce scenario trees suppose that each node ¢ € N, is related to
a vector & € R%. We also assume that for each ¢,/ € N,

&V AT, (2.2.5)
for some 2 < s <t < T, if 1 # /. For clarifying the notation, we define a° := Id and
a® :==aoa* ! for s =1,...,T. This condition means that every node ¢, at level ¢
can be distinguished from a different node ¢; at level ¢ by looking at the sequences
of values associated with each node of the path that connect the root node to each
one of these nodes.

Let us also consider a family of positivd’) numbers p := {p, : a € A} defined on

A that satisfies
> e =1 (2.2.6)

JeC,
for every « € N, and t = 1,...,T — 1. The set of all paths from the root node to
the leaves nodes is

S:={(1,.-ytr) ENy X+ X Np: (t4y1041) €A, fort =1,...,T—1}. (2.2.7)

Using p := {p, : a € A} we can associate a probability value for each complete
path?] or scenario of the tree

T-1
p(le"'7LT) = H p(Lt,Lt+1)' (228)
t=1
It is instructive to show that {p(, ...) : (¢t1,...,tr) € S} really defines a probability
on 7 Since S is finite, we just need to verify that
Pl1,..ootr) > 0, V(bl, ceey LT) € S, and (229)
Z Ply,..or) = L. (2210)

22We assume that p, > 0, for every a € A.

23In the sense that the path begins at the root node of the tree and travels until one of its leaf
nodes.

240r more precisely, on P(S).
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The first condition follows immediately from (2.2.8), since p,,,,., > 0, for every
t=1,...,T — 1, whenever (i1,...,tr) € S. We can also write S in the following
way

S={(,....tr) ENix - X Np:wweCy,i3€C,,...,07 €C,y }. (2.2.11)

Therefore, the sum ([2.2.10|) can also be written as the iterated sum

Z Peryr) = Z Z Z P(eremmrir) (2.2.12)

(t1yeentT)ES 12€Cy, 13€C, tr€Cup_

- Z Z T Z Plea,ea) « - Pler—1e7) (2.2.13)

L2€CL1 L3€CL2 LTGCLT_l

- Z Plees) " Z Pler_or_1) Z Plip_1,7) (2214)

LQGCLI LT*lech,Q LTEC/,T71
= Z Pleaes) " Z Pler_or_1) (2215)
LQGCLI LT71ECLT72
: (2.2.16)
= D P =1, (2.2.17)
L2€CL1

using that thecbt,l Ploora) =1, for every o,y € Ni_yand t =T,...,2.

The value p represents the conditional probability of going from node ¢; €

LsLtt1)
N; to node 1,11 € C, C N4 given that we are currently at node ;. We are ready

to present the definition of a scenario tree that we consider in this thesis.

Definition 2.2.2. (scenario trees) A scenario tree T := (N, A, &, p) is a tuple sat-
1sfying the following conditions:

(1) (N, A) is a directed rooted tree with root node vy and such that every arc of
the tree points away from the root node.

(i) the family of vectors € = {§ € R™ : v € Ny, t = 1,..., T} is such that condition
18 satisfied.

(111) the family of positive numbers p := {p, : a € A} is such that condition
15 satisfied.

Given a scenario tree (N, A, &, p), we consider, with a slight abuse of notation, its
associated stochastic process defined on the probability space (S, P(S),{ps : s € S})
of scenarios of the tree:

§: S — Ri= R% x...x R (2.2.18)
(b1, ser) = (& &) -
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The random vector &, of stage ¢ is just the projection of € on R%, fort =1,...,T.

When we describe sampling schemes for approximating the true random data by
a finite state space stochastic process in Section [2.1.2] we detail a procedure that
generates a scenario tree. Then, the SAA stochastic process is just the stochastic
process associated to the generated scenario tree.

2.3 Quantiles

Definition 2.3.1. Let Z be a random variable and o € [0,1]. We say that z € R is
an a-quantile of Z if the following conditions hold:

(a) P|Z < z] > «,
(b) PIZ>z2]>1-q.

The following result is well-known, but we present a proof for the sake of self-
containedness.

Proposition 2.3.2. Let Z be a random variable and o € (0,1) be arbitrary. Define
the following quantities:

¢, (Z) = inf{zeR:P[Z<z]>a}, and (2.3.1)
¢t (Z) = sup{z €R:P[Z>z2]>1—a}. (2.3.2)
We have that q,,(Z) < qt(Z) are finite numbers and that the set of a-quantiles of
Z is given by the (nonempty compact) interval [q., (Z), ¢t (Z2)].
Proof. Let o € (0,1) be given and denote by:
I; = {zeR:P[Z< 2] >a},

(e

It = {zeR:PZ>2]>1-a}.

We will show that I, and I} are closed unbounded intervals that are, respec-
tively, bounded from below and above. First of all, observe that if z € I and w > z,
then P[Z <w] > P[Z < z] > a, i.e. w € I, . Moreover, we have that:

Q = (JIZ <4k and (2.3.5)
keN
0 = (Z< -k (2.3.6)

It follows that limg o P[Z < k] =1 > a > 0 = limy_,, o P[Z < —k]. Therefore,
I7 # () is an unbounded interval that is bounded from below. Let us show that
q,(Z) € I;. We have that g, (Z) + 1/k € I, for all kK € N. Moreover,

«

2 <47 (2)] = ()1Z < 42(Z) + 1/H] (2.3.7)
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which implies that: P[Z < ¢, (Z)] = limy,+ P[Z < ¢, (Z) + 1/k] > a. This shows
that 1] = [¢, (Z),+0o0). In order to show that I = (—o0, ¢F (Z)] we follow similar
steps. Omitting some details, let us just observe that:

Q = |JIz>-k]; (2.3.8)
0 = ([Z =k (2.3.9)

if z€ I} and w < z, thenw € I}, Z > ¢} (Z) = enlZ = ¢f (Z) — 1/k], and the
argument follows similarly.

Now, let us show that ¢, (Z) < ¢/ (Z). For z < q;,(Z), we have that P[Z < z] <
a. Therefore, P[Z > 2| =1—-P[Z < 2] > 1 —-P[Z < z] > 1 — a. We conclude that:

(=004, (2)) € 13(2),

so: ¢, (Z) < ¢t (Z). This also shows that [g, (Z), ¢t (Z)] # 0. Finally, observe that
z is an a-quantile of Z if and only if z € I, NI} = [¢,(Z), ¢} (Z)]. The proposition
is proved. O

Propositionm states that ¢, (Z) is the minimum or the leftmost a-quantile of
Z, q¢F (Z) is the mazimum or the rightmost a-quantile of Z, and that these quantities
are finite when o € (0,1). When oo = 0 or o = 1 the set of a-quantiles of a random
variable can be the empty set or an unbounded interval. The following lemma
will be useful for showing some interesting properties of the leftmost and rightmost
a-quantiles functions of a given random variable.

Lemma 2.3.3. Tuke a random variable Z and o € (0,1) . The leftmost and right-
most a-quantiles of Z admit the following alternatives characterization:

¢, (Z) = sup{z€eR:P[Z < 2] < a}, (2.3.10)
¢ (Z) = inf{zeR:P[Z>z2]<1-a}, (2.3.11)
respectively.

Proof. We will show only that equation (2.3.10) holds, since we will only need it

in the next proposition. Let us denote by Z := sup{z € R : P[Z < z] < a}.
For an arbitrary z > Z, we have that z ¢ {z € R : P[Z < z] < a}, that is:
a<P[Z < z] <P[Z < z]. It follows that:

(Z,40) C{zeR:P[Z<z] > a}. (2.3.12)
Taking the infimum of these sets, we obtain that ¢, (Z) < Z. Now, observe that:

Z <z =()Z<z+1/k]. (2.3.13)
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It follows that:

P[Z<Z = lim P[Z<Z+1/H>a. (2.3.14)
—+00
We conclude that ¢ (Z) < Z and equation ([2.3.10)) is proved. The proof of equation

2.3.11)) is similar. O
(2.3.11]

Proposition 2.3.4. Let Z be a given random variable. We have that the rightmost
quantile function:
a€ (0,1)— gl (Z) eR, (2.3.15)

and the leftmost quantile function:
a€(0,1)—gq,(Z2)eR (2.3.16)
are monotonically non-decreasing and satisfy the following conditions:
(i) 43 (Z) < qg(Z), for all0 <a < B <1;

(ii) for all a € (0,1),

4a(Z) = inf ¢5(2) = inf ¢5(2); (2.3.17)
(1i1) for all p € (0,1),
43 (Z) = supq, (Z) = inf ¢ (2). (2.3.18)
a<p a<f

Proof. We begin by showing item (i). Let 0 < a < § < 1 be given. Observe that:
{zeR:PZ>2]>1-0}C{zeR:PZ<z]<a}. (2.3.19)

Indeed, if P[Z > 2] > 1 -, then P[Z < 2] =1-P[Z >2]<1—-(1-0)=0< .
Taking the supremum of these sets, it follows from Lemma that: qg(Z) <
q, (Z). We also have that:

1,(2) < (Z) < q5(2) < q5(2), (2.3.20)

that is, both functions are monotonically non-decreasing.
Now we show item (ii). From item (i), it follows that:

41 (Z) < inf ¢5(Z) < inf ¢ (2). (2.3.21)

B>a T B>a

We need only to show that infz.a ¢3(Z) < ¢ (Z). Let € > 0 be given. We have
that:
P[Z > ¢t (Z)+¢ <1-q. (2.3.22)

Taking 8 > « sufficiently close to «, we obtain that:
PZ > qi(Z) + ] <1 B <P[Z>qf(2)], (2.3.23)

ie., qz(Z) < ¢f(Z) + e Tt follows that infs., g5 (Z) < ¢ (Z) + ¢, for all € > 0,
).

which proves item (ii). The proof of item (iii) is similar. O
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Proposition 2.3.5. Let Z be a random variable and o € (0, 1) be arbitrary. Then,

02 (Z) = —4{_o(=2). (2.3.24)

Proof. Observe that:

so, ¢, (Z) < —q;_ ,(=Z). Moreover,
l-(1-a)=a<P[Z>q,(2)=P|-Z>—q,(2Z)], (2.3.26)

80, ¢ (—Z) > —qa(Z), that is, —q¢ (=Z) < ¢, (Z) and the result is proved. [

2.4 Sub-Gaussian and ¥»-random variables

In this section, we recall the definitions of sub-Gaussian and s-random variables
and present some of their basic properties. We follow closely reference [79], although
we prefer to distinguish these two classes of random variables.

Let (92, F,P) be a given probability space and denote by Z := Z (2, F,P) the
set of (real) random variables defined on (2, F,P). For 1 < p < 400, the linear
space L, := L, (2, F,P) is the set of random variables Z that satisfies E|Z|" < +o0.
Identifying two random variables that are equal almost surely (with respect to P),
the following function

1Z]l, == (E|2[")"". (2.4.1)

is a norm on the space L, that is known as the L,-norm.
Let us consider the function [|-[|,, : Z — RU {+oo} given by

121l
Z\|.,. = sup L 2.4.2
12, = sup = 242
We define the set of 1»-random variables as
Yo =1 (O, F,P):={Z € Z:|Z|,, <+oo}. (2.4.3)
Identifying two random variables that are equal almost surely, [-[,,, is a norm on

1o, as the notation suggests.
Now, let us consider the definition of a sub-Gaussian random variable.

Definition 2.4.1. We say that Z € Z is a o-sub-Gaussian random variable, where
o € [0,400), if

My(s) = Efexp {sZ}] < exp {0?5%/2}, Vs € R. (2.4.4)
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The constant
o(Z) :=inf{o > 0: My(s) < exp{0°s?/2}, Vs € R} (2.4.5)
1s the sub-Gaussian moment of Z.

The classes of sub-Gaussian and vs-random variables are closely related. Let
us begin by pointing that every sub-Gaussian random variable is centered. In fact,
[54, Proposition 2.1] shows that EZ = 0 if Z is sub-Gaussian. Additionally, it is
possible to show that every sub-Gaussian random variable is a ¥y-random variable;
see Proposition below. Reciprocally, if Z is a centered s-random variable,
then Z is a sub-Gaussian random variable. So, the space of sub-Gaussian random
variables (defined on (€2, F,P)) is a linear subspace of ¢)5. Observe that a ¢, random
variable need not to be centered (e.g., take Z = 1).

In [79] the author does not distinguish these two classes of random variables.
Here, we prefer to follow the classical definition of sub-Gaussians that uses the
moment generating function condition instead of the moment growth condition. To
the best of our knowledge, sub-Gaussian random variables were first defined in [34]
using its moment generating function and this definition is still usual in the literature
nowadays. Of course this is just a matter of taste.

The following proposition, see [79, Lemma 5.5], establishes equivalent proper-
ties of ¢p-random variables and relates this class with the sub-Gaussians random
variables.

Proposition 2.4.2. Let Z be a random variable. Then the following properties are
equivalent, with parameters K; > 0 differing from each other by at most an absolute
constant factor.

1. Tails: P[|Z] > s] <exp(1—s*/K}), Vs > 0;
2. Moments: || Z||, < K2\/p, Vp > 1;
3. Super-exponential moment: E[exp (Z2/K32)] < e.
Moreover, if EZ = 0 then properties 1-3 are also equivalent to the following one:
4. Moment generating function: Eexp(sZ) < exp(s®K}), for all s € R.
Proof. See [719, Lemma 5.5]. O

So, the previous proposition establishes that, for each 1 < 4,7 < 4, there exists
an absolute constant C; ; such that if Z satisfies property ¢ with constant K;, then Z
satisfies property 7 with constant C; ; K;. Moreover, the additional condition EZ = 0
is necessary for obtaining property (4.) from the remaining ones, although it is not
necessary to assume this condition explicitly for the converse statement. In the
following corollary, we estimate the constants values C 2, Ca3, C31, C54 and Cy ;.
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Corollary 2.4.3. We can take the absolute constants of the previous proposition as

— €.
o (o= \/E,

o (3= ﬁ;
L 03,1 =1,
b Cs,4 = \/ngrj;
L] 0471 = 2.

Proof. That we can take C5; = 1 and Cy; = 2 can be seen directly in the proof
of [79] Lemma 5.5]. Following this proof, it was shown that if Z satisfies (1.) with

Kq =1, then y
1z, < [(%) (g)pﬂ = % (%)w NG (2.4.6)

Now, it is straightforward to verify that p = 2 maximizes p — (%)UP on p > 1. So,

we obtain that
121, _ e

VP V2
which proves that we can take C; » as above. In the same proof, it was also shown
that:

(2.4.7)

> 1 e
E 72 <1 2¢c/e)P = = 2.4.8
exp(eZ?) S 143 (2e/e) = 7570 = g0 (248)

p=1
for 0 < ¢ < e¢/2. Taking ¢ = (e — 1)/2, we obtain that Eexp(cZ?) < e, i.e. we can

take Coz = \/1/c = 1/2/(e — 1).

Finally, for showing the claim about Cj4, we follow the proof of [54, Theorem
3.1]. Let us suppose that for K3 = 1, we have Eexp(Z?/K3) = Eexp(Z?) < e.
Then, it was shown in the proof of the implication (3) = (1) in [54, Theorem 3.1]
(for a = 1/K2% = 1) that:

82 2 2 682 2 682 2 82
Eexp(sZ)gl—i—EeS 1PEe? §1+763 12 < (14—7) e’ /2§exp{5(e+1)},

e+1
S 0

The following result will be useful later.

Lemma 2.4.4. Let Z be a 1y-random variable. Then,

I1EZ|l,, = [EZ] < |Z],, - (2.4.10)
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Proof. 1t is immediate to verify that [|c[[,, = |c|, for arbitrary ¢ € R. Since Z is
a Y-random variable, we conclude that EZ is finite, so [[EZ||,, = [EZ|. Taking
p = 1, we obtain:

12, = 121, /V1 =E|Z| > |[EZ], (2.4.11)

which proves the lemma. O

Now, we present the key result of this section concerning our work. It shows that
a L-Lipschtiz-transformation of a o-sub-Gaussian random variable, after centering,

is a (kLo)-sub-Gaussian random variable, where & is an absolute constant. Applying
Corollary we estimate the constant )

Proposition 2.4.5. Let Y be a random variable with finite expected value such that
Y —EY 7 is o-sub-Gaussian. If ¥ : R — R is a L-Lipschitz-continuous function,
then ¥(Y') has finite expected value and the random variable Z := (V) — E(Y') is
(kLo)-sub-Gaussian, where

1
clet1) _ g6 (2.4.12)

Kk =2(C2 Cy3C34 Cy1) =4 20e—1) = )

Proof. First of all, since 1 is L-Lipschitz, we have that [(Y) —(0)| < LY — 0] =
LY, so

YY) < [0O)] + [(Y) = 0)] < |£(0)] + LIY], (2.4.13)
which shows that E¢(Y") is finite and Z is well-defined. Now, consider the random
variable W := ¢ (YY) — ¢(EY’). We have that

W =[(Y) - ¢(EY)| < LIY - EY], (2.4.14)
so [[W]l, < L[Y —EY|, for all p > 1. This shows that
Wiy, < LY —EY],, . (2.4.15)

Since Y — EY is o-sub-Gaussian, it satisfies item (4.) of Proposition with
K4 = 0/\/2. So, we obtain that:

Cy1C
Y —EY|,, < —=20. (2.4.16)
G
Now, observe that Z =W — EW | so
1Z1ly, < 1Wlly, + IBWl,, <2[WIl,, < V2(Ci2C41)Lo, (2.4.17)

where the first inequality is just the triangular inequality and the second one follows
from Lemma [2.4.4] Since EZ = 0, applying again Proposition 2.4.2] we obtain that
7 satisfies item (4.) with K, = \/5(01,2 C3C34Cy1)Lo. So, we conclude that Z is

(kLo )-sub-Gaussian, with k = 2(C13Cy3C54Cyq) =4 % O

250f course, it is possible that the result holds for a smaller k.
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2.5 Convex analysis
In this section we present basic definitions and results of convex analysis that are
used throughout the thesis. Let us begin by recalling some basic definitions.

Definition 2.5.1. (extended real numbers) Appending —oo and +oo to the set of
real numbers, we consider the set of extended real numbers R := R U {—o0, +00}.
The appended elements satisfy:

— 00 <z < 400, (2.5.1)

for all x € R. Moreover, it is straightforward to extend the sum and product opera-
tions to R, except for the following combinations that we consider below:
(—00) + (+00) = (+00) + (—00) = +0o0,
0-(£o0) = (£o0)-0=0.

We also assume the following conventions:
sup) = —oo;
inf) = +oo.
Definition 2.5.2. (convezr set) We say that X C R™ is convez, if
Ary+ (1 — Nz € X, (2.5.6)
forall x1,29 € X and 0 < XA < 1.

Definition 2.5.3. (face of a convex set) Let C be a (nonempty) convez set. We say
that ' C C is a face of C' if F is nonempty and if F' satisfies the following property:

o ifx,y € C are such that A\x + (1 = N)y € F, for all0 < A < 1, then z,y € F.

Note that a nonempty convex set is always a face of itself. We say that FF C C
is a proper face of C, if F' # (C'is a face of C.

A polyhedral set is an important example of a convex set. This class of sets are
very important for the theory of linear programming.

Definition 2.5.4. (polyhedron or polyhedral set) We say that X C R™ is a polyhe-
dron or a polyhedral set if there exist a matrix A € R™*"™ and a vector b € R™ such
that

X ={zx eR": Az < b}.

Note that Definition implies that every polyhedron is not just convex, but

also closed?d]
Now we present the definition of a cone in R"™.

26Some authors consider less restrictive definitions for polyhedral sets, but we adopt this one in
the thesis.
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Definition 2.5.5. (cones) We say that K C R"™ is a cone if K # () and for every
A>0 and x € K, we have that \x € K.

It is elementary to verify that if K is a cone, then 0 € K and —K :={—-z:x €

K} is also a cone. Cones are commonly used for introducing binary relations in R”
by the formula

rrgysr—yekK, (2.5.7)

for all z,y € R". As an example consider the positive orthant R := {z € R : z; >
0,i=1,...,n}. Note that R" is a cone. It defines the relation Ry that is a partial
ordering in R". We have that x =gr» y if and only if z; > y;, for every i =1,...,n.
Note also that a polyhedral set can be written as

X :={xeR": L(z) € R}}, (2.5.8)

where L(z) := b — Az is an affine function. In many interesting examples of opti-
mization problems, it is typical to consider its feasible set on the form

X ={zeR":G(z) € K}, (2.5.9)
where K is a closed convex cone and G : R®" — R™ is a function.

Definition 2.5.6. (pointed cones) We say that K C R™ is a pointed cone if K is a
cone and whenever x,—x € K, we must have that x = 0.

Definition 2.5.7. (Properties of a binary relation in R™) Let = C R™ x R"™ be a
binary relation. Consider the following properties:

(i) Reflexivity: for every x € R", x = .
(i) Transitivity: for every x,y,z € R, if x =y and y = z, then x = z.
(111) Anti-symmetry: for every x,y € R, if x = y and y = x, then x = y.
(iv) Homogeneity: for every x,y € R™ and A >0, if z = y, then A\x > \y.
(v) Additivity: for every w,x,y,z € R", ifx =y and w = z, then x +w = y + z.

(vi) Continuity: for every sequences {x’ : j € N} and {3’ : j € N} in R", if
2l =y, for every j €N, 27 — x and v/ — vy, then x = y.

The following proposition relates properties of the cone K with properties of the
binary relation > g induced by K.

Proposition 2.5.8. Take any cone K C R™. The following assertions hold:

(i) =k is reflexive and homogeneous.
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(i) If K is convex, then =k is also transitive and satisfies the additivity property.
(111) If K is pointed, then =y is anti-symmetric.
() If K is closed, then = is continuous.

Proof. (i) Since x —x = 0 € K, it follows that x > x. Moreover, if x >x y and
A >0, then \x — Ay = ANz —y) € K.

(ii) Note that if K is a convex cone, then K +K = K. Since 0 € K, the inclusion
D is trivial. Take any z,y € K. Note that 2 +y = 2(x/2 4+ y/2) € K, which proves
the converse inclusion. The transitivity and the additivity properties follow easily
from this equality K + K = K.

(iii) Let K be a pointed cone. If x =g y and y >k =, then x —y € K and
y—x=—(x—y) € K. It follows that z —y =0, i.e. z =y.

(iv) Note that 27 — ¢/ € K, for every j € N. Moreover, z — y = lim; (27 — ¢’) €
f:K,i.e.xtKy. O

Let us recall that a binary relation > in R" is said to be a partial order if it is
reflexive, transitive and anti-symmetrical. It follows that if K is a pointed convex
cone, then =g is a partial order in K. The following lemma will be useful.

Lemma 2.5.9. Take any convexr cone K C R". Ifx € K and y € int K, then
r+yeEint K.

Proof. Since y € int K, there exists € > 0 such that B(y;e) C K. By item (ii’"] of
Proposition it follows that

Bx+yje) =2+ B(y;e) CK+ K =K, (2.5.10)
ie. r+y €int K. [

Definition 2.5.10. (affine set) We say that A C R™ is an affine set if for every
x1, T2 € A, we have that:

(1 —t)Il +txy € A, vVt € R.

Definition 2.5.11. (affine hull of a set) Let X C R™ be given. We define the affine
hull of X as:
aff X = ﬂ{A : A D X, A is an affine set }.

It can be shown that an arbitrary intersection of affine sets is also an affine set.
It follows that the affine hull of X is the smallest affine set that contains X. This
notion is crucial to define the relative interior of a set. We will recall interesting
properties of the the relative interior of convex sets.

2TWe have shown in the proof of Proposition that if K is a convex cone, then K + K = K.
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Definition 2.5.12. (relative interior of a set) Let X C R™ be a nonempty set. We
say that x € i X if there exists € > 0 such that:

B(z;e) Naff X C X. (2.5.11)
Let us define i) := (.

When X is nonempty convex its relative interior is nonempty@ In fact, the
following result holds:

Proposition 2.5.13. Let X C R" be a convez set. Then, riX = X.
Proof. See [1, Proposition 1.3.5]. ]

Definition 2.5.14. (epigraph of a real-valued function) Let f : R — R be a func-
tion. The epigraph of f is the set:

epi f:={(x,t) e R" xR : f(x) < t}. (2.5.12)

Definition 2.5.15. (domain of a real-valued function) Let f : R* — R be a function.
The domain of f is the set:

dom f :={x € R": f(z) < +o0}. (2.5.13)

Definition 2.5.16. (proper functions) We say that f : R* — R is proper if dom f #
0 and f(x) > —o0, for all z € R.

Definition 2.5.17. (convex functions) We say that f : R® — R is a convex function
if epi f C R is a convex set.

We can also consider the definition of a vector-valued convex function with re-
spect to a binary relation > in R™.

Definition 2.5.18. Take any binary relation = in R™. We say that G : R* — R™
is convex with respect to = if

GAz+ (1 = Ny) X AG(z) + (1 = N)G(y), (2.5.14)
for every x,y € R™ and for every 0 < XA < 1.

Definition 2.5.19. (polyhedral functions) We say that f : R* — R is a polyhedral
function if it is proper and epi f C R"*! is a polyhedron.

Note that every polyhedral function is l.s.c. (see Definition [2.5.24] and Proposi-
tion [2.5.25) and convex.

28That is not the case with the topological interior. For example, X = {0} C R is such that
int X = 0.
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Definition 2.5.20. (subdifferential of a convex function) Let f : R® — R be a
convex function. We define the subdifferential set of f at v € R™ as:

Of(x) ={seR": f(y) > f(z)+ (s,y —x), for ally € R"}. (2.5.15)
We denote the elements of Of () as the subgradients of f at x.

For z € dom f, we have that:

of() = () {s €R": f(y) = f(x) + (s, — 2)}. (2.5.16)

yEdom f

Since each set in the intersection is closed and convex, it follows that df(z) is also
closed and convex (this is trivially true for x ¢ dom f). The following proposition
gives a sufficient condition for the existence of subgradients of f at a point x € R™.

Proposition 2.5.21. Let f : R® — R be a convex function. For every x € ridomf,
we have that Of (x) # 0. Moreover, if x € int dom f, we conclude (additionally) that
Of(x) is compact.

Proof. This proposition is an immediate consequence of [7, Prop. 5.4.1]. ]

Definition 2.5.22. (convex conjugate of real-valued functions) Let f : R® — R be
given. The convexr conjugate of f is:

f*(y) = sup{{y,z) — f(x)} = sup {(y,2) — f(x)}. (2.5.17)

z€R™ z€dom f

The following result gives a characterization of the subgradients of a convex
function f at x in terms of the values assumed by f and f*.

Proposition 2.5.23. Let f : R" — RU{+0o0} be a convex function. We have that:
s€edf(x) < (s,x) = f(x)+ f*(s). (2.5.18)

Proof. See [7, Proposition 5.4.3]. Note that the result is trivially true if f is not
proper. Indeed, in that case, none of the conditions can hold. O

Definition 2.5.24. (lower semi-continuous functions) We say that f : R» — R is
lower semi-continuous (l.s.c.) at x € R™ if for all t € R such that f(x) > t, there
exists an € > 0 such that f(y) > t, for all y € B(z;¢). We say that f : R® — R is
l.s.c. if f is l.s.c. at every x € R™.

The following result is well-known.

Proposition 2.5.25. A function f : R* — R is L.s.c. if and only if epi f C R**1 is
closed.
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Proof. See [1, Proposition 1.1.2]. O

Definition 2.5.26. (closure of a function) Let f : R™ — R be a function. We define
the closure of f as the unique function cl f : R* — R that satisﬁe

epi(cl f) = epi f.

Of course, cl f < f. By Proposition [2.5.25] we have that f is Ls.c. if and only if
cl f = f. The function cl f is the greater l.s.c. function that is below f. Finally, if
f is convex, then cl f is also convex.

Proposition 2.5.27. Let f : R* — R be arbitrary. We have that f* is Ls.c. and
conver.

Proof. We just need to show that epi(f*) is closed and convex. Observe that f* is
the supremum of the affine functions:

Lx(‘S) = <$’8> - f(x)a

that are, in particular, l.s.c. and convex. It follows that epi L, is closed and convex,
for every x € R". So,

is closed and convex. O

Let us recall this classic result of convex analysis.

Theorem 2.5.28. (Fenchel-Moreau theorem) Let f : R" — R U {+oc0} be a proper
l.s.c. convex function. Then,

= (2.5.19)
Proof. See [T, Proposition 1.6.1] or [59, Pag. 474, Theorem 11.1]. O

Now, we introduce the definition of the directional derivative of a function.

Definition 2.5.29. Let f : R — RU{+o00} be a function. We define the directional
derivative of f at x € dom f on direction d € R" as the limit (if it exists!):

f(a;d) := lim {f(xﬂd) _f(x)}. (2.5.20)

t—0+ t

When f is convex, the limit exists, possibly assuming the values 400,
for every x € dom f (see, for example, [7, Page 196]).

The following variational characterization of the directional derivative f’(z;-) of
a convex function f at a point x € dom f in terms of the subdifferential of f at x is
particularly useful.

29In fact, it is possible to show that if £ C R™*! is the epigraph of a function, then E is also
the epigraph of a function. For instance, see [7, Section 1.3.3]
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Proposition 2.5.30. Let f : R" — R U {400} be a proper convex function and
x € dom f. The following conditions hold:

(i) When Of(x) # 0, we have that:

cl f'(x;-) = sup (s,-). (2.5.21)
s€df(x)

(i) If x € ridom f, we have that:

fl(@) = sup (s,). (2.5.22)

Proof. See [T, Proposition 5.4.8]. O

Now, let us consider convex functions f : R — R U {+oc} defined on the set of

real numbers. For x <y < z, y € dom f, we have the secant inequality (see [7, Page
196], for d = £1):

fly) = fx) _ [(2) = fy)

y—x T z-y

It is also clear from Definition ([2.5.20]) that, for = € dom f, f'(z;1) and —f'(x; —1)
are the right and left derivatives of f at x, respectively. Considering also inequality

(2.5.23]), we have that:

(2.5.23)

fa:1) = lim w = inf w (2.5.24)
—f(z;-1) = yl_i)gl_ w = sup w (2.5.25)

For z <y < z, y € dom f, we can bound the left and right derivatives of f at y by
the slopes:
—f(y; - i(x) < —flyi—1) < flys1) < —“2 = 5(”.
When a proper convex function f is defined on R, the directional derivative
f'(z;) is Ls.c., for every x € R such that df(z) # (. Let us point out that this is
not necessarily the case when f is defined on R?, for d > 1.

(2.5.26)

Lemma 2.5.31. Let f : R — RU{+o0} be a proper convex function and x € dom f
be given. If Of (x) # 0, then f'(x;-) is a Ls.c. function, i.e. cl f'(x;-) = f'(x;-).

Proof. Let x € dom f be arbitrary. It is immediate to verify that f’(x;-) is positively
homogeneous. In fact, let s > 0 be given, we have that:
t(sd)) — ts)d)) —
o sd) = lim flatt(sd) - flz) _ . flat s)d) - f(z) T—

t—0+ t t—0+ ts
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So, we conclude that:

sf'(x;1), when s > 0;
f(x;8) = 0, when s=0; (2.5.27)
sf'(x;—1), when s < 0.

From the equality above, we obtain that whenever f'(z;1) € (—o0, 00| 3 f'(z;—1),
f'(x;-) is a ls.c. function. For proving the lemma, we only need to show that
f'(x;1) > —oo and f'(z;—1) > —oo. By hypothesis, there exists s € df(x). So, for
t > 0, we have that:

fla+1t)— flz)

t

and letting ¢ — 04, we obtain that f'(x;1) > s > —oo. Finally, for ¢ > 0, we also
have that:

> 5> —00, (2.5.28)

flz—1t)— f(x) > —st, (2.5.29)
that is:
— 1) —
f i f@) s o o (2.5.30)
and letting t — 0+, we obtain that f'(z;—1) > —s > —o0. H

We introduce next some notation about intervals of R.

Remark 2.5.32. (intervals on R) Let a and b be elements of R. We define the
interval:

[a,b] :={r €R:a <z and v < b}. (2.5.31)

Observe that we do not assume, in principle, that a < b. So, if a > b, we have
that [a,b] = 0. One way to restrict the interval [a,b] to the set of real numbers is to
consider [a,b]NR. Of course, when a,b € R, we have that [a,b] = [a, b)) NR. Observe
that it s not true in general that:

inf[a,b] = a, or sup|a,b] = b. (2.5.32)
Consider, for example, a =1 and b = 0. We have that [a,b] = 0, inf[a,b] = +00 > a

and supla,b] = —oo < b. This is a somewhat pathological situation. In fact, the
following conditions rule out this situation:

(1) if [a,b] # O, then infla,b] = a and supla, b] = b.
(ii) if [a,b] "R # O, then inf ([a, b)) NR) = a and sup ([a,b] NR) = b.

The following result is a corollary of the previous proposition, lemma and remark.
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Corollary 2.5.33. Let be given a proper convez function f : R — RU {400} and
x € dom f. We have that:

Of(x) = [~ /(5 =1), f'(&: ] R, (2.5.33)
Moreover, we also have that:

infof(z) = —f'(x;—1) and (2.5.34)
supdf(z) = f'(x;1), (2.5.35)

when Jf (x) # .

Proof. Let x € dom f be given. First of all, let us show that:

Of (x) C [=f'(z;=1), f(m; DI NR.

If f(x) = 0, then there is nothing to prove. Suppose that 9f(x) # (). By Proposi-
tion [2.5.30| and by Lemma [2.5.31} we have that:

f(z;1) =cl f'(x;1) = sup s=supdf(z),(2.5.36)
s€df(x)

—f(z;=1)=—=cl f'(x;—1) = — sup —s=—(—infdf(x)) =infdf(x).(2.5.37)
s€df(x)
So, for s € 0f(x), we have that inf 0f(x) < s <supdf(z) and s € R, which proves
the inclusion df(x) C [—f'(x; —1), f'(z;1)] N R.

Now let us show the converse inclusion [— f'(z; —1), f'(z; 1)]NR C 0f(z). Again,
if [—f'(x;=1), f'(z;1)]NR = (@, then there is nothing to be proved. Suppose that
[—f(z;=1), f'(x;1)] "R # () and take s € [—f'(z; —1), f'(z; )] NR. For y > z, we
get from equation that:

Jy) = /(z) > fl(z;1) > s. (2.5.38)
y—x
For y < z, we get again from equation ({2.5.23)) that:
w < —f'(x;—1) < s. (2.5.39)

We conclude that [—f'(z; —1), f(2;1)]NR C df (). Finally, suppose that 0f(x) #
(. By Remark [2.5.32 we obtain that:

infof(z) = —f'(z;—1), and (2.5.40)
supdf(z) = f'(x;1). (2.5.41)
This concludes the proof of the corollary. m
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Of course when df(z) # 0 is bounded, we have that:
Of (x) = [—f(a; =1), f'(;1)].
Now, let us consider a basic lemma from real analysis.

Lemma 2.5.34. Let {I(s): s € J} be a family of nonempty closed intervals on R,
where J C R is also an interval. Let a(s) < b(s) be the extreme points of I(s), for
all s € J. Suppose that the following conditions are satisfied:

(i) For every s <t on J, we have that b(s) < a(t).

(ii) For every s € J such that s < sup J:

t— s+
teJ

(ii1) For every s € J such that s > inf J:

a(s) = lim b(t).
t— s—
teld

Then, it follows that:

I:= UI(S)

sed

is an interval on R.

Proof. 1f I is empty or a singleton, then there is nothing to prove. So, let y; < y» be
given elements of . We just need to show that (y1,y2) C I. For such, let y; <y < y
be arbitrary. First of all, observe that there exist sj,sy € J such that y; € I(s)
and yo € I(s9); that is:

a(s1) <y <y <y2 < b(s2).

We will show that there exists ¢ € J such that y € I(t). Define the following sets:

J_o={se J:b(s) <y} (2.5.42)
Jy={se€ J:a(s) >y} (2.5.43)

Note that if J_ =0 or J; = (), we obtain that y € I(s1) or y € I(s32), respectively.
In fact, if J_ = (), then s; ¢ J_, i.e. y < b(s1) and it follows that y € I(s;) C I.
Similarly, if J, = ), we obtain that y € I(sp) C I. So, let us suppose without
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loss of generality that J_ and J, are both nonempty. We claim that there exists
t € J\ J_UJ;. Observe that if such t exists, then:

a(t) <y < b(t),

le.yel(t) CI.

Note that J_NJ, =0, since if s € J_, then a(s) < b(s) <y, so s ¢ J,. We also
have that J_ and J, are open on J. In fact, let us show the claim for J,m Lets e J_
be given. Let us show that there exists an € > 0 such that (s —e,s+¢)NJ C J_.
Of course, if ¢’ € J is such that s’ < s, then: b(s") < a(s) < b(s) <y. ie. s € J_.
Suppose by contradiction that for every e > 0, there exists s < s’ < s + ¢ such that
b(s") > y. Then we can construct a decreasing sequence (s, : k € N) on .J converging
to s such that b(s}) >y, for all £ € N. We have that:

als}) > b(shy) >y, Vk € N,

Letting k — o0, we obtain that y < limgey a(s),) = b(s) <y (—+).
Since J is connected and we are supposing that J_ # () # J,, it cannot occur
that J = J_ U J,, which concludes the proof. n

Proposition 2.5.35. Let f : R — R U {400} be a proper conver function. Con-
sider the family of sets {0f(x) : x € R}. For every x € R, 0f(z) =0 or df(x) is
a nonempty closed interval that has as extreme points —f'(x; —1) < f'(x;1). More-
over, {x € R: 0f(x) # 0} is a nonempty interval. The following conditions are also
satisfied:

(i) For every x,y € dom f such that x <y, we have that: f'(x;1) < —f'(y; —1);

(ii) For every x € dom f satisfying v < sup(dom f), we have that:

f(x;1) = lim fy; 1) = lim —f(y; =1). (2.5.44)
Yy — x+ Yy — x+
y € dom f y € dom f

(111) For every x € dom f satisfying x > inf(dom f), we have that:

—f(x;1) = lim —f'(y;—1) = lim f(y;1). (2.5.45)
y— x— y— x—
y € dom f y € dom f

Proof. Let z € R be such that df(z) # (. Tt follows that x € dom f and, by
Corollary [2.5.33] that df(x) is a (nonempty) closed interval with extreme points

—f(x;=1) < f'(z;1).

30The proof of the fact that .J; is open on .J is similar.
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Now, let z,y € dom f satisfying x < y be given. By equation ([2.5.23)), we have

that:

fia1) < ‘f(ygi = i(x‘) < —fly; -1, (2.5.46)
which shows item (i). Moreover, since —f'(z; —1) < f'(z;1), for all z € dom f, it
follows that both functions — f/(+; —1) and f’(+; 1) are monotonically non-decreasing
on dom f.

Since f is proper, we have that dom f # (), and so ridom f # (). Moreover,
J:={z €R:9f(x) # 0} Dridom f, by Proposition 2.5.21] and we conclude that
J is nonempty. Let us show that J is an interval. Let be given x < y such that
of(x) # 0 # 0f(y). We will show that (z,y) C J. In fact, we have that x and
y belong to dom f. By the convexity of f, it follows that (z,y) C dom f. Since
(z,y) is open, we also conclude that (z,y) C intdom f and, by Proposition [2.5.21]
If(z) # 0, for all z € (z,y).

Now, we show item (ii). Let x € dom f satisfying x < sup(dom f) be given.
Since f'(z;1) < —f'(y; —1) < f'(y; 1), for all x < y € dom f, we conclude that:

"(z;1) < lim —f(y; 1) < lim "(y; 1),

f ( ) ~ y—z+, y€dom f f (y ) ~ y—z+, y€dom f f (y )

where the limits exist by the monotonicity of —f/(-; —1) and f’(:;1) on dom f. Now
we show that the opposite inequalities are also satisfied. Given e > 0 there exists
y > x (y € dom f) such that:

w < flx;l) +¢/2,Ve <y < 7. (2.5.47)
So, taking =z < z < (x + y)/2 arbitrary and considering y := z + (2 — x), we obtain
that: z <y <gand (z—2)/(y—x)=1/2=(y — 2)/(y — x). It follows that:

flo ) +e/2 > fy) = f(@) (2.5.48)
y—x
_ W) -fRy-z  f)-fl@)z-a (2.5.49)
y—z y—zx z—x y-—=
1 1
> =)+ 5 (@) (2.5.50)
1 1
> a i ! 3 = ! N . J.
-2 w%x+l,lgledomff (w; 1) + 2f (231) (2.5.51)
So, for every arbitrary € > 0, we conclude that:
"(z:1 > li "(y: 1) > li —f(y; —1); 2.5.52
f (ZL‘, ) tez y—):v-‘,—,lngIEldomff (y7 ) - y—>a}+,lgI/reldomf f (y’ )’ ( )
li —f(y; —1) < li "(y;1) < f'(x; 1), which it
1€ yﬁﬁ’lgeldomf [y, =1) < yﬁﬁ?lifeldomff (y; 1) < f'(x; 1), which proves item (ii)
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The proof of item (iii) is similar to the previous one. Let € dom f satisfying x >
inf(dom f) be given. It follows immediately that — f'(x; —1) > lim ; f(y;1) >

y—x—, yEdom

1imd i f'(=y; 1) and that the limits are well-defined. Given € > 0, there ex-
y—xr—, yedom

ists y < z (y € dom f) such that:

RS O
flai—y) -5 < LT
for all y < y < x. So, taking (r + y)/2 < z < zx arbitrary and considering y :=
z — (x — z), it follows that:

1) — & < M 2553
1 — 1 —
_ L@ -6 16 - ) 2550
2 x—z 2 z—y
1 1
< ST@DtH(-FE-Y), (255
which implies that:
=) < —flz—DHe< i —flyi—D+e< i "(y; 1) +e.
fle-) S —fs-Dres  dim  —fyp-lres Tmo )
(2.5.56)
Since € > 0 is arbitrary, we conclude the proof of item (iii). O

Corollary 2.5.36. Let f : R — R U {+o0} be a proper convex function. We have
that:

U of() (2.5.57)

z€dom f

15 a nonempty interval on R.
Proof. Immediate from Lemma [2.5.34] and Proposition [2.5.35] O]

Now let us consider the definition of the set of all subgradients of a convex
function f: R — R U {+oo}.

Definition 2.5.37. (set of subgradients of a convex function) Let f : R — RU{+o00}
be a convex function. We define the set of all subgradients of f by:

Iy = Jofx)= |J of). (2.5.58)

zeR z€dom f
We also denote its extreme points by:

I(f) :=1infZy > —o0; (2.5.59)
L(f) :=supZ; < +o0. (2.5.60)
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When f is proper, we have that Z; is an nonempty interval and I(f) < L(f).
When f is not proper, i.e. f(z) = +oo, for all € R, we have that Z; = () and
[(f) = +00 > —oco0 = L(f). In the next proposition we study the extreme points of
1y, for ¢ € ®.

Proposition 2.5.38. Let ¢ € ® be given. The following statements hold:

(i) 0 <l(¢) <1;
(i) 1 < L(¢) < +o0;

(111) ¢ is Lipschitz continuous if and only if L(¢) < +o00. In that case, L(¢) is the
(smallest possible) Lipschitz constant of ¢.

Proof. Take ¢ € ® and s € Z,,. There exists © € dom ¢ such that s € d¢(z). Since
¢ is monotonically non-decreasing, we conclude that s > 0. In fact:

Pz —1) = o(x) + s(=1),

which implies that:
s> ¢(x) — plx —1) > 0.

Moreover, we have that 1 € 0¢(0) C Zy, so 0 < I(¢) = infZ; < 1 and item (i) is
proved. Item (ii) follows also immediately from the fact that 1 € 9¢(0).

Now, let us prove item (iii). Suppose that ¢ is L-Lipschitz continuous, where
0 < L < 4+o00. Since ¢ is proper (in fact, ¢(0) = 0) we conclude that ¢ is finite-
valued. Indeed,

[¢(z)] = |o(x) — ¢(0)] < Llz|, Vz € R.
Let s € 0¢(x) be given, where x € R is arbitrary. Taking y > x we obtain that:

Ly —z) > f(y) — f(z) > s(y — ),

i.e. s < L. Taking the supremum for s on Z,, we conclude that L(¢) < L < 4o0.

Reciprocally, suppose that L(¢) < +oo. First of all, let us show that ¢ is L(¢)-
Lipschitz continuous on dom ¢. Then, we will show that dom¢ = R. Let z < y be
elements of dom ¢. By Theorem we have that:

05) = 9] = 00) — () = [ S DA <L)y -a) (2506

which proves that ¢ is L(¢)-Lipschitz on dom ¢. Taking = = 0 in equation (2.5.61)),
we obtain that:

¢(y) < L(¢)y, YO <y € dom ¢. (2.5.62)
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Since ¢ is non-decreasing and ¢(0) = 0, we have the following possibilities for
dom ¢:

(—00,7),0 < T < 400,
dom¢ = ¢ (—00,7],0 < T < 400,
R.

Let us rule out the first possibility. Suppose by contradiction that dom¢ =
(—00,Z), where 0 < Z < +o00. Take a sequence of positive numbers {z, : k € N} C
dom ¢ such that limgey 2 = . Since ¢ is l.s.c., using equation ([2.5.62)) we obtain
that:

+00 = ¢(z) < lirkne%wnf o(zg) < lir]?e%\]nf[/((b)xk = L(¢)x < 400 (—+).

Finally, let us rule out the second possibility. Suppose by contradiction that
dom ¢ = (—o0, Z], where 0 < Z < +o0. By Proposition [2.5.33 we have that:

0p(z) = [—¢'(z;-1),¢'(z; 1) N R. (2.5.63)

Observe that ¢(x) = 400, for all x > Z. So, it follows that ¢'(z; 1) = 4+00. Moreover,
by Proposition [2.5.35, we have that:

—¢'(z;—1) = lim ¢'(z;1) < L(¢). (2.5.64)

T—T—
The last inequality holds because x < T belongs to int(dom ¢), so d¢(z) # () which
implies that ¢'(z;1) = supd¢(z) < supZ, = L(¢)7] It follows that d¢(z) 2
[L(), +00), so:

+00 > L(¢) = supZ, > sup 0¢(T) = +00 (—<),
and the result is proved. O

The following example shows that we really have to be careful with the steps
made in the proof of the previous proposition.

Example 2.5.39. Consider the following convez function:

"R — RU{4+oc0}
x, forx <1,
T = 2, forx =1,
+o00, forxz > 1.

Observe that f satisfies all properties defining ®, excepting the lower semicontinuity.
Moreover,

Of(z) = { {1} forw <1, (2.5.65)

0, otherwise.

311t is not true, in general, that f'(x;1) = sup df(x), for x € dom f. See Example [2.5.39
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We conclude that I; = Ugzedom fOf(z) = {1}. Although L(f) = 1, it is not true
that f is Lipschitz continuous, even on dom f! Also, observe that f'(1;1) = +oo #
supdf(l) = —o0. O

The following theorem is a classical result from real analysis.

Theorem 2.5.40. (fundamental theorem of calculus for convex functions) Let f :
R — RU{+o0} be a proper convex function satisfying int dom f = (). We have that
f is almost everywhere differentiable with respect to (w.r.t.) the Lebesque measure
on int dom f. Moreover, the left and right derivatives of f are (finite) monotonically
non-decreasing functions on int dom f and f'(z) is well-defined at x € intdom f if
and only if —f'(z;—1) = f'(x;1). Finally, for every x,y € intdom f satisfying
x <y, we have that:

fly)— f(z) = /y f(s)ds = /y f'(s;1)ds = /y —f(s; —1)ds. (2.5.66)

Proof. See [60, Page 110, Theorem 14 and Corollary 15; Page 113, Proposition
17]. ]

Next we show an optimality condition for proper convex functions. First of all,
let us recall that for a proper convex function f : R® — R U {+oo} we have that
T € argmin,pn f(x) if and only if 0 € Jf(Z). Indeed, this follows immediately from

Definition .5.20

Proposition 2.5.41. Let f : R — R be a convex function. We have that

argmin f(z) = RN [z, 7], (2.5.67)
T€R
where
z = sup{z € R:—f'(x;—1) <0}, (2.5.68)
T = inf{z eR: f'(z;1) > 0}. (2.5.69)

Proof. We begin by showing the inclusion argmin,p f(z) € RNz, Z]. Of course, if
argmin,p f(z) = 0, then there is nothing to prove. So, let € argmin, . f(x) be
given. We just have to show that x < ¥ < Z. By Corollary and the finiteness
of f, we conclude that 0 € 0f(z) = [—f'(z;—-1), f'(z;1)], i.e. —f(7;—1) <0 <
f(#;1). If x < &, then f'(z;1) < —f(; —1) < 0. It follows that {z € R: f'(z;1) >
0} C [#,+0), i.e. T < T. Moreover, if z > Z, then —f'(z; 1) > f'(z;1) > 0. It
follows that {x € R: —f'(z; —1) < 0} C (—00,7], i.e. z < 7.

Now, let us show the following inclusion: R N [z,Z] C argmin,p f(z). If RN
[z, 7] = 0, then there is nothing to prove. Let Z € RN [z, T] be arbitrary. We claim
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that —f'(z;—1) < 0 and f'(z;1) > 0, i.e. 0 € 9f(Z). Suppose, by contradiction,
that —f/'(Z; —1) > 0. By Proposition [2.5.35 we have that
— f'(#;—-1) = sup f'(z;1). (2.5.70)

r<T

It follows that f'(z;1) > 0, for some x < Z, i.e. T < x < & (—+<). Similarly,
suppose by contradiction that f/(Z;1) < 0. Again, by Proposition [2.5.35] we have
that

F(#;1) = inf — f/(z; —1). (2.5.71)

Tx>x
It follows that —f'(x;—1) < 0, for some = > &, i.e. z > o > & (—<). The
proposition is proved. O

The following result is particularly useful to study the set of optimal solutions
of the optimization problem associated with an OCE risk measure.

Proposition 2.5.42. Let f : R — R be a finite-valued convex function. If Z is a
random variable such that:

g(t) =Ef(Z —1t) e R, (2.5.72)
for allt € R, then g is a convex function that satisfies:
dg(t) = [-Ef(Z —t;1),Ef(Z —t;-1)], (2.5.73)
for allt € R.
Proof. This result follows in particular from [73, Theorem 7.51]. O

Observe that if Z is an integrable random variable and f is Lipschitz continuous,

then condition (2.5.74)) of Proposition [2.5.42(is satisfied.

Proposition 2.5.43. Let f : R — R be a L-Lipschitz continuous function. If Z is
an integrable random variable, then:

g(t) =Ef(Z —t) € R, (2.5.74)
for all t € R.
Proof. We have that:

f(Z =) =[O <f(Z=8) = [(=O| < LI(Z = t) = (=) < L|Z]. (2.5.75)

It follows that:

1f(Z =) < LIZ| + | f(=1)], (2.5.76)

and so:
E|f(Z —t)| < LE|Z]| + |f(—t)] < +o0. (2.5.77)
We conclude that g(t) = Ef(Z —t) € R, for all t € R. O
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The following result shows that a sort of reversed inequality holds for convex
functions when we deal with an affine combination of elements that are not a convex
combination.

Proposition 2.5.44. Let f: R" — RU{+o0} be a convex function. Given x1,xy €
R™, we have that:

f21 4+ (1= Nag) > Mf(z1) + (1 = ) f(za), (2.5.78)
for A <0 or A >1.

Proof. Suppose that A > 1. Observe that 0 < 1/\ < 1 and

= %()\xl b (1= Naa) + (1 - %) , (2.5.79)
Fo) < 3 O+ (1= V) + (1= 1) flow) (25.50)

since f is convex. Multiplying the previous equation by A\, we obtain, after some
algebra, that equation (2.5.78)) holds for A > 1. For A < 0, apply the same reasoning
to 1 — A > 1, by writing x5 as a convex combination of z; and Ax; + (1 — A)xe. O

2.6 Set-valued analysis

In this section we make a short presentation of set-valued analysis, introducing the
concept of continuity of a multifunctionf?| between metric spaces. This section has
two subsections. In the first one we present some results in parametric optimization.
We study under which conditions on the problem data the optimal value function
and the multifunction of optimal solutions are, respectively, continuous and outer
semicontinuous. In the second subsection we discuss measurable multifunctions and
present sufficient conditions for the measurability of optimal value functions. The
results presented here are standard ones in this somewhat non-standard field of
mathematics. For a more detailed discussion about these topics, the reader should
consult [I3], 59, ©].

Let (X,d) be a metric spacd?]. Let us consider two concepts of set convergence
in metric spaces.

32Also known in the literature as a set-valued mapping, point-to-set mapping or correspondence.

33Usually we do not mention the metric d explicitly and just say that X is a metric space. Let
us recall that a metric in X is a function d : X x X — R, satisfying the following properties:
(i) d(z,y) = 0 & z =y, (ii) d(z,y) = d(y,x), for all z,y € X, and (c) for every z,y,z € X,
d(z,z) <d(z,y) + d(y, 2).
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Definition 2.6.1. Let {Ay : k € N} be a sequence of subsets of X, i.e. Ay C X for
all k € N. Let us define, respectively, the interior and exterior limitﬁ {A; : k € N}

by:

limint A, = {x € X :limsupd(z, Ax) = O} , (2.6.1)
keN keN
llrl?e%xt A, = {:U € X: hrlglell\]nf d(z, Ay) = O} ) (2.6.2)

It is elementary to verify that liglil\r]lt A, C lirgl%xt Aj. When both limits coincide,
(S S

that is:

A = limext Ay = limint Ay, (2.6.3)
keN keN

we say that the sequence {A; : k € N} converges to A. Now we consider the
definition of a multifunction.

Definition 2.6.2. (multifunction) Consider X and Y (nonempty) sets. A multi-
function S : X =2 Y associates every input x € X with an output S(x) that is a
subset of Y, i.e. S(x) CY. We define the domain of S by:

dom S :={z € X : S(z) # 0}. (2.6.4)

Now, we recall the concepts of inner-semicontinuity (I.S.C.), outer-semicontinuity
(0.S.C.) and continuity of a multifunction.

Definition 2.6.3. Let S : X = Y be a multifunction between (nonempty) metric
spaces X and Y . Let x € X be arbitrary.

(a) We say that S is O.5.C. at x if whenever a sequence {xy : k € N} C X
converges to x, then
limext S(x) C S(z).
keN

(b) We say that S is 1.5.C. at x if whenever a sequence {xy : k € N} C X
converges to x, then

S(x) C hgéll\lllt S(xy,).

(¢c) We say that S is continuous at x if S is O.5.C. and 1.S.C. at x.

We also consider the restriction of a multifunction S to an arbitrary (nonempty)
subset W of X:
S|W W =Y
r = S)CY.
Whenever it is said that S restricted to W is I.S.C. or O.S.C. at x € W, we consider
only sequences {xj : k € N} converging to x that are on W.

(2.6.5)

34Some authors denote these limits as liminfzen Ay and lim supy, oy Ay, respectively. We prefer
to use another notation in this thesis in order to avoid any possible confusion with the identi-
cal well-established notation adopted in measure theory, i.e., liminfyen Ax = Ujen Ni>; Ag and
limsupkeN A, = mjeN Uij Ag.
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2.6.1 Continuity of optimal value functions

In this section, unless stated otherwise, X and © are nonempty metric spaces,
g: X x0 — Ris a function, and C' : © = X is a multifunction. Consider the
optimal value function

h(0) := inf g(z,0), for all € O, (2.6.6)
zeC(0)

and the multifunction S : © = X of optimal solutions

S(0) := argmin g(z, ), for all € ©. (2.6.7)
zeC(6)
We are interested in studying under which conditions in the problem data, function h
is continuous at 6y € ©. As a bonus we also obtain that under these same conditions
the multifunction S is O.S.C. at 6y. There are at least two possible ways to derive
these kind of results. Here we present a version of Berge’s Maximum Theorem
(BMT) [6, Page 116]. For a different approach one should consult [73] Section 7.1.5]
or [10, Proposition 4.4].
We apply the results of this section for showing that under appropriate regularity
conditions w.p.1 the SAA problem in the multistage setting is such that

N2
x| € X1 — Q2($1) = ZQQ(%’l,fj) (268)
j=1

is a continuous function (see Proposition . The continuity of Qy(-) : X; — R
was shown assuming that the multifunctions Xyq(+,&41) @ A = R™ are con-
tinuous, for all &1 € supp&yq, t = 1,...,T — 1 (see conditions (Mt.5), for
t=1,....,T—11in Section.

Proposition is a version (see Remark of BMT.
Proposition 2.6.4. Take any 6y € ©. Suppose that the following conditions hold:

(1) the function g : X x © — R is continuous, (i) the multifunction C': © = X is
compact-valued, (iii) there ezists a neighborhood V' of 6y € dom(C) such that

cv)y=1Jcw (2.6.9)
(1%

is a compact metric space, and () C is continuous at 6y. Then h is continuous at

Oy and S is O.5.C. at 6.

Proof. First, let us show that 6y € int(dom(C')). Suppose by contradiction that
0y ¢ int(dom(C')). Thus, there exists a sequence {0y : k € N} C ©\ dom(C) such
that limy, 6, = 6. Note that C(0) = 0, for all £ € N, so

0 # C(0) C lirrllgint C(br) =0 (—<).
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Now, let {0y : k € N} be any sequence in © converging to 6y. For proving that
h(0y) = limy h(0y), it is sufficient to show that for any subsequence {0y : k € N'},
where N’ C N, there exists a subsubsequence {6y : k € N"}, N” C N’ such that
h(6p) = limgenr h(6x). Observe that there exists K € N such that 6, € V Ndom(C),
for all £ > K. Since C is compact-valued and ¢ is continuous, we can consider a
selection zy € S(0;) C C(6y), for k > K and k € N'. Since C(V) is compact and
x € C(V), for all k > K, there exists a subsequence {zy : k € N"}, where N” C N’,
such that zy, — = € C(V), as k € K" goes to +00. Note that z € limext, C(6x) C
C(6p), where the inclusion holds since C'is O.S.C. at 6y. Moreover, let © € C(6))
be arbitrary. Since C' is I.S.C. at 6y, there exists y, € C(0y) (for k£ > K) such that
Yr — X, as k — +00. Summing up, we obtain that

g(zk, 01) < g(yx,0r), for all k € N" and k > K.

Letting k& — +oo above and using the (jointly) continuity of g, we obtain that
9(z,00) < g(x,0), for all x € C(6). This shows that z € S(6y) and that h(6y) =
limge yv h(0y), proving the continuity of h at 6.

Finally, let us show that limext, S(0x) C S(6p). Take any & € limexty S(6k).
It follows that there exists a subsequence {z, : j € N} such that x;,, — 2, as
j — 400, where xy;, € S(0,), for all k € N. Take any x € C(f). Using again the
fact that C' is .S.C. at 6y, there exists a sequence {y; : k£ > K} converging to =
such that y, € C(6), for all £ > K. Using again the continuity of g, we obtain that
9(2,00) < g(x,0). It follows that & € S(fy) and the result is proved. O

Remark 2.6.5. Let us make two remarks about the differences between our presen-
tation of BMT and the original theorem. First note that here we present the result
considering a parametric minimization problem, instead of a parametric mazimiza-
tion problem. This difference is irrelevant in the sense that trivial modifications of
the proofs presented here and in the original versions of BMT work, respectively,
for parametric maximization problems and for parametric minimization problems.
A more relevant difference between the versions is that in [6] the author considers
a different notion of continuity of a multifunction that the one considered here. In
[0, Chapter VI, §1] the author defines the concepts of lower semicontinuous (I.s.c.)
and upper semicontinuous (u.s.c.) multifunctions at a given point of its domain.
He states that a multifunction is continuous at a given point if it is l.s.c. and u.s.c.
at this point. It is possible to show that the concept of a l.s.c. multifunction con-
sidered in [0] is equivalent to the concept of a I.S.C. multifunction considered here.
However, the concept of a u.s.c. multifunction considered in [6] is different from the
concept of a O.S.C. multifunction considered here. In [13] the authors considered,
besides the motion of continuity of a multifunction presented here, the concept of
Kuratowski-continuity. This concept coincides with the one presented in [0)]. UJ
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In the next proposition we consider metrics on the subsets X and Y of the
Euclidean spaces R™ and R™, respectively, that are given by any norm of R"™ and
R™.

Proposition 2.6.6. Let X C R" and Y C R™ be (nonempty) compact sets. If
C : X =Y is a continuous multifunction, then C is compact-valued, C(X) :=
UzexC(z) CR™ is compact and dom(C) is open in X and compact.

Proof. If dom(C') = 0, the result holds trivially. It is well-known (see [13, Theorem
2.54]) that C : X = Y is O.S.C. at X if and only if gph(C) C X x Y is closed
in X x Y. Any closed subset of a compact set is compact. Note that X x Y is
compact, so gph(C) is also compact. Denote by m,(x,y) := = and 7,(z,y) ==y
the projections in the z-variable and y-variable, respectively. Since these functions
are continuous, it follows that dom(C') = m,(gph(C)) and C(X) = m,(gph(C)) are
compact sets. In particular, C'(z) C R™ is compact, for all z € X. Let us show that
dom(C) is open in X. Suppose by contradiction that dom(C') is not open in X and
take any x € dom(C)\ intx(dom(C)). So, there exists a sequence {z* : k € N} in
X\ dom C such that ¥ — x, as k — +o00. Since C is [.S.C. at z, we obtain that
C(z) C liminty C(2*) = (), which contradicts the fact that z € dom(C). O

In many applications the multifunction C': © = R" is of the form
C0) :={z eR":G(z,0) € K}, (2.6.10)

where GG : R” x © — R™ is a function, K C R™ is a pointed closed convex cone, and
O is a metric space. In Proposition we present some sufficient conditions that
guarantee the outer semicontinuity and the inner semicontinuity of C(-) at 6, € ©.

Proposition 2.6.7. Take any nonempty metric space ©. Let C : © == R" be
a multifunction of the form where K C R™ is a closed convex cone (see
Definition and G : R" x © — R™ s a function. The following assertions
hold: (a) if G is continuous, then C is O.S.C. in ©, (b) suppose, additionally,
that G(-,0) is convex with respect to —K (see Definition[2.5.18) and that the Slater
constraint qualification is satisfied at 0y € O, i.e. there exists vy € R™ such that
G(xo,00) € int K. Then, C() is 1.5.C. at 6.

Proof. For proving item (a) it is sufficient (and necessary) to show that gph(C') is
closed in © x R™. Take any sequence (6;, ;) € gph(C) such that (6;,z;) — (0,7) €
© x R™. We just need to show that (f,z) € gphC, ie. Z € C(f). Note that
G(z;,0;) € K, for every j € R". Moreover, since G is continuous and (6;,z;) —
(0, 2), it follows that G(z,0) = lim; G(x;,0;) € K = K, i.e. Z € C(f). This proves
item (a).

93 2017



CHAPTER 2. BACKGROUND MATERIAL AND PRELIMINARY RESULTS

Now we prove item (b). Take any sequence #; — 6. For showing that C(-) is
I.S.C. at 6y, we just have to prove that C'(6y) C limint; C'(6;). Take any & € C(6p).
We consider two steps.

Step 1: Suppose that G(z,6) € int K. Note that G(z,0;) —; G(z,0,) € int K,
since G is continuous. Therefore, G(z,6;) € K for sufficiently large j € N, that is
& € C(6;) for sufficiently large j. It follows that & € limint; C'(6;).

Step 2: Take any 0 < A\ < 1. By hypothesis, there exists o € R"™ such that
G(xo,00) € int K. Note that A\G(z,6p) + (1 — N\)G(zo,6p) € int K, since 1 — X > 0
and G(z,60y) € K. Since G(-,6p) is convex with respect to —K, we have that

)\G(i‘, 90) + (1 - /\)G(Z‘o, 60) E—K G(/\jf + (]. - )\)ZE(), 90), (2611)
that is:
GG + (1 — Nz, ) — [NG(2, 60) + (1 — N)G (o, 0)] € K. (2.6.12)

Since K is a convex cone and AG(Z,0y) + (1 — N)G(xg,6p) € int K, it follows from
Lemma [2.5.9] that

GG + (1 — Nzo, ) = (GO + (1 — Mo, 6) — NG(&, 6) + (1 — \)G(z0, 60)))
+ [)\G(IIAS, 00) + (]. - /\)G(ZE(), 00)] € int K.

By Step 1, we conclude that Az + (1 — X\)zo € limint; C(6;), for 0 < A < 1. Letting
A — 1, we obtain that £ € limint; C(#;) = limint; C'(6;), since limint; C'(¢;) is a
closed set (see [13, Remark 2.5.2]). This completes the proof of item (b). O

2.6.2 Measurability of multifunctions

In this section we follow closely reference [59, Chapter 14]. Another reference on
this topic is [73 Section 7.2.3]. The main objective of this section is to introduce
the basic theory of measurable multifunctions that guarantees that optimal value
functions of the form

q(w) == zienﬂgn flz,w) (2.6.13)
are F-measurable, where ({2, F) is a measurable space and f : R" x Q — R is a
extended real-valued function. Although it does not appear any multifunction in the
formulation above, the sufficient conditions on f that guarantee the measurability of
q(+) will involve the notion of measurable multifunctions. This topic is particularly
useful when we deal with technical measurability questions of two-stage and multi-
stage stochastic programming problems. Let us begin by recalling the definition of a
measurable multifunction. In the sequel, (2, F) will always be a measurable space.
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Definition 2.6.8. (measurable multifunctions) A multifunction S : Q@ = R" is
measurable if for every open set G C R"™ its inverse image by S

STHG) ={weQ:Sw)NG # 0} (2.6.14)
belongs to F.

Proposition [2.6.9] states equivalent conditions for the measurability of a multi-
function S : 2 = R". Here we state just some equivalent statements that will be
useful in our presentation. See [59, Theorem 14.3] for other equivalent conditions.

Proposition 2.6.9. Let S : @ = R" be a multifunction. Consider the following
statements:

(a) STHG) € F, for all open sets G C R™.
(b) STHF) € F, for all closed sets F C R".
(c) the function w € Q — d(z,S(w)) is F-measurable for each x € R".

We have that (a) < (b) = (c). Moreover, when S is closed-valued, we also have
that (¢) = (a).

Proof. See [59, Theorem 14.3]. O

Remark 2.6.10. Let S : Q = R" be a measurable multifunction. Differently from
measurable functions, it is not true, in general, that S~ (B) € F, for every B €
B(R™). See [59, Theorem 14.8] for more details about this topic. O

The following result will be useful.

Proposition 2.6.11. Consider J a countable index set and let S; : @ = R" be
measurable, for each j € J. The following assertions hold true:

(a) w€ Q= U;c; Sj(w) is measurable,
(b) if each S;j is closed-valued, then w € Q> [, ; Sj(w) is measurable.

(c) if J is finite, say J = {1,...,m}, then w € Q — Sij(w) X -+ x Sy (w) is

measurable.
Proof. See [59, Proposition 14.11]. O
Given a function f : R™ x 0 — R, we consider its epigraph multifunction
E;:we€Qw Ef(w) :==epi f(-,w) C R™. (2.6.15)

Note that for any w € €2, f(-,w) is the function that associates every input z € R™
with the output f(z,w) € R. So, epi f(-,w) € R, for every w € Q.
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Definition 2.6.12. (normal integrands or random l.s.c. functions) We say that
f iR x Q — R is a normal integrand (or random l.s.c. function) when Ey is
closed-valued and measurable.

Remark 2.6.13. If f is a normal integrand, then epi f(-,w) is a closed set, i.e.
f( w) is a Ls.c. function. It is also true that f(z,-) is F-measurable, for every
x € R". Let us show that. Take any x € R™. We just have to verify that

f 2, F)={weQ: f(z,w) € F} € F, (2.6.16)
for every closed set I C R. Note that
S, F) = Ef ({a} x F) (2.6.17)

that belongs to F since Ef is a measurable multifunction and {x} X F is closed (see

Proposition .

For closing this remark, let us point out that it is not true, in general, that
a function f : R® x Q — R satisfying conditions (i) and (ii) below is a normal
integrand, where:

(i) f(x,-) is measurable, for all x € R™,
(ii) f(-,w) is l.s.c., for every w € Q.
For a counterexample see the proof of [59, Proposition 14.28]. 0]

Before proceeding we present the definition of Carathéodory functions. This is
an important subclass of normal integrands (see Proposition [2.6.15)).

Definition 2.6.14. (Carathéodory functions) We say that f : R" x Q@ — R is a
Carathéodory function when f(x,-) is F-measurable for every x € R™ and f(-,w) is
continuous for every w € 2.

Proposition 2.6.15. If f : R" x 2 — R is a Carathéodory function, then f is a
normal integrand.

Proof. Define the function F': (R” x R) x Q2 — R as
F(z,a,w) = f(z,w) — a. (2.6.18)

Since f is a Carathéodory function, the following assertions hold: (a) (z,«)
F(z,a,w) = f(r,w) — « is continuous, for every w € Q, and (b) w € Q —
F(z,a,w) = f(z,w) — a is F-measurable, for every (z,a) € R" x R. Saying equiv-
alently, F is also a Carathéodory function. Now, note that

Ep(w) = F7'(-, - w)((—00,0]), (2.6.19)
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since (z,a) € F7I(-,-,w)((—0,0]) & F(z,q,w) = f(r,w) —a <0 & flr,w) <
a s (r,a) €epif(,w) & (r,a) € Ef(w). Ef(w) is a closed set, since F(-,-,w) is
continuous and (—oo, 0] is closed. This proves that Ey : 2 =2 R” xR is closed-valued.

Now, let us show that Ey is a measurable multifunction. Take any open G C
R™ x R. We just need to prove that Ef_l(G) € F. If G = 0, then there is nothing
to be done: E;'(0) = 0 € F. Otherwise, let D = {(x4,1;) : k € N} be a countable
dense subset of G. We claim that

EG) = EfN(D) (2.6.20)
= U &' (@ t)}) (2.6.21)
= U F ) (—oo,ti]) € F. (2.6.22)

It is elementary to verify that the second and third equalities hold. The countable
union in the left-side of the third equality is a measurable set, since

f_l(xkv ) ((_Oo7tkb € F,

for every k € N. Indeed, this follows from the facts that (—oo, ;] is closed and
f(xy, ) is F-measurable. Now, we show that the first equality holds. Since G O D,
it follows that E;l(G) ) E;l(D). So, we just need to prove the converse inclusion.
Take any w € E;l(G). It follows that there exists (z,t) € Ef(w) N G. Since G is
open, there exists € > 0 such that B((x,t),e) € G. Moreover, by the continuity
of f(-,w), there exists 0 > 0, that we can take less than or equal to €/2, such that
f(a',w) < t+ e/4, for every 2’ € B(z,d). Finally, note that B(x,d) x (t +€/4,t +
€/2) C B((z,t),€) C G is open. Therefore, (zg,t;) € B(x,0) x (t +€/4,t +€/2), for
some k € N. It follows that

f(xk,w) <1+ 6/4 < g, (2623)

ie. (xy,ty) € epi f(-,w) = Ef(w), in particular, w € E;l(D). This completes the
proof of the proposition. n

Now we present the key result of this subsection.

Proposition 2.6.16. Consider a normal integrand f : R* x Q — R and define:

q(w) = $ié1ﬂ§nf(x,w); (2.6.24)
S(w) = argmin f(z,w). (2.6.25)

Then the optimal value function q : Q — R is F-measurable and the multifunction
of optimal solutions S : 2 = R™ is closed-valued and F-measurable.
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Proof. See [59, Theorem 14.37]. O

Corollary 2.6.17. Consider a normal integrand f : R"xQ — R and a closed-valued
measurable multifunction X : Q = R™. Define:

q(w) = Jnf )f(%w); (2.6.26)
S(w) = argmin f(z,w). (2.6.27)
zeX (w)

Then the optimal value function q : Q — R is F-measurable and the multifunction
of optimal solutions S : Q = R" is closed-valued and F-measurable.

Proof. Let us define the following function

. { fla,w) ifee Xw),

fl@,w) 400 otherwise. ( )

Note that g(w) = infuepn f(z,w) and S(w) = X (w) N argmin, . f(z,w). We claim
that the result follows from Proposition if we show that f is a normal inte-
grand. Indeed, assume that f is a normal integrand. Propositionimplies that
q is measurable and

w € Q — argmin f(z,w) (2.6.29)
TER?

is closed-valued and measurable. Since X is also closed-valued and measurable, it
follows from Proposition [2.6.11| that

w € Q+— X(w)Nargmin f(z,w) (2.6.30)
z€R™
is measurable and closed-valued.
Now, let us show that f is a normal integrand. Note that

Ei(w) = Ep(w) N (X(w) x R). (2.6.31)

It follows from Proposition [2.6.11] that w € Q — X(w) x R is closed-valued and
measurable. Since Fy is closed-valued and measurable, we conclude that Ejis also

closed-valued and measurable, i.e. f is a normal integrand. O]

2.7 Risk measures

In this section we present the notion of risk measures. As we have discussed previ-
ously, in some contexts the use of the expected value operator in order to summa-
rize a random cost into a real number may not be a good criterion to be used in a
stochastic optimization problem. That is particularly the case when lower and up-
per deviations of the random cost from its expected value do not perfectly offset in
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terms of the decision maker preferences. In a risk averse situation the relative losses
of upper deviations of the random costs from its expected value are greater than
the relative gains obtained from the lower deviations. In the sequel we consider
many properties that a risk measure could present, like: risk aversity, convexity,
coherence, law invariance, etc. We begin our presentation considering static risk
measures, i.e. risk measures taking values on the real numbers. From static risk
measures, it is straightforward to consider risk averse formulations of stochastic pro-
gramming problems. Subsequently we consider conditional risk measures that are
used to formulate risk averse multistage stochastic programming problems.

Unless stated otherwise, in the remainder of this section (2, F,[P) is a given
probability space and Z = L, (2, F,P) is the space of random variables defined on
(Q, F,P) having finite p-th order moment, where p € [1,00). As usual we identify
two random variables Z and W in Z that agree w.p.1. With some abuse of notation,
we also write Z < W to denote that Z(w) < W(w) w.p.1.

Definition 2.7.1. (risk measures) We say that p : Z — R is a risk measure on Z
if it is a proper function, i.e. domp ={Z € Z: p(Z) < 400} # 0 and p(Z) > —o0,
forall Z € Z.

Since we are identifying two random variables Z, W € Z that agree w.p.1, i.e.,
such that P[Z = W] = 1, a risk measure p defined on Z must relate the same value
p(Z) = p(W) for such random variables.

Definition 2.7.2. (risk averse risk measures) We say that a risk measure p : Z — R
is risk averse if it satisfies the following properties:

(a) p(Z) > EZ, forall Z € Z.
(b) p(a) =a, for all a € R.

Remark 2.7.3. With some abuse of notation, we identify any real number a € R
with the constant random variable a - 1o(-) € Z. In that sense, a € Z and p(a) is
well-defined, for every a € R. O

Risk measures can be used by a decision maker to rank random outcomes. Take
Z and W in Z and consider a risk measure p defined in Z. A decision maker
that uses the risk measure p as his choice criterion will choose Z over W, whenever
p(Z) < p(W). By Definition note that a risk averse decision maker prefers to
incur in the certain cost EZ instead of incurring in the random cost Z, since

p(Z)>EZ =p(EZ), (2.7.1)

forall 7 € Z.
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Definition is too broad in the sense that it does not impose any consistency
constraints on p. As we have pointed out previously, the elements of Z are random
losses. One wants to compare distinct elements Z, W € Z using a risk measure
p: Z — R. Of course, the greater a random loss Z € Z is, the less desirable it
must be. A reasonable risk measure p must be able to meet this basic requirement
condition. Let us consider the following set of axioms to be satisfied by a risk
measure p:

(R1) Monotonicity: If Z,W € Z and Z < W, then p(Z) < p(W).
(R2) Translation equivariance: If a € R and Z € Z, then p(Z + a) = p(Z) + a.

(R3) Convexity: For all Z,W € Z and A € [0, 1],

p(NZ + (L= NW) < M(Z) + (1= Np(W).

(R4) Positive homogeneity: if A > 0 and Z € Z, then p(A\Z) = A\p(2).

We say that a risk measure p satisfying conditions (R1)-(R3) is a convez risk mea-
sure. If p satisfies, additionally, condition (R4), we say that it is a coherent risk
measure. The notion of a coherent risk measure was introduced in the seminal pa-
per [3]. In [3] the authors stated that a risk measure p is coherent if it satisfies
conditions (R1), (R2), (R4) and

(R3’) Subadditivity: For all Z, W € Z,
p(Z+W) < p(Z) 4 p(W).

It is elementary to show that the set of conditions (R1)-(R2)-(R3)-(R4) and (R1)-
(R2)-(R3’)-(R4) are equivalent. In [25] the authors dropped the last axiom (R4)
from the list and substituted the axiom (R3’) by (R3) to define the class of convex
risk measures.

Now we argue that the axioms (R1)-(R3) are in fact quite natural conditions to
be imposed to a risk measure p. Condition (R1) is obvious: if the random cost Z is
always less than or equal to W (or even just w.p.1), then its perceived risk p(Z) must
be less than or equal to p(WW). Condition (R3) is related to portfolio diversification.
It means that the risk associated with diversified positions must be at most equal to
the weighted mean of the risks associated with the individual positions. Condition
(R2) is natural to assume when we first consider the definition of acceptance sets
A C Z and then consider the risk measure p4(-) (see [25, Page 430]) constructed
from A (see also the set of axioms (2.1)-(2.4) in [3] that must be satisfied by an
acceptance set A). Assume also that the risk measure p satisfies the normalized
condition p(0) = 0. In this case it follows that p(a) = p(0 + a) = p(0) + a = a, for
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all a € R. The quantity p(Z) can be interpreted as the minimal amount of cash to
be given to the decision maker in order for him to accept taking the random cost
Z. As pointed out in [3], the axiom (2.4), that is related to the acceptance set A, is
a less natural condition to require. This axiom is intimately related with condition
(R4) that was dropped in [25] when the authors considered the definition of convex
risk measures. Indeed, in [25, Page 2] the authors argued that the risk associated
with a given financial position might increase in a nonlinear way with the size of the
position. In fact, an additional liquidity risk may arise if a position is multiplied by
a large factor A > 0.

As we have pointed before, in this thesis we derive sample complexity results for
risk averse stochastic programming problems with OCE risk measures. It is worth
mentioning that although the class of OCE risk measures is a subclass of convex
risk measures (see Proposition [3.1.5]), it is not true that every OCE risk measure is
a coherent risk measure. However, by the discussion made in the last paragraph,
this fact does not weaken the importance of this class of risk measure.

Now, let us consider some examples of risk measures (see [73, Section 6.3.2] for
some other examples).

Example 2.7.4. Let be given a probability space (Q, F,P). Consider the following
examples of risk measures:

(i) (Expected Value) E : Ly (2, F,P) = R

EZ = /Q Z(w)dP(w). (2.7.2)

This is the most basic risk measure and it is used as a building block of many
other important risk measures. It is elementary to verify that E(-) is a coherent
risk measure.

(ii) (Value-at-Risk) Take any o € (0,1). The Value-at-Risk with significance level
a of a random variable Z is the left-side (1 — «)-quantile of Z:

V@R, (Z) ={zeR:P[Z<z]>1—-a}.

This particular risk measure s widely adopted by financial institutions in order
to measure the risk of portfolios. Although it satisfies the axioms (R1), (R2)
and (R4), it does not satisfy, in general, the convexity axiom (Rﬁ’ﬂ Thus,
in general, the Value-at-Risk is not a conver risk measure. As a consequence,
it turns out that risk averse stochastic programming problems with the Value-
at-Risk risk measure are computationally difficult to solve (see [47]).

35Note that this depends on the underlined probability space (€2, F,P). For example, if we take
Q just a singleton, then L; (2, F,P) can be identified as the set of real numbers and we have that
V@R, (a) = a, for every a € R. Of course, this is a very artificial example.
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(111) (Average Value-at-Risk) For every a € (0,1], the risk measure AVQR,, :
Ly (Q, F,P) = R is defined as:

1

AVGR,(Z) := inﬂg {s + —Emax{Z — s,()}} VZ e Z. (2.7.3)
s€ (%

This risk measure is closely related to the Value-at-Risk risk measure. Note

that the calculation of AVQR,(Z) involves solving an optimization problem on

the real line. As it is well-known (see Proposition , the set of (1 — «)-

quantiles of the random variable Z is the solution set of . In particular,

V@R, (Z) € argrgin {s + éE max{Z — s, 0}} .
se

It is also well-known that the AVQR,,(+) risk measure is a coherent risk measure

(see [1]). Stochastic programming models adopting the average value-at-risk

risk measure has been widely used by the stochastic programming community.

One of its main features is that risk averse linear models can be solved very

efficiently using this type of risk measures (see, e.qg., [58]).

(iv) (Mean-variance) For every ¢ > 0, consider the mean-variance risk measure
pc(Z) :=EZ + ¢ Var 7]

defined on Ly (2, F,P). Let us consider that ¢ > 0, otherwise we are dealing
again with the expected value risk measure. In general, p.(-) does not satisfy
the monotonicity axiom (R1), although it satisfies axioms (R2) and (RS3). It
also does not satisfies axiom (R4).

0

Note that in all examples considered above, if Z LW with respect to P, then
p(Z) = p(W). Note that Z L W with respect to P if and only if Fz(x) = Fy(x),
for all z € R, where:

Fz(z) :=P[Z <z] and Fy(x) :=P[W < 2]

are the cumulative distribution functions of Z and W, respectively. Note that this
fact is always true, regardless of the considered probability space (2, F,P). In
Section we prove that this also true for the class of OCE risk measures. We
consider below the concept of law invariant risk measures.

Definition 2.7.5. (law invariant risk measures) We say that a risk measure p :
Z — R is law invariant, with respect to the reference probability space (0, F,P), if

p(Z) = p(W) whenever Z,W € Z satisfy Z LW,
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In order to consider the risk averse formulation of multistage problems, the
following concept of conditional risk mappings will be useful. Let (2, F,P) be a
probability space, G C F be a sub-c-algebra of F, Z := L,(Q,F,P) and W :=
L, (Q,G,P), where p € [1,00).

Definition 2.7.6. (conditional risk measures) We say that a mapping p : Z — W
is a conditional risk measure if it satisfies the following property:

(CR1) Monotonicity: p(Z) < p(W) for all Z,W € Z such that Z < W.
The following axioms are also usually considered for conditional risk measures:

(CR2) Predictable translation equivariance: If W € W and Z € Z, then p(W + Z) =
W +p(Z).

(CR3) Convexity: If Z,W € Z and X € [0, 1], then

pONZ+ (L= W) < Ap(Z) + (1= N)p(W).

(CRY4) Positive homogeneity: If A > 0 and Z € Z, then p(AZ) = A\p(Z).

We say that a conditional risk mapping satisfying the azioms (CR1)-(CR3) is a
convex conditional risk measure. If p satisfies additionally the axiom (CR4) it is
referred as a coherent conditional risk measure.

In Chapter |4 we derive sample complexity estimates considering a risk averse
multistage stochastic programming problems with conditional OCE risk measures.
We show in that chapter that this class of conditional risk measures is convex. We
also point that conditional OCE risk measures are not coherent, in general.

2.8 Miscellany

In this section we show some technical results that are used in this work. Let us
begin by presenting some estimates of the covering theory in R™. The first result
is a lemma that will be used in the derivation of the second result, which provides
an upper bound estimate for the absolute constant p > 0 that appears repeatedly
along the text (see, for instance, Theorem [2.1.5).

Lemma 2.8.1. Consider finite constants D > d > 0 and n € N. We can cover the
closed n-dimensional (euclidean) ball with radius D with K closed n-dimensional
(euclidean) balls with radius d, where K < (2D/d + 1)™.
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Proof. All balls considered below are closed euclidean balls of R™. In the following
procedure, every small ball has radius d/2 and the big ball has radius D.

Place a small ball in the space with center belonging to the big ball. Suppose
that we have placed k > 1 disjoints small balls in R"”, where the center of each one
belongs to the big bal’®l If it is possible to place another small ball in the space
satisfying both conditions above, proceed and make k = k + 1; otherwise, stop. Of
course, by volume considerations (see below), the preceding algorithm stops after a
finite number of iterations, say K. After the termination, we are in a configuration
that for every point of the big ball, there exists a small ball whose distance to this
point is < d/2. Indeed, if there exists a point in the big ball whose distance to each
small ball is greater than d/2, then we can place an additional small ball with center
at this point. Moreover, this small ball is disjoint to all others, which contradicts
the fact that the algorithm has stopped.

Now, duplicate the radius of each one of the K small balls, keeping the same
center. We claim that these K balls with radius d cover the big one. In fact, consider
an arbitrary point of the big ball. We know that there exists one small ball whose
distance to this point is < d/2. By the triangular inequality, we conclude that this
point belongs to the enlarged ball with radius d.

Finally, observe that each one of the small balls (with radius d/2) is contained
in a ball with radius D + d/2. Since the small balls are disjoint, we conclude that

K.Vol(B,)(d/2)" < (D + d/2)" Vol(B,),

where Vol(B,,) is the volume of the unitary euclidean ball of R” and we have used
that the volume of the ball with radius r > 0 is equal to 7™ Vol(B,,). We obtain that
K < (2D/d+ 1)", and the lemma is proved. O

Definition 2.8.2. (v-net) Let X C R™ and v > 0 be given. We say that V =
{z1,..., 2} € X is a v-net of X if for every x € X, there exists 1 < i < M such
that: ||z; — z|| < wv.

Proposition 2.8.3. Assume that X C R"™ has finite diameter D > 0. For every
d € (0, D), there exists a d-net of X with K < (5D /d)" elements.

Proof. Let B be a ball with radius D such that B 2 X. By Lemma [2.8.1] it is
possible to cover B with {B; : i =1,..., K}, where each B; has radius d/2 and K <
(4D/d +1)" < (5D/d)". Consider the following procedure. For each i = 1,..., K,
if B;NX # (), select any of its elements, say ;. Denote the set of selected elements
by V. Of course, V C X and cardY < (5D/d)". We claim that V' is a d-net of X.
In fact, take any x € X. Since X C B C Uf; B;, there exists ¢ such that x € B,.
Since X N B; # (), we have selected an element z; € B; along the construction of

36We are not assuming that each small ball is contained in the big one, only its center
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V. Since B; has radius d/2, the triangular inequality guarantees that ||z; — z|| < d,
and the proposition is proved. O

Now we show a useful inequality involving differences of infima and the supremum
of differences.

Proposition 2.8.4. Let f,g: X — R be arbitrary functions, where X is a nonempty
set, and suppose that at least one of these functions is bounded from below. Then,

inf (@) — inf g(a)| < sup| /() — g(a). (28.1)

Proof. Suppose, without loss of generality, that 0 < inf,cy f(z) — infex g(z). It
follows that a := inf,cx f(z) > —o0, since at most one of the functions f or g is
unbounded from below. For every y € X, we have that inf,cx f(x) < f(y), so
infex f(z) — g(y) < f(y) — g(y), Yy € X. Taking the supremum on y € X, and

using that sup,cx —g(y) = —inf,cx g(y) and a > —o0, we conclude that:
< inf — inf = a — inf 2.8.2
0< inf f(z) — inf gly) = a— infg(y) (2.82)
= sup{a—g(y)} (2.8.3)
yeX
< sup(f(y) —9(y)) (2.8.4)
yeX
= sup|f(z) —g(x)], (2.8.5)
zeX
and the result is proved. O

Remark 2.8.5. Observe that equation holds, because a > —oo. In fact the
previous proposition is not true, in general, without supposing that at least one of
the functions f or g is bounded from below. Consider the following counterexample:
fi=g:=1d:R — R. Then, inf,cg f(z) = inf,er g(z) = infoeg z = —00, and so
infer f(2) — infoen g(z) = (—00) — (—00) = +00 > 0 = sup,c |f(2) — g(@)]. O

Proposition 2.8.6. Let X be a random variable such that:

Mx(s) = Eexp{sX} < 400, (2.8.6)
for all |s| < sg, where so > 0 is a positive number. Then, X has finite moments of
all orders

EX* < 400, Vk €N, (2.8.7)
and o
s
Mx(s) = Z EEX'“, for all |s| < sq. (2.8.8)
k=0
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Proof. See [8, Page 278]. ]

Proposition [2.8.7]is a basic result about the relationship of the exponential rate
of convergence of a sequence of nonnegative real numbers to 0 and the superior limit
of a related sequence obtained from the convergent one. This result is often used in
large deviation theory.

Proposition 2.8.7. Let {a, : n € N} be a sequence of nonnegative real numbers. If
there exists > 0 such that

1
lim sup — loga,, < —f3, (2.8.9)

n—oo 1N

then for any B’ < [ there exists C' = C(f') > 0 finite such that
a, < Cexp{—p'n}, Vn e N. (2.8.10)

Reciprocally, if a, < C'exp{—pn}, Vn € N, then

1
limsup — loga, < —p
n

n—oo

Proof. Take any ' < 3. Since —f3 < —f’ and condition (2.8.9)) holds, it follows that
there exists Ny € N such that

1
~loga, < —f', Vn > Nj.
n
So, a, < exp{—pF'n}, for every n > Ny. Equation (2.8.10) follows by taking

C :=max{1,a;exp{f'},...,an, exp{B8'No}}.

The converse implication is elementary. ]

The following example shows that, in general, it is not possible to obtain ([2.8.10))
with 8 = ' from ([2.8.10)).

Example 2.8.8. Take a, := nexp{—n}, for every n € N. Therefore, 0 < a,, < 1,
for alln € N and

1 1
lim sup — log a,, = lim sup ( s 1) = —1. (2.8.11)
n

n—oo 1 n—00

Howewver, note that does not exist a finite C > 0 satisfying

a, < Cexp{—n}, ¥n € N.
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Sample complexity for static problems with OCE risk measures

3.1 Optimized certainty equivalent risk measures

In this section we present the class of Optimized Certainty Equivalent (OCE) risk
measures. This class of risk measures was extensively studied in [5].

Let us consider as given a probability space (€2, F,[P) and a linear space Z :=
L, (Q, F,P), where p € [1,00). Here, an element Z € Z represents a random loss.

Definition 3.1.1. (Optimized Certainty Fquivalent Risk Measures)

Denote by ® the class of functions ¢ : R — R U {+oc} that are proper, lLs.c.,
convexr and satisfy: (a) ¢(0) =0, (b) 1 € 0¢(0), and (c) ¢ is monotonically non-
decreasing. For ¢ € ®, the OCE risk measure ji4 15 defined as:

pe(Z) = ;gﬂf{{s +Ep(Z —s)}, for Z € Z. (3.1.1)
U

Remark 3.1.2. It may seem that we are considering a definition of OCE risk mea-
sures different from those used by other authors, like [3, [12]. But this is not the
case, as we show next.

In [12] the author considers a class of functions ¢ : R — RU{+o00}, say U, that
are proper, l.s.c., convex and satisfy: (a) (1) =0, (b) 0 € 0y¥(1), (¢) domy) CR,.
Moreover, for each i € ¥, the OCE risk measures ., is defined as:

py(Z) = ;relﬂfg{s +Ey*(Z —s)}, (3.1.2)
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where V* is the convexr conjugate of v, see Definition . Defining W* := {¢* :
Y € U} one can show that ¥* = ®&; see Proposition . It follows that the
definitions considered in this work and in [I2] are equivalent.

Moreover, as has been pointed out in [17], the definition of OCE risk measures
there is equivalent to the one given in [J]. O

The following proposition shows that the definition of Optimized Certainty Equiv-
alent risk measures considered in this thesis is equivalent to the one considered in
[12].

Proposition 3.1.3. Let ® and ¥ be the sets of functions considered in Definition
and Remark[3.1.3, respectively. We have that:

O ="U":={y*: eV} (3.1.3)

Proof. ® C W* : Let ¢ € ® be arbitrary. Since ¢ is proper, l.s.c. and convex, we have
by Theorem that ¢ = ¢™ = (¢*)*. Let us show that ¢* € ¥ for concluding
that ¢ € U*. First of all, ¢* is L.s.c. and convex by Proposition 2.5.27} Since ¢
is proper, we have that ¢*(s) > —oo, for all s € R. Moreover, since 1 € 9¢(0), it
follows from Proposition that:

0=0-1=0¢(0)+¢"(1) = ¢"(1).
Since we have that ¢™* = ¢, we can rewrite the previous equation as:
¢* (1) +¢7(0)=0=1-0.

Again by Proposition [2.5.23] we have that 0 € d¢*(1). Finally, let us show that
dom ¢* C [0,4+00). Since dom¢* is convex, we have that dom¢* C dom ¢* =
ri(dom ¢*) by Proposition . So, let s € ri(dom ¢*) be given. By Proposition
we have that there exists = € R such that = € 0¢*(s), i.e.

5.2 = ¢*(s) + ¢ (x) = ¢"(s) + o(2).

Then, s € d¢(z) C [0,+00), since ¢ is a non-decreasing functionl] It follows that
dom ¢* C [0, +00) and ¢* € .

U* C & : Let ) € U be given. Let us show that ¢* € ®. The reasoning is similar
to the previous case. By Proposition [2.5.27| we have that ¢* is l.s.c. and convex.
Moreover, since 0 € 91 (1), it follows that:

0=1-0=1v(1)+4"(0) =%0).
Since ¥** = ¢, we have that:

(1) +¢*(0)=0=1-0,
ndeed, ¢(x — 1) > ¢(x) +s- ((x — 1) — z) implies that s > ¢(z) — ¢(x — 1) > 0.
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so 1 € 0¢v*(0). Finally, let 1 < 23 and t € dom C [0,400) be given. We have
that:

for all ¢ € dom. Taking the supremum on ¢t € dom1, we obtain that ¢* is a
non-decreasing function. O

Given ¢ € ®, we show in Proposition that py(Z) is well-defined, whenever
Z € Li(Q, F,P). Moreover if ¢ is Lipschitz continuous, then p4(Z2) is finite. We also
show that pe(-) is a risk averse risk measure in Ly (Q, F,P) (see Definition [2.7.2).
Before proceeding, let us recall that the expected value of a random variable Z is
not always well-defined. In fact, given a random variable Z, we consider its positive
part Z, := max{Z,0} > 0 and negative part Z_ := max{—Z2,0} > 0, respectively.
Note that Z = Z, —Z_ and that the expected value of each of its part is well-defined
and satisfies:

0 <EZ, < +o0, and (3.1.4)
0 <EZ_ < +o0.

The expected value of Z is defined as:
EZ .=EZ, -EZ_ € R, (3.1.6)

whenever at least one of the quantities EZ, and EZ_ is ﬁniteﬂ. Note that if E¢(Z —s)
is well-defined, for all s € R, then p4(Z) € R is also well-defined. However, in order

for py : Z — R being a risk measure, we must also show that it is a proper function
(see Definition [2.7.1]).

Proposition 3.1.4. Let ¢ € ® and Z € Ly(Q, F,P) be given. Then, puy(Z) is
well-defined and satisfies:

— 00 <EZ < 11y(Z) <Ep(Z) < +0. (3.1.7)

Moreover, py(a) = a, for every a € R, and if ¢ is Lipschitz continuous, then E¢(Z)
and p1y,(Z) are finite.

Proof. First of all, since ¢(0) =0 and 1 € 9¢(0), we have that:
o(Z—5)>¢(0)+1-(Z—-5—0)=27—s, (3.1.8)
for any s € R. It follows that:

Z<s+¢(Z—s),VseR (3.1.9)

2Since we have already defined that +o0o + (—00) = +00, we could have considered that the
expected value of a random variable is always a well-defined quantity. However, we prefer to
disregard this convention here.
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Then,
—o00 <EZ <s+E¢(Z —s) < +oo, (3.1.10)

for all s € R. Taking the infimum on s € R and considering s = 0, we obtain the
following inequalities:

—o00 <EZ < py(2) = ;rellg{s +Ep(Z —s5)} <Ep(Z) < +o0.
Now, let Z(w) := a, for every w € Q, where a € R is given. We have that
n:s—s+Ep(Z—s)=s+¢(a—3s), (3.1.11)

is a proper convex function that satisfies 0n(a) = 0n(s)js=a = 1 — 99(a — 8)js=a =
1 —0¢(0). Since 1 € 9¢(0), it follows that 0 € dn(a), i.e., a € argmin g 1(s). We
conclude that

pe(a) =n(a) =a+¢la—a) =a+ ¢0) = a. (3.1.12)

Finally, let us suppose that ¢ is Lipschitz continuous, that is, there exists L € R
such that |p(t) — ¢(s)| < L |t — s|, for all t, s € R. So:

6(2)] = [6(2) = ¢(0)| < L|Z], (3.1.13)
and we conclude that ¢(Z) € L1(Q, F,P), ie. puys(Z) <Ep(Z) < +o0. O

It follows from Proposition m that g : L1(2, F,P) — R is a proper function
that satisfies:

(i) pe(Z2) > EZ, for every Z € Li(Q2, F,P), and
(i) py(a) = a, for every a € R

for every ¢ € ®. Thus, pg : L1(Q,F,P) — R is a risk averse risk measure (see Def-
inition . In Proposition we prove that s : L1(Q, F,P) — R is a convex

risk measure, i.e., it satisfies axioms (R1)-(R3) below. Unless stated otherwise, we
always take Z = L(§2, F,P) in the remainder of this section.

Proposition 3.1.5. Take any ¢ € ®. Then, py : Z — R satisfies the following
properties:

(R1) pup(Z) < pp(W), for every Z, W € Z, whenever Z < W.
(R2) p(Z + a) = py(Z) + a, for every Z € Z and a € R.

(R3) pp(AZ + (1 — W) < Aup(Z) + (1 — Npg(W), for every Z,W € Z and
A€ [0,1].
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Proof. (R1): Take any Z, W € Z satisfying Z < W. For any s € R, we have that
Ep(Z — s) < Ep(W — s), since ¢(-) is a non-decreasing function. It follows that

1o(Z) < s +ES(Z — 5) < s+ Ep(W — s), (3.1.14)

for all s € R. Taking the infimum in s € R above, we conclude that s(Z2) < ps(W),
which proves (R1).
(R2): Take any Z € Z and a € R. Note that

pe(Z +a) = ;relﬂg {s +Eo(Z +a—s)} (3.1.15)
= irelﬂg{ajL(s—a)JrE(ﬁ(Z— (s—a))} (3.1.16)
= a+igﬂ£{s—a+E¢(Z—(s—a))} (3.1.17)
— a+ps(2), (3.1.18)

which proves (R2).

(R3): Take any Z,WW € Z and X\ € [0,1]. Suppose, without loss of generality,
that us(Z) and pg(W) are finite. So, let s1,s5 € R be such that E¢(Z — s1) and
E¢(W — sy) are finite. It follows that

As1 +Ed(Z — s1)] + (1 = A) [s2 + EQ(W — s9)] =
=As1+ (1 = N)sg + E[AO(Z — 1) + (1 = N)p(W — s5)]
>As1+ (1= Nsa+Ep(AZ 4+ (1 = MW — [Asy + (1 — N)sa])
> py (A2 + (1= XN)W).

Taking the infimum in s1,s5 € R above, it follows that Aug(Z) 4+ (1 — A pg(W) >
ps(AZ 4+ (1 — X)W). This completes the proof of the proposition. O

It is not true, in general, that an OCE risk measure is coherent. In fact, taking
o(s) = exp(s) — 1, for all s € R, we show in Example [3.1.18| that

16(2) = log (Eexp { Z}) = log (My(1)). (3.1.19)

for any Z € Z. As usual, we denote by My(-) the moment generating function of Z.

So, let Z 4 Gaussian(0, 1) and A > 0 be given. Noting that AZ < Gaussian (0, \?)
and Mgaussian(0,02)(5) = exp{o?s?/2 }, for all s € R, we obtain that

1s(AZ) = log (exp{A\*/2}) = N?/2 # N/2 = A\ug(Z), (3.1.20)

30f course, we can consider a sufficiently rich probability space (€2, F,P) such that there exists
a random variable Z € Z = L;(Q, F,P) that has standard Gaussian distribution. Indeed, take
Q:=[0,1], F := B([0,1]) and P = “the Lebesgue measure on [0, 1]”. For every F' € D, consider
F~Hw) :=inf{z € R: F(z) < w}, for every w € [0, 1]. It is elementary to show that the cumulative
distribution function of Z := F~'is F; = F. Since F € Dy, it follows that Z € Z. Now, taking

F(z):= \/% [ exp {—w—;} da, we obtain that Z < Gaussian(0, 1).

(70012]
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for any positive A # 1. Thus, we conclude that f,(+) is not positively homogeneous,
in particular, it is not a coherent risk measure.

Take any ¢ € ® and consider Z = Ly (2, F,P), where (2, F,P) is an arbitrary
probability space. We have already shown that py : Z — is a well-defined risk
measure. Changing the probability space Z to another one, we obtain a different risk
measure. We have already shown in Proposition that regardless the reference
probability space that we consider, uy : 2 — R is always a convex risk measure.
In Proposition we show that this is also true regarding the law invariance
property of py @ Z := L (Q, F,P) — R in Z. It is worth mentioning that a risk
measure can be law invariant with respect to some reference probability, but could
fail to satisfy this property when one considers another reference probability space
(see [73, Example 6.48]).

Proposition 3.1.6. Take any probability space (Q, F,P) and let Z := Ly (Q, F,P).
Let ¢ € ® be arbitrary. We have that

po(Z) = pg(W), (3.1.21)
for all Z,W € Z such that Z Lw.

Proof. Let Z, W € Z be such that Z L W. Take any s € R. We already know by
Proposition [3.1.4] that E¢ (Z — s) is well-defined, for any Z € Z. Since Z 4 W, it

follows that ¢(Z — s) < ¢(W — s). Thus,

s+Ep(Z—s5)=s+Ep (W —s), (3.1.22)

for every s € R. We conclude that ps(Z) = ps(W), which proves the proposition.
[

Before presenting some examples of OCE risk measures, we show the following

result, to be used in item (c) of Example [3.1.8|

Proposition 3.1.7. The class of functions ® is a convex set, i.e. Yo1,ps € ® and
0 <\ <1, we have that (1 — N)¢1 + Ao € D.

Proof. Let us verify that 1 := (1 — X\)¢1 + Ags is Ls.c., convex and satisfies items
(a)-(c) of Definition [3.1.1] First of all, note that:

Y(0) = (1 = A)91(0) + A2(0) = 0,

which shows item (a). Moreover, since A and 1 — A are non-negative numbers and
¢1 and ¢9 are monotonically non-decreasing, it follows that ¢ is monotonically non-
decreasing, which shows item (c). We also have that:

(1 = A)0¢1(z) + ANdda(z) C I(z),
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for any x € R. Indeed, if d¢;(z) = 0 or dpa(x) = 0, the claim is trivially true. So,
let s; € d¢;(x) be given (i = 1,2). We have that:

Oly) = (1 =XN¢i(y) + Ada(y) (
> (1=Nou(x) +s1(y — 2)] + Aga(2) + s2(y — )] (3.1.24
= (1=N)¢1(2) + Ada(z) + [(1 = N)s1 + Aso](y — ) (
= Y() +[(1 = A)s1 + Aso](y — @), (
for all y € R. We conclude that (1 — A)s; + Asy € 0y (x). Applying the result for
s1 =1 = sy and z = 0, we obtain that 1 € 9¢(0), which shows item (b). The proof
that 1 is L.s.c. and convex is elementary. O]

Now, let us consider some examples of OCE risk measures.

Example 3.1.8. In all the ezamples below, py (¢ € ©) is defined on Z := L,(Q2, F,P),
where (2, F,P) is a given probability space. That is, all random losses Z are inte-
grable random variables.

(a) (Expected value operator) Consider ¢ = 1d : R — R, i.e. ¢(z) = z, for all
z € R. [t is straightforward to verify that ¢ € ®. Let Z € Z and s € R be
given, we have that:

s+Ep(Z —s)=EZ, (3.1.27)

i.e. ue(Z)=1EZ. Therefore the expected value operator is an example of OCE
risk measure.

(b) (Average Value-at-Risk) For o € [0,1) given, consider ¢(z) := —— max{z, 0},

l—«

for all z € R. It is straightforward to verify that ¢ € ®. Observe that:

1€ 0¢(0)=10,1/(1 — a)]. (3.1.28)
The associated risk measure:
) 1
AVQR,_,(Z) = ;glg {s + EE max{Z — s, 0}} , (3.1.29)

18 known as the Average Value-at-Risk risk measure.

(c) (Convex combination of OCE risk measure with the expected value operator)
Let ¢ € @ be given. We have that:

u(Z) = (1 - NEZ + Mig(Z)

is also an OCE risk measure. We claim that p = py, where ¢ = (1 —
A) Id+A¢. Before showing our claim, observe that ¥ € ® by Pmpositionm
which shows that (., is an OCE risk measure. For every s € R, we have that:

EZ =s+E(Z - s). (3.1.30)
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It follows that:

w(Z) = (1= NEZ+\inf {s + E§(Z — s)} (3.1.31)
= i {(1= N [s + E(Z — )] + Als + E9(Z — 9)]} (3.1.32)
= inf {s +E((1 - ) Id+0)(Z - 5)} (3.1.33)
= uu(2), (3.1.34)

and the claim is proved. One particular example of such risk measure is the
convexr combination of the expected value operator and the Average Value-at-
Risk. O

Given ¢ € @, consider the set of all subgradients of ¢ (see Definition [2.5.37)):

T,= |J 96(2) (3.1.35)

z€dom ¢

By Corollary [2.5.36, we have that Z, C R is a nonempty interval. By Proposition
2.5.38) we have that its extreme points I(¢) := inf Z, and L(¢) := supZ, satisfy:

0<i(¢) < L(¢) < +oo.

Moreover, ¢ is a Lipschitz continuous function if and only if L(¢) < 400, in which
case, L(¢) is a Lipschitz constant of ¢. We show in Proposition that if L(¢) <
00, then p4 1 Z — R is L(¢)-Lipschitz continuous. This result will be used often in
the sequel.

Proposition 3.1.9. Take any ¢ € ® such that L(¢) < co. We have that puy : Z — R
is L(¢)-Lipschitz continuous in Z considering the Li-norm:

12|, =E|Z|, VZ € Z. (3.1.36)

Proof. Let ¢ € ® be such that L(¢) < co and take any Z,W € Z. We have that

16(Z) = pe(W)l = |inf {s + B¢ (Z — )} — inf {s + E¢ (W —5)} (3.1.37)
< ilelﬂlg\(s—i—Egb(Z—s))—(s—i—Egb(W—s))\ (3.1.38)
< §E£E|¢(Z—S)—¢(W—S)\ (3.1.39)
< sup L(Q)E|(Z —s) — (W — s)] (3.1.40)
= SLE(H;)E Z — W] (3.1.41)
= L)z -W],. (3.1.42)

It is elementary to verify the validity of each equation above, let us just mention that
we used Proposition [2.8.4]in (3.1.38). This completes the proof of the result. O
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Let Z be an integrable random variable. We will establish some properties
regarding the optimal set and the optimal value of the optimization problem on R:

pe(Z) = igﬂg {n(s) =s+Eop(Z—9)}. (3.1.43)
In the next lemma, we obtain bounds for the right and left derivatives of ¢ on
dom ¢.

Lemma 3.1.10. Let ¢ € ® be given. For all z € dom ¢ such that Op(z) # 0, we
have that:

) < —¢/(z:—1) < #(=:1) < L(9). (3.1.44)
Proof. Let z € dom ¢ be such that 9¢(z) # 0. By Corollary [2.5.33] we have that:

06(2) = [—¢/( 1), 6 1) NR. (3.1.45)

Moreover, since d¢(z) # 0, we have that inf dp(z) = —¢(z; —1) and sup d¢(z) =
¢'(z;1). We also have that 0¢(z) C Z,, so:

I(¢) = infZy < infd¢(z) = —¢(2;—1) < ¢(2;1) = sup 0g(2) < supZy = L(9),
(3.1.46)

and the lemma is proved. O]

In the next proposition we show that when any of these conditions hold:

(i) L(9) =1,
(i) {(¢) = 1 and ¢ is Lipschitz continuous'}

the OCE risk measure 1, is just the expected value operator on Z. By Proposition
3.1.11} we also have that I(¢) < 1 < L(¢), for ¢ € ®. So, the interesting situation
to analyze for OCE risk measures with ¢ Lipschitz continuous occurs when I(¢) <
1 < L(g).

Proposition 3.1.11. Take Z € Z and ¢ € O such that L(¢) < +oo. Let us
consider the objective function n(s) := s + E¢(Z — s), for all s € R. The following
assertions hold:

(a) Ifl(¢) =1, then uy(Z) = lim n(s) =EZ.

S——+00

(b) If L(¢) = 1, then py(Z) = lim n(s) =EZ.

4As pointed out previously, L(¢) < +oo if and only if ¢ is Lipschitz continuous. So, item (i)
automatically implies that ¢ is Lipschitz continuous.
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Proof. Since Z € Ly (2, F,P) and ¢ is Lipschitz continuous, it follows from Propo-

sition 2.5.43] that:
Ep(Z — s) € R, (3.1.47)

for all ¢ € R. By Proposition [2.5.42] we conclude that 7 is a finite-valued convex
function that satisfies:

on(s)=[1-E¢'(Z—s;1),1+Ed(Z — s;—1)], (3.1.48)

for all s € R. Since ¢ is Lipschitz continuous, we have that dom¢ = R. Given

s € R, we have by Lemma [3.1.10] that:
(9) < —¢'(z —s;-1) < ¢f(z — 5;1) < L(9), (3.1.49)
for all z € R. Therefore we obtain the following bounds:
1(§) < ~¢(Z —5:-1) < ¢(Z — 5;1) < L(9) (3.1.50)
for all s € R. Taking the expected value, we obtain that:
I(6) < —E¢/(z — 55—1) <E¢/(= — 551) < L(9), (3.1.51)
for all s € R. It follows that:

—n'(s;—=1) = 1-E¢'(Z—s;1)

n'(s;1) = 1+E¢(Z—s-1) < 1— (3.1.52)

1(¢),
for all s € R.

Since 7 is finite-valued, we have that int(domn) = R. Applying Theorem [2.5.40
to the convex function 7, we obtain that:

n(s) — n(t) = / i 1) = / (s~ 1)du, (3.1.53)

for all t < s.
Now, suppose that [(¢) = 1. We obtain that n/(u;1) < 1 —1I(¢) = 0, for all
u € R. By equation (3.1.53)) we conclude that n(s) < n(t), for s > ¢. It follows that:
te(Z) = inf n(s) = lim n(s). (3.1.54)
§—00

seR

Moreover, observe that for every s € d¢(z) with z < 0, we have that 1 =1(¢) < s <
1 € 0¢(0), i.e. s =1. We conclude that ¢'(z) = 1 for all z < 0. Since ¢(0) =
follows from equation that ¢(z) = z, for all z < 0. Let s > 0 be arbitrary.
We have that:

n(s) = s + Eo(Z — )

E [(§(Z — 5) + $)lizen)] +E[(6(Z = 5) + 5)L1z24)]
E [Z1{z<5] +7(s),

(3.1.55)
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where:

0<r(s) = E[(¢(Z—s)+ s)l{z>s]
< E[(L(@)(Z — 5) + )1 {z4)]
< LOE [Z1{z>4],

since s > 0, L(¢) > 1, Z > s and ¢(z) < L(¢)z, for z > 0. Since Z is integrable, we
have that:
lim EZ]J—{Z>5} = 0.

S——+00

We conclude that r(s) converges to zero, as s — 400, hence IIIJZI n(s) = EZ, which
S—r+00

proves item (a).
Now, suppose that L(¢) = 1. We obtain that —n'(u; —1) > 1 — L(¢) > 0, for all
u € R. It follows that n(s) > n(t), for all s > t. So,

Ho(2) = infn(s) = lim n(s). (3.1.56)
Moreover, observe that for all s € 0¢(z) with z > 0, we have that 9¢(0) 5 1 < s <
L(¢) =1, i.e. s =1. This shows that ¢'(z) = 1, for z > 0. Since ¢(0) = 0, it follows
that ¢(z) = z, for all z > 0. Let s <0 be arbitrary. We have that:

n(s) =s+E(Z - s) [(S(Z = 5) + 5)Lizosy] +E[((Z = 5) + 5)Liz<)]

E
E [Z]l{z>s}] —+ R(S)
E

IA

[Z]l{Z>s}} ’
(3.1.57)
since R(s) := E [(¢(Z — s) + s)1{z<sy] < 0. In fact, for Z < s < 0, we have that
O(Z —s)+s < ¢(0)+ s <0. Letting s - —oo, we obtain that

(EZ <) lim n(s) < lim E|[Z1{;.q] =EZ,

S——00 S——00

where the first inequality follows from Proposition So, the result is proved. [J

Remark 3.1.12. [t follows from the previous proposition that AVQR,(Z) = EZ, for
Z € L1(Q, F,P). In fact, in this case we have that ¢(z) = max{z,0}, so L(¢) = 1.

This particular result s well-known. 0

Now, we begin to analyze the situation I(¢) < 1 < L(¢) < 4o00. Before pro-
ceeding, we show a well-known result on the AV@R risk measure. In Section [2.3| we
recall the definition of an a-quantile of a random variable Z. When « € (0, 1) the
set of a-quantiles of Z is a nonempty compact interval whose extreme points are
denoted as ¢, (Z) < ¢} (Z) (see Proposition [2.3.2).
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Proposition 3.1.13. Let be given Z € Z and 0 < a < 1. For the AVQR,_,(-) risk
measure, the set of optimal solutions of the optimization problem:

seR

1
min {s + 1—IE max{Z — s, O}} (3.1.58)
-«

15 the set of a-quantiles of Z.

Proof. Let us denote the objective function of the optimization problem by 7(s) :=
s+ E¢(Z — s), where:

o(z) = ﬁ max{z,0},Vz € R. (3.1.59)

The right and left derivatives of ¢ are:

0 for z <0
D=7 ’ 1.
¢(Z, ) {1/(1—04)7 for z > 0, (3 60)
and:
0 for 2 <0
—OES = ) 3.1.61
D {1/(1—a), for z >0, ( )

respectively. It follows from Proposition [2.5.42f that:

1 1
(s =1)=1-E¢(Z—s:1) =1 — — El{yos = 1 —
77(37 ) ¢( Sa) 1— o {Z>s} 1—a

1 1
n'(s;1)=1+E¢(Z—s;—-1)=1— T o El{zsg =1— 1
—«

P[Z > s, (3.1.62)

P[Z > s].(3.1.63)

—

We also have that § € argmin, g 7(s) if and only if 0 € In(s) = [—1/(5; —1),7/(5; 1)],
ie. —n'(s;—1) <0 <1n'(s;1). Hence 5 must be such that:

P[Z>35 > 1—q, and (3.1.64)
PZ<3 > a (3.1.65)
We conclude that § € argmin g 7(s) if and only if 5 is an a-quantile of Z. O

Remark 3.1.14. Let us point out that for the AVQR,_,(-) risk measure (o € (0, 1))
Proposition can be applied supposing just that EZ, < 4o00. This condition is
weaker than assuming that Z € L1(Q, F,P). In fact, given s € R, we have that:

0 <max{Z —s,0} < Z, +|s|. (3.1.66)

Therefore n(-) is finite-valued when EZ, < +oc0. O
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We will extend Proposition [3.1.13| to general OCE risk measures ji4 satisfying
[(¢) <1< L(¢) < 4+00. In fact, in Proposition |3.1.17 we show that the solution set

of problem:
mgiﬁl {s+Eop(Z —s)} (3.1.67)

is a nonempty interval that is contained in a bounded interval whose extreme points
depend on particular quantiles of the random variable Z, and on particular finite
numbers z < 0 < Z that depend only on ¢. The following lemma will be useful.

Lemma 3.1.15. Take Z € Z and ¢ € ® satisfying [(¢) < 1 < L(¢) < +o0. The
following assertions hold:

(i) There exist real constants z < 0 < Z depending only on ¢ such that:

1+ L(¢)

(1) = =2 forallz 27, (3.1.68)
C(z-1) < +2l(¢>’ for all = < z. (3.1.69)

(it) If s < q3 (Z) — %, then
E[¢(Z —s:1)] > 1(d)a + ”TW)Q —a). (3.1.70)

E[—¢'(Z —s;—1)] < L(¢) + a. (3.1.71)

Proof. Firstly, we show item (i). Since L(¢) < 400, we have that ¢ is finite-valued
and ¢'(+; 1) is a monotonically non-decreasing finite-valued function. Moreover, we
have that:

L(¢) = sup | ] 96(2) = sup | J[-¢/(z:—1),¢/(2: 1)] = Sup ¢'(21).
ze
Since L(¢) > 1, it follows that (1 4+ L(¢))/2 < L(¢). Thus there exists Z € R such
that ¢'(Z;1) > (1 + L(¢))/2. Therefore, if z > Z, we have that ¢'(z;1) > ¢'(z;1) >
(1+ L(¢))/2. Observe also that if z < 0, then:

¢'(2:1) < =¢'(0;-1) <1< (1+ L(¢))/2 < ¢'(z: 1),

which implies that Z > 0. The proof that there exists z < 0 such that —¢'(z; —1) <
(14 1(¢))/2 for all z < z is similar. Just note that —¢'(-; —1) is monotonically
non-decreasing; —¢'(z; —1) > 1, for all z > 0; l(¢) < (1 +1(¢))/2 < 1 and [(¢) =
inf,egr —¢'(z; —1). We have shown item (i).

119 2017



CHAPTER 3. SAMPLE COMPLEXITY FOR STATIC PROBLEMS WITH OCE RISK MEASURES

Now, let us show item (ii). Denote by P, the probability measure induced by P
and Z on R, that is:

P,(B):=P[Z € B], VB € B(R). (3.1.72)
Let s < ¢} (Z) — Z be given. We have that:

E[¢'(Z - s:1)] = H{é’(z — s;1)Pz(dz)
= [ W= 1)Pgdz)+ [ ¢(z—s1)Py(d2)

(—00,z2+35) [Z+s,00)

> UePsd+ [ L@

(—00,z+s) [2+s,00) 2

— (01 -BZ 2z s) + T

Pz(dZ)

P[Z > Z + s,

(3.1.73)
where the inequality follows from ¢/(+;1) > I(¢) and ¢'(z — s;1) > (1 + L(¢)/2, for
z>7Z+s. Since Z+ s < ¢t (Z), we have that:

PZ>z+s|>PZ>qtH(2)]>1-a. (3.1.74)
The affine function 6 € [1 — a,+00) — (¢)(1 — ) + (1 + L(¢))0/2 attains its
minimum value at 0 = 1 — «, since I(¢) < (1 + L(¢))/2. Therefore, we obtain that:

1+ L(o)

E[¢(Z - 51)] 2 l(@)a+ —

1-a), (3.1.75)

which shows item (ii).
Now, let us show item (iii). Given s > ¢, (Z) — z, we have that:

E[-¢'(Z —s;—-1)] = [—¢'(z—s;—1)Pz(dz)

B iRiOO{;-&-s) —¢'(z — 5;1)Pz(dz) + [z+£oo) —¢'(z — 5;1)Pz(dz)
< . Ls] 1+ 1(¢) Py(dz) + . Sfm) L(¢)P(dz)

= 1+2l(¢)]P’[Z§§+S]+L(¢)IP’[Z>§+S} :
= L(¢) + Lt l(¢>2_ 2L(¢)IP>[Z <z

< I(¢)+ l(¢)2— 2L b7 < = (2)

< 1(o)+ D20,

(3.1.76)
using the fact that —¢’(z—s;1) < (1+1(¢))/2, for z—s < z, and —¢/(z—s;1) < L(9)
in the first inequality. And the fact that z+s > ¢, (Z) and 1 — [(¢) < 2L(¢) in the
second one. ]
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Remark 3.1.16. In the previous lemma, we could have taken:

Z = inf {z eER:¢(21) > 1+TL<¢)} , (3.1.77)
Z = sup {z eER:—¢'(z,-1) < ! +2l(¢) } . (3.1.78)

Indeed, we just have to check that Z and z belong, respectively, to the correspon-
dents sets above. These facts follow from items (ii) and (iii) of Proposition
respectively. O

Now we show that the solution set of the optimization problem associated with
a general OCE risk measure satisfying some regularity conditions is a nonempty
bounded interval.

Proposition 3.1.17. Let be given Z € Z and ¢ € ¢ satisfying I(¢) < 1 < L(¢) <
+00. The solution set of the convexr optimization problem on the real numbers:

min{n(s) = s + E6(Z — 5)} (3.1.79)
is a nonempty closed interval that is contained in the interval:
(4,(Z2) —z,¢,(Z) — 2] , (3.1.80)
where:
3=l LO) = T35 g (3181
2(L(6) - 1)

2= 20 L) = o )

and Z and z are defined as in (3.1.77) and (3.1.78), respectively.

(3.1.82)

Proof. First of all, let us point out that 0 < 73 < 72 < 1, since 0 < I(¢) < 1 <
L(¢) < +o00. Since 1 is a finite-valued convex function, it follows from Proposition
2.5.41] that:

argminn(s) =RN[s,3], (3.1.83)

seR
where s := sup{s € R : —1/(s;—1) < 0} and 5 := inf{s € R : /(s;1) > 0}f] Of
course, this already shows that argmin g 7(s) is closed and Convexﬂ.
Take s < ¢ (Z) — z, where 0 < a < ;. We have that:

—n(s;-1) = 1- I? [¢’£Z —s;1)]
1- +—@5)(1 — ) (3.1.84)

< 1=Ud)mn - 1+TL(¢)(1 —mn)=0.

5Until now, we have in principle that s,5 € R. We will show later that both s and 3 are finite.
6This is also an immediate consequence of the convexity and continuity of 1.

IN
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We conclude that ¢f(Z) —z < s, for all 0 < a < ;. By item (iii) of Proposition
2.3.4 we have that:

¢,,(Z) = sup q, (Z). (3.1.85)

a<m
Therefore, ¢, (Z) =z < s.
Now, take s > ¢, (Z) — z, where 72 < a < 1 is arbitrary. We have that:

n'(s;1) = 1+E[¢’(ZIS;Z—1)] -
> 1-L(¢) - — (¢)2_ K208 (3.1.86)

We conclude that 5 < ¢ (Z) — z, for all 2 < o < 1. By item (ii) of Proposition
2.3.4 we have that:
¢,(Z) = inf q;(Z). (3.1.87)

a>72
Then, 5 < ¢3,(Z) — 2.
Summing up, we have proved that

argmin(s) = [s,5] C [¢5,(2) —%,¢,(Z) — 2] . (3.1.88)
seR
Now, we only have to show that argmin g n(s) # 0, that is: s < 5. This is a
consequence of Proposition [2.5.35| In fact, let s < s be given. Taking s <t < s, we
obtain that:
n(s;1) <n'(t;—1) <0< liirg n'(s;1) =1'(5;1). (3.1.89)

It follows that s <5, ie. s <. O

In the next example we show that if the condition L(¢) < 400 is not satisfied,
then it is not possible, in general, to bound the set of optimal solutions of problem

rsneiﬂgl {s+Eop(Z —s)} (3.1.90)

using an interval whose extreme points depend on particular quantiles 0 < v, <
v < 1 of Z and on quantities z and z that depend only on ¢.

Example 3.1.18. Tuke ¢(z) := exp (z) — 1. It is elementary to verify that ¢ € .
Moreover, since ¢'(z) = exp (z), we conclude that [(¢) =0 < 1 < +o00 = L(¢). Note
that ¢ satisfy all conditions of Proposition but the “L(¢) < +00” condition.
Take any o € (0,1) and z € R. We will show that there ezists an integrable (in fact,
bounded!) random variable Z, whose distribution depends on a and on z, such that:

argmin {s + E¢(Z — s)} € (—o0,¢}(Z2) — 2] . (3.1.91)

seR
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Let us begin by showing that, for this particular ¢, the optimization problem in
variable s has as its unique solution 5 = log (Eexp (Z)} To see this, just set the
derivative of (the differentiable convex) function

seER—»s+Eexp(Z—s)—1 (3.1.92)
equal to zero and solve for s. Now, observe that:
s=1log(Eexp(Z)) >log(expEZ) = EZ, (3.1.93)

where we have used Jensen’s inequality (see [22, Theorem 1.6.2]) above.
So, given a € (0,1) and z € R, we just need to define a random variable Z such
that:
EZ > ¢l (Z) — 2. (3.1.94)

Take Z having the following probability distribution.:

P[Z=0 = 1;“, (3.1.95)
2|z +2 1 -«
P [Z _ H—Z } - == (3.1.96)
It 1s elementary to verify that:
0z (Z) = 0, and (3.1.97)
EZ = |z]+1. (3.1.98)
The result follows, since:
EZ=lzl+1>-2=q;(2) -z (3.1.99)
O

The example below compares the estimate given by Proposition of the
set of optimal solutions of the optimization problem (3.1.79) with the exact set of
optimal solutions for the AV@QR,_,(-) risk measure.

Example 3.1.19. For 0 < a < 1, let us consider the AVQR,_,(-) risk measure,
i.e. take ¢o(2) := max{0,z/(1 — )}, for all z € R. As it is well-known (see also
Proposition , for any Z € Li(Q,F,P), the set of a-quantiles of Z is the

solution set of the convex optimization problem:

rsréiﬂg{s +E[¢a(Z — 9)]} (3.1.100)

"For the record, we also have that us(Z) = 5+ E¢(Z — 5) = 5§ = log (Eexp{Z}), for every
ZeZ.
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The left-side a-quantile of Z is the so-called Value-at-Risk risk measure. Observe
that l(¢a) =0 <1 < 1/(1 —a) = L(¢a) < +00. Moreover, we can take z =0 =2

such that the conditions below hold (see Lemma and Remark :

1L _1-a/2 1+L(d)

o (z;1) = , forall z> 7%z =0, (3.1.101)

l—a™ 11—« 2
141
ol(z—-1)=0< 1/2:#7 forallz<z=0. (3.1.102)
So, by Proposition we have that:
argmin{s + Boo(Z - 8)} = [0, (2),4(2)] € [ (2)a(2)]. (31109
where:
Q
N o= g (3.1.104)
2c
= ) 3.1.105
Y2 1+ a ( )
— 7
//

06

0.0 L L L L
0.0 02 0.4 0.6 [ 1.0

Figure 3.1: Lower and upper bounds for the solution set of problem ([3.1.100) as quantiles
of the random variable Z.

Of course, y1 < a < 79, for all o € (0,1). Moreover, for j = 1,2, v; = 0, as
a— 0, andvy; — 1, as o — 1. O]
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3.2 Static problems with OCE risk measures

Let us consider a general static risk averse stochastic programming problem (SRA-
SPP):
min {0(2) = po(F(,))} (3:2.1)

with OCE risk measure p,, with ¢ € ®. Akin to static risk neutral problems,
&= (&,...,&) is a random vector defined on a probability space (2, F,P); x € R™
are the decision variables; X C R" is the feasible set and F : R” x R — R is a
measurable function.

2

For risk neutral problems the expected value operator “E(-)” is used to sum-
marize the random cost F(z,£) into a real number f(z) = EF(z,£). This can be
reasonable for many applications, although note that the random cost F(z,§) can
be much larger than its mean f(x) for some realizations of £. In some situations
it makes sense to give an extra penalization to upper deviations of F'(x,¢) from its
mean. Such problems use a risk measure to summarize the random cost into a real
number.

2

For problems with OCE risk measures, a risk measure “ug4(-)” is used to sum-
marize the random cost F(z,§) into a real number v(x) = py(F(z,§)). As we have
seen in Example [3.1.8] the expected value operator is, in particular, an OCE risk

measure. Moreover, given A € [0,1] and « € [0, 1), we have that:
Z € Ly F,P) — (1 - NEZ + NAVQR,_,(Z) (3.2.2)

is an OCE risk measure. This is a mean-risk type of risk measure that is widely
used in applications (e.g., [19, 39, 48| K51, (70} [72, [76, [78]).

For stochastic programming problems with OCE risk measures, one can also ap-
ply Monte Carlo methods in order to build a problem with discrete random data.
We will continue to denote this approach as the SAA method. Note that the “av-
erage” is just the sample or empirical mean, so we will substitute the OCE risk
measure by its empirical counterpart.

Given a sample realization {&1, ... &V} of £, one considers the empirical random
vector é having the empirical distribution:

~

P [5 € B} - %Z 5e:(B),¥B € B(RY), (3.2.3)

where:
1, ifye B

0, otherwise

dy(B) == {
Given ¢ € @, the SAA problem is:

min {ﬁN(x) = i1y <F(a:, é))} , (3.2.4)

zeX
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where:

fig (F(x,f)) = ;relﬂfa {s +E¢ (F(a:,é) — s)} (3.2.5)

= { + % Zcb (F(,€) - s>} (3.2.6)

Take ¢ € ® and x € X. Note that ps(F(z,€)) is the optimal value of an
optimization problem in R. This motivates us to consider an extended formulation

of problem ([3.2.1)):

min _{ov(z,s) :=s+Eo(F(x,&) — )}, (3.2.7)
(z,5)eX xR
by adding an extra decision variable s € R. Given a random sample {&!, ..., &V} of

&, we can also consider an extended formulation of problem (|3.2.4)):

min {@N(:U, s) =5+ % Z O(F(z, ) — s)} : (3.2.8)

(z,s)EXXR
Note thatf]
v(z) = ;gﬂgv(as), (3.2.9)
oy(z) = inﬂgﬁN(x,s). (3.2.10)
s€

One advantage of considering the extended formulation when studying the sam-
ple complexity of the SAA method is that the theory already developed for risk
neutral problems can be applied. Indeed, observe that the expected value operator
is the risk measure of the extended formulation. One difficult that should be cir-
cumvented is that the feasible set X x R is unbounded, even when X is bounded.
The general theory developed for analyzing the sample complexity of risk neutral
problems assumes a bounded feasible set (see assumption (A4) in section [2.1)). Later
we will see how it is possible to deal with the unboundedness of X x R, when X is
assumed bounded.

In the end of this subsection, we will show that v(x, s), v(x), On(z, s) and Oy (z)
are all well-defined quantities, for all x € X and s € R, assuming that (A1) of
subsection holds. In the meantime, let us assume that all these quantities
are well-definedPl

8In our exposition we commit an abuse of notation by representing different functions (z, s) €
X xR = s+ E¢(F(z,8) —s) and z € X — py(F(z,§)) with the same letter “v”. It will
be clear from the context which function we are talking about. The same remark applies to
the objective-functions of the SAA problems: (z,s5) € X xR — s+ vazl d(F(x,£Y) — 5) and
2 € X v fig(F(x,£)).

9Note that if v(z, s) and O (x, s) are well-defined, for all z € X and s € R, then v(z) and O ()

are well-defined, for all x € X. The delicate point is that the expected value E¢(F(x, &) — s) could
fail, in principle, to be well-defined.
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Let us denote the optimal values of problems (3.2.1)) and (3.2.4), respectively,
by:

vt = ;gjf{v(x) and Oy = gg)f( N (). (3.2.11)

It is elementary to verify that:

— f .2.].2
U — 11 lf 0 N xr,S). .2. 1

Given € > 0, consider the following sets of optimal e-solutions of the problems above:

S = {xeX:v(r) <v' +e€}, (3.2.14)
ES¢ = {(x,s) e X xR:v(x,s) <v" +¢€}, (3.2.15)
S, = {reX:oy(x) <oy +e}, (3.2.16)
ESy = {(z,5) € X xR :on(z,s) <0y +¢}. (3.2.17)

In section we will extend the sample complexity results obtained for static
risk neutral problems to static problems with OCE risk measures under the same
regularity conditions that were assumed for the risk neutral case, that is, assump-

tions (A1)-(A5) of subsection [2.1.1]
Similarly to risk neutral problems, we estimate the sample size N such that:

P ([S?V C Sﬂ N [S*fv v @]) >1-4¢ (3.2.18)

holds true, where 0 < 0 < € and 6 € (0,1) are the sample complexity parameters.
Additionally, we obtain an estimate for the sample size N such that:

P ([Esfv C ESE] N [Esfv ” @D >1-0 (3.2.19)

also holds true.
Akin to the risk neutral case, we show that both the SAA and the extended SAA
problems are solvable w.p.1, that is:

P[Sy #0] =P [ESy #0] = 1. (3.2.20)
For obtaining a lower bound estimate for the probability of the event:
[S;‘V c Sf} , (3.2.21)

we show that the following probability:

P {Sup o (2) — v(z)| < = 5} (3.2.22)

zeX o 2

127 2017



CHAPTER 3. SAMPLE COMPLEXITY FOR STATIC PROBLEMS WITH OCE RISK MEASURES

approaches 1 exponentially fast with respect to the sample size N. For risk neutral
problems, this was shown by applying the uniform exponential bound theorem (see
Theorem [2.1.5)) that was used to bound from below:

P {Sup ‘fN(@ - f(x)‘ < 5} , (3.2.23)
z€X 2
where f(z) = EF(z,€) and fy(z) = %Zf\il F(x,£%). Here, we cannot follow this
approach directly, since the risk measure in problem is not the expected
value, in general. Indeed, [73, Proposition 5.6] and its previous discussion implies
that:
Eoy(z) < wv(x),Vr € X, (3.2.24)

typically with strict inequality. One can try to show that Oy (z, s) and v(x, s) become
arbitrarily close, with high probability, uniformly on X x R. Since

v(z,s) = s+Eo(F(x,&) —s), and (3.2.25)
on(@,s) = s+ % > o(F(n€) -9 (3.2.26)

the uniform exponential bound theorem could, in principle, be applied. The dif-
ficulty here is that diam (X x R) = 400 and the estimate from Theorem is
useless.

In order to deal with the unboundedness of the set X x R, we will introduce
an auxiliary set X C X x R. Given X, we consider the extended formulations of
the true and SAA problems restricted to this set. These new problems have the
following optimal values:

v'(X) = inf wv(z,s), (3.2.27)
(z,5)eX

o(X) = inf oOy(z,s). (3.2.28)
(z,5)eX

Similarly, we denote the sets of e-solutions of the extended formulations restricted
to X by:

ES‘(X) = {(a:, s) € X xR:v(z,s) <vi(X)+ e} : (3.2.29)

ES(X) = {(:1:, s) € X xR : oz, s) < 0%(X) + e} . (3.2.30)
respectively.

In Proposition we show that if X satisfies some suitable properties, then a
series of useful consequences that relate problems ([3.2.27)) and ({3.2.28)), respectively,
with problems and hold. Before proceeding, let us introduce some
notation. We denote the projection of R™ x R on the first variable by:

7 (x,8) := x, for all (z,s) € R" x R. (3.2.31)
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Given A C R" xR and = € R", we denote the cross-section of the set A at the point
x by:
A, ={seR:(z,s) € A}. (3.2.32)

It is elementary to show that a € m,(A) if and only if A, # (.

Proposition 3.2.1. Take X C R™ nonempty, a sample realization {&,... &N} of
¢ and X C X x R. Suppose that the following conditions hold:

(i) For every x € X, X, Nargmin,_p v(z,s) # 0.
(ii) For every x € X, X, Nargmin, g On(z,s) # 0.
Then, the following statements hold:

(a) The optimal values of problems and and of problems
and , respectively, are equal

v = (X)),
A~ % A s > 3233
(b) For all € >0, 8¢ = m,(ES(X)) and S5 = m,(ESy(X)).
(c) Take 0 < § < e. Ifv* is finite and
. e—0
sup |v(z,s) —on(z,s)| < 5 (3.2.34)

(z,5)eX

then ESo%(X) C ES(X) and 83, C 5.
Proof. Let us begin by noticing that m,(X) = X by item (i). Indeed, we have that
X, # 0, for all z € X. The fact that v* < v*(X) and 9% < 04(X) is immediate,
since X C X x R. Let us show the converse inequality. Take x € X arbitrary. By

items (i) and (ii), there exist s(z), 5(z) € X, such that:

v(z,s(z)) = wv(z), and (3.2.35)
on(z,5(z)) = on(x), (3.2.36)

respectively. This implies that v*(X) < v(z) and 0y (X) < On(z). Since x € X is

arbitrary, we conclude that v*(X) < v* and 0% (X) < #%, which proves (a).
Let us show (b). Since the reasoning is similar for both cases, we will show

that S¢ = m,(ES9 (X)), for any ¢ > 0. Take any (z,s) € ES(X). Observe that

v(z) < v(x,s) < v(X)+e = v+ ¢ since v*(X) = v*. It follows that x €
Se, ie. m(ES(X)) C S Conversely, take any = € S¢. Taking s(z) € X, N
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argmin g v(x, s), we have that v(z, s(x)) = v(z) < v*+e =v"(X)+e, so0 (z,s(x)) €
ES¢(X), ie. z € m,(ES(X)). Item (b) is proved.
Finally, take 0 < § < € and suppose that:

-0
sup |v(z,s) — Oon(z, )| < ‘
(z,5)eX 2

(3.2.37)

holds. Since inf(xvs)@z v(x,s) = v* is finite, it follows from Proposition W that:

0> sup [v(w,s) —on(z,s)] > | inf o(z,s)— inf dn(z,s)
(z,5)€X (z,8)€X (z,8)eX (3.2.38)
= |[v(X) = oy (X)| = [v" = O]
Given any (z,s) € ES?V(X), we have that:
e—0 . . €E—0
v(x,s) — <on(z,s) <Oy +0 <v'+ — 0. (3.2.39)

We conclude that v(z,s) < v* +¢, ie. (z,s) € ES. Then, EAS;;V()N() C ES¢(X)
and, in particular, S% C S¢ as a consequence of item (b). O

Remark 3.2.2. Let us point out that items (1) and (ii) of Proposition impose
not only conditions to be satisfied by the set X, but also conditions regarding problems
and (3.2.8). Indeed, for every x € X, the optimization problems on the real
line:

miﬂg v(x,s), and (3.2.40)
s€
rgéiél On(z,s) (3.2.41)

are solvable. We will show in the next section that these conditions are satisfied
under appropriate reqularity conditions. QObserve also that we do not assume in
Proposition that X is bounded. We will show that it is possible to take X
bounded satisfying items (i) and (Z@E of that proposition. Then, we will apply the
uniform bounded theorem to obtain an estimate on the sample size N in order to
bound from below the probability of the event:

. €—90
sup |v(z,s) — oy (z,s)| < : (3.2.42)
(x,5)eX 2
[
10More precisely, item (ii) will be satisfied for almost every random realization {¢1,... ¢V} of

I3
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Remark 3.2.3. (Convention: Composition of Functions) Take two functions g, h :
R — R. In general the composition ho g is not well-defined, since —oco or +oo could
be elements of the range of g. However we can extend the definition of h to R in the
following way when both limits below do exist in R:

h(—o00) = xgrjlooh(x), (3.2.43)
h(400) = mgrilwh(a:) (3.2.44)

If h is monotone, then both limits do exist. By item (c) of Definition every
¢ € ® is non-decreasing. Moreover, we have that ¢(z) > z, for all z € R. It follows
that:

¢(—o0) = inf¢(2), (3.2.45)
¢(+00) = s2£¢(z):+oo. (3.2.46)

O

We will adopt this convention in this thesis.

Remark 3.2.4. Take a random variable Z defined on a probability space (2, F,P
FEven if Z has finite expected value, we do not rule out the possibility that Z(w)

+o00, for some w € Q). Newvertheless, a direct consequence from the finiteness of
EZ is the fact that P[Z = £oo] = 0. By Remark we have that ¢(Z(w)) €
[p(—00), +00] C R is well-defined, for every w € Q. Moreover, if ¢ is finite-valued,
then P [¢(Z) = +o0] = 0. O

~—

Let us recall that we have assumed until now that the objective functions of
problems (3.2.1)), (3.2.4), (3.2.7) and (3.2.8) are all well-defined. In the following
proposition we give sufficient conditions for the well-definedness of these functions.

Proposition 3.2.5. Suppose that each member of the family of random variables
{F(2,€) : # € X} has finite expected value, i.e. assumption (A1) of Section [2.1.]]
holds true. For any ¢ € ®, we have that:

v(z,s) = s+ Eo(F(x,€) —s), and (3.2.47)
o(z) = 1o (F(2,€)) (3:2.13)

are well-defined and belong to R U {+o0}, for every x € X and s € R. Moreover,
if L(¢) < +oo, then both functions are finite on X X R and on X, respectively.
Finally, given any sample realization {€',... N} of €, we have that:

on(x,8) == s+ % qu (F(z,&) —s), and (3.2.49)
on(2) == fiy (F(x,é)) (3.2.50)

are well-defined functions.
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Proof. Take ¢ € ® and a sample realization {&',... &N} of €. Let us begin by
noting that, by the definition of the risk measures py and fi4, we have that:

v(r) = in]va(x,s), (3.2.51)
s€

oy(z) = inﬂgﬁN(x,s), (3.2.52)
s€

for all x € X. Given x € X, v(z) and 0y (x) will be well-defined whenever v(z, s)
and Oy(x,s) are well-defined, respectively, for all s € R. Since F(z,&) has finite
expected value, it follows from Proposition that:

—o0 <EF(z,§) <wv(x) <s+Eo(F(z,§) —s) =v(z,s) < 400, Vs € R. (3.2.53)

Again by Proposition [3.1.4] we conclude that both functions are finite on X x R
and on X, respectively, if ¢ is Lispchitz continuous, i.e. L(¢) < +o0.

Now, let us consider an arbitrary sample realization {&!,... &V} of £ Given
r € X, not much can be said about the scenario costs {F(z,£) i =1,... ,N}EL
but at least they satisfy:

—00 < F(z,6) < 400, Vi=1,...,N. (3.2.54)

By Remark [3.2.3|it follows that s+¢(F (z,£)—s) € R, foralls € Randi =1,..., N.
Note that 0y (z, s) is just the mean of these quantities, that is well-defined, adopting
the convention +o0o0 4 (—00) = +00. O

Remark 3.2.6. In section under additional reqularity conditions, we show that

(see Proposition , that:

v: X —>Randv: X xR—-R (3.2.55)

are Lipschitz continuous on X and on X X R, respectively. Moreover, supposing
that the random sample {&' : i =1,..., N} is identically distributed (not necessarily
independent), we show in the same proposition that:

In: X —>Rand oy : X xR —R (3.2.56)

are also Lipschitz continuous on X and on X X R, respectively, w.p.1, where the
Lipschitz constants depend on the sample realization {£* :i=1,...,N}. 0

1 Assuming only that (A1) holds, it follows that there exists a measurable set E, such that
Pl € E,]=1and F(x,£) € R, for all £ € E,. Since X is, in general, an uncountable set, we need
a stronger assumption in order to guarantee the finiteness of F(z,£), for all x € X and £ € E,
where P[¢ € E,] = 1. See also Remark
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3.3 Sample complexity results for static problems

In this section, we apply the results developed in sections and for analyzing
the sample complexity of static stochastic programming problems with OCE risk

measures. We list below the same regularity conditions considered in subsection
2.1.7] which will be used in the sequel.

(A1) For every x € X, f(x) = EF(z,¢) is finite.

(A2) There exists 0 € R, such that F(z,§) — f(z) is a o-sub-Gaussian random
variable.

(A3) There exists a measurable function x : supp(§{) — R; whose moment generat-
ing function M, (s) is finite, for s in a neighborhood of zero, such that

|F(z, ) — (', )] < x(&) lz — 2], (3.3.1)
for all 2/, € X and £ € E C supp{{}, where P[¢ € E] = 1.
(A4) X C R"™is a nonempty compact set with diameter D.

(A5) {¢ :i € N} is an i.i.d. sequence of random vectors defined on a probability
space (2, F,P) such that ¢! N €.

As usual, given a sample realization {£', ..., &V} of &, we denote by é the random
vector having the empirical distribution (3.2.3)). We begin by proving the following
lemma.

Lemma 3.3.1. Take ¢ € ®, and a sample realization {&*,... N} of € and x € X.
If F(x,£Y) € R, for every 1 < i < N, then Ox(x,-) is a well-defined proper convex
function taking values in R U {4+o00}. If ¢ is Lipschitz continuous, then vy (x,-) is
finite-valued. Finally, if conditions [(¢) < 1 < L(¢) also hold true, then

argmin Oy(x, s) C [q,;l (F(x,é)) —-Z,q, (F(a:,é)) —g] (3.3.2)

seR

1s a nonempty compact interval of R, where v, and ~ are defined as in equations

(3.1.81)) and (3.1.82), respectively, and z < 0 < Z are constants defined as in equa-
tions (3.1.77) and (3.1.78)), respectively.

Proof. Note that ¢ € ® is a proper convex function satisfying dom¢ 2O (—o0,0].
Moreover, ¢(z) € R U {400}, for every z € R. Since F(z,&") € R, for every
1 <i < N, we have that

sER s+ ¢(F(x,&) —s) (3.3.3)
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is a proper convex function taking values in R U {+o0} and whose domain contains
the interval [F'(x, £%), +00). Since Oy /(z, -) is a convex combination of the N functions
above, we conclude that Oy(x,-) is convex, takes values in R U {400} and satisfies:

domdy(z,-) 2 [ [Flx,&), +00) = | max F(a:,fi),—koo) : (3.3.4)

- 1<i<N
i=1

In particular, it follows that 0y(z,-) is proper. Now, suppose that ¢ is Lipschitz
continuous. It follows that ¢ is finite-valued and also each one of the functions in

equation (3.3.3)). So, On(z,) is also finite-valued.

Now, let us suppose that conditions I(¢) < 1 < L(¢) < 400 hold true. Let ¢
be the empirical random vector having the empirical distribution . Note that
the random variable F(z, £) has finite expected valued EF (z, £) = ~ SN F(x, €,
since F(x,&") € R (Vi = 1,...,N). By Proposition , we conclude that the

solution set of problem:

min {s 4 Eo(F(z, ) — s)} (3.3.5)

seR

is a nonempty compact interval of R that is contained in
[q;l (F(%é)) - Z,q, (F(w,f)) —z] :
The result follows since oy (x, s) = s + E¢(F(z, ) — s). O

In the sequel, we will define an auxiliary set X C XxR having “good properties”
that will allow us to derive sample complexity estimates for stochastic programming
problems with OCE risk measures. Meanwhile, let us write:

X :={(z,s) € X xR:a(zx) <s <bx)}, (3.3.6)
where ¢ : X — R and b : X — R will be defined along the way. The following
proposition will be useful.

Proposition 3.3.2. Assume that (A1) holds true and that ¢ € ® satisfies [(¢p) <
1 < L(¢) < +00. Given x € X and real numbers a(z) < b(x), define:
1
A(z) := 3 min {v(z,a(x)) — v(z),v(x, b)) —v(z)}. (3.3.7)

If (a(z),b(x)) 2 argmin g v(z,s), then A(x) > 0. Additionally, let be given a
sample realization {&%,... N} of € such that F(x,&%) € R, for alli = 1,...,N.
Suppose also that there exists § € argmin g v(x, s) such that:

on(z,b(x)) — v(z,b(2))|, |on(2,5) — v()|} < Az).
(3.3.8)

max { ‘ﬁN(SL’, a(z)) —v(z, a(a:))|,

Then,
{s eR:oy(z,s) <On(x) + Ax)} C (a(x),b(x)).
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Proof. Since ¢ € ® satisfies [(¢) < 1 < L(¢) < 400 and the random variable F'(z, &)
has finite expected value, it follows from Proposition that argmin p v(z, s) is
a nonempty compact interval of R. By hypothesis, (a(z),b(x)) D argmin g v(z, s),
so a(x),b(x) ¢ argmin . v(z, s). This implies that A(x) > 0.

Now, let {€!,..., &V} be a sample realization of ¢ satisfying F(z,¢') € R, for
alli=1,...,N. By Lemma , it follows that Oy(z,-) is a finite-valued convex
function. If there exists § € argmin g v(x, s) such that equation is satisfied,
then:

on(z,a(x)) > v(x,a(z)) — Ax) (3.3.9)
> v(z,a(z)) — % (v(z,a(x)) —v(x)) (3.3.10)
— o)+ ; (v(z, a(x)) — v(x)) (3.3.11)
> v(z) +2A(z) = (v(x, 3) + Ax)) + A(z) (3.3.12)
> on(x,§) + Ax) (3.3.13)
> on(z) + A2) (3.3.14)

Similarly, we can show that oy(z,b(z)) > Ony(z) + A(z). Now, observe that any
s < a(z) can be written as Aa(x)+ (1 —\)s, for some A > 1. Since vn(x,-) is convex,
it follows from Proposition that:

on(z,s) > Mn(x,a(x)) + (1 — Non(x, ) (3.3.15)
= On(z,a(x)) + (A= 1) (on(z,a(z)) — On(2,5)) (3.3.16)
> Oy(z,a(x)) (3.3.17)
> Oy(z) + Az) (3.3.18)

Similarly, observe that any s > b(z) can be written as Ab(z) + (1 — \)s, for some
A > 1. The same reasoning implies that

on(z,s) > on(x,b(x)) > on(x) + Ax), (3.3.19)
for s > b(x). We conclude that {s € R : on(x, s) < oy(z)+A(z)} C (a(z),b(z)). O
Remark 3.3.3. We will define a,b: X — R such that the following conditions hold:

(i) int X, = (a(x),b(z)) D argminv(z, s), for all z € X,
seR

(i) —oo < inf a(x) < sup b(x) < +o0,
rzeX zeX

(111) A := in;f(A(a:) > 0, where A(x) is defined as in equation (3.5.7).
re
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Observe that if F(z,&) has finite expected value, for all x € X, and ¢ € &
satisfies [(¢) < 1 < L(¢) < 400, then assuming that a(z) and b(z) satisfy

a(x) < q,;l (F(ZL‘,f)) —zZ< q:};<F(I7§>) —z2< b(x)v (3320)

we obtain by Proposition [3.1.17| that (a(x),b(x)) 2 argminwv(z,s), for all z € X.
R

se
Of course, 71, 72, z and Z depend only on ¢, see Proposition |3.1.17] This addresses
item (i) above. In the next proposition, we address item (iii). Later it will become

clear that our sample complexity estimates hold for € > 0 sufficiently small, that is,
less than or equal to A. So, it is crucial to show that we can define a(x) and b(z)
in such a way that A > 0 and X is bounded.

In the sequel, v1, 72, z and Z are defined as in Proposition [3.1.17], where ¢ € ®. As
before, we will write f(z) := EF(z,£) whenever the expected value is well-defined.

Proposition 3.3.4. Assume that (A1) holds true and that there exist two functions
Lu:(0,1) = R satisfying the following conditions:

(i.) For allz € X and o € (0,1),
f@) + ) < qq (F(2,€)) < g2 (F(2,8)) < f(z) +u(a).
(ii.) 1(-) and u(-) are monotonically (strictly) increasing.

Let ¢ € ® be such that l[(¢) < 1 < L(¢) < 400 is satisfied. For every x € X, define:

a(z) = f(x)—i—[(%)—z, (3.3.21)
b(z) = f(x)+u<1z% —z, (3.3.22)

and A(z) as in equation (3.5.7). Then,
A= inf Ar) > Smin {220 (%) — (%)), 212 [u(52) — u(d + 32)]} > 0
(3.3.23)

Proof. Take any x € X. Since ¢ is Lipschitz continuous and F'(z,{) has finite
expected value, we conclude that v(z,-) is a finite-valued convex function in R. So,
for every a < b, Theorem implies that:

b b b
v(x,b)—v(aﬁ,a):/ ’U;(l‘,s)dsz/ v;(x,s;l)ds:/ —vl(x,s;—1)ds, (3.3.24)

where v/(x, s) is well-defined, except possibly in a countable subset of [a, b]. More-
over, by Proposition we have that:

0 # argmino(z, s) C [q;, (F(z,€) — %, ¢3,(F(x,&) — 2] . (3.3.25)

seR
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Let § € argmin p v(x,t) be arbitrary. Then,

v(z,b(x)) —v(z) = v(x,blx)) —v(x,s) (3.3.26)
b(x
= [( )v;(x, s;1)ds (3.3.27)
f@) (72 )z
v (x,s;1)ds 3.3.28
- /f(w)+u(1+3”)— S ( |

D ' (3.3.29)

Observe that holds since 5 < ¢, (F(2,§)) — 2 < f(z) +u(y2) — 2 < flz) +

u (#) — z and v.(x,s;1) > 0, for all s > 5. Moreover, 1’ holds since the

right derivative v/(x,-; 1) is non-decreasing by the convexity of v(z, ). Furthermore,

since § 1= f(z)+u (F22) — 2 > ¢y, (F(2,£)) — 2, it follows by item (iii) of Lemma
4

B.1.15 that

0 (,51) = 1+E[¢ (F(z,€) — 5 —1)] (3.3.30)
> 1o 1(g) - l(¢)2_ 2L(¢) (1 +4372> (3.3.31)
_ A (1 +4372> , (3.3.32)

where A;(a) := 1 — L(¢) — wa. Observe that A(-) is an affine function
satisfying A(v2) = 0, so

Al(”f”?) = A0+ ) (3.3.33)
AN 1-1(9)
- 22 (3.3.34)

We conclude that

oz, () — v(z) > - _81(@ {u (1 ;72> u (1 +4372)] S0, (33.39)

for every x € X.
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Similarly, taking any x € X, let us obtain a lower estimate for v(z, a(x)) — v(z):

v(z,a(z)) —v(x) = v(z,a(zr)) —v(z,s) (3.3.36)
a(x)
- / ~1)ds (3.3.37)
- / ds (3.3.38)
a(x)
F)+1(3)-
x,S; ds 3.
> /f e B (3.3.39)
> [ 311) - [(%)} X 3 (3‘3‘40)

Observe that holds since 5 > ¢, (F'(7,€)) —Z > f(z) +u(n) —Z > f(o) +
u(%) —Z and vl(z,s;—1) > 0, for all s < 5. Moreover, (3.3.40) holds since
derivative v.(x,-; —1) is non-increasing by the convexity of v(z,-). Furthermore,
since § := f(z) + [ (2) — 2z < g3, (F(2,€)) — 7, it follows by item (ii) of Lemma

[3.1.15] that

vi(z,8-1) = —1+EI[¢ (F(x,§) — 51)] (3.3.41)
> 4 1L <1 - @) (3.3.42)
2 4
3’71
where Ay(a) == —1+ %@5) (1 — ). Observe that As(-) is an affine function and
A(Vl) = 07 S0
3 1 3
Ay (%) = 7 42(0) + S As(7) (3.3.44)
_ A(0)  Lg) -1
= o= (3.3.45)
We have that
Li¢) -1 (3n m
_ > 2\ - SN I O
v(a, alx)) - vla) > T2 {[( : [(2 ) >0, (3.3.46)
for every x € X, which proves equation (3.3.23)). [

Observe that if: (a) f : X — R is bounded, (b) conditions (i) and (ii) of

Proposition hold, and (c) we define a(x) and b(x) as in equations ({3.3.21]) and
(3.3.22)), respectively, then item (ii) of Remark is satisfied. Let us recall that

assumptions (A1), (A3) and (A4) imply the boundedness of f on X (see Proposition

138 2017



CHAPTER 3. SAMPLE COMPLEXITY FOR STATIC PROBLEMS WITH OCE RISK MEASURES

2.1.4). Moreover, we will show that assumption (A2) guarantees the existence of
functions [,u : (0,1) — R satisfying items (i) and (ii) of Proposition [3.3.4]
In the next proposition we establish lower and upper bounds, respectively, for

the leftmost and rightmost a-quantile of a o-sub-Gaussian random variable, for
a € (0,1).

Proposition 3.3.5. Let Y be a o-sub-Gaussian random variable. For a € (0,1),
we have that

—oy[2log G) <q, (V)<qg(Y)< 0\/2 log (ﬁ) (3.3.47)

Proof. Let y > 0 be given. For s > 0 arbitrary, we have that

P[Y > y] = Plexp{sY} > exp{sy}] < E [exp{sY}] exp{—sy} < exp{—(sy—o?s*/2)},

(3.3.48)
where the first inequality is just Markov inequality (see [22 Theorem 1.6.4]). Mini-
mizing this expression with respect to s > 0, we obtain that

P[Y >y] <exp{—y?/20%} =1 — (1 — exp{—y?/20°}). (3.3.49)
Given « € (0,1), we can take y > 0 such that

a < 1 —exp{—y?/20%}. (3.3.50)

y > J\/Qlog (1 i a). (3.3.51)

For such y, we have that P[Y > y] < 1 — a. Since the function z — P[Y > 2] is
non-increasing and P[Y > ¢t (Y)] > 1 — «, we conclude that ¢ (Y) < y, for all y
satisfying (3.3.51]). Taking the infimum on y, we obtain that

qa(Y) < a\/2 log (1 i a), (3.3.52)

and the rightmost inequality on (3.3.47)) is proved. The leftmost inequality is a

In fact, just take

direct consequence of this result, noting that —Y is also an o-sub-Gaussian random
variable and that ¢; (Y) = —¢{_,(—Y) by Proposition [2.3.5] O

Corollary 3.3.6. If assumptions (A1) and (A2) hold true, then

Fla) - a\/@ < G (F(2.9) < g5 (F@.€) < f@) + o\/ 2log (i) |
3.3.93

for every a € (0,1) and x € X.
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Proof. Let o € (0,1) and x € X be arbitrary. The result follows immediately from
Proposition by taking Y = F(z,§) — f(z) and observing that ¢, (F(z,§) —
f(@) = a5 (F(2,€)) — f(z) and ¢ (F(2,§) — f(2)) = ¢3 (F(2,£)) — f(z) hold. [

It follows from assumptions (A1) and (A2) that if we take

(a) == —oy/2log (é) and (3.3.54)
o) = 0\/210g<1i&> (3.3.55)

then items (i) and (ii) of Proposition are satisfied. Let us summarize this result
in the next corollary.

Corollary 3.3.7. Suppose that assumptions (A1) and (A2) are satisfied and that
¢ € D is such that l(¢) < 1 < L(¢) < +00. Defining I(-) and u(-) as in equations
3.3.54)) and , respectively; and a(z), b(x) and A(x) as in Propositionm

we conclude that A = inf,cx A(z) > 0.

Proof. This is an elementary consequence of Proposition and Corollary [3.3.6|
O

Now, let us prepare the ground to show that, under appropriate regularity con-
ditions, the probability that the objective functions

v(z,s) = s+Eo(F(x,&) —s), and (3.3.56)
on(z,s) = s+ % Z O(F(z,&) — s) (3.3.57)

become arbitrarily close on X approaches one exponentially fast with respect to the
sample size N. First of all, note that:

N
. 1 i i
on(r,s) —v(w,s) = = > [0(F(2.6) —5) ~E¢(F(z.&) —5)] . (3.3.58)
i=1
assuming that & 2 & for every i =1,..., N. So, in order for applying the uniform

exponential bound theorem, we need to verify that the family of random variables
{6(F(z,§)—s) : x € X, s € R} satisfies the regularity conditions of Theorem .
If ¢ € & satisfies L(¢) < +oo and assumptions (A1)-(A3) hold true, then we will
show that this will be the case.

2In fact, we only need to verify that those conditions are satisfied for the subfamily
{¢(F(z,€) —s) : (z,s) € X}. It takes the same work to show the result for the whole family
of random variables, though.
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Proposition 3.3.8. Take any ¢ € ¢ satisfying L(p) < +oo. If assumptions (Al) —
(A3) hold true, then the following conditions are satisfied:

(C1) E¢(F(x,&) — s) is finite, for allx € X and s € R.
(C2) The family of random variables
[6(F(2,€) — 5) — B§(F(2,6) — ) : 2 € X, 5 € R}
is (kL(¢)o)-sub-Gaussian, where k is an absolute constanﬁ.

(C3) Defining

n(€) =1+ x(§)? (3.3.59)
we obtain that
o (F(2',8) = §') — ¢ (F(x,6) — 5)| < L(o)n(€) [|(2',8') — (z,5)]|, (3.3.60)

for all (z,s),(2',s') € X xR and § € E C supp{{}, where P[§ € E] = 1.
Moreover, the moment generating function of L(¢)n(€) is finite in a neighbor-
hood of zero and M' :=En(§) <1+ M, where M = Ex(&) is finite.

Proof. Here we will show that conditions (C'1) and (C2) hold true. We establish
the validity of (C3) later on, after presenting some lemmas. Take any z € X and
s € R. Note that (A1) implies that

Y = F(z,§) —s (3.3.61)
has finite expected value. Moreover,
Y —EY = (F(z,§) —s) —E[F(x,§) — s] = F(z,&) — f(x) (3.3.62)

is a o-sub-Gaussian random variable by (A2). Since ¢ is L(¢)-Lipschitz continuous,
we conclude by Proposition that:

O(F(x,&) — s) (3.3.63)
has finite expected value and that:
O(F(z,§) — s) — E¢(F(z,€) — ) (3.3.64)

is a (kL(¢)o)-sub-Gaussian random variable, where x < 6.86 is an absolute constant.
This shows that conditions (C1) and (C2) are satisfied. O

The following lemmas will be useful for showing that condition (C3) is also
satisfied.

13See Proposition
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Lemma 3.3.9. Define h : R"*™ — R as:

h(z) = h(z,y) = allz[l2 + Byl (3.3.65)
where x € R, y € R™; o, € R and n,m € N. Then, |h(z)| < v/a? + B?]|z]|2.
Proof. We have that:

el =laliel,+ sl = |((112) . (5)) 3360

< Va2 + 32|zl + [yl (3.3.67)
Vor+ 82|z, (3.3.68)

applying the Cauchy-Schwarz inequality. O

Remark 3.3.10. We can suppose, without loss of generality, that the norm in equa-
tion of assumption (A3) is the Euclidean one. In fact, let n € N be given and
take any norm ||-|| on R™. Let us suppose that assumption (A3) holds with this par-
ticular norm. We will show that these assumption is also satisfied with the Fuclidean
norm up to a suitable multiplicative constant. Indeed, since R™ is finite-dimensional,
there exists a real constant D > 0 such that:

|zl < D |z|,, Vo € R"™ (3.3.69)

So, w.p.1 & € supp(§), we have that:

|F(2',§) = F(x,8)] < Dx(§) l2" — x5, (3.3.70)
for all ',z € X. Of course, Mpy(s) = M,(Ds), for all s € R. So, the moment
generating function of Dx (&) is also finite in a neighborhood of zero. 0

From now on, except when otherwise stated, we will always use the Euclidean
norm on R”, where n € N. We will also denote it just by |||, instead of ||-||,.

Lemma 3.3.11. Suppose that assumption (AS3) holds true. Let v : R — R be a
L— Lipschitz continuous function and consider the family of random variables:

G(z,s,&) :=v(F(x,§) — s), (3.3.71)
forallx € X and s € R. Then, w.p.1,
G(2',5,§) = Gz, 5,§)] < Ln(&) ||(z,s) — («, )], (3.3.72)

for all z,2" € X and s,s" € R, where n(§) is defined as in equation . More-

over, the random variable n(§) satisfies:
M = Ex(€) < En(€) < 1+Ex() = 1+ M, (3.3.73)
and also dom M,, = dom M,,.
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Proof. By assumption (A3), there exists a measurable function x : supp(§) — Ry
whose moment generating function is finite in a neighborhood of zero and that
satisfies

[F (2, &) = F(z,§)] < x(&) ||l — =], (3.3.74)
for all 2/, € X and £ € E C supp&, where P € E] = 1. Take any 2/, z € X and
s',s € R. So, for every £ € E, we have that:

G(2',¢',§) = G(z,5,8)| < L|(F(z,8) —s)— (F(2',§) = s')|  (3.3.75)
< L(F(z,§) - F(@' g+ s = 5])  (3.3.76)
< L(x(©) lz = 2| + |s = §') (3.3.77)
< LT Tl — (&), (3378)
using Lemma [3.3.9|in the last inequality.
Since
2<V2+1<1+2 Vz2>0, (3.3.79)
and x(&) > 0, for all £ € supp(§), it follows that:
X(€) = n(§) < 1+x(§), V€ € supp(§). (3.3.80)
So,
M =Ex(§) <En() <E[1+x(§)]=1+M. (3.3.81)

Now, let us show that dom M, = dom M,. Since x(§) and n({) are non-negative
random variables, it follows that their moment generating functions are ﬁnitelﬂ for
s < 0. Since n(§) > x(&), we obtain that M,(s) > M,(s), for all s > 0. This implies
that dom M, C dom M, . Finally, note that:

My (s) = Eexp{sn(¢)} < Eexp {s(1+ x(£))} = exp (s) M, (s) < +o00, (3.3.82)

for all s > 0 such that s € dom M,. We conclude that dom M, © dom M,, which
concludes the proof. O

Take any ¢ €  satisfying L(¢) < +oo. As a direct consequence of Lemma
3.3.11}, assumption (A3) implies that the family of random variables

{o(F(z,&) —s):z € X,s R}

satisfies condition (C3) (see Proposition|3.3.8). Indeed, we have shown that L(¢)n(¢)
has a finite moment generating function in a neighborhood of zerﬂ and satisfies,

with probability 1, £ € supp(§),
|0 (F(2',§) = ') = ¢ (F(x,§) = s)| < L(¢)n(&) I, ') = (&, 8) . (3.3.83)

110 fact, less or equal than exp (0) = 1.
15Take any constant ¢ € R and any random variable Z. We have that M.z (s) = Mz(cs), for all
s € R. Since 0 € int dom M, = int dom M,,, it follows that 0 € int M (4)y,-
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for all (2/,5"), (z,s) € X x R. Moreover, writing M’ := En(&), we also have that:
EL(¢)1(€) = L(p)M' < L($)(1 + M), (3.3.81)
Finally, in order to close this discussion, let us observe that:
o) 2L(G)M') = L) (2M"), (3.3.85)

since L(¢) # 0. Similarly to the constant m € (0,4o00| appearing in equation
(2.1.28]), we will consider an appropriate constant:

m = 77(5)(2M/) S (O,—f—OO] (3386)

in our sample complexity estimate for stochastic programming problems with OCE
risk measures.

In Proposition we present a series of assertions that follow from assump-
tions (A1)-(A5), when ¢ € ® satisfies [(¢) < 1 < L(¢) < +oo. Before proceeding,
let us introduce some notation. For N € N and € > 0, define the event}

ES(X) = | sup |v(z,s) — on(z,s)] < €. (3.3.87)
(z,5)eX

Note that E{(X) C ES(X), whenever 0 < § < e.

Proposition 3.3.12. Take any ¢ € @ satisfying l(¢p) < 1 < L(p) < +oo and
suppose that assumptions (A1) — (A5) hold true. Define I(-), u(-), a(-), b(-) and X,

respectively, as in equations (3.3.54)), (3.5.59), (5.3.21), (5.3.29) and (3.3.6). Then,
the following assertions hold:

(a) X is a nonempty compact set that satisfies:

(al) For every x € X, int X, = (a(z),b(z)) 2 argmin,pv(z,s) # 0. In

particular, v* = v*(X) holds true.

(a2) Take any N € N. For almost every sample realization {€',... &N} of €,
argming.p Oy (z,s) # 0, for allz € X.

(a3) D' :=diam X < \/D? + (b — a)?, where:

a:= inf a(xr) = inf f(z)+1 (%) —Z> —o0, and (3.3.88)

zeX zeX
L+

b:=supb(x) = supf(xz)+u (

rzeX zeX

) — 2z < 4o00. (3.3.89)

160f course, these event also depends on ¢ € ® and X C R+,
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(b) The objective functions of problems and are Lipschitz continu-
ous on X and on X xR, respectively, with Lipschitz constants equal to L(¢)M

and (1 + L(¢)M"). In particular, problems (3.2.1)), and are
solvable, i.e. S # 0, ES # 0 and ES(X) # 0. Moreover, ES = ES(X) holds

true.

(c) Take any N € N. For almost every sample realization {€',..., N} of €, we
have that vy : X — R and vy : X xR — R are Lipschitz continuous functions
on X and on X X R, respectively, with Lipschitz constants equal to:

% Z X(€') and (1 + % Z n(fi)> - (3.3.90)

In particular, we conclude that:
P[Sy #0] =P |ESy #0] =P [Esx(X) £0] = 1. (3.3.91)

(d) Define A(z) as in equation (3.3.7), for all z € X. It follows that:

A = inf A(x) > 0, (3.3.92)

reX

Moreover, whenever the event E]%(f() happens,

int X, D {s € R: on(z,s) < 0y + A} D argmindy(z,s), Vo € X. (3.3.93)
seR

In that case, it is also true that:

ESy = ESy(X). (3.3.94)

Proof. Let us begin by proving item (a). Let us recall that
X ={(z,s) € X xR:a(zx) <s <blx)} CR™. (3.3.95)

Since ¢ € @ satisfies I(¢) < 1 < L(¢) < +oo and assumptions (Al) and (A2) hold,
we conclude from Proposition and Corollary that:

0 # argmin v(z,s) S [f(@)+1n) =7 f(z)+u(r) -2
C (fla) +1n/2) =7 flz) +uw((1 +12)/2) — 2)
= (a(z),b(z)) = int X,.

Now, it follows from Proposition that v* = v*(X), which proves item (al).
Since assumption (A3) is also satisfied, Proposition implies that f: X — R is
Lipschitz continuous. We conclude that both functions a,b : X — R are Lipschitz
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continuous on X. Let us recall that X is a nonempty compact set (assumption
(A4)). Then,

L+

—00 < azig)f{f(@—k[(%) -z< ing(x)—i—u(

) —z=1b< 400. (3.3.96)

It follows that:
X C X x [a,b] (3.3.97)

is a nonempty compact set (by the compactness and non-emptiness of X and the
continuitym of a,b: X — R) whose diameter is bounded by:

D' = diam X < diam (X x [a,b]) = \/D? + (b — a)2. (3.3.98)

This shows item (a3). Now let us define the following event:

E=([¢€cEleF. (3.3.99)
ieN
where F is a Borel-measurable set of R? satisfying P[¢ € E] = 1 and equation

2.1.11)) (see Remark [2.1.1]). Since & L ¢ for all i € N, it follows that:

P =1. (3.3.100)
When the event £ happens, we have that each function:
r€ X F(r,&),i=1,...,N, (3.3.101)

is x(&%)-Lipschitz continuous on X. In particular, F(-,£%) is bounded on X, for all
i =1,...,N. So, there exist real numbers (depending on the sample realization)
uy < UN such that:

Gy < F(x, &) < Uy, (3.3.102)

for all ¥ € X and ¢ = 1,...,N. In particular, F(x,¢’) is finite, for all z € X
and i = 1,...,N. So, Lemma implies that Oy(z,-) is a finite-valued convex
function that satisfies:

0 # argmin iy (z,5) C [g(F@,é))-z,@(F@,é))—g (3.3.103)

seR

c [aN 20y — 2| (3.3.104)

This finishes the proof of item (a)]

1"Note also that a(x) < b(z), for all z € X.
18The assertion “Va € X : argmin,cp On (2, s) # 07 was the only fact needed for finishing the
proof of item (a2). Nevertheless, we use later that these solution sets are all contained in the

bounded interval [11 N — Z, UN — 4.
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Now, let us show item (b). Take any z,2” € X. Observe that:

p(a’) —v(@)] = |info(’,s) - inf v(r, s) (3.3.105)
< suplu(a, ) = ol ) (3.3.106)
= sup [E¢(F (2, €) — s) — Eg(F(x,€) —s)|  (3.3.107)
< Sup L(Q)E|F(2',§) — F(x,)| (3.3.108)
< L(@)Ex(E) 2" — = (3.3.109)
= LM |z — 2. (3.3.110)

Note that equations (3.3.106)) and (3.3.109)) follow, respectively, from Proposition
and assumption (A3). Since X is nonempty compact, we conclude that S # ().

Moreover, it follows from Proposition [3.2.1that S = 7, <ES()~()>, so BES(X) # .
We also have that ES = ES(X). Indeed, take any (Z,5) € ES. Then,

v(z,8) =v* <wv(z,s), Vs € R, (3.3.111)

i.e. 5 € argmin, g v(Z,s) € Xz So, (Z,5) € X. The converse inclusion is trivially
true, since v*(X) = v*.

Now, we show that v : X x R — R is Lipschtiz continuous. By Proposition |3.3.8
it follows that:

6(F(2,€) = &) = (F(2,8) — )| < L(@)n(&) 12", ") — (z,9)[|,  (3.3.112)
for all (2/,5'), (z,s) € X x R and £ € Ef% Therefore,

|s" = s| + [E¢(F(2, €) — §') — Eo(F(x,£) — s)| (3.3.113)
|s" = s| + E[p(F(a',§) = 5') = (F(z,§) —5)| (3.3.114)
|s" = s+ L(@)En(&) || (2", 8) — (x, )] (3.3.115)

|s" = s| + L(¢)M" [|(z", s') — (z, )| (3.3.116)
< A+ L@M) (', 5) = (=, 9)]l, (3.3.117)

[o(a', 8) = v(z, 5)]

IAIAIA

which finishes the proof of item (b).
Now, let us show item (c). Following the same reasoning used in the proof of
item (b), it is elementary to show that, whenever the event £ happens,

on(e!) —ox(@)| < LOBX(E) o' ~ ] =T¢Z i’ = o] (3.3118)

19This is a somewhat indirect way for proving this fact. An alternative way would be to argue

that v : X x R — R is Lipschitz continuous and X is nonempty compact.
20This is the same set considered before in the proof (see also Remark .
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for all ',z € X, and

on(el o)~ on(e,s)| < (14 LOENE) @ s) = (@,9)]  (3:3119)
- <1+ ¥ZU(£5> (2, 8") — (2,9)]], (3.3.120)

for all #/,z € X and ¢, s € R. The compactness of X and X imply that Sy # 0
and ESy(X) # 0, whenever € happens, i.e.

B[Sy #0] =P [ESy #0] = 1. (3.3.121)
Whenever the event & happens, the inclusion (3.3.104) guarantees that ESy =

ESy (X X [ﬁN,UND. Finally, observe that ESy (X x [ﬁN,UND # (), since X x

iy — 7, Uy — g] is (nonempty) compact. This finishes the proof of item (c).

Now, we prove item (d). We first note that A is positive by Corollary , since
assumptions (A1) and (A2) are satisfied. Let us assume, without loss of generality,
that the event ER(X)NE happen. Take any z € X. Since the event E{(X)
happens, it follows that:

sup  |on(z,s) —o(x,s)] < A < A(z). (3.3.122)
s€la(z),b()]

From item (a), there exists s(z) € argmin, g v(z,s) C (a(x),b(x)), so
on (2, 8(x)) — v(2)] < Alz).

It follows that equation (3.3.8) is satisfied. We also have that F(z, %) is finite, for
alli=1,..., N, since the event £ happens. Proposition implies that:

int X, D {on(z,s) <on(z)+Az)} (3.3.123)
D Hon(z,s) < on(x)+ A} (3.3.124)
O argminoy(x,s). (3.3.125)

Finally, let us show that ESy = ESy(X), whenever EX(X) N & happens. Take
any (z,5) € ESy. Note that 5 € argmin, g v(Z,s) C X,, i.e. (Z,5) € X. Since
by < On(X), it follows that (Z,5) € ESy(X). For showing the converse inclusion,
note that Proposition implies that v N()N( ) = vn. The proof of the proposition
is complete. O]

21The events E5(X) N E and E{(X) have equal probabilities.
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Remark 3.3.13. Let us obtain a more explicit bound for D' = diam X in terms of
D, M, L(¢), l(¢), Z and z. Since X is compact and f : X — R is continuous, there
erist T € X and x € X such that

ilel)P(f(l') - inf f(2) = f(@) = f&) < M |7 -z < MD. (3.3.126)
Therefore,
D" < D2+ (b—a)?
< D+b—a
- D—l—iél)}?f(:c)—gg)f(f(x)—i-a \/210g(1—272) +\/210g <%) +z—2z
< M+1)D+z—z+0 \/2 log (2(L<¢) _11—+1(LX) — l<¢)))+
2(L(¢) — U(¢) +1—1(9))
\/210g (e )] '
0

In the remainder of this section we will assume that [(-), u(-), a(-), b(-) and X are
defined, respectively, as in equations (3.3.54)), (3.3.55)), (3.3.21)), (3.3.22) and (3.3.6)).

Moreover, the event £ is defined as in equation (3.3.99)) and:

A = xlg)f{A(x),

a = xlg)f( a(x),
b = supb(x).
zeX

We are ready to establish the main result of this section.

Proposition 3.3.14. Take any ¢ € ® satisfying [(¢) < 1 < L(¢) < +00. Suppose
that assumptions (A1) — (A5) hold true. Then, for any e > 0,

1 ntl 2
P(EE(X)) Zl—exp{—Nm’}—QrpDeM} exp{—ﬁm},
(3.3.127)
where n = /14 x(€)2; M' = En(€), m' = I,(2M") € (0, +00], D' = diam X and o>
are constants depending on the problem data; and k and p are absolute constants.
Moreover, if 0 < e < A, then

P [sup o) — o(a)] < ] > 1 - exp {~ N}

rzeX
_, [4pD' M s _ Né
P\ T3202L(0)202 [

(3.3.128)
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Proof. Take any € > 0. Since assumptions (A1)-(A3) hold true, Proposition [3.3.§
implies that conditions (C1)-(C3) are satisfied by the family of random variables
{p(F(z,€) —s):x € X, s € R)}. Moreover, X is a nonempty compact set (item (a)
of Proposition and assumption (A5) holds true. So, we can apply Theorem
, considering the family of random variables {¢(F(x,£) — s) : (z,5) € X}, in
order to obtain the lower bound in equation , recalling that:

ES(X) = [ sup |On(z,s) —v(z,s)| < e] : (3.3.129)

(z,5)eX

In fact, equation (3.3.127) is similar to equation (2.1.28)P% with the parameters n+1,
D', M', m’ and k?L(¢$)*0? playing the role, respectively, of n, D, M, m and o?.

Now, take 0 < ¢ < A. Ttem (d) of Proposition guarantees that A > 0.
We also have that

P (5 N E;V(X)) =P (E;-V(X)) ,
since the event £ has probability 1. For finishing the proof, we just need to show
that
ENEY(X) C {SUP oy () — v(z)| < e} : (3.3.130)
zeX

Since € < A, E(X) € ES(X). Ttem (d) of Proposition [3.3.12] implies that X, D
argmincp Oy (z, s) # 0, for all z € X, whenever the event &N E§(X) happens. We
also have by item (al) of [3.3.12| that X, D argmin,p v(z, s) # 0, for all z € X. So,

whenever the event E5 (X) N & happens, we have that

|on(z) —v(x)] = |inf on(x,s) — inf v(z,s) (3.3.131)
s€Xy s€Xy
< sup |on(z,s) —v(z,s)| (3.3.132)
s€Xa
< sup |on(z,s) —v(z,s)| <e, (3.3.133)
(z,5)eX

Therefore,

Y

ENEL(X) C {sup [on(x) —v(x)| <€
reX

and equation (|3.3.128]) holds true. n

Remark 3.3.15. It worth making two points regarding the validity of the exponential

bound (3.3.128) for € > 0 sufficiently small. Equation (3.3.128) was shown for

22From Theorem [2.1.5| we obtain a upper bound for P (E]‘V(f()c> =1-P (Efv(f()) Of course,
the lower bound in equation ([3.3.127) follows immediately from that upper bound.
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0<e<A, where
A = mingex A(z)
> $unin {2950 %) — 101)] 12 [u(52) - u(h + 2]} > 0
(3.3.134)
by Proposition|3.3.4. Of course, one can obtain an exponential bound like (3.5.128

for e > A, since, in that case, we have that

P fsuplin(o) ~ o) <e| 2P [suplinte) - o) < ]

sup (3.3.135)
>1—exp{—Nm'} — Cexp{—-NpB(A)},
for all N € N, where
A2
A 2 3.1
6( ) 32K2L(¢)2U2 >0 (3 3 36)

Second, since F(x,&) — f(x) is o-sub-Gaussian, for every x € X, we can take

((v) = —oy/2log (%) , Vv € (0,1), and (3.3.137)

u(y) = a\/Q log (ﬁ) Vv € (0,1), (3.3.138)

in (3.3.134). Note also that I(y) — —oo, when v — 0, and u(y) — oo, when
v — 1. In particular, by taking 0 < vy < v1/2 sufficiently small and H% <<
sufficiently large and by defining a(x) and b(x) as
a(z) = f(z)+1(~) -z, and (3.3.139)
br) = f()+u() — (3:3.140)

we can make A arbitrarily large. In that case, we still have that X = {(z,s) € X x R :
a(x) < s < b(x)} is compact, although its diameter D' gets larger with these choices
of Vi < v1/2 and v5 > (1 +72)/2. This impacts the value of the constant

4pD/M/:| n+1
€

C:=2 [ (3.3.141)

in the exponential bound (3.3.128). Fither way, we see that it is possible to obtain
an exponential bound like (3.3.128) for arbitrarily large values of € > 0. O

Corollary 3.3.16. Take ¢ € ¥ satisfying I(¢p) < 1 < L(p) < 4o0. Consider

stochastic programming problems such as and and suppose that as-
sumptions (A1)-(A5) hold true. Then, for ¢ > 0 sufficiently small and for all

0<d<e,
P[5 cs|n |83 #0]) > 1—exp{-Nm}

n+1
8pD' M’ N(e—5)?
—2 [ g } exXp {_ 128r2L()202 } ;

(3.3.142)
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and,

P ([Esfv c Bs|n [Esfv #0]) = 1 exp{-Nm'}

n+1
8pD' M’ N(e=5)?
—2 [ = } CXp {_ 12802L(¢)2a2} >

(3.3.143)
where D', M', m" € (0,+00] and 02 are constants depending on the problem data;
and k and p are absolute constants.

Proof. Take any € < 2A and 0 < 9 < e. It follows that:

6_5<A.

0
<2_

From Proposition [3.3.14}] it follows that:

]P’(E?(X)) Zl—exp{—Nm'}—Q[ 18R L0507

(3.3.144)
=5 s
is satisfied. Moreover, the events E,? (X) and €N E,? (X) have the same proba-

.
bility. For finishing the proof we just need to show that £ N E,? (X) is contained
in the events:

sprMT“ { N (e —6)?
p
€

[Esfv - ESG] N [Esfv ” @} and [S;‘V c Sﬂ N [éfv ” @] . (3.3.145)
In item (c) of Proposition we have shown that £ is contained on the events:
[ESN v @] and [S*N ”] (Z)} . (3.3.146)
In particular, £ is contained on the events
~ 5 oS
Sy #0] and [5% 0] (3.3.147)

Now, note that item (i) and (ii) of Proposition are satisfied. So, whenever the
)

event £N E,? (X) happens, we have that ES?V(X') C ES¢(X) and S% C S°. This
already shows that

ENEZ (X)C <[va - Se] N [S‘N ”] @D . (3.3.148)

Finally, note that ES = ES(X) by item (b) of Proposition [3.3.12 Moreover, item

(d) of the same proposition establishes that ES?V = ES?V(X ) whenever the event
£ N E4(X) happens. The result follows since (e — §)/2 < A. O
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Remark 3.3.17. As we have shown in Proposition|3.1.11, us(Z) =EZ, for every
7 € Z, whenever ¢ € O satisfies either [(¢) =1 or L(¢) = 1. In that case, we are
back to the risk neutral setting, where equation (3.3.128) holds with.:

m' = I,,(2M), (3.3.149)
M' = M, (3.3.150)
D' =D, (3.3.151)
k= L(¢) = 1. (3.3.152)

So, instead of supposing that [(¢) < 1 < L(¢) < oo in Proposition |3.3.14] in order
to derive the exponential rate of convergence in (3.5.128), we can just suppose that
L(¢) < oc. O

Note that the sample complexity estimate obtained for risk averse stochastic
programming problems with OCE risk measures is similar to the one obtained for
risk neutral problems under the same regularity conditions. The main difference is
that the constants appearing in the risk averse setting M’, D', k and L(¢) typically
slows down the exponential rate at which the probability of the desirable event
(1.0.14)) approaches 1 with the increase of the sample size N. For example, just
considering the second exponential term in the sample complexity estimates in both
risk neutral and risk averse settings, we obtain, respectively, the following sample

12802 4pDM 2
N,, > 62" [nlog< pe ) +log (5)} (3.3.153)

sizes estimates

and

= 5 0

€

Ny > W {(n+ 1) log (ﬂ) + log (2)} . (3.3.154)

So, iﬂ L(¢) = 10 and assuming that the absolute constant s is equal to 6, the
sample complexity in the risk averse setting is at least 3,600 greater than the sample
complexity in the risk neutral setting. We see in the next chapter that the situation
gets even worse in the risk averse multistage setting.

Z3For example, e(-) is the AV@R;_,(-) risk measure with o = 0.9. It is worth mentioning that
in the field of risk management one usually considers greater values for «, like 0.95 or even 0.99.

153 2017






CHAPTER 4

Sample complexity for dynamic problems with OCE risk

measures

In this chapter we derive sample complexity estimates for a class of risk averse
multistage stochastic programming problems. As before, we approximate the true
problem by constructing a scenario tree via a Monte Carlo sampling scheme. In
order to formulate a risk averse multistage stochastic programming problem with
OCE risk measures, we begin by defining conditional OCE risk measures.

Definition 4.0.18. Let Z = L,(Q, F,P), for some p € [1,00). Let ¢ € ® be such
that ¢(Z) € L,(Q, F,P), for every Z € Z. Given a sub-o-algebra G C F we define
the conditional OCE risk measure jig)g : Z — Lp(2,G,P) as

pog(Z)(w) = it {Y(w)+E[¢(Z-Y)|G](w)}. (4.0.1)

YELy(Q.G.P)

Remark 4.0.19. Note that if L(¢) < oo, then ¢(Z) € L,(Q, F,P), for every Z €
L,(Q, F,P). Indeed, this is an immediate consequence of the inequality

[0(2)] < L(9) 2], Vz € R, (4.0.2)
since ¢(0) = 0. O

The following proposition shows that an OCE conditional risk measure is a con-
vex conditional risk measure.

Proposition 4.0.20. Let Z2 = L,(Q2, F,P), for some p € [1,00). Let ¢ € ® be
such that ¢(Z) € L,(Q2, F,P), for every Z € Z. Take any sub-o-algebra G C F.
The conditional OCE risk measure pgyg : 2 — Ly(Q,G,IP) satisfies the following
properties:
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(1) Monotonicity: pgg(Z) < poig(W), for every Z,W € Z such that Z < W.

(i1) Predictable translation equivariance: if W € L,(Q,G,P) and Z € Z, then
polgW + Z) =W + pgig(2).

(111) Convezity: for every 0 < X\ <1 and for every Z,W € Z,
fgig(AZ + (1 = NW) < Augig(Z) + (1 = AN pgig(W). (4.0.3)

Proof. (i) Take any Z,W € Z satisfying Z < W. Since ¢(-) is monotone, the
following inequalities hold for every Y € L,(Q2, F,P) :

Hag(Z) < Y +E[6(Z—Y)|g] (4.0.4)
< Y+ E[p(W-Y)|G].

It follows that fig)g(Z) < pgig(W), which proves (i).
(ii) Let W € L,(Q2,G,P) and Z € Z be given. Then,

HogW+ 2) =ik Y FERZ+ W =Y)|G]} (4.0.6)
= W+ YGLi%W) {Y =W +E[¢(Z — (Y —W))|G]}. (4.0.7)
= W+ M¢|g(Z). (408)

(iii) Take any A € [0,1] and Z,W € Z. Then,

AYi+E[B(Z-Y1)|G])+(1=A) (Ya+E[p(W —Y2)[G]) =
A+ (1= N2 +EN(Z-Y1)+ (1= Mo (W —Ya)|G],

for every Y1,Ys € L,(Q,G,P). Since ¢ is convex, it follows that
OO+ (1= NIV = (Wi + (1= \)¥a)) € A6 (Z = Y2) + (1= N (W — ¥3)
By the monotonicity of E [-|G], we obtain that:

AV +E[G(Z-Y1)|G]) + (1 =) (Ya+E[¢ (W —Y3)|G])
> A+ (1= MY+ E[p(AZ+ (1— )W = (AY; + (1 = \)Y2)) [G]
> pgig(AZ + (1= )W).

Since Y; and Y5 are arbitrary, it follows that pgg(AZ + (1 — N)W) < Augig(Z) +
(1= A)pgg(W). O

The nested formulation of risk neutral multistage stochastic programming prob-
lems (see (2.1.58)) makes use of the conditional expectation as the optimization
criterion at each stage t = 1,...,T of the decision process. At each stage t, new
information & becomes available to the optimizer before he makes the t*-stage
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decision z; = xt(é’[t] )|I| As before, assume that the optimization problem has ran-
dom data & = (&,&,...,&r) defined on a common probability space (€2, F,P),
where 7" > 3 is an integer. The flow of information is modeled through the filtra-
tion F; € F, C --- C Fr generated by the history process £ up to time ¢, for
t=1,...,7T, ie.,

Froi=0(&,...,&), fort=1,...,T. (4.0.9)
We assume that F; = {0,Q}, i.e., & is deterministic, and that Fr = F. Given
¢ € O, fort =2,...,T, we consider the conditional OCE risk measures

Kool Fiy = 20— Zia
Z o pgs,(Z) = inf {Y +E¢ (Z—Y)}, (4.0.10)
YEZ 4

where Z; = L, (2, F;,P), for every t =1,...,T; p € [1,00); and ¢, € @ is such that
|¢:(Z)[" is integrable, for every Z € Z,. When we present our results, we always
suppose that ¢, is Lipschitz continuous, for every t = 2,...,T. So, we can always
take p = 1 above (see also Remark [4.0.19)), since ¢;(Z) is integebrable, for every
Z € Z;. We also denote the conditional OCE risk measures above as fig, ¢, for
t=1,...,T -1, since F; is simply the o-algebra generated by §;. The general risk
averse T-stage stochastic programming problem with nested OCE risk measures is
formulated as

min {Fl(xl) + Lo, ( inf  Fp(22,82)  Hlasley

r1€X1 r2€X2(w1,£2)

(4.0.11)

inf Fr(z e
Fhor|er o X 1Er) 7( TafT)) }7
where z, € R™,t = 1,...,T, are the decisions variables, F} : R x R* — R, ¢t =
2,...,T, are Carathéodory functions, and X; : R™-! x R%* = R™ t =2 ..., T, are
closed-valued measurable multifunctions. We assume that the function £ : R™ — R
is continuous, and X; C R™ is a nonempty closed set. Unless otherwise stated, all
these features are automatically assumed in the remainder of this chapter.

Beginning in the last stage t = T, we can write the dynamic programming
equations

Qr(zr-1,ér) = inf Fr(zr, &r). (4.0.12)

zr€XT(xT_1,6T)

Since Frp : R x R — R is a Carathéodory function and Xz (zr_1,-) is a closed-
valued measurable multifunction, we have by Corollary (see also Proposi-
tion that Qr(zr_1,) is measurable, for every zr_;. Let us assume that
Qr(xr_1,-) is also integrable, for every 1. Then, Qr(xr_1,-) € Z7 and

QT(JCt—bf[t—l]) = Hop|gr_y (QT($T_1,§T)) € Zpr_1, (4~0~13)

LAt stage t = 1, the optimizer already knows the value of &1, since it is deterministic.
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supposing, for example, that L(¢7) < co. Having considered the function Q; 1 (¢, §j41))

for somet =T —1,...,2, we write the dynamic programming equation
Qt(xt—bf[t}) = inf {Ft(xtyft) + Qt+1(xt>€[t])} (4~O~14)
2t €Xe(xe—1,6t)

that we assume belongs to Z;. Then, we consider the function

Qu(wi—1, &-11) = Mgy, (Qe(wi-1,&1)) € 2, (4.0.15)

assuming, for example, that L(¢;) < co. At the first stage one solves

min {Fl(l’l) -+ QQ($1751)} . (4016)

r1€X1

Note that w € Q — Qy (z1,& (w)) is constant, since & is deterministic.

One can consider Monte Carlo sampling-based approaches to approximate prob-
lem (4.0.11)) by a problem driven by a finite state random data é = (él, ég, . ,éT>
(the empirical data generated by the sampling scheme). In the sequel we derive
sample complexity results for 7T-stage problems like considering suitable
regularity conditions. Before proceeding, it is worth making two points about the

problems studied here.

First, let us recall that the nested structure considered in (4.0.11)) is in some sense
not very restrictive. Here we make a very short presentation about this topic. It is
possible to develop a general theory of dynamic risk measures {p;r : Z;r — Zt}thl
that are used for in a sequential decision making process for evaluating a sequence
of random outcomes 7y € 21,2y € Z5,...,Z7 € Z7 (see, for instance, [62] and the
references therein), where Z,p = 2, x --- x Zp, for t = 1,...,T. Considering the
dynamic risk measures, a multistage stochastic programming problem is formulated
as:

min  pyr (Fi(z1), Fa(22(§). &), - - -, Fr(zr (&), &r))
st xy=a4(&y), fort=1,...,T (4.0.17)
r1 € Xy, and x4(§p) € Xy(w4—1(&-1), &), fort =2,...,T.

A key concept in the development of the theory of dynamic risk measures is the no-
tion of time consistency (see [73, Definition 6.76]). Regarding this notion, it is possi-
ble to show that (see [62, Theorem 1] or [73, Theorem 6.78]) if {ptr : Z;7 — Zt};‘ll
are time consistent dynamic risk measures satisfying some side conditions, such as
the predictable translation equivariance condition and the normalization condition
pe.7r(0,...,0) =0, then

per(Zey .. Zr) = Zy + pe (Zisr + prgr (Zigo + prea (o + pr—1(Z7) ... ))), (4.0.18)

where p, : Z,.1 — Z, is a one-step conditional risk measures, for s =1,..., 7 — 1.
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Second, many publications dealing with risk averse multistage stochastic pro-
gramming problems like [19] B39, 51, [70} [72, [76] consider problems having a nested
structure like (4.0.11]). In these references, a one-step mean-risk model using the
Average Value-at-Risk risk measure is usually considered:

ey (Z) = (1= XN)E [Z|&u—q] + M AVAR,_, (Z|¢s-1)) ,

where \; € [0, 1] and «; € (0, 1) are chosen parameters, for t = 2,...,T. Moreover,
in practical applications one usually considers risk averse multistage linear pro-
gramming problems, i.e., problems satisfying: Fi(x, &) = (¢, x¢) and Xy(z-1,&) =
{z;, e R™ : Ayxy + Byxyq = by, xy > 0}, where § = (¢4, Ay, By, by) foreacht =2, ...,
T. Naturally, one also assumes that Fi(x1) = (c1,21) and X; = {x; € R™ : Aj14
= by, 21 > 0}. Thus, the framework considered in (4.0.11]) encompasses an impor-
tant class of risk averse stochastic programming problems considered by the stochas-
tic programming community.

Akin to risk neutral multistage stochastic programming problems, here we also
assume that the random data (&;,...,&r) is stagewise independent. In the next
proposition we show that under this hypothesis the one-step conditional OCE risk
measures (g, (¢, (+) boil down to the regular OCE risk measure i4,(-). This is an
expected result like the one observed for the conditional expected value operator.
The following lemma will be useful.

Lemma 4.0.21. Let Y and Z be independent random variables defined on (2, F,P).
Let o : RxR — R be a function satisfying E |p(Y, Z)| < 0o and let Y(y) = Ep(y, Z).
Then, the following identity is satisfied

E[p(Y,2)|Y]=T(Y). (4.0.19)
Proof. See [22, Example 5.1.5]. O

Lemma 4.0.21] can be applied in a straightforward way for proving the result
regarding the equality between the conditional OCE risk measure and the regular
OCE risk measure.

Proposition 4.0.22. Let g : R%* — R be a Borel-measurable function such that
Z = g(&) is an integrable random variable, where 2 <t < T. Take any ¢ € ® such
that ¢(Z) is integrable. If & is independent of Fy—1 = o(&1,...,& 1), then

M¢\E[t—1](Z) = U¢>(Z)' (4.0.20)

Proof. First note that for every s € R, we have that Y := s 1g(:) € Z;_;. So, for
every Z € Z;, we have that

s+ENZ—s)=Y +E[¢p(Z-Y)|F]. (4.0.21)
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It follows that pgie, , (Z) < pg(2).

Now, we prove that the converse inequality also holds under the hypotheses of
the present proposition. Take any Y € Z; ;. Thus, there exists a Borel measur-
able function h such that Y = h(&,...,&§-1). Define p(&y-11,&) = h(§p-1)) +
) (g(ft) — h(f[t_l])). Note that

Y(w)+E [gb(Z B Y)lf[tfl]} (w) = E [Y +¢(Z — Y)|€[t71]} (w)
E [0 (&), &)1€p-1)] (W)
T(&p-1(w))

Y(w)+E¢(Z —Y(w))
irelﬂf{{s +Eo(Z —s)}

= M¢(Z),
where (4.0.24]) follows from Lemma 4.0.21| with

YT(er,...,eim1) =Epler,...,ei1,&) =h(er,...,ei-1) + Eo(Z — h(er,...,e1)) .

v

This concludes the proof of the proposition. O

Assuming the stagewise independence condition the T-stage stochastic program-
ming problem becomes

min {Fl(xl) + L, ( inf  Fy(w2,8§2) g, (

r1€X1 $2€X2(I1,§2)

Fhor < inf FT(ijgT)) >} (4.0.28)

zr€Xr(xr_1,¢T)

Now, let us see how the stagewise independence condition affects the cost-to-go
functions. Beginning in the last-stage, the dynamic programming equation under
the stage independence hypothesis becomes

Or(zr—1.{r-1)) = Horlgr_y (Qr(27-1,87))

=  Mor (Qr(zr-1,&1))- (4.0.29)

This means that Qr(xr_1,{r—1)) = Qr(rr-1), i.e., it does not depend on {r_y. So,
Qr—1(27—2,&r—1]) does not depend on the entire history process {r_1 up to stage
T — 1, but just on &7_1. Continuing backward in stages, we obtain that

Qi(zi-1,&) = inf : {Fi(x,&) + Qur1(zy)}, and (4.0.30)

e €Xt(xi—1,6¢

Qi(wi1) = pg, (Qe(we-1,&1)), (4.0.31)

foreveryt =T —1,...,2.
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The optimal value of problem (4.0.28]) is

v = inf {v(z1) := Fi(z1) + Qa(z1)} (4.0.32)

r1€X1

and its set of e-solutions is given by
S€i={x € X; :v(z1) < 0" + €}, (4.0.33)

where € > 0.

Similarly to the analysis in Section [2.1.2] here we approximate the random data
constructing a scenario tree via the identical conditional sampling scheme. As before,
N, € N is the number of samples realizations in the t*"-stage, for t = 2,...,T. Given
any sample realization {@f g=1.. . N,t=2,... ,T}, the associated stochastic

process f = <fl, e ,éT> is stagewise independent (see Proposition [2.1.12]). The

empirical or the “SAA” problem is just

min {Fl(xl) + [l ( inf  Fy(x2,&)  +iig, (

1€X1 22€X2(z1,€2)

) (4.0.34)
+/1¢T ( inf FT(Q]T, é-T)) .. > } .

rr€XT(xT_1.€T)

Akin to Corollary we obtain the following formulas for the empirical
cost-to-go functions in the multistage setting with OCE risk measures

Qt (xt_l,fg) = N i(nf ) {E (xt,ff) + Qt+1($t)} (4.0.35)
Qufwi) = o (@i (m1.6)) (4.0.36)

Nt
~ inf {s + Nit jzl b (Qt (v1-1,8) — s) } . (4.0.37)

for 1 < j < N;and t =2,...,T. As usual, we consider the boundary condition
Qry1(xr) =0, for every zp € R"7.
The optimal value of problem (4.0.34]) is
e = 0E {0 vp(21) = Fi(1) + Qo) | (4.0.38)

z1€Xy L7

and its set of e-solutions is given by

S g = {71 € X1 Oy v (1) < Oy vy + €} (4.0.39)

..........

where ¢ > 0. In the sequel we derive sample estimates N, ..., Ny in order to
guarantee that

P [355\,2 Ny €8 >1—C(e,0)exp{—p(c,0)N}, for every N € N,  (4.0.40)

-----
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where C'(¢,0) and (e, §) are positive constants that depend on the sample complex-
ity parameters 0 < § < € and on the problem data.
As before, we consider the following notation to be used in the sequel:

XO = {0} g R,
X1($0,§1) = Xl, vxo € Xg,
QT+1(.’L'T) = 0, Vo € R"T+,

Below we enumerate the same regularity conditions used in Section for deriving
the sample complexity estimates for a risk neutral T-stage stochastic programming
problem:

(MO) The random data &;,&s, ..., &r is stagewise independent.

(M1) The family of random vectors {gg :7 € NJt =2,...,T} is independent and
satisfies & < &, forall jeNjand t=2,...,T.

Foreacht=1,...,T — 1:

(Mt.1) There exist a compact set X; with finite diameter D; such that X;(z;_1,&) C
Xy, for every xy,_1 € X1 and & € supp(&).

(Mt.2) EQ¢y1(x¢, &yr) is finite, for every z, € A;.

(Mt.3) There exists a finite constant o; > 0 such that for any = € A}, the following
inequality holds

M, . (s) = Elexp (s(Qu1(2,&41) — EQuy1 (2, &41))] < exp (015252/2) , Vs e R.
(4.0.41)

(Mt.4) There exists a measurable function y; : supp(&41) — Ry whose moment
generating function M,, (s) is finite, for s in a neighborhood of zero, such that

’QtJrl(x;aétJrl) - Qt+1(xt7£t+l)} < Xe (&) || — ]| (4.0.42)

holds, for all z}, z; € X; and &1 € Fyyq C supp&pyq, where P41 € By q] = 1.

(Mt.5) W.p.1 &1 the multifunction X, (-, &1 1) restricted to &; is continuous.

Remarks regarding these regularity conditions were already made in Section[2.1.2]
and we do not repeat them here. As we have done in the risk neutral multistage
setting we first show that under these regularity conditions problems and
(4.0.34) are solvable. As before, whenever we assume conditions (Mt.4), for ¢ =
1,...,T — 1, we denote the expected value of x;(&1) as

0 < Mt = EXt(ftJrl) < Q. (4043)

We are ready to prove the following proposition.
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Proposition 4.0.23. Consider a general T-stage stochastic programming problem
such as (4.0.11), where T > 3 is an arbitrary integer. Assume that ¢, € ® satisfies
L(¢y) < 00, for everyt =2,...,T. The following assertions hold:

(a)

(b)

If the problem satisfies the regularity conditions (M0), (Mt.1), (Mt.2), and
(Mt.4), fort = 1,...,T — 1, then Qu1(-,&41) s a Lipschitz continuous
function on Xy w.p.1 &1, fort = 1,....,T — 1. It also follows that X; C
dom Xy i1 (-, &p1) wp.1 &1 and Quiq(+) is (MyL(¢yy1))-Lipschitz continuous
on X, fort =1,...,T — 1. In particular, we conclude that the first stage
objective function

v(z1) = Fi(z1) + Qao(z1)

of the true problem restricted to x1 € X} s finite-valued and continuous and
the set of first stage optimal solutions S is nonempty.

Consider as given the sample sizes Na, ..., Ny € N. If the problem satisfies
the regularity conditions (M0), (M1), (Mt.1), (Mt.4) and (Mt.5), for t =
1,...,T — 1, and the SAA scenario tree is constructed using the identical

Proof. The proof of this proposition is similar to the one of Proposition [3.3.12]
Let us begin with item (a). Condition (Mt.4) implies that, for every &1 € Eiyq,
Qi1(+5&11) 18 X¢(&1)-Lipschitz continuous on X, where F, 1 C supp &1 satisfies

Pl&s1 € B = 1,

for t = 1,...,7 — 1. In particular, we have that Qi 1(-,&41) is a finite-valued

function on A&}, for every &1 € Eyy 1. Since

Qer1(xe, §e41) = inf {Fg1(@41, §41) + Qega(@e41) ) (4.0.44)

Ti41E€EX 1 (e,8e+1)

it follows that X; 1 (zs, &q1) # 0, forallzy € Xy and &1 € Eypq,i.e. dom Xyyq(-,&41)
D&, forallt=1,...,7 — 1. Assuming conditions (Mt.2), fort =1,...,7 — 1, it
follows that

Qe (2, &) — Quaa (e, &)l < Bxe(Gan) |2 — ] (4.0.45)

By Proposition we have that 14, : Z — R is L(¢y11)-Lipschitz continuous,
since L(¢py11) < 00. So,

1Qu1(a}) = Q@) = |poy (Quia (2, &41)) — tgpsr (Quir (e, &) (4.0.47)

< L(Ger1) [1Qera (o, Ev1) — Qe (4, §e10) (4.0.48)
< L(Gr1) My ||z — 2] (4.0.49)

163 2017



CHAPTER 4. SAMPLE COMPLEXITY FOR DYNAMIC PROBLEMS WITH OCE RISK MEASURES

for every zj,x; € &;. The first stage objective function of the true problem is just
v(x1) = Fi(xq1) + Qa(z1), where F} : R" — R is a finite-valued continuous function.
It follows that the restriction of v to the compact set X7 O X; is continuous and
that S = argmin, .x, v(z1) # 0, since X; is nonempty compact. This completes
the proof of item (a).

Now, we prove item (b). Condition (Mt.5) says that there exists Fi1 C supp &1
satisfying P [§41 € Fyy1] = 1 such that Xy y1(-, &) : X = Xyy1 is a continuous mul-
tifunction, for every &1 € Fy,; and for every t = 1,...,T—1. Since conditions (M1)
and (Mt.4) also hold true, for t = 1,...,T — 1, the following event has probability 1

T-1

=€ € EriNFpa]. (4.0.50)

t=1 jeN
Take any sample sizes Ns, ..., Ny € N. We have that

T—1 Nty

Enyne =) [) [l € Bea N Fon] 2 €, (4.0.51)

t=1 j=1

therefore P (En,,..ny) = 1.
Now, we show that whenever the event &y,  n, happens, every function

Qt—i—l(xt) = /:bmﬂ <Qt+1 (ﬁt,gtﬂ))

Nty
. 1 A ;
= inf {5 + Noot Z br41 (QtJrl(xt?gi-&-l) - 5)} , Vo, € &,

seR -
Jj=1

is finite-valued and continuous on X}, for t =1,...,T — 1, where

Qm(%ffﬂ) = inf {E+1($t+1,ft+1) + Qt+2($t+1)} (4-0-52)
@y 1€X 41 (2,60, )

are the empirical cost-to-go functions, for ¢ = 1,...,7 — 1. As usual we set
QT+1(xT) := 0, for every zp € Xp, for uniformity of notation. For proving the
result we show that if Qt+1 . Xy — R is finite-valued and continuous, then Qt :
X;_1 — R is also finite-valued and continuous, for t =T, ...,2. We also verify that
QT() : Xr—1 — R is finite-valued and continuous (base case in order to apply the
induction step). Note that

Qr(zr—1.é7) = Qr(r_1,&7), (4.0.53)

for every xr_1 € Xr_1 and & € supp ér.
Whenever the event Ey, . n, occurs, we have in particular that & € Er, for
every 7 =1,..., Np. So, it follows from item (a) that

Tr_1 € Xp_1 +— QT<:UT,1,5%) (4054)
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is XT,l(é‘%)—Lipschitz continuous on Xp_q, for every j = 1,..., Np. Therefore, the
mapping

Tr_1 € XT—I — QT(IT_l,gT) € L1 (8, P(S),P) (4055)
satisfies

SN Qe ) — Qrlar o, €D)]

Ly (S,'P(S‘),]ﬁ’) j=1

Nr .
< ¥ 2 &) | i = o

HQT(fé[’—lyéT) - QT(xT—lyéT)‘

for every o/._, x7r_1 € Xp_;. In particular, the mapping (4.0.55)) is continuous. Since
L(¢r) < oo, we also have from Proposition |3.1.9|that fis, : Ly (S, 73(5’), If”) — Ris
L(¢7)-Lipschitz continuous. This proves that

Tr_1 € Xp_1— QAT(J;T—I)a (4056)

is continuous, which is the base case.
Now we prove the induction step. Assume that Q;,; : X; — R is finite-valued
and continuous for some t + 1 < Tf] We claim that
Qarg) = it {Fan )+ Qrla) | Vo € Xy, (40.57)

2 €X¢(w—1,8])

is finite-valued and continuous, for every j = 1,..., N;, whenever the event En, . N,
happens. This fact follows from the BMT (see Proposition [2.6.4]) exactly in the
same way as considered in Proposition [2.1.15] Since

— N% % Qr(@,_1, &) — Qu(x11,8)

t
L1 (S,'P(S),I@’) j=1

| @i 1.) - Qi &)

)

it follows that z;_; € X,_; — Qt(act_l,ét) c L (3,73(3),1@’) Since L(¢;) < 0o, we
conclude that the mapping

T € X = Qt(xtfl) = flg, (@t(xtflaét)) (4.0.58)
is continuous, whenever the event Ey,  n, occurs. Therefore,
1 € Xy = Un,. Np(z1) = Fi(x) + Q2($1)

is continuous w.p.1, since F(-) is continuous. Since X} is compact and () # X; C A}

is closed, it follows that P [5‘ No..Ny 7 0] = 1. This completes the proof of the
proposition. N

2So, we are considering the range t = 2,...,7 — 1.
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Now we derive the exponential rate of convergence for the risk averse multistage
setting.

Proposition 4.0.24. Consider a general T-stage stochastic programming problem
such as , where T > 3 is an arbitrary integer. Assume that ¢; € ® satis-
fies L(¢y) < oo, for every t = 2,...,T. Assume also that conditions (M0), (M1),
and (Mt.1)-(Mt.4) hold, for t = 1,...,T — 1. Denote the stage sample sizes by
Ny, ..., Ny € N, and suppose that the scenario tree is constructed via the identi-
cal conditional sampling scheme. Then, for e > 0 sufficiently small, the following
estimate holds

P sup wNQ,...,NT<x1>—v<xl>|ze] > (exp{ Nepum!} +
t=1

r1€X1 .
/ ne 2
e/4£tDTM1 } exp{ 32;@2Li2f1+16(T71)2}
(4.0.59)
for every No,...,Np € N, where Ly = 1 and Ly := L(¢y)Ly_q, fort = 2,....T,
M} > 0, m; € (0,00] and D; are constants depending on the problem data, for
t=1,....,7—1, and kK > 0 and p > 0 are absolute constants.

Proof. The proof is similar to the proof of Proposition [2.1.16, although here we
apply Proposition [3.3.14] instead of Theorem for deriving the result. We begin
by bounding from above w.p.1 the random quantity

Sup |On,,.. Ny (1) — v(21)] (4.0.60)

r1€X1

by a sum of random variables ZtT:_ll L7, where

Zy = sup
zr€Xt

ﬂqsm (Qt+1($t,§t+1)) — My yq (Qt+1($t,§t+1>> s t=1,...,T -1,

(4.0.61)
Li=1,and L, = HZZQ L(¢s), for every t = 2,...,T. Then, we apply Proposition
for each Z;,, t =1,...,T — 1, obtaining an upper bound for the probability of
Z; be greater or equal than €/Li(T — 1) as a function that depends on the problem
data and on the sample size Nyy;.
From (M1) and (Mt.4), t =1,...,7 — 1, it follows that the event

T N

Ennne = [ [ € € E] (4.0.62)

t=2j=1

has probability 1, where E; are the measurable sets appearing in condition (Mt.4),

fort =1,...,7 — 1. We claim that whenever the event €y, . n, happens,
T-1
su);z Ony,...Np(21) —v(21)| < Z1 + Z L.Z,. (4.0.63)
r1EX] +—2
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.....

finite, for every zy € X3, it follows that

(ny, g (1) — v(21)] = ‘Q2(x1)—Q2(x1), (4.0.64)

- ‘ﬂ% (@2(%,52)) — lg, (Qa2(21,62))|  (4.0.65)

for every x; € X;. Therefore, it is sufficient to bound from above the expression

A

QQ(iUl) - Q2(331)

sup . (4.0.66)

r1€X1

We divide the proof into two steps. In the first one, we show that whenever the

event £y, . n, occurs the following inequality holds

-----

Qup1(e) = Qi ()| < Zi+ L(p1)  sup | Quya(er1) — Quso(i41)

Tir1E€EX 1

sup
TEXL

Y

(4.0.67)
fort=1,...,T — 1. Let us prove this statement. Take any z; € &}, where 1 <t <

T — 1 is arbitrary. By the triangular inequality, it follows that

‘ Qt+1(xt) — Q1 (24)

< g (Qtﬂ(l‘t, €t+1)) — g,y (Quia (e, £t+1))) +
o (Qur6)) o (Qunieeen)) [

The first term on the right-side of (4.0.68]) is less than or equal to Z;. Whenever the

event £y, . N, happens,

-----

Qu1(z1,€ly,) €R, (4.0.69)

for every j = 1,..., Nex1. S0, g, (Qt+1(xt,§t+1)> € R and we can bound the
second term applying the inf-sup inequality (see Proposition [2.8.4)):

Fguss (Q”l(xt’ét)) — [l <Qt+1(xtaét>)‘ -
Nit1

Ntlﬂ > P <Qt+1(fﬁt,§f+1) - S> -
7=1

inf { s+
seER

Nig1

;gﬂf{ {s + Nt1+1 Z;l bri1 (Qt+1(xt>£g+1) - 5) }‘

L(ée1) RES
t4+1
< TN, Sup ;

(Qt+1(xta€g+1) - 3) - (Qt+1($t7€g+1) - 3) ‘}

Nty

_ L(¢t41) S
Niy1 A

Jj=1

Qt+1($t7§g+1) - Qt+1($t7§g+1)‘ .
(4.0.70)
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As we have also shown in Proposition [2.1.16] we can apply again the inf-sup in-
equality to obtain

Nit1

1
Nig1 Z

A

Qt+1(5€t,f§+1) - Qt+1($t>€g—|—1)‘ < sup
Tt41E€X41

Qt+2(i€t+1) — Quya(T41)|

(4.0.71)
for every x; € X;. We conclude that (4.0.67)) holds for every t =1,...,T — 1. Since
Qri1(r) = 0= Qryq(x), for every z € R"T it follows that w.p.1

Qo(w1) — Do(w1)| < Zi + L(62) Zo + L(d2) L(63) Zs + -+

L(¢2) ... L(¢pp—1)Zr—1 = Z1 + LoZs + L3Zs+ -+ -+ Lp_1Zp_y,
(4.0.72)

sup
1€X1

which proves (4.0.63)).
Note that we can apply Proposition [4.0.24] (see also Remark3.3.17)) for every Z;,
t=1,...,7 — 1, since conditions (M1) and (Mt.1)-(Mt.4) are satisfied. Thus, the

following bound

€/Ly / 4pDy My e Niji€
P|Z > <exp{-N o | P -
{ t=T- 1} < oxp {=Nepim }+ L/Lt(T 0] TPV sk (-1
(4.0.73)

holds, for € > 0 sufficiently small and for all N;,; e Nt =1,...,T — 1. Since

T-1 €
(U |:LtZt2T_1:|>mgN2 ,,,,, Nt

t=1

ny) = 1, it follows that

.....

P [ sup [z (21) — v(a1)] > }

I
=
/N
1CT
=
N
AV
| ™
—_
N~ —

1€X1
T-1 .
< P|\L.Z >
t=1
T-1
< (exp {—Npyami} +
t=1
dpDjM 1M Ny €2
2 | ———— exp { — 5 5 .
e/L(T — 1) 32r2L; 07 (T - 1)
This completes the proof of the proposition. O

Let us make some remarks about Proposition [4.0.24, Note that it was not nec-
essary to assume conditions (Mt.5), for ¢ = 1,...,7 — 1, in order to derive the
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exponential bound . Moreover, since v : X; — R is continuous under the hy-
potheses of Proposition , we have that Oy, v, () is bounded in X;, whenever
the event
sup |On,,. nNp(T1) —v(z1)| < € (4.0.74)
z1€X1
occurs, where € > 0 is arbitrary. So, whenever this event occurs, it automatically
follows that gj‘\b ~y 7 O provided that § > 0. However, if 0 = 0, then it is not
clear that S No...Ny 7 0 and some additional regularity conditions such as (Mt.5),
t=1,...,7 — 1, must be assumed in order to guarantee that the SAA problem is
solvable.

By changing the definition of the auxiliary sets X;, for t = 1,...,7 — 1, one
can obtain an exponential bound like that works for arbitrarily large values
of € > 0 (see Remark . As we have pointed in that remark, this increases
the diameter D; of the auxiliary sets X;. In the same remark, we point another
possibility that does not change the involved constants, but modifies the dependence
of the right side of when € gets larger than a given threshold A > 0 depending
on the problem data. For finishing the discussion about this topic, it is worth
mentioning that one is usually concerned in how the sample complexity is affected
when € > 0 is taken arbitrarily small and not arbitrarily large.

Akin to the static case, given € > 0, 0 < § < € and 6 € (0, 1), it is possible to
obtain sample complexity estimates for a risk averse T-stage stochastic programming

problem like (4.0.28)) applying Proposition [4.0.241 In Corollary 4.0.25( we obtain the

sample complexity estimates for the multistage setting.

Corollary 4.0.25. Take any integerI' > 3 and let be a stochastic program-
ming problem satisfying the assumptions of Proposition[{.0.24 Let M], m’, D, and
L; be constants depending on the problem data such that holds for e > 0
sufficiently small and for all Ny,...,Nyr € N. Given 0 < 6 < € and 0 € (0,1), if
Ny € Ny satisfies

128x2L2 ,02(T—-1)? 8p D} M| _
Niy1 2> =i [(nt—l-l + 1) log (m) + log (@) V
[ﬁlog (2(T6—1) } ’
(4.0.75)
for everyt=1,...,T — 1, then
P(ﬁ%wwr§91ﬂﬁ% _____ NT%M)ZI—& (4.0.76)

If we suppose additionally that conditions (Mt.5) are satisfied, fort =1,...,T — 1,

then also holds for 6 = 0, whenever Nyy1 satisfies conditions , for
t=1,....T—1.
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Proof. Take any € > 0, 0 < § < € and 6 € (0,1). It is elementary to verify that
whenever N, satisfies (4.0.75)), it follows that

8pD; M, net Nigi(e —6)? 7
_N / 2 t"t o + < -
exp {=Norimi}+ {(e —8)/L (T — 1)} P T128R2LE A(T— 12 ST -1
(4.0.77)
fort=1,...,T — 1. By Proposition 4.0.24] we conclude that
. €—90
P [ sup |On,,..np(21) —v(21)| < —1 >1-0, (4.0.78)
r1E€X, 2

if we take € > 0 sufficiently small. We have already argued (multiple times!) before
that

.....

. e—0 A .
lsup [On,.. Ny (21) — v(21)| < 5 ] - [Sjs\b Ny C S} : (4.0.79)

.....

from Proposition [4.0.23( that [S’j‘vz Ny 7 (Z)] is a set having probability 1, which

.....

takes care of the case 0 = 0. O]

We obtain sample complexity estimates in the multistage risk averse setting
that are like the ones obtained in the multistage risk neutral setting. In fact, for
multistage risk neutral problems, (4.0.75)) becomes

12802(T—1)2 ¢ My -
Nyt > (;—(6)2 ) [nﬁ_l log (—(6§g5(¥_1)> + log (4(T9 1)) \/
s (252

for every t = 1,...,T —1. Although it is true that D; < Dj and M, < M| < M;+1,
the main differences between these two estimates are given by the constants x and

(4.0.80)

L; > 1 appearing in the risk averse estimate. Indeed, when one considers the total
effect of these constants in the total number of scenarios

T—-1
N=][M (4.0.81)
t=1
of the SAA problem, we obtain that
T—1
Nea = Nes" ' [] Lt (4.0.82)
t=1
= News? UL(0) T L(03)T 2. Lgr). (4.0.83)
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Note that if L(¢;) = L > 1, for every t =2,...,T, then

T
[[L:=155" =175 (4.0.84)

t=2

This shows that in the risk averse framework the sample complexity of multistage
stochastic programming problems can grow much faster with respect to 7" than in
the risk neutral framework.
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CHAPTER b

A lower bound for the sample complexity of a class of risk

neutral dynamic problems

5.1 Introduction

Until now we have presented sufficient conditions on the sample sizes Ns, ..., Np
that guarantee under some regularity conditions that

P ([Sie €5 0[Sy 20]) 210, (5.1.1)

where € > 0,0 < 0 < e and 6 € (0,1) are the sample complexity parameters. In
Section [2.1.2] using the derived sufficient conditions for the sample sizes Ns, ..., N,
we noted that in order to obtain a theoretical guarantee like (5.1.1]) the total number
of scenarios

T
N=][™ (5.1.2)
t=2

of the scenario tree used for approximating the true random data explodes exponen-
tially fast with respect to the number of stages T". In Section we have recalled
these results for the risk neutral problems. In Chapter [4] we have shown that this
behavior gets even worse when one considers the risk averse multistage stochastic
programming problems.

One could ask if the sufficient conditions derived for the sample sizes are not too
loose in the sense that maybe one could obtain guarantees like ([5.1.1) with much
smaller sample sizes than the ones prescribed by the sample complexity estimates.
Saying equivalently, one could ask if the sample complexity results derived for mul-
tistage stochastic programming problems are in some sense tight. One interesting
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result would be to check if the exponential behavior of the number of scenarios with
respect to the number of stages T is really an unavoidable phenomenon for some
classes of multistage stochastic programming problems.

In this chapter we answer affirmatively the last question of the previous para-
graph. In fact, take any number 0 < r < 2. We show that there exists an instance of
a risk neutral (convex) T-stage stochastic programming problem such that in order
for to be satisfied, the total number of scenarios must be at least

(;i)T_l (n(T — 1)) (5.1.3)

where § = 0 and 0 € (0,0.3173). It is worth mentioning that the problem instances
considered here are “well-behaved” problems in the sense that they satisfy all the
regularity conditions considered in Section and in Chapter [ to derive the
sample complexity estimates for risk neutral (first derived in [69]) and for risk averse
problems, respectively. Before we move on, let us mention that the main result of
this chapter was published in [53].

For the record here we consider a risk neutral T-stage stochastic programming
problem

1 = I +E inf F: ,
xrlrg)l(ll {f(l‘l) 1($1> L2€)gl(w1,52) 2(m2 §2> (5.1.4>

E { 1E { inf FT<:CT,5T>H ] } ,

rr€XT(TT-1,€T)

driven by a stagewise independent random data process &1, ..., &7. The others prob-
lem components F; and X;, fort = 1,..., T, are as considered before in Section [2.1.2]
An instance of is completely specified by defining the problem components,
that also include the specification of the probability distribution of the random data
process &1, ...,&r. In order to obtain a lower bound for the sample complexity of
T-stage stochastic problems, we first need to define precisely what we mean by the
sample complexity of an instance of a problem. In the sequel we consider the def-
inition of the sample complexity of a class of problems. Afterwards, we show that
the results derived in [69] can be seen as an upper bound for the sample complexity
of a class of stochastic programming problems. We finish this chapter by deriving a
lower bound for the sample complexity of this same class of problems.

Given a problem like one approximates the random data by constructing
a scenario tree through Monte Carlo sampling methods. In order to simplify the
exposition, here we consider scenario trees with T-levels possessing the following
node structure: every t'"-stage node has N,;; children nodes at level t + 1, for
t=1,...,T — 1. Under this assumption, the total number of scenarios in the tree is
equal to
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For general scenario trees this does not need to be the case.
As before, we denote the sets of (first-stage) e-optimal solutions, respectively, of
the true and the SAA problems as

S = {.I'l € Xl . f(l'l) S v* + 6} (515)
and

.....

for € > 0. The quantities v* and 0},

.....

1111

SAA problems, respectively.

Definition 5.1.1. (the sample complezity of an instance of T-stage stochastic pro-
gramming problem) Let (p) be an instance of a T'-stage stochastic programming prob-
lem like (5.1.4)). Given e >0, § € [0,€) and § € (0,1), we define the set of viable
tuples of samples sizes as

¥ (Ny, ..., Np) > (My, ..., My)
N<e,5,e;p>:—{<M2,...,MT>: ) 2 (Al M >1—9}

77777777

(5.1.7)
The sample complexity of (p) is defined as

T
N(e,0,0;p) := inf {H M, : (M, ...,Mr) € N(e,é,G;p)} :
t=2
Definition 5.1.2. (the sample complezity of a class of T-stage stochastic program-
ming problems) Let C be a nonempty class of T-stage stochastic programming prob-
lems. We define the sample complexity of C as the following quantity depending on
the parameters e > 0, 6 € [0,¢) and 6 € (0,1)
N(e,6,0;C) :=sup N(e, 9, 0;p).

peC

Remark 5.1.3. One could have considered the alternative definition

N*(6,0,0:p) = { (Mo o, Mr) : P (S, aiy © 5| 0 [S3s iy #0]) 21— 0}
(5.1.8)
instead of ours. In that case, it is clear that N*(¢,0,0;p) D N(€,06,0;p). Thus,
T

N*(e,6,0;p) := inf {HMt : (M, ..., Mr) G./\/'(e,é,&;p)} < N(e,0,0;p), (5.1.9)

t=2
for every instance (p) of (5.1.4), ¢ > 0, § € [0,€) and 6 € (0,1). Ezample [5.1.]]
shows that N*(e,9,0;p) and N (¢,0,0;p) could be different. In our definition, if
(Na,...,Nr) € N(€,0,0;p) and My > Ny, for every t = 2,...,T, then equation
5.1.1) must also hold for this tuple of sample sizes (M, ..., Mry). It is worth
mentioning that the lower bound estimate that we derive for N(e,d,0;p) also holds

for N*(e,6,0;p). O
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In order to fix some ideas let us take 7" = 2 for a moment. Although it is
well-known that under mild regularity conditions

P ([SfVQ C Sf} N [S*;‘VQ ”] @]) ., (5.1.10)

NQ—)OO

it is not true in general that this sequence of real numbers approaches 1 monotoni-
cally (see Example[5.1.4)). In particular, it follows that N (e, d,6; p) and N*(e, 8, 0; p)
does not need to be equal for all values of the sample complexity parameters.

Example 5.1.4. Consider the following static stochastic programming problem
miﬂg{f(x) =E|¢ — x|}, (5.1.11)
HAS

where € is a random variable with finite expected value. It is elementary to show
that the set of all medians of € is the solution set of this problem. Let us denote the
cumulative distribution function of € by He(z) :==P[€ < z], for every z € R. Recall
that, by definition, m € R is a median of & (or of He(+)) if m is a 0.5-quantile of €,

e., if He(m) =P[{ <m] > 1/2 and 1 — He(m—) = P[{ > m] > 1/2. Moreover,
it is well-known that the set of medians of every c.d.f. H¢ is a nonempty closed
bounded interval of R (see also Proposition .

Let {fl, e ,£N} be a random sample of &. The SAA problem is

x| = Z|§ —a:|} (5.1.12)

If N =2k — 1, for some k € N, then the set of exact optimal solutions for the SAA
problem is just Sy = {5(’“)}, where €1 < ... < €WN) qre the order statistics of the
sample {€*, ... €N}, If N = 2k, for some k € N, then Sy = (€8, D] Now
it is easy to show that, in general, the sequence of numbers {py : N € N} is not

iz - £ g

monotone, where

. ::P([S’j‘vgse} N [S?V#Q)D VN €N, (5.1.13)

€>0 and o € [0,€) are fived.
We begin by noting that

f(z) = f(0) + /Ox (2H¢(s) — 1)ds, Vz € R. (5.1.14)

In fact, f is a finite-valued convex function and its right side deriwative at x € R is

equal to 2H (x) — 1.Thus, (5.1.14)) follows from Theorem |2.5.40

Let us assume that £ is a symmetric random variable around the origin satisfying

PE#0] > (] It follows that & and —¢ are equally distributed and that f(—x) =

!This is just to rule out the degenerate case & = 0.
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Elf+z] = E|(=§) —x| = E|§—z| = f(x), for every x € R. So, [ is an even
function that assumes its minimum value at the origin. Moreover, by we see
that f is monotonically non-decreasing on R, since He(s) > 1/2, for all s > 0. Take
d =0 and any € < 0. The set of e-solutions for the true problem is S¢ = [—x¢, x|,

for some ¢ > 0. For N = 1, [S’N C Se} if and only if |£1| < z°. For N = 2,
[SN C Se} if and only if [&'| < z° and |§?| < a°. Note also that the SAA problem

always has an optimal solution, which implies that py = P ([S’f\, C SED, for all
N € N. Therefore,

p2 =P (J¢'] <2,

& <o) =P (¢ <) B (|| <) =} <

as long as p1 < 1. Of course, this will be the case if we take € > 0 sufficiently
small. For a concrete ezample, just consider € & U [—1,1] and € € (0,1/2). It is
elementary to verify that € = v/2e < 1, so p1 < 1 and ps < pr. ([l

In Proposition we restate Proposition [2.1.17] with minor differences. Here
we consider the same regularity conditions (see Page[48)) (MO0), (M1), (Mt.1)-(Mt.5),
fort =1,...,7 —1, that were considered in Proposition[2.1.17} Let us recall that in
Proposition we have considered as given real numbers M, fort=1,....,T—1,
satisfying M, > M, = Ex; (§41) > 0, for every t = 1,...,7 — 1. In order to
simplify the exposition, we consider as given an unique real number v > 1 and
define M, := vM,, for every t = 1,...,T — 1. In that case, M, > M, if and only if
M; > 0. Of course, we can always suppose that M, > 0, for every t =1,...,T — 1E|

Proposition 5.1.5. Consider an instance (p) of a T-stage stochastic optimization
problem satisfying conditions (M0), (M1) and (Mt.1)-(Mt.5), fort =1,...,T — 1.
Let Ny, ..., Np be the sample sizes and take any ~v > 1. Suppose that the scenario-
tree is constructed via the identical conditional sampling scheme. Then, for e > 0,
5 €[0,¢) and 8 € (0,1), the following inequality is satisfied

-1
N(e, 6, a;p) < H max{A;, B;} =: UPPER(¢, 4, 0; p) (5.1.15)

t=1

2If M; = 0, then x¢(&) = 0 w.p.1. In that case, condition (Mt.4) would also be satisfied if we
take x¢(&) = My > 0, where M, is any positive constant. Moreover, it is worth mentioning that
if My =0, then w.p.1 Quy1(x4,&41) = Quyr (2}, E41), for every xy, ) € X, which is a somewhat
uninteresting and pathological situation. Indeed, when this is the case, the cost-to-go function
does not depend on the random realization &1 and it is indifferent to the choice made in the
tth_stage.
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where, fort=1,...,T —1,

2 - 2 _
. {128@(7? 1) [ntlo (4p7DtMt(T 1))

(e=oy €0 (5.1.16)
(22|
B, = LXt(’lyMt) log <2(T9_ 1)) W (5.1.17)

Proof. Given v > 1, define M, := vM,, for every t = 1,...,T — 1. Given the sample
complexity parameter ¢ > 0, § € [0,¢) and 6 € (0,1), it follows from Proposition
2.1.17| that the set A(e,d,0) considered in ([2.1.143) is contained in N (e, d,6; p).

Therefore,

N(e,6,0;p) < inf {ﬁ N;: (Na,...,Np) € Ne, 6, 9)} (5.1.18)

t=2

IN

T-1
[ max{A,, B}, (5.1.19)
t=1

where the last inequality follows from Lemma [2.1.18] (see also equations ([2.1.159)),
(2.1.160), (2.1.161) and (2.1.162). O

Take any € > 0, § € [0,¢) and 6 € (0,1). It is straightforward to derive an
upper bound for N(e, d,0;C) where C is the class of all T-stage stochastic pro-
gramming problems like that satisfy the regularity conditions (MO), (M1),
(Mt.1)-(Mt.5), for t = 1,...,7 — 1, and the following uniformly bounded conditions

(UB) There exist positive real constants o, K, n € N, v > 1 and § such that for
every instance (p) € C and for every t = 1,...,T — 1, the following assertions

hold:

Then, it is immediate from the previous proposition that

T—1 o
N(e,0,0;C) =sup N(e,0,6;p) < [[ max{A;, B}, (5.1.20)
t=1

peC
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where

4. {1282-52(_2)—2 1)2 [nlog (4,07}:(_T5— 1))

o ()]
B; = % log (@H (5.1.22)
fort=1,...,7 —1.

Note that the dependence of A, and of A, with respect to € and 4 is given by the

(5.1.21)

difference € — 9 > 0. Therefore, unless stated otherwise, we always take 6 = 0 in the
sequel. Given a class of problems C and an instance (p) € C, we write N(e, §;C) and
N (e, 0;p), respectively, instead of N(e,0,60;C) and N(e, 0,0;p). As we have pointed
out in Section [2.1.2] for sufficiently small values of € > 0 we have that A, > B; for
eacht = 1,...,T — 1. Therefore, for § € (0,1) fixed and € > 0 sufficiently small, the
order of growth of UPPER(-) with respect to € > 0 is at most

(Eoe(S)) o o

where we got rid of the absolute constants in the estimate above. It is worth men-
tioning that this estimate holds for general multistage stochastic optimization prob-
lems and not only for particular subclasses of problems, like the convex or linear
subclasses.

5.2 The main result

Now, let us derive a lower bound for the sample complexity of a class of T-stage
stochastic problems that satisfies the previous regularity conditions and also condi-
tion (UB). Let T" > 3. We consider a family C := {(px) : k € N} of T-stage (convex)
stochastic programming problems, where (py) is specified by the following data:

(a) {& 2 Gaussian(0, s°I,,) : t = 2,..., T} is stagewise independent, where s > 0
and n € N,

(b) Ftk(ﬂft,gt) = -2k <€t7 ZL‘t>, for t = 2, e ,jﬂ7
(¢) XF(xi1,&) = {xs 1}, fort=2,...,T,

and FF(21) = ||a||** and X% := +B,,, where B,, is the closed unit Euclidean ball of
R™.
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The scenario-tree is constructed following the identical conditional sampling
scheme by considering independent random vectors

; t=2,...,T
OGNy, Ny = {52 4 Gaussian(0, s*I,,) : ;i 1: :]V’t } (5.2.1)
In this case, the empirical process f = (él, e ,éT> defined on the scenario tree is

also stagewise independent.
Let us derive the objective functions f*(-) and f*(-), respectively, of the true
problem and the SAA proble given Gy, . n,. We begin with the Tt stage cost-
to-go function obtained by the dynamic programming equation:
Qr(rr—1,8r) = inf ) {2k (&, 27)}

zxreEXT(xT_1,¢T

= —2k <5T, HST—1> .

The true problem and SAA problem T*"-stage expected cost-to-go functions are
obtained, respectively, by taking the expected value of Qr(xr_1,&r) with respect to

(5.2.2)

the true and empirical distribution of &7:

Qr(xr_1) = E[-2k ({r, 21-1)] = 0,

Or(zr_1) =K [—2/{: <5T, xT_1>}:_ —2k (&p, xr_1), (5.2.3)

where & = NLT Zf\g & Continuing backward in stages, it is elementary to verify
that:
QAt(It—ly&) = —2k <§t7xt—1> »
Qi(wy1,&) = —2k <§t + -+, l"t—1> ;
where & = N% SN gl for t = 2,..., T — 1. Tt follows from (5.2.4) that the true
and the SAA first-stage cost-to-go functions are

QA2<CU1) = O, and
Qs(z1) = -2k <€2 + ...+ 5T7$1> ;

Let us define n := & + ... + &. By (5.2.5), it follows that f*(zy) = ||z1||** and
FR(ay) = ||| =2k (n, 24), for 2, € zB,,. The (unique) first-stage optimal solution

(5.2.4)

(5.2.5)

of the true problem is z; = 0, so its optimal value is v* = 0. Moreover, the (ezact)
first-stage optimal solution of the SAA problem is given by:

0 ,if [pl =0

L0 < n|| < (%)%71 (5.2.6)

=
R
I

o
||

if > 1\2k-1

3Tn order to simplify the notation, we have dropped the subscript of the SAA objective function

.....

we derive in the sequel.
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n 2k — 2
ere vy, = .
-

Hence, given € € ( ) Z7 is an e-optimal solution of the true problem if and

only if ||77||2k(1 2§ €. Deﬁne v = 2k(1 — ) = 2k/(2k — 1). By (5.2.1)), n 4
Gaussian (0 > —

>. Considering the harmonic mean, say hm, of the numbers

—2 NV
No, ..., Nt € N
T
T—-1 1
hm Z N,
t=2
it follows that: 271
n < Gaussian (0, Mln) : (5.2.7)
hm

Let us show that if (Na,...,Ny) € N(e,0;py), for € € (0, 4) and 6 € (0,0),
where 0 := P[x? > 1] ~ 0.3173, then

N = tliNt > (;_2 )Tl (T —1)"". (5.2.8)

1
k

Since N(e, 0;pg) = inf{HtT:2 N; : (No,...,Np) € N(e0;pi)}, the right side of
(5.2.8)) will be a lower bound for the sample complexity of the instance (pg).

Indeed, suppose that (Na, ..., Nr) € N (e, H;pk)ﬁ where € and 0 are as specified
before, then

Plnl|™ <e>1-0. (5.2.9)
This is equivalent to 8 > 1 — P[||n[|™ <€ = P[||n]|™ > €. It follows from (5.2.7))
that =22 £ 2
2T —1) " X
Observe also that
2 Jvk t hm )
=P [llnl™ > €.

Since the sequence P [x? > n] is monotone increasing and P [x2 > 1] = 0, if § € (0, 0)
€2/Yk hm
t

we must have tha 21

>n,ie.:
82

It is a well-known result that the harmonic mean of (positive) real numbers is
always less than or equal to its geometric mean

gm = (N2...NT)1/(T_1) = NYTD, (5.2.11)

4Note that (5.2.9) also holds if we suppose just that (Na,...,N7) € N*(e,0; pi) (see Remark
51.3).
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So, we arrive at the following lower bound for V:

s2n\ " T—1
N > |53 (T'—1)

€ k

UZ” i T-1
= T (T-1) ,

46> %

(5.2.12)

where the last equality follows from the fact that o, = 2s, for all & € N. Before
proving this fact, note the similarities between ([5.2.12) and without the
logarithmic term. In particular, observe that the lower bound obtained in (5.2.12)
has the factor (T'—1)7~! that grows even faster with respect to T' than the factorial
T'!. This shows that such multiplicative factor is unavoidable for some problems,
and that the number of scenarios for T-stage problems can present a much faster
order of growth with respect to T" than even the exponential one. Moreover, we

conclude by (5.2.12)) that

. N(e,0,{p : k€N})
el—l>%l+ BT-1) = 400, (5.2.13)

for all s € (0,2(T — 1)), showing a growth order that is almost 1/¢27~Y  when
e — 0+.

Now, let us verify that each instance (pj,) satisfies the regularity conditions (MO0),
(M1) and (Mt.1)-(Mt.5), for t = 1,...,7 — 1. Conditions (M0) and (M1)|are triv-
ially true. Defining X := B, for t =1,...,T — 1, we sce that D} := diam(X}) =
2/k and X,(w,_1,&) = {x,1} C &F, for every 7,1 € XF, and & € R". So,
conditions (Mt.1) and (Mt.5) hold, for every t = 1,...,7 — 1. We also have that

Quy1(w, &v1) = =2k {1, 74}, (5.2.14)

for every x; € X and for every &1 € R™. It follows that Q;,1(7;) = EQu11(7, &41) =
0, for every x; € X, which shows that conditions (Mt.2) are also satisfied, for
t=1,...,7 — 1. Moreover,

| Qe (74, §41) — Quaa (@0, §e41) = 2k |G w1 — 20)| < 26 ([ S [ (|2 — e
(5.2.15)
for all z}, 7, € XF and &, € R", so condition (Mt.3) is satisfied with xF(&41) =
2k ||€441]|- Finally, we show that (Mt.3) holds. In fact, for every x, € XF

Qt+1($t, §t+1) - Qt+1(37t> = =2k <5t+17 5Et> < Gaussian(0,4k‘2 ||5Et||2 52), (5-2'16)

so 0 = 0 := 2s > 0 is such that this family of random variables is o-sub-Gaussian.

®More precisely, condition (M1) is about the kind of sampling used in order to obtain the SAA
problem.
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Now, we show that the (UB) condition is also satisfied. It is elementary to verify
tha conditions (i.) and (iii.) are satisfied. Moreover,

M} =E [x;(&41)] = 2ksE[|| Z]]] = 2kcs, (5.2.17)

where Z < Gaussian(0, [,,) and the last equality follows from Lemma [5.2.2| of the
Appendix. So, DFM}F = 4¢,s = K, forall k € Nand t = 1,...,7 — 1. Since
€]l < [I€]];, we obtain the following estimatc[]

M,, (r) = exp (2k [|€]| §) < 2" exp (2nk’s*r?) ,Vr € R. (5.2.18)

Consequently, for v > 1 (see also Lemma [5.2.3))
1
Le(rMy) > 477 = nlog(2), (5.2.19)

forallt =1,...,7 — 1 and k € N. Taking v = 2y/n we obtain that I,s(yLy) >
n(1—1log(2)) > 1 —log(2) =: 5(> 0). So, we have shown that all items of (UB) are
satisfied. We can summarize the discussion above in the following proposition.

Proposition 5.2.1. Let C be the class of all T-stage stochastic convex problems
satisfying the regularity conditions (M0), (M1), (Mt.1)-(Mt.5), fort =1,...,T —1,
and (UB) with arbitrary constants 0 >0, M >0, n € N, v > 1 and § > 0, where
372 > B+ nlog(2). Then, for § € (0,1) sufficiently small,

e—0+ EQ(T—l)—r = +OO7 fO’f’ all r € (07 2(T - 1)) (5220)

The proof is immediate, since C O {py : k € N}, for sufficiently small s > 0,
which implies that N(e,8;C) > N(¢,0;{px : k € N}).

Some lemmas

Lemma 5.2.2. Let £ be a multivariate standard Gaussian random vector, i.e. & 4
Gaussian(0, I,,), n € N. Then

\/nn—H <E[&l = Var(y) < Vn, (5.2.21)

+oo
where T'(s) := [ w*texp{—u}du, s > 0, is the gamma function.
0

6In particular, this estimate shows that M,, (r) < oo, for every r € R.
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Proof. The probability density function of ¢ is equal to

1 z|?
he(x) = )7 exp {—%} Vo e R". (5.2.22)

Observe that he(z) = g(||z||), where

1 r?
g(r) = )7 expy =5 ,Vr > 0.

So, the expected value of [|£]| is equal to

+oo

Efl]l =/ ]l g(ll=]))dw = Sn—a(r)rg(r)dr, (5.2.23)

TeR™ 0

nﬂ.n/2
where S,,_1(r) = mr”_l is the surface area of the sphere of R" with radius
2
r. So, we need to solve the following integral in one variable

nﬂ.n/Q /+oo

E €] = rexp {—r®/2} dr. 5.2.24

Making the change of variables u = r?/2, it is elementary to verify the equality
in (5.2.21). The upper bound is an immediate consequence of Jensen’s inequality,
since E ||£]|* = n. Finally, using an induction argument on k € N, for n = 2k — 1
and for n = 2k (separately), one can show the lower bound after some tedious
calculations. It is not difficult to verify our claims and, for such, it is worth noting
that I'(s) = (s — 1)I'(s — 1), for s > 1, and I'(1/2) = /7. O

Lemma 5.2.3. Let xx(§) := 2k ||&]|, where & L Gaussian(0, s*1,,), s > 0, ¢, =
V2r (”TH) /T (%) and k € N. The following conditions hold:

i. My :=Exx(§) = 2ke,s, Vk € N.
it. Iy, (yMy) > 17 —nlog(2), Vk € N and v > 1.

Proof. Ttem (i) follows immediately from Lemma Let us item (ii). Taking the
logarithm in ([5.2.18)), we obtain

my, (1) = log (M, (r)) < nlog(2) + 2nk*s*r*, Vr € R. (5.2.25)
Let y > 0 be arbitrary. Then

L,(y) = Sup {ry —my, (r)}

> sup {ry — nlog(2) — 2nk?s?r?} (5.2.26)
reR o
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Given v > 1, take y := vM} on ([5.2.26)) in order to obtain the following lower bound

22
DT plog(2). (5.2.27)
n

ka(VMk) >

From ([5.2.21)), it follows that ‘% > 52 1/2, for all n € N. This completes the
proof of the lemma.. O
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