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Abstract

In this thesis we study several mathematical aspects of a system of equations mod-
elling the interaction between short waves, described by a nonlinear Schrodinger equa-
tion, and long waves, described by the equations of magnetohydrodynamics for a
compressible, heat conductive fluid. The system in question models an aurora-type
phenomenon, where a short wave propagates along the streamlines of a magnetohy-
drodynamic medium. We address several problems in both the one dimensional and
in the multidimensional versions of the model. Namely, existence and uniqueness of
strong solutions, as well as the vanishing viscosity problem, in the 1-dimensional case;

and existence of weak solutions with large data in the 2-dimensional case.
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Chapter 1
Introduction

This thesis concerns the study of several mathematical aspects of a system of equations
modelling Short Wave-Long Wave Interactions between the Magnetohydrodynamics
(MHD) equations and a nonlinear Schrodinger equation. The model describes the
evolution of the wave function, obeying a nonlinear Schréodinger equation, along the
streamlines of the fluid flow. As such, the nonlinear Schrodinger equation is stated in

a different coordinate system; namely in the Lagrangian coordinates of the fluid.

The Lagrangian coordinates are characterized by being constant along the stream-
lines of the fluid. Accordingly, the change of variables can be defined through the flux
® associated to the fluid’s velocity field u, given by

do
(%) = u(t, &(t:x)),

¢(0;x) = x,
and the Lagrangian transformation Y (x,t) = (y(z,t),t) can be defined by the relation

y(t, ®(t;x)) = yo(x),

where the function yy is a diffeomorphism which may be chosen conveniently according
to the problem. In particular, yo, can be chosen so that the Jacobian Jy(t;x) :=
det (g—-‘;’(t, d(t; X))) of the coordinate change satisfies

Jy(t:%) = plt, D(t:x)). (L1)

where, p is the fluid’s density.
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Note, that this relation implies that the Lagrangian transformation becomes sin-
gular in the presence of vacuum or concentration, that is, when the density vanishes

or becomes infinity.

Having this, the nonlinear Schrodinger equation can be stated and the coupling is
made through the external force term in the MHD equations and the potential term

in the Schrodinger equation due to external forces.

Specifically, the full three dimensional system that we study is the following.

Pt + le(pLI) = 07
(pu); + div(pu @ u) + Vp
=divS + 8(V x H) x H+aV(¢'(1/p)h(|v o Y|?)),
&+ div(u(€ — §|H|2 +p)) =div(f(ux H) x H+ vH x (V x H))
+ div(kV0) + div(Su) + aV (g (1/p)h(| 0 Y|?)) - u,
fH; — feurl(u x H) = -V x (vV x H),
divH = 0,
i+ Ayt = [V + ag(o)l ([Y[*)e.

Here, p, u € R? and 6 denote the fluid’s density, velocity and temperature, re-
spectively, H € R? the magnetic field and 1 = 9(,y) is the wave function; the total

energy is
1 B
£ = < - 2) ZIH|?,
p e+2|u| +2| |

with e being the internal energy and %|H|2 the magnetic energy; p denotes the pressure

and S is the viscous stress tensor given by
S = Adivu)ld + p(Vu + (Vu)').

The viscosity coefficients A and p satisfy 2u + A > 0 and pu > 0; x is the heat
conductivity, v > 0 is the magnetic difusivity and 8 > 0 is the magnetic permeability.

The pressure and the internal energy, in general, depend on the density and the

temperature through constitutive relations of the form

p=p(p,0), e=ce(p,0),



and must satisfy Maxwell’s relation
1
eP(pa 6) = E(p - 9p9<:07 9))

Moreover, g and h are the coupling functions, o and & are the interaction coeffi-

cients and v = v(t,y) is the specific volume given by

v(t,y(tx)) = )

The most important feature of this coupling is that it is endowed with an energy

identity, which can be stated in differential form as

[P uf? + )+ BIHP) + div(u(o( Ll +) + )
— dive(kV0) — divy((A(divu)ld + pu(Vu + (Vu)')) - u)
— divy(B(u x H) x H) — dive(H x 1(Vy x H))}dx

= g{diVy(wtvy¢ + wtvyﬁ) — @(9(0@7 Y))h(‘w(t, y),Q))t
_ ;(‘Vyw(t,y)mt _ ;(‘w(taY)’4)t}dy.

In particular, under suitable integrability conditions, this identity yields an integral

form of the conservation of energy:

C‘;/ <p <1|u|2 + e) + UH\2> dx
Vot y)]” + Iw(tY)\“ +ag(v(t,y)h([v(t,y))?) ) dy =0.
vl )

The phenomenon that we have in mind when we study this model is one like that of
the auroras. Auroras, commonly known as polar lights, occur as fast-moving charged
particles released from the sun collide with the Earth’s atmosphere, channelled by
Earth’s magnetic field. The stream of charged particles, called solar wind, consists
mainly of electrons, protons and alpha particles that, upon reaching the earth’s mag-
netosphere, collide with atoms in the atmosphere, such as oxygen and nitrogen, im-
parting energy into them and thus making them excited. As the atoms return to their
normal state they release photons, and when many of these collisions occur together

they emit enough light for the phenomenon to be visible by the naked eye.
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The aurora can thus be seen as small waves propagating along the trajectories
of the particles of the atmosphere, a magnetohydrodynamic medium. Let us recall
that the MHD equations describe the motion of a conductive fluid in the presence of
a magnetic field. On the other hand, the nonlinear Schrodinger equation describes
collective phenomena in quantum plasmas. The example of the aurora gathers many
of the ingredients captured by this model.

This model was proposed and studied recently (in 2016) by Frid, Jia and Pan [2§]
in the three dimensional context, showing existence, uniqueness and decay rates of
smooth solutions for small initial data. A similar model involving the Navier-Stokes
Equations instead of the MHD equations was proposed earlier by Dias and Frid [17],
and was further studied by Frid, Pan and Zhang [27].

The thesis is divided into three parts. In the first part, corresponding to Chapter
2, we do a review of some of the ideas involved in the deduction of the MHD equations
and in the deduction of the SW-LW interaction model above. We also state the kind of
constitutive relations we consider for the pressure and internal energy, the initial and
boundary conditions for the problem and the hypotheses on the coefficients and the
coupling functions. In particular, throughout this work we assume that the pressure
can be decomposed into an elastic part, given by a y-law, and a thermal part, which

is linear with respect to the temperature. That is, we assume that

p(p,0) = ap” + Ops(p), (1.2)

where a > 0 and ~ > 1 are constants, with very general assumptions on the function
po(p).

The second part, corresponding to Chapter 3, concerns the study of the one dimen-
sional version of this model. The one dimensional case arises under the assumption
that the flow moves in a preferable direction. That is, we assume that the three di-
mensional MHD flow with space variables x = (z, x5, x3) moves in the z direction and
is uniform in the transverse direction (xs, z3). This assumption considerably simplifies
the equations as well as the short wave-long wave interaction coupling, since the one
dimensional Lagrangian transformation takes a very specific and plain form.

For convenience, we decompose our dependent MHD variables as
p=p(t,x), 0=0(t ), u = (u,w)(t, z), w = (ug, us),

H = (h1, h)(t, 2), h = (ha, hs),



where u and h; are the longitudinal velocity and the longitudinal magnetic field, and
w and h are the transverse velocity and the transverse magnetic field, respectively.
Under these assumptions, we have that the partial derivatives with respect to x5 and
x3 of the involved functions are identically zero.

With this in mind, a straightforward calculation shows that h; is constant (which

we take to be equal to 1 without loss of generality) and our model is simplified as

Pt + (pu)w ’

t+(mt+p+ b2 = ag'(1/p)h(w o Y)) = (eu,).

xT

(o e+ 3 ) < 08), (o oo 2+ 7)),
= (Bw-h — Bulh?), + (cuu, + pw - w, +vh - hy), + (k0,),
ra(g/ph(veYP) u

x

it + Uy = [P + ag(0)R ([Y[*)y

Here, © and € = A + 2u are the shear viscosity and the bulk viscosity of the fluid,
respectively.

In this setting, we are able to prove global existence and uniqueness of smooth
solutions in a bounded open spacial domain 2. We first prove existence and uniqueness
of local solutions and then extend the local solutions to global ones based on a priori

estimates.

For the local result we use a Faedo-Galerkin type method similar to that applied
by Dias and Frid in [17], which in turn resembles the classic work by Kazhikhov and
Shelukhin in [32] (c.f. [2, Chapter 2]). As for the global result, we develop some a
priori estimates inspired by the work of Chen and Wang in [15] and by the work of
Wang in [48]. In particular we show that no vacuum nor concentration develop in

finite time.

Having well posedness for the one dimensional model, we turn our attention to
the vanishing viscosity problem. First, we assume that the pressure has the form
p(p,0) = ap” + §0pe(p), where a > 0, v > 1, 6 > 0 and py is a function of the density
that satisfies certain growth conditions. Note that if €, o, @, 6 and [ are all zero we

are left with a system involving Euler’s equations of compressible fluid dynamics and
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a decoupled nonlinear Schrodinger equation. In this connection we show convergence
of the sequence of solutions as ¢, «, &, 6 and § tend to zero. More specifically, we
show that if o, &@ = o(¢'/?) and 6, 8 = o(¢) as € — 0, leaving & > 0 and v > 0 fixed,
then the sequence of solutions to system (3.1)-(3.6) converges to a solution of the limit

problem.

As the limit problem has different regularity properties than the original one (in
Euler’s equations shock waves are expected to occur in finite time, even if the initial

data is smooth) this convergence is not a straightforward task.

To achieve this, we employ the compensated compactness method as applied by
Chen and Perepelitsa in [14], where they study the problem of vanishing viscosity limit
for the one dimensional Navier-Stokes equations. Due to the presence of the magnetic
field and the short wave-long wave interactions we have to deduce some new estimates

in order to be able to to apply the method.

It is worth mentioning that the magnetic permeability 8 is usually taken to be
equal to 1 in the literature ([33]) since in most real world media covered by the model
this constant differs only slightly from the unity. However, the only physical restriction

on it is its positivity.

The third part of the thesis, contained in Chapter 4, deals with the multidimen-
sional version of the model. The main difficulty in higher dimensions is the possible
occurrence of vacuum. As the Lagrangian transformation becomes singular in the
presence of vacuum an effective coupling of the fluid equations with the nonlinear
Schrodinger equation cannot be made in a straightforward way. In order to overcome
these difficulties, we define the interaction through a regularized system that provides
a good definition for an approximate Lagrangian coordinate. Then, after showing exis-
tence of solutions, we show compactness of the sequence of solutions to the regularized

system thus making sense of the desired SW-LW interaction in the limit process.

For simplicity, in the multidimensional model we focus on the isentropic case, that

is, the case of a non heat-conductive fluid, which trivializes the energy equation.

In order to workaround the lack of regularity of the density we first add an artificial

viscosity to the continuity equation. Fix € > 0 and 6 > 0 and consider the following



regularized MHD system

pr + div(pu) = eAp,
(pu), + div(pu @ u) + V(ap” + 6p°) + eVu - Vp
= (VxH) x H+ pAu+ (A + p)V(divu) + pF,
H, - Vx(uxH)=-Vx ¥V xH),
divH =0,

where F is the term accounting for external forces.

Note that besides the artificial viscosity added to the continuity equation, two new
terms appeared in the momentum equation (2.5). The term §p?, where 8 > 1, acts
as an artificial pressure and is intended to provide better estimates on the density,
whereas the term eVu - Vp is set to equate the unbalance in the energy estimates
of the MHD equations caused by the introduction of the artificial viscosity. This
approximate system resembles the one employed by Hu and Wang in [29] where they
study the existence of weak solutions to the three dimensional MHD equations. A
similar approximation was introduced by Feireisl, et al. in [24] in the study of the
Navier-Stokes equations, who, in turn, followed the pioneering ideas by Lions in [38].
Recall that ¢ and § are small constants and the analysis that we develop provides
insights that justify the accuracy to which this regularized model approximates the
desired SW-LW interaction.

Now, as it turns out, even in this regularized setting the velocity field might not be
smooth enough to provide a good enough definition of Lagrangian transformation that
we can work with. More specifically, in the present situation there is no a priori bound
available for Jacobian of the Lagrangian transformation, as it depends on the L* norm
of divu. For this reason we replace the velocity by a suitable smooth approximation
u” (which tends to u as N — oo) in the definition of the Lagrangian transformation.
Thus obtaining an approximate Lagrangian coordinate with u replaced by uy in its

definition.

Although we now have a smoothed Lagrangian coordinate, we lose relation (1.1)

and instead we have
Jy(t) — e fot div uN(s,<I>(s,x))ds.
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With this our regularized SW-LW interactions model reads as:

pr +div(pu) = eAp,
(pu), + div(pu @ u) + V(ap” + 6p°) +eVu- Vp

= V(g (U ph(IVF) + (V % H) x H a3+ )V (dive)

H; -V x (uxH)=-V x vV x H),
divH = 0.
ihe + Ayp = |wy + ag(v)B (J9*)y,

Regarding this new system, we prove the existence of solutions on any finite time
interval provided that €2/a > 1 and show the convergence of the approximate solu-
tions when the artificial viscosity € together with the interaction coefficients a tend
to 0 and as N tends to co. Then, we make ¢ tend to zero and show convergence to
a renormalized solution of the system formed by the MHD equations together with
the decoupled nonlinear Schrodinger equation. As emphasized before, the proposed
approximation scheme has the purpose to legitimize the coordinates of the limiting
Schrodinger equation to be considered as the Lagrangian coordinates of the fluid in a
generalized sense.

Let us remark that our results hold in a smooth bounded open spacial domain in
R2. The only restriction that does not allow us to proceed in the full three dimensional
case comes from the lack of solvability of the nonlinear Schrodinger equation in this
setting. However, assuming this our methods can be adapted to the three dimensional
case. Also, our result covers large initial data and permits vacuum at the price of
obtaining only weak solutions.

These results, both in the one dimensional and in the multidimensional cases, are
the result of the research developed during this Ph.D. program, under the supervision
of prof. Hermano Frid. Let us mention that the results on the multidimensional case
are product of an ongoing collaboration with prof. Hermano Frid, as well as with prof.

Ronghua Pan.



Chapter 2

Physical considerations and

deduction of the equations

The aim of this chapter is to give a detailed description of the Short Wave-Long Wave
Interactions model to be studied throughout this thesis. We first review of some of
the ideas involved in the deduction of the MHD equations, then introduce the SW-
LW interactions coupling and finally specify the structural conditions, constitutive

relations and general assumptions under which we develop our analysis.

2.1 The Magnetohydrodynamics equations

Magnetohydrodynamics (MHD) concerns the dynamics of a compressible conducting
fluid in the presence of a magnetic field. This interaction is described by a cou-
pling between the Navier-Stokes equations, modelling the hydrodynamic part, and
the Maxwell’s equations, which describe the electromagnetic effects.

Let us begin by reviewing the general ideas behind the deduction of the MHD

coupling.

2.1.1 The general fluid equations

In continuum mechanics the motion of a body is described by a family of one to one
mappings
X(t,):Q—=Q, tel,

where I C R is an interval (representing time) and {2 C R" is a spatial domain occupied

by the body. The Continuum hypothesis requires X (¢, -) to be a diffeomorfism for any
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fixed t € I. Regarding X(¢,-) as the evolution of the motion in time, it is convenient
to choose a reference configuration X(t;,x) = x for all x € Q at a certain time ¢; € I;
that is, an initial setting. According to this configuration the curve ¢t — X(¢,x)
describes the trajectory of a particle starting from the position x at time ;.

Granted the smoothness of the motion, X can be completely determined by the

velocity field u : I x Q — €2 given by the ordinary differential equation

OX(t,x)

5~ utX(tx), X(tx)=x, forxeQ tel

By applying physical laws, it is possible to deduce certain relations between the
motion and the physical properties of the body under consideration. These relations
are usually expressed in terms of integral equations which, in turn, can be restated as
partial differential equations provided that the motion is smooth.

We are interested in the mathematical aspects of fluid dynamics; when the body in
motion is a fluid. We adopt the macroscopic description of the motion which regards
a fluid as a continuum occupying a certain domain 2. This is in contrast with the
microscopic point of view that considers the fluid as a collection of molecules and
describes its motion through the dynamics of each individual particle. Accordingly,
the dynamics are completely determined by the velocity field denoted by u.

When studying the dynamics of fluids, aside from the velocity field, other quantities
are taken into consideration; namely, its density p and temperature 6, regarded as
functions of the time ¢t € R and the spatial variable x € ). The general description of
the dynamics can be summarized in a system of partial differential equations relating
these quantities®: the Navier-Stokes equations.

The general Navier-Stokes equations are a system consisting of:

o the continuity equation:
0
—a'; + div(pu) =0,

o the momentum equation:

8((;11) + div(pu ®@ u) — divT = £,

!Sometimes, the entropy is considered instead of the temperature. These quantities, however,
are related by the second law of thermodynamics expressed through Gibbs relation, and provide
equivalent descriptions of the dynamics.
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o and the energy equation:

0

1 1
5 (p (2|u|2 + e)) + div (p (2|u|2 + e) u) + divq = div(Tu) + f - u.

Here, as aforementioned, p, u and € denote the density, the velocity field and the
temperature of the fluid respectively. Additionally, e denotes the internal energy, T is
a stress tensor, q is the energy flux and f is an external force. The symbol ® stands

for the tensor product [u ® ul;; := u;u;.

Each one of these equations is derived from particular physical considerations. The
continuity equation is a consequence of the mass conservation principle stating that
mass is preserved along the motion. The momentum equation comes from Newton’s
second law of motion, relating the inertial nature of the fluid to the forces acting on
it, decomposed into a stress tensor and external forces. The energy equation is the
result of thermodynamics considerations that link changes in the energy of the system
due to the motion to the heat flux of the fluid.

The stress tensor in the momentum equation can be written as
T =S — pld,

where Id is the identity matrix, p is a scalar function called pressure and S is the
viscous stress tensor. According to the principle of material frame indifference, the
viscous stress tensor must depend on the velocity field u and possibly other state
variables like p and #. Assuming that the physical properties of the fluid are isotropic
(“uniform in all orientations”) and assuming that S is a linear function of Vu, it can

be shown that S necessarily can be written as
S = A(divu)Id + 2uD(u), (2.1)

where A and p are real scalar coefficients called viscosity coefficients that may depend

on the values of other state variables like p and 6, and

D(u) = (Vu+(Vu)'). (2.2)

1
2

A fluid satisfying (2.1) and (2.2) is called Newtonian. The viscosity coefficients are
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often required to satisfy the relations?

2

In general the pressure is a function of the density and the temperature of the fluid

and is expressed through a constitutive relation of the form

p=p(p,0). (2.3)

For instance, in the case of perfect gases the pressure satisfies Boyle’s law:

p(p,0) = Rpo,

where R is a constant. When the time comes, we will specify the kind of constitutive

relation we are going to consider. For now we will stick to the general relation (2.3).

Moving on to the state variables involved in the energy equation, we must consider
a constitutive relation for the internal energy as well. Given the respective relation
(2.3) for the pressure, the internal energy e = e(p, ) must satisfy the second law of

thermodynamics, which in particular implies Maxwell’s relation

Oe _ % (p(p,0) — Ope) -

Concerning the energy flux, we consider the constitutive relation
q=—rkV0,

where k is a nonnegative scalar function called heat conductivity coefficient which may

depend on p and . This relation is known as Fourier’s law.

Gathering all this information we arrive to Navier-Stokes-Fourier system of equa-

2The fluid dynamics equations make mathematical sense in n dimensions. In this general case the
number 3 in the denominator of the second relation should be replaced by n. We, however, restrict
ourselves to the 3-dimensional case.
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tions for a Newtonian fluid, given by

pr + div(pu) =0, (2.4)
(pu); + div(pu @ u) + Vp = div ()\(divu)ld + p (Vu + (Vu)T) > +f, (2.5)
(p <;|u|2 + e>>t + div (u (p <;|u|2 + e> —|—p)> = div (kV0)

+ diV(()\(divu)Id + (Vu + (Vu)T) ) : u) +f-u (2.6)

In order to conclude this Section and for future reference, we point out that, in

view of (2.4) and (2.5), the energy equation (2.6) is equivalent to

(pe); + div(peu) + pdiva = div(kV0) + A(divu)? + p (Vu + (Vu)T) :Vu.  (2.7)

2.1.2 The equations of electromagnetism

Magnetohydrodynamics (MHD) concerns the dynamics of conducting fluids in a mag-
netic field. While the hydrodynamic part is described by the Navier-Stokes equations,
the electromagnetic effects are governed by the Maxwell’s equations. The general MHD

equations consist of a coupling between the two.

In practice, this coupling is not stated in its most general form. Several assumptions
that simplify the model are made, often motivated by physical considerations such as
empirical data of actual materials. For instance, the magnetic permeability, which
is a parameter characteristic of each particular material, is usually assumed to be
constant and equal to 1 since it differs only slightly from the unity in most real world
media covered by the MHD model (see [33]). For our purposes, however, the magnetic
permeability will be important and we need to keep track of it in the deduction of the
coupling in order to state correctly the equations we are going to work with. With

this in mind, we now turn our attention to the electromagnetic description.

Let us recall Maxwell’s equations of electromagnetism.

o the Mazwell-Ampére equation:

oD
_ H=:;
at+V>< J;
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o the Mazwell-Coulomb equation:

divD = p,,

o the Mazwell-Faraday equation:

0B
E‘FVXE—O,

o and the Mazwell-Gauss equation:

divB =0

Here, the three-dimensional vector fields D, B, E, H,j are the electric induction,
the magnetic induction, the electric field, the magnetic field and the current density,
respectively, while the scalar field p. denotes the charge density (not to be confused
with the fluid’s density p of the previous section).

Similarly to the fluid equations of motion, the Maxwell’s equations come from
particular physical principles. They are related to Ampére’s law, Gauss’ law for electric
fields, Faraday’s law and Gauss’ law for magnetism, respectively.

According to the physical properties of the medium where the electromagnetic fields
propagate, some relations that link the vector fields D, B, E and H can be formulated.

Specifically, these relations are of the form

D =¢E

(2.8)
H=ji"'B,

for some & and [ called electric permitivity (or dielectric constant) and magnetic
permeability of the medium. These parameters may depend on E and B respectively
(and may also depend on other quantities such as the density or the temperature in
the case of fluids) and are, in general, tensor valued. However, in the simple isotropic,
homogeneous case, both £ and i can be assumed to be scalar and constant and the
medium is called a perfect medium.

Accordingly, the Maxwell’s equations take the following form:

(ZE) 1\
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div(E) = p,,
0B
— E=0
BN +V X )
divB =0

In order to close the system one more relation is needed. Such relation will be
provided by Ohm’s law, which relates j, E and B. As it also involves the velocity
field of the medium we treat it in the following section where we talk about the MHD

coupling.

2.1.3 The MHD Coupling

MHD models the interaction of conductive fluids and electromagnetic fields. When a
conducting fluid moves in a magnetic field, electric fields and electric currents develop.
Meanwhile, the magnetic field exerts forces on these currents which affect the motion
of the fluid. Such an interaction is described by a coupling between the equations
of fluid mechanics and the equations of electromagnetism. In order to complete the
MHD model it is necessary to specify the body force exerted by the magnetic field,
through the external force term in the momentum equation (2.5). Furthermore, a
term must be added to the energy equation (2.6) due to mechanical work exerted by

the magnetic field that dissipates into heat in the conductor.

In our current situation (a homogeneous Newtonian conductive fluid in the presence

of a magnetic field) the body force can be decomposed as
f - j X B + fexta

where the first term is the Lorentz force, owning to the electric current j within the
magnetic field H, which is related to B through (2.8), and the second term is due to

possible further external forces.

Additionally, in the present setting Ohm’s law can be stated as
j=0(E+uxB),

where & denotes the electric conductivity of the field.

Moreover, according to Joule’s law, the energy dissipation in a conductor when a
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given current flows in it (the Joule heat) is given by
j-(E+uxB),

and must be added to the right hand side of equation (2.7) (see [33]). As a result we

obtain the equation

(pe); + div(peu) + pdivu
= div(kV8) + A(divu)® + p (Vu + (Vu)T) :Vu+j-(E4+uxB).

Gathering all this information, we obtain the following general system for MHD:

pr + div(pu) =0, (2.9)

(pu); + div(pu ® u) + Vp = div </\(divu)1d + (Vu + (Vu)T> ) +jx B+ f,

(2.10)

(pe); + div(peu) + pdivu
= div(kV0) + A(diva)® + p (Va+ (Va) ') : Vu+j - (E +u x B). (2.11)

I(EE) 1 )
— —-B| = 2.12
o TV <g ) I (2.12)
div(éE) = p,, (2.13)
0B

= E = 2.14
5 +V x 0, (2.14)
divB =0, (2.15)
j=6(E+uxB). (2.16)

Note that, in view of equations (2.9), (2.10) and (2.16), equation (2.11) is equivalent

to
1 ) 1 )
(p <2|u] + e)) + div (u <p <2]u] + e) +p>> = div (kV0)
t
+ div(()\(divu)ld + (Vu + (Vu)T> > . u) +j-E+fu-u (2.17)
This is the most general system modelling a compressible magnetohydrodynamic

flow. Given its great complexity, we adopt a commonly used simplification of the
model: it is often assumed that the first term O(EE)/0t of the Maxwell-Ampere equa-
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tion, called the displacement current, is small and can be neglected (see [33]), so that,

1
j = V X (~B> .
i
Also, from Ohm’s law and (2.14) we have

0B 1 1
E+VX <6V>< (ﬂB))—Vx(uxB).

from equation (2.12) we obtain

Since, j and E (and therefore p.) are completely determined by B and u, we can
drop equations (2.12), (2.13) and (2.16). Moreover, we have that

J-E = VX(%B>-<%VX<%B>—uxB>
fi o fi
= div (%B X (%V X }B>> +V x (}V X <}B)> -iB
f o f o f f

+div<(u><B)><}B)—Vx(uxB)~~B,
fi fi

—_

where we used the identity div(V x W) = (V x V)- W =V . (V x W) from vector
calculus. Using this, taking the inner product of (2.14) with 4~'B and adding the

resulting equation to (2.17) we deduce the energy equation for the simplified system:

<p <;|u|2 + e) + 2112|B|2>t + div (u (p (;|u|2 + e> +p>) = div (kV0)

+ div(()\(divu)ld +p(Vu+ (Vu)') ) : u> + div <(u x B) x ;B>

1 1 1
+ div <~B X <~V X ~B>> + fext - 4. (218)
fi T

Accordingly, the momentum equation results in

(pu); + div(pu @ u) + Vp

= div ()\(divu)ld +p (Vu + (Vu)T> ) + (V X ;B) X B+ fox, (2.19)
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the conservation of mass remains the same:
pr + div(pu) = 0, (2.20)

and the Maxwell equations yield

B, +V x (}Vx (}B)) =V x (uxB), (2.21)
G fi
divB =0, (2.22)

thus obtaining the simplified MHD system consisting of equations (2.18), (2.19), (2.20),
(2.21) and (2.22).
From this point on we are going to restrict ourselves to this system and are going

to address it simply as the MHD system.

2.2 Short Wave-Long Wave Interactions

Up to this point we have only reviewed some of the ideas involved in the deduction
of the MHD system. Our main goal is to study certain mathematical aspects of the
interaction between the MHD system and a nonlinear Schrodinger equation in the
context of Short Wave-Long Wave Interactions. Our work is mainly inspired by three
papers that pursue similar objectives.

The first paper written by J. P. Dias and H. Frid in 2011 where, inspired by the work
of Benney on short wave-long wave interactions in [5], they propose a model consisting
of a coupling between the Navier-Stokes equations for a compressible isentropic fluid
and a nonlinear Schréodinger equation, studying existence and uniqueness of global
solutions and the problem of vanishing viscosity and interaction coefficient limit in
the one space dimensional context (see [17]).

The second paper, by H. Frid, R. Pan and W. Zhang in 2014 ([27]) which addresses
the problem of global existence of smooth solutions to the Cauchy problem, when
the initial data are smooth small perturbations of an equilibrium state, for a similar
coupling; this time in the full 3D case.

More recently, in 2016, H. Frid, J. Jia and R. Pan extended the results of this last
paper for a similar short short wave-long wave interactions coupling only this time

involving the MHD equations instead of the Navier Stokes system ([28]).
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Our main goal here is to study this same model in several other contexts and to
give answers that are still open such as existence of global strong solutions in the
planar 1D case, existence of weak solutions in the full 3D case, vanishing viscosity,
etc.

In the model, the Schrédinger equation is coupled to the MHD system along parti-
cle paths, meaning that the former is stated in a different coordinate system; namely
in Lagrangian coordinates.

The MHD system we deduced earlier is stated in the so called Eulerian coordinates,
where the motion is described from an outsider’s point of view. In the Eulerian de-
scription, the spatial variable and the temporal one are independent. The Lagrangian
coordinate, in contrast, is constant along the trajectories. In other words, the La-
grangian description follows the flow, as if the observer is on a boat following the
stream lines. As the Schrodinger equation is stated in Lagrangian coordinates we

must first give a precise definition of this coordinate system.

2.2.1 Lagrangian Coordinates and Coupling

Given a velocity field u = u(t,x) in R? for t € R and x € RY, the Lagrangian
coordinate related to u can be defined in the following way.
For (t,x) € [0,00) x R%, let ®(¢,x) be the solution of the initial value problem
dd

E(t; x) = u(t, (t;x)), (2.23)

®(0;x) = x.

Then, the Jacobian Jg(t;x) = det (%i’(t;x)) of the transformation x — ®(¢;x)

satisfies
dJs

W(t;x) = divu(t, ®(¢; x)) Jo (t; %), (2.24)

Jo(0;x) = 1.

As aforementioned the Lagrangian coordinate is characterized by being constant
along particle paths. In the notation introduced above, the Lagrangian transformation
Y (t,x) = Y(t,y(t,x)) can thus be defined by the relation

y(t, ®(t;x)) = yo(x), (2.25)

where the function yj is a diffeomorphism which may be chosen conveniently according
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to the problem.

In the 3-dimensional case of the MHD system, we can define the Lagrangian coor-
dinate through the velocity field u of the fluid, by defining

yo(x) := (xl,xg,/o po(xl,xg,s)ds), (2.26)

where, pg is the initial density po(x) = p(0,x). This is in accordance with [27] and
[28].

By (2.25), we have that

dy .92 9o
St D(t:X)) - (%) = ().

Defining J, (t;x) := det 9 (¢, d(t;:x)) ), we consequently have
y Oz

Jy(t;x)Jo(t;x) = det %yo(x).

Z

Taking derivative with respect to ¢t we find that

<i%@@>h@ﬂ+%@@<ih@@)—a

and using (2.24) we get

d .
%Jy(t; x) = —(divu)Jy (£; x).

Therefore from equation (2.20) we have

dCﬁ@@@U
dt \  Jy(t;x)
1, B(:%)) + Vplt, @(t5%)) - ult, &(t33))]y (1) + plt, Bt %)) (divw)Jy (1)
Jy(t;:x)?
[—p(t, @(t;x))(divu)Jy (t;x) + p(t, P(t;x))(divua) Jy (£ x)
Jy(t§ X)2

=0.
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And since Jy(0;x) = po(x), we conclude that

det (?Z’(t, P(t; x))) = Jy(t;x) = p(t, D(t;x)), (2.27)

det (g’;’(t,z)) — o(t,2), (2.28)

for all (¢,z) € [0,00) x R3.

We are interested in a coupling, involving a nonlinear Schrédinger equation along
particle paths. To that end, we consider the following Schrodinger equation
dip

i+ A0 = [V + Gy, (2:29)

where 1 is the complex valued wave function, G is a real valued function corresponding
to a potential due to external forces and y is the Lagrangian coordinate as defined
above. Recall that the momentum equation (2.19) also has a term accounting for

possible external forces.

As in [17], [27] and [28] we propose to model the short wave-long wave interaction

by taking fe in (2.19) and G in (2.29) as

foxe = aV(g'(1/p)h(|¥ 0 Y %)), G = a(g)l'([v), (2.30)

where o and & are positive constants, Y (¢,x) = (¢,y(¢,x)) is the Lagrangian trans-

formation as before, v(t,y) is the specific volume defined by

v(t,y(t,x)) = (2.31)

p(t,x)’

and g, h : [0,00) — [0, 00) are nonnegative smooth functions with A(0) = 0.

The most important feature of this coupling is that it is endowed with an energy
identity. Indeed, having defined the external force by (2.30), the last term of equation
(2.18) reads

foxt - 0 = adiv(g'(1/p) k([ o Y[*)u) — ag'(1/p)h(|¢ o Y[*)divu.
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Multiplying (2.20) by —(1/p)ag’(1/p)h(]1) o Y|*) we deduce that
—ag'(1/p)h(|¢ 0 Y )diva = —a(g(1/p): +u- Vxg(1/p))h(|¢ o Y[*)p.

Observe that from the definition of Y we have the conversion formula between

Eulerian and Lagrangian coordinates:

Bt,y)e = (BoY(t,x))e+u-Vy(foY(x)),

or synthetically,
B(t y)t = Bt(ta X) +u- VX5<t7 X)‘

Keeping in mind the previously deduced formula for the Jacobian of the Lagrangian
transformation synthesized by the identity dy = p(t, x)dx, we multiply equation (2.29)
by 1, (the complex conjugate of 1);), take real part and incorporate the definition of
G to obtain

—a(g(1/p)i +u- Vig(1/p))h([ 0 Y[*) pdx
= —ag(v(t,y))h(Jo(t, y)|*) dy
— —a{ (9ot )R Y)), — glolt.3) hl( y) )} dy
= S {divy (V3 + V3 0) = G (gt y)R(U(E Y)P),
— 519500, )P) — 5 (ot 31 ey
Putting all of this information together and replacing it in the energy equation

(2.18) we arrive at the following differential form of the conservation of energy

{(p(i]uﬁ + e) + ;ﬁ]B\Z)t + divx<u<p<;]u]2 + e) —l—p))
— divy(kV0) — divy ((A(diva)Id + p(Vu+ (Va) 7)) - u)
. 1 1 1 1
— divi((u x B) EB) _ d1vx(ﬁB x (= Vi x ﬂB))}dx
= vy (@50 + 0V P) - (g0t A EYIP),

— SVt )= )l ay. (2.32)

In particular, under suitable integrability conditions, this identity yields an integral
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form of the conservation of energy:

d 1 1
%/ <p <|u|2 + e) + ~|B|2) dx

o [ 2 (SI9 )P+ 5o+ (et y Dl y)P) ) dy =0

2.2.2 The Final System

As a result we are left with the following system of equations:

pe + div(pu) = 0, (2.33)
(pw)e + div(pu & ) + Vp — oV (4/(1/p)h(|0 0 YI))

= div</\(d1vu)1d +p (Va+ (Vu)' ) + (v X B) x B, (2.34)

<p<;|u|2+e)+;ﬂ|B|2>t+div( ( ( |u|2+e>+p>)—dlv (kVE)

+ div(()\(divu)ld +pu(Va+ (Va)') ) : u) +div ((u x B) x ;B>

+ div (;B x (;v x ;B>> +aVv <g’(1/p)h(\¢ o Y[2)> u,  (2.35)
B, +V x (;VX (iB)) — V x (u x B), (2.36)
divB =0, (2.37)
i+ Ay = [P0 + ag ()P (4] (2.38)

Here, the Schrédinger equation (2.38) is stated in the Lagrangian coordinates
(hence the subindex y in the differential operator) and the rest of the equations are
stated in FEulerian coordinates.

This system is also endowed with the energy identity (2.32). Let us not forget

about the constitutive relations:
p=p(p,0), e=e(p,0),
and Maxwell’s relation:

e0(9.0) = =5 (p(7.0) = Omu(p.). (2.30)
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Of course p is always a nonnegative function and the Lagrangian transformation
Y =Y (¢,y(t,x)) satisfies

det @(t, X)

I = p(t, x), for all (¢,x).

As a result the Lagrangian transformation is nonsingular as long as the density is

strictly positive and finite (away from vacuum and concentration).

2.3 Structural conditions

In this section we state the conditions under which we base our entire analysis on.
These conditions include growth conditions on the pressure, internal energy and heat
conductivity, initial and boundary conditions and hypotheses on the coupling func-
tions.

Although some of the results in this work may be stated in a more general setting,
in order to maintain a more clean presentation we are going to restrict our analysis to
a specific set of constitutive relations which we specify below. Our assumptions cover

a variety of physical cases and agree with several other references in the literature.

2.3.1 Constitutive relations

In this work, we consider a general constitutive relation for the pressure of the form

p(p,0) = pe(p) + Opo(p)- (2.40)

That is, we assume that the pressure can be decomposed into an elastic part p, and a
thermal part Opy which depends linearly on the temperature. Note that (2.40) can be

viewed as the first two terms of a Taylor expansion

p(p,0) = p(p, o) + (6 — 6o)pe(p. bo) + O((6 — 6p)?),

for a given # > 0. Such constitutive relation agrees with the one considered in [23]
and we refer to it for a wide discussion on its physical relevance.
For our purposes, we are going to assume that the elastic part of the pressure is
given by a vy-law:
Pe(p) = ap, (2.41)
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for some a > 0 and v > 1. This last constraint may be relaxed as in [23], but we

choose to restrict ourselves to this more simple case, since it illustrates satisfactorily

the methods used in our study.
Now, according to Maxwell’s relation (2.39) the internal energy can be written in

the form
e(0,0) = P.(p) + Q). (2.42)
with P, given by
a
P.(p) = ——=p"" 2.4
(p) o VA (2.43)
and Q(#) given by
0
Q) = | Col=)iz (244)
0
where Cy(0) := de/00 is the specific heat at constant volume, which depends only on

the temperature.
Under these assumptions, using equation (2.33) it is easy to see that equation

(2.35) can be rewritten as
(pQ(0)): + div(pQ(0)u) + Ops(p)divu
= div(sV0) + A(diva)’ + 1 (Vu+ (Vo) ) : Vu+ L[V x (2B)[ . (245)

Let us also introduce the specific entropy s = s(p,0) through the thermodynamic

relations
p
0s, =e, — =, Osg = ey,
p p pg 0 0
that is 0 Cy(2)
z
s(p.0) = [ =22z = Po(p). (2.46)
where,
P
Py(p) = / ]A;)dz. (2.47)
1z
In connection with (2.45), the entropy then satisfies the following equation
0
(ps): + div(psu) — div <’€Z>
(2.48)

kIVOP? XN ., ™ 1y, T
= T+ 5 (divu) +§(Vu+(Vu) ).Vu+§‘5VXﬁB)’ .
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2.3.2 Initial and boundary conditions

Throughout this work we are going to assume that the fluid under consideration oc-
cupies a domain Q C R? during a time interval [0, 7], where T' > 0 is arbitrary. We
focus on the case where 2 is a smooth and bounded domain. Accordingly, equations
(2.33)-(2.38) must be supplemented with a set of initial and boundary conditions in
order to obtain a well posed problem. Regarding the boundary conditions, we assume
that

(11, VXH -1, B)’ag = O,
Yloa, =0, t €1[0,T).

Here, n is the outer normal vector of €2, and (2, is the corresponding domain of the
Lagrangian coordinate y. Note that, by virtue of (2.25) and the boundary condition
on the velocity, the Lagrangian transformation Y (¢,-) : Q@ — R3? is a diffeomorphism
onto €2y := yo(Q) for every ¢ € [0, 7.

As for the initial conditions, we assume that

(pa mupQ<9)7B)(07X> = (p07m07X07B0)<X), x € ()
¢(07y> = ¢0(Y), y < Qy,

where m = pu is the momentum of the fluid.

The reason why we specify the initial conditions in terms of m and p(@ is to include
regimes where the density p may vanish. Although our model depends on the fact that
the density is strictly positive, since the Lagrangian coordinate becomes singular in
the presence of vacuum, we will discuss the possible existence of weak solutions of
our system where the Lagrangian coordinate makes sense in an approximate way. On
the other hand, equations (2.34) and (2.35) (and respectively (2.45)) become singular
whenever p vanishes. This problem will be dealt with in time. For now, we simply

demand that my and yxq satisfy the following compatibility condition
(my, xo) = 0, on the set {z € Q: py(x) = 0}. (2.49)

2.3.3 Growth conditions and coupling functions

Finally, let us stablish the growth conditions on the pressure, thermal energy and

heat conductivity; as well as the hypotheses on the coupling functions g and h. The
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conditions below are in accordance with those in [23] and also agree with those imposed
in [15] and in [48], where a more general constitutive relation for the pressure is

considered.

Pressure:

As already mentioned, we are considering a pressure function of the form

p(p,0) = pe(p) + Opo(p), (2.50)
where the elastic part p. is given by a y-law:
pe(p) = ap”, (2.51)

with a > 0 and v > 1. Concerning the thermal part of the pressure we assume that

py satisfies the following conditions:

po € C[0,00) N CH(0, 00), po(0) =0
pe is a nondecreasing function of p € [0, 00| (2.52)
po(p) < po(1+p"), for all p > 0,

for some pg > 0 and I' < %

Internal energy:

As aforementioned, this particular choice of pressure function and Maxwell’s relation

(2.39) force the internal energy e to have the form

e(p,0) = Pe(p) + Q(0), (2.53)

where

0
e T Q) = [ Colz)dz.

Concerning the function Cy we assume that:

Cy € C*0, 00), inf,ep,00) Co(2) > 0
61(]. + QT) S 019(9) S 62(1 + QT),

(2.54)
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where r € [0, 1] and e; and ey are appropriate positive constants.

Heat conductivity:

As in [15, 23, 48] we need to impose some growth conditions on the heat conductivity
coefficient x for our results to hold. In the most general case all the viscosity coefficients
(1 and M), electromagnetic coefficients (fz and ) and heat conductivity (x) may depend
on both the density and the temperature. For our purposes, however, we take them
all to be constant, except for the heat conductivity, which we assume to depend on
the temperature, satisfying some growth rates. Although, dependence on the density
may be assumed for generality, the dependence on the temperature is necessary for

our analysis. Specifically, we assume that x = k() depends on the temperature and

satisfies:
k€ C*(]0,00))
ki(1407) < k(f) < ko(1 +607), forall® >0 (2.55)
ko(0) < ko(1 +69), for all § > 0.

Here, k1 > 0, ¢ > 2+ 2r, ¢ > 0 and r is the same as in (2.54).

Coupling:

Finally we impose some conditions on the functions involved in the coupling describing

the short wave-long wave interaction, which agree with those in [17, 27, 28]

g,h :]0,00) — [0, 00), smooth with ¢g(0) = h(0) = 0,
suppg’ compact in (0, 00), (2.56)

supp h’ compact in [0, 00).

In the upcoming chapters we are going to discuss several questions on our model
under these structural conditions, such as existence and uniqueness of solutions. Given
the complexity of the model, we begin by studying the one dimensional case, where so-
lutions are well behaved, and then move on to the more complicated multidimensional

case.



Chapter 3

SW-LW Interactions in Planar
MHD

3.1 Planar equations

Considering the complexity of the model we deduced in the previous chapter, we
analyse first a simplified version of it. Namely, we are going to study several aspects
of the model under the assumption that the flow moves in a preferable direction. We
are going to assume that the three dimensional MHD flow with space variables x =
(x, x5, x3) moves in the z direction and is uniform in the transverse direction (xs, x3).
This assumption considerably simplifies the equations as well as the short wave-long
wave interaction coupling, since the one dimensional Lagrangian transformation takes
a very specific and plain form. Taking advantage of this, we can write the whole
system in Lagrangian coordinates in order to carry out a straightforward (although

not necessarily simple) analysis.

Our approach is motivated by the work of Dias and Frid in [17], as was already
mentioned, but also relies on Chen and Wang’s work in [15] and on the work of Wang in
[48] on the existence and uniqueness of solutions for the planar MHD system. We also
incorporate Chen and Perepelitsa’s results from [14], where they study the vanishing
viscosity problem for the Navier Stokes equations, and adapt them to our model. More

details will be given in the respective sections.
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3.1.1 Planar MHD and Lagrangian coordiantes

Let us consider a three dimensional MHD flow with spatial variables x = (z, x5, x3).
Let us assume that it moves in the x direction and is uniform in the transverse direction

(2, x3). For convenience, let us decompose our dependent MHD variables as
p=p(t,x), 0=0(t, ), u = (u,w)(t, ), w = (ug, us),

B = (b1, b)(t, 1), b = (bs, bs),

where u and b; are the longitudinal velocity and the longitudinal magnetic induc-
tion, and w and b are the transverse velocity and the transverse magnetic induction,

respectively.

Under our assumptions, we have that the partial derivatives with respect to x»
and x3 of all the functions involved in our system are zero. With this in mind, a

straightforward calculation shows that (2.36) takes the form
blt = 07

1

Also, (2.37) implies
blz = 0

As a result by is constant and we can take it to be equal to 1 (that is by = 1).

For convenience, and for later applications, in what follows we are going to write
all of the equations in terms of the magnetic field H instead of the magnetic induction
B. Recall that B and H are related by the identity

H=/'B.

Consequently, writing H = (hq,h), the one (space) dimensional version of equations



3.1 Planar equations 31

(2.33)-(2.38) is

i+ (pu)s =0, (1)

(e + (e +p+ S0P = ag (/)b 0 YP)) = (e 32

(pw)i + (puw — fh)y = (W), (3.3)
(o (e+ 30>+ 3wP) + 5I0P) + (u(p(e+30° + 3Iwl*) +p))
= (Bw - h = Buh); + (cuus + pw - Wy + vh - hy)s + (k6;),

+a(gWoh(weYP)) u (3.4)

S+ (Bub — fw), = (vh).. (35)

e+ by = [0+ g0 (0 P (36)

Here, ¢ = A + 2 is the bulk viscosity, 5 = [ is the magnetic permeability and
v = ¢! is the electric resistivity. The change in notation regarding the magnetic
permeability is to prevent confusion with the shear viscosity parameter u and to avoid

the overload of notation caused by the tilde.

Let us also recall that p = p(p,0) and e = e(p, #) are given by (2.50) and (2.53),

respectively; and according to (2.45), equation (3.4) is equivalent to

(pQ(9)): + (pQ(O)0); + Opg(p)ur = (Kby)w + cul + plw,|* + v|h,[>. (3.7)

It is worth mentioning that in this case the Lagrangian transformation Y (t,z) =

(t,y(t,x)) can be defined in a simpler way by the identities

oy dy [T
L=p = —pu wmwém@m (3.8)

clarifying any ambiguity in the system above. In addition, the one dimensional version

of the energy identity (2.32) continues to hold. Namely, we have
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(et tr) « 08) + oote 2w ),

— (euuy + pw - w, +vh - hy), — (k6,), — (Bw-h — Bu|h|2)x}d:ﬁ

- g{wtwy +08,), — (agIh(VP) + i + 1|w|4)t}dy. (39)

Furthermore, we can rewrite the whole system in Lagrangian coordinates as

v — Uy = 0, (3.10)
et (o e - ag o) = () .11
w; — fh, = (”Z"y)y, (3.12)

e+ St wl+ Bolnf?) + 5 (ag(o)(luf) + S P + i) |

 (u (e S0P = g ()~ - w - (07, + )

Y

:<“9y+5““y+“w'wl’+yh'hy> , (3.13)
v v v v Y

(Bvh), — pw, = (I/Uhy> , (3.14)
i + Yy = 012 + ag ()l (|9 (3.15)

where, v is the specific volume given by (2.31). Accordingly, equation (3.7) results in

K0 cu? w,2  v|h,|?
7y)y+7y+/ﬁ| y| + | y’ _
v v v v

Q(0)¢ + Opo(p)uy = (

(3.16)

Of course, this change of variables is justified only when p is finite and strictly

positive.



3.1 Planar equations 33

3.1.2 The initial-boundary value problem

In what follows we are going to study several aspects of the systems (3.1)-(3.6) and
(3.10)-(3.15), such as the vanishing bulk viscosity and interaction coefficients limit.
However, before we get there, we must first ensure that the proposed system is well
posed. For this reason we dedicate a couple of sections to the existence and uniqueness

of solutions.

Let us state precisely the problem we are going to focus our attention on. Consider
the initial-boundary value problem for the system (3.1)-(3.6) in a bounded spatial
domain, which we can assume to be (0, 1) without loss of generality, with the following

initial and boundary conditions

(PaUaW7h797¢)|t:0 = (p07u0aw0a h0,90,¢0)($), T € (07 1)7

(3.17)
(ua w, h7 0:13)‘36:0,1 - O; "(Mag =0

where the initial data satisfes the respective compatibility conditions.

In order to show well-posedness of this problem we first do it for the system in
Lagrangian coordinates. In the process, we show that no vacuum nor concentration of
mass develop in finite time, which also implies well posedness of the original problem

in Fulerian coordinates.

From (3.8) we have that

y(t,z) = /OI p(t, 2)dz.

Using equation (3.1) and the boundary conditions we see that

st 1) =y(0.1) = [ po()d=

Up to a scaling we can assume that

1
[ iz =1
0

so that 0 < y < 1. With this, the initial-boundary value problem (3.1)-(3.6), (3.17) in
Eulerian (¢, x) coordinates is transformed into the initial-boundary value problem for
the system (3.10)-(3.15) in Lagrangian coordinates (t,y) for y € Q := (0,1) and ¢t > 0
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with the following initial and boundary conditions

(U7u7waha97w)|t:0 = (U07U07W0,h0,907¢0)(?/)a ) € Qa

(3.18)
(U, w, h7 eyu 77Z))|(9Q = 0.

Remember that we are assuming the structural and growth conditions from Section
2.3. In connection with (2.50) and (2.53), by an abuse of notation we have that
p = p(v, ) is given by

p(v,0) = pe(v) + Opp(v), (3.19)

where the elastic part p. is given by

Pe(p) = av™7, (3.20)

with @ > 0 and v > 1. Concerning the thermal part of the pressure py we assume that

po € C(0,00) N C(0, 0), lim, 00 po(v) =0
Pe is a nonincreasing function of v € (0, c0) (3.21)
po(v) < po(1+v7"), for all p > 0,

for some pg > 0 and I' < 3.
Accordingly, the internal energy e = e(v, ) is given by

e(v,0) = P.(v) + Q(0), (3.22)

where

P.(v) = o, Q) = /O " (). (3.23)

Concerning the function Cy we assume (2.54).

As aforementioned, the heat conductivity x must depend on 6 and satisfy (2.55).
Moreover, we assume that the coupling functions g and h satisfy (2.56).As for the
parameters ¢, i, v, 3, a and &, we take them to be fixed positive constants. Let us in
fact take o = @ from this point on, since the analysis developed below does not change

otherwise, but may be clouded by the overload of notation.

Under these conditions we can prove the following result.
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Theorem 3.1. Supose that there are positive constants m < M such that
m < vy(y),0(y) < M, y € Q, (3.24)

and that
'UO,UO,WO,hO,&O € H1<Q)7 wo € H2(Q7 C)? (325)

and vg € WH=(Q). Then, problem (3.10)-(3.15), (3.18) has a unique global solution
(v,u, w, h,0,1)(t,y) such that for any fired T > 0

ve O0,T]; H () N L0, T; Wh=(Q)),

(u, w,h) € C([0,T]; Hy () N L*(0,T; H*(2)),
0 € C(0,T); H(Q)), 6, € L*0,T;Hy(Q))
€ C([0,T]; Hy(;,C)) N L>(0,T; H*(Q;C)).

Also, for each (t,y) € [0,T] x Q we have
C <w(t,y), 0t,y) < C,

where C' > 0 is a constant depending only on T',m, M and the initial data. Moreover,

solutions depend continuously on the initial data.

In order to prove this theorem we first prove existence of local solutions and then
extend the local solutions to global ones based on a priori estimates.

For the local result we use a Faedo-Galerkin type method similar to that applied
by Dias and Frid in [17], which is in turn resembles the classic work by Kazhikhov
and Shelukhin in [32] (c.f. [2, Chapter 2]). As for the global result, we develop some
a priori estimates inspired by the work of Chen and Wang in [15] and by the work of
Wang in [48].

The uniqueness of solutions is proved by analysing the equations satisfied by the
difference of two possible solutions that have the same initial values and conclude by
an application of Gronwall’s inequality. In this part we incorporate some of the ideas
by Chen and Wang in [16] and adapt them to our needs.

Note that the results in Theorem 3.1 for the problem in Lagrangian coordinates
imply the corresponding results for problem (3.1)-(3.6), (3.17) in Eulerean coordinates.

More precisely we have the following theorem.
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Theorem 3.2. Supose that there are positive constants m < M such that
m < po(z),0p(z) < M, xz € (0,1), (3.26)

and that

pos to, Wo, ho, 6o € H'((0,1)), g € H*(;C), (3.27)
and py € WH((0,1)). Then, problem (3.1)-(3.6), (3.17) has a unique global solution
(p,u, w,h,0)(t,z), ¥(t,y) such that for any fized T > 0

p € C0,T]; HY((0,1))) N L=(0,T; W=((0, 1)),
(1, w, ) € C([0, T HA((0,1))) N 13(0, T H((0, 1)),
0 € C(0,TEH(0,1), 6, € I*(0,T; H3(0,1)))
¥ € C([0,T); Hy (2 C)) N L>(0,T; H*(2; C)).

Also, for each (t,z) € [0,T] x (0,1) we have
Ot < p(ty ), 0(t, ) < O,

where C' > 0 is a constant depending only on T, m, M and the initial data.

3.2 Existence and Uniqueness of solutions

Our main goal in this section is to prove Theorems 3.1 and 3.2. Note that Theorem 3.2
follows from Theorem 3.1 by changing back to the original coordinate system once we
show that the coordinate change is nonsingular. As observed before, the Lagrangian
transformation is nonsingular as long as p (or equivalently v) is strictly positive and

finite. As this is part of the conclusion of Theorem 3.1 we need only prove this theorem.

Let us begin by showing existence of local solutions.

3.2.1 Local solutions: Galerkin method

Let us assume that the initial data (vg, ug, Wo, ho, 0o, 10)(y) satisfies

m < vy(y),0(y) < M, y € Q, (3.28)
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and that
’Uo,UO,Wo,ho,eo € H1<Q), ’Lpo € Hl(Q, C) (329)

Then, we have the following local result.

Lemma 3.1. There exists T > 0 and a solution of (3.10)-(5.15), (3.18) satisfying

v e C([0,T]; H(),

%gvgw

(u, w,h) € C([0,T]; Hy(2)) N L*(0,T5 H*(2)),
0€C(0,T); H(Q)), 6,€ L*0,T;Hy(Q), 6>0
b € O([0,T; Hy(2;C)),

Vg, U, Wy, Dy, 0, € L2(07T§ L2(Q))-

The rest of this section is devoted to the proof of this lemma.

Let us construct a sequence of approximate solutions (v™, u™, w™, h™ 0™ 1, ) where

(u™, w™, h"™ 0" ") are of the form

(1) = 3w Osin(iny)
Wt,) = 3 wi()sin(hny)
h"(t,y) = i hi (t)sin(kmy), n=12 .. (3.30)

B
Il
—

0(t.9) = 30 0)eos(imy),
Bt y) = 30 U ()sin(kmy).

B
Il
—

Note that each approximation is written as a sum of either sines or cosines so that
they match the desired boundary conditions (for example, 0}|sq = 0).

In order to determine the coefficients uy (t), wi(t), hi (¢), 07 (t), ¥p(t), j = 0,1,...,n,
k =1,...,n, we demand that equations (3.11)-(3.15) be satisfied in an approximate

way. To this end, we consider the spaces

S, = spang{sin(kry) : k=1, ...,n},
Cn :=spang{cos(jmy) : 7 =0,1,...,n},



38 SW-LW Interactions in Planar MHD

with respective projections

By LX) = S, PC 1 L3(Q) — C,.

By virtue of (3.10) we take

(1) = voly) + [ 5)ds,

so that,

’Un|t:0 = Up.

With the notation above, we consider the following system.

o = 2| (ot = G gy T |
Yy
w=ﬁ6w+0%),
rUn
Yy
n S n}n n Vh?i'}
Bht P'n, n Buyh +5wy+ on )
Yy

o) = P}

n

1 " - K(0")0;
cxm>(‘9p““”%+< o >y

€y ?

plwy [ vIhy|®

(0 (0

i = P

— Uy, + " PY" + ag(v”)h’(lwlz)@b”} :

UTL

)

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

This “approximate problem” is defined in such a way that (heuristically) a limit

(v,u,w,h, 0, 1) of the sequence (or a subsequence of) (v™, u™ w™ h" 6" ") satisfy
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the system

Uy = Uy, (3.37)
we= (pt00) = S+ ag o)™ | (339

v
_ HWy
= (2] -
Bh; = E ( — fu,h + Bw, + <Vhy> ) , (3.40)
v v/,

0, — 1 — Opp(v)uy + K(Q)Qy i 8’uy|2 + N|Wy|2 + V’hy|2 (3.41)
LT Cy(0) ottty v/, v v v )’ '
i = =y + V120 + ag(0)P ([$*)y, (3.42)

which is equivalent to our original system (3.10)-(3.15).

Now, system (3.32)-(3.36) poses a system of ODE’s for the coefficients u} (t), wi(t),
hi, 07(t), vp(t), k=1,2,..,n, j = 0,1,...,n. Namely,

/( W) = S g O P ) sy, (0.9

jt / ( }) sin(kmry)dy, (3.44)
d 1 h7
ﬁgh}j(t) = /o 171( Buyh™ + fwy + (%)y)sin(knry)dy, (3.45)
d L K(0™)0"
g7 0} ( / 7079 o 0 (—9 po(v")uy, + <v" y)y

n|2 n|2 n|2

+ e\uz\ + ,u\w;ly\ + V|h3’ )cos(ﬁry)d%
v v v
(3.46)

d n ! n n|2,/n ny\ i,/ n|2 n .
SO0 = [ (=0, + 10" Pu + ag(o" W (16" 2)0") sin(kry)dy. (347

Regarding the initial conditions, we impose that

(u", w", ", 0", ¢") =0 = (ug, wg, hg, 05, 95), (3.48)
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where the latter satisfy
ugy, wWq, hy, ) € Sn, 0y € Cy, (3.49)

and
(Ugngyhgﬁg’wg) — (u07w07h07907w0) (350)
in H'(Q2) (and, therefore, uniformly). For instance, 67 can be defined by

/\

Zi: ) cos(jmy) + (90(0) s 90@/(9)) |

= JT

where @(j), Jj = 1,2, ... are the coefficients of the sine Fourier series of 0,; that is
6oy (+) Z@oy sin(jm), in L*(Q).

Taking the coefficients of the newly defined approximate initial data as initial
conditions for the respective coefficients and taking into account relation (3.31), the
existence and uniqueness of solutions of (3.43)-(3.47) are guaranteed by the well known
classical results on the theory of ordinary differential equations. From this, the ex-
istence and uniqueness of solutions of the form (3.30) for the system (3.32)-(3.36),
(3.48) follow.

Having a sequence of approximate solutions we now need some uniform estimates
that allow us to take a convergent subsequence to a solution of the original problem
(3.10)-(3.15), (3.18).

Observe that each one of the approximate solutions is merely a local one. That
is, each solution (v™,u", w" h" 0" ™) exists only on a time interval [0,t,]. So, we
not only have to bound properly the norms of the involved functions, but have to
guarantee that they are all defined on a uniform small enough interval [0, ¢o].

From the theory of ODE’s we know that whenever one has existence and uniqueness
of solutions to an ODE

d

—X = F(X), X(0) = Xo,

dt

where, F': W C R"™ — R"”, then given an initial condition X, € W, there is a maximal
interval of existence (t_,t,), - < 0 < t,. Such an interval is characterized by the fact

that whenever t. is finite then as ¢ — ¢4 one of the following two possibilities hold:
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o either X (¢) tends to the boundary OW of W, or
« |X(t)| tends to infinity.

With this in mind, we see that in order to guarantee the existence of ty > 0 that
bounds ¢,, from below for all n, we have to ensure that the coefficients of (u", w™, h™,
6™, 4™) do not blow up before ¢, and also that (v™,0™) remain in a compact subset of
the domain of the functions p, e and k. That is, we have to show that (v™,0™)(t) does
not leave a certain compact subset of (0, 00) x [0, 00).

In order to avoid this last constraint we are going to make two remarks.

First we are going to assume that

% <u'(y,t) <2M,  yeQte 0t (3.51)

This is certainly true on a possibly smaller time interval, which we will show later on
contains [0, ty] for some uniform ¢, > 0.
Second, since we do not seem to be able to show directly that 8™ is nonnegative

on a uniform over n time interval, we consider smooth extensions of the functions
019(9)7]?(1), 9)) 5(9)

for (v,0) € (0,00) x R such that for all v € [m/4,4M] and all § <0

0 < p(v,8) <po(1+16]), Ro < K(0), (3.52)
&1 < Cy() < &, (3.53)
[po(v, 0)| < pr, po(v,0)] < Pa(1+10]), (3.54)
K(0), [ko(v, 0)| < Ri(1+10]T), (3.55)

where pg, Ko, €1, P1, P2, k1 and é; are positive constants. These conditions are in agree-
ment with our previous assumptions on the growth of the functions p, e and k.

Such extensions are not difficult to construct. It suffices to consider a reflection
with respect to the axis (0,00) x {# = 0} and some manipulation (cutoff) in the case
of Cy so that (3.53) is satisfied.

Thus, from this point on we are going to work on the system (3.32)-(3.36), (3.48)
with the extended Cy, p and x (maintaining the same notation for the extensions).

As mentioned before, we seek to ensure the existence of a convergent (in some
sense) subsequence of (v™,u™, w" h™ 0™ ¢™) so that its limit satisfies (3.37)-(3.42).
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Once we have achieved this, since 6y is bounded away from zero, the limit 6 of the
(sub)sequence 0™ will also be positive, at least on a small enough time interval, and
therefore our original system (3.10)-(3.15) (with the original Cy, p and k) will be
satisfied, thus proving Lemma 3.1. Let us remark that, in fact, there is a maximum
principle available for the limit equation (3.41) which guarantees the strict positivity

of 6, but we leave this argument to the a priori estimates from Section 3.2.4

3.2.2 Estimates for the approximate problem

Let us begin by pointing out some useful remarks (Recall that we are assuming (3.51)).

First, the simplest case of Sobolev imbeddings applied to 6" implies
max 0°(6, )] < 1070 120y + 138, 20 (3.56)
Our growth conditions hypotheses on p and e and also (3.52)-(3.55) then imply

0 < p(v™,0") < CL+[|0" 120 + 16| 22(0))

Cy(™) > C 1, k(O > C,
Ipe(v",0")] < C,
po(v", 0" < C(+ 107|220 + 10y ]| 2())

[K(0™)] + |ra(0")] < C(L+ 10720y + 110511720
Here, and in what follows, C' denotes a positive constant independent of n.
Second, for any Z € H'(Q) such that Z(yo) = 0 for some yo € §2, we have

. 1/2 1/2
Iéleaé( 1Z(y)| < min{|[Z,|[r2(0), 2||Z||L2(Q)||Zy||L2(Q)}‘

In particular, this holds for all the functions in the set
{u(t, ), w"(t, ), h"(t, ), ¥(t, ), uy (t, ), wy(t, ), hy(t,-), 0,(t, ) - t €[0,t,]}.

Finally, from (3.31) we have that

t 1/ . 1/2
SV (/0 ||uZy(s)||%z(Q)ds> <v(ty) < M+t 42 (/0 |IUZy(8>||iz<md8> )
(3.57)
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for a.e. y € Q and ¢ € [0,¢,]. Also,

t 1/2
e ®llzy < €+ C ([l (5) aards) (359)
for ¢ € [0, min{t,, 1}].

With these observations at hand we are going to prove that as long as (3.51) holds

(which is certainly true at t = 0) we have the following inequality

Zn(0) < Gl + ()", (3.59)

for a certain ¢; > 0 where,
a(t) = [1(u”, w", 0", 0", ") (1) 7 ) +_jﬁtH(UQQ’VVZy7th70;@)(S)H%?(Q)d8' (3.60)
Since 1,(0) is bounded by a constant Cy > 0, then from (3.59) we conclude that
m(t) < o(t)

forallm =1,2,... and all 0 <t < t*, where ¢ is the solution of the ODE

d q1
ZX (1) =0+ X(0)")
X(O) = Oy,

and t* is the maximal time of existence of the solution to this ODE relative to the

initial condition C5.

After this, by (3.57) we can choose 0 < ¢, < t* small enough so that (3.51) holds
for all ¢ € [0, t] and all n.

With this in mind, let us assume (3.51) and begin the proof of (3.59). Multiply
(3.36) by ¥ (the complex conjugate of ¥"), take imaginary part and integrate over

to obtain y
" (Oll3z0 = 0.

which immediately implies that |[¢"(t)|3.q < C.
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Next, multiply (3.32) by u™ — ujp, and integrate by parts and use (3.58) to obtain

d n n | n n
i Lo foipa] we [ E5a e [P+ [Ladtomtor gy

_/< (v, 0™) —glh”|2) ugdy+/ﬂ(pv(v”,H")vZ~l—p9(v",0”)92

"N n n n (. n\1/ n n.in gunvn n
+ Bh"hy — ag” (v")h([Y"*)vy — ag' (V)R ([0"*)Re(v by + e zy)“yydy

Juy|®

<C (1 F 0"z ) + 116y 1220 + HhZH%Q(Q)) |[uy [ 22

t 1/2
+C (1 + 10| 2y + ||0;LHL2(Q)) (1 +/0 ||UZy(5)H%2(Q)d5> [, |22 ()
+ Oy | L2 gyl 20
+ C| |y |70 lup, |1 220 + Clly 17200 gy |1 2 ()

L YA 2
w0 (1 (f g oMizarts) ) gl o1

< Gy, (1 + ||9n||i2(9) + ||95||i2(9) + ||hZ||i2(Q) + ||¢;||i2(9) + ||UZ||8L2(Q)

t 4
+ </0 HuZy(S)HLz(Q)ds) ) +51Hu2yH%Q(Q). (3.61)

Here, 6; > 0 is arbitrary and Cy, > 0 is a constant which depends on d;.

By (3.31), we see that ¢'(v")u; = g(v"); and therefore the fifth term on the left

hand side can be rewritten as

[ ag @t Pragy = 5 ([ agrn(lon2)ay)

— [ agu)n (14" *)2Re(u T )dy

Multiplying (3.36) by %w, taking real part and integrating by parts we have

d o

~ [ gl (1w P)2Rer )y =

wioe o (2 1071") dy

Replacing this in (3.61), using our assumption (3.51) and taking ¢; > 0 small enough
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we have
d n||2 n||2 n||4 ni|2
T " [[7200) + [luyl[72e0) + 10" [ La@) + 1Yy 1720
+ \|@9(U")h(\¢n|2)“m(ﬂ)) + [y, |72

C (1 + ||9n||%2(9) + H‘9;L||4L2(Q) + ||hZ||%2(Q) + H%?Hi%m

t 4
5 + (]l (5) | aonds) ) (362

Similarly, multiplying (3.33) and (3.34) by w" —wy,, and h™ —h} respectively and

integrating by parts, after some manipulation we get

d

([P (W [y I (L

t 4
<0 (1 I + 05 e + ([ I 0Eee) ). 669
and
d n||2 n||2
a0 (Hh |72(0) + ||hy||L2(Q)) + [|hy, ||L2

t 4
< € (1 Il + 10 + 15 + 10U + 09 ) )

(3.64)

Next, multiplying (3.35) by 6" — 0}, and integrating we have

d /1 1 K(07)167, 2
i (19" + 5105 + [ " oy

[ g+ e
—/Qcﬂ(gn)[—e 00", 6" 6]

W07 o el pdwi ]
- |Un|2 Uy(gy + Uz + ,Uny + ’US (0 —ny)dy
0” 0"dy.
+./019 (0

Note that our growth conditions imply that ”( > Cy !, for some constant Cy >
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0, so using (3.51) we get
d n||2 n||2 n |2
a (HG T2(0) + HQyHL?(Q)) + 10y, 11720

< 52/9 10y, *dy + Cs, /Q L+ (L4107 *)|uy|* + (1 + 10" oy [F1051° + 107%)

(L4 1079105 1" + fugl* + [wy[* + [wyl*| dy, (3.65)

where 0o > 0 is arbitrary and Cj, is a positive constant depending on 9,.

Let us analyse this last line term by term. First,

/Q(l + 10" uy [Pdy < C(L+[10"][72(0) + 105 172(0)) 4yl 72(0)

< O+ 10" 1220y + 1051220y + Nuyll72(0))-

Second,
[ @+ 10" (o 216312 + [07)dy
n |24 n |29 n n n
< O+ 107 + 110511720y (116 1720 +I§1§(§|9y|2|’%\|i2(9))
n||2q n||12q n n n n
< CA+ 10230 + 105 1)) (16" Z2) + 1051 20 105, |12 10y 220

n||8G n|18G n n
< Cog | L+ 107115310 + 10511750 + 1107|220 + 110511220

8
t
+ /OHUZy@)H%%Q)dS) +53H9'Zy||%2(ﬂ)'

Next,

10167y < L+ 1167135 )+ 11851751185 o 165 200

n||18G n||8q n n
< Csy(1+ 167720 + H%H%(Q) + 10,1173 )) + 95110}, [172 ()
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Finally,

[ Qg w4 vy )y
< 201y 2o 45y + 115 2t W5 20+ 1B, e 195 )

< 0a(lluyy 172 + Wyl IZ2@) + 110y, 11 Z2)

+ 064(HUZH%2(Q) + HWZH%Q(Q) + HhZH6L2(Q))-

Putting all of this information together in (3.65) and choosing first d, > 0 and then

03 > 0 small enough we have

d n n n
a0 <||9 ||%2(Q) + ||9y||%2(§2)> + ||0yy||%2(9)

< Cs, |1+ 10720y + 1101720 + ||UZ||%2(Q) + ||WZ||6L2(Q) + ||hZ||6L2(Q)

t 8
([l (5) 2oy

+ 54(||“Zy||%2(9) + ||W2y||%2(9) + ||th||iQ(Q))a

(3.66)

where ¢; = 84.
Now, adding (3.62), (3.63), (3.64) and (3.66) and choosing d, > 0 small enough
we arrive to the inequality (3.59), which, as mentioned before, implies the existence

of ty > 0 small enough and independent of n such that

to
max H(v”,U"7W"ah”ﬁ"aw")(t)lﬁﬁ(m+/0 || (g Wy by, 05 (5) ][ T2y ds < C,

t€[0,t0] vy Y yy Tyy Vyy
(3.67)
% <M(ty) <2M,  y e te 0t (3.68)

for some positive constant C' also independent of n.

3.2.3 Existence of local solutions

As noted earlier, estimates (3.67), (3.68) and (3.69) imply that all approximate solu-
tions (v™, u"™, w", h", 0" ™) are defined on the interval [0,%y]. That is, ty < t,, for all

n.
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Furthermore, these estimates guarantee the existence of a subsequence, which we

keep denoting by (v™, u™, w™, h" 6™ ¢"), such that

vt —= v
(u”, uy) = (u; uy)
(W, wy) = (w,w,) I
weakly in L*([0, tg] x Q
) (o yin L([0, %] x ©)
(6", 6y) — (0,6,)
Y=

Having estimates (3.67)-(3.69) it is easy to prove using equations (3.32)-(3.36) that

Jmax [[(u, wi, by, 67) ()] 2@ < C

From (3.67) and (3.70) we see, in particular, that
(Uyy, up') = (Uyy, ur) weakly in L*([0, o] x ),
which implies that
u € L*(0,to; H*(Q)) with u, € L*(0,t; L*(Q2))

and hence (see e.g. [22])
u e C([0,to]; H'(Q)).

Similarly,
w,h € C([0,t0]; Hy(2)) N L*(0,t0; L*()),
and

0 € C([0,t0); H'(Q)), with 6, € L*(0,t0; Hy(52)).

Finally, we also have the estimates

t
sup |97 (8)] |10 + max |[o7 (1)][72 ) +/0 [vgy ()] < €,

te[0,to] [O t ]

(3.70)

which also imply the analogues for the limiting functions v and 1, and hence (see e.g.
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[22])

v € C([0,t0); H'(92)),
w € LOO(07t07H3<Q)) N WLOO(QtO; Hﬁl(Q))

The last line also implies that
¥ € O([0,to]; L*(2))

so the initial condition makes sense.

By construction the initial and boundary conditions (3.18) are satisfied and mul-
tiplying the equations (3.10)-(3.15) by test functions in S* and C* as it corresponds
and taking the limit as n — oo (leaving k fixed) we see that (v,u,w,h,0,v) is a
local solution of the system (3.37)-(3.42). Finally, since 0 € C(0,ty; H'(Q)) and 6,
is bounded away from zero, we conclude (upon redefining t,) that (¢,y) > C~! > 0
for all y € Q and ¢ € [0,1] (another way to see this is observing, as we will show
later when we discuss the a priori estimates, that equation (3.41) admits a maximum
principle which implies the same conclusion without needing to redefine ty). Thus our
original system is satisfied (remember that we had modified the system of equations
by considering extensions of the functions p, e and « in order to account for possible

negative values of 6").

In order to conclude, let us show that in fact
¥ € C([0,to]; Hy ().

For this, it suffices to show that the function ¢ — |3, (¢)||7:(q is continuous. From

the energy identity (3.13) we have the conservation of energy:
1 a (. 1 1
/ [( )+ 3+ w4 5olhP) + 3 (ag()h(o?) + 1l + 1) ] (t.9)dy
Lo 2 2
= [ |ewo. 60) + 5w + [wol? + Buof o ?)
@ 2 1 2 1oy
+ 5 (agluo)h(ivol) + o, + 5lvol') | (w)dy.

Isolating the term % Jo [ty (t,y)|*dy, we conclude by noting that all the other terms
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in this identity are continuous functions of ¢ € [0,to]. This concludes the proof of

Lemma 3.1.

3.2.4 A priori estimates and existence of global solutions

In this section we deduce some a priori estimates independent on time on the solutions
of system (3.10)-(3.15) which allow us to extend the local solutions to global ones. The
a priori estimates in this section are based on the analogues contained in [15] and in
[48] on the study of the planar MHD equations, although with some adaptations in
order to include the coupling terms.

Let (v,u,w,h,0,1) be a solution of (3.10)-(3.15), (3.18). Let us assume that
the solution is defined on a time interval [0, 7] where T" > 0 is fixed and that that
v(y,t),0(y,t) > 0 for all (y,t) € Q x [0,7]. Under these assumptions we show that v
and # are actually bounded from above and from below by positive constants. This
implies that the Lagrangian transformation is nonsingular. We also deduce some es-
timates on the derivatives of the solutions which show that the solution does not
leave the initial function space at any finite time. In particular, we show that the
L>(0,T; H(92))-norm of the solution is bounded by a constant. Having these esti-
mates for any T > 0 together with lemma 3.1, a standard argument yields global
existence.

Let us begin with some energy estimates, followed by the stated bounds on the
specific volume. In all of the subsequent calculations C' will denote a generic positive

constant that may depend on 7" and on the initial data.

Lemma 3.2.
dt /Q U( ) y) Yy ) ( )

d
%/ﬂ (e Lo 4 %(u2 + ’W|2 + ﬁv‘h|2) + ag(v)h(|z/;\2) + %Wylz i %|w‘4) dy = 0,
(3.72)

[W(t,y)| < C. (3.73)

Proof. Estimate (3.71) follows directly from equation (3.10) and the no-slip boundary
condition u|sq = 0 from (3.18), while (3.72) follows from the energy equation (3.13),
our hypotheses on the initial data (3.25) and the growth conditions (2.54) on the

internal energy.
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Finally, (3.73) is a consequence of (3.72) and the Sobolev embedding H'(Q2) —
c(Q). O

Lemma 3.3.

C™t <y, t) <C, (3.74)
t K0, 9
1 My < :
/Q(e 1 1og9)dy+/0 /Q <@e2 +9y> dyds < C, (3.75)
t 2 2 2
/0 /Q (»suy + plwy | + v|hy| ) dyds < C. (3.76)

Proof. In connection with (2.46), we consider the entropy s = s(v,#) given by

s(p, ) = /10 Oﬂz(z)dz ~ Py(o), (3.77)
where, X
Py(v) ::/U po(z)dz. (3.78)

Then, s(v, #) satisfies the following equation

vl +

k(0)0,\  k(6)8, 8u§ plwy > vihy?
ot < )y— v0? v9+ vl + vl

Note that our assumptions (3.21) imply in particular, that

|Py(v)] < C(1+v+ P(v)) <C(L+v+e(v,0))

Integrating equation (3.2.4) we have

' k(0)0, euy plw,*  vlhy?
vy dyd —/ dy = —/ ody. (3.
/O/Q< 06?2 +v9+ Y + 00 yas = | 54 QS|t0y (3.79)
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Now, we have that

sy = [ [ 0oty (142 ) ey~ [ (@00) - 1))y

> 07 [[(6-1-logh)dy — [ (Q(6) - Q(1)dy
—C—C/dey—C/QPe(p)dy
2C’_l/Q(H—l—logH)dy—C—C/Qedy

> ! /Q(e —1—logf)dy — C, (3.80)

and this together with (3.79) imply

t 00 2 2 h 2 1
/0/Q<“E}0)2y+%+ﬂ|wy| 4 vy >dyd3—|—/0 (0 —1—1logb)dy < C. (3.81)

vl vl vl

With this information at hand we can proceed to bound v. Using (3.10) we can

rewrite equation (3.11) as

(elogv)yr = ug + (p + §|h|2 — ag’(v)h(|w\2)> : (3.82)

Y

Now, from lemma (3.71) we see that for every ¢ € [0, T there is a point a = a(t) € Q
such that 0 < v(a(t),t) < 2C4, where C := [, vody > 0. Integrating equation (3.82)

over [0, t] first and then over [a(t),y], and potentiating the resulting equation we get

V(B t) = e (2 [ by, 5) + HnP)ds) (3.83)
where

Bl = exp [+ [ (w6, ) = uol€)de + 2 [ gty )My, 5)P)ds]
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and

=2 [ ot )hlleta(e), ) P)ds|.

Here, p(y,t) = p(u(y,£),0(y,1)) and pla(t),s) = p(v(a(t),s),6(a(t),s)). Next, we
multiply (3.83) by L(p + 3/h|?) in order to deduce the identity

d 1 gt . Lu(y,1)
a 1 h2d>:’ Lh2)Y (£)B(y. t
dteXp<€/0(p(y,8)+2| %)ds = 20(y) (p+ 30[F)Y(t)B(y, 1),
which implies
1

[ o+ 2B (9)Bly, s)ds.

P C /ot(P(ya s) + §|h|2)d8> =1 vo(y) Jo

With this and (3.83) we deduce the following identity for v(y, t):

vo(y) + L [yv(p+ $h?)Y (s)B(y, s)ds

YO B0 (3:84)

v(y,t) =

Now, we proceed to bound all of the terms in the right hand side of this identity.
Let us begin with B.

From Lemma 3.2 and our hypothesis on the initial data we know that [|ug||% (),
[|u(®)|]2(2) < C for almost every ¢t € [0,T]. Also, our hypotheses on the coupling
functions imply, in particular, that g and h are bounded. Taking this information into

account it is easy to see that
C™' < B(y,t) < C,

for all (y,t) € Q x [0,T]. Now, a(t) was chosen so that 0 < v(a(t),t) < Cy. Thus, as
p is nonnegative (recall our hypotheses (3.19)-(3.21)) we have that

Y(t)>C
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Next, rewrite (3.84) as

vo(y) + L Jgv(p+ 3|h[*)Y(s)B(y, s)ds

Y(t)v(yvt) = B(y,t)

Then, using the bounds on B, integrating over € and using (3.71) we have

Y(t) < c+c/0ty<s>/9v(p+ Ih|?)dy ds,

Let us recall that p is given by (3.19). Furthermore, by (3.21) we have that
0<py(v) <C(1+0v7),

so that by (3.22) and (3.23)
vpg(v) < C(v+e).

Consequently,
t
Y(t) < C+ 0/0 (1+ My(s))Y(s) /Q(v + e+ o|h|?)dyds

<C+ c/ot My(s)Y (5)ds,

where Mpy(t) = max,eq 0(t,y) and the last inequality holds due to Lemma 3.2. Now,

using (2.55) we derive the following estimate on Mj:

/OtMg(s)dsg/Ot (/diy—i-/g|€y|dy> ds
gc+/0t ([)?d@/%—/gvdy) ds

t r KkO>
< C+C’/ / —Ydyds
o Ja v6?

<C (3.85)
Consequently, using Gronwall’s inequality we get

Y(t) < C.
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Coming back to identity (3.84) we have
v(y,t) > C

On the other hand, from (3.83) we have

1 gt
oy 0) < Cexp (=2 [+ 3hP)ds )
Now, from (3.19) we have that

t t
/p(v,@)dsgC—i-C/ Ods < C
0

0

And, since h(0,t) = 0, using Lemma 3.2 and (3.81) we have

t1 t
/—|h\2ds§/ / b hy|dyds
02
2
</ /Qv|h| dyds+0// vl | ——dyds

<
_/0 Me(S)/ﬂv|h| dyds + C

t
< c/ My(s)ds + C < C,
0

thus proving that
v(y,t) < C.

We are left with estimate (3.76). For this we use equation (3.16).

similarly to (3.85), by (2.55) we have

t t
/ /(1+02)dyds<(]+0/ My(s)2ds
0 JQ

<C+O// - dyds<C

Note that,

(3.86)

Consequently, having (3.74) we just need to integrate equation (3.16) to obtain

t
| (el + i, 4 vib, )y ds
1 rt t
§C+—/ /5u2dyd8—|—0/ [+ 6)dyds
2Jo Jao Y 0 Jo

1 ft
< 1 2
<C+ 2/0 /ﬂeuydyds,
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which implies (3.76).

Let us now bound the L? norm of the derivatives of v,u, w and h.

Lemma 3.4.

[ 03+l w2+ [y )y

t
[, T+ by P+ [y [ dyds < C. - (3.87)

Gl + By < . (3.8)
Proof. First we deal with the L? norm of v,. Define V(y,t) := elogv. Then, from

(3.10) we see that V satisfies V; = %, so we can rewrite equation (3.11) as

(= w= [+ G = ag (o)) (3.8

Y

Multiply the above equation by V}, —u and integrate to obtain

1
LW, utay
t
<t [ [ty + paby + by + ag ORI,

— ag' ()W ([¥")Re(¥,))(V, — u)dyds

Therefore, observing that |v,| < C|V, — u| + |u|, using (3.19) and (2.55), and
recalling that both g and h have compact support, we have that

1 2
5 L1V = uldy
t t
< C+C/ /Q(l—i-H)Wy—u]ZdyderC'/ /§2(1+9)|u]2dyds
0 0
t t t
+0/ /ejdyderc/ / |h-hy|2ds+0/ / [0, [2dy ds
0 JQ 0 JQ 0 JQ

L t
+C//—2ydyds—|—0//|h-hy|2ds
0oJo 0 0 Jo

t t
§O~|—C’/(1+M9(s))/ﬂ|‘/‘;j—u|2dyds+0/ /Q|h-hy|2ds.
0 0
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And since we have (3.85), Gronwalls’s inequality then implies
t
/ IV, — ul?dy < c+c/ / h-h,[?ds.
Q 0 Ja

In particular,
t
2 2
/vady < c+c/0 /Q|h-hy| ds. (3.90)

Let us bound the right hand side of this inequality. First, taking into account the

boundary conditions on h, we observe the following
t t
//|h[8dyds§/ max\h\ﬁ‘/ Ih|2dy ds
0 JQ 0 yeQ Q
4
< C | max|h|%ds
0 YyeEN
t
gc/ / Ih[4h - b, |dyds
0 Jo

1 gt t
gf/ / |h|8dyds+C’/ / b - hy[2dyds.
2 Jo Ja 0 JQ

Thus,
t t
//|h]8dyds§6’2/ / b - hy[2dyds, (3.91)
0 JQ 0 JQ

for a certain constant Cy > 0. Now, note that
2 1 4 3 4
(vh); - (|h["h) = Z(U|h| )e + th|h| :

Having this, we multiply equation (3.14) by |h|?h, integrate over Q x [0, ¢] and use
(3.10) to obtain

1 3 ¢
E/Q”u]h]‘ldy—l—z/o /Quy|h|4dyds—/0 /wa-\h|2hdyds

t h 1
:/ / (’/y> - |h|* - hdyds + */ vo|ho[*dy.
0o Ja\ v ), 4 Ja

Concerning the first term on the right hand side we integrate by parts and get

t h t h
//(’/y) .,hp.hdydsz_//M.(z(h-hy)hﬂhﬁhy)dyds
0 JQ v y 0oJQ v

t
— _/ /va‘l(2|h-hy|2+|h|2|hy|2)dyds.
0
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Replacing this in the equation above and rearranging the terms we have
1 4 ! —1 2 24 |2
1 Lomltdy+ [ vt @i + P, ) dyds

3 ' 1
= =5 [ | wbltdyds+ [ [ w, - [Bl*hdyds + ;| volhol*dy.

Using the bounds on v, Young’s inequality with £ and the estimates from Lemmas
3.2 and 3.3 we have

t
[ nftdy+ [ [ h-byPdyds
Q 0 JQ

o [t 1t 1 rt
<Cs [ i+ ) Jldvds g [7 [wiPdyds+ 5 [0 [ bl
_cé/ﬂuy+2 [ mfayds+5 [ [ jw,Payds+ 5 [ [ nfayds

t
< 05+5/ / Ih[8dyds,
0 JQ

where, § > 0 is arbitrary and Cs > 0 is a big enough constant which depends on 4.
Using (3.91) we obtain

1 t t
f/ v|h|4dy+/ / h-h,2dyds < 05+502/ / h-h, |2 dyds,
4 Ja 0 Jo 0 Jo
and choosing ¢ small enough we arrive to the estimate
t
/|h|4dy+/ / Ih-h,[2dyds < C, (3.92)
Q 0 Jo

which together with (3.90) implies

/Q vldy < C. (3.93)

Let us now carry on with the estimates on w. First, note that
2
max u, < /Quydy + 2/Q [ty tyy | dy
< (s, /Quzdy + 0 /Q u,dy (3.94)

for any 6; > 0 and a big enough Cs > 0. Next, multiply (3.11) by u,, and integrate
over  x [0,t]. After integrating by parts, using (3.86) and the uniform bounds on v
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we get

1 t 2
7/ quy—l—/ / %dyds
2Ja Y 0Jo w

_1 2 t Euy'l}y h-h " 2

- 9 ondy_l' 2 +pvvy +p99y+/8 : y—l-ag (,U)h(|w| )Uy

Q 0o Ja\ w
+ ag (V)R (102 Re(y,) + )uyydyds
t
<C+Coy [ [ (g, + (14670 + 02 4 [Ty 2 + o, )y ds

' 2
+52/ / %dyds
0oJa w

t
<C+ 052/ max(l + |uy| + 92)/ vidyds

+C’52/ /( Y+ |h- hy|2+|1/1y|2> dyds+52// yydyds

SC’52+C’51C'52/ /uf/dyds+(52—|—61052)/ / wﬂdyds
0 Ja 0Ja w

t oeu?
< C’51,52 + (52 + 61C52)/0 /QTyydde,

and this holds for any d, > 0 and certain Cj,,Cs, 5,. Consequently, choosing first

09 = i and then §; = iC’(gl we arrive to the estimate

¢
/Quzdy—i—/o /Quzydyds <C. (3.95)

Now, using (3.94) and (3.95) we see that

// ddyds < maxuy/ wdyds < C. (3.96)
Q Q

0 ye

In a similar way as we deduced estimates (3.95) and (3.96) we can multiply (3.12)
by w,, integrate and use integration by parts as well as the estimates we already have

and the interpolation inequality
2 / 2 / 2 '
rzgleaéc |w,|* < Cs A |w,|*dy + § ; (W, | “dy (3.97)
in order to obtain the estimates

t
/Q|Wy|2dy+/0 /Q(|wyy|2+ w, | dyds < C. (3.98)
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After this, rewrite (3.14) as

h

h; = —v 'hu, + v 'w, + 07! <Vy> . (3.99)
v

y

Multiplying this equation by h,, and using the interpolation inequality

max |hy|? < 05/9 \hy|2dy+5/g Iy, |%dy, (3.100)

yeN

as we did above with u, and w,, we find

t
/Q|hy|2dy+/0 /Q(|hyy|%L lh,|")dyds < C. (3.101)

Finally, we are left with (3.88). Differentiate (3.15) with respect to ¢, multiply it
by 1, (the complex conjugate of 1;), take imaginary part and integrate to obtain

t t
/|¢t|2dy§C+C’/ /vfdyds—I—C’/ / v, |2dy ds
Q 0 JQ 0 JQ
t t
:c+c/ /ugdyds+c//|¢t|2dyds
0 JQ 0 JQ

t
< C+C’/ / |2y ds,
0 JQ

and from Gronwall’s inequality we get

/Q |2y < C. (3.102)

Note that in light of all the estimates we have deduced so far, and in view of
equation (3.15), the L*(Q)-norm of v is equivalent to the L?(2)-norm of v, (it is at
this point that we use our assumption that vy € H?(Q)). Thus we conclude that

/Q |yl ?dy < C. (3.103)

]

We now turn our attention to the a priori estimates on the derivatives of the

temperature.

Lemma 3.5.
clt<o<c, (3.104)
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v, < C, (3.105)

t
2 2 2 <
|02y [ [ 02 +02)dyas < ¢ (3.106)

Proof. For these last estimates we adapt the proof of an analogue lemma in [48], which

is very similar to a corresponding lemma in [15]. Set

T
©:= max 0(y,t), X ::/ /{2(1+9q+r)0t2dyds
0

(y,t)eQx[0,t]
Y := max /(1 + 0°9)02dy.
Q

t€[0,T]

This Y should not be confused with the function defined in the proof of Lemma 3.3.

We begin by making some useful observations. First, using the interpolation in-

, ) ) 1/2 ) 1/2
uy < /Quydy + 2 (/Q uydy) (/Q uyydy> ,

1/4
2
o< ([ 0)"

equality
we see that

Let ¢ be as in (2.55). Then,

(2¢+3+7r)/2 2 3
max 9(2a+3+1)/2 < (/Q Qdy) + (‘H_Z—{_T/QQ(QQHH)/ﬂQMdy

yeN
1/2 1//2
go+0(/¢”@> (/Wwﬁ@
Q Q

<C+CYy'V2

Thus,
0 <C+C0Yy™ (3.107)

where 6; = (2¢+3+ 7).
Now, let us show that X +Y < C. Set H(v,0) := v~ [ k(€)d¢. Then,

Ht = Hvuy -+ Eﬁt,
()

1 K
Hyy = Hyuyy + Hyyuyvy + <U> KOvy + <U9y) .
v t



62 SW-LW Interactions in Planar MHD

Now let us rewrite equation (3.16) as

0 c 2 2 h 2

C5(0)0; + Opyu, = (’”) T\ L7 (3.108)
v ), v v

Multiplying this equation by H; and integrating by parts
2 h 2
/ / (Cﬁ@t—l-@pguy Ll viby| )deds+/ / 5, dyds = 0.
v v
(3.109)

Let us estimate each one of the terms in the above identity. First, from (2.54) we

have

t
/ / Co0,Z0,dyds > M, X,
0 JQ v

T d k0%
/ / ( ) dyds—/ e Ydyds > MyY — C,
Q v \v o dtJa v?

for positive constants M; and M,. From (2.55)

and also

0
| Ho| + [Hoo| < C/ (K)dé < C(1+ 6.
0

Next, from (2.54) and the boundedness of v

t T
) [, Cotettnydyds < € [ [ (4070 gy s
0 JQ
M +2+7"
<X +ca+er // 24y ds
M,
< ?X + C(1 + 07 7)
< %X +C+ Oy (a+2+r)
=3
M,

M,
<C+ —X+—Y,
<C+ 3 + g
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also,

2

[ (ePG%_ cuy _plwyl* |, vihy) )Hvuydyds
0 JQ v v v

t

< (140 [ (fuy |43 + [w, ? + b, )| dy ds
t

<O1+0) [ w2+ up+ w, | + I, [*)dyds

< C(1+ 0742

< C + CY(Q+2)51

M.
SCHL?QYa

and

2

t 2 h 2
/ / <9p0uy o €Uy o :ulwy| + I/‘ y| ) EQtdde
0 JQ v v

(Y (%

t
SC/ /Q((“Fe)'“y‘+“12/+’Wy!2+\hy|2)(1+9q)|9t\dyds

M t
< ?IX+C(1+@‘“2*7")/0 /QU%’ + 2 + |wy |2 + [hy[?)dy ds

<(f+ﬁ§x2+cywﬂrm

M, . M
<C+§X+?2Y

Using Lemma 3.4 we have
t t 1/2 0
[ g, < o o0y [0y s
0 Ja
1/2 K62
< C(1 + eBrt3)/2) </ max u / 2dyds> </ / dyds)
. 2\ 12
< C(1 4 QBr3)/2) (1 +/ </ uzydy) ds)

0o \Ja

< C(1 4 ©Bar/2)
< C + Cy(3q+3)6/2

M.
§C+?2Y.
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Next, taking into account the boundary conditions on 8 we have

// (K> Htvydyds<// (1+ 67 —| |v,|dy ds
o v \v

M1 t K0 2
<L a-r
< 16X—|—C’(1+@ )/max ” /vadyds

M
ST(;X+(11+@‘”/ /Re (’w) dyds

92

gﬁ,x+o1+@q+” (// ( y) dyds) (//“ dyds>

M, 1- 2 | g2 4 4 4 12
SEX—FC’ (1+ e (// (C307 + 0°pgus, + uy + [wy|* + |hy| )dyds)

. 1/2
< %X +CO(1+ @RI X2 4 O(1 4 @FrH=/2) (/ / ”zdyds)
0 JQ
3¢+2-2r)/2 ! 4 4 4 v
et ([t i)
<C+ A?X + 0O
<o+ oyt
= 8
M1 M2

<(C+H+ —+ —Y.
+8+8

Finally,
) 0,
/ / vy WUy dy ds </ / +9(3q+4)/2 ‘ ’\uyy\dyds

92 1/2
< C(1 + 012 (//“ dydg) (/0 | 2 dys)

< C(l + 0O (3g+4) /2)
<C+ y (3a+4)81/2

M
§c+§y.

Putting all of these estimates together with (3.109) we get

X+Y<C, (3.110)
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which leads to the estimates
0<C, (3.111)

and .
/ejdy+/ /efdyds <cC. (3.112)
Q 0 Jo
In order to conclude estimate (3.106) we write (3.108) as

0 eu? 2 h,|? K02
KUyy — 0199,5 + nguy Yy ,U’Wy’ o ILL‘ y| . <K’> Hyvy _ 9 y'
(% (% (% (% V/wv (%

Squaring this equality, integrating and using the interpolation inequality

) N ) 1/2 ) 1/2
max 0, <2 (/Q dey) (/Q Hyydy> <C (/Q nydy> ,

we have

t t
|| Gdyds < [ [ 62+ w2+ + [+ i, )
t t
+C/0 m;xx@i/ﬂvidydva/o mgxx@i/ﬂ@idyds

¢ 1/2
SC—i—C/ </ GZydy> ds
0 Q
1 t
<C+g [ [ 6dyas
which yields
t
| 6dyds < c. (3.113)

We finally move on to the last estimate, consisting of a lower bound for the tem-

perature. We have to prove that
Ct <0(y,t), (3.114)

for a big enough constant C' > 0. In order to show this it suffices to apply the maximum
principle (see [43]) to equation (3.108). More specifically, note that 6 satisfies the
following inequality

U p2 2 K KBy,
0199,5 + ?59 Do — | — ey'Uy =z . (3115)

V/w (Y

This follows from equation (3.108) and Young’s inequality. In order to apply the
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maximum principle we have to show that the coefficients of this parabolic inequality
are bounded. With the estimates already obtained, we only have to show that v, is
uniformly bounded. Let V be as in (3.89). Then,

t
Vy(y,t) = Vy(y,0) +uly,t) — uo(y) + /0 (povy + peby + Bh - hy

— ag"(Vh([Y]*)v, — 2ag' (VI (Y[ )Re(yi),))ds

Then, squaring this identity and using interpolation inequalities on 6, h, and v, we

get

t t
W2 < O+0/0 /Q(|0§y+ hy,|? + |¢yyy2)dyds+/0 vds

t
<C+C / vids,
0
which yields, using Gronwall’s inequality that

vy < C

Consequently, taking into consideration the boundary conditions on #, the max-
imum principle applied to the parabolic inequality (3.115) (see [43]) implies that 6

cannot be zero in finite time, which concludes the proof. O

The estimates from Lemmas 3.2 through 3.5 provide the necessary a priori esti-
mates which, in light of the local result from Lemma 3.1, guarantee the gobal existence

of solutions.

3.2.5 Uniqueness and continuous dependence

We are left with the uniqueness part of Theorem 3.1. For this part we incorporate
some of the ideas by Chen and Wang in [16] on the MHD system, although some new
estimates are deduced in order to account for the SW-LW interaction.

The strategy to prove uniqueness is very straightforward, although it involves sev-
eral calculations. We begin by supposing that there exist two solutions with the same
initial data and consider the difference of them. This new set of functions satisfies a
system of equations related to the original system (3.10)-(3.15). The proof consists in

making some estimates on this new system, similar to the a priori estimates from the
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previous section, and use Gronwall’s inequality to conclude that the difference of the
two solutions has to be identically equal to zero. Such estimates are presented in a

few Lemmas in order to organize the presentation.

Suppose that (v;, u;, w;, h;,0;,1;), j = 1,2 are two solutions of (3.10)-(3.15), (3.18)
with the same initial data (vg, ug, Wo, ho, 0g, 109) satisfying the hypotheses of Theorem
3.1. Let (777547‘3’,?1;9:1;) = (v1 — v, up — Uz, W1 — Wa,hy —hy, 0y — 0,11 —1)5). For

convenience we define

G(t) =Y /Q(|8y(uj,wj,hj,9j,¢j)|2+ |0,y (uj, Wy, by, 05,05)]%).

=12

Note that .
/ G(s)ds < C.
0

With this notation, let us carry on with the estimates.

Lemma 3.6.

/Q|<6,117v~v)l2dy+/0t/gI(ﬂy,%)lzdyds < C/Ot(l%—G(s))/QK@,fl,é, D) [2dy ds.
(3.116)

Proof. As (vj,uj, w;, h;, 0;,1;), j = 1,2 are solutions of (3.10)-(3.15), (3.18) we have,

in partiular that,

. Efby Uy
A <U1)y B <€U1U2U>y
= = (01000 e )+ S~ ) = /(o)1) — o)

(3.117)

Note that for any C* function ¢ we have that the function

o(21) — p(22)

ﬁ
(Zla ZQ) 21 — 2

is a continuous function. With this in mind we see that equation (3.117) can be
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rewritten as

- el
(%1 y

= (Al(vl, U2>U2y?~))y — (AQ(Ul, V2, 91)17 +p9(?]2)9 + E(hl + hg) -h

+ As(vy, v2)h([1]*)0 + g (v2) Aa([¥n], \wzw) - (3.118)

Y

=

for some continuous functions Ay, k = 1,2,3,4. Let us recall that v;, ;, h; and 1;
are uniformly bounded with v; bounded from below by a positive constant for both
j = 1,2. Consequently, multiplying equation (3.118) integrating by parts and using

Young’s inequality with § we have
t
/ﬁ@+//@@@
Q 0o Ja
1 t t ~ ~ ~
<5 [ [@ads+c[a ) [0 +h+ 8+ Dydyd
_2/0 /Quy yds + 0( +r@r/1€ag<]u1y]) Q(v+ + 0+ 9)dyds,
and using the interpolation inequality
lugy > < CJJury[72i0 + w1yl 72(0);

we obtain

72 e ! ~2 C2 52 712
Aﬁdyhéé%@@gcéu+0@»é@+m¢+9+WU@@.(mw)

Next, multiplying the equation

Ut:uy

by o, integrating and using Young’s inequality with o

¢ ¢
/ﬁzdy < 50/ /ﬂ;dyds—i—a;o/ /172dyds, (3.120)
Q 0 Jo 0 Ja

for any dp > 0 and some Cj, big enough. Finally, taking the inner product of the

w,— (Lw,) = (E¥24 4 gh
= (), = (G e 8)

U1 V1U2

following equation

Y
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with w and integrating by parts we have

t
[y + [ [ 1, dyds
Q 0 JOQ
1 t B t 5 ~
< 5/0 /Q|wy|2dyds—i-0/0 (1+r£35<|w2y|)/ﬂ(v2+yhy2)dyds,
which implies
t t ~
/Q|\7v|2dy+/ /Q|v~vy|2dyds < c/ (1+G(s))/9(172+ IB[2)dy ds. (3.121)
0 0

Adding (3.119),(3.120) and (3.121) and choosing d, small enough we get (3.116).
[

Lemma 3.7.

~ t -
/02dy+/ /ejdyds
Q 0 JQ

<o [ [+ P By Pdyds + s, [[(1+G(s)) [ (07 + B)dyds, (3122)
= o Jat Y Y  Jo Q o

for any 61 > 0 and some Cs, > 0.

Proof. We have the following equation

@@0—@@»—(“”%%

(%1

_ (m(&)ﬁgy@ k() — ,{(02>91y9~>

V1V2 01(01 — 62)

pe(U1) - pe(Uz)
V1 — VU2

- (91170(@1)% + 0, UgyU + pe(%)“zﬁ)

N e(ury + ugy)ty + p(wiy + woy )Wy + v(hy, + hyy)h,
U1
_ 5“%3/ + #|W2y|2 + V’h2y|2l~)

3.123
s (3.123)

Our assumptions (2.54) imply that

01 ~
Q(61) = Q)| = | [ Colz)dz| = ¢l

02
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By the same token and using the boundedness of 6; and 6,

1+r 1+r
0.7 — b,

Q(6:) = Q(6:)] < C |07 — 057 o —%
0y — 03

+|§|:C<

+1>é§cé.

Also, note that

Q) - Q) = o, + T CNE

With this information at hand we proceed similarly as in Lemma (3.6), multiplying
(3.123) by (Q(#1) — Q(62)) and integrating to obtain

~ t o 1 7t [ - t .
2 2 2 2l |2 2
/Qe dy+/0 /Qeydydsg 5/0 /Qdeyds—f—él/o /Q(uy+|wy| + [, P)dy  ds
t ~
+ Gy, [[(1+G(s) [ (@ + 8*)dyds,
0
for any 6; > 0 and some Cj5, > 0, which yields
~ t oo t 5
/QGQdy—l—/o /Qﬁzdyds < 51/0 /{2(u§+|wy|2+ |h,|*)dy ds

+ Cs, /Ot(l—l—G(s))/Q(172+é2)dyds,

Lemma 3.8.

- t ~ t t
/\h\2dy+/ / |hy|2dyds§52/ /<u§+yv~vy12)dyds+052/ /@jdyds
Q 0 JQ 0 JQ 0 JQ

+ Gy, /Ot(HG(s))/Q(@u\ﬁ|2)dyds. (3.124)

Proof. This time we consider the equation

h h
B(vihy — vohy), — (”) _ <V ayq;) + Bw,. (3.125)
U1 V1V2
Yy )
We observe that

(U1h1 — 'Ughg)y = Ulhly — ’U2h2y + Ulyhl — ”Ugyhg

= 'Ulfl -+ hgy’l? + hl'ﬁy + ’U2yfl.
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Also, we have that
’Ulhl — U2h2’ Z Ul‘fll — |h2|?~)|

Then, taking inner product of equation (3.125) with (v;h; — vohy) and proceeding

as before
~ t ~
[ bpdy+ [ [ JhyPdyds
Q 0 JQ
1 rt - t -
<5 [ [ Ihyfdyds +C [ Fdy+Cr, [[(1+Gs)) [ (3 + bP)dyds
2.Jo Ja Q 0 Q

t t
+C/ /diyds—l—ég/ / W, |2dy ds,
0 Ja 0 Ja

and we conclude using (3.120) and choosing dy = ds. O

Lemma 3.9.
J09P +16,P)dyds < € [(1+Gls) [ (32 +10F + |8, )dyds.  (3.120)

Proof. As 1, and 1), are solutions of equation (3.15), we have that ¢ satisfies and
equation of the form

iy + Pyy = Br(¥1, %2, v1)0 + Ba(t1, s, U1)$ + Bs(t)a, v1, v2)7, (3.127)

for some continuous functions By, By and Bz. Multiplying this equation by E (the

complex conjugate of 1/3,:), taking real part and integrating
712
d
[ 18,2y
t ~ — —
— Re [ /0 /Q (Bith + Byt + By)dhdy ds]
—1 st B _
~ Re [2/0 /Q B+ By + Bgﬂ|2dyds}
]_ t ~ — =
+ Re [Z /0 /Q (Bydh + Botb + Bst)dyydy ds}
1 st - - —
— Re {Z /O /Q (B14) + Both + Bad), iy dy ds]
t ~
<O [ maxlin ? + [y + o, + 0 [ 19, dyds

t t oo
+C'/ /6§dyds+/ / [V|?dy ds
0 Ja 0 Ja

< C [[(14+G) [+ 08 + 10,y ds.
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By the same token, multiplying (3.127) by J, taking imaginary part and integrating

we find .
[1tay<c [ [ @2+ [dRayds,
Q 0 Ja
which added to the above inequality yields (3.126). O
Lemma 3.10.

t t
~2 < ~2 ~2 N2 (2
/vady < C/o /vadyds—l—ég/o /Q(uy+€y+ |h,|*)dyds
t ~ ~ ~ ~
+C [(Q+GE) [0+ 0+ B + [0 + 9, )dyds.  (3.128)

Proof. From (3.89) we have the equation

AU AU
(i 2m)
(%1 (%) ‘

= <p(?)1791) — p(va, 02) + §(|}~11|2 — [ho|?) — ag (vi)h(|vn]?) — 049/(02)’1(\1/12\2)) -

Y

Av1y Avgy

o ), integrate and proceed as before.

Then we multiply this equtation by (

The only term that might pose a problem is (%y — ”ﬂ), but we observe that

v2

~ (U (% - - - U U
Uy ( ly _ Qy) = (a(log vy — logva)y): — (a(log vy — logva)t), + Ty (ly — 2y> ,
U1 Vo U1 V2

so that
2
/ [ (“ly - ”2y> dyds <6 | <“1y - ”29) dy+C; [ itdy
U1 (%] Q
t
+C’o/ /ﬂzdyds—i—C'/ (1+G(S))/ *dyds,
0 Jo 0 Q
and from (3.116) we can choose § > 0 small and Cs > Cj in order to obtain
t
05/ fLQdy—l—Co/ /azdyds
Q 0 Jo
¢ _ gt _
< (~Cs+Co) [ [ adyds+Cs [ (1+G(s) [ 10.0,0.5)dyds.

We omit the rest of the details as they go by the same lines as the proofs of the

last few lemmas. ]

We now have all the elements to prove the uniqueness of solutions stated in The-
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orem 3.1. All we have to do is add (3.116), (3.122), (3.124), (3.126) and (3.128) and

choose 91, 65 and d3 small enough to arrive at the following inequality

t
D(t) < / (1+ G(s))D(s)ds, (3.129)
0
where
. - t .
D(S) ::/Q|(?7,ﬂ,v~v,h,9, aﬁy777/}y)|2dy+/0 /Q|(ﬂvayahy70y)|2dyds'
Since

T
/ G(s)ds < C,
0

we conclude, by Gronwall’s inequality, that D(¢) = 0 for all ¢ € [0,7], which implies
uniqueness of solutions of system (3.10)-(3.15), (3.18).

Let us point out that the same proof yields continuous dependence of solutions as

the same calculations show that

t
D(#) < C(M)D(0) + C(M) / (1+ G(s))D(s), (3.130)

0

where (v, u;, w;, h;, 6;,1;) are solutions of (3.10)-(3.15) with initial data (vo;, uoj, Woj,

ho;, 6o;,%0,), j = 1,2 respectively; and inequality (3.130) holds with a constant C'(M)

which depends on an arbitrary M > 0 such that

|| (voj, w0, Woj, hoj, Boj, 10) ||| < M, M~ < gy, 00 < M,

for both j = 1,2; where

[[|(vo, wo, Wo, ho, o, ¥o)||| = [[((vo, uo, Wo, ho, o) || a1 () + |[%ol|m2(0) + [|vol[w.e (o)

In this case, Gronwall’s inequality implies

D(t) < C(M)eCOD Jy 0+6Dds gy — (M) D(0).
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3.3 Vanishing bulk viscosity and interaction coef-

ficients

We have established well posedness of the planar SW-LW interactions model. We
proved this for the system expressed in the Lagrangian coordinates of the fluid and,
after showing that the Lagrangian transformation was nonsingular, the respective
result for the original system followed by changing back to the original coordinates.
Having this, we may turn our attention to some other questions about the model.

In Chapter 2, when we were reviewing the ideas involved in the deduction of the
MHD equations, we mentioned in passing that the magnetic permeability parameter
[ is usually assumed to be equal to 1 as it differs only slightly from the unity in most
real world media covered by the MHD model. We, however, chose to keep track of it
and made it explicit in the equations. Let us remark that the only physical constraint
on this parameter is that it be positive (see [33]).

Now, let us introduce a new artificial small parameter § multiplying the thermal

part of the pressure. That is, we substitute relation (2.50) by

where ¢ is some positive constant. This certainly agrees with our previous assumptions
and the results we have proved so far continue to hold.

Note, however, that if we take e = o = = d = 0 then we are left with a decoupled
system involving the compressible one dimensional Euler Equations and the nonlinear

Schrodinger equation. Namely,

pr+ (pu)z =0, » ( )
(pu)e + (pu® + ap™), = 0, (3.133)
(W) + (puw)s = (HWz)a, (3.134)
(pQ(0)): + (pQ(O)W), = (K. )z + pi|Wo|* + v]hy[?, (3.135)
(vhy), =0, (3.136)
iy + gy = [0]*. ( )
Our next task is to study this system and its relation with our original viscous

system (3.1)-(3.6). More precisely, we are going to show that the sequence of solutions

to the viscous system, given by Theorem 3.2, converges to a solution of the limit prob-
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lem above as (e, «, 3,0) — 0. This is a delicate issue as it involves several subtleties.
Besides the loss of regularity in the velocity field caused by the vanishing viscosity
in the momentum equation, we point out some other issues that might complicate
our analysis. For instance, the Schrodinger equation (3.137) is stated in a different
coordinate system, which in principle should be the Lagrangian coordinate associated
to the velocity field u. Yet, solutions of the Euler equations are not expected to be
smooth and a Lagrangian transformation as we defined it is likely to be singular. On
the other hand, as we pointed out in the beginning of Subsection 3.1.2, given the no-
slip boundary condition u|,—o; = 0 on the original viscous system, the Lagagrangian
coordinate takes values in the domain 2, = (0,d) where d is the L' norm of the initial
density po. In light of this, we have to be careful when passing to the limit equation
(3.6).

As aforementioned, we are inspired by the work of Dias and Frid in [17] who
pursue similar objectives on a SW-LW interactions model involving the isentropic
Navier-Stokes equations and who, in turn, follow the work by Chen and Perepelitsa in
[14] on the vanishing viscosity limit for the isentropic one dimensional Navier-Stokes
equations. Our main contribution here is to include the thermal description as well as
the electromagnetic coupling.

The tools employed by Chen and Perepelitsa include the compensated compactness
method. In this direction we cannot fail to mention the following references. The
compensated compactness method arose from the ideas by Tartar and Murat (see
[46, 47] and [41]). Tartar gave the first applications for scalar conservation laws. This
approach was extended by DiPerna in [21] to systems con two conservation laws and
the first applications to fluid dynamics [20]. DiPerna’s results was later extended by
Chen in [9, 10], Lions, Perthame and Souganidis [39] and Lions, Perthame and Tadmor
[40]. Let us also mention the work by LeFloch and Westdickenberg [35] and of course
the above mentioned work by Chen and Perepelitsa [14] and the references contained
in these works.

Before we begin with the specifics, we first do a quick review of the fundamental

ideas behind the compensated compactness method.

3.3.1 Compensated compactness

The problem described above is twofold. On the one hand, we have to show compact-
ness of the sequence of solutions to the viscous system. That is, we have to show that

the sequence of solutions has a convergent subsequence. On the other hand, we have
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to show consistency, i.e., that the limit of such convergent subsequence solves the limit
equations.

Through some uniform estimates on the viscous system we can deduce compact-
ness; in some sense. By uniform estimates we mean estimates independent of the
vanishing parameters. As it turns out, we encounter ourselves in a situation where
the uniform estimates available are not good enough to guarantee strong compactness
directly through the usual Sobolev spaces arguments, but perhaps weak compactness
only. Unfortunately, limits of weak convergent sequences do not, in general, commute
with nonlinear functions of the sequence; not even for continuous functions, and the
nonlinearities appearing in the limit equations suggest that strong compactness of the
sequence is required in order to show consistency.

These considerations apply to more general situations and a natural question that
arises is whether some nonlinear function of a particular weakly convergent sequence
converges to the function of the limit.

The compensated compactness method provides a way to answer this question
positively in some situations. The method consists in combining the Young measures
theorem, which characterizes the weak limits of functions of a given weak convergent
sequence, with the Div-Curl lemma, that provides conditions under which a particular
nonlinear function of the sequence actually commutes with the limit. It has been
employed successfully by several authors in the study of fluid dynamics including the
ones mentioned in the previous subsection, and we intend to apply their framework
to our present situation. For this reason, we dedicate this small subsection to review,
very superficially, the fundamental ideas behind it.

Let us begin by stating (without proof) the Young measures theorem ([46]).

Lemma 3.11 (Young measures). Supose K C R™ is bounded and Q2 C R™ is open.
Let {z°} be a sequence of measurable functions, with z¢ : Q — R™, such that 2°(z) € K
for a.e. x € Q. Then there is a subsequence {z°*} and a family of probability measures

Uy, © € Q on R™ with suppv, € K so that if f is a continuous function in K and

f(x) = (va, f(N)), e

then
f(zF) = in L™(Q) weakly — *.

This is not the most general statement available of this theorem, but it is very

appropriate for our current illustrative purposes.
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Note that this theorem provides not only a characterization of the limits of con-
tinuous functions of weakly convergent sequences, but also a criterion to decide if the
convergence is in fact strong. In the notation of the Theorem, one may consider the
function z(z) := (v, g(\)) with g(A) = A. Then, the question at hand is whether

=1, (3.138)

for some (or any) continuous function f. Now, suppose that somehow we manage
to show that v, is a Dirac measure for all . Then, necessarily v, = dz (the Dirac
measure concentrated at Z(z)), (3.138) holds and the convergence f(2°+) — f is strong.

The Young measures Theorem, then, reduces the problem of consistency to the
analysis of the Young measures. In practice, this has to be done on a case by case
basis, depending on the problem under consideration.

In many applications the reduction of the Young measures to Dirac masses follows
by applying cleverly the Div-Curl Lemma due to Murat and Tartar. (A version of)
This Lemma may be stated as follows (see [41, 46, 47]).

Lemma 3.12 (Div-Curl Lemma). Let {v°}, {w®} two bounded sequences in L*(Q;R™)
such that

o {divv°} is pre-compact in W=12(Q), and
o {curlw} is pre-compact in W=12(Q; M™™),
where M™" is the space of n X n matrices and

(curlw);; = iwi _ 9

= w, 1<i,j<n.
8l’j 8% =hJ=

Suppose, further, that v¢ — v, w® — w weakly in L*(;R"™). Then,
v*ewt = v-w

in the sense of distributions.

Let us consider a 2 x 2 system of conservation laws written in the form
vi+ F(v), =0 (3.139)

where v = (vy,v5)" and F : R? — R? is a given function. The compressible Euler

equations (3.132), (3.133) constitute a particular example of this kind.
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Assuming that v is smooth we can deduce a set of auxiliary equations
n(v)e +q(v): =0 (3.140)
by taking the inner product of (3.139) with Vn(vy,vs) as long as n and ¢ satisfy
Vq(v) =Vn(v)VE(v). (3.141)

A pair (n, q) satisfying this relation is called an entropy-entropy flux pair.
Note that equation (3.140) can be written either as div, , G(v) = 0 or as curl, , H(v) =
0, by choosing G(v) = (n(v),q(v))" and H(v) = (q(v), —n(v))".

Now suppose that we have a sequence v of solutions to a system of the form
v; + F(v®), = R, (3.142)

with R — 0 (in the sense of distributions, for instance) as ¢ — 0, and that there is a
whole family of pairs {(n7, ¢’)};er that satisfy (3.141). Then, (heuristically) for each
pair (17, ¢’) we have that

PO+ (V) = B, (3.143)

Under suitable conditions one might be able to use this last equation to verify the
hypotheses of the Div-Curl Lemma and also use the Young measures Theorem in order

to find a subsequence {v®}; such that
P ()~ () ) S T -

as k — oo, for all ¢, j € I, which means that

e =g =g =g (3.144)

Lastly, if the family of entropies is rich enough the relations (3.144) may provide
enough information to guarantee that the support of each one of the Young measures
associated to the limit ¥ must be contained in a single point, thus concluding that
the convergence v® — ¥ is strong and, consequently, that Vv solves equation (3.139)
in the sense of distributions.

A useful tool that is often used to verify the hypotheses of the Div-Curl Lemma is

Murat’s Lemma which can be stated as follows ([42], see also [9]).
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Lemma 3.13 (Murat’s Lemma). Let 1 < ¢ <p <r < oco. Then
{ Compact of W;,;1(Q)} N {Bounded of W, " (Q)} C { Compact of W, }P(Q)}.

In connection to Murat’s Lemma the following result also proves itself useful in

this framework.

n

Lemma 3.14. For each 1 < ¢ < 1* := "= (n being the dimension of the domain
QCR")
M(Q) = WH(Q),

with compact inclusion, where, M(Y) is the space of Radon measures on 2. In par-
ticular L' () — W—1a,

These are the basic ideas that compose the compensated compactness method. Of
course, there are a lot of “ifs” in this framework that have to be dealt with in each

specific application.

3.3.2 Limit equations

Let us come back to our main subject, which is the study of the SW-LW interactions
system. Our objective here is to study the limit of solutions of our planar SW-LW
interactions system as (g, a, 3,9) — 0. In order to deal with the convergence issues in
the continuity and momentum equations we employ the framework by Chen and Pere-
pelitsa in [14]. Regarding the convergence of solutions in the nonlinear Schrédinger
equation a simple application of Aubin-Lions lemma will suffice. The magnetic de-
scription poses no problems as we can deduce good uniform estimates on the magnetic
field. Lastly, for the thermal description we adapt some ideas from the study by Feireisl
in [23] on the full multidimensional compressible Navier-Stokes equations. Of course,
in order to achieve all this we deduce some new uniform estimates that allow us to
accommodate all of the techniques in the cited references. Such estimates pose, as
will be shown later, some restriction in the way that the coefficients (e, «, 3,6) tend
to zero. Namely, a = o(¢'/2), 8 = o(¢) and 0 = o(¢) as € — 0. As such, we can, for
simplicity, consider «, # and ¢ as functions of € and denote the sequence of solutions
to (3.1)-(3.6) with initial data (pf§, u§, w§, h§, 05, ¥5) as (p°, u®, we, he, 0%, ).

In the interest of analysing the limit as (g, «, 5,0) — 0, let us make some consid-

erations on the limit equations. In order to fix notation we denote by 2 the spatial
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domain where the Eulearean coordinates take values and by €2, the corresponding

domain of the Lagrangian coordinate. We begin by the compressible Euler equations.

Isentropic Euler equations
Let us consider the isentropic Euler equations

P+ (pu)x =0, ) (3'145)
(pu)e + (pu? + pe(p))e = 0, (3.146)

where the pressure p.(p) (denoted this way to maintain the notation of section 2.3) is
given by
pe(p) = ap” (3.147)

for some v > 1, with initial data

(p(x,0),u(z,0)) = (po(x), uo(x)) € L=(€). (3.148)

As it is not possible to avoid the occurrence of vacuum in this setting, it is convenient to
consider the momentum m = pu as state variable in place of the velocity. Accordingly,
system (3.145), (3.146) may be written as

U+ F(U), =0 (3.149)

where, U = (p,m)" and F(U) = (m, m?z + De).
A pair of functions (n,q) : R? — R? is called an entropy-entropy flux pair (or
simply entropy pair) of system (3.149) provided that they satisfy

Vq(U) = Vy(U)VF(U). (3.150)

An entropy pair for (3.145), (3.146) is said to be convex if the Hessian V?1(p,m) > 0,

and 7 is called a weak entropy if

pﬁolim n(p, m) = 0.

m =const.
P

A very important example of weak entropy pair for (3.145), (3.146) is given by the
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mechanical energy n* and the mechanical energy flux ¢*:

. 1 m? . 1m? ;
n(p,m) = 5, + pFe(p), g (p,m) = 37T mFP.(p) + pmP.(p),  (3.151)

where (in the notation of Section 2.3) P,.(p) is the elastic potential

a

V- i

P.(p) =

The total mechanical energy for (3.145), (3.146) is

Elp,u|(t) := /Qn*(p, m)dxr = /Q (;plﬁ + 7a_1p7> dx. (3.152)

Relation (3.150) may be written in the variables (p,u) as the wave equation

Npp — %nuu = 07 p > 0 (3 153)

77’[):0 = O

and consequently, any weak entropy pair (7, q) can be represented by

n°(p, pu) = Jg X(p; s — u)C(s)ds,
¢“(p, pu) = Je(¥s + (1 +9)u)x(p; s —u)C(s)ds, & =215,

for any continuous function ((s), where x(p,u;s) = x(p; s — u) is determined by

(p) _
Xpp — pprqu - 07 (3154)
X<07 U, S) = 07 Xp(07 U; S) = 6u:s-

For the v-law case, where the pressure is given by (3.147), the weak entropy kernel
is given by
3
wpsuis) = [0 = (s —w?}, A= (3.155)

and the corresponding weak entropy pairs are given by

n°(p, pu) = p [ C(u + ps)[1L — %] ds,

(3.156)
¢“(p, pu) = p 11 (u+9p"s)C(u + p”s)[1 — s*)ds.
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A direct consequence of this representation is the following ([14, Lemma 2.1}),

which we state for later reference.

Lemma 3.15. For a C? function ¢ : R — R compactly supported in [a,b], we have
¢ ¢c{ Yip?4u> —p? < b}
suppn®, suppq® S {(p,pu) : p° +u > a,u— p” < by

Furthermore, there exists a constant C; > 0 such that, for any p > 0 and v € R, we

have

e (i) For~y e (1,3],
¢ (p,m)| + ¢ (p,m)| < Cep.

e (ii) For~y > 3,
1 (p,m)l < Cep, la*(p,m)| < Cepmax{L, p'}.
(iii) If nS is considered as a function of (p,m), m = pu, then

S, (pam)| + [0S (0, m)| < Ce,

and if 0§ is considered as a function of (p,u), then
10 (0 M)+ 10" "0, (0, m)| < C.

Bearing in mind the procedure described in the previous subsection, the fact that
we have a very rich family of entropy pairs, with an explicit description for them, is
extremely advantageous. As the solutions to our viscous system are strong solutions,
from equations (3.1), (3.2) we can deduce a relation of the form (3.143) for any entropy
pair given by (3.156), which fits perfectly into the compensated compactness scheme.

In light of these considerations we state the following concept, taken from [14].

Definition 3.1. Let (pg,uo) be given initial data such that E[pg,ue] < Ey < 00.
A pair (p,u) : Q x [0,T) — [0,00) X R is called a finite-energy entropy solution of
(3.145),(3.146),(3.148) if the following hold:

e There is a locally bounded function C(E,t) > 0 such that

Elp,u)(t) < C(Ep,t).
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e (p,u) satisfies (3.145) and (3.146) in the sense of distributions and, more gen-

erally,
1 (p,w)e + ¢ (p, ) <0,

in the sense of distributions, for the test functions ((s) € {£1, +s, s?}.
e The initial data are attained in the sense of distributions.

The first step in our analysis is to show strong convergence of a subsequence of
(p°, p°u’) to a finite-energy entropy solution to (3.145),(3.146). For this we rely heavily
on [14] and also on [17].

Transverse velocity field and magnetic field

We move on to the limit equations (3.134) and (3.136) for the transverse velocity field
and the magnetic field. As p and v are left fixed independently of £ we can deduce
some satisfactory uniform estimates on w, and on h, that permit the passage to the
limit for the sequence (w®, h®) without any major complications, once we have shown
that p® and p*u® converge strongly.

Regarding equation (3.136), we see that we are left with a stationary equation and
therefore the initial condition loses its meaning. However, note that from equation
(3.5) we have that

t t
/ Bhe pda — / BhEpliods — / / (BuhE — Bw®)ppdads = — / / Vhe g, dz ds,
Q Q 0 JQ 0 JOQ

for any smooth test function ¢ with compact support in 2 x [0, 7).

A couple of energy estimates based on the energy identity (3.9) and on equation
(3.7) (which will be deduced later) as well as an interpolation inequality for u® and for
w® show that Sh® — 0 in L>=(0,T; L*(Q?)) and S(uh®, w®) — 0 in L*(Q2 x (0,7)) as
e — 0 with 8 = o(e). By the same token we can a assume that h converges weakly
to h, for some h € L?(0,T; H}(£2)). As a result, in the limit we have

t
lim/ ﬁh8¢|t:0ds:/ /l/hgggoxdxds.
Q 0 Jo

e—0

For this reason, we are compelled to impose that Shf — 0 in the sense of distribu-
tions, in which case we would have that h, = 0, thus forcing h to be identically equal

to zero.
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As for the limit equation (3.134), the same energy estimates allow us to assume
that w® — w weakly in L*(0,7T; H}(Q)) and provided that p° and p°u® converge
strongly, we can conclude that the limit equation (3.134) is satisfied in the sense of

distributions.

Thermal energy

The uniform estimates that we obtain further ahead, guarantee that e|u|?, u|w?|? and
v|h?]? are bounded in L'(Q2 x (0,T)). Nonetheless, this is the best uniform estimate
that we can hope to obtain on the derivatives of u, w and h. This means that,
consistency becomes an issue in the thermal energy limit equation (3.135) as we cannot
guarantee that the sequence (or any subsequence of) |u|? + pu|w®|> + v|h®|* converges
to anything other than possibly a positive Radon measure. For this reason we do not
expect equation (3.135) to be satisfied and the best we can aim to obtain when taking

the limit as ¢ — 0 in equation (3.7) is an inequality.

On the bright side we note that given a nonnegative smooth test function ¢, the
function f — [3 fo |f|?pdzds defined for f € L*(Q x (0,7)) and taking values in
[0,00) may be regarded as the squared norm in the weighted Li space. As we have
that the sequence (w2, he) is weakly convergent in L?(€2 x (0,7')) (and therefore, also
in L2(Q x (0,T))) we see that

t t
liminf/ /(,u|w§|2+l/|h§|2)g0dxds 2/ /(,u|ww|2+l/|hx|2)<pda:ds.
e—0 0o JQ 0 JQ

Recall that, in fact, the limit magnetic field h has to be equal to zero. With this

in mind, we intend to show that, in the limit, the following inequality

(pQ(0)): + (pQ(), > (Kby)o + p|Wal?, (3.157)

is satisfied in the sense of distributions by the limit functions. In the process we are

going to show that the following inequality also holds

[ o (P +@0) + S + SIwP) (0

2
I m§

< /Q <p0Pe(p0) + poQ(bh) + 5

1 2
— —|w|* | d 3.158
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which is nothing other that to say in the notation of (3.152) that

Elp,u](t) +11(pQ(0), plw|*) (1)l 1) < Elpo,10](0) + [[(00@ (o), polwol*)l| 10

which compensates, in some way, the “loss of information” resulting from considering
an inequality instead of an identity in the limit thermal energy equation. This is in
accordance with the definition of variational solution of the thermal energy equation
considered by Feireisl in [23, Definition 4.5].

Let us point out, that even by considering the inequality (3.157) in place of (3.135),
the task of showing consistency is not simple as () and x are nonlinear functions of 6.
This means that we have to show strong convergence of the sequence 6°.

For this we adapt an idea in [23] which can be divided into two steps. First,
using uniform estimates and some careful analysis we can show that Q(6°) converges
pointwise to some limit Q, in the set where p (the limit density) is positive. As Q is
a strictly increasing function, we can write Q as Q = Q(8), i.e., 6 = Q71(Q). Then,
using (2.54) we see that

Ozlim// Q) = QO)(6° — 1)L mydards > lim € // 0)21(mopda ds,

e—0

so that 6 also converges pointwise to 6 in the set {p > 0}. After this, we adapt
a clever argument from [23] to show that the function K(0) := [ k(z)dz converges
weakly to some K. Accordingly, K = K(0) in the set where p > 0. Thus, if we define
6 := K~}(K) we then have that = 0 in the set {p > 0} and we can pass to the limit
in equation (3.7) in order to conclude that € satisfies inequality (3.157).

We will fill in the details of this procedure later.

Nonlinear Schrédinger equation

Finally, we consider the limit equation (3.137). Let us recall that ¢ : 0, x(0,7) — Cis
called a weak solution of (3.137) with initial data 1|,—g = 1o if ¥ € L>(0,T; H} (2,))N
Whee(0,T; H*(€,)), (3.137) is satisfied in H*(Q,) for each ¢t € (0,T) and the initial
data is attained in the sense of distributions. Existence and uniqueness of global weak
solutions to (3.137) with initial data 1y € H'(Q) is a well known result (see [30],[7]).

Assuming, as before, that o = o(c'/?), the energy identity (3.9) yields uniform
estimates on the L>(0,7T; L*(Q,) N Hj(2,)) norm of ¢°. In view of our hypotheses
(2.56) on the coupling, functions a direct application of Aubin-Lions lemma (see [3, 36])
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allows us to pass to the limit in equation (3.15). (A version of) Aubin-Lions lemma

may be stated as ( see [45])

Lemma 3.16 (Aubin-Lions Lemma). Let Xy, X and X; be Banach spaces such that
XoC X CX,

Supose that Xg is compactly embedded in X and that X is continuously embedded in
Xq. For1l < ap,aq < o0, let

dv

W= {ve L*0,T; Xy), pn € LY(0,7T; X1)},
under the norm
dv
lollw = [[ollzeorixo) + || = :
Le1(0,T;X1)

Then,

(1) If ag < 00, then the embedding of W into L*°(0,T; X) is compact;

(ii) If ag = oo and oy > 1, then the embedding of W into C([0,T]; X) is compact.

Of course, in order to apply this lemma we have to deal with one technicality that
presents itself. The wave function ¢° is defined on the space €2, x (0, T") where €2, is the
spatial domain of the Lagrangian coordinate. As we pointed out earlier, we have that
this domain actually depends on € and we have Q, = (0, d°), where d* is the L' norm of
the initial density pj. Now, if we assume that ||p|/z1@) = d := ||pol|z2(q) then there is
some g9 > 0 such that d®* < d+1 for all e < gy. Extending each ¢° by zero to the spatial
domain (0,d+ 1) and in view of (3.6) and by the estimates on ¢° we can apply Aubin-
Lions Lemma with Xo = H'((0,d+1)), X = L*((0,d+1)) and X; = H~'((0,d+1)) in
order to conclude strong convergence of 1) — 1 in L?(0,T; L*((0,d+1)). Furthermore,
€ L=(0,T; Hy((0,d°))) N L>(0,T; HY((0,d + 1))). Finally, as d° — d we conclude
that ¢ € L>(0,T; H}((0,d))) and constitutes a weak solution for the limit equation
(3.137) on the spatial domain €2, = (0, d).

As for the initial data, we only have to assume that 1§ — 1y in H] as e — 0 for

the argument above to hold.
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3.3.3 Uniform estimates

Our goal now is to deduce some uniform estimates that allow us to proceed as sketched
above. They are divided into several lemmas. Lemmas 3.17 through 3.20 are inspired
by their analogues contained in [14]. In order to avoid the overload of notation,
in this subsection we denote by (p,u, w,h,6,1) a solution of (3.1)-(3.6) with initial
conditions (po, ug, Wo, ho, 89, 1). The estimates below are uniform in the sense that
the bounding constants do not depend on ¢ (and hence nor on 5, a or 0). To this
end, in what follows C will stand for a universal constant independent of . We also
assume that o = o(¢'/?), B3 = 0(¢) and § = o(€) as ¢ — 0, and that p and v are fixed
positive constants independent of € and that x satisfies (2.55), also independently of

E.

We begin with the following basic energy estimate.

Lemma 3.17. Assume that

1
Cyt < / podx < C, —/QPOS(Poaeo)dJC < Co
0

where s is the entropy given by (2.46), and that

1 2 1 2 é 2
/Q <p0 (e(po,éo) + 5,V + 2!Wg] ) + Q\hol dx
[ (Gl + ool + aglooh(ol) dy < C
0, 2 Oy 4 0 0 0 = Y0,

where Cy > 0 is independent of €. Then, there exists C = C(Cy) > 0, independent of
€ such that

1 1 1 1
i (p (el ) + 50 + 5w +§rh12) ot [ (Gl + g0l + agt)n(ur?)) dy

2
¢ K62
—|—/ﬂ,0(9—1—10g9)dx+/ /Q<62y+5ui+u|wx|2+l/|hx|2> deds < C
0

(3.159)
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Proof. First, from the energy identity (3.9) we have that

1 1
/Q (,0 (e(p, 6) + §u2 + 2|w|2> + §|h|2> dx

1 1
+ [ (Gl + 1ol + agh(u)) dy < Co

(3.160)
Second, from equation (3.1) we have that
/ pdr = / podz, (3.161)
Q Q
Also, note that the one dimensional version of equation (2.46) yields
K0, k02 eu?  plw,*  vlh)?
(ps)e + (pus)z — ( 7 >x =Gttt (3.162)

From the definition of s and using (2.42) and (2.54) we have, similarly as in (3.80),
that

_ > (1 _1— e
/stda:_C /Q(Q 1 —logf)dx —C C’/ﬂpe(p,@)d:p

> 0—1/(9— 1 —log#)dz — C.
Q

Then, integrating equation (3.162) over © x (0,7") we get

t 62 2 2 hl2
/ p(0 —1—logh)dx +/ / (liy + 2y v | + d |m> dxds
Q 0 Jo

62 0 0 0
<C- C’/ons(po,ﬁo)div
<C.

Next, integrating equation (3.7) and using (3.160) together with (3.131) and our
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assumption that 6 = o(e)

t
/ /(gug 4w + vl |?)de ds
0 JQ
t

g/pedx+/poe(po,00)dm+/ /59p9(p)uxdxds

Q Q 0 JOQ

t
< C+C/ /56(1+p7/2)|uz|d:cds
0 JQ

¢ ¢
< C+C’/ MQ(S)Z/(1+p7)dxds+§/ /uidmds.
0 Q 2Jo Ja

Here, My(t) = max,eq 0(x,t). Now, according to (2.54) and using (3.160) we have
that [, pfdez < C. Now, for any ¢ € [0,7T] there is a point b = b(t) € €2 such that
0(b(t),t) = (Jo pdx)~" fo phdx < C. Thus, similarly as in (3.86), using (2.55) we have

T T k02
/ My(s)%ds < C + C/ / < (3.163)
0 o Ja 62

Also notice that by (2.53)

/Qde:U < C’/Qpedazds <,

and hence,
t
/ /(51@ + plwe|* + v|h,|?)dzds < C.
0 Jo

We now establish an estimate for the spatial derivative of the density.

Lemma 3.18. Let py, ug and hy be such that

2 h 2
52/ L(?d$+€62 de < Cy,
Q Po Q  Po

and that
00_1 < /ondx < (.

where Cy is independent of €. Then, there exists C' = C(Cy) such that

2 I 2 ‘h‘Q ¢ 2 t |hx‘2
c /—gd:wrsﬁ /—dw—l—s/ /p$p7_3dxds+sﬁ/ Bl g ds < €. (3.164)
Qp Q p 0 Jo 0oJo p
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Proof. As in [14] we deduce the following equation for v(x,t) = 1/p(x,1):

(pv2); + (puvd), = 20Uy, (3.165)

Using equation (3.2) we have

star = 20l (o) (o)) + o2 — 22 B

= ivmpx + i((puvx}t + [pu(uvg)e — pu(vig), + v:v(pUQ)m])

2 o
+ Zua(bP), — 22 0(g/ (0)h([ 0 YP). (3.166)
Denoting by J the expression in square brackets, by integration by parts, we have

/Q Jdx = /Q(vux(pu)x — uvg(pu), + v (u(pu), + puu,))dx

/Q(vu (pu)z + puvyu,)dz | Uzdz

Next, bearing in mind our assumption (3.131) we see that

b =~ 55 .(5) — 55004 ).
In order to deal with the term v, (|h|?), we first rewrite (3.1) as
UVt + VU = VUy,.
Multiply this equation by 3|h|* to obtain
Bueh|* + Buulh|? — Bvu,|h|* = 0.
Now, multiply (3.5) by 2vh and add the resulting equation to the above to obtain
B(v|h|?); + 2vvlh,|* + B(vulh|*), — (2vvh - h,), + 26vh - w, = —vu,(|h[?),.
In this way,
2

B(Uu\h\z)x + (2vh - h,), — ~—~vh - w,.

14 14

e([0?), = 2 (b2, — 20,7 +

Gathering this information in (3.165), multiplying by € and integrating over € x
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(0,t) we get

/pxdm

2
poxdw—Qa’ye/ /p7 3 2dxds—2€5/ / <Px ng(,o)—l—llgep’o(p)) dxds

Q pf
—25/ Pede +2¢ [ P2 dm+2€// wld
o o po
g § 1 2¢% 1t 1
—85/ ~ |nfdz +56 /—\h0|2da:—25ﬁ//—|hx|2da:ds+ 85/ “b - wods
v Q Po 0o Jap v JoJap
+2a€/ /QZg(g(l/p)h(|¢oY|2))xdazds. (3.167)
0

Concerning the third integral on the right hand side, by virtue of (2.52), we have
that

x| 1011+ p""*)dx  ds.

¢ Pz P, K
— - —_— <
285/0 /Q <p2 0.p0(p) + 2 Hpo(p)> dxds 2056/0 /Q 2

Observe that since [, pdr = [, podz, then for each t € (0,T) there is a point
b(t) € Q such that p(b(t),t) = Jo podx > Ci'. Therefore,

1 2 1/2
— | |de <C+C xdx )

Thus, taking (2.55) into consideration we see that

max

1
< /Co +/
RVIIEN) @

t
255/ / |p§||9w\(1—|—p7/2)dxds
0oJa p

! 1 51Pal
<Ce ogleaé(pl/?/< 3/2|0|—|—6|9||p95|,0 >dxds

<C / C+ C / pzd 12 Kgx V2 / 2pmd V2 + </ 2 2 ’Yl) 12 d
=) o p? v 00 Q v - Paf °
t t 2
< %/ /pipV_Sd:vdstC/ 1—|—/ Ke;dx 1+/ prdx ds.
4 Jo Ja 0 o 0 Q

We already know from Lemma 3.17 that

t
5//uidxds§0.
0 Ja
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Concerning the fourth integral on the right hand side

2e —udx<—/ pmda:+C'/pu2dx< /pmd +C.
Q p

We continue with (recall that 5 = o(¢))

2e3%
ep / 1h -wydrds
v Jo Jap

L 2P 1 1 V2 1/2
< ep max —- /f|h|2dx (/ |Ww|2d$> ds
v 0 €N p1/2 Qp Q

2 2 1/2 1 1/2 1/2
scgﬁ/ (1+ (/ pgm) ) (/ |h|2dx> (/ |Ww|2d:c> ds

v Jo Qp 0 0

. 1/ 21 1/2 5 1/2
<C (£+ (/ 2pzdm> ) (/ D ay ) (/ Bywz|2da;> ds

0 0 Qv op Qev

t
< C’/ <1+/§2u\wx|2d1’> <1+/ szda:—i-/ 552 |h| da:) ds.

0

Finally, recalling (3.8) we see that (10Y), = p1,. We also know that the Jacobian
of the Lagrangian coordinate change is equal to p. Therefore, using (2.56) and Lemma
3.17 we see that

t t t
20c [ [ Lo(g/ (1ol o YP)adrds < 0 [ [ 2 =dnds +-C [ [ o.Pdrds
0o Jap 8 Jo Ja 0 Jao

t B>
< %/ /pipy_sdzds%—c.
8 Jo Ja
Putting all of these estimates together with (3.167) we deduce the inequality
px 2 ‘ ‘2 'y 3 | x‘2
—dr +¢ef d:v—l—s px d:):ds+56 ——dxds

§C+0/0 [1+/ (Ffj )dx] <1+e /pxdereﬁz/—\h\ d:v)

with C' > 0 independent of . And since,

/Ot[u/(z(%ig )dx

Gronwall’s inequality yields (3.164). [

ds < C,
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We now deduce some higher integrability estimates for the density.

Lemma 3.19. Let
/one(/?o,eo)dl"i‘ /onugdx < Co

where Cy is independent of €. Then, there is a constant C' = C(Cy), independent of €
such that

t
/0 /Q(p’y+l + dpbpe(p) + Bplh|*)dxds < C. (3.168)

Let us point out that according to the growth conditions (2.53), Lemma 3.17 yields
only uniform boundedness of p in the space L>(0,T"; L7(£2)). Let us carry on the proof.

Proof. Let b € {0,1} (recall that we are assuming that = (0,1) without loss of

generality) and let o(x) be a smooth function such that

ob)=0, o(l—=b)=0 and 0<o<1. (3.169)

Multiplying equation (3.2) by ¢ and integrating from b to x (with respect to the

space variable) we have

po+ DInf? = — o+ u -+ g (1 /p0h(liP)o — ( [ puode)
t
v 2 B 2 B
+ L\ +p+ 2|h[ ag' (1/p)h(|Y]7) | 0r — cugo, | dE.

Multiply this identity by po and use (3.1) to obtain
ppo” + gplhl%2
= —p*u’0” + epu,o” + ag'(1/p)h(|¢|*) po® — (pa /b pwdé)t — (pu).0o /b puodE

@ 3

o [ (o 4 G~ a0/ ) 00— s

= epu,o” + ag'(1/p)h([¥]*)po® — (m/b pu0d£> — (pua/b pu0d€>
t T
e gua, [ o g0 [ (04 G0 = g 1o ) . e .

x
b
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Integrating over Q x (0,¢) we have

t t
//ppanx—l—ﬁ/ /p|h|2dxds
0 Jo 2 Jo Ja
¢ ¢
=a [ [ dWnn(uPiprtdrds+e [ [ puotards
0 Ja 0 Ja

+/ po (/x puadxz') dx +/ P00 (/x pouood:m') dx + r(t),
Q b ) b

where

ri(t) = /0 t /Q Uy ( /b ’ puadg) dz ds

+/Ut/Qp0"/bx [<pu2 +p+§|h|2_ag/(1/p)h(|¢|2)> Ux—Euxe] dfdwds

Note that,

t t t
5/ /puxazdxds < i/ /uida:ds—l—él/ /p202dxds
0 Jo 01 Jo Ja 0 Jo

¢
< G5, —|—C’51/ /,0202dxd8.
0o Jo

Now,
x 1/2 1/2
‘/ puodf‘ < </ pdx) (/ pu2dx> <C.
b Q Q
And then,
/ po (/ puada:i) dr| < C.
Q b
Similarly,

_I_

/Ot/ﬂpuax (/bx puadf) dxds /Ot /Q po </bx pu20$d§> dx ds
t x
+ /0 /QPU (/b 6umcrxd£) drds| < C

Recall that we are assuming (3.131). Also, from Lemma 3.17 we have

/ pldx < C.
Q
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Hence, taking into account (3.163), we see that

t x
po </ paxdf) dz ds
Q b

< C/t 1+M9(s)2)/ po </ (p7+1)d§> dxds

<c/ 1+ My(s /pdxds

< C/O (1+ My(s)?)ds < C.

We continue with

|/0t/ﬂ,00 (/bx §|h|20xd§> dxds

SC/Ot/Qp</01§|h|2d§> dz ds

t
§C//pda:ds§0.
0 Jo

Lastly,

o [ [ o ph(P)dras| < C.

’ //p" (/ "(1/p)h (W)%dwz’) d ds

Choosing ¢; > 0 small enough, we get

t
/ / <pp + Bp\h|2> o*drds < O,
0 JQ 2

and using the hypotheses (2.50) on p

and

<C

t
/0 /Q (p”“ + 00ppe(p) + §p|h|2> o?drds < C,

and this holds for any o that satisfies (3.169) (of course, the constant C' in this last
inequality depends on o). Choosing o1(x) = x and o9(z) = 1 — z (again, Q = (0, 1))

we get

/Ot /Q (/ﬂ“ +00ppe(p) + §p|h|2> (22 + (1 — 2))dzds < C.

Since minge(g1)(2? + (1 — x)?) = 1/2 we conclude that

t
/0 /Q (/ﬂ“ +00ppo(p) + §p|h|2> drds < C.
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O]
We now improve the integrability of the velocity.
Lemma 3.20. Let (po, ug, ho, 0p) satisfy
I 1
/ podx > C™1, 82/ Oéxdx + €ﬂ2/ —|hg|*dx < C,
o o pf Q po
and
/on(e(Poaeo) +ug)dr < Co
where, Cy is a constant independent of €. Then
t
/ /(p|u|3 + p"dads < C, (3.170)
0 Ja
where, ¥ = 77_1 and C' > is a constant independent of €.
Proof. Let (4(z) = 3z|z|. Then, the corresponding weak entropy pair (%, ¢%) :=
(n%#, ¢“#) satisfies
0" (p,m)| < Clplul® +p7),  CHplul® + p7*) < g% (p,m) < Clpluf® + p7*7),
(3.171)
[t (p. )| < C(Jul + %), i (M) < Cpt.
(3.172)
and, regarding 77 in the coordinates (p, u)
15 (0 )| < C, 17, (p, w)| < Cp”, (3.173)

for all p > 0 and all v € R. This is a consequence of the representation formulas
(3.156).
Multiply (3.1) by nf and (3.2) by n# and add the resulting equations to obtain

n*(p,m)e + ¢* (p,m), = <—§|h|2 +ag (1/p)h(|[Y|*) + augc) n(p,m).  (3.174)

T

Define the function

f(x,t) = [q*(p,m) + (510> = ag/(1/p)h(|¢ 0 Y [?) = eug ) (p,m)] (2,1).  (3.175)
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We claim that there is a function a(t) taking values in Q such that

/Ot F(a(s), 5)|ds < C. (3.176)

for some C' > 0 independent of €.

Assuming this for now, we integrate (3.174) over (a,z) first and then over (0,t)

and get

/j(n#(p, m) — 0 (po, mo))dé + /Ot o (p.m)ds
= [ 1t 9as+ [ (<52 + oG vE) + 2 s

t rx 6
- (—2|h|2 +ag (1/ph(1f?) + u) (7 + i) dds. (3177)

First, from (3.171) we see that

¢ ¢

[ pomydwds = 07 [ [ Goluf? + p+7).

0 Ja 0 Ja

Second, from Lemma 3.17 and (3.171)
Lot #
[ o.m) |+ I (oo, mo) e < €

Next, using the fact that h|,—o = 0 we see that

g <o (s [ ) ()T <o (fme) " e

Similarly,
1/2
e 2| < / e2ugldr < C (5/ uidw) : (3.179)
Q Q

Using these two observations along with (3.172) and Lemma 3.17

/t/ (‘6““’2 +ag (1/p)h([0) + eum) nfhda ds
0 JQ 2

¢ ¢

< C’—i—C’/ /Q(l/|h$|2+5ui)dmds+0(5+a2+5)/ /Q(uiqu”_l)dxds
0 0

< C.
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Finally, by the same reasoning and using (3.173) and Lemma 3.19 we see that

[ <_§|hl2 T ag (1 p)h([¥[) +€ux> e+ 1) ds

t t
§C+C/ /V|hx|2d.rd$+0(5~l—a2+s)/ /uidxds
0 Ja 0 Jo

t
+C(ﬁ+(12+e)/ /pip”’?’d:cds
0 Jo
<C.

Taking this information into account, integrating (3.177) over € and using (3.176)
we obtain (3.170).

In order to complete the proof we have to prove our claim. For this, fix £k € N
large enough so that v > max{1 + 2k2_3, 1+ 2(k1_1)} and observe that

p(, 1) min [fG O < pla, )] f(, )] * < pla, ) max [f(z ).

Integrating over 2 and using (3.161) we see that for a.e. ¢ there is a point a =
a(t) € Q such that

a0, 01 = ([ pote) " ([ ola 010 )

Let us show that
¢ k
/ (/ p(x,s)|f(x, s)|1/kdx> ds < C. (3.180)
0o \Ja

On the one hand, since k was chosen so that v > 1 + ﬁ (which implies that
1 7—1

3% < 35-7), we can use (3.171) and (3.160) in order to show that
| pla? (o, m)*
< C/ <p(2k—1)/2k:(pu2)3/2k +p1+(37—1)/2k>d$
- Q
(2k—3)/2k 3/2k
C (/ p(2k1)/(2k3)dx> (/ pu2dx) i C’/ plHBI=D/2k g
Q Q 0

(2k—3)/2k 3/2k
<C (1 + [ ,ﬂdx) ( / qudx) +C (1 + [ ;ﬂd:c> <C
Q Q Q

IA
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On the other hand, since v > 1 + ﬁ we have that

/ plewgn? |V dx
Q

< 81/2k/Qp1—1/2k<6ui)1/2k((pu2)1/2k_|_p'y/2k)dx

(k—1)/k 1/2k 1/2k
C (/ p1+1/2(k_1)dx) </ 5uid1’> </ (pu® + p”)da:)
Q0 Q Q
(k—1)/k 1/k
<C (1 +/Q,07dx) (1 +/ﬂ€uid$)

1/k
< C(l%—/ﬂeuic&) .

With this, we conclude that

t k
/ (/ p|€ux77#1|1/kd:v) ds < C.
0 \Ja

Finally, by the same reasoning, we see that

IN

1/k

/Qp ‘ (glhl? —ag'(1/p)h(]¢ o YP)) 0t dw

1/k (2k—1)/2k 1/2k
<C (1 + 1// |h$|2dx> </ pdx) (/ (pu® + p”)dx)
Q Q Q

1/k
<C (1 v [ |h$|2dx> ,
Q

which implies that

. 3 1/k k
i (/ﬂ p|(2|h|2—ag'(l/p)huwm) it dx) ds<C

thus proving (3.180). O

These last four Lemmas provide the necessary uniform estimates that allow us
apply Chen and Perepelitsa’s compensated compactness scheme in order to deal with
the convergence in the continuity equation (3.1) and in the momentum equation (3.2).
They also suffice to handle the convergence issues in equations (3.3), (3.5) and (3.6)
to the extent that was explained in Subsection 3.3.2. Yet, in order to address the
convergence issues in the thermal energy equation (3.7) we need one more estimate

that reads as follows.
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Lemma 3.21. Let

c < / podxr < C, / poe(po, bo)dz < Cj
Q Q

for some Cy > 0 independent of €. Then,

t
/ /(9‘1+l +(072),?)deds < C, (3.181)
0 JOQ

where, C' > 0 is constant independent of €.

Proof. Let us define K as in Subsection 3.3.2 as
0
K(0) = / k(z)dz.

0

Then, from (2.55) we have that
CH1+ 67 < K(0) < C(1+67).
Also, note that equation (3.7) can be rewritten as
Koo = (pQ(0)): + (puQ(0))s + 60po(p)us — eul — plw,|* — v|hy|?. (3.182)

Realizing that (KC;)|.—0 = 0, we integrate this equation over (0, z) x (0, ) to obtain

f&%zf@@@ﬂMWM%ﬁEM@MMJKA%WWMS

t €T
= [ [Nt + plunf? + vib, e ds.

Let us choose some b = b(t) € Q such that 0(b(t),t) = (fo podz) " (Jy, pdz) < C.
Then, integrating the above equality from b(t) to x (with respect to the space variable)

and using Lemma 3.17 we obtain
t
/K@ga
0

In particular,

t
//mﬂmwga
0 JQ
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In order to conclude, we observe that

/Ot/g V(692), Pdeds < C + c/ot/g H:}dxds <c

With these estimates at hand we are ready to pass to the limit as ¢ — 0

3.3.4 Limit in the continuity and momentum equations

Let (p°,u®,w®, h® 6% 1) be the unique global solution of (3.1)-(3.6). Let us consider
the sequence (p°, u). The first step in the sketch outlined in Subsection3.3.1 is to apply
the Young measures theorem to the sequence (p°, u°). However, we do not have any
uniform estimates that guarantee that this sequence takes values on a fixed compact
of R%. We can only ensure that they take values in H := {(p,u) € R*: p > 0}.

Fortunately, there is a stronger version of the Young measures theorem which allows
us to assume that the set in which the sequence takes values is a compact metric space;
and the conclusion of the theorem is the same ([1, Theorem 2.4], also [4]). With this
in mind, and following [14] (cf. [35]) we can consider a compactification H of H such
that the space C'(H) is isometrically isomorphic to the space of continuous functions
¢ € C(H) satisfying that ¢(p,u) is constant on the vacuum {p = 0} and that the
map (p,u) — lim, .o @(sp, su) belong to C(S) N H, where S C R? is the unit circle.
Of course, H is naturally embedded in H (note that the vacuum line V' = {p = 0} is
identified to a single point in H).

By the Young measures theorem there exists a subsequence, still denoted (p°, u®)
and a weakly measurable mapping from € x [0, o) to Prob(H), the space of probability
measures in H, (z,t) = v, such that for all ¢ € C(H)

o(p°,uf) — /Hgb(p, w)dv,, — weakly — % in L(Q x [0, 00)).

As aforementioned, in order to show that the sequence (p°, p*u®) converges to a
finite-energy weak solution (p, pu) of the isentropic Euler equations (3.145), (3.146) it

suffices to show that

Vet = O(p(a,t).p(zt)ulz,t))- (3.183)

Now, we have a rich family of entropy pairs given by (3.156) and from earlier ex-

position we know that they may provide enough information that allow us to conclude
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(3.183).

Just as in [14] we can show the following.

Proposition 3.1. The following statements hold:

(i)
/H (" 1 pluf*)dves € LL (9  [0,00)). (3.184)

(ii) Let ¢(p,u) be a function such that

(a) ¢ is continuous on H and zero on OH (in the vacuum,);
(b) suppp C {(p,u): p’ +u > —a,u— p® < a} for some constant a > 0;
(c) |p(p,u)| < pPOFY for all (p,w) with large p and some 3 € (0,1).

Then, ¢ is v, -integrable and
S(pF, ) — /H édve, in L (9 % [0,00)). (3.185)
(1i7) For vy, viewed as an element of (C(H))*
v [H\ (HUV)] =0,

meaning that v, is concentrated at H and or the vacuum V = {p = 0}.

In view of this proposition, and by Lemma 3.15 the entropy pairs are v, ;-integrable
and we can use them as test functions in the hope to deduce the relations of the form

(3.144). The proof follows the same ideas as the analogue in [14] and goes as follows.

Proof. For each k, let wg(p,u) be a nonnegative and continuous cutoff function such
that w, = 1 on {(p,u) : k71p" <k, —k < u < k} and with suppw; C {(p,u) : (2k)7! <
p” <2k, —2k < u < 2k}. Then, as

[ Loy s Py s = [ [ ([ 77+ sl u)dv, ) deds
o Jo ’ o Jo \Ju ’ o ’

by virtue of Lemmas 3.19 and 3.20 and the monotone convergent theorem (3.184)
follows.

In order to prove (i7), let K C Q be any compact subset and take ¢ satisfying (a),
(b) and (c) and consider the same cutoff functions as above. Then wy¢ € C(H) and
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by the Lebesgue dominated convergence theorem and (3.184)

lim [ ' /. ( /H d)wkdux7t> duds — /OT /. ( /H qbdyl,,t) dads,

which is to say the same as

T T
lim lim/ / o(p°, u¥)wi(p®, u®)dz ds :/ / (/ (bdux,t> dxds
k—o0e—0Jo K 0 K H

Hence, proving (3.185) becomes justifying the interchange in the order of the limits in

this last equation. For this, it is enough to show that

/OT/K P(p°, u°) (wry (p°, u%) — wi, (p°, 0°))dzds — 0

as ki, ko — oo uniformly in e, but this follows from (a)-(c) and Lemma (3.19).
Finally, to prove (iii) we consider, for each d,k > 0, a test function ¢4 € C(H)
such that

e 0< ¢pa<1,
¢ ¢ra=1ontheset {p? +u? > k+1,p > 2dJul}, and

e ¢ra =0 on the set {p2 +u? < kY u{p < d|ul}.

By the monotone convergence theorem we have that

lim lim /0 ' /Q ( /H Sra(p, u)dux,t> dudt = /0 ' /Q Voa[H\ (H U V)] dadt.

d—0 k—o0

On the other hand, by Lemma 3.19, we see that

T T
/ /(/ ¢k,d(p,u)dl/x7t) dxdt:hm/ /gbk’d(pg,us)dxdt
0 Jo \JH e—=0Jo Jq
—92 T
< (1+d)/ /p”lda:dt
k o Ja
)

(14d2

<C
- k

Taking the limit as k — oo first and then as d — 0 we conclude that

/oT /Q Ved[H\ (HUV)]dxdt =0,

which implies that v, [H\ (H U V)] =0 for a.e. (z,1). O
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As we recall the next step to take is to apply the Div-Curl Lemma in order to find

a set of relations of the form (3.144). As a matter of fact, we have the following.

Proposition 3.2. Let ¢ be any compactly supported C? function and let (n°,q°) be the
corresponding entropy pair given by (3.156). Then the entropy dissipation measures
(0%, 70 + ¢ (0%, P ),

belong to a compact of H,,} (€2 x [0,00)).
Proof. Multiplying (3.1) by 7§ and (3.2) by 75, and adding the resulting equations we
obtain
77C (psa me)t + qC(pa’ ma)az
= (0%, (0%, PTU ) )0 — EMma (07, P g | — enf,  (0F, pFut) plug
= (867po(p° )5 (P, %)) + 003 (%) (15 (07, P75 + 115, (07, p7u7) )

- (gllfl2 - ag’(l/pe)h(WIQ)) o (07, p°0°). (3.186)

xT

a|2
X

Using using Hoélder inequality and Lemmas 3.15, 3.17 and 3.18 we see that

|enmu(p, p°us) [us]? — e, (0, p°u®) || 1 ooy

< Cl|(eV%4, ()7 pE) || 12axory < C
Similarly, using (3.163) and (2.52)
1166°po (%) (M (07, P70 )5, + 115, (0%, p70") 5| L (e 0,1)) < C

and using (3.178), (2.56) and Lemmas 3.17 and 3.18

<C
L1((22x(0,T))

(5 = g @) i)

xT

Also, note that
ez (0%, P u)uzll 22 (x 0.1 < C

and

166°po (0°) 5, (0%, 070 || L2 (2 0,7)) < C-
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With this estimates we can use Lemma 3.14 and equation (3.3.4) in order to con-
clude that

n(p5,m®); + ¢°(p°, m), are confined in a compact subset of W, % (Q x [0, o0)).

C

for some 1 < ¢ < 2.
On the other hand, using the bounds in Lemma 3.15 and the estimates in Lemmas
3.19 and 3.20 we have that

n*(p°,m?), ¢°(p°, m) are uniformly bounded in L? (Q x [0, 00)),

loc

which implies that
n(p°, m)y + ¢¢(p°,m?), are uniformly bounded in W, % (Q x [0, 00))

where ¢ = v+ 1 > 2, when v € (1, 3] andqzzﬁ—g>2when'y>3.

Finally, using Lemma 3.13 we conclude that
(0%, p7u)e + (0%, P )
belong to a compact of H;,}(Q x [0, 00)). O

Let us introduce the following notation. First, in order to avoid the overload
of notation we omit the first two arguments (p and wu) in the entropy kernel (recall
(3.155)) and denote

xX(s) = [p”" — (u— &)}

Second, given any function f(p,u) with growth slower than plu|? 4+ p7 ™19} e

denote

Fof w®) = flp,u)(,t) = (vay, flp,w)).
In other words, the overline stands for integration with respect to the young measure.
In the next proposition, we show that our parametrized Young measure v, , satisfies
the same commutator relation than the one in [14] (cf. [11, 19, 20, 39, 40]). It is based
on this relation that one can conclude that the support of each v,; is reduced to
a point or else contained in the vacuum and, as pointed out earlier, this is enough
to conclude that (p°, p°u®) converges to a finite-energy entropy solution to (3.145),

(3.146), (3.148). As the argument that reduces the support of v, ; relies only on the
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commutator relation and not on the approximating sequence we only have to prove
that the commutator relation holds. Remember that we are assuming that o = o(g'/?),
B =o(e) and 6 = o(e).

Proposition 3.3. For each test function ((s) € {%1,+s, s?} we have that

<Vt,x7 77€>t + <Vx,t> qc>x S 07 <Vx,t7 77C>(07 ) = 77(007 POUO), (3187)

in the sense of distributions. Moreover, v, satisfies the following commutator relation

D& = &) (x(E)x(&2) = x (&) x(&2)) = (1 =9)(ux(&2) x(&) —ux(&) x(&)), (3.188)

where, as before, ¥ = (y —1)/2.

Proof. First we prove (3.187). Multiplyigng (3.1) by 772 and (3.2) by 7S, and adding

the resulting equations we obtain

1 (p%, M%) + ¢° (pF,m%),
= (e, (p°, m*)ug, — 66°pe(p°))a
— (25 — 007 po(p°) ) (1S (0, MO )E + 115, (0%, ) %)

— ) (S — (1)) (3.180)

T

Let us show that all the terms on the RHS tend to zero as ¢ — 0 in the sense
of distributions, except possibly for the term enS, (pf, m®)|u|?, which turns out to be
nonpositive anyway.

From (3.156), given any ¢ € C*(R) we have

1
Balp.pu) = [ Clu ps)[L - 57 2ds

Hence )
Bnlppu) = [ ¢t p’s)[1 = s,

and also .
Moy = (p, pu) = 9p" " L ¢"(u+p’s)s[l — s>} ds.

Take ((s) € {#1,+s,5>}. Then, [5,(p°, m°)| < C(1 + [uf]), 1, (p°, m*) = 0 and
0 < n5,,(p%, m®) < C (note that [ s[1 — s*4ds = 0).
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Let us recall (3.178) and (3.179). Then,
567 ()
<cC (1+ </0 /Q|u;|2dxds> ) <ﬁ/0 /Q|h€.h;|2dxds>
T 1/2 T
<C (l—i- </ /Q|u§|2dxds> ) <ﬁ1/2/ /Q|h5|§dxds>
/2
< 5/2(1/2 ( / /|U‘dIdS> )

1/2
C(/B

— 61/27

dxds<C’/ / (1+ [f])8|he - hé|dads

/2

which tends to zero as ¢ — 0.
Similarly, recalling (2.56), that v, = pt), and that the Jacobian of the coordinate

change equals p, from Lemmas 3.17 and 3.18 we have

T
/0 /Q‘”fn(/’svme) (ag' (1/p)(|¢7P)) |deds
T -
< CO{/O /Q(l + |p5|1/2|ua|)(’pa|7|pi| + Wig,(l/pa)\)dxds
<c-2

c1/2°

which also tends to zero as € — 0.
Next, using (3.163)

/ /\59%9 ) (Mo (07, MV, + 15, (07, %) po ) | dazdls

5 . 1/2
< Cm (/0 Mg(s)g/gp”d:vds> (5/0 /g)uidxds)

J

o172

<C

which, tends to zero as well.

Finally, by the same token we have that
N (0, ) (e, — 060pp(p°)) — 0

in the sense of distributions. Thus, taking e — 0 in (3.189) we obtain (3.187).
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Let us now prove (3.188). In view of Lemmas 3.19 and 3.20 and Proposition 3.2,
we can apply the Div-Curl Lemma (Lemma 3.12) in order to conclude that for any

C? compactly supported functions ¢ and ¢ we have
0°q® =0t =1t ¢ —1° ¢

Consequently,

[ cex@ds [ oeve + 1 - (&) de
- [ @@ [ C&)iE+ T - Dux@)da
— [ @@ E)WE + (1 - Dux(&)dide:
— [ clensi&) e + 1 = Dun(En(&) s d.

As this holds for any ¢ and ¢ we have

X(&1) V€ + (1 — D)u)x(§2) — x(&2) V& + (1 —D)u)x (&) = V(&2 — &) x(&)x(&2),

which implies (3.188). O

With this proposition, the argument to reduce the Young measures in [15] applies

and we have shown the following.

Theorem 3.3. Let the initial functions (pf,ug, Wi, hi, 65, 15) be smooth and satisfy

the following conditions:
(i) Py = ¢ >0, My < [q pyde < Mo, Jq piugde < Mo, — Jo pys(p5, 05)de < Mo;
(i) JaloR (1l + [W3P) + B3 )dz + fo, (165,12 + 52)dy < Mo;
(iii) € Jo |05 105|"2dx + €% Jo Ih§|?(p5) ' dx < Mo;
(iv) (p§, pug) — (po, potio) as € — 0 in the sense of distributions, with py > 0 a.e.

Let ((p°,u®,w®,h®, 60°,¢°)) be the solution of (3.1)-(3.6) with p given by (3.131) and
with initial data (pf, ug, w5, hg, 05,1¢). Assume, further that o = o(e'/?), B = o(g) and
d = o(e). Then, we may extract a subsequence (not relabelled) of (p°, p°u®) that con-
verges in L}, (2% (0,00)) to a finite-energy entropy solution (p, pu) of the compressible
FEuler equations (3.145), (3.146) with initial data (po, poto)-
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3.3.5 Limit for the transverse velocity, magnetic field and

wave function

With Theorem 3.3 at hand, the passage to the limit in equations (3.3) and (3.5)
becomes a straightforward exercise. As pointed out in Subsection 3.3.2, the uniform
estimates in Lemma 3.17 and the fact that we are leaving ; and v fixed independently
of e, imply that Sh® and Sw* tend to zero in L*(Q x (0,7)) and Buh® tends to
zero in L'(Q x (0,7T)). Accordingly, we have that hS, in the sense of distributions.
Nonetheless, we also have a uniform bound for the L2(0,T; H}(S2)) for h® so that
we can assume that it converges to some limit h weakly in L*(0,T; H3(Q2)). This
implies that, necessarily, h = 0 and the limit equation is satisfied trivially. Thus,
for consistency, we demand that the initial data hj satisfies Shi — 0 in the sense of
distributions and drop equation (3.136).

Moving on to equation (3.3), the uniform estimates from Lemma 3.17 imply that
w® has a subsequence (not relabelled) that converges to some limit w weakly in
L?(0,T; HY(€)). Since (p°, p°u®) converges strongly to (p, pu) we have that p*w® and
peufwe converge to pw and puw, respectively, in the sense of distributions. As fh
converges strongly to zero, we have that the limit functions p, pu and w solve the
limit equation (3.134).

Regarding the initial data for the transverse velocity, we demand that pfwg con-
verge to some limit pywyg in the sense of distributions. Note that we specify the initial
data for the limit equation in terms of the transverse momentum as vacuum is un-
avoidable in the limit functions. Accordingly, we have that the initial data is attained

in the sense of distributions through the weak formulation of (3.134):

t t t
/ /pwgotdxds—/powogohzods—/ /puwgozdﬁds: —/ /,uwxgpxdxds
0 Ja Q 0o Ja 0o Ja

for any ¢ € C*°(92 x ([0, 00)).

Lastly, the passage to the limit in the nonlinear Schrodinger equation is a direct
consequence of Aubin-Lions Lemma, as explained in Subsection 3.3.2. For consistency,
we assume that the initial data ¢)§ converges to 1o in H}(€2,), thereby concluding that
1® converges to the unique solution of the limit nonlinear Schrédinger equation (3.137).

We have thus proved the following.

Theorem 3.4. Let the initial functions (pf,ug, w§, hg, 05,15) be smooth and satisfy

the hypotheses of Theorem 3.3. Moreover, assume that
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(v) pgwe — powo and Sh§ — 0 in the sense of distributions;

(vi) Y5 = o in HY(SY,).
Let ((p°,u®, w®, h® 0° 1°)) be the solution of (3.1)-(3.6) with p given by (3.131) and
with initial data (pf, u§, W, hg, 05,1¢). Assume, further that a = o(e'/?), B = o(¢)
and 0 = o(g). Then, we may extract a subsequence (not relabelled) of (w¢, e, 1) such
that

o (w°,h%) — (w,0) weakly in L*(0,T; H}(Q)), and
o ° — 1 strongly in L°°(0,T; L*(Q) and weakly-* in L>(0,T; HL(Q)).

Moreover, (p, pu, w) solve equation (3.134)with initial data pywo attained in the sense

of distributions; and v is the unique weak solution of equation (3.137).

To conclude, we move on to discussing the limit passage in the thermal energy

equation (3.7).

3.3.6 Limit in the thermal energy equation

As explained in Subsection 3.3.2 the limit process in the thermal energy equation (3.7)
is not straightforward on account of the nonlinearities. Also, the loss of regularity
of the longitudinal velocity u forces us to consider the inequality (3.157) instead of
(3.135).

In order to justify the passage to the limit, we adapt some ideas in [23].

First, we observe that estimate (3.181) implies that Q(6¢) is uniformly bounded in
L*(0,T; H'(Q)) and hence we can assume that

Q(0°) — Q weakly in L*(0,T; H'(Q)).

By the same token, Q(6°) is uniformly bounded in L?(0,T’; L>(2)) which, in light
of Lemma 3.17, implies that p°Q(6°) is uniformly bounded in the space L?(0, T’; L7 (Q2)).

Now, from equation (3.7) and using Lemmas 3.17 and 3.21 we can easily see that
(p°Q(6°)); is uniformly bounded in the space L'(0,T; H=3(f2)) (recall that (k6,), can
be written as K., and that by Lemma 3.21 K is uniformly bounded in L'(Q2 x (0,7))).
With this, a direct application of Aubin-Lions lemma (Lemma 3.16) and the fact that
p° converges strongly to p imply that

p°Q(6°) — pQ strongly in L*(0,T; H™'(1)).
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We claim that

/0 ' /Q P Q6°)2pduds — /O ! /Q pQ’ pdzds, (3.190)

as ¢ — 0, for any ¢ € C§°(2 x (0,7")). Indeed, we have

/oT /Q(ff@(@gf — Q) pduds
<[ o - s [ e -t

On the one hand we have

[ [ wre@) - @) + Qpduds

< [ 1) ~ i)+l Q) + Q) o)l yands

<G, /OT 1(7°Q(0%) = pQ)(5)l| -1 (I1QO°) (8) [ 112y + 1Q(S) | (s ) s

< Csa”PEQ(@E) - P@HL?(O,T;H*I(Q))<||Q(95)(3)||L2(0,T;H1(Q)) + ||@(3)||L2(0,T;H1(Q))>,
which tends to zero as € — 0.

On the other hand,

[ [ @@ - pedsds 0

by the dominated convergence theorem (recall that p° — p a.e. in 2 x (0,7)), thus

proving the claim.

Now, from (3.190) we have that

T
| [ o0 )eduas
0o Ja
T T
= [ [(r= Q) pdads + [ [ Q6 )pdads
0o Jo 0o Jo
T
— / / pQedxds.
0o Jo
also by the dominated convergence theorem.

This can be interpreted as convergence of norms in a weighted wa space. In
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particular, we have
Q6°) — Q ae. in {(z,t) € 2 x (0,T) : p(x,t) > 0}. (3.191)

Since Q is strictly increasing (recall our hypotheses (2.54)) we can define 9 :=
Q7 1(Q) and we have that

0 = lim / Q) = Q)6 = 010 dads
> Cc- / / Il{p>0}dxds

and hence,

0° — 0 in L*({p > 0}).

This last bit of information guarantees that we can pass to the limit in the first two
terms of equation (3.7) (remember that p°u® — pu strongly). Regarding the third term
in that equation, we are assuming that there is a coefficient § = o(e) multiplying it,
and by the estimates in Lemma 3.17 it converges to zero in the sense of distributions.

All there is left to do, then, is justify the passage to the limit in the second order
term on the right hand side. For this we need the following lemma (see [23, Proposition
2.1]).

Lemma 3.22. Let O C RM be a bounded open set. Let {v,}°2, be a sequence of

measurable functions,
v, O = RY,

such that

sup [ ®(Jv,|)d€ < o0
n>1J0

for a certain continuous function ® : [0, 00) — [0, 00).

Then, there exists a subsequence (not relabelled) such that
C(vp) — C(v) weakly in L'(O)

for all continuous functions ¢ : RN — R satisfying

. ((z)

= 0.

Fix 0 < w < 1 and choose ¢ : [0,00) — [0,00) as ((z) = . Then, multiplying

(1+ )“
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(3.7) by (6°) and using equation (3.1) we have
(07 Qc(67))e + (p7uQc(67))x + 067po(p7)C(67)u,
e € |2 €2 €2 2

= (Ke(0"))aa (1+ 6¢) (1+6°) :

where, Q¢ and K¢ are given by

cwﬁ:égawlw, Kﬂm:éeﬂ@

1+ 2) 1+

From the strong convergence of p°, p*u and the strong convergence of 6° in {p > 0}

and the uniform estimates we see that

PFQ(0°) = pQc(0)
Ut Qc(0°) — puQc(0) p weakly in L'(Q x (0,T)).
00°pe(p°)C(6°)ug — 0

Next, using Lemma 3.22 we see that
Kc(@g) — KC Weakly n Ll(Q X (O,T)),
for some K, that satisfies

PR = pK(0), on Q x (0, 7).

Now, let ¢ be a test function such that

2 > 07 NS WQOO(Q X (O7T))7 ¢x|89 = 07 suppy - ﬁ X [OaT>

For any such test function we have that

1+9 Spdrds < 1m1n 1+96wapxs.

(3.193)
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Thus, multiplying (3.192) by ¢, integrating and taking the limit as ¢ — 0 we obtain

/ / pQC )i +quC( )P + ’ng[)m)dxds

2
< [ et [ mQcln)eleote

(3.194)

For this last term we are assuming that p§Q(65) — poQ(6y).

Now, note that
1

(1+2)

then, using the monotone convergence theorem we see that

A1, asw — 0,

KC/‘Fv

where,

pK = pK(6),

T
/ /dexds < hmmf/ /IC (6°)dxds.
0

and

Finally, we can define 6 := K~!(K) and take the limit as w — 0 in (3.194) in order

to conclude that the nonnegative function 6 satisfies

[ [ (0o + Qo). + K(O)pss) dads

T
< [ [ piwelPodrds — [ po@@0)glodr, (3195

for any test function that satisfies (3.193); which is the weak formulation of inequality
(3.157).
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Finally, let us show that (3.158) holds. From the energy identity (3.9) we have
[ (5 (el 0) 4 3fucl? - 3weP?) + 5 wef?)
0 R 2 2
+ [ (oo (s P) + 3wl + Sl )y
= [, (5 (et 09+ B+ i) + Singl? ) o
+ [ (anpn(us) + 11, + 3wl )y
By assumption, the right hand side tends to
| 70 (€00 0) + SHuol? + Siwol2) da -+ [ (31w, + ol )y
By lower semi-continuity we have that
1 A / 1 2
/Q (3plw[*) dx < A (36°Iw
and by strong convergence in € x (0,7") we have that
o (elo0) + 31ul?+ 4w o+ [ (S + 21" ) )y

< [ oo (elpo,60) + Huol + Siwol?) o+ [ (Sluyl? + ool )y

for a.e. t € (0,7).

Finally, since the unique solution of the nonlinear Schrodinger equation has con-
servation of energy:

L (Bl + 3ttty = [ (3wl + ool )y
we conclude that
[ 2 (c(0.0) + 31ul? + 1wP?) (e < [ o (e, 80) + Sluol + 31wol?) . (3.196)
We can sum up the results found in this Section through the following theorem:

Theorem 3.5. Let the initial functions (pf,ug, w§, hg, 05,105) be smooth and satisfy
the hypotheses of Theorem 3.3 and Theorem 3.4.
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Let (p°,u®, w®, he, 6% 1°) be the solution of (3.1)-(3.6) with p given by (3.131) and
with initial data (pf, ug, w5, hg, 05,0¢). Assume, further that o = o(e'/?), B = o(g) and
d = o(e). Then, we may extract a subsequence (not relabelled) of (p°, us, w®, he 6° 1°)

such that as € — 0 we have

o (p°, p°uf) converges in Lj,.(Qx (0,00)) to a finite-energy entropy solution (p, pu)

of the compressible Euler equations (3.145), (3.146) with initial data (po, pouo);

o (w°, h®) — (w,0) weakly in L*(0,T; Hy(Q)) and (p, pu, w) solve equation (3.134)with

initial data powq attained in the sense of distributions;

o ° — 1) strongly in L>(0,T; L*(Q) and weakly-* in L>°(0,T; H(Q)), where 9
0

is the unique weak solution of equation (3.137)

o p°Q(6°) converges strongly to pQ(0) in L}, .(2 x (0,00)) and (p, pu, w,0) consti-
tute a variational solution of equation (3.135) in the sense of inequality (3.195),
also satisfying (3.196).



Chapter 4
Higher dimensions

We now move on to the multidimensional case. The main difficulty in higher dimen-
sions is the possible occurrence of vacuum. As the Lagrangian transformation becomes
singular in the presence of vacuum an effective coupling of the fluid equations with the
nonlinear Schrodinger equation can not be made in a straightforward way. In order
to overcome these difficulties, we define the interaction through a regularized system
that provides a good definition for an approximate Lagrangian coordinate. Then, after
showing existence of solutions, we show compactness of the sequence of solutions to
the regularized system thus making sense of the desired SW-LW interaction in the
limit process.

For simplicity, in the multidimensional model we focus on the isentropic case, that
is, the case of a non heat-conductive fluid, which trivializes the energy equation (2.35).

Let us remark that the results that we present here hold in a smooth bounded
open spacial domain in R%2. The only restriction that does not allow us to proceed
in the full three dimensional case comes from the lack of solvability of the nonlinear
Schrodinger equation in this setting. However, assuming this our methods can be
adapted to the three dimensional case. Also, our result covers large initial data at the
price of obtaining only weak solutions.

Let us mention that the results on the multidimensional case are product of an

ongoing collaboration with prof. Hermano Frid, as well as with prof. Ronghua Pan.

4.1 Regularized problem

We now consider the two-dimensional model for an isentropic magentohydrodynamic

flow. Similarly to the planar case, the two-dimensional MHD equations are deduced
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from the full three-dimensional ones under the assumption that all the involved func-
tions are independent of the third variable. Accordingly, we assume that our state
variables p, u and H are functions of (x,t) € Q x [0,7], with 2 a smooth bounded
domain of R? and T > 0 arbitrary. As we are dealing with an isentropic flow, the

energy equation is trivialized and we end up with the following system

pr + div(pu) = 0, (4.1)
(pu); + div(pu ® u) + Vp

= div(A(diva)Id + ¢ (Vu + (Vu)) ) + (V x H) x H + fuy, (4.2)
H; + curl (veurl (H)) = curl(u x H), (4.3)
div H = 0, (4.4)

where p = p(p) = ap”. Let us point out that, in this case, we are assuming that the

magnetic permeability is constant and equal to 1, as is usual in the literature.

Since we allow for large initial data, we work with weak solutions. As a result, the
Lagrangian transformation as defined before may become singular due to the possible

occurrence of vacuum in finite time.

In order to workaround the lack of regularity of the density we first add an artificial
viscosity to the continuity equation (4.1). Fix ¢ > 0 and § > 0 and consider the

following regularized system

p + div(pu) = eAp, (4.5)
(pu); + div(pu @ u) + V(ap” + §p°) +eVu - Vp

= (V x H) x H+ div(A(diva)Id + ¢ (Vu + (Va)') ) + fo, (4.6)
H; -V x (uxH)=-V x (vV x H), (4.7)
div H = 0. (4.8)

Note that besides the artificial viscosity added to the continuity equation, two new
terms appeared in the momentum equation (4.2). The term &p°, where 3 > 1, acts
as an artificial pressure and is intended to provide better estimates on the density,
whereas the term eVu - Vp is set to equate the unbalance in the energy estimates
of the MHD equations caused by the introduction of the artificial viscosity. This
approximate system resembles the one employed by Hu and Wang in [29] where they

study the existence of weak solutions to the three dimensional MHD equations. A
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similar approximation was introduced by Feireisl, et al. in [24] in the study of the
Navier-Stokes equations, who, in turn, followed the pioneering ideas by P.-L. Lions
in [38]. Recall that ¢ and ¢ are small constants and the analysis that we intend to
develop will provide insights that justify the accuracy to which this regularized model
approximates the desired SW-LW interaction.

Now, as it turns out, even in this regularized setting the velocity field might not
be smooth enough to provide a good enough definition of Lagrangian transformation
that we can work with. More specifically, in the present situation there is no a priori
bound available for the Jacobian of the Lagrangian transformation, as it depends on
the L* norm of divu. For this reason we replace the velocity by a suitable smooth
approximation u? (which tends to u as N — oo) in the definition of the Lagrangian
transformation. Thus obtaining an approximate Lagrangian coordinate defined as

before with u replaced by u®.

In order to define such an approximation of the velocity we consider the following
subspaces of L?(f2). For each n € N consider the space X,, C L*({;R?) defined as

X, =F,xE, xE,,

where, E,, = span{n; : j = 1,...,n} and 0y, ns, - - - is the complete collection of normal-
ized eigenvectors of the Laplacian with zero boundary condition in €2; with respective
projection

P, : L*(Q) = X,,,

With this notation, given N € N we define u” as

u’ = Pyu. (4.9)

Note that for any u(x,t) that satisfies u(-,t) € L?(Q2) for a.e. ¢, u’¥ thus defined

is smooth and can be written as

u(x,t) = Z uj-v(t)nj(x), (4.10)

J=1

for some vector valued coefficients uév (t), 7=1,---,N; and satisfies,

N 1/2
lun ()] L2() = (;Iujy(t)lz) : (4.11)



120 Higher dimensions

In fact, in light of (4.10) we have that
IVu" ||z (0) < Cnl[u™]|r2(0) < Onllulliz), (4.12)

where
Cy =N _max |[Vnl[r=@). (4.13)

With this in mind, we define the Lagrangian transformation Y (¢,x) = Y (¢,y(¢, x))
through (2.23), (2.25) with the fluids velocity u replaced by u”. Recall that we have
a certain flexibility in the choice of the function yg. In the previous Chapters we chose
it in terms of the initial density as it yielded a convenient expression for the Jacobian
of the Lagrangian transformation, namely (2.26).

In the present situation, however, as we allow for vacuum, even in the initial data,

we go another direction and choose
yo(x) = x.

With this choice for the initial diffemorphism, we see that for every ¢ > 0 the
coordinate change is a diffeomorphism from 2 into itself as well, and this holds for
any N. This is due to the zero boundary conditions satisfied by each approximate
velocity field u®V.

With these modifications we now have a smoothed Lagrangian coordinate. Nonethe-

less, with the new definition we lose relation (2.27) and instead we have

J,(£) = exp [— / " div (s, @(s,x))ds] | (4.14)

Note that, by Poincaré’s inequality, (4.12) implies

Jo(0)] < exp [Ox (¢4 [ u()I iy ads)] (4.15)

provided that u € L?*(0,T; Hj(£2)), which is to be expected for the kind of solutions
that we work with.

Now that we have a Lagrangian coordinate we can talk about the SW-LW inter-
actions. To that end, we consider the following nonlinear Schréodinger equation stated

in the newly defined Lagrangian coordinates

iy + Ay = [9]*) + G, (4.16)
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where v is the complex valued wave function and G is a real valued function corre-
sponding to a potential. In order to complete our regularized model we have to define
the coupling terms through the external force term f..; in (4.2) and the potential G.
As before we choose G as

G = ag(v)l'([v]). (4.17)

Regarding f.,; we choose
Jy 2
foxt = aV ?9 (1/p)h([ o Y[7) ). (4.18)

Note that this coincides with our previous choice (2.30) once we realize that in our
original model we had that Jy = p. Note that, although vacuum is permitted in our
new model, the fact that ¢ is compactly supported in (0, 00) clarifies any ambiguity

in the definition of fi;.

As a result we end up with the following system of equations:
pe + div(pu) = eAp, (4.19)
(pu); + div(pu @ u) + V(ap” + 6p”) +eVu - Vp

= V(a‘]pyg’a/p)h(w o Y[%) + (V x H) x H + div(A(diva)ld + 4 (Vu + (Vu)') ),

(4.20)
H, - Vx(uxH)=-Vx ¥V xH), (4.21)
divH = 0. (4.22)
i+ Ayt = [y + ag(o) W ([91*)¢, (4.23)

Regarding this new system, we prove the existence of solutions on a time interval
[0, TN], where TV depends on €, o and N. After this, we show the convergence of
the approximate solutions when the artificial viscosity € together with the interaction
coefficients a tend to zero and as N tends to infinity at a specific rate at which TV tends
to infinity. Then, we make 0 tend to zero and show convergence (on an arbitrary time
interval [0, T']) to a solution of the system formed by the MHD equations together with
the decoupled nonlinear Schrodinger equation. In other words, we find a solution to the
limit decoupled system, consisting of the MHD equations and a nonlinear Schrodinger
equation, as the limit of a sequence of solutions of the regularized SW-LW interactionsd

system.
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As emphasized before, the proposed approximation scheme has the purpose to
legitimize the coordinates of the limiting Schrodinger equation to be considered as the

Lagrangian coordinates of the fluid in a generalized sense.

4.2 Solutions to the regularized system

We consider the initial-boundary value problem for system (4.19)-(4.23) with initial
data

(p, pu, H)(x,0) = (po, mo, Ho)(x), Y(y,0) = to(y), (4.24)

where my is the initial momentum. Again, as vacuum is possible, it is better to regard
the initial data in terms of the momentum instead of the velocity field.

With respect to the boundary conditions we demand that
(Vp -1, u, H)|3Q = 0, ¢|8Qy = 0. (425)

Note that a Neumann boundary condition was added for the density as a result of

the introduction of the artificial viscosity in the continuity equation.

Theorem 4.1. Let T' > 0 be given and N € N be fized. Suppose that the initial data
is smooth and that
Myt < po < My, (4.26)

for some positive constants My and M. Assume, further, that B is big enough.

Then, if € and o are small and satisfy % > 1, there exists a solution (p,u, H, 1)
of (4.19)-(4.23) with initial and boundary conditions (4.24), (4.25). Moreover there is
some 1 < r < 2, independent of N, €, a and d such that

1. p is nonnegative and

p € L'(0, T, W (Q) N LAYQ % (0,T)),  p € L(Qx (0,T)); (4.27)

2. u,H e L*0,T; Hj(Q));
3. 4 € L®(0,T; H} ()

4. the initial and boundary conditions are satisfied in the sense of traces.
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Furthermore, we have that
t
E(t) + 8/ / (ayp" =2 + 66" )|V p|?dxds < E.(0) + e'/?E}, (4.28)
0 Jo

for a.e. t € [0,T], where

5
5-1

1 1
e ot s

1 a 1
E.(t) :/Q<2p|u|2+7_ T 5+2|H|2> dx

t
+ [ [V + 0+ ) (divw)? + v VH)dxds, (4.29)
0 JQ

and

Ey == ¢||pollw2r@) + ol ) + Eo + 1.

Let us make some remarks on the statement of this theorem. First, the largeness
assumed on [ is to be understood in the following sense. Theorem 4.1 holds, as will
be shown later, with » € (1,2) as long as § > max{%,f_—rl}. Second, Theorem
4.1 does not actually assert the existence of global solutions to the regularized SW-
LW interactions. It affirms that given a prefixed T > 0, there is a solution in the
time interval [0, 7] satisfying (4.28) as long as % is big enough. Remember that e
is an artificial small parameter we introduced in order to regularize the continuity
equation. The reason for this hypothesis is to control uniformly in N the Jacobian
of the regularized Lagrangian transformation (which may explode as N — o). More
specifically, we are going to show that (4.28) holds as long as T < TV, where TV =

TN(a,¢) is defined in terms of C* from (4.12) as

™ = ilog =) l(E +e2E)) (4.30)
. CN o " 0 5 .
whenever the right hand side is positive, which is the case, in particular, for a and ¢

small enough satisfying % > 1.

We intend to analyse convergence of solutions to the regularized system as (¢, a, N) —
(0,0, 00) and we do it based on the energy estimate (4.28). Thus, if we are looking for
convergence to a global solution of the limit problem we simply have to ensure that
this TV covers any given bounded interval for big enough N and small enough ¢ and

«. This is the case if, for instance, we take the limit (¢, «, N) — (0,0, 00) ate any rate
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that satisfies

<€2>1/CN o (4.31)

«

The proof of this theorem consists in a Faedo-Galerkin method, only slightly dif-
ferent than the one employed in the planar case. In the present situation we are going
to apply Shauder’s fixed point theorem in the finite-dimensional space X, in order to
solve the momentum equation, having solved all the other equations in terms of the
velocity. This provides a local approximate solution of the regularized system. Then,
we deduce an energy estimate, corresponding to (4.28), that allows us to extend the
local approximate solutions to the time interval [0, 7"]. As mentioned before, our
analysis is based on the work by Hu and Wang in [29] in the study of the multidimen-
sional MHD equations and also on the work by Feireisl, et al. in [24] and the work
of P.-L. Lions in [38] in the study of the Navier-Stokes equations, although we had to
develop new estimates in order to include the SW-LW interactions.

The rest of this section is devoted to the proof of this theorem.

4.2.1 Approximate solutions, Faedo-Galerkin scheme

Let us now fix €, o, 9, f and N as in the statement of Theorem 4.1. For each n € N, we
consider the space X, as defined before. We are going to apply Schauder’s fixed point
theorem in order to find a function u,, € C(0,7;X,,) that satisfies equation (4.20) in
an approximate way. In order to achieve this, we must first show that given a function
u € X, all the other equations (4.19), (4.21), (4.22) and (4.23) can be solved in terms
of it.

Let us begin with the solvability of the continuity equation in terms of the velocity.

Specifically, we consider the problem

pr +div(pu) = eAp, on Q x (0,7)
Vp-n=0, on 052 (4.32)
P = po, on Q x {t =0}.

Lemma 4.1. Let py € C?*T(Q), ¢ > 0 and u € C([0,T];CZ(Q)) be given. Assume,
further, that Vpo-n =0 on 0f).

Then, problem (4.32) has a unique classical solution p such that

O € C([0,T);C4()), p € C([0,T]; C**(q)). (4.33)
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Moreover, suppose that the initial function py is positive and let
u — p[u]

be the solution mapping which assigns to any u € C([0,T]; C3(Q)) the unique solution

p of (4.32).
Then, this mapping takes bounded sets in the space C([0,T]; CZ(2)) into bounded

sets in the space
V= {8ip € C([0,T];C*(Q)), p € C([0, T]; C**¢(2))}

and

u e C([0,T]; C5(Q)) — plu] € C([0, 1] x Q)

1S continuous.

For the proof of this Lemma, we refer to [23, Proposition 7.1](cf. [24, Lemma 2.2]).
Let us point out that solutions of the parabolic problem (4.32) obey the maximum

principle which implies that

¢
()1{r€15f2 po(x,0)) exp (_/o ||diVu||Loo(Q)dS) < p(x,1)

¢
< (sup po(x,0)) exp (/0 ||divu||Loo(Q)ds) : (4.34)

xEN

for all ¢ € [0, 7] and all x € Q.

We also have to consider the following problem for the magnetic field

H, - Vx(uxH)=-Vx®VxH), onQx(0,7)
divH = 0, on Q2 x (0,7
(4.35)
H=0, on 0f)
H = H,, on Q x {t = 0}.

Regarding this problem we have the following result as presented by Hu and Wang
(see [29, Lemma 3.2]):

Lemma 4.2. Assume that u € C([0,T]; C3(Q)) is given. Then, problem (4.35) has a
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unique solution H that satisfies
H e L*(0,T; Hy(Q)) N L®(0,T; L*(Q)), (4.36)

which solves (4.35) in the weak sense and satisfies the initial and boundary conditions

in the sense of traces. Moreover, let
u — HJu]

be the solution operator which assigns to u € C([0,T]; C*(Q)) the unique solution H
of (4.35). Then, this mapping maps bounded sets in C([0,T]; CZ(Q)) into bounded

subsets of

Y = L*(0,T; Hy(Q)) N L>(0,T; L*(2)),

and

uecC(0,T;C*Q) -HeY
1S continuous.

Finally, we move on to the solvability of the nonlinear Schrodinger equation in
terms of u. It is this issue that poses a restriction on the dimension of 2. To our
knowledge, he global solvability of the nonlinear Schrédinger equation on a bounded
domain of R? with large initial data is an open problem for d > 2. In the two-
dimensional case, however, we have the result by Brezis and Gallouet at hand (see [6])
whose proof we can addapt to our present situation.

Consider the following problem
W+ Ayth = [U*) + ag()W ([¥*)¢,  on Qy x (0,T)
=0, on 0€), (4.37)
Y = 1y, OnQyX{t:O}’

where, v = v[u] is given by

U(ta Y(tv X)) = M7

plu] is as in Lemma 4.1 and y is the approximate Lagrangian coordinate associated

to the approximate velocity field u” . Then, we can prove the following.



4.2 Solutions to the regularized system 127

Lemma 4.3. Assume that ¢y € H*(Qy)NH(Qy) and u € C([0,T); C2(Q)) are given.
Then, problem (4.37) has a unique solution ¢ that satisfies

b € C(0,T); HA(Qy) N H(Qy)) N CH(0,T]: LA(2y)). (4.38)

Moreover, let

u — ¢[u]

be the solution operator which assigns to u € C([0,T]; C?(Q)) the unique solution v
of (4.37). Then, this mapping maps bounded sets in C([0,T]; CZ(Q)) into bounded
subsets of

7 = C(0,T; HL(Qy) N LA(Q))

and

uecO0,7T;C*(Q)) v e Z
15 continuous.
As this result is not explicitly covered by Brezis and Gallouet’s one, we prove it
next using an adaptation of their proof. For this we need the following two preliminary

results.

The first one is due to Brezis and Gallouet and reads as

Lemma 4.4. There is a constant C' > 0 depending only on € such that

[l < C(1+ ylog[l + [ l2)),
for every i € H*(Q) with ||¢||m1q) < 1.

We refer to [6] for the proof. The second preliminary result is due to Segal (see
[44]).

Lemma 4.5. Assume H is a Hilbert Space and A : D(A) C H — H is am m-accretive
linear operator. Assume F' is a mapping from D(A) into itself which is Lipschitz on
every bounded subset of D(A).

Then, for every vy € D(A) there exists a unique solution v of the equation

G+ AV =F(y),
$(0) = %o,
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defined for t € [0, Tyuae) Such that
(UNS Cl([ov Tinaz); H) N C([0, Thaz); D(A)),
with the additional property that

etther Thae = 00,
or Thae < 00 and limy qr,,. (|[¥]] + [|A¥]]) = oo

Proof of Lemma 4.3. We want to solve the equation (4.37). For this we apply Lemma
4.5 with H = L*(Qy), A(y) = %Ayz/;, D(A) = H*(Qy) N H () and

F(y) = ;[P0 + Sl ([0 ).

It is enough to show that ||¢||g2(q,) remains bounded on every bounded interval.
Fix T' > 0 and consider 1 solving (4.37) on the time interval [0, T").

First, Multiplying (4.37) by 1, taking imaginary part and integrating we have

1Y) 220y) = l[Yollz20y)-

Similarly, multiplying (4.37) by 1, taking real part and integrating we have

1 2 1 4 2 4
5 [ IVoRdy+g [ wltdy =5 [ [Veiayg [ woltay+ [ [ ag@n(eRyayds
(4.39)
Now,

Ik

ag(0)(0)dyds = [ ag()h(w)dy — [ aglu)h(lvl)dy

// ag(v)h(|¢[*)dyds.

Regarding the last term on the right hand side and using the definition of the

y

Lagrangian transformation

// ag(v)h(|¢|*)dyds =
t / 2 1 N 1
/[)/Qyozg(l/,o)h(|on|)((p)t+u -v(p)) Jydz.  (4.40)
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Asu € C([0,77; C2(%2)), we have that |J,| < C' and using (2.56) and Lemma 4.1
we have that the right hand side of (4.40) is bounded, that is

|// ag(v)eh(|¢[?)dyds| < C.

This implies that
[V ()| L2(0y) < C. (4.41)

Next, let S(t) be the isometry group generated by A. Then,

00 = SO0+ [ 80— 5)(l6()Pu(s) — aglo)l ([()(s)) ds,

and, so
Ap(t) = S(t) Agh + /Ot S(t—s)A [([(s)*0(s) — ag(o)R/(J¢(s)*)(s))] ds.
Consequently,

1460 ll0y) <I1A%ollzaey) + / tHA W) 120y s
o [ 1AL )] o, ds

Using (4.41), Lemma 4.4 can be used to show that

[ 1AL P zzods < € [ 100y (1 loglL () 20y ])ds. (442
Indeed, observe that
D2(|lw)] < CPID*0| + 0] Vo),
which implies

11 ¢llr20y) < ClIY Ly [1¥1lm20y) + CllY @) 18] 10y

But, Gagliardo-Nirenberg Inequality implies (recall that Q C R?)

1/2 1/2
16l lwracy) < ClIEZ @) 11 o, )
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These two inequalities combined together with Lemma 4.4 imply (4.42).

A similar argument shows that

/ HA h(li(s )‘ ) (8>}||L2(Qy)ds
SC+CAUW@meNLH%H+W@mmmmM&

Here we have used (4.41) and Lemma 4.1.

Thus we conclude that

[ Oll0y) < C+C [ 16120y (1 +1oglL + 10(3) (e ) ds. (4.43)

Denoting G(t) the right hand side of this inequality we have that
G'(t) < CG(t)(1 + log[1 + G(1)]),

which, implies that

;ltlog [L+1logl+G(1)]| <C

And hence we arrive at an estimate of the form

bot

()| g2y < e,

for some constants b; and by and every t € [0,T"). In particular
()| r2(0y) < eblesz, for every t € [0,T).

As this holds for every T > 0 we conclude that T,,,, = oc.

In order to conclude the proof we have to show the stated continuity of the map
u — P[ul. Let {uy}r be a sequence in C([0,T];C*()) such that u;, — u. €
C([0,T); C*(Q)), and let v, = v[ug], Voo = v[us), ¥r = Y[ux] and Yo, = Y[uy]. In
light of Lemma 4.1 and by the smoothness of the Lagrangian transformation we have
that vy — vs in C1(Q x [0,T]). Next, by Aubin-Lions lemma (Lemma 3.16) we have
that there is a subsequence {1y, }; that converges in C([0, T]; Hj(Q)) to a solution ¢
of the limit equation (4.37) with v = v,,. By uniqueness we have that ¢ = ¢[u,,| and
also that the whole sequence {1, } converges to 1 in C([0, T]; H3(2)), thus concluding
the proof. O
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Having these results we can apply the Faedo-Galerkin method in order to find
solutions to the regularized system. First, for each n € N, we are going to look for a
function u, that satisfies (4.20) in an approximate way. Specifically, we demand that

u,, satisfies

/ PnUp - ﬁdX - / mg - ndx
Q Q
t
+ / / div (putt, @ W,) + V(ap) +0p°) + eV, - Vpn) -mdxds

= [ [ (vaZ /(1) 0 Y)) + (V x Hy) x H,
+ ,uAun ()\ + u)V(divun)> -ndxds, (4.44)
for any t € [0,7] and any n € X,,, where p,, = p[u,], H, = H[u,], ¥, = ¥[u,] and Y is
Lagrangian transformation associated to the velocity field uY = Pyu,,, with Jacobian

Jy. This formulation may be interpreted as a projection of equation (4.20) onto the

finite dimensional space X,,.

Let us rewrite this integral equation in a more suitable way. Given some function
p € L' (), consider the operator M|[p] : X,, — X, where X is the dual space of X,,,

given by
(M[p]v,w) := /va “W.

Then, the operator M is invertible provided that p is strictly positive on 2 and
the map p — M™1[p], mapping L*(Q2) into £(X}; X,,), satisfies

MU e < (1.45)
Moreover, the identity
M| = M[p’]™ = M[p*]H (M[p’] = M[p' ) M[p'] T,
can be used to obtain
IMp'] ™" = M exzxn < elnspllle" = %Il (4.46)

for any p' and p? such that
inf p!, inf p* > p.
1?2f p ,%f p-=p
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In connection with (4.44) we also define the operator N : X,, — X given by

(NTu],n) = —/Q (div(pu ®@u) + V(ap” +6p°) +eVu- Vp) - mdx

+ [ (Vg (1 /() + (V ) x H

+ pAu+ (A + M)V(divu)) - mdx,

with p = p[u], H = H[u] and ¢ = ¢[u].
With this notation, identity (4.44) can be rewritten as

W, () = M~ (1)] <m;; + /0 t/\/[un(s)]ds> |

This means that we are looking for a fixed point of the application 7 : C([0,T]; X,,) —
C([0,T]; X,) given by

Tlul(t) = Mlplu](0) " (w5 + [ Vus))ds).

Using Lemmas 4.1, 4.2 and 4.3, as well as (4.45) and (4.46) and Arzela-Ascoli
theorem it can be shown that 7 maps bounded sets in C([0,77]; X,,) into precompact
sets in C'([0,T]; X,,).

Moreover, define uy € X,, as being the only element in X,, that satisfies

/ pPolg - ndx = / my - ndx, for all n € X,,.
Q )

Consider a ball B :={v € C([0,T]; X,,) : sup,co 1 ||v(t) —o|[x,, < 1}. Then, 7 maps
the ball B into itself, provided T' = T'(n) is small enough. Consequently, Schauder’s
fixed point theorem guarantees the existence of at least one fixed point u,, u, = 7 [u,]
which provides a solution to (4.44).

Now, we want to find a solution to the regularized system as a limit of the sequence
u,,. However, the approximate velocity field u, is defined only on the time interval
[0,7(n)]. Accordingly, we have to guarantee that this solution can be extended to a
uniform over n time interval [0,7%]. In order to achieve this, we deduce next some
a priori estimates on the fixed point u, we found above that allow us to iterate the
fixed point argument a finite number of times until we reach the whole time interval
[0, T%].

In the case of the MHD system and in the case of the Navier Stokes system, the
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conservation of energy provides good enough global a priori estimates that guarantee
boundedness of the fixed point globally in time. In our present situation, however,
the short wave-long wave interaction turns the estimate more difficult as the energy of
the system is not well balanced. As a consequence we do not obtain a global a priori
estimate. Fortunately, we are able to bound from below the maximal time during
which the estimates hold by some T independent of n that satisfies the properties
stated in Theorem 4.1.

The a priori estimates are based on the usual energy estimates for the MHD equa-
tions, but rely on a bootstrap argument in order to accommodate the unbalance in

the energy caused by the short wave-long wave interactions coupling terms.

For convenience, we define F,(t) as in (4.29) with (p, u, H,¥) replaced by (p,, u,, H,, ;).
That is

1 a J 1
Enzfz/*nn2 g v e V1 MR K
(t) Q(2/)|11|JF7_1/)7L7L5_1P”+2| ")
1 1
4 [ (310wl + Zlal? + aglenh(a?)) dy

t
[ [V + O p)(diva,)? + v VH,[?)dxds (4.47)
0 JQ

In the notation of Theorem 4.1 we have the following estimate.

Lemma 4.6. Let TV be given by (4.30) and take r € (0,1). Assume that 3 >
max{2r/(2 —r),2r/(1 —r)} and that € and o are small and satisfy TV > 0. Then,
for allt < TN we have

t
E,(t)+ 5/ /(awﬁl’Z + 030572V p,|?dxds < E(0) + ¢'/*R. (4.48)
0 Ja

Also,

1'% pull 2 (@x(0:1y) + [1€°pnel| e @x(0.19) + [1€° Al Lr(@x0my) < C (4.49)

where C' is a universal constant independent of €, a, n and N.

Proof. First, we find an energy identity in a similar way as when deducing (2.32).
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Taking 7 = u,, in (4.44) and using equations (4.32), (4.35) we have

d 1 9 a o 51 9

— /(= ZIH,|? ) d

dt/ﬂ<2/)n|un| +7_1pn+ﬁ_1pn+2| n|” ) dx
[ IV O+ ) (diva,)? + v VH, [2)dx

+e /Q(pr?f2 +00p, )|V pa|*dx

J
+ /Qapyg'u/pn)h(wn o Y|?)divu,dx = 0. (4.50)

As p,, is a solution of equation (4.32) with u = u,, we have that

divu, 1 1 Ap,,
. =<> +un-V<>+5 g
pn pn t pn pn
Now, from the coordinate change and the definition of v, = v,(y,t) we have v,; =

(1/pn)t + uq];/ -V (1/pn)‘
Thus,

J,
[ a5Eg (o Y P)divusdx = [ ag(un):h(vnl)dy

y

n n

Ap Vpn
[ ad Um0 YPIL (550 4 i — u) - S0 ) ax

Now, using equation (4.37) we have that

[ agtud(Pyiy = & I (51950l + L1l + aglen)hnl?)) dy

y

Gathering this information in (4.50) we have

dt/ ( puthn + 1pn+ﬁi1p£+;|Hn|2> dx
+2 1 G |vy¢|2 L1+ ag(o)h(P) ) dy
+/Q (V2 + (A + p)(divu,)? + v|VH,[?)dx

+e [ (@2 + 890 2)IVpulax

Ap,, Von
:/Qag'(l/pn)h(|¢n0Y|2)Jy (5 pﬁ + (uY —u,) - ’2) )dx.

n n
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In order to estimate the right hand side of this identity we use a bootstrap argument

as follows. First, recalling (4.15), we have that

t
17, ()] < exp [CN (t+ / ||un(s>|y§,01(mds)]. (4.51)
Next, we assume that
t
[ ()l ds < E(0) + 2R (4.52)

for all t < T%. This is certainly the case for ¢ small enough. Accordingly, the following
calculations hold as long as (4.52) is satisfied.

With this in mind, using (2.56) and Poincaré’s inequality, we have that

d 1 a 0 1
_ Z Y S ZIH.|I1?
dt/g<2'0”“”+fy—1p"+5—1p"+2| d )dx
b [ (SI9l + ol + aglo)h(lef)) d
dt Jo, \ 2!V 4 agty Y
+/Q(p|Vun|2+ O+ ) (divu,)? + v|VH,[2)dx

+e /Q(cwp%‘2 +00p, %) Vpa|*dx

< aOeCN(TN-i—u*l(E(0)+31/2R))/ <5|Apn| +M|vun|2 _|_a,ypg—2|vpn|2) dx.
Q
Taking (4.30) into consideration we see that

O eCN (TN +u~ 1 (B(0)+¢' /2 R)) / (5|Apn] + p|Vu,|* + ayp]b_2|Vpn|2) dx
Q

< 6’83/9|Apn|dx+C’52/Qu|Vun|2dx+052/Qa7pZ’2an\2dx,

and thus, if £ < min{(2C)7!, (2C)~"/2} we have that

d
SEN() + e [ (@i +08p0 ) VpalPdx < O [ |Apadx, (4.53)

for all t < T%, and some constant C' > 0 independent of a, e, n and N. In particular

given 7 > 1 we have that

H\/ﬁunH%w(o,T;Lz’(Q)) + HPnHioo(o,T;m(Q)) + ||un||%9(0,T;H§(Q))
< B(0) + COIE*Apnllironomy.  (454)
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Regarding the right hand side of this inequality, we are going to use [P — L?
estimates on the parabolic equation (4.32) in order to bound appropriately the L" (€2 x
(0, T))-norm of Ap, (for any fixed T < TV). Said LP — L9 estimates read

||ptHLP(O,T;Lq(Q)) + HgAPHLP(O,T;Lq(Q))
< cp, )([|pollw2a) + [|div(pw)||Leor;Le(0))- (4.55)

for any 1 < p,q < oco. Taking p = ¢ := r in (4.55) and applying it to p, we have

||5Apn||LT(Q><(O,T))
< c(r)([lpollwzr @) + l[div(pnun)||Lr@x©0.1))
< c(r)(I[pollwzr (@) + |00 - Vu||Lr@x o) + [l ondivan||r@xo.1))) (4.56)

On the one hand,

HpndivunHLw/(BH)(Q) < HanLﬂ(Q)HunHH(}(Q)a

and therefore

| pndiva, |[ 20,7126 /6+2 )y < [|Pnll o008 @) [@al [ L2 (0.4,13 () (4.57)

On the other hand, we need to estimate ||Vp, - u,||zr@x (1)), and for this we
need a good estimate on Vp,. Such an estimate is provided by the following L? — L4

estimate on equation (4.32), analogue to (4.55)

1eVpllLro,riLa) < e, @)(||pollwra@) + |[div(pw)||ro.0;w-1002)))- (4.58)

At this point we choose ¢ = 2 and leave p to be chosen conveniently. In connection
with (4.58) we have that

||5VPnHLP(0,T;L2(Q)) < C(p)(”POHHl(Q) + HPnUnHLP(o,T;H(Q)))- (4.59)

By Sobolev’s embedding for any p’ € [1,00) we have, since 2 C R?, that

||un||LP’(Q) < c(p/>|’un||H§(Q)'
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This implies that
| Pnal| 20 7.0 () < (D) onl Lo 0,158 ) 10 L2073 (0 (4.60)
for any p’ < . Furthermore, we have that
"pnun"LOO(O,T;LQB/(BJH)(Q)) < HanL“’(O,T;L/B(Q))H\/p_nunHL‘”(O,T;LQ(Q))
Now, for 2 < p’ < 8 we have
oattallzz@) < 110atn 1535 oyl 51 (4.61)

where, = = (1— >/34%1 —1—01% and o € (0,1). Consequently, taking p = 2 > 2 we obtain

| |pu| |LP(O,T;L2(Q)) < | |pnun| |1L;(T(07T;L2B/<ﬂ+1) Q) | |Pnun| |z2(o,T;Lp’(Q))

< ||Pn||L°o(o,T;LB(Q))||\/Pnun||1LZoU(o,T;L2(Q))||un||22(o,T;H5(Q))-
In connection with (4.59) we have that

eVpllr 0,220

c(p)(Ipollmi(0) + llonll L0128 2) ||vpn11n||Loo (0,T;L2(2)) ||un||z2(o,T;Hg(Q)))-

Finally, we see that we can choose p’ so that r = p/2 and we have

t
eV pn - |1 @x 0.1y S/O lepnl T2 l[nl| L2r/im ) ds

t
< C [ 1lepulliaey lual i s

t » /p t ) 1/2
<0 ([ lepnlliads) ([ Ilfyads)

In this way we have

1/r
Hgvpn : un||LT(Q><(O,T)) S C'Hgvp'rz||LP(0,T;L2 Q) Hun“L/z OT;H(%(Q))
< Cllpollmi(e) + llonllL~(,r:L0 Q))||\/Pnun||Loo 0,T;L2( ))||un||(£2(0,T;H&(Q)))X

1/r
X ||unHL/2 0,T; Hl(Q)) (4.62)

Then, for § large enough so that ffﬁ > r (which is equivalent to 3 > 5 ) we have
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that
|| pndivan||r@x o)) < Cllondivan|| 20 1;p28/2+0)- (4.63)

Putting this together with (4.54), (4.56), (4.57) and (4.62) we have that

1£°Apyl

rrex.ry) < C%|pollwer ) + Ccllpol 71 (o

1,1 1
),B+2+27"’

+ Ce(E(0) + |\53Apn|

L7 (2x(0,T))

and consequently, if § is large enough so that % + % + 2—171 < 1 (in other words if
B >2r/(1—r)) and ¢ is small we have

128 Apulliri@xomy < Celellpollwar@ + ool + E(0) + 1.

In order to conclude, we observe that this last inequality together with (4.53) and
(4.54) reconfirms our bootstrap assumption (4.52), and implies (4.48). O

4.2.2 Convergence of the Faedo-Galerkin approximations

The uniform estimates from Lemma 4.6 permit us to iterate the fixed point argument
a finite number of times to extend the local approximate solutions to the interval
[0,T] (provided that T < T™). The next step in the proof of Theorem 4.1 consists
in passing to the limit as n — oco. We point out that the convergence in the terms
concerning p, and u,, can be justified similarly as in [23, Section 7.3.6] and the terms
involving H,, may be treated as in [29, Section 4]. Regarding the terms involving 1, a
direct application of Aubin-Lions Lemma (Lemma 3.16) yields the desired result. The
details are as follows.

Let N, &, a and § be fixed, 0 < T < TV and {(p,, u,, H,,1,,)}5%, be the approx-
imate solution to the regularized system, defined in the time interval [0, T], given by
the Faedo-Galerkin method described above.

First, as p, satisfies (4.32), we have that

IV onllz2@0x0,1)) < Cle),

for some constant that depends on e, but is independent of n. This can be easily
deduced by multiplying (4.32) by p,, and integrating by parts. Using (4.49) and (4.48),
Aubin-Lions Lemma 3.16 implies that p,, has a subsequence (not relabelled) such that
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pn — pin LP(Q x (0,7)). (4.64)
Furthermore, by (4.48) we can assume that

u,, — u weakly in L*(0,T; H}(Q)). (4.65)

Next, we see that H,, satisfies the following equation, equivalent to (4.35),

H,—Vx(uxH)=vAH, onQx(0,7)

divH =0, on 2 x (0,T

v 0.7) (4.66)
H =0, on 0f)

H = H,, on {t =0} x Q.

Consequently, by (4.48) we can also use Aubin-Lions Lemma in order to conclude

that (selecting a subsequence if necessary)

H,—-H (4.67)
strongly in L*(Q x (0,7)) and weakly(-*) in L*(0,T; H'(Q)) N L>(0,T; L*(2)). Fur-
thermore, H satisfies

divH = 0.

Now, from (4.48) and using the embedding we see that p,u, is uniformly bounded
in L*>(0,T; L™=(Q2)), where mq, = % Indeed,

1/2 1/7
/ |pnu,| ™ dx < (/ pn|un|2dx) </ p%dx) <C.
Q Q Q

Thus, as the convergence in (4.64) is strong we may assume that

Pry, — pu weakly-* in L>°(0,T; L™= (Q2)). (4.68)

By the same token, we have that

(VxH,) xH, - (VxH)xH, (4.69)
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weakly in L'(2 x (0,7)), and
V(u, x H,) = V(u x H), (4.70)

in the sense of distributions.

Next, in view of (4.37) Aubin-Lions lemma also yields

VYo — (4.71)

strongly in C'(0,7; L*(2)) and weakly-* in L>(0,T; H}(Q)).
Let us state (without proof) the following result, which is a consequence of the
Ascoli-Arzela theorem (see [23, Corollary 2.1]).

Lemma 4.7. Let O C RM be compact and let X be a separable Banach space. Assume

that v, : O — X*, n=1,2, ... is a sequence of measurable functions such that

esssup ||v,(y)||x- < C  uniformly inn =1,2, ...
yeO

Moreover, let the family of (real) functions

<Un7(I)> :y_> </Un(y)aq)>7 y€O7n:172"'

be equi-continuous for any fired ® belonging to a dense subset in the space X.

Then, v, € C(O; X%...) for any n = 1,2, ... and there exist v € C(O; X}

weak weak) such
that

v, = v in C(O; X 6) as n — 0o,

passing to a subsequence as the case may be.

In view of (4.44) and using (4.48) we see that the functions

t—>/pnunnjdx
Q

form a precompact system in C([0,7]) for any fixed j. This implies, by Lemma 4.7
that in fact
patt, — pu in C([0, T]; L2700 (Q)). (4.72)

weak
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A similar argument shows that the mapping

t— / Hedx
Q

is continuous for any test function .

2v/(v+1)
weak

Now,asy > 1, L (2) is compactly embedded into H~'(Q2) and, consequently,

P, @ U, — puu (4.73)

weakly in L2(0,T; L(Q)), where ¢; = 27/(y + 1) >.

Next, as p, and p are strong solutions of (4.32), we have that

t t
lon®l iy + 22 [ IVpulliayds = = [ ] phaivandds + [lool 3o,

and . .
lo®)F2(@ + 22 [ 1VellEyds = = [ [ pdivudxds + lpollf2q0)

Using (4.64) and (4.65) we see that the right hands side of the former converges to

its counterpart in the latter and thus,

van||2L2(Q><(O,T)) — HVpH%Q(Qx(O,T))a

and
on (] [720) = 10720

for any ¢t € [0, T], which implies the strong convergence
Vpn — Vpin L*(Q x (0,7)).
With this we conclude that
Vu, - Vp, - Vu-Vp

in the sense of distributions.

Finally, recalling the definition of u) through (4.9), we note that the weak con-

vergence in (4.65) implies the strong convergence

u) —u
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which implies that the sequence Jacobians of the Lagrangian transformation Jy, de-
fined through u converge strongly to the corresponding one related to u?.

With this we have shown that equations (4.19)-(4.23) are satisfied in the sense
of distributions (equation (4.44) can be verified by taking test functions of the form
Y(t)n;(z), where ¢p € C§°(0,T)) by the limit function (p,u, H,®) as each term ap-
pearing on those equations is the limit in the sense of distributions of the respective
terms corresponding to the Faedo-Galerkin approximation (p,,u,, H,,1¥,). We have
also shown that the initial and boundary conditions (4.24), (4.25) are satisfied in the
sense of distributions.

Lastly, inequality (4.28) is a consequence of (4.48) and this completes the proof of
Theorem 4.1.

4.3 Vanishing artificial viscosity and interaction co-

efficients

Theorem 4.1 guarantees the existence of solutions to the Short Wave-Long Wave In-
teractions regularized system (4.19)-(4.23). Our next goal is to show that the sequence
(or a subsequence) of solutions to this system converge to a global solution of the of
the decoupled limit system when (¢, a, N, d) — (0,0, 00,0). In this Section we analyse
the limit as (¢,, N) — (0,0, 00), leaving 0 > 0 fixed. As pointed out before, we can

2\ 1/Cn
<5> = . (4.74)

do all of of this as long as

«

In order to achieve this, we essentially adapt the arguments in [23, Section 7.4]
and in [29].

The key point in the argument is to show that the sequence of densities converges
strongly, in order to account for the nonlinearites from the pressure terms in the
momentum equation (4.6). This is not straightforward, as it was in the previous
section, since we loose regularity of the density as ¢ — 0. In particular, an argument
like that of Aubin-Lions lemma does not apply. In this direction, we can exploit the
weak continuity properties of the effective viscous flux p(p) — (A + 2u)divu, originally
discovered by P.-L. Lions ([38]).

Let us point out that the terms involving the velocity field, the magnetic field and

the wave function can be treated essentially as in the previous Section. Regarding the
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strong convergence of densities, the proof of weak continuity of the effective viscous
flux found in [29] (cf. [23]) can be adapted with no major difficulties once we realize
that (4.28), (4.15), (4.30) and (2.56) imply that the extra term, due to the SW-LW

interactions, appearing in the momentum equation

J.
aV(?yg’(l/p)h(W))
tends to zero in the sense of distributions as (e,a, N) — (0,0, 00) satisfying (4.74).
Accordingly, and to avoid the overload of notation, we may assume that N and « tend
to oo and 0 respectively as functions of e and denote by (p., u., H.,1.) the solution
of the regularized system provided by Theorem 4.1.

The plan is as follows. First we show that p. is uniformly (in &) bounded in
L,6’+1

loc

(2 x (0,T)) so that we can ensure that §p” and ap” have (weakly) convergent
subsequences. We know from Theorem 4.1 that p. € LPF1(Q2 x (0, 7)) for each ¢, but

we have not yet shown that they are uniformly bounded in this space.

Second, we prove the continuity of the effective viscous flux. And finally, we use
this last result in order to show that plog p = plog 7 where the over line stands for
a weak limit of the sequence indexed by e. This last bit of information is enough to
conclude the strong convergence of the densities due to the following result, which we
state without proof (see [23, Theorem 2.11}).

Lemma 4.8. Let O C RY be a measurable set and {v,}>°, a sequence of functions
in LY(O;RM) such that
v, — v weakly in L*(O; RM).

Let ® : RM — (—o0, 00] be a lower semi-continuous convex function such that ®(v,) €
LY(O) for any n and
O(v,) = ®(v) weakly in L'(O).

Then,

d(v) <

b=

(v) a.a. on O.

If. moreover, ® is strictly convex on an open convex set U C RM  and

O(v) = d(v) a.a. on O,
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then,
va(y) = v(y) for a.e. y € {y € O:v(y) € U},

extracting a subsequence as the case may be.

From this point on, 7" > 0 will denote an arbitrary prefixed time and C' > 0 will
be a constant that may change from line to line being independent of ¢, @ and N.
We also assume that 6 > 0 is fixed and that (¢,a, N) — (0,0, 00) satisfying (4.74).
Accordingly, we can also assume that (p°, u®, H¢, ¢°) are all defined in the time interval
[0, 7] and satisfy (4.28).

4.3.1 Higher integrability of the density

This subsection is devoted to the proof of the following estimate.

Lemma 4.9. For any compact O C (2 x (0,T)) there is a constant ¢ = ¢(O) inde-
pendent of € (and o and N ) such that

(5/Opﬁ+1dx < ¢(0). (4.75)

The idea behind the proof of this Lemma is essentially the same as the one in the
proof of Lemma 3.19, where we proved higher integrability of the density in the one
dimensional setting. Of course, in the one dimensional setting we could easily find an
explicit formula for the pressure in terms of the other state functions, directly from
the momentum equation, by integration with respect to the spatial variable. In this
multidimensional case this task is not so straightforward. Alternatively, the proof can
be carried out by using appropriately chosen test functions.

Before going through the proof, let us introduce some preliminaries.

As in [23, 24, 29] we consider the operator A by its coordinates
Aj[v] == AT, 0], j=1,2, (4.76)

where A~! stands for the inverse of the Laplacian in R?. Equivalently, A; can be

defined through its Fourier symbol as

—1§;
€2

Aquf*[ f@ﬂ, j=1,2
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As shown in [23] the operator A has the following properties:
[ Ajv|lwrs) < e(s, Q)||v]|Lsr2), 1 <s< oo, (4.77)
and consequently, by Sobolev’s embeddings
[ Ajv|[La) < (s, Q)| |v]] L2y, q finite, provided ; > i — ;, (4.78)
A0l 0) < e(s, Q[ [v]]2s (@), if 5 >2. (4.79)
Let us also introduce the following standard smoothing operator
012(2) = (W 0)(2) = [ (6~ 2)o(€)d, (4.80)
where, for each w > 0,
9o(2) :219 (‘j) zc R,
and ¥ € C§°((—1,1)) with
V(—1) = ¥(1), /R2 V(|z])dz = 1, ¥ nonincreasing on [0, 00).
Let us also observe that from (4.28) we have, in particular, that
pe is bounded in L>(0, T; L°()),, (4.81)
u. is bounded in L*(0,T; Hy(Q))., (4.82)
H. is bounded in L>(0,T; L*(Q)) N L*(0,T; H'(Q)). (4.83)
1. is bounded in L*(0,T; L*(2) N H(€2)). (4.84)

Proof of Lemma 4.9. For w > 0, set
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Let us recall that p. and u. satisfy (4.19) a.a. on 2 x (0,7"), along with the boundary
condition (Vp. -n)|sq = 0. Then, extending p. and u. to be zero outside of € we have
that

pet + div(peu.) = ediv(LaVp:) (4.85)

in the sense of distributions in R? x (0,7, where 1q is the characteristic function of

Q.

Applying the smoothing operator [-]¢ to equation (4.85) we have
Bt = fwy (486)
with

fo = —div([peuc]y) + ediv[1o V]2

Note that h,, is uniformly bounded in L*(0,T; H (Q)).

As in [23] we choose the test function'

p(x,1) = CO)n(x) AE()Bu (- D)](x, 1),

where 1, £ € C§°(Q2) and ¢ € C§°((0,7)), and use it in the momentum equation (4.20)

to obtain

r Y B r . -1 :
/0 /Q Cné(ap + 0p%) Bodxds = /0 /Q CnS. : (VAT'V)[¢B,ldxds + 3 I;,  (4.87)

=1

where, in the notation of Chapter 2, S, = A(divu,)Id + pu(Vu. +(Vu.) ") is the viscous

1Let us recall that our two dimensional model can be regarded as the three dimensional one under
the assumption that the involved functions are independent of the third variable. In particular, the
velocity field takes values in R3. Accordingly, in order to use ¢ as a test function we define its third
component as being identically equal to zero.
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stress tensor, and
T
I /0 /Q ¢S. V- A[€B.)|dxds,
I —/OT/QCWZ+5p?)V77-«4[€Bw]dxds,
= [ [ Clone@m) V- AlgB.ixds
L= [ co- (VA EBInp.udxds
Is —/T/ (Y x H) x H. - A[¢B,)|dxds
Io=— / | Gnpeu. - AlgB.Jdxds
F=— [ [ oo - AlesJixds
Iy—¢ / / chugva . A[¢B.]dxds
== [ o U () (0 B+ V- Al s
Note that by (4.79), we have that
A[¢B,] are bounded in L>(Q x (0,T)), (4.88)

provided that § > 2. This together with (4.81) and (4.82) implies that the integrals
I, I, I3 and I are bounded by a constant independent of € and w. Next, by (4.77)
combined with (4.81) and (4.82) we have that I, is also bounded. Now, by the fact

that 7' < Ty combined with (4.30), (4.15), (4.28) and (4.74) we see that

alJy| < 2,

and thus, by (2.56), Iy — 0 as € — 0. In particular, Iy is also bounded by a constant

independent of € and w.

Regarding I7, we see that p., being a solution of equation (4.32), satisfies the

identity

1) sy + 22 [ 190l Bayds = — [ [ phdivucdxds + ool o
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and therefore we see that
£!/2V p. are uniformly bounded in L*(0,T; L*(Q2)).
In particular, by (4.77)
A€ f.] are uniformly bounded in L*(Q x (0,7)),

Thus, we conclude that I7 is bounded by a constant independent of £ and w. By the
same token we see that Ig is uniformly bounded as well. In fact, we have that Ig — 0
ase — 0.

Next, we see that (4.83) and (4.88) imply that I5 is also bounded by a constant

independent of € and w.

Finally, (4.77) and (4.82) also yield a uniform bound for the integral

/OT/QCWSE : (VAT'V)[EB,dxds.

Gathering all this information in (4.87) and letting w — 0 we arrive at (4.75). Of
course, the bounds obtained for the integrals above depend on (, n and &, which is

why the result is local. O

4.3.2 The effective viscous flux

This section concerns the proof of the weak continuity of the effective viscous flux.

However, before we get to it we have to make a few observations.

By (4.81), (4.82), (4.83) and (4.84) we can assume that

pe — p weakly-* in L>(0,T; L°(Q)) (4.89)
u. — u weakly in L*(0,T; H}(Q)) (4.90)
H. — H strongly in L*(Q x (0,7T))

and weakly-* in L*(0,T; H'(Q)) N L>®(0,T; L*(Q))  (4.91)
Y. — 9 strongly in C(0,T; L*(2)) and weakly-* in L>(0, T’; Hy(9)), (4.92)

where the strong convergence in (4.91) and in (4.92) is due to Aubin-Lions Lemma
(Lemma 3.16).
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Then, by the same arguments used to obtain (4.69), (4.72) and (4.73) we see that

(VxH,) xH, — (V x H) x H, in the sense of distributions, (4.93)
V x (u. x H.) = V x (u x H) in the sense of distributions, (4.94)
peu: — pu in C([0,T); Ly (9), (4.95)
pu. ® U, — pu ® u weakly in L*(0, T; L(Q)), (4.96)
where, ¢ = 27/(14+7) > 1.
As pointed out before we have that
eVu, - Vp. =0 (4.97)
and J
¥ (B pn(e) o (1.9%)
in the sense of distributions.
Moreover, by (4.75) we can assume that
ap’ + 6p° — p weakly in LEHV/B(Q x (0,7)). (4.99)
All of this information implies that the limit functions satisfy the equations
pr +div(pu) =0 (4.100)

(pu); + div(pu @ u) + Vp = div (A(divu)ld + (Vu + (Vu)T> ) + curl (H) x H.
(4.101)

in the sense of distributions.

With this, we can state the result on the weak continuity of the effective viscous
flux, originally discovered by P.-L. Lions (see [38]), as (cf. [23, 24, 29])

Lemma 4.10. Let (p.,u.,H.,1.) be the solution of the reqularized system provided
by Theorem 4.1. Then,

T
lim/ / (n(ap? + 5p° — (N + 2u) divu,) p.dxds
0o Ja

e—0

T _
= / /an(aﬁ%— dpP — (A + 2u) diva) pdxds, (4.102)
0
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for any ¢ € C°((0,T)), and n € CF(Q).

Proof. First, noting that
Ediv([peuc]y) = div([peuc]y) — VE- [peucly,
we see that [7 in (4.87) may be rewritten as
L=0L+1+1,
where

I = /OT/QCﬁ[pgug]:(VA_ldiv)[npsua]dxds
IZ =~ /OT /Q CnpsugA[Vf- [pgug]i]dxds

T
I = —6/ /QCnpeuaA[fdiv(]lQVps)]dxds.
0
Therefore, passing to the limit as w — 0 in (4.87) we obtain

9
[ [ coetar +602)0. — 8. - (VA7) lep yaxds = 3

=1

+/()T/Q§us(£ps<VA1div)[np€u€] _ (VA*IV)Eps]npsug)dxds,

where,

T

Ji= [ [ 8- Algplaxds,
T

J;y = —/0 /QC(apZ +0p)Vn - Al¢pc)dxds,
T

J3 = _/0 /QC(peue ®u.)Vn - Alép.]dxds
T

Ti== [ [ ¢n(¥ x ) x H. - Alép.Jdxds

T
Jr = — /0 /Q Gnpeue - AlEp:|dxds

(4.103)
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T
Jg = —/0 /QCnpguEA[Vf - peu.]dxds
T
R /O /Q Cnpanc Alediv(1oV p.)|dxds
T
Jg = 5/0 /QCnVuEVpE - Alép:|dxds

T J
JE = _/O /Qgang’(l/pg)h(lwslz)(néps +Vn - A[épa])dxds

Now, using equations (4.100) and (4.101), a similar procedure yields

[ cnlstar +50%) — 8+ (VAT igpl)ixds =3,

J=1

T /OT /Q <u(§P(VA71V)[TIpU] — (VA !div) [ép]npu) dxds, (4.104)

where,

T
h= [ [ sV Algplaxds,
T
== [ [ covn- Algpldxds,
T
J=—= [ [ Clpuewvn- Algpldxds
T
Jy = —/0 /an(v x H) x H - A[¢p]dxds
T
Js = —/0 /QCtUPU'A[fP]dXdS

T
Jg = —/0 /QCnpuA[Vf - puldxds

Following [23, 29], we now proceed to show that all the integrals in the right hand
side of (4.103) converge to their counterparts in (4.104).

As p. satisfies equation (4.19), Lemma 4.7 yields
pe = pin C((0,7]; LE,,(52), (4.105)

weak

and consequently, by (4.77) and the compactness of the embedding W#(Q) — C(Q)
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(recall that 8 > 2) we have that
Algpe] = €p in C(Q % (0,T)),
Thus, in light of (4.90), (4.99), (4.93), (4.95) and (4.96), we have that
Jp = Ji, for k=1,2,3,4,5.
Similarly, by (4.89) and (4.90) we have, in particular, that
p-u. is bounded in L*(Q x (0,T)), (4.106)
and this together with (4.77) and (4.105) implies that
V¢ - pou. — VE - pu weakly in L*(0,T; H'(Q2)).
Consequently, taking (4.95) into account we have that
Jg — Js.
As was already mentioned we have that
Jp — 0, for j =7,8,9.

In order to deal with the last term on the right hand side of (4.103) we state the
following result (see [23, Corollary 6.1], also [24, Lemma 3.4]).

Lemma 4.11. Let O C RY be an arbitrary domain.

(i) Let
v, — v weaky in LF(O;RY),  w, — w weaky in L(O;RY),
with
1 1
1<p, ,qg<o00, —-+-<1
p g
Then

v, - (VA i) [w,] —w,, - (VA div)[v,] = v- (VA div)[w] —w - (VA" div) [V]

in the sense of distributions.
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(i) Under the same hypotheses, if
B, — B weakly in L(O), v, — v weakly in LY(O;R"),
then

(VA™'V)[B,]v, — (VA Y div)[v,]) B, — (VAT'V)[B]v — (VA div)[v] B

The proof of this result consists in applying a particular case of the Div-Curl
Lemma (Lemma 3.12). We refer to [23] for the proof.

Now, by (4.89) and (4.95), a direct application of the above Lemma implies

(VATIV)[Epe(t)npaus(t) — Epe(t) (VAT iv) [npeus(t)]
— (VATIV)[Ep(t)]npu(t) — Ep(t) (VA div)[npu(t)],

weakly in L?%/(53)(Q) | for each fixed ¢.

As we know L%() is compactly embedded in H~!(Q2) for each ¢ > 1 (remember

that our spatial domain is a bounded open subset of R?). In particular,

(VAT'V)[Epelnpeue — Ep- (VAT div) [npeu.]
— (VAT'V)[¢p]npu — Ep(V AT div) [pul,

strongly in L*(0,T; H*(€2)). As a consequence, keeping in mind (4.90), we see that

[ cuc(ep- (9 A div)mped] — (FA79)fgp.lnpeucxds

T
= [ [ ca(sp(VATV) pu] - (VA div)[plnpu) dxds
All of this information put together with (4.103) and (4.104) yields

lig(l)/oT/QCn(i(apZ +0p%)p. —S. : (VA—1V)[§p€DdXd8
N /oT /g Cn(€lap™ +3p")p = 8 (VATV)[gp] ) dxds, (4.107)

for any ¢ € C§°((0,7)) and n,& € C§(Q).
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In order to conclude, as in [23], we compute

[ [ cns. s (VA7) igp.Jaxds
= [ [ &(VATV): (8. )pudxds
-/ ! [ c6@n+ Ndivip.dxds
~ [ [ 6 2u(VAY) - (0. @ V) + A, - Vilaxds
_ /OT/QC&?(?u + N divu, p.dxds

_ /OT/QQ,ltggps[(VA_?V) (W ® V) —u. - Vildxds  (4.108)

and similarly

/0 ' /Q S : (VA™LV)[gpldxds
= /OT/QC§77(2/L+)\)divu pdxds

[ [ oncepl(VAY)  (we Vo) —w- Voldxds  (1109)

Taking (4.105) into account, we see that the last integral on the right hand side
of (4.108) converges to the last integral in the right hand side of (4.109). This and
(4.107) imply (4.102), which concludes the proof. O

4.3.3 Strong convergence of densities, renormalized solutions

Using the results above we can show strong convergence of densities, essentially, in
the same way as in [23, Section 7.4.3]. For this, we need to show first that the limit
functions p and u solve the continuity equation in the sense of renormalized solutions,

that is, they satisfy (4.100) in the sense of distributions, and more generally,
B(p); + div(B(p)u) + b(p)divu = 0, (4.110)
also in the sense of distributions, for any functions

B € C[0,00) N C'(0,00), b€ C[0,00), bounded on [0,00), B(0) = b(0) =0,
(4.111)



4.3 Vanishing artificial viscosity and interaction coefficients 155

satisfying
b(z) = B'(2)z — B(2). (4.112)

Remark 4.1. The function b in the definition of renormalized solutions does not have
to be bounded. Indeed, provided that p € L>(0,T; L7(Q)) and u € L*(0,T; H}(2)), by
Lebesgue’s dominated convergence theorem it can be shown that (4.110) also holds for

b e C[0,00) satisfying
b/ (2)2| < 2%, for z larger than some positive constant z. (4.113)

Now, the fact that p and u solve (4.100) in the sense of renormalized solutions is

a direct consequence of the following general result (cf. [23, Corollary 4.1])
Lemma 4.12. Let Q C RY be an arbitrary domain. Let,
p € L*Qx(0,T))
solve the continuity equation (4.100) in the sense of distributions with
uc L*0,T; H}(Q)).
Then, p is a renormalized solution of (4.100) on 2 x (0,T).

This result follows by applying the the regularizing operator v — [v]% given by
(4.80) (that is, taking the functions ¥, as test functions) to equation (4.100), multi-
plying by B’(p) and taking the limit as w — 0, wherein the convergence is justified by
the integrability properties of p and u assumed as hypotheses. We omit the details.

Coming back to our present situation, as § > 2 and by virtue of (4.89) and (4.90)
we can apply directly this result in order to conclude that p and u indeed satisfy
(4.110).

In particular, in view of Remark 4.1 and using the fact that p € L>(0,T; L?())
we can choose B(z) = zlog(z) in (4.110) to conclude that the following equation is

satisfied in the sense of distributions on R? x :
(plog(p)): + div(plog(p)u) + pdivu = 0. (4.114)

On the other hand, as p. satisfies (4.19) a.e. on  x (0,7), we can multiply (4.19)
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by B'(pe) to obtain

B(p2)it+div(B(p.)ue)+ (B (p=)p=—B(p:) )divu, = ediv(1oV B(p.))—£1aB" (p-)| Vo,
(4.115)

for any function B € C*(Q) such that B(0) = 0 with B’ and B” uniformly bounded.
Accordingly, if B is convex, and taking into account the boundary conditions (4.25),

we have

/OT/QC(B/(PE)Pa - B(pg))divudxds < /QB(pO)dx - /OT/Q(tB(pS)dxds,

for any ¢ € C*[0,T] with ¢(0) =1 and {(T") = 0.
Approximating the function z — zlog(z) by a sequence of convex functions B as

above we conclude that

T T
/ /Cpgdivudxdsg / polog(po)dx+/ /nglog(pg)dxds.
0o Ja Q 0 Ja

Taking the limit as ¢ — 0 we obtain

T T
/ /(pdivudxdsg / 00 log(po)dx+/ /Ctplog(p)dxds,
o Ja Q 0o Ja

where, as before, the over line stands for a weak limit of the sequence indexed by

e. In particular, by (4.89), we can assume that p.log(p.) — plog(p) weakly in
L>(0,T; L9(Q2)) for any ¢ < 5. As a consequence,

¢ -
/O/deivudxdsg/onlog(po)dx—l—/Qplog(p)(t)dx, (4.116)

for any Lebesgue point t of the function plog(p).
Similarly, using a test function ¢(x,t) = ((¢)n(x) in (4.114), where ¢ and n are
smooth and ¢ > 0, n > 0, 5| = 1, we obtain

t
/ / pdivudxds = / polog(po)dx —/ plog(p)(t)dx, (4.117)
0 Ja Q Q
for t € [0, 7). Thus, from (4.116) and (4.117) we find the inequality
. ¢
/ (p log(p) — plog(p))(t)dx < / / (pdivu — pdivu)dxds, (4.118)
Q 0 Ja

for a.e. t € [0,T].
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Using Lemma 4.10 we see that

1
/o (pdivu - pdivu) dxds > Nt ligiglf ; ((apzﬂ +6p0H — ﬁ)pdxds,

for any compact O C Q x (0,7). Recall that
p=ap’ + 6pP.

Now, as the function z — 2” is increasing we have

B+1

p- g

— 0% p= (0 = p")p = )+’ (p = p) + (P — p°)p
> p%(pe = p) + (02 = p%)p.

Moreover, by virtue of Lemma 4.9 we have that
pe — p weakly in LPT(0), p? — pP weakly in LP+D/8
as € — 0. Thus, we conclude that

lim inf ((5pf+1 —6pP p)dxds > 0. (4.119)
o

e—0

By the same token, we have that

lim inf (apfrl —ap” p)dxds >0, (4.120)
O

e—0

and consequently, from (4.118) we get

/Q (plog(p) — plog(p))(t)dx <0, (4.121)

for a.e. t.

Finally, using Lemma 4.8 we conclude that

plog(p) = plog(p),

which, is equivalent to the strong convergence

p- — pin L'(Q x (0,T)) and a.e.. (4.122)
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In fact, by applying Lemma 4.7 we have that
p — pin C([0,T]; LY(Q)). (4.123)
In particular, we have that
apl +0p° — ap’ +op° (4.124)

in the sense of distributions.

4.3.4 Conclusion

With the strong convergence of the densities we have that all the nonlinearities present
in the continuity and in the momentum equations are accounted for. Taking into
account (4.89)-(4.98) and also (4.123) and (4.124) we conclude that the limit functions
p, u, H and 1 solve the following decoupled limit system

pr + div(pu) = eAp, (4.125)
(pu); + div(pu ® u) + V(ap” + dp°)

= (VxH)xH+ pAu+ (A + p)V(divu), ( )
H; -V x (uxH)=-V x (vV x H), ( )
divH = 0. (4.128)
W + Ayt = [V, (4.129)

with initial and boundary conditions (4.24) and
(u,H)|opa =0, ¥ag, =0, (4.130)
respectively, and we have proved the following result.

Theorem 4.2. Let (p.,u.,H.,1.) be the solution of the reqularized system (4.19)-
(4.23) provided by Theorem 4.1.

Then, there is a subsequence (not relabelled) that converges to a global weak solution
(p,u, H,¥) of system (4.125)-(4.129), where the initial and boundary conditions are
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satisfied in the sense of distributions, as (g,a, N) — (0,0, 00) provided that

2 1/Cn
<> — 00, (4.131)

«

where C is given by (4.13).

Moreover, the density p is nonnegative and satisfies equation (4.125) in the sense
of renormalized solutions, meaning that (4.110) is satisfied in the sense of distributions
with B and b as in (4.111) and (4.112).

Furthermore, we have that (4.89)-(4.98), (4.123) and (4.124) are satisfied along
with the energy inequality

Es(t) < E5(0), (4.132)

for a.e. t € (0,T) where,

1 a ) 1 1 1
Bilt) = [ (ol + e 5D IR x| (G190 1ol ay

t
+ [ [V + 0+ ) (divw)? + v VH)dxds. (4.133)
0 JQ

Let us recall that the regularized system (4.19)-(4.23) was proposed as a regular-
ized Short Wave-Long Wave interaction between the MHD System and the nonlinear
Schrodinger equation. Due to the lack of regularity of solutions, and in particular, due
to the possible occurrence of vacuum in finite time, the Short Wave-Long Wave inter-
actions could not be made in a straightforward way, as the Lagrangian transformation
becomes singular in the presence of vacuum. To workaround these difficulties we de-
fined the Lagrangian coordinate through a smooth approximation uy of the velocity
field of the fluid, given by (4.9), and accordingly, by considering the limit as N — oo
satisfying (4.131), Theorem 4.2 serves the purpose to legitimize the coordinates of
the limiting Schrédinger equation to be considered as the Lagrangian coordinate in a
generalized sense.

In short, we have produced a finite-energy renormalized weak solution of the two
dimensional MHD equations as a limit of solutions of the regularized Short Wave-Long
Wave interactions.

Of course, there is one step left to complete the analysis, which consists in analysing
the limit as 6 — 0. Although the techniques are similar to those contained in this
Section, there are a lot of limitations that have to be dealt with as we loose uniform

boundedness of the sequence of densities in the space L>(0,T; L?(Q)). In particular,
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Lemma 4.12 can no longer be applied as we do not know, a priori, whether p €
L*(2 x (0,7)). Let us recall that 3 was chosen conveniently large in order to justify
the analysis developed.

Fortunately, we are now dealing with the decoupled system involving the two di-
mensional MHD equations and the nonlinear Schrodinger equation, and the arguments
in Section 5 of [29] can be followed literally line by line in order to justify the passing
to the limit as § — 0 in equations (4.125)-(4.128). Finally, a simple application of
Aubin-Lions Lemma (Lemma 3.16) yields compactness of the sequence of solutions of
(4.129) as 0 — 0.

In order to conclude we dedicate the following Section to quickly describe the

passage to the limit as § — 0 as in [29, Section 5.

4.4 Vanishing artificial pressure

In the interest of analysing the limit as 6 — 0 we consider the limit problem

pr + div(pu) = 0, (4.134)
(pu); + div(pu ® u) + V(ap”)

= (V x H) x H + div(A(diva)ld + o(Vu + (V) 7)), (
H, -V x (uxH)=-V x (vV x H), (
divH = 0. (4.137
iy + Ayth = [9]*, (

subject to initial and boundary conditions

(pv pu,H)(x,O) = (po,mO,Ho)($), ¢(Ya0) = ¢O(Y>v (4139)

and
(u, H)[sq = 0, Y]aq, = 0. (4.140)

Recall that we assume the initial data to be smooth in order to carry out the
Faedo-Galerkin method from Section 4.2. This constraint may be removed and we can

consider more general initial data by means of approximation by smooth functions.
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For system (4.134)-(4.138) above we consider initial data in (4.139) satisfying

po =0, po€ L7(R),
[mo| 1

TOO €L (Q)7

H, € L2(Q
Yo € H&(Q

(4.141)

Y

)
)

Accordingly, we consider a sequence of approximate initial data (pos, tos, Hos, os)
such that

(i)
pos is smooth and satisfies Vpps -n, 0 <9 < pos < 6128, (4.142)
pos = po in L7(2),  {x € Q:pos < po}| — 0, (4.143)
as 0 — 0.
(ii)
my(x), if X) > po(x),
mis(x0) = § 0O 1009 2 o) (4.144)
0, if pos(x) < po(x),

(lll) H05 — H() in L2<Q), and

(IV) ¢05 — wg n H& (Q)

Then, we have the following result.

Theorem 4.3. Let (ps,us, Hs,1s) be the solution of the decoupled system (4.125)-
(4.129), (4.130) with initial data

(/)67 Uy, H57 w(S)’t:O = (P067 Uops, H057 w(]&)

provided by Theorem 4.2.
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Then, as 0 — 0 we have that

ps — p, weakly-*in L>(0,T; L7(2)) and strongly in C([0,T]; L} ..r(2)),
u; — u weakly in L*(0,T; Hy(2)),
H; — H weakly in L*(0,T; Hy () and strongly in C([0,T]; L2 .. (2)),

Vs — P strongly in C([0,T]; L*(Q)) and weakly-* in L>(0,T; Hy()),

subject to a subsequence as the case may be, where (p,u, H,v) is a global weak solution
of (4.134)-(4.138) with initial data (4.139) satisfying (4.141) and boundary conditions
(4.140), satisfied in the sense of distributions. In fact we have that

ps — p, in C([0,T]; L'(Q)) (4.149)

Moreover, p solves (4.134) in the sense of renormalized solutions, meaning that
(4.110) s satisfied in the sense of distributions for any B and b as in (4.111) and
(4.112).

Furthermore, we have that

E(t) < E(0), (4.150)

for a.e. t with

1 a 1
Et:/ Solat 4+~ 2P ) d
0= [, (ot o+ JIHE) ax

1
t
+ [ [Vl + O+ g (divw)? + v VHP)dxds, (4.151)
0 JQ
and,
! 2, 1 4) - (1 2 L 4)
/Qy(zmw’ il dy_/gy 5| Vytol™ + 71wl ) dy, (4.152)

also for a.e. t.

As aforementioned, once we have Theorem 4.2, the proof of Theorem 4.3 follows
by repeating line by line the arguments in [29, Section 5]. For completeness, we give

a sketch of the proof below.

First, we observe that, in view of (4.142), the right hand side of (4.132) can be

understood to be a constant independent of §, and therefore, as in the previous sections
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we can conclude that (4.145)-(4.148) hold and, moreover,

(V x Hs) x Hy — (V x H) x H, in the sense of distributions,
V x (us x Hs) = V x (u x H) in the sense of distributions,
prus = pu in C([0, T]; L™ (92),

weak

pslls @ u; — pu ® u weakly in L*(0,T; L2(Q)),

where, ¢ = 27/(14+7) > 1.

The next step is to deduce a higher order uniform estimate on the densities in order
to conclude that ap] has a weak limit and that §p; — 0 in the sense of distributions
as 0 — 0.

In this direction we have the following result corresponding to Lemma 5.1 in [29].

Lemma 4.13. For any ¢ € C3°(0,T) we have

T
/O /Q C(6p3 + ap})log(1 + ps)dxds < C, (4.157)

where, C' > 0 is a constant independent of 9.

The proof is similar to that of Lemma 4.9. It consists in using a particular con-
veniently chosen test function in the momentum equation (4.126) equation. The fact
that ps is a renormalized solution of the continuity equation (4.125) is important in
order to estimate the terms involving time derivatives.

More specifically, we introduce the operator
B: {f e 1/(): [ fix = o} = W), (4.158)
being a bounded linear operator, that is,
1By < @) fl]nys for amy 1< p < oo
such that the function W = BJ[f] € R? solves the problem
divW = fin ©Q,  W]sq = 0. (4.159)

Moreover, if f can be written in the form f = divg for some g € L", g cotn|sq = 0,
then

B[l < e(r)llgll -
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With this notation, we can define the test function ¢ by its coordinates

w; = ((t)B; [log(l + ps) — \Q\ / log(1 +p5)dx] 7 =1,2, (4.160)

and ¢3 = 0 and use it the momentum equation (4.126) in order to obtain an identity

of the form

T
/0 /QC((Spf + apy)log(1 + ps)dxds =Y _ I (4.161)
J

similar to identity (4.87). At this point, the fact that ps is a renormalized solution of
the continuity equation comes into play in order to treat the integral corresponding to
the term (psus); of (4.126). This is done in a similar way as was done in (4.87) only
this time instead of (4.86) we have the identity

(log(1 + ps)): + div(log(1 + ps)us) + (1fp5 — log(1 + pg))dlvu =0. (4.162)

Now, by virtue of inequality (4.132) and using the properties of the operator B, all
the integrals on the right hand side of (4.161) turn out to be bounded by a constant
independent of 9. We omit the details.

Estimate (4.157) can be used in order to conclude that

T
/ / 5pldxds — 0, (4.163)
0 Q

as 0 — 0. This is shown in [29] by a clever application of the Hélder inequality in the
Orlicz space associated to the Young function s — (1 + s)log(1 + s) — s.

Furthermore, estimate (4.157) can also be employed in order to show that the
sequence ap] has a weakly convergent subsequence. This is due to the following

general result (see [23, Proposition 2.1]).

Lemma 4.14. Let O C RM be a bounded open set. Let {v,}°°, be a sequence of
measurable functions,
vn,: 0 = RY,

such that
sup/ O(|v,|)dy < o0
n (@)

for a certain continuous function ® : [0, 00) — [0, 00).
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Then, there ezists a subsequence (not relabelled) such that
g(vn) = g(v) weakly in L'(O)

for all continuous functions g : RY — R satisfying

i 19(2)]

= 0.

In light of this Lemma we can assume that

apy — ap’. (4.164)

As a consequence, we conclude that the limit functions satisfy the following system

pe + div(pu) = 0, (4.165)
(pu); + div(pu @ u) + aVp7?

= (V x H) x H+ div(A(divu)Id + u(Vu + (Vu) ")),
H; -V x(uxH)=-Vx ¥V x H),
divH = 0.
Wi+ Ayh = [9*,

4.166

4.167
4.168

)
)
)
4.169)

(
(
(
(

and all that is left to do is show strong convergence of the densities so that, in fact,

ap? = ap”.

As in Subsection 4.3.3, this is a consequence of the weak continuity of the effective
viscous flux together with the fact that p is solves (4.134) in the sense of renormalized
solutions. This last assertion (that p is a renormalized solution of the continuity
equation) is not straightforward. In particular, we cannot apply Lemma 4.12 as we do
not have a bound available for the L*(Q x (0,7"))-norm of p. Remember that we are

only assuming that v > 1 and the best bound we have for p so far is the finiteness of
its L>°(0,T"; L7(€2))-norm.

Let us introduce the cut-off functions

Ty(z) = kT(%) for > € Rand k =1,2,...



166 Higher dimensions

where, T' € C*°(R) is concave and satisfies

As ps solves (4.125) in the sense of renormalized solutions we have

Ti(ps)e + div(Ti(ps)us) + (Ti(ps)ps — Ti(ps))divus = 0, (4.170)

in the sense of distributions.

Passing to the limit as 6 — 0 we have

Tie(p), + div(Ti(p) w) + (T(p)p — Tii(p))diva = 0, (4.171)

in the sense of distributions, where, as usual, the over line stands for a weak limit of
the sequence indexed by §. Note that Ty(p)u = Ti(p) u as in view of (4.170),

Ti(ps) = Ti(p) in C([0,TT; Lyear (),
with L7(2) being compactly embedded in H~!((2).
Let us define ¢ given by

ng(X,t) = C(t)n(X)Aj [ng(pé)L for j =1,2

and 3 = 0, where, ¢ € C3°(0,7T), n,& € C(Q2) and A is the operator introduced
in (4.76). Using ¢ as test function in equation (4.126) and using (4.170) we find an
identity similar to (4.103). Namely,

/OT /Q ¢né(apy +6p5 — (N + 2u)divug) Ti(ps)dxds = > (4.172)

Similarly, using the test function

(%, 1) = COn(x) A;[€Tv(p)], for j =1,2

and p3 = 0 and taking (4.171) into account we deduce the respective analogue to
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(4.104):
| cné (@ = -+ 2p)diva) Telpydxds = 3 J; (4.173)

As in the proof of Lemma 4.10 we can show that each one of the terms on the right
hand side of (4.172) converges to its counterpart in (4.173) by using the the properties
of the operator A and Lemma 4.11. Thus, we end up with the following result of weak

continuity of the effective viscous flux.
Lemma 4.15. For any ¢ € C§°(0,T) and n,§ € C§°(2) we have

lim /OT /Q (né (ap:{ — (A +2p) divu(;)Tk(p(;)dxds

0—0
:/T/ an(W— ()\+2u)dz'vu)Tk(p)dxds. (4.174)
o Jo

Having this result, we can prove the following estimate, which is crucial in the

proof of the fact that p is a renormalized solution of the continuity equation.

Lemma 4.16. There is a constant C' > 0 independent of k such that

hr? Sup 1 Tk(ps) — Ti(p) || Lr+12x 0,7y dxds < C. (4.175)
—>

Proof. Observe that

psTr(ps) — p7 Te(p) =(p3 — p")(Ti(ps) — Ti(p)) + (07 — ") (Tr(p) — Tr(p))
+ (p3 = p))Ti(p) + p" (Ti(ps) — Tu(p))-

Since the functions 7 — a7 and 7 — —T}(7) are convex, by Lemma 4.8 we have
that
p7 > p” and Ty(p) > Ti(p) a.e. on Q2 x (0,7T).

Consequently (57 — p°)(Tu(p) — Th(p)) = 0.
Also note that

(27 = y")(Ti(2) = Tily)) = |Ti(2) — Ti(y)"*, for all 2,y > 0.

As a result
(03 = P (Tilps) — Ti(p)) = VI Ti(ps) — Ti(p)"*,
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and thus

/ / psTi(ps) — p7 Tr(p ))dxds

>/ /vlTk ps) — Ti(p |”+1dxds+/ / 3= ) Te(p) + 07 (Tklps) — Ti(p)) ) dxds
(4.176)

On the other hand, observe that

divusTy(ps) — divuTy(p) = lellg(Tk(p5> Tk(p)> +divu(Tk(p) - Tk(p)).

Therefore

_ / / divusTy(ps) — divuTi(p) ) dxds

> —|[divus]||L2x 0,00 || Tk(Ps) — Tk(P)|| L2(0x (0,1)))
— [|diva|[z2x 0,0 1Tk (p) — Ti(p)[|L2(2x (0,1)))

Now, note that Ty (p) — Ti(p) is a weak limit of Ty (p) — Tk(ps). Then we have that
1T5(p) = T(p)l z2@x 07y < liminf [Ty (p) = Ti(ps)l| L2(x 0.1

Also recall that the sequence ugs is uniformly bounded in L?(0,T; H}(2)). Thus,
since 7 > 1 we see that

T
— / / (diVU5Tk(p5) - divuTk(p))dxds
0 Q
Y Y.
—C = lITk(ps) — TP+ oy — 7y i sup 1T5(p) = Te(ps) 11341 o o.1y))-

(4.177)

Adding (4.176) and (4.177), taking the limit as § — 0 and using Lemma 4.15 we

arrive at (4.175). O

With this result at hand we can finally prove the following result, which is essen-
tially the same as Lemma 5.4 in [29] (cf. [23, Proposition 6.3]).

Lemma 4.17. The limit functions p and u solve (4.134) in the sense of renormalized
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solutions. That is
B(p): + div(B(p)u) + b(p)divu = 0, (4.178)

in the sense of distributions, for any functions
B € C[0,00)NCY0,00), b€ C[0,00), bounded on [0,00), B(0) = b(0) =0,

satisfying

Proof. First we point out that it is enough to show that (4.178) holds for any
B € CY0,00), B'(2)=0, forall z> 25, b(z)=B'(2)z— B(z). (4.181)

Indeed, a simple approximation argument combined with Lebesgue dominated con-

vergence theorem we recover the general case.

Let us assume that B and b satisfy (4.181). Recall that we have (4.171). Regu-

larizing this identity via the smoothing operators [-], multiplying by B'(Ty(p)) and

X

letting w — 0 we get

B(Tk(p)): + div(B(Ti(p)) ) + b(Ti(p))diva = B'(Ti(p)) (Tk(p) — T} (p)p)divu,
(4.182)

in the sense of distributions. The idea now is to let £k — oo.

Let 1 < p < ~v. By the weak lower semicontinuity of the norm we have that

[T%(p) — p||iP(Q><([)7T)) < h%n_}glf T3 (ps) — Péuﬁp(gx(oj))
< K777 sup [|g| 7 @x0.1)

< CkP, (4.183)

where the right hand side tends to zero as k — co. As a consequence

B(Tx(p)) — B(p), b(Tk(p)) — b(p) in L"(Q2 x (0,T)) for any r > 1. (4.184)

In order to complete the proof, we have to show that the right hand side of (4.182)
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tends to zero as k — oo. To this end, we estimate

|B'(Tlo)) (Tilp) = Tip)p)dival oo

< max |B'(z )|/ ‘ (T ( T,g(p)p)divu‘ dxds
{Tk <ZB}

220
< max |B'(2)] sup [ldival| 2 o2y lim inf [T (ps) = T () psl| 2 (5 <oy

(4.185)

By interpolation we have that

1 T(ps) — Ti(ps) psl| o2 (Fr<enh)
< N Tw(ps) — Ti.(ps) psl 7 s oy | | Tr(0s) — Tk(ﬂa)paHLw (TrI<zs))

for a certain 0 < w < 1. Similarly as above, we have

1T5(ps) — Ti(s) o7 s oy < 2677 sup [1ps] | (x0,9) (4.186)

which tends to zero as k — oo. Finally, by virtue of Lemma 4.16

hr?_%lp T (ps) — Ti(ps)ps] |LW+1({Tk(p)SZB})
<2 hr?j(‘)lp HTk(p(S)‘|L’Y+1({Tk(p)§z3})
< 2(1imsup | T%(ps) — T(p) || Lo+ axo.m))) + || Tk(p) — Ti(p) M+ @x0.1))

+ [T (p) M {Tk(p)<zB})>
S 4C + ZZB<T|Q|)1/ ’Y+1 ) (4187)

All of this information put together with (4.185) implies that the right hand side
of (4.182) tends to zero as k — oo. This and (4.184) yield (4.179). O

At last, we are ready for the final step in the proof the Theorem 4.3, which consists
in showing strong convergence of the sequence of densities. We present here the proof
contained in [29]. The argument is similar to the one in Section 4.3.3.

As in [29], we introduce the functions Ly € C*(R), k = 1,2, ... given by

zlog(z), for 0 < 2z <k,
zlog(k) + z fF Bldds,  for z > k.

52

Lk(Z) =
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Then, L; can be written as
Ly(2) = cpz + Bi(2),

where By(z) satisfies (4.181). Since ps; and us are renormalized solutions of equation
(4.134) we have
Lk(p(;)t + diV(Lk(p5)U5) + Tk(p(;)divua =0. (4.188)

Similarly, by Lemma 4.17 we have

in the sense of distributions. Taking the difference of (4.188) and (4.189), and inte-

grating we have

/Q(Lk(pa) — Li(p))®dx

— /Ot/Q <(Lk(ﬂ5)U5 — Li(p)u) - VO + (Ti(p)divu — Tk(p(;)divu(;)@) dxds,
(4.190)

for any ® € C§°(Q).

Now, as u € L*(0,T; H}(Q)) then (see [23, Theorem 4.2])

|ul

Tiot(a. 70 € L2(Q x (0, 7).

Considering a sequence of functions ®,, € C§°(Q2) which approximate the charac-
teristic function of €2 satisfying

0<d <1, P(z)=1fox all z such that dist(z, ) >

Y

1
m
and |V®,,| <2m, for all z € Q,

and using them in (4.190) and letting m — oo first and then § — 0 we see that

/Q(Lk:(P) — Li(p))dx = /Ot/QTk(p)divudxds—/Ot/QTk(p)divudxds. (4.191)
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Note that by (4.145) we can assume

pslog(ps) — plog(p) weakly-* in L=°(0,7T; L"(2)) for any 1 < r < .

Further, noting that z — Li(z) approximates the function z — zlog(z) and also
noting that (4.145) implies that

H(x,t) € Qx (0,T) : ps(x,t) >k} = 0as k — oo

uniformly in §, as in [29], we have

[1Lk(p) = plog(p)l| o072 () < lim inf [[ Li(ps) — pslog(ps)l[ e (o,r;2r (@) — 0,

as k — oo.

Similarly we have

Li(p) — plog(p) in L>(0,T; L"(2)), forall 1 < a < 7.

Now, similarly as in estimatives (4.185)-(4.187), we can estimate

/ Tk ))lelldXdS < ||le11||L2 Q><(0T)||Tk( ) k(p)HL2(Q><(O,T))7

where

| Tx(p) — T(p)| L2 (2x (07))
< | Te(p) — Te(p)|I51 0.0 1 Tk (p) — Ti(p) )||m+1 (Qx(0,T))’

for a certain 0 < w < 1, wherein, similarly as in (4.183),
[ T%(p) — T (p)||Lr(@x0.1)) — 0, as k — o0
and by virtue of Lemma 4.16 we have that

IT(p) = Th(p)l| r+1 @x0.m)) < C
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Thus, letting k — oo in (4.191) we have

/Q(p log(p) — plog(p))dx = lim /Ot/ﬂ (T(p)divu - Tk(p)divu)dxds, (4.192)

k—o0

Regarding the right hand side, we can use Lemma 4.15 and the monotonicity of

the pressure function z — az7, as in (4.118)-stongepsrhologrho to conclude that

/Q (plog(p) — plog(p))dx <0, (4.193)

which, in light of Lemma 4.8 implies that

plog(p) = plog(p),

and this, in turn, shows that
ps — pin L'(Q x (0,T)) and a.e., (4.194)

and the proof is complete.
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